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Abstract. We analyze the behavior of a frictionless dense granular packing sheared at constant volume. Goal is to predict
the evolution of the effective moduli along the loading path. Because of the structural anisotropy that develops in the system,
volumetric and deviatoric stresses and strains are cross coupled via four distinct quantities, the classical bulk and shear moduli
and two anisotropy moduli. Here, by means of numerical simulation, we apply small perturbations to various equilibrium
states that previously experienced different pure shear strains and investigate the effect of the microstructure (2nd rank fabric
tensor) on the elastic bulk response. Besides the expected dependence of the bulk modulus on the isotropic fabric, we �nd that
both the isotropic density of contacts and the (deviatoric) orientational anisotropy affect the anisotropy moduli. Interestingly,
the shear modulus of the material depends also on the actual stress state, along with the (isotropic and anisotropic) contact
con�guration.
Keywords: DEM, Deviatoric stress and strain, Structural Anisotropy, Calibration, PARDEM
PACS: 45.70.Cc, 81.05.Rm, 81.20.Ev

INTRODUCTION

Dense granular materials are complex systems which
show unique mechanical properties different from classi-
cal �uids or solids. The behavior is highly non linear;
however, for very small strain the response of a �nite
granular system in static equilibrium can be assumed to
be linearly elastic. Understanding this effective response
is important due to the large number of applications as
well as for elucidating fundamental aspects of the be-
havior of particulate systems. However, basic features of
the physics of granular elasticity are currently unsolved,
like the determination of a proper set of state variables to
describe the average moduli. Recent works [1, 2] show
that along with the macroscopic properties (stress and
volume fraction or bulk density) [1, 3], also the fabric
tensor [4, 5] plays a crucial role, as it characterizes, on
average, the geometric arrangement of contacts. In par-
ticular, when the material is sheared, anisotropy in the
contact network develops, as related to the opening and
closing of contacts, restructuring, and the creation and
destruction of force-chains. This anisotropic state is at
the origin of the interesting behavior of granular media
during wave propagation.
Motivated by the need for a general theoretical frame-

work for the elasticity of granular matter, we use the
Discrete Element Method (DEM) [6] to study polydis-
perse frictionless particle assemblies . Our goal is to an-
alyze the role of the microstructure (contact number and
anisotropy) and volume fraction on the evolution of the
moduli during volume conserving shear deformations.

NUMERICAL SIMULATION

We perform DEM simulations on frictionless as-
semblies of N = 9261(= 213) particles with average ra-
dius 〈r〉 = 1 [mm] and density ρ = 2000 [kg/m3]. For
the sake of simplicity, the linear visco-elastic contact
model for the normal component of the force is used
[5]. Typical simulation parameters are: elastic stiffness
k = 108 [kg/s2], which determines the fastest response
time scale tc = π/

√
k/m= 0.2279 [μs] of particles with

mass m; particle damping coef�cient γ = 1 [kg/s]; back-
ground dissipation γb = 0.1 [kg/s]; and restitution coef-
�cient e = 0.804 for two average sized particles. Note
that the polydispersity of the system is quanti�ed by the
width (w= rmax/rmin = 3) of a uniform size distribution
[7], where rmax and rmin are the radii of the biggest and
smallest particles respectively.

Averaged Quantities. From the simulations, one
can determine the stress tensor σσσ = (1/V )∑c∈V lc⊗ fc,
i.e. the average over the contacts in the volume V of the
dyadic product between the branch vector lc and the con-
tact force fc, where the contribution of the kinetic energy
has been neglected [5, 6]. The isotropic component of the
stress is the pressure P= tr(σσσ)/3.
Besides the stress, we will focus on the fabric tensor

in order to characterize the geometry/structure of the
static aggregate, de�ned as F=(1/V)∑p∈V V p∑c∈pnc⊗
nc, where V p is the particle volume for all particles p,
which lie inside the averaging volume V , and nc is the
normal unit branch-vector pointing from the center of
particle p to contact c [5]. The average isotropic fabric
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is Fv = tr(F) = g3νC, where ν and C are, respectively,
the volume fraction, the average number of contacts per
particle (coordination number) and g3 is a function of
moments of the size distribution [7].
In addition to the isotropic components, we use the

following de�nition to quantify the magnitude of the
deviatoric parts of stress σσσ and fabric F:

Qdev =

√
(Q1−Q2)

2+(Q2−Q3)
2+(Q3−Q1)

2

2
, (1)

where Q1, Q2 and Q3 are the eigenvalues of the tensor4.
Finally we need to introduce as third macroscopic quan-
tity, the strain tensor E, i.e. the external strain �eld ap-
plied to the sample. Again it can be decomposed into
a volumetric and deviatoric component, namely εv =
tr(E)/3 and εdev, the latter given by Eq. (1).

Initial Isotropic preparation. The preparation con-
sists of three parts: (i) randomization, (ii) isotropic com-
pression, and (iii) relaxation, all equally important to
achieve the initial, reference con�gurations. (i) First the
spherical particles are randomly generated in a 3D box,
with low volume fraction and rather large random ve-
locities, such that they have suf�cient space and time to
exchange places and to randomize themselves. (ii) This
granular gas is then isotropically compressed in order to
approach a direction independent con�guration, to a tar-
get volume fraction ν0 = 0.640, slightly below the jam-
ming volume fraction νc ≈ 0.665, i.e. the transition point
from �uid-like behavior to solid-like behavior [8]. (iii)
This is followed by a relaxation period at constant vol-
ume fraction to allow the particles to dissipate their ki-
netic energy and to achieve a static con�guration in me-
chanical equilibrium. Starting from ν0, further isotropic
compression is performed to νmax = 0.820 [6] and de-
compression back to ν0 and four different isotropic initial
con�gurations from the decompression branch are real-
ized at volume fractions νi = 0.706, 0.751, 0.800 and
0.812.

Volume conserving deviatoric deformation. From
each con�guration νi, the system is deformed following
a volume conserving deviatoric path (pure shear) with
diagonal strain rate tensor �E= �εdev (1,0,−1), where �εdev
(compression< 0) is the amplitude applied. In this shear
deformation mode, two walls are moving in opposite
directions, while the third wall is stationary [6]. During
pure shear deformation, the volumetric components of

4 Checking the magnitude of the off-diagonal components in Cartesian
triaxial box, one observes that they are negligible compared to the
diagonal components. Thus the diagonal components coincide (almost)
with the eigen-values of the system, and we use them in Eq. (1).
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FIGURE 1. Evolution of normalized shear stress σdev/k∗
versus shear strain εdev for the pure shear deformation for four
different volume fractions, νi, given in the inset.
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FIGURE 2. Evolution of deviatoric fabric Fdev versus shear
strain εdev from data in Fig. 1.

stress, P, and fabric, Fv, after a tiny initial variation,
saturate at steady state values, increasing with volume
fraction (data not shown, see [6] for further details).
In the following, we will analyze the evolution of

the deviatoric quantities when the material is sheared.
We point out here that the deviatoric stress (and the
effective moduli in the next section) are normalized with
k∗ = k/(2〈r〉) in order to scale out the dependence on the
particle stiffness and radius. The normalized shear stress
σdev/k∗ as function of the deviatoric strain, is shown
in Fig. 1. The stress grows initially with applied strain
until an asymptote is reached, where it remains fairly
constant. The initial slope and the maximum value of
stress response both increase with volume fraction νi. In
Fig. 2, we plot the deviatoric fabric Fdev as a function of
the deviatoric strain. For each initial volume fraction νi,
Fdev builds up from small initial values (since the initial
con�guration is almost but not perfectly isotropic) and
reaches different maximum saturation values. Note that
both the slope and the steady state values of Fdev decrease
with νi, showing an opposite trend of fabric than stress.
The higher the volume fraction, the more isotropic the
material stays during shear - which is reasonable, since in
a very dense system, the particles can hardly redistribute
contacts during shear.
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Effective moduli. In a general framework, we can
describe the constitutive behavior of an anisotropic ma-
terial incrementally as[

δP
δσdev

]
=

[
B A1
A2 Goct

][
3δεv
δεdev

]
, (2)

where isotropic and deviatoric components of stress have
been isolated and are expressed as functions of εv and
εdev. B is the classical bulk modulus, Goct , the octahe-
dral shear modulus, while the anisotropy moduli A1 and
A2 provide a cross coupling between the two types of
stress and strain in the model. Note that the symmetry of
the stiffness matrix, related to the assumption of hyper-
plasticity, has been neglected here and a more general
model has been considered, where thermodynamic con-
straint must be considered [9] to capture the inelastic na-
ture of the materials, in the spirit of [10, 11, 12]. From
Eq. (2), we can obtain all the different moduli present
in the model by applying an incremental (pure volumet-
ric or pure deviatoric) strain to the sample and measur-
ing the incremental (volumetric or deviatoric) stress re-
sponse after suf�cient relaxation to achieve mechanical
equilibrium [13]:

B=
δP
3δεv

∣∣∣∣
δεdev=0

, A1 =
δP

δεdev

∣∣∣∣
δεv=0

, (3)

A2 =
δσdev
3δεv

∣∣∣∣
δεdev=0

, G=
δσdev
δεdev

∣∣∣∣
δεv=0

.

To study the evolution of the effective moduli during
shear, we perform many small strain experiments along
the shear path in Figs. 1 and 2, by applying strain pertur-
bations to the system in different anisotropic states. Since
the numerical probe experiments are conductedwith zero
friction, we are measuring the moduli of the frictionless
material, where only normal forces are involved.

RESULTS (MODULI)

Using the four packings at different νi, we want to deter-
mine which parameters affect the incremental response
of the aggregate during the deviatoric shear path. We fo-
cus on the role of the microstructure, i.e. the fabric tensor
F, as split in its volumetric and deviatoric components.

Bulk modulus B. In Fig. 3, we plot the variation of
the normalized bulk modulus B/k∗, with the isotropic
fabric Fv for packings with different volume fractions νi.
As expected B is a purely volumetric quantity and varies
with changes in the isotropic contact network, while
the contact orientation anisotropy Fdev does not affect
it. The bulk modulus increases systematically when the
four different reference con�guration are compared, and

it is related to the value of Fv at a given νi. On the
other hand, even though Fdev (see Fig. 2) changes a
lot, the volumetric fabric only slightly changes during
the (volume conserving) deviatoric deformation and B
stays almost constant. The numerical data show good
agreement with the theoretical prediction presented in [7]
and reported in Fig. 3, including the second order terms
therein.
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Eq. (21) from Ref. [7]

FIGURE 3. Evolution of the normalized bulk modulus B/k∗
with isotropic fabric Fv during the volume conserving shear test
for different volume fractions νi as given in the inset.
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FIGURE 4. Evolution of the normalized �rst anisotropic
modulus A1/k∗ with fabric product FvFdev during the volume
conserving shear test for different volume fractions νi as given
in the inset. The arrow indicates the increasing trend during
deviatoric deformation within each data-set.

Anisotropy moduli A1 and A2. Both A1 and A2 are
related inherently to both deviatoric and isotropic fabric,
as the whole contact network determines how the sys-
tem will react to a further perturbation. In Figs. 4 and 5,
the two anisotropy moduli are plotted versus the product
FvFdev: besides their �uctuations, the data collapse on a
unique curve irrespective of volume fraction and pres-
sure. An increasing trend of both A1/k∗ and A2/k∗ with
the fabric factor shows up. As the deviatoric fabric de-
creases with volume fraction (see Fig. 2), this leads to
lower values of the moduli for denser systems. Packings
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FIGURE 5. Evolution of the normalized second anisotropic
modulus A2/k∗ with fabric product FvFdev as in Fig. 4.

with νi = 0.800 and νi = 0.812 behave in a very similar
fashion, in agreement with the collapse of the curves of
deviatoric fabric in Fig. 2. Note that A2/k∗ is∼ 20−30%
greater than A1/k∗. This tells us that two anisotropymod-
uli are needed to characterize the constitutive behavior
of a three dimensional granular system in contrast to the
single modulus A, which was proposed for 2D [11, 12].
A deeper understanding of the phenomena that lead to a
non-symmetric stiffness matrix are beyond the scope of
this work and will be studied elsewhere [14].
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FIGURE 6. Evolution of the normalized octahedral shear
modulus Goct/k∗ with normalized deviatoric stress and fabric
product Fdevσdev/k∗ as in Fig. 4.

Octahedral shear modulusGoct . In Fig. 6, we show
the dependence of the octahedral shear modulus on
Fdevσdev. In this case, a mixed term is needed to scale the
modulus, as both the stress state and the fabric state seem
to determine the incremental (pure) shear response of the
material. An extra term, proportional to F2

v , must be in-
cluded to capture the value of Goct in its initial isotropic
state, characterized by the isotropic contact network, that
stays unchanged during further deviatoric deformation,
which makes Goct = αF2

v + βFdevσdev, with constant α
and β parameters (work in progress [14]).

CONCLUSION

In a triaxial cell, the four effective moduli that char-
acterize an anisotropic granular material are inferred by
performing small strain (purely volumetric and devia-
toric) perturbations along the volume conserving shear
path, where different anisotropic states are realized. A
connection between the macroscopic elastic response
and the micromechanics is established, by considering
the fabric tensor. While the bulk modulus only depends
on the isotropic contact network, the volumetric and de-
viatoric components of the fabric tensor are the fun-
damental state variables needed to properly model the
(cross-coupling) anisotropic response. When the shear
resistance is considered, both the contact network and
the stress state determine the incremental behavior of the
assembly. The pre-factors needed to calibrate the moduli
with respect to physical experiments are subject of an on-
going study. The �nal goal is a (predictive) constitutive
model to describe the behavior of a granular assembly in
terms of a unique set of state variables.
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