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One challenge of today’s research is the realistic simulation of disordered many par-
ticle systems in static and dynamic/flow situations. Examples are particulate and
granular materials like sand, powders, ceramics or composites, with applications in
particle-technology and geo-technical/physical systems. The inhomogeneous micro-
structure of such materials makes it very difficult to model them with continuum meth-
ods, which typically assume homogeneity on the microscale and scale separation be-
tween the constituents and the macroscopic fields. As an alternative, discrete particle
methods can be applied, since they intrinsically take the micro-structure into account.
The ultimate challenge is to bridge the gap between both approaches by using particle-
simulations to obtain appropriate constitutive relations for continuum theories, and
work with those on the macro-scale. Here, soft and hard particle simulation methods
are introduced as well as the micro-macro transition to obtain the continuum fields
from the particle data. Two application examples discussed in detail concern the flow
of particle down an incline, as relevant for geo-flows, as well as a vibrated granular
system as relevant for highly agitated transport or conveying processes.

1 Introduction

Most general materials have inhomogeneous micro-structures such as powders, sands,
and even geo-materials. In such discrete, particulate, granular systems the particles
can be complex, non-spherical, and consist of different materials. The idealized con-
stituents we focus on in the following are spherical, polydisperse, elasto-plastic, ad-
hesive, and frictional objects.

One approach towards the microscopic understanding of such macroscopic particulate
material behavior [HHL98, Kis01, HW04] is the discrete modeling of particles. Soft
and hard particle methods are discussed here, while other particle methods like contact
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dynamics (CD) are discussed in Ref. [Rad]. The method of particle simulations, and
the practical aspects are also addressed in other lectures and practicals [CR, TWT],
where more details on contact-models [Mar] are as important as the careful sample
preparation [CR], and methods to model and interpret geotechnical experiments [DS,
TML].

Even though millions of particles can be simulated, the possible size of such a par-
ticle system is in general too small to regard it as macroscopic. Therefore, methods
and tools to perform a so-called micro-macro transition [VDE+01, PL01, KBG49] are
discussed. “Microscopic” particle simulations can be used to derive macroscopic con-
stitutive relations, as needed to describe the material within the framework of contin-
uum theory, on the scales of large industrial unit-operations and natural/geotechnical
phenomena like avalanches or landslides.

In idealized granular materials, when the particle properties and interaction laws are
defined, the equations of motion can be integrated in time. The collective behavior
of dissipative many-particle systems can be studied in static and dynamic situations
as well. For example, from particle simulations one can extract the pressure of the
system as a function of density. This “equation of state” can then be used for the
macroscopic description of dynamic materials, which can be viewed as a compress-
ible, non-Newtonian complex fluid [LLH01], including fluid-solid phase transitions
and energy dissipation terms.

Several techniques have been used to calculate the continuum fields from steady state
flow situations, see [LAM11] and references therein. The stress tensor is of particular
interest for the momentum balance equations: previous techniques include the Irvin-
Kirkwood’s approach [IK50] or the method of planes [TED95]. Here, we use the
coarse-graining approach as originally described in Ref. [Bab97, Gol10, WTLB12a,
WLT13], and as also presented in the paper by Thornton [TWT]. It has the following
advantages as compared to other methods: (i) the resulting fields automatically satisfy
exactly the equations of continuum mechanics, also near boundaries or in mixtures, if
corrected as proposed in [WTLB12a, WLT13], (ii) it is not assumed that the particles
are spherical (but a single point of contact is required); and, (iii) the results are valid
even for single particles and at one moment in time, as no ensemble averaging is
required to satisfy the mass and momentum balance.

In the following, two particle simulation methods are introduced. The first is the so-
called soft sphere Discrete Element Method (DEM), which is also often referred to as
Molecular Dynamics (MD), as described in Section 2. It is straightforward to imple-
ment a solver for the equations of motion for a system of many interacting particles
[AT87, Rap95]. For DEM, both normal and tangential interactions, like friction, are
discussed for spherical particles. The second method is the so-called Event-Driven
(ED) simulation, discussed in Section 3, which is conceptually different from DEM,
since collisions are dealt with via a collision matrix that in one step determines the
momentum change on physical grounds. For the sake of brevity, the ED method is
only discussed for smooth (that is, frictionless) spherical particles. Furthermore, a
method to relate the soft and hard particle methods is provided in Section 4. For more
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details on ED simulations see Ref. [Lud09] and references therein. To illustrate the
micro-macro transition, the density, velocity and stress for a system of soft or hard
spheres is defined in Section 5 by means of coarse graining, also referred to as the
“micro-macro transition”. Two examples are discussed in detail: First, chute flow in
Section 6, where the above-described simulation methods can be applied for quasi-
static, slow and inertial, dynamic systems. Macroscopic quantities are obtained using
the micro-macro transition (or coarse graining) methodology introduced in the earlier
chapters and all the resulting tensorial fields are discussed in depth, even though most
of them are usually neglected in very many application and research studies. Second,
the example of vibrated, collisional systems is presented in Section 7, where the two
methods DEM and ED can be directly compared. Situations where he methods lead
to the same results are presented together with cases where the results are differing.

2 The Soft-Particle Discrete Element Method

The elementary units of granular materials are mesoscopic grains which deform under
stress. Since the realistic modeling of the deformations of the particles is much too
complicated, we relate the interaction force to the overlap δ of two particles as a first
order approximation, see Fig. 1a. Note that the evaluation of the inter-particle forces
based on the overlap may not be sufficient to account for the inhomogeneous stress
distribution inside the particles, and related multi-contact effects. Consequently, our
results presented below are of the same quality as the simplifying assumptions about
the pairwise force-overlap relation.
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Figure 1: (Left) Two particle contact with overlap δ. (Right) Schematic graph of
the piecewise linear, hysteretic, adhesive force-displacement model introduced be-
low in Eq. (6). Note the important non-linearity of contact stiffness with confining
stress (previous maximal overlap, δmax), that manifests in the functional dependence
of k∗2(δmax), as specified below in Eqs. (7) and (8).
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2.1 Equations of Motion

If the total force ~fi acting on particle i, either due to other particles and boundaries
or from external forces, is known, then the problem is reduced to the integration of
Newton’s equations of motion for the translational and rotational degrees of freedom,

mi
d2

dt2
~ri = ~fi +mi~g, and Ii

d

dt
~ωi = ~ti, (1)

with mi the mass of particle i, ~ri its position, ~fi =
∑
c
~f ci the total force acting on it

due to contacts with other particles or with the walls, ~g the acceleration due to volume
forces like gravity, Ii the spherical particle’s moment of inertia, ~ωi its angular velocity
and ~ti =

∑
c

(
~lci × ~f ci + ~qci

)
the total torque, where ~qci are torques/couples at contacts

other than the torques due to the tangential force, e.g., due to rolling and torsion, and
~lci the vector from the particle’s centre of mass to the contact point.

The equations of motion are thus a system of D +D(D − 1)/2 coupled ordinary dif-
ferential equations to be solved in D dimensions. The solution of such equations is
straightforward, using numerical integration tools such as the ones nicely described
in textbooks [AT87, Rap95]. The typically short-ranged interactions in granular me-
dia allow for further optimizations by using linked-cell spatial structures or alternative
methods [AT87, Rap95, KOL14] in order to make the search for colliding particles
more efficient. In the case of long-range interactions, (e.g. charged particles with
Coulomb interaction, or objects in space with self-gravity) this is not possible any-
more, so that more advanced methods for optimization have to be applied. Here we
restrict ourselves to short-range interactions.

Specifically, two spherical particles i and j, with radii ai and aj , respectively, interact
only if they are in contact, that is, their overlap

δ = (ai + aj)− (~ri − ~rj) · ~n (2)

is positive, δ > 0, with the unit vector ~n = ~nij = (~ri−~rj)/|~ri−~rj | pointing from j to
i. Note the different sign convention used in the contact dynamics (CD) method, where
δ > 0 means a separation and not the contact of particles [Rad]. The force on particle
i, from particle j, at contact c, can be decomposed into a normal and a tangential part
as ~f c := ~f cij = fn~n + f t~t. In the following, we specify ~f cij for different models that
take into account increasingly complicated grain interactions, see also Ref. [Mar]. We
begin by discussing fn.
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2.2 Normal Contact Force Laws

2.2.1 Linear Normal Contact Model

The simplest normal contact force model, which takes into account excluded volume
and dissipation, involves a linear repulsive and a linear dissipative force,

fn = kδ + γ0vn , (3)

with a spring stiffness k, a viscous damping γ0, and the relative velocity in normal
direction vn = −~vij · ~n = −(~vi − ~vj) · ~n = δ̇. This so-called linear spring dashpot
model considers the particle interactions as a damped harmonic oscillator. As such, the
half-period of a vibration around an equilibrium position can be computed, obtaining
a typical response time on the contact level,

tc =
π

ω
, with ω =

√
(k/mij)− η2

0 , (4)

with the eigenfrequency of the contact ω, the rescaled damping coefficient η0 =
γ0/(2mij), and the reduced mass mij = mimj/(mi + mj). From the solution of
the velocity at the half period of the oscillation, one also obtains the coefficient of
restitution,

r = −v′n/vn = exp (−πη0/ω) = exp (−η0tc) , (5)

which quantifies the ratio of relative velocities after (primed) and before (unprimed)
the collision. For a deeper discussion of the coefficient of restitution and other, more
realistic, non-linear contact models, see e.g. [Lud98, SML15, TCC17] and the papers
by Martin [Mar] and Radjai [Rad].

The contact duration in Eq. (4) is also of practical technical importance, since the inte-
gration of the equations of motion is stable only if the integration time-step ∆tDEM is
much smaller than tc. Furthermore, notice that in the extreme case of an overdamped
spring, tc can become very large, and therefore the use of neither too weak nor too
strong dissipation is recommended.

2.2.2 Adhesive, Elasto-Plastic Normal Contact Model

Let us now consider a variant of the linear hysteretic spring model [WB86, Lud98,
Tom00, Lud08], as an alternative to the frequently used spring-dashpot models. This
model is a simple version of some more complicated nonlinear-hysteretic force laws
[WB86, ZSS91, STS93], which reflects the fact that plastic deformations take place at
the contact point. Overall, the model is meso-scopic [SMSL14], i.e. it describes the
collective interactions of a bulk of primary particles that are represented by a meso-
particle. The repulsive (hysteretic) force can be written as

fhys =





k1δ for loading, if k∗2(δ − δ0) ≥ k1δ
k∗2(δ − δ0) for un/reloading, if k1δ > k∗2(δ − δ0) > −kcδ ,
−kcδ for unloading, if − kcδ ≥ k∗2(δ − δ0)

(6)
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with k∗2 ≥ k1 > 0. The constant k∗2 is determined by the parameter k2, as explained
below. Fig. 1 shows an schematic of the loading and unloading process.

During the initial loading the force increases linearly with the overlap δ, until the
maximum overlap δmax is reached (which has to be kept in memory as a history pa-
rameter). The line with slope k1 thus defines the maximum force possible for a given
δ. During unloading the force drops from its value at δmax down to zero at overlap
δ0 = (1 − k1/k

∗
2)δmax, on the line with slope k∗2 . Reloading at any instant leads to

an increase of the force along this line, until the maximum force is reached; for still
increasing δ, the force follows again the line with slope k1 and δmax has to be adjusted
accordingly.

Unloading below δ0 leads to negative, i.e. attractive, forces until the minimum force
−kcδmin is reached at the overlap δmin = (k∗2 − k1)δmax/(k

∗
2 + kc). This minimum

force, i.e. the maximum attractive force, is obtained as a function of the model pa-
rameters k1, k2, kc, and the history parameter δmax. Further unloading leads to
attractive forces fhys = −kcδ on the adhesive branch with slope −kc. The high-
est possible attractive force, for given k1 and k2, is reached for kc → ∞, so that
fhys

max = −(k2 − k1)δmax. Since this would lead to a discontinuity at δ = 0, it is
avoided by using finite kc ≥ 0.

The lines with slope k1 and −kc define the range of possible force values and depar-
ture from these lines takes place in the case of unloading and reloading, respectively.
Between these two extremes, unloading and reloading follow the same line with slope
k∗2 . Possible equilibrium states are indicated as circles in Fig. 1, where the upper and
lower circle correspond to pre-stressed states with repulsive and attractive forces, re-
spectively. Small overlap perturbations lead to small force deviations along the line
with slope k∗2 , as indicated by the arrows.

Even though a non-linear un-/reloading behavior would be more realistic, we use the
piecewise linear model as a compromise, mainly due to a lack of detailed experimental
information for better calibrating the model. Only recently, due to nano-indenters and
their more reliable force-displacement sensors, experimental data for unloading forces
on the contact level between small particles become available. One refinement of the
older models involves considering an unloading stiffness k∗2 dependent on the maxi-
mum overlap, i.e. the contact force and confining stress [LMM05, Lud08, SMSL14,
SML15]. Introducing an additional contact-history parameter, the maximal overlap,
δpmax, one has

k∗2(δmax) =

{
k2 if δmax ≥ δpmax

k1 + (k2 − k1)δmax/δ
∗
max if δmax < δpmax

, (7)

increasing from k1 to k2 with the maximum overlap, until δpmax is reached, and an
elastic branch with maximal stiffness k2 is established (not shown in Fig. 1, see
Ref. [SML15] for details). As a side-remark, the limit-slope k2 can be introduced
for practical reasons. If k2 is not limited, the contact duration could become very
small, i.e. the time step would have to be reduced below values that yield reason-
able performance. However, there are also other – physical and mechanical – rea-
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sons for an elastic cut-off [SML15]; how to avoid the elastic cut-off was presented in
Ref. [SML15].

The linear interpolation in Eq. (7) is arbitrary: one can vary it depending on the mate-
rial under consideration, using as additional parameter the power ψ, so that the stiff-
ness

k∗2(δmax) =

{
k2 if δmax ≥ δpmax

k1 + (k2 − k1) [δmax/δ
∗
max]

ψ
if δmax < δpmax

, (8)

is non-linearly interpolated. This includes the linear case, for ψ = 1, as originally
suggested [Lud08], the invariant stiffness, for ψ = 0, or the non-linear interpolation
to provide Hertzian-type behavior of the coefficient of restitution, for ψ = 1/2, as
first suggested in Ref. [SML15] (see Fig. 14), and more recently in Ref. [TCC17].
For different materials, different values of ψ might be more appropriate than those
three cases, but the generalized Eq. (8) leaves this as an option to be chosen during
parameter calibration.

While in the case of collisions of particles with large deformations, dissipation takes
place due to the hysteretic nature of the force-law, stronger dissipation of small ampli-
tude deformations is achieved by adding the viscous, velocity dependent dissipative
force from Eq. (3) to the hysteretic force, such that fn = fhys + γ0vn. The hysteretic
model contains the linear contact model as the special case when k1 = k2 = k.

2.2.3 Long Range Normal Forces

Medium range van der Waals forces can be taken into account in addition to the hys-
teretic force such that fn = fhys + fvdW with, for example, the attractive part of a
Lennard-Jones Potential

fvdW(rij) = −6(ε/r0)[(r0/rij)
7 − (r0/rc)

7] for rij := |~ri − ~rj | ≤ rc . (9)

The new parameters necessary for this force are an energy scale ε, a typical length
scale r0 and a cut-off length rc. As long as rc is not much larger than the particle di-
ameter, the methods for short range interactions can still be applied to such a medium
range interaction model – only the linked cells have to be larger than twice the cut-off
radius, since no force should be active for r > rc. A piecewise linear non-contact
force is proposed in Ref. [SML15] for both reversible and irreversible contact models
that mimick van der Waals or Coulomb type interactions and liquid bridges that are
hysteretic in nature, respectively.

2.3 Kinematics of Tangential Forces and Torques

For the tangential degrees of freedom, there are three different force- and torque-laws
to be implemented: (i) friction, (ii) rolling resistance, and (iii) torsion resistance.
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2.3.1 Sliding

For dynamic (sliding) and static friction, the relative tangential velocity of the contact
points,

~vt = ~vij − ~n(~n · ~vij) , (10)

is to be considered for the force computations (or torque computations in subsection
2.4), with the total relative velocity of the particle surfaces at the contact

~vij = ~vi − ~vj + a′i~n× ~ωi + a′j~n× ~ωj , (11)

with the corrected radius relative to the contact point a′α = aα − δ/2, for α = i, j.
For strongly different particle sizes and large overlaps, this has to be considered in
more detail [TWT]. Tangential forces and torques acting on the contacting particles
are computed from the accumulated sliding and rolling/torsion of the contact points
relative to each other, as described in detail in subsec. 2.4.1.

2.3.2 Objectivity

Objectivity is about the invariance of contact models in moving or rotating reference
frames. In general, two particles can rotate together, due to either a global rotation
of the reference frame or a non-central “collision”. Either way, the angular velocity
~ω0 = ~ωn0 + ~ωt0, of the rotating reference has the tangential-plane component

~ωt0 =
~n× (~vi − ~vj)
a′i + a′j

, (12)

which is related to the relative velocity, while the normal component, ~ωn0 , is not. In-
serting ~ωi = ~ωj = ~ωt0, from Eq. (12), into Eq. (11) leads to zero sliding velocity,
proving that the above relations are objective. Tangential forces and torques due to
sliding can become active only when the particles are rotating in the same direction
with respect to the common rotating reference frame. For rolling and torsion, there is
no similar relation between rotational and tangential degrees of freedom: for any ro-
tating reference frame, torques due to rolling and torsion can become active only due
to rotation of two particles relative to each other, in opposite direction, in the common
reference frame.

Since action should be equal to reaction, the tangential forces are equally strong, but
opposite, i.e., ~f tj = −~f ti , while the corresponding torques are parallel but not nec-
essarily equal in magnitude: ~qfriction

i = −a′i~n × ~fi, and ~qfriction
j = (a′j/a

′
i)~q

friction
i .

Note that tangential forces and torques together conserve the total angular momentum
about the pair center of mass

~Lij = ~Li + ~Lj +mir
2
icm~ω

t
0 +mjr

2
jcm~ω

t
0 , (13)

with the rotational contributions ~Lα = Iα~ωα, for α = i, j, and the distances rαcm =
|~rα−rcm| from the particle centers to the center of mass ~rcm = (mi~ri+mj~rj)/(mi+
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mj), see Ref. [Lud98]. The change of angular momentum consists of the change of
particle spins (first term) and of the change of the angular momentum of the two
masses rotating about their common center of mass (second term):

d~Lij
dt

= ~qfriction
i

(
1 +

a′j
a′i

)
+
(
mir

2
icm +mjr

2
jcm

) d~ωt0
dt

, (14)

which both contribute, but exactly cancel each other, since

~qfriction
i

(
1 +

a′j
a′i

)
= −(a′i + a′j)~n× ~fi (15)

= −
(
mir

2
icm +mjr

2
jcm

) d~ωt0
dt

,

see [Lud06] for more details.

2.3.3 Rolling

A rolling velocity ~v0
r = −a′i~n × ~ωi + a′j~n × ~ωj , defined in analogy to the sliding

velocity, is not objective in general [Els06, Lud06] – only in the special cases of (i)
equal-sized particles or (ii) for a particle rolling on a fixed flat surface.

The rolling velocity should quantify the distance the two surfaces roll over each other
(without sliding). Therefore, it is equal for both particles by definition. An objective
rolling velocity is obtained by using the reduced radius, a′ij = a′ia

′
j/(a

′
i + a′j), so that

~vr = −a′ij (~n× ~ωi − ~n× ~ωj) . (16)

This definition is objective since any common rotation of the two particles vanishes
due to the difference. A more detailed discussion of the issue of rolling is beyond the
scope of this paper.

A rolling velocity will activate torques, acting against the rolling motion, e.g., when
two particles are rotating anti-parallel with spins in the tangential plane. These torques
are then equal in magnitude and opposite in direction, i.e., ~qrolling

i = −~qrolling
j =

aij ~n × ~fr, with the quasi-force ~fr, computed in analogy to the friction force, as
function of the rolling velocity ~vr in Eq. 16. The quasi-forces for both particles are
opposite and equal but do not act on the centers of mass, so that the total momenta
(translational and angular) are conserved.

2.3.4 Torsion

For torsion resistance, the relative spin along the normal direction

~vo = aij (~n · ~ωi − ~n · ~ωj)~n , (17)
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is to be considered, which activates torques when two particles are rotating anti-
parallel with spins parallel to the normal direction. Torsion is not activated by a com-
mon rotation of the particles around the normal direction ~n · ~ω0 = ~n · (~ωi + ~ωj) /2,
which makes the torsion resistance objective.

The torsion torques are equal in magnitude and directed in opposite directions, i.e.,
~qtorsion
i = −~qtorsion

j = aij ~fo, with the quasi-force ~fo, computed from the torsion ve-
locity in Eq. 17, and also not changing the translational momentum. Like for rolling,
the torsion torques conserve the total angular momentum.

2.3.5 Summary

The implementation of the tangential force computations for ~ft, ~fr, and ~fo as based
on ~vt, ~vr, and ~vo, respectively, is assumed to be identical, i.e., even the same sub-
routine is used, but with different parameters as specified below. The difference is
that friction leads to a force in the tangential plane (changing both translational and
angular momentum), while rolling- and torsion-resistance lead to quasi-forces in the
tangential plane and the normal direction, respectively, changing the particles’ angular
momentum only. For more details on tangential contact models, friction, rolling and
torsion, see Refs. [BUK+05, DvZTR05, Lud07, Lud06, Els06]. The contact laws are
implemented in MercuryDPM [WTLB12b, TWLB12b, TWT].

2.4 Tangential Force and Torque Laws

The tangential contact model presented now is a single procedure (subroutine) that can
be used to compute either sliding, rolling, or torsion resistance. The subroutine needs
a relative velocity as input and returns the respective force or quasi-force as function of
the accumulated deformation. The sliding/sticking friction model will be introduced
in detail, while rolling and torsion resistance are discussed only where different.

2.4.1 Sliding/Sticking Friction Model

The tangential force is coupled to the normal force via Coulomb’s law, i.e. an inequal-
ity: f t ≤ fsC := µsfn, see also Ref. [Rad]. For the sliding case one has dynamic
friction as equality: f t = f tC := µdfn. The dynamic and the static friction coeffi-
cients follow, in general, the relation µd ≤ µs. The static situation requires an elastic
spring in order to allow for a restoring force, i.e., a non-zero remaining tangential
force in static equilibrium due to activated Coulomb friction.

If a purely repulsive contact is established, fn > 0, and the tangential force is active.
For an adhesive contact, Coulombs law has to be modified in so far that fn is replaced
by fn+kcδ. In this model, the reference for a contact is no longer the zero force level,
but it is the adhesive, attractive force level along −kcδ.
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If a contact is active, one has to project (or better rotate) the tangential spring into the
actual tangential plane, since the frame of reference of the contact may have rotated
since the last time-step. The tangential spring

~ξ = ~ξ′ − ~n(~n · ~ξ′) , (18)

is used for the actual computation, where ~ξ′ is the old spring from the last iteration,
with |~ξ| = |~ξ′| enforced by appropriate scaling/rotation. If the spring is new, the
tangential spring-length is zero, but its change is well defined after this first initiation
step. In order to compute the changes of the tangential spring, a tangential test-force is
first computed as the sum of the tangential spring force and a tangential viscous force
(in analogy to the normal viscous force)

~f t0 = −kt ~ξ − γt~vt , (19)

with the tangential spring stiffness kt, the tangential dissipation parameter γt, and ~vt
from Eq. (10). As long as |~f t0| ≤ fsC , with fsC = µs(fn + kcδ), one has static friction
and, on the other hand, for |~f t0| > fsC , sliding friction becomes active. As soon as |~f t0|
gets smaller than fdC , static friction becomes active again.

In the static friction case, below the Coulomb limit, the tangential spring is incre-
mented

~ξ′ = ~ξ + ~vt ∆tDEM , (20)

to be used in the next iteration in Eq. (18), and the tangential force ~f t = ~f t0 from Eq.
(19) is used. In the sliding friction case, the tangential spring is adjusted to a length
consistent with Coulombs condition, so that

~ξ′ = − 1

kt

(
fdC ~t+ γt~vt

)
, (21)

with the tangential unit vector, ~t = ~f t0/|~f t0|, defined by Eq. (19), and thus the magni-
tude of the Coulomb force is used. Inserting ~ξ′ from Eq. (21) into Eq. (19) during the
next iteration will lead to ~f t0 ≈ fdC~t. Note that ~f t0 and ~vt are not necessarily parallel
in three dimensions. However, the mapping in Eq. (21) always works, rotating the
new spring such that the direction of the frictional force is unchanged and, at the same
time, limiting the spring in length according to Coulombs law. In short notation the
tangential contact law reads

~f t = f t~t = min
(
fC , |~f t0|

)
~t , (22)

where fC follows the static/dynamic selection rules described above. The torque on
a particle due to frictional forces at this contact is ~qfriction = ~lci × ~f ci , where ~lci is the
branch vector, connecting the center of the particle with the contact point. Note that
the torque on the contact partner is generally different in magnitude, since ~lci can be
different, but is directed in the same direction; see subsection 2.3.2 for details.

The four parameters for the friction law are kt, µs, φd = µd/µs, and γt, accounting
for tangential stiffness, the static friction coefficient, the dynamic friction ratio, and

Luding, Rivas, Weinhart 13

ALERT Doctoral School 2017



the tangential viscosity, respectively. Note that the tangential force described above is
identical to the classical Cundall-Strack spring only in the limits µ = µs = µd, i.e.,
φd = 1, and γt = 0. The sequence of computations and the definitions and mappings
into the tangential direction can be used in 3D as well as in 2D.

2.4.2 Rolling Resistance Model

The four new parameters for rolling resistance are kr, µr, φr and γr. The new param-
eters account for rolling stiffness, a static and dynamic rolling “friction” coefficient,
and rolling viscosity, respectively. In the subroutine called, the rolling velocity ~vr is
used instead of ~vt and the computed quasi-force ~fr is used to compute the torques,
~qrolling, on the particles.

2.4.3 Torsion Resistance Model

The four new parameters for rolling resistance are ko, µo, φ0 and γo. The new param-
eters account for torsion stiffness, a static and dynamic torsion “friction” coefficient,
and torsion viscosity, respectively. In the subroutine, the torsion velocity ~vo is used
instead of ~vt and the projection is a projection along the normal unit-vector, not into
the tangential plane as for the other two models. The computed quasi-force ~fo is then
used to compute the torques, ~qtorsion, on the particles.

2.5 Background Friction

Note that the viscous dissipation takes place in a two-particle contact. In the bulk
material, where many particles are in contact with each other, this dissipation mode is
very inefficient for long-wavelength cooperative modes of motion [LCB+94b, LCB+94a].
Therefore, an additional damping with the background can be introduced, so that the
total force on particle i is

~fi =
∑

j

(
fn~n+ f t~t

)
− γb~vi , (23)

and the total torque

~qi =
∑

j

(
~qfriction + ~qrolling + ~qtorsion

)
− γbra2

i ~ωi , (24)

with the damping artificially enhanced in the spirit of a rapid relaxation and equilibra-
tion. The sum in Eqs. (23) and (24) takes into account all contact partners j of particle
i, but the background dissipation can be attributed to the medium between the parti-
cles. Note that the effect of γb and γbr should be checked for each flow situation and
new set of parameters: it should be small in order to exclude artificial over-damping.
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The full set of parameters is summarized in table 1. Note that only a few parameters
are specified with dimensions, while most parameters are expressed as dimensionless
numbers.

Property Symbol
Time unit tu
Length unit xu
Mass unit mu

Particle radius a
Material density ρp

Elastic stiffness (variable) k2

Maximal elastic stiffness k = k2

Plastic stiffness k1/k
Adhesion “stiffness” kc/k
Friction stiffness kt/k
Rolling stiffness kr/k
Torsion stiffness ko/k
Plasticity depth φf
Coulomb friction coefficient µ = µd = µs
Dynamic to static friction ratio φd = µd/µs
Rolling “friction” coefficient µr
Torsion “friction” coefficient µo
Normal viscosity γ = γn
Friction viscosity γt/γ
Rolling viscosity γr/γ
Torsion viscosity γo/γ
Background viscosity γb/γ
Background viscous torque γbr/γ

Table 1: Summary of the microscopic contact model parameters. The longer ranged
forces and their parameters, ε, r0, and rc are not included here.

As computer algorithms work by definition with non-dimensional numbers, we also
include into the table the mass, length, and time units used in the simulation. These
can be the standard SI-units (1 kg, 1 m, and 1 s). However, mass, length and time
are often scaled such that all other parameters are non-dimensional. For example, the
units mu = (4/3)πρpa

3, xu = 2a and tu =
√

2a/g are used in section 6.

3 Hard-Particle Event-Driven Simulations

In this section, the hard-sphere Event-Driven (ED) model is introduced. Hard spheres
can be considered as the limit of infinite stiffness or, equivalently, zero contact time
tc, of the previously presented soft spheres contact models. In many situations hard
spheres are a good approximation of the real contact dynamics, even though details
of the contact- or collision behavior of the particles are ignored. This is especially
true when multi-particle contacts are irrelevant, as in highly agitated or low density
states. Nevertheless, a generalized model is also introduced that takes into account the
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finite contact duration of real particle collisions which, besides providing a physical
parameter, considerably saves computing time, as it avoids the so called “inelastic
collapse”.

In the framework of the hard sphere model, particles are assumed to be perfectly rigid
and follow an undisturbed motion until a collision occurs, as detailed below. Together
with the fact that collisions occur instantaneously, it becomes possible to implement
an event-driven simulation method [Lub91, LM98, ML04b, ML04a, Mil04]. ED sim-
ulations are usually orders of magnitude faster than their DEM soft particle equiva-
lents. Nonetheless, it is important to remark that the ED algorithm was only recently
implemented in parallel [Lub92, ML04b], a relevant aspect for today’s overall com-
puting efficiency; here we avoid to discuss this issue in detail, and only remark that,
to our knowledge, event-driven parallel algorithms scale sub-optimal with the number
of processors p, i.e. the speed-up reached was p1/2 instead of p, the standard for DEM
simulations.

The lack of physical information in the model allows a much simpler treatment of
collisions than described in Section 2, by just using a collision matrix based on mo-
mentum conservation and energy loss rules. For the sake of simplicity, here we restrict
ourselves to smooth hard spheres. Collision rules for rough spheres, that include fric-
tion coefficients, are extensively discussed elsewhere, see e.g. [LHMZ98, Lud09] and
references therein.

3.1 Smooth Hard Sphere Collision Model

The standard interaction model for instantaneous collisions of identical particles with
radius a, and mass m, is discussed in the following. The post-collisional velocities ~v′

of two collision partners in their center of mass reference frame are given, in terms of
the pre-collisional velocities ~v, by

~v′1,2 = ~v1,2 ∓ (1 + r)~vn /2 , (25)

with ~vn ≡ [(~v1 − ~v2) · ~n]~n, the normal component of the relative velocity ~v1−~v2, par-
allel to ~n, the unit vector pointing along the line connecting the centers of the colliding
particles. The restitution coefficient r ∈ [0, 1] is a measure of the level of inelasticity
in every collision, with r = 1 corresponding to the elastic case. If two particles col-
lide, their velocities are changed according to Eq. (25), with the corresponding change
of the translational energy at a collision

∆E = −m12(1− r2)v2
n/2 , (26)

with the reduced mass m12 = m1m2/(m1 +m2).
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3.2 Event-Driven Algorithm

The fundamental difference between an event-driven (ED) algorithm and a DEM soft-
particle simulation lies in the handling of the time evolution. ED simulations do not
possess a fixed time step, as DEM simulations, but a variable one, given always by
the immediately next event. An event is either the collision of two particles, or the
collision of one particle with a boundary, either physical or virtual. In the following,
the conditions needed to use this approach are detailed, as also several optimization
techniques for the definition of the next event.

The algorithm essentially consists of a cycle where the minimum of all future collision
times is determined, and then the proper collision rule is selected and executed. ED
simulations are thus extremely efficient when the time of the upcoming events can be
analytically computed. This is the case for a constant and homogeneous external field
(usually gravity) and infinitely hard spheres, as the solution for the time of collision
between two particles is actually given just by the intersection of their relative linear
trajectories. Walls, on the other hand, involve the solution of a quadratic equation.
Nevertheless, let us remark that although analytic determination of the collision times
highly simplifies the algorithm, the possibility of numerically solving the intersec-
tions of the equations of motion is also possible, and has been recently successfully
implemented [BSL11].

The critical optimization point for serial ED algorithms is in the determination of the
forthcoming collision times. The introduction of cells with virtual boundaries greatly
increases the efficiency of this process. Virtual boundaries collisions have no effect on
the particles motion, but are only introduced to keep track of which particles belong
to which cell. If all the particles with centers in a given cell and its neighboring
cells are known, then the search for possible collision partners for a particle in the
cell can be done locally. That is, instead of having to check all pairs of particles for
possible collisions, only local neighbors are considered, greatly reducing the time for
the determination of the next collision.

Another source of optimization involves the treatment of collisions. Simple ED algo-
rithms update the whole system after each event, a method which is straightforward
but inefficient for large numbers of particles. In Ref. [Lub91] an ED algorithm was
introduced which updates only those two particles involved in the last collision. The
fact that the algorithm is “asynchronous”, in so far that an event, i.e. the next event,
can occur anywhere in the system, makes parallelization a big challenge [ML04b].
For the serial algorithm, a double buffering data structure is implemented, which con-
tains the ‘old’ status and the ‘new’ status, each consisting of: time of event, positions,
velocities, and event partners. When a collision occurs, the ‘old’ and ‘new’ status of
the participating particles are exchanged. Thus, the former ‘new’ status becomes the
actual ‘old’ one, while the former ‘old’ status becomes the ‘new’ one and is then free
for the calculation and storage of possible future events. This seemingly complicated
exchange of information is carried out extremely simply and fast by only exchanging
the pointers to the ‘new’ and ‘old’ status respectively. Note that the ‘old’ status of
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particle i has to be kept in memory, in order to update the time of the next contact,
tij , of particle i with any other object j if the latter, independently, changed its status
due to a collision with yet another particle. During the simulation such updates may
be necessary several times so that the predicted ‘new’ status has to be modified.

The minimum of all tij is stored in the ‘new’ status of particle i, together with the
corresponding partner j. Depending on the implementation, positions and velocities
after the collision can also be calculated. This would be a waste of computer time,
since before the time tij , the predicted partners i and j might be involved in several
collisions with other particles, so that we apply a delayed update scheme [Lub91].
The minimum times of event, i.e. the times which indicate the next event for a certain
particle, are stored in an ordered heap tree, such that the next event is found at the top
of the heap with a computational effort of O(1); changing the position of one particle
in the tree from the top to a new position needs O(logN) operations. The search
for possible collision partners is accelerated by the use of a standard linked-cell data
structure and consumes O(1) of numerical resources per particle. In total, this results
in a numerical effort of O(N logN) for N particles. For a detailed description of the
algorithm see Ref. [Lub91].

Using all these optimizations, we are able to simulate about 106 particles within rea-
sonable time on a low-end PC [LH99], where the particle number is more limited by
memory than by CPU power. Parallelization, however, is a means to overcome the
limits of one processor [ML04b]. Since we could be interested in the behavior of
granular particles possibly evolving over several decades in time, the fastness of the
event-driven method becomes a crucial feature even for systems with low number of
particles.

As a final remark concerning ED, one should note that the disadvantages connected
to the assumptions made that allow to use an event driven algorithm limit the applica-
bility of this method. Within their range of applicability, ED simulations are typically
much faster than DEM simulations, since the former accounts for a collision in one
basic operation (collision matrix), whereas the latter requires order of 40 basic steps
(integration time steps). Note that this statement is also true in the dense regime. In
the dilute regime, both methods give equivalent results, because collisions are mostly
binary [LCB+94a]. When the system becomes denser, multi-particle collisions can
occur and the rigidity assumption within the ED hard sphere approach becomes in-
valid. For a recent study on soft, hard and rigid particles at moderate to high densities
above the fluid-solid transition, see Ref. [VL16] and references therein, where it is
shown that rigid particles have a strictly limit in density where the confining stress
diverges, whereas soft particle systems can be compressed further given the confining
stress is large enough. For the densities that can be reached using hard spheres, see
Ref. [OL13], where it is shown that the limit density can be approached up to the
numerical accuracy, and how this limit density depends on the polydispersity of the
particles (their size distribution and its moments).

While softness can not be easily introduced into an ED algorithm, another effect can
be elegantly considered: The most striking difference between hard and soft spheres
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is the fact that soft particles dissipate less energy when they are in contact with many
others of their kind. With other words, dissipation takes a finite time during, tc, the
Time of Contact (TC), which decreases with increasing stiffness of the particles. So
while ED still builds upon binary collisions, at very high densities, permanent multiple
contacts are taken mimicked by multiple collisions within the contact duration tc. In
the following chapter, the so called TC model is discussed as a means to account for
the stiffness dependent contact duration in the hard sphere model.

4 Linking ED and DEM via the TC Model

In the hard-sphere ED method the contact duration is implicitly zero, matching well
the corresponding assumption of instantaneous contacts used in kinetic theory [Haf83,
JR85]. Due to this artificial simplification (which disregards the fact that a real contact
takes always finite time) ED algorithms run into problems when the time between
events tn gets too small: in very dense systems with strong dissipation, tn may even
tend towards zero, which leads to a diverging dissipation rate; see Eq. (26). As a
consequence the so-called “inelastic collapse” can occur, i.e. the divergence of the
number of events per unit time. The problem of the inelastic collapse [MY94] can
be avoided using restitution coefficients dependent on the time elapsed since the last
event [LM98, LG03]. For the contact that occurs at time tij between particles i and
j, one uses r = 1 if at least one of the partners involved had a collision with another
particle later than tij − tec. The time tec can be seen as a typical Time of Contat (TC),
or contact duration, and allows for the definition of the dimensionless ratio

τc = tec/tn . (27)

The effect of tec on the simulation results is negligible for large r and small tec; for a
more detailed discussion see [LM98, LH99, LG03].

In assemblies of soft particles, multi-particle contacts are possible and the inelastic
collapse is naturally avoided, since the dissipation rate is always finite (less than
∆E/tec). The TC model can be seen as a means to approximate multi-particle col-
lisions for hard spheres in dense systems [LCRD96, Lud97, LM98]. Let us consider
the homogeneous cooling system (HCS) to evaluate the influence of the TC model in
the cooling dynamics. One can explicitly compute the corrected cooling rate (r.h.s.)
in the energy balance equation

d

dτ
E = −2I(E, tec) , (28)

with the dimensionless time τ = (2/3)At/tE(0) for 3D systems, scaled by A =
(1−r2)/4, and the collision rate t−1

E = (12/a)νg(ν)
√
T/(πm), with T = 2K/(3N).

In these units, the energy dissipation rate I is a function of the dimensionless energy
E = K/K(0) and the cut-off time tec, with K the kinetic energy. In this repre-
sentation, the restitution coefficient is hidden in the rescaled time via A = A(r),
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Figure 2: (Left) Deviation from the HCS, i.e. rescaled energy E/Eτ , where Eτ is the
classical solution Eτ = (1 + τ)−2. The data are plotted against τ for simulations with
different τc(0) = tec/tE(0) as given in the key/inset, with r = 0.99, and N = 8000.
Symbols are ED simulation results, the solid line results from the third order correc-
tion. (Right) E/Eτ plotted against τ for simulations with r = 0.99, and N = 2197.
Solid symbols are ED simulations, open symbols are DEM (soft particle simulations)
with three different tec as given in the inset.

so that inelastic hard sphere simulations with different r scale on the same master-
curve. When the classical dissipation rate E3/2 [Haf83] is extracted from I , so that
I(E, tec) = J(E, tec)E

3/2, one has the correction-function J → 1 for tc → 0. The
deviation from the classical HCS is [LG03]:

J(E, tec) = exp (Ψ(x)) , (29)

with the series expansion Ψ(x) = −1.268x + 0.01682x2 − 0.0005783x3 + O(x4)
in the collision integral, with x =

√
πtect

−1
E (0)

√
E =

√
πτc(0)

√
E =

√
πτc [LG03].

This is close to the result ΨLM = −2x/
√
π, proposed by Luding and McNamara,

based on probabilistic mean-field arguments [LM98], where ΨLM thus neglects non-
linear terms and underestimates the linear part.

Given the differential equation (28) and the correction due to multi-particle contacts
from Eq. (29), it is possible to obtain the solution numerically, and to compare it to the
classical Eτ = (1 + τ)−2 solution. Simulation results are compared to the theoretical
solution in Fig. 2 (left). The agreement between simulations and theory is almost
perfect in the examined range of tec values; only when deviations from homogeneity
are evidenced one expects disagreement between simulation and theory. The fixed
cut-off time tec has no effect when the time between collisions is very large tE � tec,
but strongly reduces dissipation when the collisions occur with high frequency t−1

E
>∼

(tec)
−1. Thus, in the homogeneous cooling state, there is a strong effect initially when

tc is large, but the long time behavior tends towards the classical decay E → Eτ ∝
τ−2.
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The next verification of the ED results obtained using the TC model involves compar-
ing them to DEM simulations, see Fig. 2 (right). Open and solid symbols correspond
to soft and hard sphere simulations, respectively, where the qualitative behavior (the
deviation from the classical HCS solution) is identical. The energy decay is delayed
due to multi-particle collisions, but later the classical solution is recovered. A quan-
titative comparison shows that the deviation of E from Eτ is larger for ED than for
DEM, given that the same tec is used. This weaker dissipation can be understood from
the strict rule used for ED: dissipation is inactive if any particle had a contact already.
The disagreement between ED and DEM is systematic and should disappear if an
about 30 per-cent smaller tc value is used for ED. The disagreement is also plausi-
ble, since the TC model disregards all dissipation for multi-particle contacts, while
the soft particles still dissipate energy — even though much less — in the case of
multi-particle contacts.

The above results show that the TC model is in fact a good method to approximate soft
particles behaviour with hard particles. The only modification made to straightforward
ED involves a reduced dissipation for (rapid) multi-particle collisions. More general
corrections and adaptations are the subject of ongoing work.

5 Micro-macro Transition for Particle Simulations

To analyse the static or dynamic behaviour of granular assemblies, bulk properties
such as the continuum (macro) fields of mass density ρ, velocity ~V , velocity gradient
∇~V and stress σ can be extracted from the discrete (micro) particle data. These fields
are related to each other via the equations of mass and momentum conservation,

∂ρ

∂t
+∇ · (ρ~V ) = 0, (30a)

∂(ρ~V )

∂t
+∇ · (ρ~V ⊗ ~V ) = −∇ · σ + ρ~g + ~t, (30b)

and thus the definitions of these fields should satisfy above equations. Here, we use
the compressive stress definition such that the pressure, p = tr(σ)/3, is positive under
compression. The body force density, ρ~g, accounts in this case for gravity, while the
external interaction force density, ~t, accounts for interactions of the bulk with external
objects, such as boundaries [WTLB12b] or drag relations with other constituents in a
mixed flow [WLT13].

While it is relatively straightforward to define these fields for homogeneous mixtures,
defining locally and temporally varying fields requires some care. Here, we present the
coarse-graining formulation [Bab97, Gol10, WTLB12b], where the field definitions
are constructed directly from equations (30) and thus satisfy them exactly.
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First, the macroscopic density is defined by

ρ(~r, t) =
N∑

i=1

miW (~r − ~ri(t)) , (31)

where we have replaced the Dirac delta function of the micromechanical density def-
inition, ρmic =

∑N
i=1miδ (~r − ~ri), by an integrable ‘coarse-graining’ function W

whose integral over the domain is unity and has a predetermined (non-dimensional)
width (or coarse-graining scale) w = w′/d, with the dimensional width w′, relative
to the particle diameter. The resolution and shape of the coarse-graining function
used in the formulation can be chosen freely, such that both microscopic and macro-
scopic effects can be studied. Many shape functions are possible, such as Gaussian
distributions or Lucy functions. While the shape of the coarse-graining function has
little effect on the macroscopic fields, they depend on the coarse-graining width, see
[WLT13] and section 6.3.

Next, the coarse-grained (CG) macroscopic momentum density is defined by

~p(~r, t) =

N∑

i=1

mi~viW(~r − ~ri), (32)

so that the macroscopic velocity field is defined as the ratio of momentum and density
fields,

~V (~r, t) = ~p(~r, t)/ρ(~r, t). (33)

Substituting (31) and (33) into (30a) and simplifying shows that the continuity equa-
tion is indeed satisfied, as shown in [Gol10, Bab97].

Finally, we consider the momentum conservation equation with the aim of establishing
the macroscopic stress field, σ. We split the stress

σ = σk + σc, (34a)

into its kinetic and contact contributions,

σk =
N∑

i=1

mi~v
′
i ⊗ ~v′iW(~r − ~ri), (34b)

σc = −
N∑

i=1

N+Nw∑

j=1

~fij ⊗~lij
∫ 1

0

W(~r − ~ri + s~lij) ds, (34c)

with interaction forces ~fij = −~fji and center-contact vectors ~lij = ~ri − ~cij , where
~cij denotes the contact point between the particle i and particle/wall j and where the
indicesN+1 toN+Nw denote contacts with external objects. Further, the fluctuation
velocity of particle i is defined by

~v′i(~r, t) = ~vi(t)− ~V (~r, t), (35)
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and the external interaction force density (IFD) is defined as

~t =

N∑

i=1

N+Ne∑

k=N+1

~fijW(~r − ~cij). (36)

Substituting (34-36) into (30b) shows that momentum conservation is exactly satisfied.
Thus, the results are valid even for single particles and at one moment in time, as
no ensemble averaging is required to satisfy the mass and momentum balance. This
was first shown in [Gol10] without considering body forces and external forces, and
in [WTLB12b] for the full system. One can continue to define other fields in this
fashion, such as heat flux and internal energy from the energy equation [Bab97], and
the couple stress from the conservation of local angular momentum [Gol10].

The definition of the stress tensor (34c) was shown to be unique under additional
symmetry requirements [WAD95]. Note that one can perform the integration in (34c)
analytically and obtain an explicit expression, hence the computational cost of this
formula is not more expensive than other expressions. Further note that the integral of
(34) over the whole volume V satisfies the virial definition of mechanical stress in a
volume V ,

σ =
1

V




N∑

i=1

mi~v
′
i ⊗ ~v′i −

N∑

i=1

N+Nw∑

j=1

~fij ⊗~lij


 . (37)

Averaging over a time interval ∆t and replacing the temporal average over the force
vector ~fij by the change of momentum ∆~pij for each collision of particle i with
particle/wall j in the time interval ∆t, one obtains for hard spheres [LM98, Lud98]

σ̄ =
1

V∆t



∫ t+∆t

t

N∑

i=1

mi~v
′
i ⊗ ~v′i dt−

N∑

i=1

N+Ne∑

j=1

∆~pij ⊗~lij


 , (38)

which connects the soft DEM models with the rigid ED models also on the macro-
scopic level.

6 Granular chute flow

Granular chute flows are investigated as first exemplary case, in the steady, continuous
inertial flow regime. The system, its flow-states and a closure for a shallow-layer
continuum model were described in more detail in [WTLB12a, WHTL13, TWLB12a,
TWOL13].

The following is a brief review of the more detailed results presented in [WHTL13].
Here, we describe the system setup and parameters in subsections 6.1 and 6.2. In
subsection 6.3, we investigate the sensitivity of the macroscopic fields on the width w.
Finally we discuss the resulting rheology in subsections 6.4 and 6.5.
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6.1 Model system

A Cartesian coordinate system is used where x denotes the flow direction, y the in-
plane vorticity direction, and z the height direction normal to the base. The parameters
of the system are non-dimensionalized such that the particles’ diameter is d̃ = 1, their
mass is m̃ = 1, and the magnitude of gravity is g̃ = 1, so that the unit of time
becomes tu =

√
d/g. For the sake of simplicity, the tilde indicating dimensionless

quantities is now dropped. The chute is inclined at an angle θ such that gravity acts in
the direction ~g = (sin θ, 0,− cos θ)T . The simulation cell has dimensions 20× 10 in
the x- and y-directions and is periodic in these directions. The base of the system is a
rough surface consisting of Ne fixed particles, see Figure 3 and Ref. [WTLB12a] for
details. N monodispersed flowing particles are introduced to the system at random
non-overlapping positions well above the base. Due to gravity they fall and accelerate
down the slope until they reach a steady state (before t = 2000). Macroscopic fields
are then extracted and analysed from the steady state data from t = 2000 to t = 2500.

B
BBN

g

Figure 3: Snapshot of steady-state inertial granular chute flow of N = 6000 flowing
particles over a rough surface inclined at θ = 28◦, with colour indicating speed. The
vertical slices show the density ρ(t, x, y, z) using a Lucy function of width w = 1/2.

6.2 Material and system parameters

We use a linear viscoelastic normal force model with sliding friction in tangential di-
rection. The dimensionless normal spring and damping constants are k̃ = 2 · 105 and
γ̃ = 50, respectively; thus, the contact duration for pair collisions is t̃c = 0.005 and
the coefficient of restitution is r = 0.88. The tangential spring and damping constants
are k t/k = 2/7 and γ t = γ, such that the frequency of normal and tangential contact
oscillation are similar, and the normal and tangential dissipation are comparable. The
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microscopic friction coefficient is set to µd = µs = 0.5. Contacts between two flow-
ing particles and between flowing and fixed base particles are treated equally. The sys-
tem is integrated using the Velocity-Verlet algorithm with a time step of dt = tc/50.
The simulations are implemented in MercuryDPM [TKdV+13, TKF+13, TWT].

6.3 Scale dependence of the macroscopic fields

Depth profiles for steady uniform flow are obtained using a Lucy coarse-graining func-
tion of width w, and averaging over x ∈ [0, 20], y ∈ [0, 10], and t ∈ [2000, 2500]. The
spatial averaging is done analytically, while we average in time with snapshots taken
every tc/2.

The macroscopic fields can vary strongly with w, which therefore has to be carefully
selected. According to Goldenberg et al. [GAC+06], each well-defined macroscopic
field should yield a plateau for a range of w-values, where the field (ideally) does
not depend on the coarse-graining scale w. For smaller w-values, statistical fluctua-
tions are strong and longer time-averaging or ensemble-averaging is required to ob-
tain useful data. For larger w, the coarse-graining is expected to cause an unphysical
smoothing of the field gradients.

Figure 4 shows the volume fraction profile, ν(z) = ρ(z)/ρp, for different w. A
plateau, as described above, exists for all heights in the range 0.0025 ≤ w ≤ 0.1.
On this length scale, the volume fraction is nearly independent of z, while oscillations
due to layering of the flow can be observed when approaching the base boundary. All
other macroscopic fields show a similar plateau.
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Figure 4: (Left) Density as a function of height, for w = 0.05 and w = 1. (Right)
Density at selected heights as a function of the coarse-graining width w. Circles and
crosses in both figures denote the density at the selected heights for w = 0.05 and
w = 1, respectively. Data is taken for N = 6000, θ = 28◦, as in Ref. [WHTL13].

Further, a second, wider plateau can be observed for 0.6 ≤ w ≤ 1 in the bulk of
the flow, further than 2w away from the wall. On this scale, the oscillations due to
layering are unresolved, which leads to smooth density, velocity and contact stress
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fields. Only the kinetic stress is scale-dependent, as first shown in [GG01]; however,
this scale-dependence can be quantified and removed [WHTL13].

6.4 Stress and boundary conditions

Assuming that the flow is steady and uniform, Eq. (30b) reduces to

∂

∂z
σαz = −ρgα − tα, α = x, y, z, (39)

which is in excellent agreement with the stress and external force density profiles [58].

Eq. (39) is called the lithostatic stress relation, since it determines (three) stress com-
ponents in terms of the density ρ. Since the external interaction force density, ~t, is
zero everywhere except within an coarse-graining length distance from the basal sur-
face, the slope of σαz equals−ρgα everywhere except near the base boundary. Due to
the momentum balance (39), both the bulk friction, µ = −σxz/σzz , and the friction
due to the interactions with the base, −tx/tz , are equal to tan θ and thus constant for
all heights. Further, in all simulations, the stress tensor was found to be nearly sym-
metric, with the asymmetric part contributing less than 0.1% to the deviatoric stress
components.

z

σzz

σzz−
∫∞
z

tzdz

−
∫∞
z

gzρdrz
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8

Figure 5: Downward normal stress, see inset, without (dashed) and with (solid) cor-
rection by the external IFD for w = 1/4. The extended stress, σ′zz = σzz −

∫∞
z
tz dz,

defined in (40) exactly matches the weight of the flow above height z (red dotted line),
as expected for steady flows. Grey vertical lines indicate bed and surface location, cal-
culated using the points where the extended stress definition vanishes and reaches its
maximum value (to within 2%), as in Ref. [WTLB12a].

Since the external interaction force density, ~t, is zero everywhere except close to the
basal surface, the gradients of ~t and σ are very steep at the base. Thus, ~t should
be incorporated into the continuum equation as a boundary condition rather than a
continuous field [WHTL13]. To accomplish this, we introduce the extended stress,

σext
αz = σαz +

∫ ∞

z

tαzdz , (40)
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which yields the boundary condition,

lim
z→−∞

σext
αz =

∫ ∞

−∞
tαzdz . (41)

Substituting (39) into (40) thus yields a simple relation between stress and density,

σext
αz =

∫ ∞

z

ρgαdz, lim
z→−∞

σext
αz =

∫ ∞

−∞
ρgαdz = Nmgα, (42)

which produces a smooth extended stress field, as shown in Figure 5.

6.5 Inertial number

A widely accepted basic rheological model for granular flows – in the dense, quasi-
static and inertial regimes – is the so-called µ(I)-rheology [dCEP+05, IK04, MiD04,
JFP06]. Many experimental and numerical studies suggest that the mass density ρ and
the macroscopic (bulk) friction µ are functions of the inertial number,

I = γ̇d
√
ρp/p, (43)

where γ̇ = ∂Vx

∂z is the shear rate, d the particle diameter, p the (compressive) pressure
and ρp the particle density, which is assumed constant for all heights.

Deriving the shear rate profile from the velocity field, we plot the inertial number as a
function of height in Figure 6. It shows that the inertial number is indeed constant in
the bulk, but varies significantly near both base and surface. Thus, we define the bulk
of the flow to be the region where I is within 10% of the median value.
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Figure 6: Inertial number plotted as a function of height, for w = 1, θ = 28◦ and
N = 6000, The dashed line shows the constant inertial number as predicted by the
µ(I) rheology.
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6.6 An objective description of the stress tensor

Next, we generalise the µ(I) rheology from a Cartesian frame to a rheological model
for general flow situations by using (objective) invariants of the tensors, and quantify
all non-Newtonian mechanisms that the chute flow features.

For a symmetric stress, when the σxy , σyz components are close to zero in steady
state, the orientation of the deviatoric stress tensor is determined solely by measuring
the orientation φσ of the largest principal stress in the xz-plane. Then the stress takes
the form [WHTL13, HGWL12]

σ = pI +R ·




λ1 0 0
0 λ2 0
0 0 λ3


 ·RT , (44)

with the transformation matrix

R =




cosφσ 0 sinφσ
0 1 0

− sinφσ 0 cosφσ


 (45)

where the second term is the deviatoric stress, with λ1 + λ2 + λ3 = 0. To quantify
the anisotropy of the stress tensor, we further decompose the deviatoric stress into: (i.)
the “anisotropy” of the deviatoric stress, i.e. the ratio of deviatoric stress (norm) and
pressure,

s?D :=
1√
6p

√
(λ1 − λ2)2 + (λ2 − λ3)2 + (λ3 − λ1)2 , (46a)

see Ref. [TML]. (ii.) the anisotropic stress distribution between the principal direc-
tions,

Λ12 := −λ2/λ1, (46b)

and (iii.) the orientation of its eigensystem,

∆φ := φσ − φε, (46c)

where φε = 45◦ denotes the orientation angle of the strain rate tensor.

Thus, three objective variables are obtained that fully describe the deviatoric stress
tensor and thus determine the flow behaviour. For isotropic flows, we recover the
original µ(I) rheology where ∆φσ = 0, Λ12 = 0, σzz/p = 1 and s?D = µ(I).

Simulation results show that the flow rheology is indeed well-described by the inertial
number, as shown in figure 7. The anisotropy s?D, follows a similar curve as the
Cartesian bulk friction µ and is therefore fitted by the curve described in [MiD04].
However, the results show clearly, that non of the Newtonian flow assumptions is
satisfied. Λ12 deviates from their respective Newtonian values even for small inertial
numbers, while ∆φσ deviates from zero with increasing inertial number. Remarkably,
the simple µ(I)-rheology represents the dominant mechanism, while the others are
relatively small. A generalization for other flow situations is in progress [KLM14,
KIML13].
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Figure 7: Three objective variables that describe the deviatoric stress tensor, are plot-
ted against the inertial number I . Shade/color indicates relative height z from bottom
(blue) to top (red). Lines indicate fits to the bulk data as specified in the insets/keys.
Top: Angular deviation of the deviatoric stress from collinearity with the strain rate
tensor, ∆φσ , with linear fit. Middle: Ratio of eigenvalues Λ12 with linear fit. Bottom:
Magnitude of the deviatoric stress ratio, s?D, with the line a fit to the bulk data. Data
are bulk values from steady simulations in the parameter range 4000 ≤ N ≤ 8000,
20◦ ≤ θ ≤ 28◦, with coarse graining width w = 1, using the reduced kinetic stress
[WHTL13].
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6.7 Summary

In summary, the micro-macro transition has been successfully applied to steady, iner-
tial granular flows down an inclined plane. The fields are well defined (almost inde-
pendent of w) if the coarse-graining length-scale w is chosen carefully, either on the
particle scale w ∼ 1 or on the sub-particle resolution scale w ∼ 0.05. We discussed
the macroscopic fields and showed how to interpret the external interaction force den-
sity ~t as a boundary condition. The simulation results were then analysed to obtain an
objective and complete tensorial rheological model for steady, planar non-Newtonian
granular flows, involving all further non-Newtonian mechanisms (as possible in this
situation) on top of the classical µ(I)-rheology.

7 Vibrated granular bed

Our second example consists of a vertically vibrated bed of grains. In this case we
take the limit of hard-spheres and compare the macroscopic states obtained by ED
simulations with both previous experimental realizations and DEM simulations. We
compute the macroscopic fields of packing fraction, pressure and temperature from
both ED and DEM simulations using different coarse-graining methods. We then
study their agreement as a function of the DEM collision time parameter tc. Even
though the system presents highly packed regions, it is expected that the hard par-
ticle approximation does not have a big influence on the observed dynamics, as the
system is constantly fluidized, thus minimizing the influence of multi-particle con-
tacts. Indeed, a very good agreement between simulations and experiments is found,
as also between the macroscopic fields of both simulation approaches, given that a low
enough collision time (high enough stiffness) is used in the DEM simulations.

7.1 Model system

The system consists of a quasi-two-dimensional vibrated box with a base of variable
width lx, depth ly = 5d and infinite height, with d the diameter of the particles. The
container is vibrated sinusoidally such that the position of the base is given by b(t) =
A sin(ωt), with A and ω our parameters of energy injection. Previous experimental
and numerical studies have revealed a variety of non-equilibrium stable states, depen-
dent mainly on the amount of energy injection [TMLS89, EvdWvdM+07, RLT13].
Here we focus on the high energy injection limit, where a density inverted and hor-
izontally homogeneous state is present, usually referred to as granular Leidenfrost
state [EvdWvdML05]. We restrict our study to this state as it combines a high tem-
perature gaseous state with a low temperature dense state, two adequate limits to test
the micro-macro transition approaches and to compare the soft and hard MD models.
Previous studies have revealed that the phase-space in this high energy limit is better
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represented by the dimensionless shaking strength S ≡ A2ω2/gd, and the number of
filling layers F ≡ Nd2/lxly .

Collisions between particles are determined by a normal coefficient of restitution in
ED simulations, rED = 0.9. In the DEM case we use the linear spring-dashpot model
(see Eq. (3)), and set the stiffness k and viscous damping γ0 by choosing tc, the
typical collision time, and r, the coefficient of restitution, as given by Eqs. (4) and
(5). Naturally, we set r = rED, and tc is left as a free parameter. Lateral walls are
considered rigid and having the same collision parameters than between particles in
both types of simulations.

7.2 Experimental comparison

Figure 8: Phase space of the wide lx = 100d box geometry, forA = 4.0d and variable
ω. Circles correspond to ED simulations, while background is taken from experiments
presented in [EvdWvdM+07], where also the different states are carefully described.

As a first step of validation, ED simulation results are compared with previous ex-
perimental work done in a wide container [EvdWvdM+07], lx = 100d. In this case
we account for friction with a fixed coefficient µ = 0.1. The wide system presents
many distinct non-homogeneous stable states in the S-F space. For a detail analysis
of all states see Ref. [EvdWvdM+07]. Here we remark that ED simulations are able
to capture all observed behaviours, as shown in Fig. 8. Quantitatively, the phase space
obtained from ED simulations shows a remarkable agreement with the experimental
one, although there is a noticeable disagreement for some regions of transition. The
source of these disagreements can come from many factors: different effective resti-
tution and friction coefficients, the method for defining the different regions, as also
physical relevance of effects ignored in simulations, such as interstitial air or grain-
grain attractive forces.
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7.3 Leidenfrost state

Having verified that ED simulations are in good agreement with physical experiments,
we now turn our attention to the relation of both simulational methods, ED and DEM.
The macroscopic states are compared by computing the packing fraction φ; the kinetic
pressure p = tr(σk)/3, with the kinetic stress tensor defined in (34b); and the granular
temperature T = 1

3 (〈~v2〉 − 〈~v〉2). The system is further constrained by setting lx =
5.0d, as we are only interested in studying the horizontally homogeneous Leidenfrost
state. In this limit all horizontally inhomogeneous states are suppressed, including the
buoyancy-driven convective states expected for higher S [RLT13]. Furthermore, we
set F = 12 (which implies a total number of particles N = 300) and A = 1.0d.
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Figure 9: Time averaged packing fraction profiles φ(z) for different tec, as specified in
the labels, with A = 1.0d and ω = 2.0

√
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√
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values of tec ≤ 10−4 curves are seen to converge and are superimposed.

In ED simulations the TC model is used, both to prevent inelastic collapse and com-
pare with the finite collision time of DEM simulations, as elaborated in Section 4. As
tec is reduced, the macroscopic fields converge, as shown in Figure 9 for the averaged
packing fraction vertical profile, φ(z). There is no significant difference between the
low and high energy injection limits, both converging for τc ∼ 10−5, the value taken
for the following simulations.

It is important to remark that macroscopic fields are not computed using the same
procedure; it is also the purpose of the following work to see how both approaches
compare. In the ED case, instantaneous macroscopic fields are obtained by coarse
graining space in rectangular bins and computing the relevant quantities by averaging
over the bins; after that, time-average is done for at least 10000 oscillation cycles. On
the other hand, in DEM simulations the fields are obtained using the homogenization
procedure described in Section 5, and with more detail in [WTLB12a]. The homoge-
nization is done for the relevant quantities of density and momentum, from which the
other fields can be directly obtained. Then, time-averaged totals can be obtained either
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as an average of each instantaneous field, or from the time-averaged fields of velocity
and density; in our case, we choose the latter method, except with the temperature
field where both approaches are compared, as they present significant differences. In
both cases, care is taken to acquire data with a sub-period resolution of 0.05T , in order
to prevent aliasing errors.

Figure 10 shows the time averaged vertical profiles 〈φ(z)〉t, 〈P (z)〉t and 〈T (z)〉t for
both ED and DEM simulations with S = 100. The collision time tc is modified in
order to see how macroscopic fields depend on it. They correspond to 5, 10, to 50
times the collision time, for tc = 0.1, tc = 0.05 and tc = 0.01, respectively.

Figure 10: (a) Time averaged packing fraction vertical profiles for ED simulations
(black) and soft-particle simulations with tc = 0.1 (red circles), tc = 0.05 (green
squares) and tc = 0.01 (blue diamonds). (b) Time averaged pressure vertical profiles,
with the same color code. (c) Time averaged granular temperature vertical profiles,
with the same color code. Open symbols corresponds to the fluctuating time-averaged
velocities, while filled ones show the time-averaged fluctuating velocity, as detailed in
the main text.

Remarkably, the packing fraction fields coincide to within 0.1% already for tc = 0.05.
The profiles are remarkably similar even for high tc, although the effect of decreasing
the collision time is considerable, specially in highly packed regions, as also near
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the bottom of the container, that is, in the highly agitated region. At the bottom of the
container, softer particles would over predict the time of collision with the fast moving
bottom plate, and thus a low tc is needed to approach the hard sphere limit.

The total pressure, on the other hand, presents a more pronounced difference for higher
values of tc, although there is already only a 3% disagreement between both schemes
for tc = 0.05. Reducing tc further leads to a better overall agreement, although the
pressure in the gaseous zone is still considerably lower than in the hard-sphere limit.

The temperature field presents a considerably higher disagreement between ED and
MD simulations for higher values of tc. This could be due to many factors. Mainly,
the time-averaging of the fields in the SP case may have a big influence on a highly
fluctuating quantity such as temperature. The fluctuations come mainly from the de-
pendency on the inverse of density, which can have very low values instantly, but not
in the long time average. The difference between the different time average schemes
is shown in dashed and solid lines, respectively: it is clear that computing the temper-
ature at each frame from the density and velocity fields, and then averaging over the
whole simulation, leads to a better agreement for all tc (Figure 10c). Nevertheless,
both profiles always present the same overall behaviour, and the agreement is again
good for tc = 0.001.

7.4 Summary

In the case of collisional systems, with rather high packing fractions, ED simulations
present a surprisingly good agreement with previous experiments of a highly agitated
granular bed, and also agree very well with DEM simulations with rather hard par-
ticles. A low enough tc is needed to accurately match the conserved hydrodynamic
fields, especially when different time-averaging schemes play a role, such as with
the granular temperature. It is important to remark that even though the density and
pressure can present remarkably similar profiles for a given tc, the corresponding tem-
perature field can be considerably over-predicted in DEM simulations. Overall, we see
that the hard-particle limit and event-driven simulations present an excellent alterna-
tive for the simulation of fluidized, yet quite dense, granular systems, usually being
orders of magnitude faster than DEM simulations.

8 Discussion and Conclusion

A summary of soft particle molecular dynamics (referred to as discrete element meth-
ods (DEM) in some fields of engineering), and hard particle event-driven (ED) simu-
lations was given. The two approaches were compared in various situations, from di-
lute/collisional to dense, inertial chute flows. The less dynamic, quasi-static regimes
are addressed in Refs. [TML, DS]. In the dilute regime both methods are identical
while in denser situations, the finite contact duration time and multi-particle contacts
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become relevant. Those contacts are readily modeled in DEM, see also Ref. [Mar],
but not in ED. An extension of ED involves a new time-scale over which collisions
between particles are considered elastic, both to avoid the divergence of the num-
ber of collisions per unit time and to model the natural fact of finite collision times,
an approach referred to as the TC (time/duration of contacts) model. An alternative
simulation method is contact dynamics (CD), which was addressed in Ref. [Rad].
Furthermore, a methodology for relating the particle properties from particle simula-
tions to the state variables and fields in continuum models has been presented, with
more details and practical exercises presented in Ref. [TWT]. This micro-macro tran-
sition was defined for the density, velocity, velocity gradient, stress and temperature
fields via the coarse graining approach, which ensures that mass, momentum and en-
ergy balance are exactly preserved. Additional fields like the structure tensor (fabric),
couple-stress, rotations, and curvature were not considered here but are subject of
ongoing research.

Given any type of particle simulation method, DEM, ED, CD or others, but also given
experimental data, the coarse-graining procedure to obtain conserved fields from par-
ticle simulations depends on a critical parameter w, the length-scale of the kernel
(smoothing) function. Using granular flows down an inclined plane as reference sys-
tem, we have observed that the choice of w for a particular system can be justified
by determining its scale-dependence, and identifying scales that are insensitive to the
choice of w. Similarly, coarse-graining in time requires a similar approach with a
time-scale tw. Furthermore, an interaction force density has been introduced, that can
capture the boundary conditions of the bulk flow, as well as drag relations with other
constituents in a mixed flow (not shown, data to be presented elsewhere). Situations
where the w- or tw-dependence persists (in either space or time, or both) can relate
to either flows with micro-structure or transients and are subject to ongoing studies.
Note that the micro-macro methodology is valid, but such cases will display strong
fluctuations and require further research.

Given one has a steady state situation with a w-independent plateau, one can proceed
further and accumulate continuum fields with good statistics and quality from a single
simulation. The methodology permits the definition of a complete (tensorial) rheolog-
ical model for steady, planar non-Newtonian granular flows from particle simulations.
The stress is decomposed as: (i) the isotropic pressure, (ii) the anisotropy, i.e., the
ratio of deviatoric stress and pressure, (iii) the anisotropic stress distribution between
the principal directions, and (iv) the difference in orientation of tensor eigen-systems.
Using the coarse graining methodology in a chute-flow system, we have seen that the
rheology deviates from a Newtonian fluid behaviour not only due to its pressure- and
strain-rate-dependent viscosity (the well-known macroscopic friction referred to as the
µ(I)-rheology), but also has a non-trivial anisotropic stress distribution and a slight
lag between the orientation of the stress and the strain rate tensor. These effects need to
be taken into account for any truly quantitative prediction of granular flow behaviour;
even though being small for chute flows, we expect them to be more important in other
situations as, e.g., situations with strain reversal and transient regimes.
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Hard-sphere, event-driven (ED) simulations were compared with both previous ex-
perimental realizations and soft-particle simulations of a highly agitated granular bed.
ED simulations are able to capture the whole spectrum of behaviors observed in the
quasi-two-dimensional vibrated system as the energy is increased, from low to very
high energy inputs, the phase-space even presenting good quantitative agreement. The
TC model, an approach to solve the inelastic collapse problem and model the softness,
i.e. the finite collision times, with perfectly hard spheres, was studied in this highly
agitated limit, and the parameters needed to obtain convergence were determined. In
such situations, ED and DEM simulation approaches coincide remarkably well in their
macroscopic fields, given that a low enough collision time is set in DEM simulations,
especially for the computation of the most sensitive field: the granular temperature.

In conclusion, discrete element methods (soft or hard) are a helpful tool to understand-
ing many granular, particulate, powder or geo-materials. The same ideas and methods
can also be applied to atomistic systems [HGWL12, HTL13]. The micro-macro meth-
ods presented in this paper can be applied to both DEM and ED simulation results, but
also to CD or experimental data. The overall goal to obtain micro- and particle-based
constitutive relations for continuum theory has seen many success-stories but not all
challenges have been addressed so far and many open questions remain. The qualita-
tive approach of using DEM in the early years has now developed into the attempt of
a quantitative predictive modelling tool for the diverse modes of complex momen-
tum and energy transport in granular media, industrial and natural, environmental
processes and phenomena. To achieve the goal of a micro-based macro-theory will
remain a research challenge for the next decade, involving enhanced kinetic theories
for dense collisional flows and elaborate constitutive models for quasi-static, dense
systems with, e.g., shear band localisation. In the future this will allow to better un-
derstand, to better design/optimize and to impose the desired behavior, with particular
applications in mind as, e.g., modern sintered materials, reactors involving catalysts,
tabletting, selective laser-sintering, and many others. This concerns not only man-
made processes and flows but also natural phenomena like avalanches, land-slides or
civil engineering issues like slow creep or instabilities of foundations.
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