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Half-integer charge injection by a Josephson junction without excess noise
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A Josephson junction in a topological superconductor can inject a charge e/2 into a normal-metal contact,
carried by chiral Majorana edge modes. Here, we address the question whether this half-integer charge is
a sharp observable, without quantum fluctuations. Because the Majorana modes are gapless, they support
charge fluctuations in equilibrium at zero temperature. But we find that the excess noise introduced out of
equilibrium by the e/2 charge transfer vanishes. We discuss a strategy to reduce the equilibrium fluctuations,
by means of a heavy-tailed time-dependent detection efficiency, to achieve a nearly noiseless half-integer charge
transfer.
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I. INTRODUCTION

Chiral Majorana edge modes in a topological supercon-
ductor can be excited by a flux bias applied to a Josephson
junction [1], analogously to the excitation of chiral Dirac
edge modes in a quantum Hall insulator by a voltage pulse
applied to a tunnel junction [2]. There is a key difference:
The elementary excitation of a Dirac edge mode has charge
e, produced by a 2π -phase increment of the single-electron
wave function [3–6]. In a superconductor, in contrast, a 2π -
phase increment of the pair potential is a π -phase shift for
single electrons. This explains why an h/2e flux bias of a
Josephson junction transfers charge e/2 into a normal metal
contact [7].

This half-integer charge is encoded nonlocally in a pair of
π -phase domain walls, or “edge vortices” [8], which propa-
gate away from the Josephson junction along the Majorana
modes at opposite edges (see Fig. 1). When the Majorana
modes reach the metal contact they are merged into a Dirac
mode and the charge can be detected [9,10]. Since only integer
charge can enter into a normal metal, the electrical current
cannot be completely noiseless—as it can be in the single-
electron case [3–6]. What is the noise associated with the
fractional charge transfer? That is the question addressed in
this paper.

The e/2 charge carried by Majorana edge modes can be
seen as the mobile counterpart of the e/2 charge bound to a
zero mode in a topological insulator [11–15]. In that context
it is known that the half-integer charge is a sharp observ-
able [16–18], without quantum fluctuations, provided that the
charge of the zero mode is measured by integrating the charge
density over a wide region with smooth boundaries—in order
to work around the integer charge constraint. The analogy
between mobile edge modes and immobile zero modes is
suggestive, but limited: The zero mode is embedded in an
excitation gap, while the Majorana edge modes are gapless.

We can therefore expect charge fluctuations to play a more
significant role in the latter case.

The outline of the paper is as follows. After a brief descrip-
tion of the physical system in the next section, we formulate
the mathematical problem in Sec. III. The main result of that
section is an expression for the cumulant generating function
in terms of “anchored” scattering matrices—meaning that
the expression is dominated by scattering processes near the
Fermi level. Anchoring to the Fermi level is a crucial step
when one models the chiral modes by a Fermi sea with an
unbounded linear dispersion.

The second cumulant (the charge variance) is calculated in
Sec. IV and then all higher cumulants are obtained in Sec. V.
Because the edge modes are gapless, there is charge noise
even in equilibrium at zero temperature [3]. However, what we
find is that the excess noise produced out of equilibrium by the
e/2 charge transfer vanishes. In Sec. VI we propose a strategy
to reduce the equilibrium noise by smoothing the detection
window, so that the fractional charge can truly become a
sharp observable. We conclude in Sec. VII with a proposal for
an experiment and by making the connection with fractional
charge transfer in normal metals [19,20].

II. CHARGE INJECTION BY A JOSEPHSON JUNCTION

To set the stage, we summarize results from Refs. [1,7] for
the Josephson junction geometry of Fig. 1. The junction con-
nects one-dimensional Majorana modes propagating unidirec-
tionally (chirally) along opposite edges of a two-dimensional
topological superconductor. The Majorana modes are excited
by a 2π increment of the phase difference φ(t ) across the
Josephson junction. While the pair potential � = �0eiφ re-
turns to its original value after the phase jump, the same
does not hold for the edge modes: The two Majorana modes
together form an electronic degree of freedom for which a
2π increment of the superconducting phase corresponds to
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FIG. 1. Geometry to inject a half-integer charge in a topological
insulator/magnetic insulator/superconductor heterostructure [1,7].
An h/2e flux bias �(t ) induces a 2π increment of the supercon-
ducting phase difference φ(t ) across a Josephson junction. A pair
of edge vortices is excited in the Majorana edge modes of the
superconductor, which fuse to form a Dirac mode when they enter a
normal-metal contact. The resulting current pulse I (t ) has integrated
charge Q = ±e/2. The Dirac mode in this diagram propagates in a
single direction only. The counterpropagating mode does not couple
to the superconductor, so it can be ignored.

a phase jump of π . The π -phase boundary propagates away
from the junction along the edge modes as a pair of edge
vortices [8], one on each edge.

While each Majorana mode separately is charge neutral,
a nonzero charge may appear when the Majorana modes are
fused into a single Dirac mode at a metal contact [9,10].
The charge transferred by the fused edge vortices depends on
the relative magnitude of the path length difference δL along
the upper and lower edge and the product vtinj of the edge
mode velocity v and the duration tinj of the vortex injection
process—a timescale given by [1]

tinj = (ξ0/W )(dφ/dt )−1, (2.1)

with ξ0 = h̄v/�0 the superconducting coherence length and
W the width of the Josephson junction. For W/ξ0 � 1 the
fusion of the edge vortices injects an average charge

〈Q〉 = ± e

2

tanh(δL/4vtinj )

δL/4vtinj
(2.2)

into the metal contact [7]. (The sign depends on the sign of
the phase change). A maximal charge of ±e/2 is transferred
for δL � vtinj.

This half-integer charge transfer is the average over many
measurements. One might intuitively expect a binomial statis-
tics, where charge 0 or e is transferred with equal probability.
That would produce a charge variance of e2/4, on top of any
equilibrium noise. As we will see in the following section,
that intuitive expectation is completely mistaken, and in fact
the charge transfer for δL = 0 introduces no excess noise at
all.

III. CUMULANT GENERATING FUNCTION

A. Determinantal formula

The generating function C(ξ ) of cumulants of transferred
charge is given by

C(ξ ) = ln Tr(ρ̂eqeiξ Q̂), (3.1)

in terms of the charge operator Q̂ of the outgoing modes and
the equilibrium density matrix ρ̂eq of the incoming modes.
(For ease of notation we set the electron charge e to unity,
as well as the constants h̄ and kB, restoring these in final
equations).

The incoming Majorana modes have annihilation operators
ân(E ), with n = 1, 2 for the upper and lower edge. Positive
and negative energies are related by particle-hole symmetry,

ân(−E ) = â†
n(E ). (3.2)

Similarly, b̂n(E ) is the annihilation operator for the outgoing
modes. Incoming and outgoing modes are related by the
scattering matrix,

b̂n(E ) =
∫ ∞

−∞

dE ′

2π

∑
m

Snm(E , E ′)âm(E ′). (3.3)

The scattering matrix is unitary,∫ ∞

−∞

dE

2π

∑
n′

S∗
n′n(E , E1)Sn′m(E , E2) = 2πδ(E1 − E2)δnm,

(3.4)

and it satisfies particle-hole symmetry,

Snm(−E ,−E ′) = S∗
nm(E , E ′). (3.5)

The charge operator for Majorana modes is

Q̂ =
∫ ∞

0

dE

2π
[ib̂†

2(E )b̂1(E ) − ib̂†
1(E )b̂2(E )]. (3.6)

The particle-hole symmetry relation (3.2) allows us to extend
the integration range

∫ ∞
0 dE 	→ 1

2

∫ ∞
−∞ dE . We then write

more compactly

Q̂ = 1

2
b̂† · σy · b̂ = 1

2
â† · S†σyS · â, (3.7)

with σy a Pauli matrix acting on the mode indices. The
contraction “·” indicates both a sum over the mode index
and an integration over energy. The kernel S†σyS satisfies a
generalized antisymmetry relation,

[S†σyS]nm(E , E ′) = −[S†σyS]mn(−E ′,−E ). (3.8)

We now use the Klich formula [21,22] to reduce the
operator trace (3.1) to a functional determinant,

Tr(ρ̂eqeâ†·M·â) =
√

eTr M Det(1 − F + Fe2MA ), (3.9)

with the definitions

MA
nm(E , E ′) = 1

2
Mnm(E , E ′) − 1

2
Mmn(−E ,−E ′),

F (E , E ′) = 2πδ(E − E ′) f (E ). (3.10)

The Fermi function

f (E ) = (1 + eE/T )−1 (3.11)
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is the occupation number of the â modes, in equilibrium at
temperature T and Fermi energy EF = 0.

In view of Eqs. (3.7) and (3.8) the cumulant generating
function takes the form

C(ξ ) = 1
2 ln Det(1 − F + FS†eiξσy S). (3.12)

This is the expression we seek to evaluate.

B. Anchored scattering matrix

Functional determinants of the type (3.12) need to be regu-
larized before they can be applied to an unbounded spectrum
[4,23–26]. For that purpose we rewrite the determinant such
that the scattering matrix contributes only for energies near
the Fermi level (E = 0). We “anchor” the scattering matrix to
the Fermi level by commutating it with the Fermi function,

S̃ = FS − SF ,

S̃nm(E , E ′) = Snm(E , E ′)[ f (E ) − f (E ′)].
(3.13)

The kernel S̃(E , E ′) vanishes unless E , E ′ are within
max(T, 1/tinj ) from the Fermi level.

Substitution into Eq. (3.12) gives

C(ξ ) = 1
2 ln Det[1 + (eiξσy − 1)(F − S̃S†)]. (3.14)

In equilibrium the scattering is elastic, hence S̃ vanishes. It is
useful to extract from Eq. (3.14) the equilibrium generating
function by decomposing C = Ceq + δC, with

Ceq(ξ ) = 1
2 ln Det[1 + (eiξσy − 1)F], (3.15a)

δC(ξ ) = 1
2 ln Det[1 − 
(ξ )S̃S†], (3.15b)


(ξ ) = eiξσy − 1

1 + (eiξσy − 1)F . (3.15c)

IV. CALCULATION OF THE EXCESS NOISE

A. Expansion of the cumulant generating function

The variance 〈〈Q2〉〉 = 〈Q2〉 − 〈Q〉2 of the transferred
charge contains an equilibrium contribution 〈〈Q2〉〉eq from
Ceq(ξ ) plus a contribution δ〈〈Q2〉〉 from δC(ξ ). The latter
contribution is the excess charge noise introduced by the
vortex injection process.

We calculate both contributions, as well as the average
transferred charge 〈Q〉, by expanding the cumulant generating
function (3.15) to second order in ξ ,

C(ξ ) = iξ 〈Q〉 − 1
2ξ 2〈〈Q2〉〉 + O(ξ 3). (4.1)

The expansion is carried out by means of the identity
ln Det M = Tr ln M and Taylor expansion of the logarithm.
This results in

〈Q〉 = − 1
2 Tr σyS̃S†, (4.2)

〈〈Q2〉〉eq = 1
2 Tr σ0FFc, (4.3)

δ〈〈Q2〉〉 = 1
2 Tr [(F − Fc)S̃S† − (σyS̃S†)2], (4.4)

with σ0 the 2 × 2 unit matrix and Fc = 1 − F .

B. Equilibrium noise

The charge noise in equilibrium has been obtained by
Levitov, Lee, and Lesovik [3]. We calculate it here for later
reference, because we will need some of the equations for the
calculation of the nonequilibrium noise.

The Fermi function in the time domain is given by

F (t, t ′) =
∫ ∞

−∞

dE

2π
e−iE (t−t ′+iε) 1

1 + eE/T

= iT

2 sinh[πT (t − t ′ + iε)]
= Fc(t ′, t ), (4.5)

with ε a positive infinitesimal set by the inverse bandwidth.
For later use we also note that

[F − Fc](t, t ′) = P iT

sinh[πT (t − t ′)]
, (4.6)

where P indicates the Cauchy principal value.
From Eq. (4.3), the equilibrium charge variance is given by

〈〈Q2〉〉eq =
∫ tdet/2

−tdet/2
dt

∫ tdet/2

−tdet/2
dt ′ F (t, t ′)Fc(t ′, t ), (4.7)

where we have introduced a finite detection time tdet. We thus
recover the result of Ref. [3],

〈〈Q2〉〉eq =
∫ tdet/2

−tdet/2
dt

∫ tdet/2

−tdet/2
dt ′ −T 2

4 sinh2[πT (t − t ′ + iε)]

= 1

2π2
ln

(
sinh(πT tdet )

πT ε

)
+ O(ε/tdet )

2. (4.8)

The equilibrium noise increases linearly ∝T tdet with the
detection time for T tdet � 1, while it increases logarithmi-
cally ∝ ln(tdet/ε) for T tdet � 1. If we restore units of e, kB,
and h̄, the equilibrium noise corresponds to a noise power

Peq = lim
tdet→∞

1

tdet
〈〈Q2〉〉eq = e2

2π h̄
kBT, (4.9)

which is one-half the Johnson-Nyquist noise for a single-
mode conductor—the other half comes from a counterpropa-
gating Dirac mode that does not couple to the superconductor
(see Fig. 1).

C. Adiabatic scattering matrix

In the time domain, upon Fourier transformation according
to

S(t, t ′) =
∫ ∞

−∞

dE

2π

∫ ∞

−∞

dE ′

2π
eiE ′t ′−iEt S(E , E ′), (4.10)

the scattering matrix S(t, t ′) becomes a delta function in the
adiabatic approximation,

S(t, t ′) = S0(t )δ(t − t ′) + O(tdwell/tinj ), (4.11)

valid if the dwell time tdwell � W/v in the Josephson junction
is small compared to the vortex injection time tinj.

The 2 × 2 unitary matrix S0(t ) is the so-called “frozen”
scattering matrix of the Josephson junction, obtained by fixing
the phase at its instantaneous value of φ(t ). It has the form [1]

S0(t ) = eiη(t )σy , (4.12)

045431-3



F. HASSLER et al. PHYSICAL REVIEW B 102, 045431 (2020)

with a phase η(t ) that increases by π on a timescale tinj. The
profile by which η(t ) increases depends on the width W of the
junction relative to the superconducting coherence length ξ0.
For W � ξ0 one has

η(t ) = arccos[− tanh(t/2tinj )]. (4.13)

There may be a relative delay δt = δL/v in the propagation
time along the upper or lower edge from the Josephson junc-
tion to metal contact. This can be included via the replacement
in Eq. (4.11) of the single delta function by a separate delta
function for each Majorana mode,

S(t, t ′) =
(

δ(t − t ′) 0
0 δ(t − t ′ + δt )

)
S0(t ′). (4.14)

In what follows we will address the case δt = 0 in the main
text, turning to the effect of a nonzero relative delay in
Appendix A.

The adiabatic scattering matrix S(t, t ′) = S0(t )δ(t − t ′) is
singular at t = t ′. Anchoring via the commutator S̃ = [F , S]
removes the singularity,

S̃(t, t ′) = T

2i

S0(t ) − S0(t ′)
sinh[πT (t − t ′)]

, S̃(t, t ) = 1

2π i

d

dt
S0(t ).

(4.15)

(No ε regularization is needed for a nonsingular kernel).
Equation (4.2) now immediately reproduces the super-

conducting analog of Brouwer’s charge-pumping formula
[27,28],

〈Q〉 = ie

4π

∫ tdet/2

−tdet/2
dt Tr S†

0 (t )σy
d

dt
S0(t ). (4.16)

Substitution of Eq. (4.12) then gives the half-integer average
charge transfer [1,7],

〈Q〉 = − e

2π

∫ tdet/2

−tdet/2
dt η′(t ) = −e/2, tdet � tinj, (4.17)

for any phase profile η(t ) that winds by π , independent of
temperature for T tdwell � 1.

D. Excess noise

Turning now to the nonequilibrium contribution δ〈〈Q2〉〉
to the variance, we have upon substitution of Eqs. (4.6) and
(4.15) into Eq. (4.4),

δ〈〈Q2〉〉 = T 2
∫ tdet/2

−tdet/2
dt

∫ tdet/2

−tdet/2
dt ′ Tr S†(t )[S(t ) − S(t ′)]

4 sinh2[πT (t − t ′)]

− T 2
∫ tdet/2

−tdet/2
dt

∫ tdet/2

−tdet/2
dt ′ Tr σy[S(t ) − S(t ′)]S†(t ′)σy[S(t ′) − S(t )]S†(t )

8 sinh2[πT (t − t ′)]
. (4.18)

Upon substitution of S(t ) = eiη(t )σy we find that

2 Tr S†(t )[S(t ) − S(t ′)]

= Tr σy[S(t ) − S(t ′)]S†(t ′)σy[S(t ′) − S(t )]S†(t )

= 8 sin2

[
1

2
η(t ) − 1

2
η(t ′)

]
, (4.19)

hence both integrands in Eq. (4.18) are nonsingular at t = t ′
(no principal value is needed) and moreover they cancel. We
conclude that

δ〈〈Q2〉〉 = 0, (4.20)

the excess charge noise vanishes at any temperature, and only
the equilibrium noise (4.8) remains.

All of this is for zero relative delay between the two
Majorana modes. The case of nonzero δt is calculated in
Appendix A, and results are shown in Fig. 2. When the delay
time becomes comparable to the injection time tinj, the average
transferred charge is reduced below e/2, and a nonzero excess
noise appears. The excess noise decreases with temperature,
presumably because of thermal averaging of a state which is
not an eigenstate of charge.

V. CALCULATION OF HIGHER CUMULANTS

If we restrict ourselves to zero temperature and zero time
delay, we can go beyond mean and variance and calculate all
cumulants of the transferred charge.

A. Even cumulants

We start from Eq. (3.15) and take the derivative with
respect to ξ of the nonequilibrium cumulant generating func-
tion,

d

dξ
δC(ξ ) = 1

2

d

dξ
Tr ln[1 − 
(ξ )S̃S†]

= − 1

2
Tr{[1 − 
(ξ )S̃S†]−1
′(ξ )S̃S†}. (5.1)

We evaluate 
(ξ ) at T = 0, when F2 = F , hence


(ξ ) = (eiξσy − 1)(1 − F ) + (1 − e−iξσy )F
= (1 − cos ξ )(F − Fc) + iσy sin ξ . (5.2)

Recall that Fc = 1 − F .
In Appendix B1 we derive that

(F − Fc)S̃S† + S̃S†(F − Fc) = 2(S̃S†)2. (5.3)

From this identity, and from (F − Fc)2 = 1, it follows that

[1 − S̃S†
(−ξ )][1 − 
(ξ )S̃S†] = 1, (5.4)
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FIG. 2. Dependence on the relative time delay δt of the two
Majorana modes of the average transferred charge (dashed curves)
and the excess noise (solid curves), at zero temperature (black
curves) and at nonzero temperature (red curves). The curves are
calculated for the phase profile (4.13), valid in the limit W � ξ0 of a
wide junction, from expressions (A5) and (A8). The T = 0 result for
〈Q〉 is also given by Eq. (2.2).

so these two operators are each other’s inverse. We can then
work out the derivative (5.1),

d

dξ
δC(ξ ) = 1

2
Tr[S̃S†
(−ξ )
′(ξ )S̃S† − 
′(ξ )S̃S†]

= 1

2
Tr{[iσy(F − Fc)(cos ξ − 1) + sin ξ ](S̃S†)2

− [(F − Fc) sin ξ + iσy cos ξ ]S̃S†}. (5.5)

Using again the identity (5.3), as well the fact that S̃S†

commutes with σy, we arrive at

d

dξ
δC(ξ )

= −1

2
i Tr σyS̃S† + 1

2
i(1 − cos ξ )Tr σy[S̃S† − (S̃S†)3].

(5.6)

The first ξ -independent trace is i times the average charge
(4.2). The second trace is an even function of ξ , meaning that
it produces only odd cumulants—all even cumulants vanish.

B. Odd cumulants

We have not yet used specific properties of the phase
profile η(t ) that characterizes the adiabatic scattering matrix
S0(t ) = eiη(t )σy . In the previous section we showed that the
even cumulants vanish for any η(t ). In this section we show
that the odd cumulants vanish if the net increment

�η =
∫ ∞

−∞
η′(t )dt (5.7)

is an integer multiple of π , which is the case considered
here—but not more generally.

The calculation of the odd cumulants is based on the
equation

Tr σy(S̃S†)3 = 1

π
(�η − sin �η), (5.8)

derived in Appendix B2. Since

Tr σyS̃S† = 1

π
�η, (5.9)

in view of Eq. (4.15), we find

d

dξ
δC(ξ ) = − 1

2π
i�η + 1

2π
i(1 − cos ξ ) sin �η, (5.10)

which gives the nonequilibrium contribution to the cumulants,

δ〈〈Qp〉〉 = − 1

2π
×

⎧⎨
⎩

�η for p = 1,

0 for even p � 2,

sin �η for odd p � 3.

(5.11)

VI. HOW TO REDUCE THE EQUILIBRIUM NOISE

The equilibrium noise (4.8) persists at zero temperature
[3],

lim
T →0

〈〈Q2〉〉eq = e2

2π2
ln(tdet/ε), tdet � ε. (6.1)

Would it be possible to suppress this noise and observe only
the contribution from the nonequilibrium charge transfer?

The established procedure for integer charge pumping [3,4]
is to repeat the pumping process periodically for a large
number N of cycles. The variance of the transferred charge
then contains a contribution ∝ ln N from the equilibrium fluc-
tuations, and a contribution ∝N from the pumping process,
so the equilibrium noise drops out of the noise per cycle
limN→∞ N−1 Var Q.

This procedure fails in our case of half-integer charge
transfer, because the vortex injection process is not periodic:
The 2π increment of the superconducting phase flips the sign
of single-electron wave functions. After a 4π increment the
periodicity is restored, but then we are back to an integer
charge transfer. Choosing the 4π increment as a periodically
repeated cycle and counting only the charge from the first
2π increment does not provide a workaround, because in
that case the nonequilibrium noise will scale ∝N rather than
∝ ln N—for the ln N scaling it is essential that the counting
process is not interrupted within a cycle.

The result (6.1) holds for a step function counting win-
dow, where charge is counted with unit efficiency in the
interval −tdet/2 < t < tdet/2. Smoothing of the abrupt switch-
on/switch-off over a timescale tsmooth, for example, by convo-
lution of the step function with a Gaussian [29], has the effect
of replacing the inverse bandwidth ε by tsmooth,

〈〈Q2〉〉eq = e2

2π2
ln(tdet/tsmooth ), tdet � tsmooth � ε. (6.2)

Hence the logarithmically increasing equilibrium noise is not
removed by a smoothed counting window. To reduce 〈〈Q2〉〉eq

we need a heavy-tailed profile, as we now discuss.
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The counting profile W (t ) replaces
∫ tdet/2
−tdet/2 dt by∫ ∞

−∞ W (t )dt in expression (4.17) for the average charge,

〈Q〉 = − e

2π

∫ ∞

−∞
W (t )dt η′(t ), (6.3)

and in expression (4.7) for the equilibrium noise,

〈〈Q2〉〉eq =e2
∫ ∞

−∞
W (t )dt

∫ ∞

−∞
W (t ′)dt ′ F (t, t ′)Fc(t ′, t )

=e2
∫ ∞

−∞

dE

2π

∫ ∞

−∞

dE ′

2π
|W (E ′ − E )|2 f (E ) f (−E ′).

(6.4)

We have defined the Fourier transform W (E ) =∫ ∞
−∞ dt eiEtW (t ). At T = 0 the Fermi function f (E ) becomes

a step function, hence

lim
T →0

〈〈Q2〉〉eq = e2

4π2

∫ ∞

0
dE E |W (E )|2. (6.5)

The Fourier transform of a heavy-tailed W (t ) is a stretched
exponential [30],

W (E ) = πtW
(1 + 1/α)

e−|EtW |α , 0 < α � 2. (6.6)

The normalization is adjusted such that if we send the time
constant tW to infinity at fixed measurement time t , the count-
ing efficiency W (t ) → 1. This ensures that limtW →∞〈Q〉 =
±e/2. The zero-temperature equilibrium noise (6.5) is tW
independent, equal to

〈〈Q2〉〉eq = e2
(

1
2 + 1

α

)
8
√

π
(
1 + 1

α

) <
e2√α

8
√

π
. (6.7)

The parameter α need not become very small for a sub-
stantially reduced noise, and the Lorentzian case α = 1 ⇒
W (t ) = [1 + (πt/tW )2]−1 has 〈〈Q2〉〉eq = e2/16. In Fig. 3 we
compare this heavy-tailed counting profile with the smoothed
step function. In this case the noise reduction is about a factor
of 3, and by lowering α and raising tW the noise can be
reduced further.

The reduction of the equilibrium noise 〈〈Q2〉〉eq leaves the
nonequilibrium noise unaffected: δ〈〈Q2〉〉 → 0 for tW /tinj →
∞. We can therefore reach a situation of nearly noiseless
transfer of a half-integer charge.

VII. CONCLUSION

In conclusion, we have given an affirmative answer to
the question whether the half-integer charge transferred into
a normal metal by the fusion of a pair of Majorana edge
modes can be considered a sharp observable. The integer
value constraint of a charge counting measurement is avoided
by the equilibrium noise, which persists at zero temperature
in a gapless system. We have shown that the nonequilibrium
charge transfer does not produce any excess noise—all cumu-
lants of transferred charge retain their equilibrium value.

Our analysis is based on the fermionic scattering approach
to the cumulant generating function pioneered by Levitov,
Lee, and Lesovik [3]. The same authors also proposed an

FIG. 3. Comparison of the effect of two charge counting profiles
on the zero-temperature equilibrium charge noise. The solid curve
shows the current I (t ) = (e/2π )η′(t ), with η(t ) given by Eq. (4.13).
A charge −e/2 is transferred on a timescale tinj. The blue dashed
curve is a step function counting window (width tdet = 100tinj),
smoothed by convoluting with a Gaussian (width tsmooth = 5tinj). The
corresponding charge variance [31] is 0.166e2. The red dashed curve
is a Lorentzian counting window, W (t ) = [1 + (πt/tW )2]−1 with
tW = 100tinj. The variance is reduced to e2/16.

alternative approach based on the technique of bosonization.
This approach has been applied to the Majorana edge mode
problem in Ref. [7], and in Appendix C we show that it also
gives noiseless e/2 charge transfer.

The equilibrium noise can be reduced by measuring the
charge with a heavy-tailed detection efficiency. A specific
example of a Lorentzian detection profile gives a variance
of e2/16—well below the value e2/4 that would follow if
the e/2 charge transfer would follow a binomial statistics. A
measurement of such a nearly noiseless half-integer charge
transfer would be a milestone in the field of charge frac-
tionalization, by extending the familiar physics of localized
zero modes [11–18] to mobile edge modes. External sources
of charge noise, from low-energy quasiparticles that may be
present in the superconductor, should be suppressed for such
an experiment to succeed.

A measurement configuration using a flux-biased
Josephson junction on the surface of a topological insulator is
shown in Fig. 1. Figure 4 shows an alternative configuration
using a voltage-biased junction on a Chern insulator [32]. In
that setup a periodic train of charges ±e/2 is injected by a
DC voltage V . The width of the charge pulses is given by
Eq. (2.1),

tinj = ξ0

W

h̄

2eV
, (7.1)

and it is much less than the spacing h/2eV of the pulses for
ξ0 � W .

This is a key difference between charge pumping by a
Josephson junction in a superconductor and by a tunnel junc-
tion in a normal metal: In the normal metal a narrow voltage
pulse is needed in order to obtain well-separated charge pulses
[3]. Half-integer charge injection by a tunnel junction requires
fine tuning to h/2e of the area

∫
V (t )dt under the voltage

pulse. The spectral properties of such an excitation of the
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FIG. 4. Top panel: Geometry from Ref. [1] to inject Majorana
edge vortices in a Chern insulator/superconductor heterostructure.
Alternatively to Fig. 1, the edge modes are excited by a constant
voltage V rather than a time-dependent flux. A pair of current pulses
I (t ) of opposite sign, of width tinj, and spaced in time by L/v,
is injected with period h/2eV . A detection window W (t ) selects
one of the two pulses, measuring an average charge 〈Q〉 = e/2 per
period. The profile in the lower panel shows current pulses according
to Eqs. (4.13) and (4.17), and a detection window with Gaussian
smoothing (tdet = 5tinj, tsmooth = 0.5tinj), for which the equilibrium
charge noise at zero temperature is 〈〈Q2〉〉eq = 0.13e2 per period
[31]. The theory presented in this work predicts that the half-integer
charge transfer produces no excess noise, so this would be the
entire noise measured—well below the variance of 1

4 e2 expected for
binomial transfer statistics.

Fermi sea have been studied [19,20]. We expect the excess
noise for chiral propagation to vanish in that case as well.
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APPENDIX A: EFFECT ON THE EXCESS CHARGE NOISE
OF A NONZERO RELATIVE DELAY

In the main text we assumed that the path length from the
Josephson junction to the metal contact was the same along
the upper and lower edge. Here, we relax that assumption,
and allow for a path length difference δL, corresponding to
a relative time delay δt = δL/v. We take the limit of infinitely
large detection time tdet. The results then depend on the ratio
of δt and the injection time tinj, as well as on the product T δt .

The scattering matrix (4.14) is anchored to the Fermi
level via the commutator S̃ = [F , S] with the Fermi function,
which gives

S̃(t, t ′) = − f (t − t ′)
(

1 0
0 0

)
[S0(t ) − S0(t ′)]

− f (t − t ′ + δt )

(
0 0
0 1

)
[S0(t + δt ) − S0(t ′)],

(A1)

with

F (t, t ′) = f (t − t ′), f (t ) = iT

2 sinh[πT (t + iε)]
. (A2)

We also need

[S†σyS̃](t, t ′)

= f (t − t ′ + δt )S†
0 (t )

(
0 i
0 0

)
[S0(t + δt ) − S0(t ′)]

− f (t − t ′ − δt )S†
0 (t )

(
0 0
i 0

)
[S0(t − δt ) − S0(t ′)].

(A3)

The kernel S†(F − Fc)S̃ is the same as for δt = 0,

[S†(F − Fc)S̃](t1, t2) =
∫

dt f (t − t2)g(t1 − t )S†
0 (t1)

× [S0(t2) − S0(t )],

g(t ) = P iT

sinh(πT t )
. (A4)

Substitution of Eq. (A3) into the general expression (4.2)
for the average charge, with S0 = eiη(t )σy , gives

〈Q〉 = − e

2
T

∫
dt

sin[η(t + δt ) − η(t )]

sinh(πT δt )
. (A5)

In the limit δt → 0 we recover Eq. (4.17).
For the excess noise (4.4) we need

Tr[S†(F − Fc)S̃] = 2T 2
∫

dt
∫

dt ′ sin2[ 1
2η(t ) − 1

2η(t ′)]

sinh2[πT (t − t ′)]
,

(A6)

Tr[S†σyS̃S†σyS̃] = 2T 2
∫

dt
∫

dt ′ sin2[ 1
2η(t ) − 1

2η(t ′)] sin2[ 1
2η(t + δt ) − 1

2η(t ′ + δt )]

sinh2[πT (t − t ′)]

+ 1

2
T 2

∫
dt

∫
dt ′ sin[η(t + δt ) − η(t ′)] sin[η(t ) − η(t ′ + δt )]

sinh[πT (t − t ′ + δt )] sinh[πT (t − t ′ + δt )]
. (A7)
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Combining results, we arrive at the delay-time-dependent excess noise

δ〈〈Q〉〉 = T 2
∫

dt
∫

dt ′ sin2[ 1
2η(t ) − 1

2η(t ′)] cos2[ 1
2η(t + δt ) − 1

2η(t ′ + δt )]

sinh2[πT (t − t ′)]

− T 2
∫

dt
∫

dt ′ sin[η(t + δt ) − η(t ′)] sin[η(t ) − η(t ′ + δt )]

4 sinh[πT (t − t ′ + δt )] sinh[πT (t − t ′ − δt )]
. (A8)

For δt = 0 the two integrands cancel, as obtained in the main
text. Figure 2 shows a plot for the case W � ξ0 of a wide
Josephson junction, when η(t ) is given by Eq. (4.13).

APPENDIX B: DETAILS OF THE CALCULATION OF
HIGHER CUMULANTS

1. Derivation of Eq. (5.3)

To derive the identity (5.3), needed for the calculation
of the even cumulants, we consider the operator product
(F − Fc)S̃S† in the T = 0 limit. Upon substitution of
Eqs. (4.6) and (4.15) we have

[(F − Fc)S̃S†](t1, t2) = −
∫ ∞

−∞
dt

S0(t )S†
0 (t2) − 1

2π2(t1 − t )(t − t2)
, (B1)

where −∫ denotes the Cauchy principal value integral. Because

−
∫ ∞

−∞

dt

(t1 − t )(t − t2)
= 0, (B2)

for any t1, t2, including t1 = t2 (see Appendix C of Ref. [33]),
this reduces to

[(F − Fc)S̃S†](t1, t2) = −
∫ ∞

−∞
dt

S0(t )S†
0 (t2)

2π2(t1 − t )(t − t2)
. (B3)

Similarly,

[S̃S†(F − Fc)](t1, t2) = −
∫ ∞

−∞
dt

S0(t1)S†
0 (t )

2π2(t1 − t )(t − t2)
. (B4)

We next evaluate, still in the T → 0 limit,

[(S̃S†)2](t1, t2)

=
∫ ∞

−∞
dt

[S0(t1)S†
0 (t ) − 1][S0(t )S†

0 (t2) − 1]

−4π2(t1 − t )(t − t2)

= −
∫ ∞

−∞
dt

S0(t1)S†
0 (t ) + S0(t )S†

0 (t2)

4π2(t1 − t )(t − t2)

− [S0(t1)S†
0 (t2) + 1] −

∫ ∞

−∞

dt

4π2(t1 − t )(t − t2)

= −
∫ ∞

−∞
dt

S0(t1)S†
0 (t ) + S0(t )S†

0 (t2)

4π2(t1 − t )(t − t2)
. (B5)

In the last equation we have again used Eq. (B2). A compari-
son with Eqs. (B1) and (B4) produces the identity (5.3) in the
main text.

2. Derivation of Eq. (5.8)

We give a proof of the identity (5.8), needed for a calcula-
tion of the odd cumulants. We evaluate Tr σy(S̃S†)3 at T = 0,
by substituting Eq. (4.15) with S(t ) = eiσyη(t ),

Tr σy(S̃S†)3 = 1

(2π i)3

∫ ∞

−∞
dt1

∫ ∞

−∞
dt2

∫ ∞

−∞
dt3 Tr

S0(t1)S†
0 (t2) − 1

t1 − t2

S0(t2)S†
0 (t3) − 1

t2 − t3

S0(t3)S†
0 (t1) − 1

t3 − t1

= 4i

(2π i)3

∫ ∞

−∞
dt1

∫ ∞

−∞
dt2

∫ ∞

−∞
dt3

sin[η(t1) − η(t2)] + sin[η(t2) − η(t3)] + sin[η(t3) − η(t1)]

(t1 − t2)(t2 − t3)(t3 − t1)
. (B6)

The full integrand (B6), including all three sines in the
numerator, is nonsingular, but we will be breaking it up into
three separate sine contributions that are individually singular.
We regularize the singularities in two ways: First, we avoid
the poles at t = t ′ by inserting a positive infinitesimal ε

in each denominator, t − t ′ 	→ t − t ′ + iε. Second, to ensure
that individual contributions ∝ sin[η(t ) − η(t ′)] vanish for
|t − t ′| → ∞ we subtract

L(t, t ′) = [θ (t )θ (−t ′) − θ (t ′)θ (−t )] sin �η, (B7)

with �η = η(∞) − η(−∞). This has no effect on the inte-
grand in Eq. (B6), since

L(t1, t2) + L(t2, t3) + L(t3, t1) = 0. (B8)

The integral (B6) then has three identical contributions,

Tr σy(S̃S†)3 = 12i

(2π i)3

∫ ∞

−∞
dt1

∫ ∞

−∞
dt2

∫ ∞

−∞
dt3

× sin[η(t1) − η(t2)] − L(t1, t2)

(t1 − t2 + iε)(t2 − t3 + iε)(t3 − t1 + iε)
.

(B9)

The integral over t3 is carried out by closing the contour
in the upper half of the complex plane, picking up the pole at
t2 + iε,

Tr σy(S̃S†)3 = 24π

(2π i)3

∫ ∞

−∞
dt1

∫ ∞

−∞
dt2

× sin[η(t1) − η(t2)] − L(t1, t2)

(t1 − t2 + iε)(t2 − t1 + 2iε)
. (B10)
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We thus need to evaluate the integral

Tr σy(S̃S†)3 = 3

π2

∫ ∞

−∞
dt

∫ ∞

−∞
dt ′ sin[η(t ) − η(t ′)] − L(t, t ′)

t − t ′ u(t − t ′), u(t ) = εt2

(t2 + ε2)(t2 + 4ε2)
, (B11)

discarding terms that are odd under interchange t ↔ t ′ and
vanish upon integration.

In the limit ε → 0, the function u(t ) becomes a delta
function,

lim
ε→0

u(t ) = 1

3
πδ(t ). (B12)

Since limt→t ′ L(t, t ′)/(t − t ′) = δ(t − t ′) sin �η, we arrive at

Tr σy(S̃S†)3 = 1

π

∫ ∞

−∞
dt[η′(t ) − δ(t ) sin �η]

= 1

π
(�η − sin �η), (B13)

which is Eq. (5.8) in the main text.

APPENDIX C: CUMULANT GENERATING FUNCTION
VIA BOSONIZATION

We give an alternative calculation of the current fluctua-
tions using the bosonization approach to counting statistics
[3]. We summarize equations from Ref. [7], where this ap-
proach was applied to Majorana edge modes.

We transform to a coordinate frame that moves along the
edge with velocity v ≡ 1, so the independent space and time
variables are s = x − t and τ = t + x. The regularized density
operator of the chiral mode is a Hermitian bosonic field ρ̂(s),
with commutator

[ρ̂(s), ρ̂(s′)] = i

2π

∂

∂s
δ(s − s′). (C1)

A many-body state evolves according to |τ 〉 = Ŝ (τ )|0〉, with
unitary scattering operator S (τ ). The corresponding evolution

of the density operator is determined by

Ŝ†(τ )ρ̂(s)Ŝ(τ ) = ρ̂(s) + 1

2π

∂

∂s
�(s, τ ). (C2)

The field �(s, τ ) is related to the phase profile η(t ) in the main
text by

�(s, τ ) = η(s + τ )η(−s). (C3)

We now calculate the full counting statistics of the trans-
ferred charge Q̂ = ∫

W (s)ρ̂(s)ds, with detection profile W (s).
The cumulant generating function is

C(ξ ) = ln〈τ |eiξ Q̂|τ 〉

= ln

〈
0

∣∣∣∣exp

(
iξ

∫
W (s)ds Ŝ†(τ )ρ̂(s)Ŝ(τ )

)∣∣∣∣0
〉

= iξ

2π

∫
W (s)ds

∂

∂s
�(s, τ ) + Ceq(ξ ), (C4)

where Ceq(ξ ) = ln〈0|eiξ Q̂|0〉 gives the equilibrium fluctua-
tions. Because δC(ξ ) = C(ξ ) − Ceq(ξ ) is linear in ξ , the
nonequilibrium current is noiseless.

It is satisfying to see how the noiseless e/2 charge transfer
is an immediate consequence of the evolution equation (C2)
of the bosonic field. In the main text we have followed the
more computationally intensive fermionic approach, because
of a difficulty which we have encountered in the general
case of arbitrary fractional charge transfer: From Eq. (C4)
we would conclude that C(ξ ) − Ceq(ξ ) is linear in ξ for
any phase profile η(t ), irrespective of the increment �η =
η(∞) − η(−∞). This disagrees with the calculation using
the fermionic scattering approach, which finds odd cumulants
∝ sin �η in Eq. (5.11).

Difficulties with the bosonization approach to full counting
statistics have been noted before [29], but those addressed
differences between smooth and abrupt detection profiles
W (s). The difficulty signaled here seems to be of a different
nature and calls for further investigation.
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