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Abstract: In this paper Iterative Learning Control is used to improve the tracking
accuracy of the end-effector of an industrial robot. The learning control algorithm
is based on a straightforward robot model and an optimisation criterium. The
algorithm is tested on an industrial robot, where the end-effector motion is
measured relative to a weld seam using a seam tracking sensor based on optical
triangulation. The experiments show that the tracking error can be reduced
considerably in a few iterations. Copyright c© 2006 IFAC
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1. INTRODUCTION

Laser welding has several advantages over conven-
tional welding, e.g. the high depth-to-width ratio
of the weld, the relatively small heat input and the
high processing speed. The laser welding process
puts high demands on the manipulator that moves
the focus of the high-power laser beam along the
weld seam. Typically an accuracy of about 0.1 mm
is required at speeds beyond 50 mm/s. The indus-
trial applicability of laser welding will be increased
by the use of commercially available six-axes in-
dustrial robots that give access to complicated
three dimensional seam geometries. However, at
speeds beyond 50 mm/s the accuracy of indus-
trial robots with standard industrial controllers is
often insufficient for laser welding tasks. Since the
(dynamic) repeatability of industrial robots is in
general much better than their tracking accuracy
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it is expected that the tracking performance of
these robots can be improved considerably with
Iterative Learning Control (ILC).

ILC is a learning control technique for systems
making repetitive movements. In each trial a feed-
forward correction is applied, which is updated
using measurements of the tracking error in pre-
vious trial(s). The feedforward is updated such
that the tracking error amplitude decreases from
trial to trial. Since the pioneering work of Arimoto
et al. (1984) a vast amount of applications and
implementations of ILC have been described. A
considerable part of the ILC research considers the
tracking accuracy of the joints of robotic manip-
ulators, e.g. (Arimoto et al., 1984), (Kavli, 1993),
(Elci et al., 2002). However, improving the track-
ing of the joints might deteriorate the tracking
of the end-effector (Norrlöf, 2000). Only a small
part of the ILC research considers the tracking ac-
curacy of the end-effector of robot manipulators.
The ability to improve the end-effector accuracy
with ILC depends of course on the possibility to
measure the end-effector motion. Gunnarsson et



al. (2004) estimated the angle of a single robot link
from motor angle measurements and measure-
ments of an accelerometer attached to the arm.
The estimated arm angle was used to compute
a feedforward correction with ILC. Lange and
Hirzinger (1999) used a 3DOF mechanical mea-
suring device to measure the tip position relative
to the fixed world. The measured tip position was
used to train an input shaping filter.

In this paper the position of the end-effector is
measured relative to a weld seam using an optical
seam tracking sensor. The measured deviation
between end-effector and seam is used to compute
a corrected joint reference trajectory with ILC.
The ILC algorithm is based on the lifted system
description and an optimisation approach, which
were previously used for ILC by e.g. Lee et al.
(2000), Norrlöf (2000), Gunnarsson et al. (2004)
and Dijkstra (2004). The name “lifted” has been
taken from the work of Dijkstra (2004).

The learning control algorithm is described in
the next section. The third section presents the
components of the experimental setup that was
used to test the learning controller. The experi-
mental results are presented in the fourth section.
The paper is finished with the conclusions and a
discussion.

2. ILC ALGORITHM

This section describes the learning control algo-
rithm that will be used to improve the end-effector
motion of an industrial robot. The first subsection
presents the lifted system description. In the sec-
ond subsection the learning control algorithm is
derived from the minimisation of an optimisation
criterium.

2.1 Lifted system description

Consider the following state space representation
of a linear time varying (LTV) system

x(l + 1) = Alx(l) + Blu(l),

y(l) = Clx(l) + v(l), (1)

where l is the discrete time index, x(l) is the state
vector, v(l) is a disturbance vector, u(l) is the
input vector and y(l) is the output vector.

In the lifted system description all samples of a
(multidimensional) discrete time signal are put
into a single column vector. For example the lifted
input vector, denoted by ū, is defined as

ū =
[
u(1)T ,u(2)T , . . . ,u(N)T

]T
, (2)

where N is the number of samples. The lifted
representation of the LTV system in equation (1)
is

ȳ = H̄ū + ȳ
0

+ v̄, (3)

where the system matrix H̄ and the effect of the
initial states ȳ

0
are

H̄ =




0 0 . . . 0

C2B1 0
. . . 0

C3A2B1 C3B2

. . . 0

C4A3A2B1 C4A3B2

. . . 0
...

. . .
. . .

...

CN

2∏
i=N−1

AiB1 CN

3∏
i=N−1

AiB2 . . . 0




ȳ
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The system matrix H̄ represents the transfer from
the lifted input ū to the lifted output ȳ. Element
H̄(i, j) represents the response of y at time i to an
impulse of u at time j. Note that the lifted vectors
and the lifted system matrix are both denoted
with an overbar.

Without loss of generality it is assumed that the
output y has to be zero. The tracking error ē is
defined as

ē = −ȳ = d̄ − H̄ū, (5)

where
d̄ = −ȳ

0
− v̄, (6)

is the vector that collects all terms that do not
depend on the input. Equation (5) is the lifted
system description that will be used to design an
ILC algorithm.

2.2 Optimisation Based ILC

ILC will be used to reduce the tracking error
of a system represented by equation (5). The
system transfer, represented by H̄, is modelled
by matrix H̄. We assume the initial states and
the disturbances to be the same for each trial,
such that by assumption the disturbance d̄ is trial-
independent. The error in trial (k + 1) can then
be estimated by

ˆ̄ek+1 = ē
k
− H̄

(
ū

k+1
− ū

k
)
, (7)

where the superscript denotes the trial number.

The goal of ILC is to minimise the tracking error,
while the growth of the input is bounded. There-
fore an ILC algorithm is derived that minimises
an optimisation criterium of the form

J = ē
k+1T

V̄ ē
k+1+(

ū
k+1

− ū
k
)T

W̄
(
ū

k+1
− ū

k
)
, (8)



where V̄ and W̄ are (block) diagonal weighting
matrices. Substituting the estimated error from
equation (7) for ē

k+1 and minimising the optimi-
sation function for ū

k+1, gives the update equa-
tion

ū
k+1 = ū

k + L̄ē
k, (9)

where

L̄ =
(
H̄

T
V̄ H̄ + W̄

)−1

H̄
T
V̄ . (10)

Computations with lifted matrices, especially in-
verting a lifted matrix, require a considerable
amount of computation time and memory. There-
fore an algorithm has been developed to compute
the input update from a series of time domain con-
volutions using the convolution corresponding to
the system matrix and the convolution backward
in time corresponding to the transposed system
matrix. The algorithm is an extension to linear
time-varying systems of the algorithm for (piece-
wise) linear time-invariant systems presented by
(Dijkstra, 2004). The details of the algorithm are
outside the scope of this paper.

2.3 Convergence

Combination of equations (9) and (5) gives

ū
k+1 =

(
I − L̄H̄

)
ū

k + L̄d̄. (11)

The input converges monotonically if the largest
singular value of

(
I − L̄H̄

)
is smaller than 1. For

the learning matrix in equation (10) this is the
case if model matrix H̄ is close to the real system
H̄. If this is not the case the input might diverge.
The robustness can be increased by changing the
update equation to

ū
k+1 = Q̄

(
ū

k + L̄ē
k
)
, (12)

where Q̄ is a robustness matrix. In this case
the input converges monotonically if the largest
singular value of Q̄

(
I − L̄H̄

)
is smaller than 1.

Although a robustness matrix can be used to
increase the robustness, it results in a nonzero
final error.

3. EXPERIMENTAL SETUP

The goal of this paper is to show the possibility
to use ILC for reducing the tracking error of the
end-effector of an industrial robot. This section
describes the experimental setup. The experimen-
tal setup consists of a Stäubli RX90 robot, its
controller and a seam tracking sensor system. Af-
ter the description of the setup, its dynamics are
modelled. This model will be used to implement
the learning algorithm for the setup.

3.1 Stäubli RX90 robot

The Stäubli RX90 robot, depicted in figure 1, is
an industrial robot with six degrees of freedom.
The repeatability of the robot (±0.02 mm) is
much smaller than the tracking accuracy (up
to ±1 mm). This makes learning control suited
to improve the tracking accuracy of the robot.
The first structural eigenfrequency of the robot
is around 10 Hz.

Axis 1

Axis 2

Axis 3

Axis 4

Axis 5

Axis 6

Figure 1. The Stäubli RX90 robot

3.2 CS8 controller

The industrial CS8 controller controls the six axes
of the Stäubli RX90 robot independently. Each
axis is controlled by a cascaded velocity and po-
sition feedback loop. A velocity and acceleration
feedforward are used to improve the tracking be-
haviour. Position and velocity setpoints must be
specified at a rate of 250 Hz. The feedback signals
(speed, velocity, tracking error and motor current)
can be recorded at the same rate. The closed-loop
system, consisting of the robot and the controller,
has a bandwidth of approximately 5 Hz. Up to
this bandwidth the closed-loop system tracks the
setpoints quite accurately with a delay of three
time samples (12ms).

3.3 Falldorf close-to-focus sensor

The location of the tip of the Stäubli RX90
robot is measured relative to a weld seam with the
Falldorf close-to-focus seam tracking sensor. The
sensor is mounted to the robot tip. A schematic
drawing of the sensor is shown in figure 2. The
sensor consists of a camera and a projector. The
projector contains a laser diode that projects a
line on the product. The reflected light is focussed
onto the camera of the sensor. The location of the
weld seam relative to the sensor can be extracted
from features in the camera image. An essential
feature of the Falldorf close-to-focus sensor is that
the reflected light is measured through the focus



lens of the high-power laser beam. This way the
seam location can be measured close to the focus
of the high-power laser.

The location of the seam relative to the sensor’s
origin is denoted by x

′
s = (x′s, y

′
s, z

′
s, θ

′
s, φ

′
s, ψ

′
s)

T ,
where θ′s, φ

′
s and ψ′

s denote small rotations around
the x′s, y

′
s and z′s-axis respectively. The location

x
′
s is expressed in the local coordinate system of

the sensor, where the z′s-axis is the optical axis of
the camera lens and the y′-axis is in the laser plane
perpendicular to z′s-axis (figure 2). The sensor
can only measure the angle θ′s and the x′s, y

′
s

and z′s-coordinate of the intersection of the weld
seam with the laser plane. Note that the sensor
is actually 3D, since the x′s and z′s-coordinate
are related through the triangulation angle of the
sensor.

camera

focus lens
laser diode

laser plane

product

weld seamx′s
y′s

z′s

Figure 2. Seam tracking sensor

The software of the sensor can be triggered to
return the measured seam location with a fixed
and known delay. The sensor measurements are
recorded by the robot controller. During motion
the robot controller requests sensor measurements
at a rate of 250 Hz and corrects the measurements
returned by the sensor for the delay. This way the
seam location is measured synchronously with the
robot motion.

3.4 Robot model

The joint position reference will be iteratively
updated with ILC to reduce the tip tracking error.
The tip tracking error is the difference between the
location of the sensor and the seam, measured by
the seam tracking sensor. For the implementation
of the ILC algorithm, we thus need a model of the
transfer from the joint position reference to the
sensor measurement.

It was mentioned before that up to the closed-
loop bandwidth the joint position q tracks the
reference r quite accurately with a delay of three
time samples, thus

q = z−3
r, (13)

where z−1 represents the delay operator.

The robot is considered rigid, so the location of
the sensor is uniquely related to the joint position.
Using CAD-data of the seam and an inverse
kinematic model of the robot, we can compute
the nominal joint trajectory q

0 for which the
sensor location and seam location should coincide.
However, in reality the sensor and seam may
not coincide for the nominal trajectory due to
kinematic and dynamic errors. The distance from
the sensor location to the seam location for the
nominal trajectory q

0 expressed in the global
coordinate system is denoted by ∆x

0

s .

For small deviations of the joint position from the
nominal trajectory the location difference between
sensor and seam changes to

∆xs = ∆x
0

s − J(q0)
(
q − q

0
)
, (14)

where J(q0) is the Jacobian matrix of the robot
and the minus sign originates from the defined
direction of ∆xs.

The sensor measures the difference between the
sensor and seam location in its own coordinate
system. The origin of the sensor coordinate sys-
tem coincides with the sensor location and its
rotation relative to the global frame is expressed
by rotation matrix R(q). Assuming

(
q − q

0
)

and
∆xs are small, the sensor measurement can be
expressed as

x
′
s =

[
R

T (q0) 0

0 R
T (q0)

]
∆xs. (15)

Combining equations (13), (14) and (15) gives

x
′
s = x

′0
s −

[
R

T (q0) 0

0 R
T (q0)

]
J(q0)z−3∆r, (16)

where x
′0
s are the sensor measurements for q0

and ∆r =
(
r − z3

q
0
)
. Equation (16) gives the

transfer from small changes of the joint position
reference to the sensor measurement. This equa-
tion can be written in the form of equation (5),
with ū the lifted representation of ∆r, ē the lifted
representation of x

′
s and d̄ the lifted representa-

tion of x
′0
s . The system matrix H̄ is the lifted

representation of the relation between ∆r and x
′
s

as given in equation (16). The ILC algorithm in
section 2, derived for equation (5), can thus be
applied to reduce the tip tracking error measured
by the seam tracking sensor. The settings of the
weighting matrices and the robustness filter will
be discussed in section 4.2.

4. EXPERIMENTAL RESULTS

This section shows the possibility to use ILC for
reducing the tracking error of the end-effector of
an industrial robot. The learning algorithm of
section 2 is applied to the experimental setup of
section 3.



4.1 Procedure

The experimental procedure is as follows:

• The nominal joint trajectory q
0 is obtained

from CAD-data of the seam geometry and a
kinematic model of the robot.

• The system matrix H̄ is computed by eval-
uating the robot model of section 3.4 along
the nominal trajectory q

0.
• The initial reference trajectory is set to r

0 =
z3

q
0 and thus ū

0 = 0.
• The robot is moved along the seam, while the

seam tracking sensor measures the tip error.
• The reference trajectory is updated accord-

ing to equation (12), with the learning matrix
of equation (10).

• The last two steps are repeated 5 times.

4.2 Settings

The optimisation criterium (8) weighs the input
update and the tracking error, which are respec-
tively the joint position reference update and the
tip tracking error. The weighting matrix of the
joint position reference, expressed in radians, is
W̄ = 0.1Ī. Table 1 lists the elements of the
tracking error and their weights in the optimi-
sation criterium. The seam tracking sensor only
measures x′s, y

′
s, z

′
s and θ′s. The values of φ′s and

ψ′
s are not measured and assumed to be zero. Nev-

ertheless these orientations are taken into account
in the optimisation criterium to penalise a change
of these orientation by the learning algorithm.

Table 1. Weights of elements of ē in V̄

element unit weight element unit weight

x′s [mm] 0.05 θ′s [rad] 1

y′s [mm] 0.05 φ′s [rad] 1

z′s [mm] 0.05 ψ′
s [rad] 1

The closed-loop bandwidth of robot and controller
is approximately 5 Hz. The robot model of section
3.4 is only valid up to this bandwidth. The correc-
tion computed by ILC with this model could thus
be incorrect above 5 Hz and amplify the error in
the worst case. Therefore the robustness filter Q̄

is taken as the lifted representation of a low-pass
filter with a cut-off frequency of 5 Hz.

4.3 Trajectory

The trajectory that is used for the experiments
is depicted in figure 3(a). The tracking velocity
is 50 mm/s. The welding head is kept in a fixed
orientation with respect to the seam, so it has to
rotate in the curved part. This requires consider-
able joint velocities and accelerations. The nom-
inal joint trajectory, computed using the inverse
kinematic robot model, is shown in figure 3(b).
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Figure 3. Nominal trajectory

4.4 Experimental Results

Figure 4 shows the value of ē
T
V̄ ē for the six trials

of the experiment. The norm of the error decreases
considerably in trial 1 and decreases a little more
until trial 4. In trial 5 the error increases a little.
This is caused by an incorrect measurement of the
seam tracking sensor as will be shown later on.

trial number

ē
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Figure 4. Measured tip error during learning

Figure 5 shows y′s and z′s measured by the seam
tracking sensor in trial 0, 1 and 5. The error
allowed for laser welding (0.1 mm) is indicated
by the dotted lines. Several types of errors can be
distinguished in the first trial

• Low frequency error components. These are
probably caused by errors in the kinematic
robot model and an error in the orientation
of the product relative to the CAD data.



• An error at the start of the trajectory (0.4 s),
where the robot has to accelerate.

• An error after the end of the trajectory
(3.7 s). This error is probably caused by
static friction. At 3.8 s the integrator of the
feedback controller has compensated for this
error.

• High frequency errors, especially at the start
and in the curved part of the trajectory.
These errors are probably caused by reso-
nance vibrations of the robot.
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Figure 5. Measured tip errors in trial 0, 1 and 5.

In trial 5 three types of errors remain; an error at
0 s, a peak just after 1 s and some high frequency
errors. The error at 0 s cannot be compensated
with ILC, because the robot tracks the joint po-
sition reference with a small delay. The peak just
after 1 s is most likely an incorrect measurement of
the seam tracking sensor caused by an irregularity
of the seam. The high frequency errors are not
compensated by ILC because of the robustness
filter. Increasing the bandwidth of the robustness
filter results in a diverging error component of
approximately 10 Hz. Apparently the correction
computed by ILC with the current model does not
compensate correctly for the vibration at 10 Hz,
which is probably caused by a resonant vibration
of the robot. Increasing the bandwidth of the ro-
bustness filter requires a model that accurately de-
scribes the high frequency dynamics of the closed-
loop system including the resonance modes of the
robot.

5. CONCLUSIONS

This paper shows that the tracking error of the
end-effector of an industrial robot can be reduced
considerably using ILC. The error at the tip is
measured with an optical seam tracking sensor.
The ILC algorithm is based on an optimisation ap-
proach and a straightforward model of the closed-
loop system of robot and controller. The model
is accurate up to approximately 5 Hz. Therefore a
robustness filter with a cut-off frequency of 5 Hz is
added to the ILC algorithm. The ILC algorithm

compensates for the errors below 5 Hz. The er-
rors above 5 Hz cannot be compensated with the
current model of the closed-loop dynamics.

6. DISCUSSION

The ILC controller is not able to compensate for
errors above 5 Hz, which are probably caused
by resonance vibrations of the robot. Excita-
tions of resonance vibrations can be prevented by
smooth trajectory generation. Another approach
is to compensate for these errors with ILC. This
requires a model that describes the closed-loop
dynamics of robot and controller accurately for
higher frequencies, including the resonance fre-
quencies. It has been found that the resonance
frequencies strongly depend on the robot configu-
ration.
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