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Abstract

The kinematic motion of a wheelset of a railway vehicle rolling on a pair of rails without slips is studied. The exact linearized
motions for a wheelset on a tangent track and for a wheelset on a roller rig are derived. Furthermore, equations for the symmetric
case for finite amplitudes are presented, which show that the wavelength of the kinematic motion depends on the amplitude. From
a dynamic analysis, it is shown how the critical speed of a real wheelset with tyre slips and suspension stiffness relates to the
kinematic motion.
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1. Introduction

The motion of a single wheelset of a railway vehicle rolling on a track or on a roller rig is considered. The wheelset
consists of two wheels rigidly connected by an axle; the wheelset as well as the pair of rails are assumed to be rigid.
The wheelset typically has two points of contact, one at either rail.

The configuration of a rigid body rolling and sliding on a surface with two points of contact is constrained by the
two contact conditions and forms a space with four dimensions, two fewer than the configuration space of a rigid body
moving in space has. If sliding at the contact points is allowed, the system has four degrees of freedom, but if the
body rolls without sliding, four velocity constraints are added. Of these four constraints, only three are independent,
because the velocities of the rigid body at the contact points projected on the line through the contact points are
the same. An instantaneous rotation about this line is possible, which can be extended to a finite motion if some
smoothness and curvature conditions are met at the contact points, which may be limited by a third point of the rigid
body coming in contact with the surface. Therefore, the system has one degree of freedom and to describe the state of
the system, four configuration coordinates and one velocity coordinate are needed.

The wheel profiles at both wheels are axially symmetric with the same axis of symmetry, but the profiles may differ.
The profile of the rails is constant along the track, but the left- and right-hand rail may differ. The cases of a tangent
track, with level prismatic rails, and a roller rig, in which the rails form hoops in a vertical plane that can rotate about
their common horizontal axis, are considered. In both cases, there is a central motion in which the yaw angle is zero
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Fig. 1. Wheelset on a roller rig or on a tangent track if R is very large.

and the lateral displacement is constant, whereas the forward displacement on a tangent track, or the rotation angle of
the drum with the rails of a roller rig, and the pitch angle increase linearly in time. As a simplification, it is assumed
that the axis of the wheelset is horizontal for the central motion.

In the kinematic motion with the conditions of no sliding imposed, a perturbation of the central motion leads either
to a growing solution until the assumptions for the two-point contact to exist are no longer fulfilled, or to a periodic
motion. The periodicity comes from the symmetry of the problem under time reversal. The periodic motion for
small amplitudes was first analysed by Klingel1 and is therefore called a Klingel motion. The exact wavelength for a
wheelset on a left–right symmetric tangent track was derived by the author2 and later by Antali and Stepan3. Here,
the wavelengths for the general asymmetric case of a tangent track and for a wheelset on a roller rig are derived. By a
perturbation analysis, the small-amplitude solution can be extended for finite amplitudes.

If tangential forces are transmitted at the contact points, small slips occur, which can make the central motion
unstable. For increasing speeds, the central motion changes from being stable to being unstable at a critical speed by
a Hopf bifurcation. The relation of this instability to the kinematic motion is investigated.

2. Kinematic motion

2.1. General non-linear relations

A wheelset on a roller rig is shown in Fig. 1. In the central position, the radii of the wheels at the contact points
are r0 and the radii of the rails on the drum are R. The contact point at the left-hand wheel is at a distance b− from the
centre of the wheelset and the right-hand contact point is at a distance b+ from this centre. The six coordinates that
describe the configuration of the wheelset are the three displacements of the centre of the wheelset from the central
position, x in the forward direction, y in the lateral direction, positive to the right, and z in the downward direction.
The orientation is described by three modified Euler angles in the XZY order, that is, a roll angle ϕ about the initial
x-axis, a yaw angle ψ about the rotated z-axis and a pitch angle χ about the axis of the wheelset in the final position.
While the roll and yaw angles are generally small, the pitch angle can be arbitrarily large.

The profile of either wheel is described by specifying the wheel radius as a function of the outward distance along
the centre line of the wheelset, starting from the contact point in the central position, so for the left-hand wheel,
the wheel profile is described by a function r−w(y−w) and for the right-hand wheel, the profile is r+w(y+w). Because of
the choice of the origin, we have r−w(0) = r+w(0) = r0. Similarly, the profile of either rail is specified by the local
z-coordinate as a function of the outward distance at the rail, both measured from the contact point in the central
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position, so the left-hand rail profile is described as z−r (y−r ) and the right-hand rail profile as z+r (y+r ). Because of the
choice of the origins, we have z−r (0) = z+r (0) = 0.

The forward displacement of the wheelset, x, is prescribed as zero, and the drum rotates at a constant rate χ̇r = v/R,
where v is the nominal velocity. Because of the rotational symmetry of the wheelset as well as of the rails on the
drum, the absolute rotations χ and χr are unimportant for the description of the motion. Therefore, the position of the
contact points along the circumference is described without taking these rotations into account. A rotation matrix for
the wheelset that leaves out the pitch angle is defined as

RP =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎣
1 0 0
0 cosϕ − sinϕ
0 sinϕ cosϕ

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎦
⎡⎢⎢⎢⎢⎢⎢⎢⎢⎣

cosψ − sinψ 0
sinψ cosψ 0

0 0 1

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎦ =
⎡⎢⎢⎢⎢⎢⎢⎢⎢⎣

cosψ − sinψ 0
cosϕ sinψ cosϕ cosψ − sinϕ
sinϕ sinψ sinϕ cosψ cosϕ

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎦ . (1)

This rotation matrix defines a moving frame attached to the wheelset without taking part in the pitching. The angles
describing the circumferential position of the contact points on the wheelset with respect to this frame are denoted
by the angles ϑ−w for the left-hand wheel and ϑ+w for the right-hand wheel, which have the same direction as the pitch
angle χ. Similarly, the circumferential positions on the rails are denoted by the angles ϑ−r for the left-hand rail and ϑ+r
for the right-hand rail, measured from the top. The angular velocity of the moving frame, ωP, and the total angular
velocity of the wheelset, ω, both expressed in the moving frame, are

ωP =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎣
ϕ̇ cosψ
−ϕ̇ sinψ

ψ̇

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎦ , ω =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎣
ϕ̇ cosψ

−ϕ̇ sinψ + χ̇
ψ̇

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎦ . (2)

The contact conditions are that the contact points on the wheelset coincide with the contact points on the rails,⎡⎢⎢⎢⎢⎢⎢⎢⎢⎣
0
y
z

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎦ + RP

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎣
r±w sinϑ±w
±b± ± y±w
r±w cosϑ±w

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎦ =
⎡⎢⎢⎢⎢⎢⎢⎢⎢⎣

−(R − z±r ) sinϑ±r
±b± ± y±r

r0 + R − (R − z±r ) cosϑ±r

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎦ , (3)

where in a combination of signs, the upper sign is valid for the right-hand contact point and the lower sign for the
left-hand contact point. Moreover, the tangency conditions have to be met at the contact points, that is, the tangent
plane at the wheel has to be parallel to the tangent plane at the rail at either contact point. This can be expressed by
the condition that a normal vector to the wheel surface at the contact point has to be perpendicular to two independent
tangent vectors to the rail surface at the contact point of the rail. These tangency conditions are

RP

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎣
sinϑ±w
∓r′±w

cosϑ±w

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎦ ⊥
⎡⎢⎢⎢⎢⎢⎢⎢⎢⎣

cosϑ±r
0

− sinϑ±r

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎦ , RP

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎣
sinϑ±w
∓r′±w

cosϑ±w

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎦ ⊥
⎡⎢⎢⎢⎢⎢⎢⎢⎢⎣

z′±r sinϑ±r
±1

z′±r cosϑ±r

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎦ , (4)

where a prime denotes a derivative with respect to the independent variable of a function. For given values of the
lateral displacement y and the yaw angle ψ, the six contact conditions (3) and the four tangency conditions (4) yield
a system of ten equations for the eight surface coordinates y±w, θ±w, y±r and θ±r and the two dependent coordinates, the
roll angle ϕ and the heave z, which can, in principle, be solved. A numerical procedure such as the Newton–Raphson
iteration can be used for that purpose. The rotation angles χ and χr are two further independent coordinates that do
not enter these equations.

For motion without slip, the velocities of the wheels and the rails at the contact points have to be equal. These
conditions can be expressed as⎡⎢⎢⎢⎢⎢⎢⎢⎢⎣

0
ẏ
ż

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎦ + RP

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎝ω ×
⎡⎢⎢⎢⎢⎢⎢⎢⎢⎣

r±w sinϑ±w
±b± ± y±w
r±w cosϑ±w

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎦
⎞⎟⎟⎟⎟⎟⎟⎟⎟⎠ =
⎡⎢⎢⎢⎢⎢⎢⎢⎢⎣
−χ̇r(R − z±r ) cosϑ±r

0
χ̇r(R − z±r ) sinϑ±r

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎦ . (5)

Only five of these six scalar equations are independent, because the velocity constraints in the direction of the line
connecting the contact points are the same for both contact points. Furthermore, the two velocity constraints in the
normal directions can be obtained by taking time derivatives of Eqs. (3) and (4). One of the second pair of equations
in (5) can be taken as a dependent velocity constraint. The velocity constraints can be used to express the rates of the
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configuration coordinates as functions depending on the coordinates that are linear in the prescribed angular velocity
χ̇r. The motion is therefore fully determined by the kinematic conditions and a given initial configuration.

The equations for a wheelset on a tangent track can be found from the limit R → ∞, whereas χ̇rR = v remains
constant. This gives a state of motion in which the forward displacement of the centre of the wheelset remains zero
and the track moves with a velocity v in the backward direction under the wheelset.

2.2. Linearized motion

Small-amplitude kinematic motions can be approximated by linearizing the equations around the central motion.
The rotation matrix RP can be expanded up to linear terms as

RP =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎣
1 −Δψ 0
Δψ 1 −Δϕ

0 Δϕ 1

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎦ + · · · , (6)

where increments, finite or infinitesimal, are denoted by a prefixed Δ. The conicities are introduced as γ± = tanα± =
−r′±w (0) = −z′±r (0), where α± are half of the top angles of the tangent cones of the wheels at the contact points in the
central position. The expansion of Eq. (3) now yields⎡⎢⎢⎢⎢⎢⎢⎢⎢⎣

r0Δϑ
±
w ∓ b±Δψ

Δy ± Δy±w − r0Δϕ

Δz − γ±Δy±w ± b±Δϕ

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎦ =
⎡⎢⎢⎢⎢⎢⎢⎢⎢⎣
−RΔϑ±r
±Δy±r
−γ±Δy±r

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎦ . (7)

The expansion of Eq. (4) yields⎡⎢⎢⎢⎢⎢⎢⎢⎢⎣
Δϑ±w ∓ γ

±Δψ

±γ± ∓ r′′±w Δy±w − Δϕ
1 ± γ±Δϕ

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎦ perpendicular to

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎣
1
0
−Δϑ±r

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎦ and

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎣
−γ±Δϑ±r
±1

−γ± + z′′±r Δy±r

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎦ , (8)

which can be expressed, if only linear terms are retained,

Δϑ±w ∓ γ
±Δψ − Δϑ±r = 0,

∓Δϕ
[
1 + (γ±)2

]
− r′′±w Δy±w + z′′±r Δy±r = 0.

(9)

The first equations of (7) and (9) can be used to express Δϑ±w and Δϑ±r in terms of Δψ as[
Δϑ±w
Δϑ±r

]
=
±Δψ

R + r0

[
b± + Rγ±

b± − r0γ
±

]
. (10)

The other six linear equations are⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

−r0 0 1 0 −1 0
−r0 0 0 −1 0 1
b+ 1 −γ+ 0 γ+ 0
−b− 1 0 −γ− 0 γ−

−1 − (γ+)2 0 −r′′+w 0 z′′+r 0
1 + (γ−)2 0 0 −r′′−w 0 z′′−r

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

Δϕ

Δz
Δy+w
Δy−w
Δy+r
Δy−r

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
=

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

−1
−1
0
0
0
0

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
Δy, (11)

which yields the solution[
Δϕ

Δz

]
=

Δy
b+ + b− − r0(γ+ + γ−)

[
−(γ+ + γ−)
−b−γ+ + b+γ−

]
, (12)

⎡⎢⎢⎢⎢⎣Δy±w
Δy±r

⎤⎥⎥⎥⎥⎦ = ∓Δy[
b+ + b− − r0(γ+ + γ−)

]
(z′′±r − r′′±w )

⎡⎢⎢⎢⎢⎢⎢⎣ z
′′±
r (b+ + b−) + (γ+ + γ−)

[
1 + (γ±)2

]
r′′±w (b+ + b−) + (γ+ + γ−)

[
1 + (γ±)2

]
⎤⎥⎥⎥⎥⎥⎥⎦ . (13)
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With the linearizations

ω =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎣
Δϕ̇

−v/r0 + Δχ̇

Δψ̇

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎦ , ω ×

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎣
r±w sinϑ±w
±b± ± y±w
r±w cosϑ±w

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎦ =
⎡⎢⎢⎢⎢⎢⎢⎢⎢⎣
−v + (v/r0)γ±Δy±w + r0Δχ̇ ∓ b±Δψ̇

−r0Δϕ̇

±b±Δϕ̇ + vΔϑ±w

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎦ , (14)

the five independent velocity constraints from Eq. (5) in a linearized form become

(v/r0)γ±Δy±w + r0Δχ̇ ∓ b±Δψ̇ + (v/R)γ±Δy±r = 0,

Δẏ − r0Δϕ̇ − vΔψ = 0,

Δż ± b±Δϕ̇ + v(Δϑ±w − Δϑ
±
r ) = 0.

(15)

Δϕ̇ can be solved from the third pair of equations as

(b+ + b−)Δϕ̇ = v(Δϑ+r − Δϑ
+
w − Δϑ

−
r + Δϑ

−
w) = −v(γ+ + γ−)Δψ, (16)

so Δẏ follows from the second equation as

Δẏ =
vΔψ

b+ + b−
[
b+ + b− − r0(γ+ + γ−)

]
. (17)

Finally, the difference of the first pair of equations yields

(b+ + b−)Δψ̇ =
−vΔyγ+

[
(z′′+r /r0 + r′′+w /R)(b+ + b−) + (1/r0 + 1/R)(γ+ + γ−)

(
1 + γ+2

)]
[b+ + b− − r0(γ+ + γ−)](z′′+r − r′′+w )

+
−vΔyγ−

[
(z′′−r /r0 + r′′−w /R)(b+ + b−) + (1/r0 + 1/R)(γ+ + γ−)

(
1 + γ−2

)]
[b+ + b− − r0(γ+ + γ−)](z′′−r − r′′−w )

.

(18)

These two first-order differential equations for Δψ and Δy have sinusoidal solutions with a circular frequency

ω0 = v

√
2γeq

(b+ + b−)r0
, (19)

where the equivalent conicity γeq is given by

γeq =
γ+

2

⎡⎢⎢⎢⎢⎢⎣ρ+w + ρ+r r0/R

ρ+w − ρ
+
r
+

ρ+wρ
+
r (1 + r0/R)(γ+ + γ−)

(ρ+w − ρ+r )(b+ + b−)
√

1 + (γ+)2

⎤⎥⎥⎥⎥⎥⎦
+
γ−

2

⎡⎢⎢⎢⎢⎢⎣ρ−w + ρ−r r0/R

ρ−w − ρ
−
r
+

ρ−wρ
−
r (1 + r0/R)(γ+ + γ−)

(ρ−w − ρ−r )(b+ + b−)
√

1 + (γ−)2

⎤⎥⎥⎥⎥⎥⎦ .
(20)

Here, we have introduced the wheel and rail profile radii of curvature as

ρ±w =

[
1 + (γ±)2

]3/2
r′′±w

, ρ±w =

[
1 + (γ±)2

]3/2
z′′±r

. (21)

For a symmetric wheelset on symmetric rails, the circular frequency and the equivalent conicity become

ω0 = v

√
γeq

br0
, γeq = γ

⎡⎢⎢⎢⎢⎢⎣ρw + ρrr0/R
ρw − ρr

+
ρwρr(1 + r0/R)γ

(ρw − ρr)b
√

1 + γ2

⎤⎥⎥⎥⎥⎥⎦ . (22)

The results for a tangent track can easily be found from the limit R→ ∞. In particular, for a symmetric tangent track
we have the equivalent conicity

γeq = γ
ρw

ρw − ρr

b + ρr sinα
b

, (23)

where γ = γ+ = γ−, ρw = ρ
+
w = ρ

−
w, ρr = ρ

+
r = ρ

−
r , b = b+ = b− and α = α+ = α−. Klingel1 only considered the

case in which γeq = γ, which corresponds with a case of knife-edge rails, ρr = 0. The exact equation for a symmetric
wheelset on a symmetric tangent track agrees with previously published results2,3.
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Fig. 2. Dependence of the wavelength, λ, on the amplitude of the lateral displacement of the wheelset, ymax, of a kinematic motion. The linear
wavelength is λ0 = 2πv/ω0 = 9.170246982 m.

2.3. Finite-amplitude motion

For finite amplitudes, the resulting equations can be found from a higher-order expansion, where the higher-order
terms can be determined for each successive power of the independent perturbation parameters, y and ψ. Here,
only the symmetric case on a tangent track is considered, for which the dimensionless lateral displacement, η =
ybω0/[v(b − γr0)] is introduced. An expansion of the equations of Sect. 2.1 up to third-order terms yields equations
of the form

ψ̇ = −ω0η +
1
2 a1ψ

2η + 1
6 a2η

3,

η̇ = ω0ψ +
1
6 a3ψ

3 + 1
2 a4ψη

2.
(24)

The coefficients ai, i = 1, 2, 3, 4, are complicated functions of the parameters, not shown here, that are linear in
the velocity v. The equations (24) yield periodic solutions with a frequency that depends on the amplitude. These
equations can be seen as those of a neutrally stable Hopf bifurcation. The asymptotic expansion of the circular
frequency can therefore be found from the Hopf bifurcation theorem4, or alternatively, from a harmonic balance
analysis or by averaging5. All methods give identical asymptotic expansions,

ωkin = ω0 +
a2

16
(−a1 − a2 + a3 + a4) + · · · , (25)

where a is the amplitude of either ψ or η.
For the special case with toroidal wheel profiles and circular cylindrical rails, with the parameter values b = 0.75 m,

r0 = 0.45 m, α = 5◦, ρr = 0.3 m, ρw = 0.7 m, the dependence of the wavelength of the periodic motion in the amplitude
of the lateral displacement y is calculated. Numerically computed results are shown in Fig. 2, from which it appears
that the wavelength increases slightly with increasing amplitude: for an already unrealistically large amplitude of
0.1 m, the wavelength increases by 1.4 %. The numerical results closely follow the analytic expansion for amplitudes
up to 0.1 m.

3. Dynamics

In practice, the conditions of zero slip are not fulfilled if tangential forces are transmitted between the rails and the
wheels. The contact forces are given by functions of the normal force, as in the case of dry friction, the tangential slips
and also of the angular velocity6,7. Furthermore, suspension springs between the wheelset and a body of a railway
vehicle are present with a combined spring stiffness cy in the lateral direction and a combined rotational stiffness
cψ. The body is assumed to perform a prescribed motion that is not included in the model. The slip velocities in
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longitudinal and lateral directions at the wheel contact points can be approximated for small deviations from the
kinematic motion as

±b(ψ̇ + ω0η −
1
2 a1ψ

2η − 1
6 a2η

3),
v
ω0

(η̇ − ω0ψ −
1
6 a3ψ

3 − 1
2 a4ψη

2). (26)

The tangential contact forces are proportional to the creepages, the slip velocities divided by the nominal speed
v, where the constants of proportionality, the creep coefficients, are C1/2 in the longitudinal direction and C2(b −
r0γ)/(2bγ) in the lateral direction. The equations of motion of the wheelset are obtained from Euler’s and Newton’s
equations as

Jψ̈ + cψψ +
C1b2

v
(ψ̇ + ω0η −

1
2 a1ψ

2η − 1
6 a2η

3) = 0,

mη̈ + cyη +
C2

v
(η̇ − ω0ψ −

1
6 a3ψ

3 − 1
2 a4ψη

2) = 0.
(27)

In the linear part of these equations, only the most important terms are included. More complete linear equations
can be found, for instance, in Wickens8, where the contributions due to dampers, gravity stiffness, spin slip and
gyroscopic terms are discussed. The gyroscopic terms are proportional to the speed and become only important
at very high speeds, which is not the main interest here. Only non-linear terms due to the kinematic relations for
the contact points are included; as motions with small slips are considered, non-linear creep force relations are not
considered. In another study on the motion of a single wheelset9, only non-linear terms in the equation for the lateral
displacement are included which are proportional to the third and fifth power of the lateral displacement. Terms of
these kinds do not appear in the present model, which means that a different kind of nonlinearity is considered and
results are not directly comparable.

The characteristic equation of the linearized equation for the central motion is

c0μ
4 + c1μ

3 + c2μ
2 + c3μ + c4 = 0 (28)

with

c0 = mJ,

c1 = (mb2C1 + JC2)/v,
c2 = mcψ + Jcy +C1C2b2/v2,

c3 = (C2cψ +C1cyb2)/v,
c4 = cycψ + ω2

0C1C2b2/v2.

(29)

For low velocities, there is an oscillatory lightly damped motion with a circular frequency close to ω0 and two strongly
damped modes corresponding to creep in the lateral and yaw directions. At the stability boundary, we have

ω2
cr =

c3

c1
=

C2cψ +C1cyb2

C2J +C1mb2
≈

c4

c2
≈ ω2

0 = v2
cr

γeq

br0
, (30)

where the approximations are valid for relatively low speeds, that is, for relatively low spring constants. The frequency
of oscillations at the critical speed is approximately equal to the frequency of the kinematic motion. A harmonic
balance analysis reveals that this condition remains valid for finite amplitudes, which means that the Hopf bifurcation
is supercritical if the wavelength of the kinematic motion increases with increasing amplitudes, because then a higher
velocity is needed to maintain the same frequency: ω0 has to be replaced by ωkin in the relations (30). On the
other hand, the Hopf bifurcation is subcritical if the wavelength of the kinematic motion decreases with increasing
amplitude.

4. Conclusions

The exact linearized kinematic equations for a general wheelset on a tangent track or on a roller rig have been
derived. Finite-amplitude relations for a symmetric wheelset on a symmetric tangent track show that the wavelength
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of the kinematic motion depends on the amplitude. The relations for a symmetric wheelset on a symmetric roller
rig are similar. An approximation of the critical forward velocity valid for low spring stiffness shows that at the
critical speed, the frequency of the resulting periodic motion is close to the frequency of the linearized kinematic
motion. The relation remains valid for larger amplitudes, which means that an increasing wavelength with increasing
amplitude for the kinematic motion corresponds to a supercritical Hopf bifurcation, whereas a decreasing wavelength
with increasing amplitude corresponds with a subcritical Hopf bifurcation. These results can be useful for the design
of wheel and rail profiles for a desirable supercritical Hopf bifurcation. However, it should be noted that these results
are not necessarily valid for the case of stiff or non-linear suspensions, which is another way of improving the stability
characteristics. Also for large-amplitude motion with flange contact, the present analysis loses its validity.
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