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Abstract - We calculated the stability criterion for the
modified power law model and subsequently adjust the
model such that it’s stability can be guaranteed. We applied
both a sinusoid, a chirp, an exponentially decaying sine
and bandwidth limited noise position excitation to a 3D
printed symmetric piezoresistive cantilever and measure
the differential response. A modified power law model is
fitted directly to the inverse of the sensor data, to directly
obtain a compensator for the sensor. The result was a stable
compensator that reduced the hysteresis of the 3D printed
sensor.
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I. INTRODUCTION

3D printing is a promising technique for the fabrication
of sensors, since the technique allows sensors to be produced
cost effectively in low volumes, at high integration levels and
considerable complexity [1], [2]. The technique is also well
suited for the fabrication of soft sensors [3], [4].

A common material used in 3D printing of soft sensors
is TPU, which is known to show visco-elastic behaviour [5].
Furthermore the piezoresistive elements that are often used,
show a non-linear relationship and hysteresis [6]. Together
both effects often result in hysteretic sensing behaviour.

To model hysteretic behaviour a circuit model was pro-
posed by Biggio et al [7]. A simplified version of this model
was shown to be able to significantly reduce the hysteresis in
a 3D printed cantilever beam for a sinusoidal input [8]. In this
paper the stability of this model is further improved and it is
shown that this model can also be used to reduce the hysteresis
for more complicated excitation signals.

II. MODEL

The model that is used is based on the model described in
[7]. The model has an electrical circuit representation which
is shown in figure 1. The model consists of multiple cells
consisting of a non-linear resistor and a capacitor (with C=1 F).
The voltage on the capacitors in subcircuit (a) is linked to the
voltage of the voltage controlled voltage sources (VCCS’s) in
sub-circuit (b). These VCCS’s, a VCCS directly linked to the
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Fig. 1. A circuit representation of the model. Image courtesy of [7]

input and a fixed voltage source determine the voltage over
a second non-linear resistor. The current through this second
non-linear resistor is the output of the model. This circuit can
be represented using a non-linear state space equation [8]:

u̇k = f(e− uk)

i = g(w0e+

N∑
k=1

wkuk − Vb)
(1)

where e is the input signal, i is the output, uk are the voltages
on the capacitors and f and g are non-linear functions. wk and
Vb are weights of the model and are to be fitted together with
the parameters of the non-linear functions.

A. Linearisation

This non-linear state space equation can be linearised,
around a certain state uk,0 and input e0, by using a first order
Taylor series approximation of the non-linear functions.

u̇k = fk,0 + f ′k,0e− f ′k,0uk

i = g0 + g′0w0e+ g′0

N∑
k=1

wkuk − g′0Vb
(2)

With the following definitions:

fk,0 = fk(uk,0 − e0), g0 = g(w0e0 +

N∑
k=1

wkuk,0 − Vb)

f ′k,0 = f ′k(uk,0 − e0), g′0 = g′(w0e0 +

N∑
k=1

wkuk,0 − Vb)

(3)



Fig. 2. Graphical illustration of the limit applied by equation 9

This can be written as a linear state space representation.
ẋ = Ax+Be

i = Cx+De
(4)

With:

A =



−f ′1,0 0 . . . 0 f1,0 0

0 −f ′2,0 . . . 0 f2,0 0

...
...

. . .
0 0 −f ′N,0 fN,0 0

0 0 0 0 0

0 0 0 0 0


, B =



f ′1,0
f ′2,0

...
f ′N,0

0

0


, x =



u1

u2

...
uN
1

1


C = [g′0w1 g′0w2 . . . g′0wN 0 −g′0Vb + g0] , D = g′0w0

(5)

B. Discretization

This continuous state space equation can be discretized into
the form:

x(k + 1) = Adx(k) +Bde(k)

i = Cdx(k) +Dde(k)
(6)

When each matrix exponential is approximated using only
the first two terms, only the A matrix will change during
discretization [9, p. 315]. This A matrix will change in the
following way

Ad = I +A∆t (7)

C. Stability

This system is asymptotically stable in case the magnitude
of all eigenvalues of Ad are less than unity [9, p. 329]. The
eigenvalues of Ad are located at λk = 1− f ′k,0∆t and at zero.
This means the system is asymptotically stable in case:

0 < f ′k,0 <
2

∆t
(8)

To prevent instability the function fk is limited such that:

fk,lim =


fk(x+) + 2

∆t (x− x
+) for x > x+

fk(x) for x− > x > x+

fk(x−) + 2
∆t (x− x

+) for x < x−
(9)

where x− and x+ are respectively the minimum and the
maximum value of the set of solutions of the equation f ′(x) =
2

∆t . Figure 2 graphically shows the implication of this limit.
Note that this limitation allows the model to be unstable for
x− > x > x+, but that such an instability always will cause
the model to enter a part of the function where it is stable again,
since the model is stable for both x→∞ and x→ −∞.
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Fig. 3. Graphical illustration of the used measurements setup [8] ( c©[2020]
IEEE).

III. MEASUREMENTS

The used sensor and setup were previously described in [8]
and [10]. In summary a linear actuator (SMAC LCA25-050-
15F) is used to deform a 3D printed cantilever and a differential
measurement of the resistance of piezoresistive elements on
both sides of the cantilever is used to measure this deformation,
see figure 3. An optical encoder is used as reference of the
applied position signal. In this work two coupled Handyscope
HS5 scopes sampling at 6.25 MHz were used to measure the
encoder signal and the voltage of two half bridges both with
a 560 Ω resistor, one of the piezoresistive elements and a DC
supply voltage of 1 V. A high sampling frequency was used
in order to be able to have enough bandwidth to measure all
the pulses of the 5 µm resolution encoder.

Each measurement was executed twice in order to obtain
one data set to fit the model to and one to validate the
model on. A 2nd order zero-phase 20 Hz Butterworth filter was
applied to the measured voltages and the decomposed encoder
signal in order to reduce the noise in the measurement. After
applying this filter all signals are downsampled to 40 Hz to
speed up the model execution.

The difference between the relative resistance changes
of both piezoresistors is calculated from the measured half-
bridge voltages and used as the sensor output. The mean of
the data was subtracted from both the sensor output and the
encoder signal, to reduce the influence of drift that occurred in
between the measurements. To normalise the data, the fitting
and validation data are divided by the maximum of the absolute
value of the fitting signals. The used excitation signals were:

1) A 0.5 Hz sinusoid of 200 s duration with an amplitude
of 3 mm.

2) A Chirp signal with a frequency exponentially in-
creasing over a period of 100 s from 0.1 Hz to 3 Hz
and an amplitude of 3 mm

3) A sinusoid with a frequency of 0.5 Hz and an am-
plitude that exponentially decreases over 200 s from
2 mm to 100 µm.

4) Gaussian noise filtered with a 500th order FIR low-
pass filter with a −3 dB cut-off frequency of 4 Hz

In the rest of this paper these signals will be abbreviated as
Sine, Chirp, Decay and Noise respectively. The sensor output
is used as input for the model and the parameters of the model
are optimised such that the model output predicts the position
of the encoder. In this way the model can be used directly as
a compensator for the hysteresis and non-linearity of the data.



TABLE I. LEFT: INITIAL CONDITIONS OF THE USED POLYNOMIAL
FUNCTIONS. RIGHT: ORDINARY COEFFICIENTS OF DETERMINATION

0 1 2 3
f(x) -1 0.1 0.1 1
g(x) 0.1 1 0.1 1

Model Linear
Sine 0.990 0.928
Chirp 0.984 0.945
Decay 0.987 0.710
Noise 0.958 0.882

TABLE II. FITTED WEIGHTS

Sine Chirp Decay Noise
f0 -2.516 -0.469 -0.258 -4.719
f1 -2.666 -1.712 0.663 3.412
f2 1.975 -2.228 -0.002 -1.244
f3 1.953 3.125 0.008 1.469
g0 0.100 -0.369 -0.779 -0.119
g1 1.195 1.094 1.320 1.125
g2 0.006 0.006 -0.002 0.006
g3 0.475 -0.384 -0.240 -0.259
w0 1.000 1.516 0.984 1.156
w1 -0.492 -0.531 -0.875 -0.406
Vb 0.135 -0.537 -0.302 0.010

The fit is done using MATLAB’s patternsearch running
on all 6 cores of an Intel I7 9850 for 60 s. Executing the model
with the sine data takes 18 ms. For both f(x) and g(x) a 3th

order polynomial of the following form is used:
f(x) = f0 + f1x+ f2

2x
2 + f3

3x
3 (10)

The initial conditions of f and g can be found in table I
on the left. In all cases N = 1 and the initial condition of
the remaining weights w0, w1 and Vb were 1, -1 and 0.01
respectively. As a reference of the performance, the model is
compared to a linear fit, using MATLAB’s polyfit.

IV. RESULTS

Figure 4 shows the hysteresis in the measured signals.
Figure 5 shows the hysteresis of the model and the linear fit
after they are applied to the data. The ordinary coefficient of
determination between the encoder position and the position
predicted by the the model as well as a linear fit can be found
in table I on the right.

The fitted model parameters can be found in table II. The
shape of the corresponding polynomials flim(x) and g(x) can
be found in figure 6. Without the limits set in equation 9 the
fitted model of the chirp is unstable with the used validation
data-set.

V. DISCUSSION AND CONCLUSIONS

A stability criterion for a modified power law model was
derived. The model was subsequently adjusted to meet this
criterion and it was shown that the model reduces the hysteresis
of a 3D printed sensor in comparison to a linear fit, for
several input signals. The used model only has 11 parameters
and although the training was computationally intensive, the
execution of the model was not. This research only shows
a reduction of the hysteresis for the same sensor under the
same conditions as was used during training. Further research
is needed to determine the applicability in other situations.

Although a differential measurement is employed, which
is expected to remove drift common to both strain gauges,
it was necessary for a good fit that the mean of the signal
was subtracted from both the fitting and the validation signals.
Since the model itself does not remove inaccuracies due to
drift further research on reducing drift is required when the
sensors should be used for absolute force measurements.

Fig. 4. Difference between the relative change in resistance of the two
piezoresistive elements (∆R/R) against the position measured by the encoder
(Enc) for different excitation signals

Fig. 5. Position estimated by the model (red) and a linear fit (blue) versus
the position measured by the encoder (Enc) for different excitation signals

Fig. 6. The shape of the fitted flim and g functions
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