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1 Introduction

Integrated circuits (ICs) which are made with wafer scan-
ners are the key element in the semiconductor industry.
These motion lightweight systems confront control prob-
lem in terms of position accuracy and speed. To overcome
this, a compliance feedforward controller is designed while
a simple mass feedforward controller can’t compensate for
the lightweight systems due to the flexibilities [1].

2 Modeling Framework

The aim of this research is to provide a feedforward scheme
which can account for flexible structures with time varying
performance location. To this end, we designed a compli-
ance compensation feedforward controller based on the state
space presentation rather than on the frequency response.
The model is validated for a single structural mode and will
be generalized for the infinite dimensional system. For the
design the feedforward control, the compliance must be cal-
culated first. Consider a system with a constant input force,
and the state being the position. We assume that the position
has the following expression.

x(t) = x2
t2

2
+ x1t + x0 + xst(t),

x0 is the compliance and xst(t) converges to zero as t → ∞.
The following theorem adds additional conditions to find the
unique solution of the compliance.
Theorem 2.1 Assume additionally that x(t) ∈ X satisfies
ẋ(t) = Ax(t)+B, and that the state space X can be written as

X = span{x1,x2,ϕ1,ϕ2, ...,ϕn−2, · · ·},

where ϕ1,ϕ2, ...,ϕn−2 span the stable subspace. Then

x0 ∈ span{ϕ1,ϕ2, ...} ⇐⇒ ZT
1 x0 = 0 & ZT

2 x0 = 0

where
AT Z2 = 0, AT Z1 = Z2.

The proof is omitted due to the lack of space.

The above theorem can be used to derive the expression for
the compliance. For this, the spatially continuous dynamics
of wafer stage is simplified by Euler-Bernoulli beam exhibit-
ing a position dependent dynamics.The beam moves verti-
cally at one end and the other end has a cantilever support.

An actuating force cause the beam to deflect. We can de-
scribed it with state space representation:

ω̇(t) = A ω

with

ω =

 y
ρA ∂y

∂ t
∂ 2y
∂ r2


and

A =

 0 (ρA)−1 0
0 −cd(ρA)−1 ∂ 4

∂ r4 −EI ∂ 2

∂ r2

0 (ρA)−1 ∂ 2

∂ r2 0

 .

Here y(t,r) is the deflection of the beam at position r ∈ [0,L]
and time t, L is the length of beam, I is the second moment
of inertia, A is the area, E denotes Young’s modulus, and ρ is
the linear mass density. Furthermore, we assume an actuator
force at the boundary. Assuming the following solution for
the above system

ωassumed =

 V2(r) t2

2 +V1(r)t +V0(r)+Vst(r, t)
ρA(V2(r)t +V1(r)+V̇st(r, t))

∂ 2V2
∂ r2 (r) t2

2 + ∂ 2V1
∂ r2 (r)t + ∂ 2V0

∂ r2 (r)+ ∂ 2Vst
∂ r2 (r, t)


and using the differential equation, boundary conditions,
and the theorem, results in the unique compliance solution

x0(r) =−
1

24EIL
r4 +

1
6EL

r3− L
4EI

r2 +
L3

20EI
.

This 4th order compliance function is in accordance with
the research on the frequency response of the beam [2].
The compliance based on frequency response is validated
by simulation results and the performance of the system is
satisfactory in terms of control parameters.
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