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a b s t r a c t 

A recent paper [Wang et al., Giant and explosive plasmonic bubbles by delayed nucleation, Proc. Nat. 

Acad. Sci. 115 , 7676, 2018] reported on the behavior of a micro-bubble generated in water by the plas- 

monic resonance of gold nanoparticles covering a fused silica substrate. The use of a very-high-speed 

camera permitted the authors to record several features of the phenomenon: After an induction time, 

a large bubble impulsively grew, collapsed and then executed nearly periodic oscillations around a very 

slowly growing mean radius. In this paper we make use of a suitably adapted spherical bubble model to 

account for these observations. The model considers a spherical bubble and accounts for phase change, 

heat transfer and gas diffusion both in the bubble and in the liquid. After calibration with some of the 

reported experimental results, the modified spherical model is able to reproduce many other experimen- 

tal observations. These results build confidence in the model and enable us to use it to describe several 

aspects of the phenomenon that are not accessible to experiment: temperature and dissolved gas con- 

centration fields, time dependence and spatial distribution of the vapor and gas content of the bubble 

and others. 

© 2020 Elsevier Ltd. All rights reserved. 
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. Introduction 

The plasmonic resonance exhibited by noble metal nanopar- 

icles [see e.g. 27] is a remarkable phenomenon with promis- 

ng applications in a variety of fields. In contact with a liq- 

id, nanoparticles can absorb enough energy to generate vapor 

eading to bubble formation. This can happen with individual 

anoparticles [see e.g. 4 , [15,25,28] , 36] as well as nanoparti- 

le assemblies [see e.g. 2 , [23,34,37] , 39] . Interest in this general

rea is motivated by a large number of potential applications in 

edicine [see e.g. 9 , 19 , 33] , catalysis [see e.g. 1 , 21 , 26] , chem-

stry [see e.g. 8 , 20] , material science [see e.g. 7 , 12,17 , 24] energy

onversion [see e.g. 14 , 16,22 , 29] and others [see e.g. 3] . 

Several experimental studies exist of the process of vapor gen- 

ration over the millisecond time scale [see e.g. 4 , 5 , 6] , but it is

nly recently that the early stages of bubble formation were in- 

estigated by means of ultra-high speed imaging [37] . Two high- 

peed imaging methods were used one, with a framing rate of 8 
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fps, to record the initial growth of the bubble, the other one, 

ith rates up to 500 kfps, to record its subsequent evolution. The 

uthors deposited 100 nm-diameter gold nanoparticles on a fused 

ilica substrate at a center-to-center distance of 260 nm to induce 

lasmonic bubble nucleation under 532 nm-wavelength CW laser 

llumination. They were able to visualize the process of bubble nu- 

leation and growth with a ∼100 ns resolution. They observed the 

apid growth over a few microseconds of what they termed the 

nitial “giant bubble,” followed by an equally rapid collapse. After- 

ards, the bubble kept growing and collapsing fairly regularly with 

 period of a few microseconds, shorter than the lifetime of the 

nitial giant bubble, until it stabilized at a nearly constant radius. 

he observed dynamics strongly depended on the amount of per- 

anent gas dissolved in the liquid. Counter-intuitively, the max- 

mum volume reached by the bubbles decreased with increasing 

aser power. 

While this study uncovered many intriguing aspects of the phe- 

omenon, many details of the underlying physics are not experi- 

entally accessible. Examples are the temperature and concentra- 

ion fields in the liquid and in the bubble, the precise time depen- 

ence of the vapor and gas mass fluxes into and out of the bub- 

le, the bubble surface temperature and others. It is the purpose 

f the present paper to study these matters in terms of a simpli- 

https://doi.org/10.1016/j.ijheatmasstransfer.2020.120814
http://www.ScienceDirect.com
http://www.elsevier.com/locate/hmt
http://crossmark.crossref.org/dialog/?doi=10.1016/j.ijheatmasstransfer.2020.120814&domain=pdf
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ed model of the bubble history. Motivated by the fact that rapidly 

rowing bubbles tend to remain hemispherical, we use a spheri- 

al bubble model to study the process. The model includes diffu- 

ion of heat and dissolved gas both inside and outside the bubble. 

he effect of the nanoparticle heating is mimicked by an artificial 

adius-dependent heat source on the bubble surface. The model is 

alibrated using some of the data reported in [37] and verified by 

ts ability to reproduce many other data reported in that work. 

. Model 

It is well-known that rapid growth stabilizes the spherical 

hape of a bubble [see e.g. 30] . For this reason, on a solid surface

ubbles grow approximately hemispherically when the superheat 

s large [see e.g. 10] and, indeed, a hemispherical shape was ob- 

erved by Wang et al. [37] . This circumstance suggests the use of 

 spherical bubble model for the interpretation of the experiment. 

uch a model, which is described in this section, can account satis- 

actorily for the mechanical aspects of the bubble dynamics and for 

ts exchange of heat and dissolved gas with the liquid, but needs to 

e suitably modified to mimic the effect of the nanoparticle heat- 

ng. Another factor that a spherical model cannot incorporate is the 

resence of viscous and thermal boundary layers along the solid 

all. However, on microseconds time scales such boundary layers 

each a thickness of the order of a few microns at most, smaller 

han the bubble radii of present concern, and can therefore be ig- 

ored as a first approximation. 

.1. Nanoparticle heating 

In the experiment of [37] there were no nanoparticles dispersed 

n the liquid. Since the laser radiation is not absorbed by the liq- 

id, the only energy source for the vapor generation is the heat 

enerated in the nanoparticles deposited on the silica substrate on 

hich the laser beam impinges normally. The thermal conductivity 

f vapor justifies the assumption that nanoparticles are effective in 

mparting heat to the liquid only while they are in contact with it. 

hus, since the laser beam energy rapidly decreases with distance 

rom the axis, as the bubble grows, more and more nanoparticles 

re left behind by the liquid and a smaller and smaller fraction of 

aser energy remains available for vaporization. When the bubble 

as grown to the (effective) laser radius, very little, if any, residual 

aporization can take place. 

We adopt the following model to reflect this picture. The con- 

ervation of energy across the surface of a vapor bubble in an un- 

ounded liquid, for a spherically symmetric problem, may be writ- 

en as 

 � 

∂T � 

∂r 

∣∣∣∣
r= R 

+ q R (t) = L ˙ m . (1) 

ere the subscript � refers to the liquid, variables with no sub- 

cript pertain to the vapor-gas mixture in the bubble, k is the ther- 

al conductivity, T the temperature, q R (t) the heat flux from the 

as-vapor side, ˙ m the liquid/vapor mass flux (mass per unit area 

nd time, positive for evaporation) at the interface, and L the la- 

ent heat. To account for the vaporization due to nanoparticles we 

dd a source term Q(R ) dependent on the instantaneous bubble 

adius R (t) to the previous equation: 

 � 

∂T � 

∂r 

∣∣∣∣
r= R 

+ q R (t) + Q ( R (t) ) = L ˙ m . (2) 

o model the laser heat source we proceed as follows. Let s be a 

adial coordinate measured from the axis of the laser beam. The 

eam has a Gaussianly distributed intensity E(s ) which may be 
2 
ritten as 

(s ) = 

W 

πR 

2 
laser 

exp 

(
− s 2 

R 

2 
laser 

)
, (3) 

nd which integrates to the total laser power W . On the basis of 

he previous argument, we take Q ( R (t) ) as the integral of E(s ) 

utside the area of radius R covered by the bubble divided by the 

ootprint of the hemispherical bubble πR 2 : 

(R ) = 

η1 

πR 

2 

∫ ∞ 

R 

2 πsE(s ) ds = η1 
W 

πR 

2 
e 
− R 2 

R 2 
laser . (4) 

ere η1 is an efficiency parameter also accounting for the fact 

hat the particles do not cover 100% of the wall surface; it will 

e treated as a fitting parameter to be determined by calibration 

f the model as described in Section 3 . 

.2. Bubble nucleation 

In the experiment the liquid is initially at a uniform temper- 

ture T 0 . When the laser is switched on, the nanoparticles start 

eating it until, after an induction time τd , the nucleation tem- 

erature T n for a vapor bubble to nucleate and grow is reached. 

o model this situation we assume that, at inception, a layer of 

eated liquid with a temperature distribution T i (r) surrounds the 

apor-filled bubble nucleus with a radius R 0 . We relate the energy 

ontent of this layer to the energy deposited into the liquid by the 

aser-heated particles by writing 

 πρ� c p� 

∫ ∞ 

R 0 

[
T i (r) − T 0 

]
r 2 d r = 2 πη2 τd 

∫ ∞ 

R 0 

E(s ) sd s , (5)

ith ρ� and c p� the liquid density and specific heat. The left hand 

ide, in which r is the radial coordinate measured from the center 

f the bubble nucleus, is the energy content of the heated liquid 

ayer surrounding the nucleus. The right-hand side, with η2 an- 

ther efficiency parameter, is the energy imparted by the nanopar- 

icles to the liquid during the induction time τd before the bub- 

le starts to grow. It should be noted that, although we call η2 an 

fficiency parameter, it actually takes into account the conversion 

f the initial temperature distribution from the planar geometry 

f the actual experimental situation to the spherical geometry of 

he model and there is no reason, therefore, for it to be the same 

s the other efficiency parameter η1 introduced in (4) ; η2 will be 

reated as a fitting parameter as well and determined from the cal- 

bration of the model as described in Section 3 . 

We assume that T i (r) , the initial temperature distribution in the 

eated layer surrounding the bubble, has a Gaussian distribution: 

 i (r) = T 0 + (T n − T 0 ) exp 

[
− (r − R 0 ) 

2 

δ2 

]
, (6) 

ith δ a parameter to be determined. This functional form agrees 

ith the temperature distribution in a semi-infinite medium sub- 

ected to a constant surface heat flux and proves convenient for 

he next step of the calculation. With this ansatz, the integration 

n (5) can be carried out and the result may be written as 

 πρ� c p� (T n − T 0 ) R 
3 
0 

(√ 

π

4 

δ3 

R 3 
0 

+ 

δ2 

R 2 
0 

+ 

√ 

π

2 

δ

R 0 

)
= η2 τd W exp 

(
− R 2 0 

R 2 
laser 

)
. (7) 

t may be expected that differences between the assumed tem- 

erature distribution (6) and the real one can be compensated 

or, at least to some extent, by the empirically determined value 

f η2 and use of (7) for the determination of δ as described 

ater. The good agreement between the model results and the data 

f [37] supports this expectation. 
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.3. The bubble interior and the liquid 

Other than for the two aspects above, the mathematical model 

or the bubble dynamics and exchange of heat and dissolved gas 

ith the liquid is standard; a detailed description can be found 

n a recent paper [13] . It consists of two equations describing the 

iffusion of heat and dissolved gas in the liquid 

∂T � 

∂t 
+ 

R 

2 

r 2 
˙ R 

∂T � 

∂r 
= D � ∇ 

2 T � , (8) 

∂ρg 

∂t 
+ 

R 

2 

r 2 
˙ R 

∂ρg 

∂r 
= D � ∇ 

2 ρg , (9) 

ith D � and D � the diffusivities for heat and mass in the liquid, ρg 

he density of dissolved gas, r a radial coordinate from the bubble 

enter and 

˙ R the radial velocity of the bubble surface. 

The pressure in the bubble is assumed to be spatially uniform. 

he gas and vapor, assumed to behave as perfect gases, mutually 

iffuse into each other according to 

∂C 

∂t 
+ v 

∂C 

∂r 
= ∇ · ( ρD∇C ) , (10) 

ith C = ρv /ρ the vapor mass fraction, ρ = ρg + ρv the density of 

he gas-vapor mixture, v the radial velocity of the mixture and D
he diffusivity; subscripts v and g refer to vapor and gas. 

After some reduction the energy equation may be written 

s [13] 

γv 
γv − 1 

p + 
vg p g 

)
1 

T 

(
∂T 

∂t 
+ v ∂T 

∂r 

)
= ˙ p + ∇ · ( k ∇T ) + 

(
c pv − c pg 

)
ρD∇C · ∇T . (11) 

ere p g is the partial pressure of the gas, k, approximated by the 

ppropriate value for water vapor, is the thermal conductivity, γ is 

he ratio of the specific heats and 

v g = 

γv − γg 

(γv − 1)(γg − 1) 
. (12) 

t is shown in [13] that, upon integrating the conservation form of 

he gas-vapor energy equation over a volume of radius r concentric 

ith the bubble, because of the assumed constancy of p, one finds 

γv 

γv − 1 

p + p g 
v g 

)
v = −q − r 

3 

˙ p 

γv − 1 

− 
v g 

r 2 

∫ r 

0 

r 2 
∂ p g 

∂t 
dr , (13) 

ith p v the vapor partial pressure and q the heat flux inside the 

ubble given by 

 = −k 
∂T 

∂r 
− (c pV − c pG ) T ρD 

∂C 

∂r 
. (14) 

n the earlier paper [13] , the last term in the right hand side of

13) gave a small contribution and was neglected. However, in the 

urrent problem, the pressure changes dramatically within a very 

hort time near the end of the collapse of the first giant bubble 

see below) and this term is no longer negligible. We approxi- 

ate it by introducing an average mass fraction C̄ inside the bub- 

le writing 

p g � 

M v (1 − C ) 

M v + (M g − M v ) C 
p , (15) 

n which M is the molar mass, and write 

1 

r 2 

∫ r 

0 

r 2 
∂ p g 

∂t 
dr � 

r 

3 

M v (1 − C ) 

M v + (M g − M v ) C 
˙ p . (16) 

ith the previous step, the mathematical model is closed except 

or the equation specifying the bubble radius. For this purpose 

e make use of the Rayleigh-Plesset equation corrected for liquid 

ompressibility [31,32] : (
1 −

˙ R 

c � 

)
R ̈R + 

3 

2 

(
1 −

˙ R 

3 c � 

)
˙ R 

2 
3 
= 

1 

ρ� 

(
1 + 

˙ R 

c � 
+ 

R 

c � 

d 

dt 

)(
p − P ∞ 

− 2 σ (T s ) 

R 

− 4 μ� 

˙ R 

R 

)
, (17) 

n which c � and μ� are the liquid speed of sound and dynamic 

iscosity, σ (T s ) is the surface tension coefficient evaluated at the 

ubble surface temperature T s and P ∞ 

is the ambient pressure. 

.4. Boundary conditions 

At the bubble surface we impose the condition (2) with the 

eat flux from the gas-vapor side given by (14) and the equality of 

emperatures T (R, t) = T � (R, t) . Furthermore, we impose the con- 

ervation of gas mass 

(1 − C) 
(

˙ R − v 
)

− ρD 

∂C 

∂r 
= D � 

∂ρg 

∂r 
, (18) 

n which v is the velocity of the gas-vapor mixture at the bubble 

nterface. Since ρ(1 − C)( ̇ R − v ) = ρg ( ̇ R − v ) , the first term in the

eft-hand side is the flux of gas carried to the interface by the flow 

f the gas-vapor mixture, while the second term is the diffusive 

omponent of the gas transport from the inner side of the bubble. 

enry’s law connects the concentration of dissolved gas on the liq- 

id side of the interface to the gas partial pressure in the bubble: 

ρg (R, t) 

M g 
= H 

cp (T ) p g (R, t) . (19) 

he temperature dependence of Henry’s constant H 

cp (T ) (ex- 

ressed in in mol/m 

3 Pa) is approximated as 

 

cp (T ) = H 

cp 

re f 
exp 

[
�cp 

(
1 

T 
− 1 

T re f 

)]
, (20) 

ith �cp a constant and the subscript re f identifying reference 

alues. The superscript cp indicates that the primary variables in 

enry’s law are molar concentration and pressure, which is also 

he reason we divide the gas concentration by molecular mass on 

eft hand side of Eq. (19) . We approximate the air content in the 

ubble by using the physical properties of nitrogen for which, at 

 re f = 293 K, �cp � 1300 K [35] . Finally, the vapor mass flux ˙ m is

iven by 

˙ 
 = ρC 

(
˙ R − v 

)
+ ρD 

∂C 

∂r 
. (21) 

imilarly to (18) , the terms in the right-hand side represent the 

onvective and diffusive transport of vapor. 

.5. Numerical method 

The numerical method used to solve the field equations is sim- 

lar to that used in previous work [see e.g. 13 , 18] . We fix the

oundary by introducing inside and outside the bubble coordinates 

 and y, respectively, defined by 

 = 

r 

R (t) 
, x = 

� 

� + r − R (t) 
, (22) 

ith � a parameter used to control the distribution of the com- 

utational nodes outside the bubble. We choose a multiple of the 

iffusive penetration length 

 = B 

√ 

Dτ , or � = B 

√ 

Dτ , (23) 

or the liquid energy and diffusion equations, respectively. We take 

 = 20 and, due to the violence of the collapse of the initial gi-

nt bubble, we take τ = 1 μs, although the dependence on this 

uantity is fairly weak. Both y and x range between 0 (the bubble 

enter or infinity, respectively) and 1 (the bubble surface in both 

ases). We can then expand the fields in series of Chebyshev poly- 

omials turning the partial differential equations into a system of 



Y. Zhang and A. Prosperetti International Journal of Heat and Mass Transfer 167 (2021) 120814 

o

t

w

C

i

a

t

a

t

p

e

3

s

i

p

t

a

l

t

w

t

3

p

r

s

d  

w

a

μ

t

o

t

m

f

a

t

t

u

g

l

s

o

a

u

s

t

v

i

d

s

s  

t  

p

b

b

W

o

a

s

E  

t

Fig. 1. The open circles reproduce the data reported in Fig. 1 of [37] for the first gi- 

ant bubble and subsequent bubble oscillations. The continuous line shows the pre- 

dictions of the present model after calibration of the parameters in (7) . The solid 

dots mark the times at which the vapor mass fraction in the bubble is shown in 

Fig. 8 (a ) and (b) . 

Table 1 

Laser power, measured delay time τd and the calculated value of δ nor- 

malized by the diffusion length scale 
√ 

πD � τd for both the gas-rich and 

gas-poor cases. 

gas rich gas poor 

W(mW) τd (μs) δ/ 
√ 

πDτd W(mw) τd (μs) δ/ 
√ 

πDτd 

55.6 423.9 1.4 – –

68.8 171.7 1.7 – –

82.9 99.3 2.0 82.6 620.1 0.9 

97.1 48.7 2.4 97.1 279.7 1.1 

126.8 28.3 2.9 126.4 94.3 1.4 

167.7 13.8 3.6 167.6 39.3 1.7 

202.0 7.1 4.2 201.8 25.0 2.0 

i

t

η

(

a

l

F

p

a

g

c

m

q

i

m

f

e

p

w

t

e

l

i

t

l

a

s

r

i

a

m

t  
rdinary differential equations by a collocation method. In view of 

he zero-derivative condition at the bubble center and at infinity 

e only use the even polynomials. The highest truncated order of 

hebyshev polynomials is also the number of computational nodes 

n each region. Because of the violent plasmonic bubble collapse 

nd expansion, an adequate number of computational nodes near 

he bubble surface is crucial for a converged numerical simulation 

nd correct accounting of boundary conditions. We found that 300 

erms outside the bubble and 100 inside were needed in the ex- 

ansions to give converged results. The system of ordinary differ- 

ntial equations was solved with the package LSODI. 

. Model calibration 

In view of the adaptation of the experimental situation to the 

pherical geometry it is necessary to calibrate the model described 

n the previous section. For this purpose we use the data re- 

orted in [37] . These experiments made use of two different se- 

ups, but detailed information is only reported for the second one 

nd, therefore, we will mostly focus on the data obtained with this 

atter setup. The laser used had a radius R laser = 14.6 μm. Wa- 

er with two different dissolved gas concentrations was tested, to 

hich the authors refer as gas-rich (about 65% of saturation at the 

emperature of the experiment, T 0 = 20 ◦C) and gas-poor (about 

4% of saturation). The nucleation temperatures of the bubbles de- 

ended on the gas content and are reported as 422 and 498 K, 

espectively, for the gas-rich and gas-poor cases; we used these 

ame values for all cases in our simulations. We estimate the ra- 

ius of the initial bubble nucleus from R 0 = 2 σ/ (p sat (T n ) − P ∞ 

) ,

ith p sat (T n ) the saturation pressure corresponding to the nucle- 

tion temperature. In this way we find R 0 = 0.23 μm and 0.029 

m in the gas-rich and gas-poor cases, respectively. 

The authors reported that, after an induction period, or delay 

ime, τd , the rapid growth of what they term “giant bubble” was 

bserved. This bubble quickly collapsed to a smaller radius and 

hen oscillated fairly regularly for a long time with a much smaller 

aximum radius alternatively covering and uncovering the laser 

ootprint. It should be realized that the two phases of the process 

re quite different. The initial giant bubble is primarily the result of 

hermal energy stored in a superheated liquid layer around the ini- 

ial bubble nucleus. The second phase consists of the regular vol- 

me oscillations that follow the collapse of the giant bubble. As it 

rows, the smaller bubble left behind by the collapse of the initial 

arge one temporarily expands beyond the laser footprint, which 

huts off the vapor generation. The vapor in the bubble condenses 

n the cold liquid surface at the bubble top, the bubble collapses 

llowing the hot nanoparticles to come into contact with the liq- 

id again and vaporize it, which causes the bubble to expand and 

o on. From the giant bubble data we can calibrate the bubble ini- 

iation model of Section 2.2 by matching the reported maximum 

olume while, by matching the subsequent oscillations, we can cal- 

brate the artificial heat flux model of Section 2.1 . 

The first task is facilitated by making use also of radius-time 

ata of the giant bubble gathered with the other setup which 

hows a bubble with a maximum radius R max = 44 μm corre- 

ponding to a maximum volume V max � 1 . 78 × 10 5 μm 

3 , and a life-

ime of about 10.4 μs ( Fig. 1 C of Ref. [37] ). Although the paper

rovides no information on the induction time of this giant bub- 

le, there is data obtained with the second setup which shows a 

ubble with a very similar maximum volume for a laser power 

 = 69 mW and an induction time τd = 171.7 μs. The dynamics 

f bubbles nucleating at high superheats is dominated by inertia 

nd, therefore, it makes sense to expect the two bubbles to behave 

imilarly, even if they were observed with two different setups. 

qs. (6) and (7) were used to fit η2 and δ/R 0 to generate an ini-

ial temperature distribution T (r) which produced a bubble grow- 
i 

4 
ng to the experimentally observed maximum radius and having 

he observed lifetime. The results of the match, obtained by taking 

2 = 0 . 62 , are shown in Fig. 1 . 

Having determined η2 in this way, we keep it constant and use 

7) , together with the measured value of τd , to determine δ/R 0 
nd use it to establish the initial temperature distribution in the 

iquid. With this step, we can start the integration of our model. 

ig. 2 compares the maximum volume V max of the giant bubble re- 

orted in the paper and the one predicted by the present model 

s functions of the the laser power (panel (a ) , left) and energy 

iven by E = τd W . The triangles are the measured values and the 

ircles the data generated by the model. Especially for the maxi- 

um volume vs. energy, the consistency between the two sets is 

uite reasonable considering the simplifying assumptions made to 

n the model. A striking feature of these results is that the maxi- 

um volume decreases as the laser power increases. A similar ef- 

ect was reported for vapor bubble growth on an impulsively pow- 

red micro-heater in [38] . The reason is that, with increasing laser 

ower, the nucleation temperature is reached earlier and earlier, 

hich limits the amount of superheat stored in the liquid around 

he nucleus. A feature specifically noted in [37] is that, in sev- 

ral cases, the bubbles generated in the gas-poor liquid grow to 

arger volumes than those in the gas-rich liquid. The reason is sim- 

lar: the higher nucleation temperature requires a longer induction 

ime, in the course of which the liquid can store more heat in the 

ayer surrounding the nucleus. 

For each laser power, Table 2 shows the measured delay time τd 

nd the calculated value of δ normalized by the diffusion length 

cale 
√ 

πD � τd , with D � the thermal diffusivity of the liquid. The 

atio δ/ 
√ 

πD � τd is of order 1, as might have been expected, which 

s consistent with conduction in the liquid keeping in mind, once 

gain, the difference in geometries. 

The second step of the model calibration consists in the deter- 

ination of the efficiency parameter η1 in the expression (4) for 

he artificial heat flux. Once again we use the data of Fig. 1 C of
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Fig. 2. The maximum volume of the of the first giant bubble vs. the laser power (left) and the laser energy. Blue symbols are for gas-poor cases, red symbols for gas-rich 

cases; the triangles are the experimental data from Wang et al. [37] , the circles the present numerical results. 

Table 2 

Laser power, maximum radius, initial bubble collapse time and the mean pressure calculated 

from Eq. (24) for the gas-rich and gas-poor cases. The collapse time is the time between the 

maximum and minimum radii of the initial giant bubble. 

gas rich gas poor 

W (mW) R max (μm) t c (μs) p (kPa ) W(mW) R max (μm) t c (μs) p (kPa ) 

55.6 56.1 6.6 36.8 – – – –

68.8 43.4 4.9 34.4 – – – –

82.9 38.0 4.2 33.1 82.6 69.9 6.9 15.3 

97.1 30.9 3.4 31.4 97.1 62.6 6.0 11.2 

126.8 27.4 2.9 30.0 126.4 46.0 4.4 10.2 

167.7 23.8 2.6 28.9 167.6 36.8 3.5 8.35 

202.0 19.9 2.1 27.8 201.8 33.3 3.2 7.86 

Fig. 3. Radius-time data for the oscillating bubble following the first giant bubble 

from Fig. 1 C of [37] (open circles) compared with the prediction of the present 

model (line). 
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ef. [37] . The model result, obtained with η1 = 0.08 are compared 

ith the data in Fig. 3 where, again, a very good match is ob-

erved. In the experiment the area fraction covered by the nan- 

dots was about 11.6%; the efficiency parameter η1 is therefore 

bout 70% of this area fraction, which appears to be a reasonable 

esult. 

. Results 

The results of the previous section give some support to the 

delity with which the present model can account of the most 

mportant physical mechanisms determining the dynamics of plas- 

onic bubbles. Therefore, we can now proceed to use the model 

or the investigation of some interesting physics related to the phe- 

omena described. 

.1. Radial dynamics 

The radius-time curves predicted by the model for the two 

ases of gas-rich and gas-poor liquid are shown in Fig. 4 . The 

urves exhibit a clear asymmetry between the growth phase, in 

he course of which the vapor pressure is gradually sustained by 

he laser heat stored in the liquid, and the collapse phase, dur- 
5 
ng which the vapor has mostly condensed and the pressure in 

he bubble is largely due to the relatively small amount of gas 

hat had the time to diffuse into it. For a bubble with constant 

nternal pressure, the collapse time from a maximum to a mini- 

um radius is given by the so-called Rayleigh collapse time given 

y [see e.g. 30] 

 c � 0 . 915 

√ 

ρ� 

P ∞ 

− p 
R max , (24) 

ith p the average pressure in the bubble during collapse. With 

he bubble collapse times and the values of R max shown in the fig- 

re, we find the results given in Table 1 for p . The average pres-

ure for the gas-rich case is significantly larger than that for the 

as-poor case reflecting the greater amount of gas that is able to 

iffuse into the bubble. For the largest laser powers, the average 

ressure in the gas-poor case is less than 10% of the ambient pres- 

ure because the bubble grows smaller, its lifetime is less and there 

s therefore less time for gas to diffuse into it. 

.2. Liquid and vapor temperature 

The heat accumulated during the delay time τd plays an es- 

ential role in determining the evolution of the initial giant bub- 

le. Additionally, as already explained, because of the constant heat 

enerated by the nanoparticles illuminated by the laser, the plas- 

onic bubble continues to oscillate after the collapse of the gi- 

nt bubble. It is therefore interesting to consider the behavior of 

he temperature field during the different stages of bubble growth 

nd collapse. The color in Fig. 5 shows the temperature field T (r, t) 

oth inside and outside the bubble for a gas-rich case with a laser 

ower of 83 mW. The horizontal axis is time in units of μs while 

he vertical axis represents the distance r from the bubble cen- 

er in units of μm. The existence of a temperature boundary layer, 

articularly during the initial phase of growth of the giant bubble 

s particularly evident. The bubble and its vicinity remain warm 

or most of the process, with brief hot spots around the points 

f minimum radius. Beyond a distance of about 30 μm the liq- 

id temperature is largely unaffected by the complex thermal pro- 
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Fig. 4. Radius-time behavior of the initial giant bubble as predicted by the present model for different laser powers for gas-rich (panel (a ) , left) and gas-poor (panel (b) ) 

water. The curves are arranged in descending order of increasing laser power; the laser power corresponding to each one is shown in Table 1 . 

Fig. 5. Temperature field inside and outside the bubble for a gas-rich case with a 

laser power of 83 mW. 

Fig. 6. Bubble surface temperature vs. time for the gas-rich case of the previous 

figure with laser power of 83 mW. 
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Fig. 7. Vapor mass inflow into the bubble for the same case as the previous two 

figures: gas-rich liquid and laser power 83 mW. 

Fig. 8. Vapor mass fraction distribution in the bubble at the instants marked by 

solid dots in Fig. 1 ; panel (a ) is for the giant bubble phase (left in Fig. 1 ), panel b

for the oscillating bubble phase (on the right in Fig. 1 ). 

Fig. 9. Gas mass inflow into the bubble for the same case as the previous three 

figures: gas-rich liquid and laser power 83 mW. 
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esses occurring near the bubble, which makes clear the need for 

he clustering of collocation points near the bubble. 

In order to show sufficient detail, the color scale in this figure 

aturates at a temperature of 150 ◦C, which is lower than the maxi- 

um temperature inside and near the bubble when the radius is at 

ts minimum. To compensate for this loss of information we show 

he bubble surface temperature vs. time in Fig. 6 . As the initial 

ubble expands, the temperature falls, but at a relatively moderate 

ate due to the heat stored in the surrounding liquid. When the 

iant bubble collapses, there is a large temperature spike followed 

y similar ones every time the oscillating bubble reaches its min- 

mum radius. In between, as the vapor condenses on the bubble 

op, the temperature falls below the saturation temperature, but 

apidly rises as the bubble shrinks, the gas-vapor mixture is com- 

ressed and hot vapor is generated by the nanoparticles. It may 

lso be mentioned that the calculation of the surface temperature 

rovides us with a way to check grid convergence and the effect 

f the parameter � in the coordinate transformation (23) . 

The vapor mass flux into the bubble is shown vs. time in Fig. 7 .

n the first half of giant bubble growth, the vapor mass flux is pos- 

tive and large and the total vapor mass increases. This is followed 

y a strong and rapid condensation. When the bubble enters the 

scillatory regime, the vapor mass flux alternates between phases 

f very rapid increases as new vapor is produced by the heated 

anoparticles and slower condensations. The period gradually in- 

reases with the growing amount of permanent gas “pumped” into 

he bubble which causes its average radius to also increase. 
6 
It is also interesting to consider, at different instants of time, 

he spatial distribution of the vapor mass fraction, which is shown 

n Fig. 8 ; the times corresponding to the curves shown are marked 

y solid dots in Fig. 1 . Panel (a ) is for the initial giant bubble

hase. It can be seen that, when the bubble is at its maximum, 

ery little gas has diffused into it and the bubble contains almost 

ntirely vapor. During the collapse phase, vapor starts condens- 

ng and its mass fraction gradually decreases near the wall. At the 

ame time gas has started to diffuse into the bubble but it remains 

n the neighborhood of the surface not having had enough time 
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Fig. 10. Total gas mass in the bubble (in picograms) vs. time for the gas-rich (65% of saturation, panel (a ) , left) and gas-poor (34% of saturation) cases. As explained in the 

text, the initial giant bubble, during which most of the mass transfer takes place, grows smaller as the laser power is increased. Thus the curves are arranged in decreasing 

order as the laser power is increased. In panel (a ) the laser powers are 55.6 mW, 68.8 mW, 82.9 mW, 97.1 mW, 111.4 mW, 126.8 mW, 167.7 mW, 202.0 mW. In panel (b) 

they are 82.6 mW, 97.1 mW, 111.7 mW, 126.4 mW, 167.6 mW, 201.8 mW. Curves with close laser powers are shown with the same color. 

Fig. 11. Example of the gas concentration field outside of bubble for the gas-rich 

case with a laser power of 83 mW. The region inside bubble carries no information 

and is shown in gray. 
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o be transported into the core. In the oscillating bubble phase 

 Fig. 8 (b) ), there is vapor inflow near the bubble minimum radius

t which time liquid is vaporized by the laser heat source. The va- 

or mass fraction gradually grows until, at the maximum radius, it 

s nearly constant, with a small amount of permanent gas. As the 

ubble starts to collapse when it has gotten into contact with cold 

iquid, the vapor mass fraction gradually decreases near the wall 

imilarly to Fig. 8 (a ) . 

.3. Gas diffusion 

The gas dissolved in the liquid diffuses into the bubble starting 

mmediately during the initial giant bubble growth and continuing 

o be “pumped” into it during the course of the subsequent os- 

illations. Fig. 9 is an example of the rate of gas inflow into the

ubble for a gas-rich case with a laser power of 83 mW. A first 

triking difference with the analogous graph for the vapor shown 

n Fig. 7 is the large difference in orders of magnitude – micro- 

rams per second for the vapor, vs. nanograms per second for the 

as – a difference which reflects the large difference between the 

iffusivities for heat and mass in the liquid. There is a large gas 

nflux during the lifetime of the initial giant growth, when there is 

irtually no permanent gas in the bubble. After that, one notices a 

mall positive inflow every time the oscillating bubble grows, fol- 

owed by brief mass losses (according to Henry’s law) when it col- 

apses and the gas pressure increases. The net gas inflow is how- 

ver positive as can be seen from the clear upward trend of the 

as inflow as the mean radius grows and, with it, the area avail- 

ble for the mass flux. This phenomenon is well-known in bubble 

coustics, where it is termed rectified gas diffusion [see e.g. 11] . 

If this process were to continue indefinitely, one would expect 

hat, since the liquid is under-saturated, eventually the net gas in- 

ow over an oscillation period would average out to zero and the 

ubble would reach a steady regime of oscillation. However, here 

he bubble continues to oscillate only as long as its footprint at 

inimum radius remains smaller than the diameter of the laser 

eam, and this footprint increases with time as the gas content 
7 
ncreases. Indeed, [37] reports that the oscillations of the bubble 

ease at some point and the bubble radius stabilizes around an 

pproximately constant value. Furthermore, other factors may in- 

erfere with the long-term behavior just described. For example, 

hile we have neglected the effect of the hot nanoparticles when 

hey are not in contact with the liquid, one may expect that they 

ill continue to heat up the solid surface until this becomes a va- 

or source in its own right. Another factor is that the liquid near 

he bubble gradually heats up and the gas solubility decreases. 

hus, the eventual behavior of the bubble depends in a complex 

ay on the details of the experiment which it would be difficult 

o incorporate in the present model. 

Zaytsev et al. [39] repeated the experiment of [37] turning off

he laser after some time. They observed a rapid shrinkage as most 

f the vapor condensed, followed by a very slow dissolution over 

any minutes or even hours as the gas that had diffused into the 

ubble was gradually “squeezed out” of it under the effect of the 

urface tension over-pressure. 

The importance of the massive gas inflow during the long- 

asting initial giant bubble is evident in Fig. 10 which shows the 

as mass in the bubble as a function of time for different laser 

owers for gas-rich (panel (a ) ) and gas-poor conditions. For ease 

f comparison, cases with close laser powers are plotted with the 

ame color in the two panels. As expected, the mass growth rate 

or the gas-rich case is clearly larger than that for the gas-poor 

ase. However, due to the much larger initial maximum radius for 

ubbles in the gas-poor case, the amount of gas accumulated in 

his phase is substantially larger than that accumulated by bubbles 

rowing in the gas-rich case so that the amount of gas present 

n the former is larger than that in the latter. For example, for 

ases with approximately 83 mW laser power, shown in green in 

he figures, during the time shown the gas mass grows to about 

.08 ×10 −15 kg in the gas-poor liquid while it grows only to about 

.02 ×10 −15 kg in the gas-rich liquid. It may be expected that, given 

nough time, the greater amount of gas accumulated in the course 

f the oscillations in the gas-rich case will compensate for this 

nitial difference, but the rate of growth is slow and many cycles 

ould be needed for this to happen. 

Fig. 11 shows the gas concentration in the liquid during the ini- 

ial giant bubble phase and several subsequent oscillations for a 

aser power of 83 mW and gas-rich water. Time is plotted on the 

orizontal axis and the distance r from the bubble center on the 

ertical one. Color represents the concentration of gas dissolved in 

he liquid, normalized by the value at infinity. The region occupied 

y the bubble carries no information and is shown in gray. The dif- 

usion boundary layer is extremely thin during the lifetime of the 

iant bubble and cannot be seen in this representation. However 

he boundary layer thickens with time and becomes visible later 
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n. As was shown in Fig. 9 , there is a very brief reversal of the di-

ection of the mass flux near the points of minimum radius which 

owever is too small to be apparent in a plot of this kind. 

. Conclusions 

In this paper we have used a highly simplified theoretical 

odel to account for several phenomena observed in the growth, 

ollapse and subsequent oscillations of a bubble generated on a 

urface covered with gold nanoparticles illuminated by a laser un- 

er conditions of plasmonic resonance. After calibration on the 

asis of some experimental data, the model is able to reproduce 

uantitatively many other experimental observations. 

This experimental support justifies the use of the model to 

how several aspects of the process that are not readily accessible 

o experiment. Thus, we have been able to calculate the tempera- 

ure and dissolved gas concentration fields in the liquid, the rate 

f change of the vapor and gas contained in the bubble and sev- 

ral other features of plasmonic bubble phenomena. The present 

odel permits therefore to gain a good understanding of much of 

he physics involved in plasmonic bubble phenomena and can be 

sed in the evaluation of processes that may be expected to occur 

n applications. 
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