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A B S T R A C T

A finite element model of a tapered tensile specimen with a hardness transition zone in the
gauge section and a varying width parameter is used for creating corresponding solution
snapshots. Subsequently, a long short-term memory (LSTM) recurrent neural network (RNN)
is trained on the selected snapshots, providing a parametrized solution model for a computa-
tionally efficient prediction of the structural response, allowing real-time model evaluation. In
addition to a parametrized solution of the fracture localization, the model also captures the
bifurcating local mesh deformation. The internal solution strategy of the RNN for predicting
the bifurcation phenomenon is investigated and visualized.

. Introduction

As automotive transportation is globally intensifying, the industrial focus is more and more directed towards sustainability,
ight weight design and vehicle safety. The latter of the three is currently strongly dominated by Computer Aided Engineering
CAE), due to the ever-increasing capabilities of numerical computations. As the level of detail and the number of computations
ncrease, the generated data become more accurate, allowing for more thorough design optimizations. Performing these highly
etailed computations is time consuming, equaling computational costs.

Generalized mathematical surrogate models can be implemented to reduce these involved costs. Examples are the model order
educing principal component analysis (PCA), also known as proper orthogonal decomposition (POD) [1–3] and proper generalized
ecomposition (PGD) [4,5]. Additionally, machine learning techniques have also proven themselves in such regression-based
odel fitting cases in recent years [6]. The objective of surrogate models is a significant reduction in computational cost, while

imultaneously maintaining a high posteriori prediction accuracy between the selected model and the traditional FEM approach.
A popular first step in the application of machine learning in fracture mechanics is the prediction of forming limit diagrams

FLDs) based on mechanical properties and experiment variables combined with monotonic loading. Most of research works focus
n relatively simple feed-forward neural networks, leading to satisfying results for various materials [7–12].

Although the field of machine learning offers great potential in the prediction of fracture, it is not yet fully employed. In
017 Nasiri et al. reviewed the combination of a variety of machine learning approaches, including recurrent neural networks,
ith fracture mechanisms [13]. Following advocated approaches, relatively good accuracy can be obtained in terms of prediction
nd recognition of mechanical faults. As a subsequent step in surrogate modeling of complex time-dependent fracture mechanics,
ecurrent neural networks could offer a solution.
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Fig. 1. Hardness transition in the gauge section of the tapered tensile specimen.
Source: Adapted from [23].

Recent work [6] shows the applicability of a time-independent purely feed-forward neural network in the prediction of fracture
y necking based on non-monotonic loading, leading to satisfying results in both the prediction accuracy and the computational
fficiency domain. In contrast to the present work, the artificial neural network is not omitting the finite element analysis, but
mbedded into its source code.

The occurrence of fracture depends on the load history at the fracture location. Purely feed-forward neural networks are capable
f laying frameworks for data collections, combining an input to output without incorporating its history function in the prediction.

recurrent neural network introduces a so-called ‘state’ information for capturing a time-varying relation between a constant
arametric input quantity and a corresponding varying output.

A particular example of such recurrent architectures is the long short-term memory (LSTM)-based network, among others like
he Gated Recurrent Unit (GRU) [14–16]. Designed for longer time-dependent data representations, LSTM-based networks are found
n highly varying application domains, such as language processing, forecasting and multiscale modeling [17–21]. Due to its proven
echnology and reliability in long-term dependencies [22], in this work an LSTM-based network will be designed to describe the time
eries prediction of a geometrically parametrized tensile specimen featuring a hardness transition zone. The time series prediction
s used to describe the deformed mesh and the fracture indicator parameter of the finite elements over time.

. Constitutive model description

.1. Tapered tensile specimen

A tapered tensile specimen is considered to represent an extreme simplification of a B-pillar, including a hardness transition as
sed in the automotive industry. The tapered tensile specimen is geometrically parametrized such that the width 𝑤 can be altered,

Fig. 1. Previous work by Eller [23] has shown that a satisfying accuracy can be obtained between the experimental validation and a
corresponding finite element approach, containing a hardness transition in the gauge section of the tensile specimen for a 22MnB5
steel, see Fig. 1. By varying the width at one side of the gauge section the location of fracture is altered. The specimens are extracted
from a tailor tempered hot-formed top hat section ensuring a hardness transition in the gauge section of the tapered tensile specimen.
A more detailed explanation of the experimental procedure is given in [23]. The hardness transition has been modeled accordingly.

The sheet thickness is 1.5mm, while a variable 𝑤 is introduced at the narrow side of the gauge section. In the previous work,
a selection has been made of three widths: 𝑤 = 13.0mm, 𝑤 = 13.5mm and 𝑤 = 14.0mm. A width of 28.0mm reduces the tapered
tensile specimen to a standard uni-axial tensile specimen with parallel edges in the gauge section. For 𝑤 = 28.0mm and keeping in
mind the presence of a hardness transition zone, fracture would always occur in the region with the lowest strength in the gauge
section. In order to overcome this, the variable width 𝑤 is reduced. As a direct result, the location of fracture is altered as a function
of width 𝑤, with a smaller width leading to the fracture location shifting to the narrow section.

Eller [23] compared the experimentally obtained fracture results with a simulation model composed of hexagonal solid elements.
An element length of 𝑙 = 0.5mm was taken and a quasi-static strain rate in the localization area was ensured with a constant cross-
head displacement rate of 𝑣 = 0.01 mms−1. It has been shown that the predicted load–displacement curves, the deformation and the
2

fracture location are in very good agreement with the experiments.
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2.2. Plasticity model

As aforementioned, a 22MnB5 – commercially denoted as Usibor® 1500P – steel is considered, in a variety of hardness grades that
re usually found in a tailored tempered b-pillar [23]. A Yld2000-2d yield function, proposed by Barlat et al. is applied, generally
pplicable for body-centered cubic (BCC) and face-centered cubic (FCC) crystalline material structures [24–26]. As only minor
nisotropic behavior was found, an isotropic yield approximation of the Hershey yield criterion is implied:

𝜙 = 2𝜎𝑎 = |𝜎1 − 𝜎2|
𝑎 + |𝜎2 − 𝜎3|

𝑎 + |𝜎3 − 𝜎1|
𝑎, (1)

with exponent 𝑎 = 6, which is a common choice for BCC structures [23,24].
The strain hardening model is described by a combination of the Swift hardening law [27]:

𝜎S(𝜀
p) = 𝑘s(𝜀

p + 𝜀0,s)𝑛s (2)

and the modified Voce hardening law [28]:

𝜎V(𝜀
p) = 𝑘v +𝑄v(1 − 𝑒−𝛽v𝜀

p
) + 𝛼v𝜀

p, (3)

where asymptotic hardening rate 𝛼v is introduced in [23,29]. In these equations, 𝜀p is the accumulated equivalent plastic strain and
𝑘s, 𝜀0,s, 𝑛s, 𝑘v, 𝑄v, 𝛼v, 𝛽v} are free model parameters. Both laws are linearly combined [23]:

𝜎y
(

𝜀p
)

= (1 − 𝜆) 𝜎S
(

𝜀p
)

+ 𝜆𝜎V
(

𝜀p
)

. (4)

Here 𝜆 is the mixing parameter that directly depends on the equivalent plastic strain:

𝜆 = 𝜆(𝜀p) = 𝜆f inal +
(

𝜆initial − 𝜆f inal
)

𝑒−𝛼shape𝜀
p
, (5)

with shape parameter 𝛼shape and weights the significance of the modified Voce hardening law in respectively the lower (𝜆initial) and
larger (𝜆f inal) strain regions.

2.3. Fracture model

The equivalent element damage severity is computed as an accumulation over all plastic steps d𝜀p, according to a specified
fracture strain function 𝜀f , generally described by a fracture indicator 𝜑:

𝜑 = ∫

𝜀p

0

d𝜀p

𝜀f
, (6)

with 𝜑 ∈ [0, 1] where unity indicates fracture initiation [29]. A modified version of the Mohr–Coulomb ductile fracture model
is applied for 𝜀f . In contrast to the traditional stress-based Mohr–Coulomb fracture criterion, in this paper we use a modified
train-based formulation proposed by [30]. Following this, the equivalent strain to fracture

𝜀f
(

𝜂, 𝜃
)

=

[

𝑘s
𝑐2

(

𝑐3 +

√

3
(

𝑐𝜃 − 𝑐3
)

2 −
√

3

(

sec 𝜃𝜋
6

− 1
)

)

⋅
⎛

⎜

⎜

⎝

√

1 + 𝑐21
3

cos 𝜃𝜋
6

+ 𝑐1

(

𝜂 + 1
3
sin 𝜃𝜋

6

)

⎞

⎟

⎟

⎠

⎤

⎥

⎥

⎦

1
𝑛s

,

(7)

is described by the stress triaxiality

𝜂 =
𝜎m
𝜎

, (8)

the normalized Lode angle

𝜃 = 1 − 2
𝜋
arccos

( 𝑟
𝜎

)3
with 𝑟 =

( 27
2
det s

)

1
3 , (9)

parameter 𝑐𝜃

𝑐𝜃 =

{

1, if 𝜃 ≥ 0
𝑐4, else.

(10)

and the pair (𝑘s, 𝑛s), defined by the classical Swift power law (Eq. (2)). Parameters 𝑐1−𝑐4 are experimentally determined as explained
3

in [23,29].
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Fig. 2. Validation of the adapted model and experiments at widths 𝑤 = {13.0mm, 13.5mm, 14.0mm} with the experimental results taken from [23].

3. Neural network based surrogate model

3.1. Structural model adaption

The tapered tensile specimen with a width of 𝑤 = 13.0mm is taken as a reference for the mesh topology. At this width a
characteristic element length of 𝑙 = 0.50mm is considered for the hexagonal solid elements. In this application, mesh topology refers
to the internal connectivity of all considered nodes and elements.

Implementing a constant mesh topology in the training procedure of a neural network significantly simplifies the application, as
the internal node and element connectivity remains unchanged. It has to be noted that this can only be done for relatively minor
geometry changes when no additional geometrical features are introduced or left out.

In the present work a width range (𝑤 ∈ [13.0mm, 16.0mm]) is taken resulting in a single varying model parameter 𝑤. By varying
the specimen width, the reference mesh (for 𝑤 = 13.0mm) is translated to the new one with the same topology, only with a slightly
different uniform element edge length. At the maximum considered 𝑤 = 16.0mm the characteristic element length increases to
𝑙 = 0.52mm. The used fracture model is known to be highly mesh size dependent, especially in strain localization zones where high
strain gradients are found [29]. The mMC fracture model therefore accounts for different mesh sizes by linear interpolation between
fracture surfaces, which have been calibrated to reference mesh sizes. By doing so, Eller et al. have been able to achieve satisfactory
results of the fracture model for an initial mesh-size of 𝑙 = 0.5mm on the used tapered tensile specimen [23]. The data obtained
from the present simulations is therefore assumed to be valid for neural network training purposes.

The explicit crash solver Virtual Performance Solution (VPS) is used [31]. For the hexagonal solid elements, a classical reduced
integration is applied. In addition, a stiffness method using hourglass shape vectors (Flanaghan–Belytschko) is used. For the
generation of snapshots (i.e. samples) a Latin Hypercube (LHC) sampling procedure is used [32].

For validation of the considered specimen in terms of its plasticity and fracture model, the force–displacement curves are
compared at 𝑤 = {13.0mm, 13.5mm, 14.0mm}, with a sampling time of 0.2 s in a total run time of 40.0 s, see Fig. 2. Additionally,
the resulting curves of experimental tensile test at corresponding 𝑤-values, performed by Eller, are plotted [23]. In Fig. 3 the
corresponding finite element and experimental test specimens are represented at 𝑡 = 𝑡f racture.

The experiments and simulation show sufficient overall similarity until the point of fracture with a relative deviation of 6.6%,
5.6% and 3.6% for 𝑤 = 13.0mm, 𝑤 = 13.5mm and 𝑤 = 14.0mm, respectively, in work energy per experiment, comparable to the
results of Eller [23].

3.2. Training data generation

Four different sets of snapshots for training are considered: 10, 5, 3 and 2 width samples. Besides less computation to be done
for creating the snapshots, the advantage of a lower required number of samples is the decrease of the training data set, leading to
a reduction in network training time. Table 1 gives an overview of each set with their corresponding widths.

3.2.1. Tensile load case
The tensile specimen is constrained on the in Fig. 1 indicated right side edge in longitudinal direction. The outer left edge is

pulled leftwards with a constant velocity. On both edges the constraint is applied uniformly over the full edge length. A simulation
time of 40ms is considered, with a corresponding linearly increasing displacement adding up to 7.0mm at 𝑡 = 𝑡end. Due to the
4

strain-rate insensitive material model, the higher strain rates within the simulation do not influence the results. For the creation
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Fig. 3. Fracture location of the finite element model and experiments at widths 𝑤 = {13.0mm, 13.5mm, 14.0mm} with the experimental results taken from [23].

Table 1
Training sample sets in combination with their corresponding widths, selected
using Latin Hypercube sampling.

N. training sets LHC sampling widths [mm]

10 13.15 13.45 13.75 14.05 14.35
14.65 14.95 15.25 15.55 15.85

5 13.30 13.90 14.50 15.10 15.70

3 13.50 14.50 15.50

2 13.75 15.25

of training data, a time step output frequency of 0.5 ms−1 is considered, yielding a total of 21 time steps for every load case. With
34,809 elements this gives 34, 809 × 21 × 10 = 7, 309, 890 individual data points for the set with 10 LHC samples.

The considered fracture indicator values are characterized in a range [0.0, 1.0]. Unity denotes the initiation of fracture, after
which the element is eliminated, causing the specimen to start losing its structural integrity. At continued deformation this will
cause further progression of the rupture, eventually leading to complete fracture separating the specimen into two parts.

3.2.2. Pre-processing
From the collected data the desired output values as function over time are extracted. The proposed recurrent neural network

requires a constant input matrix dimension, as well as a constant connectivity description between all considered finite elements.
Therefore, the deleted elements must be maintained in the resulting fracture matrix. This is done by keeping the values of the
corresponding indices at unity.

Subsequently, the given matrices of each sample are merged. The final matrix dimension depends on the desired number of
output parameters 𝑂, the time steps 𝑇 , the number of input features 𝐼 and the number of samples 𝐷 involved. The training data
dimensions per time step and per sample are then represented as follows:

• Input: width 𝒘: R𝐼×1, with 𝐼 = 1,
• Output: fracture indicator 𝝋: R𝑂×1 with 𝑂 = 34,809.

The created full matrices of both input and output are then linearly normalized to a range of [0.0, 1.0].

3.3. Network architecture and hyper-parameters

3.3.1. Long short-term memory neural network
In 1997, Hochreiter has performed a detailed analysis on the vanishing error gradient in traditional recurrent networks, followed

up by an approach for constant error back-propagation [14]. To improve an RNN characterized by exploding and/or vanishing, a
long short-term memory (LSTM) cell has been introduced. In this work the LSTM as designed by Gers et al. [15] is used, which
allows for state resetting by introducing a ‘forget gate’.

A single LSTM cell substitutes a traditional (recurrent) neuron, where the number of neurons directly translates to the LSTM unit
cell count. In an LSTM cell, the gradient instability is resolved by introducing an internal cell state with a variety of information
regulator gates, see Fig. 4:
5
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Fig. 4. Single LSTM cell with the arrows indicating the information flow through gates, giving the hidden state as output for every time step.

• The forget gate: 𝒇 𝑡 = 𝒇 a,f (𝑾 f𝒙𝑡 +𝑹f𝒉𝑡 + 𝒃f ),
• the input gate: 𝒊𝑡 = 𝒇 a,i(𝑾 i𝒙𝑡 +𝑹i𝒉𝑡 + 𝒃i),
• the candidate value: �̃� 𝑡 = 𝒇 a,C̃(𝑾 C̃𝒙𝑡 +𝑹C̃𝒉𝑡 + 𝒃C̃),
• the output gate: 𝒐𝑡 = 𝒇 a,o(𝑾 o𝒙𝑡 +𝑹o𝒉𝑡 + 𝒃o).

Here, 𝒙𝒕, 𝑾 n, 𝑹n and 𝒃n represent the input parameter, the input weight matrix, recurrent weight matrix and bias, respectively,
with n = {f , i, C̃, 𝑜}. The cell state 𝑪 𝑡 and its regulators are decoupled. Therefore, the gradient that flows through the cell state
(𝑪 𝑡−1 → 𝑪 𝑡) can hardly vanish. The cell output is represented by a hidden state 𝒉𝑡, the realization of which depends on the
element-wise multiplication:

𝒉𝑡 = 𝒐𝑡 ⊙ tanh
(

𝑪 𝑡
)

. (11)

For n = {f , i, o} a ‘hard sigmoid’ activation function is applied:

𝒇 a,n (𝒙) = max
(

0.0,min
(

1.0, 0.2𝒙 + 0.5
2

))

, (12)

here the candidate value and cell state (n = C̃, C) are passed through a hyperbolic tangent function:

𝒇 a,n (𝒙) = tanh(𝒙) = 𝑒2𝒙 − 1
𝑒2𝒙 + 1

. (13)

The number of units 𝑁 in the LSTM cell is 128, kept relatively low for increased computational efficiency in both the training and
prediction.

3.3.2. Gaussian noise function
A 1-centered multiplicative Gaussian noise function is applied after the LSTM layer to introduce uncertainty in the weights, for

improved generalization by reduced inter-dependency. The corresponding standard deviation 𝜎𝑠 is

𝜎𝑠 =
√

𝑟
1.0 − 𝑟

, (14)

with 𝑟 the drop probability, for which a value of 0.1 is taken.

3.3.3. Dense layer
The single layer LSTM network is input to a fully connected time distributed (dense) output layer. The hidden state is extracted

for every time step and forwarded through the fully connected layer, providing the fracture prediction over time:

𝝋𝑡 = 𝑾 d𝒉𝑡 + 𝒃d. (15)

The hidden state (ℎ) dimension is R𝑁×1, being compatible to the dense layer input dimension. The network output dimension is
R𝑂×1, yielding a weight matrix dimension of R𝑂×𝑁 and a bias dimension of R𝑂×1. For this layer a linear activation function (purelin())
is applied. The output of the network is the fracture indicator 𝝋(𝑡) for all 𝑂 finite elements.

A summary of the network architecture is given in Fig. 5, corresponding to Table 2.

3.3.4. Training
Similarly as for general feed-forward neural networks, the variable LSTM network parameters are optimized using a backward

propagation procedure, derived from assessing the influence of a parameter value on its successor. The used mean squared error is
given by:

𝑬 = 1
𝐵
∑

(𝒀 𝑡 − �̃� 𝑡)2, (16)
6

𝐵 𝑖=1
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Fig. 5. Schematic overview of the selected network architecture, based on an LSTM cell and subsequent Dense layer.

Fig. 6. Comparison of GPU- and CPU-based training times for an LSTM-based network with 𝑁 = 128.

Table 2
Given dimensions based on the number of time steps, units and
output parameters, based on an LSTM cell and subsequent Dense
layer with n = {f, i, C̃, o}.

Layer Matrix dim.

Input 𝒘 (1, 1)

LSTM
𝑾 n (128, 1)

𝑹n (128, 1)

𝒃n (128, 1)

Dense 𝑾 (34, 809, 128)

𝒃 (34, 809, 1)

Output 𝝋 (34, 809, 1)

with 𝐵, 𝒀 𝑡 and �̃� 𝑡 the batch size, the target values and the predicted values, respectively. Parameter optimization is performed
over 3000 epochs, with a batch size equal to the number of samples. The Adam-optimizer is combined with a learning rate of
𝛼 = 0.001 [33].

A single Nvidia Quadro P5000 GPU has been used for training and application, utilizing the Tensorflow framework [34]. In
Fig. 6 the training times corresponding to the number of training data sets is shown. For comparison, the training times using two
Intel Xeon Gold 6134 CPUs have been added. The usage of a GPU has led to a significant increase in training efficiency. In contrast
to the CPU-based training, GPU-based optimization shows only minor increase in training time for larger data sets. The measured
average computation time for corresponding finite element simulations, performed in parallel on 24−32 processors, is about 1100 s.

his therefore requires significantly more computational effort than all given neural network training procedures, both CPU and
PU.

. Predictability evaluation

.1. Assessment of the model accuracy

For all iterative procedures a continuously decreasing loss – defined by the average error per batch divided by the number of
atches – was obtained, indicating a stable training towards a (local) minimum, see Fig. 7. Optimization for each sample set has
hown convergence after around epoch 1500. Due to the low number of samples chosen, no validation set has been applied.
7
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m

Fig. 7. Development of the mean squared error during training over the number of epochs, convergence is reached after 1500 epochs.

The considered tapered tensile specimen is characterized by two width-dependent main deformation and fracture bifurcation
odes: for 𝑤 < 13.70mm, deformation localization is observed at the narrow region of the gauge section. For 𝑤 ≥ 13.70mm,

deformation localization is found at the wider region of the gauge section. These observations are in accordance with these from Eller
et al. [29]. In Figs. 8(a) and 8(b), the fracture prediction for both bifurcation modes is visualized for 𝑤 = 13.0mm and 𝑤 = 16.0mm,
both of which are outside the trained domain for all networks. In addition to the trained neural networks, the corresponding FEM
result is given. In Figs. 8(c) and 8(d) the fracture indicator is plotted over time for the element reaching 𝜑 = 1.0 first in the FEM
simulation. Large deviations are found for the network trained with two samples: the LHC sampling does not include the fracture
location shift from the narrow to the wide side of the specimen, causing it to predict fracture at the wide side for 𝑤 = 13.0mm. At
16.0mm the fracture magnitude is accurate (Fig. 8(b)), but it is predicted at a different element as selected with the FEM simulation,
giving a lower predicted fracture value for this critical element, explaining the major deviation at 𝑡 = 𝑡end in Fig. 8(d).

In Fig. 8(d), the maximum fracture indicator prediction over time at the training set with three samples also shows a marginal
difference. As a direct result of the number of elements considered, the higher fracture values are in a strong minority leaving more
room here for differentiation during optimization. Reducing the total number of elements will increase the ratio of critical elements
compared to the total amount of elements, although it affects the simulation accuracy negatively. An increase in this ratio makes
the critical elements more significant in parameter optimization. A direct trade-off exists between simulation and neural network
accuracy in terms of the element count. Due to the large element count the dense layer has a major effect on the computational
efficiency. In comparison, the effect of the lower number of units in the LSTM cell is minor. Therefore, one way to improve the
accuracy of the prediction would be to increase the number of units 𝑁 in the LSTM cell, leading to an increase in free parameters
for optimization.

The average error is defined by:
∑

D
∑𝑡=𝑡end

𝑡=0 abs
(

𝒀 𝑡−�̃� 𝑡
𝒀 𝑡

)

𝑇 ⋅𝑁 ⋅𝐷
⋅ 100. (17)

For a training with 10 designs an average error of 5.86% was found over all trained samples and time steps with a corresponding
average absolute error of 𝛥𝜑 = 0.0016, primarily caused by various elements not catching up with a strongly increasing fracture
magnitude at the through-thickness outer edges of the specimen (Figs. 8(a) and 8(b)), in addition to lower bound noise during
initialization. average error on the trained domain decreases with a decreasing sample number, because the same number of free
parameters are used for representing a lower number of training samples, leading to an average relative error of 4.68% and 4.79%
and an absolute error of 𝛥𝜑 = 0.0012 and 𝛥𝜑 = 0.0013 for respectively the 5- and 3-sample set. For 2 samples the average error on
the trained domain decreases to 3.87%, or 𝛥𝜑 = 0.0011.

An additional inter/extrapolation error comparison is introduced where the prediction training set is compared with the
remainder of training sets, see Table 1. The framework trained for 10 samples indicates respectable overall generalization of
the surrogate model with an interpolation average error of 10.06% corresponding to an absolute average value of 𝛥𝜑 = 0.0027.
The networks with a lower number of trained samples show less compatibility for generalization. While providing an accurate
prediction for the trained samples, the comparison error for the remaining samples grows. For the network trained with 5 samples
an inter/extrapolation average error of 11.53% is obtained with an absolute average error of 𝛥𝜑 = 0.0030. For 3 samples this is
respectively 23.87% and 𝛥𝜑 = 0.0063. A strong deviation is found for 2 Latin Hypercube samples, because of its inability to capture
both bifurcation modes, see Fig. 8(a): obtained are an inter/extrapolation average error of 33.48% and related average absolute
8

error of 𝛥𝜑 = 0.0089.
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Fig. 8. Fracture indicator visualization on the deformed coordinates at 𝑡 = 𝑡end, in addition to the fracture development for a single critical element over time.

4.1.1. Assessment of the bifurcation predictability
The fracture behavior of the tapered tensile specimen is characterized by the distinct bifurcation regions at either the narrow or

wide side of the gauge section, depending on the width 𝑤. Of key importance here is the representation of the bifurcation location:
the critical shift from the narrow to the wide side or vise versa.

In order to obtain more insight in the validity of the performed prediction in the bifurcation region, for 𝑤 = {13.0mm, 13.5mm,
14.0mm} the fracture response of the surrogate model is visualized at 𝑡 = 𝑡f racture in Fig. 9. Compared to Fig. 3, the obtained surrogate
model predictions show good correlation to both the finite element model and experiments in terms of fracture indicator magnitude
and bifurcation location.
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Fig. 9. Fracture response prediction of the surrogate model at widths 𝑤 = {13.0mm, 13.5mm, 14.0mm}, indicating the shift bifurcation location.

Fig. 10. Longitudinal position of the hexagonal element with the highest fracture indicator at 𝑡 = 𝑡end, taken for 100 samples per network.

Accordingly, the fracture location over the complete considered domain is represented using the observed bifurcation locations
for 100 linearly spread width samples for each trained network, see Fig. 10. The fracture initiating locations of two FEM simulations
are added. The locations of elements with the highest fracture indicator at 𝑡 = 𝑡end are plotted for 𝑤 = 13.70mm (left dot) and 13.65mm
(right dot). Between these critical value for 𝑤 the bifurcation is observed, corresponding to the observations in the experiments.

Analogous to the observations of the inter/extrapolation prediction accuracy, the network with more trained samples shows the
closest relation to the performed FEM simulations. However, the network trained with 3 samples is already able to fully capture the
two distinct wide/narrow-side bifurcation modes: a single fracture longitudinal coordinate on the narrow side, where the wide side
shows a linear trend for an increasing width. Again, the more samples for 𝑤 ≤ 13.70mm, the more accurate the linear trend can be
depicted.
10
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Fig. 11. Summation of all individual hidden units for the critical fracture element at 𝑤 = 13.15mm and 𝑤 = 15.85mm, sorted by significance and leading to the
fracture prediction curve.

Accurate prediction of the two bifurcation modes depends strongly on the sample selection, and is found to be superior to
the number of samples. Without a priori knowledge of the considered fracture system it majorly depends on the chosen sampling
approach, which indicates a considerable weakness of non-intrusive surrogate models and could lead to unnecessary computational
expenses (Fig. 6).

4.1.2. Internal state development for bifurcating elements
In addition to the chosen sampling method, the network size strongly affects the prediction opportunities and limitations within

the sampling domain. With a matrix dimension of R𝐼×𝑁 per gate the considered network is relatively shallow, but still able to capture
the overall trend in fracture evolution. Selected are the critical elements determined using a FEM simulation at 𝑤 = 13.15mm and
𝑤 = 15.85mm, yielding a single element of interest at both sides of the location shift, with width values corresponding to the LHC
samples of the 10-sample trained network. Due to a linear dense layer activation, the predicted output directly translates to the
hidden state.

Selection of two elements reduces the weight matrix to R𝑁×1 per element. In Fig. 11 the summed contribution of each unit in
the hidden state to the fracture indicator 𝝋 is represented in gray for the selected elements, sorted by significance, with the total
summation given by a solid black curve. The element specific 𝝋 is largely determined by a strong minority of the available units,
indicating sparsity of the dense layer.

At 𝑤 = 13.15mm the first three major state curves describe 23.4% of the total fracture value at 𝑡 = 𝑡end, but at 𝑤 = 15.85mm the
three most significant curves describe 41.2%. It can be observed that the first principal unit at 𝑤 = 15.85mm mainly is responsible
for the positive domain at initial time steps.

Forward propagation through time starts by the introduction of the normalized width, together with a zero initial hidden state,
visualized in Figs. 12 and 13. The two units with the highest contribution to the critical elements are emphasized by black bold
lines. At a zero cell state, the forget gate exerts no influence, holding that a differentiation from the zero state is introduced by
the input gate and candidate value. In these gates, the decision is made which unit values to update, based on the initial width
and hidden state. At 𝑤 = 13.0mm, both the initial hidden state and normalized width input are equal to zero, holding that the
non-multiplicative bias is the only parameter with the ability to create a nonzero state. For the input gate 𝒊𝑡, a value of 1.0 yields
a largely affected unit value, where 0.0 transfers a limited information flow.

The input gate and candidate value combination (Figs. 12(e), 13(e)) keeps the non-critical units at a state close to zero, ensuring
a ‘close to zero’ input to the cell state 𝑪 𝑡 over time on which the output gate can also exert no influence: a (close to) zero-state
output is achieved, limiting the continuous increase of 𝝋 when the selected element is not critical. In the hidden state evolution, the
bifurcation between the two elements is represented by values approaching zero-state for the non-critical and upper bound values
for the critical element, Fig. 12(i). Beware that a negative value can be compensated by an equal sign weight in the dense layer. At
the onset of bifurcation, the fracture development is greatly influenced by its history, Figs. 12(a) and 13(a), by raising its value to
unity.

The continuous polarization of the cell state values at the onset of bifurcation indicate a strong history dependency. When the
value of fracture increases the forget gate indicates to store most cell state information, as the highest density of the forget gate
values is found between 0.5 and 1.0. The bifurcation of both elements is initiated at the combination of the input gate and candidate
value: a chosen sample history-dependent decision boundary is defined. After initiation, the chosen decision is amplified through
time by the remainder of gates.

Decision boundary. A closer look is taken at the decision boundary created at the four gates. Again, the 10 samples training data set
is selected, but reduced to only the two aforementioned critical elements: a single element at both sides of the bifurcation location
shift. In addition, the number of units in the LSTM cell is reduced from 𝑁 = 128 to 𝑁 = 2. In order to obtain more insight in
11
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Fig. 12. LSTM cell gate output and state evolution over time for critical fracture elements at 𝑤 = 13.15mm and 𝑤 = 15.85mm, shown for 𝑤 = 13.15mm with the
10 sample trained network.

Fig. 14 the resulting curves are plotted for all gates. As shown with Fig. 10, a fracture location shift is present between 𝑤 = 13.65mm
and 𝑤 = 13.70mm. In this region, the two selected critical elements show a bifurcation alteration: the critical element becomes less
severe and vice versa. This alteration is initiated at the gates, visible by the alteration in unit with the largest magnitude. For the
input gate no shift in critical unit is present, which is also not required due to the multiplicative nature of both the candidate value
and the input gate in combination with the sign change of the candidate value.

Although heavily simplified with two elements, distinct decision boundaries are created in the LSTM cell for this model as well
as for the complete tensile specimen. The presence of such decision boundary indicates great capabilities of LSTM-based neural
networks in the prediction of history dependent bifurcating quantities in arbitrary structures of varying complexity.

5. Conclusions

In the present work, the validated but computationally expensive finite element model of a tapered tensile specimen with a
hardness transition in the gauge section is investigated. The specimen model is subjected to a quasi-static tensile load up to the
point of fracture and subsequently substituted by a recurrent neural network.

With Latin Hypercube sampling of one geometrical parameter and imposing a constant mesh topology, different training sample
sets have been created. The development of fracture, specified per finite element, was expressed as a complex function of this
geometrical parameter. The LSTM network consists of 128 hidden units and a subsequent dense layer in order to translate given
geometrical input parameter to element variables.

The trained models are evaluated on relative and absolute average prediction accuracy of fracture. A strongly varying accuracy
over all trained models was found, where the set trained with the largest number of samples has shown the highest generalization.
12

Encouragingly, also the networks trained on a reduced number of samples (5, 3) showed acceptable accuracy. Overall, a reasonable
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Fig. 13. LSTM cell gate output and state evolution over time for critical fracture elements at 𝑤 = 13.15mm and 𝑤 = 15.85mm, shown for 𝑤 = 15.85mm with the
10 sample trained network.

Fig. 14. Gate output values at 𝑡 = 𝑡end as function of the width 𝑤.
13
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accuracy was achieved on the visual aspect of prediction. Subsequently, the network was evaluated for predicting fracture outside
the trained domain, where a comparison of accuracy in fracture location was performed. A priori knowledge of the considered
fracture system has been shown of great importance and superior to the randomized sampling approach.

Evaluation of the internal state development of the LSTM cell for critical elements has shown the capabilities of such system to
redict the evolution of fracture in a model by distinguishing a bifurcation with a decision boundary.
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