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A B S T R A C T

Snap-freezing of a tissue is usually realized by enclosing it in a polypropylene cryo-vial and subsequently im-
mersing the vial in liquid nitrogen. The cooling rate of the vial is very critical to the frozen-tissue quality.
However, quantitative information on the heat transfer process at the vial-liquid interface is still a mystery
limiting the cool-down prediction of the vial and the tissue. In this paper, an analytical model is developed to
predict the temperature variation inside the polypropylene vial-wall and the tissue. This model also include
temperature-dependent thermal properties of the polypropylene material. The cooling time of an empty poly-
propylene tube of wall thickness 1.5 mm, replicating a typical commercial polypropylene vial is predicted with a
maximum error of less than 10%. We also verified the model using temperature-time measurements performed
with several other polypropylene tubes of different wall thickness. An interesting finding from this work is that
the difference in the cool-down time of a tissue in a tube and an empty tube is proportional to the product of the
tissue heat capacity and the tube-wall thermal resistance. This enables researchers to estimate the cooling tra-
jectory of the tissue during the cooling process allowing the development of improved snap-freezing protocols.

1. Introduction

Thermal quenching is a process where a hot object is rapidly cooled
by immersing it in coolant and is of great interest to many applications
including cryo-preservation [1]. In cryo-preservation, biological mate-
rials such as cells and tissues are physically fixed by snap-freezing. In
the snap-freezing process, the material is enclosed in a container called
a cryo-vial, which is then rapidly immersed in a liquid nitrogen bath.
Commonly used vials are in the shape of tubes made of polypropylene
material. Baucamp et al. [2] showed that the quality of the frozen-tissue
depends strongly on its cooling rate. Since the vial wall acts as a
thermal interface between the liquid and the bio-material, quantitative
prediction of the temperature in the vial-wall is critical to the tissue
temperature prediction. The temperature variation inside the vial-wall
can only be determined for the known values of the heat transfer rate at
the wall-liquid interface, which is not known. This limits the cool-down
prediction of the cryo-vial wall and therefore of the tissue attached to it.
The heat transfer rate at the vial-liquid interface is due to the boiling
phenomenon and therefore depends upon several parameters that also
include the vial shape and dimensions. These parameters for the vial are
not standardized largely due to the different tissue sample size and vial
manufacturers. In this paper, we present a heat transfer model that
predicts the temperature variation of the vial-wall and to do so it re-
quires only wall-thickness as an input parameter. This exempts us to

consider shape and other dimensional parameters such as height and
diameter for estimating the heat transfer rate at the vial-wall.

A brief introduction to the boiling phenomenon in saturated liquid
nitrogen is presented here to help in understanding the heat transfer
aspects of the snap-freezing process. Three different modes, namely
film, transition and nucleate boiling [3] occur depending on the wall
super-heat temperature (ΔTwall = Twall − Tliquid). At a high wall super-
heat, the vapor generated forms a layer between the wall and the liquid
limiting the heat transfer to the liquid. The thickness of the vapor layer
reduces with the reduction in the wall superheat and collapses when the
wall temperature drops below the minimum film boiling temperature.
After this, a transition to the nucleate boiling regime occurs where
because of increased liquid-solid contacts higher heat flux is obtained.
These three regimes are only peculiar to the materials with high
thermal effusivity, while material with low thermal effusivity shows
overall different cooling behavior [4]. The thermal effusivity
( = c ) of a material is a measure of the material's ability to ex-
change thermal energy with its surroundings. Several researchers
[4–12] have reported obtaining higher heat flux by coating the metals
using materials with low thermal effusivity. The higher heat flux is
obtained by an early transition to the nucleate boiling regime suspected
due to a large temperature drop at the coating surface in contact with
the liquid. The maximum cooling rate can be obtained using an op-
timum coating thickness value. For coating thickness higher than the
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optimum value, cooling time increases due to the increased thermal
resistance offered by the coating material. This suggests that cooling
speed during quenching of the materials with low thermal effusivity is
largely limited by the material itself and not the liquid.

We will now discuss previous attempts made to estimate the tem-
perature variation of the materials with a thermal effusivity value of at
least one order lower compared to the metals (ε ~ 104 Ws1/
2m−2K−1). Concrete has a thermal effusivity value of approximately
1890 Ws1/2m−2K−1 and is a material of interest to many researchers
for estimating the evaporation rate in case of liquid nitrogen spillage on
the concrete floor. To do this, the heat transfer rate at the liquid-solid
surface is required, which can be determined for the known tempera-
ture variation inside the concrete material during its cool-down. To
predict the temperature variation inside the concrete block cooled using
liquid nitrogen, Olewski et al. [13,14] assumed that the surface of a
concrete block is equal to the liquid nitrogen temperature. This as-
sumption in the literature is named as Perfect Thermal Contact As-
sumption (PTCA). The calculated temperature variation inside the
block did not match well with the measurements. Similarly, Cha et al.
[15] and Huang et al. [16] found a significant temperature difference
between the concrete block surface and the liquid nitrogen bath espe-
cially at the initial phase of the cooling process. In their studies, the
initial cooling phase is in the range of 5–7 min. In conclusion, the
studies reported in the literature have shown that the PTCA assumption
is incorrect in estimating the cool-down of the concrete material.

The thermal effusivity of polypropylene (εpp = 564 Ws1/
2m−2K−1) is much lower than that of concrete (εconcrete = 1890Ws1/
2m−2K−1), which suggests a higher temperature drop at the liquid-solid
interface of the polypropylene material compared to that in concrete.
How the thermal effusivity of the material can affect the interface
temperature is illustrated by considering two semi-infinite surfaces of
different materials and initial temperatures that are brought in contact.
One of the surfaces is assumed to have the same initial temperature and
thermal properties as saturated liquid nitrogen and the other surface is
a fictitious material with an initial temperature of 290 K and different
values of thermal effusivity ranging from 40 to 105 Ws1/2m−2K−1. The
temperature at the interface is calculated using Eq. (1) [17] and is
shown in Fig. 1. The interface temperature approaches that of liquid
nitrogen for lower values of material thermal effusivity. The results
plotted in Fig. 1 shows that the polypropylene material will experience
a significantly higher temperature drop at the liquid-solid interface

compared to the concrete material.
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+
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solid
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solid
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The studies [18–20] reported so far to estimate the cool-down of the
polypropylene materials are empirical and do not assume temperature-
dependent heat capacity for the polypropylene material [21]. In the
present work, the Perfect Thermal Contact Assumption (PTCA) is re-
assessed for the polypropylene material. The advantage of doing this is
that it would exempt us from using the correlations that requires the
vial shape and dimensions for estimating the heat transfer rate at the
vial-liquid interface. To validate this assumption, firstly, a numerical
model which also considers temperature-dependent thermal properties
for the polypropylene material is developed using a commercial finite
element solver. After validating the PTCA using the numerical model,
an approximate analytical model considering the one-dimensional heat
transfer in the material is also developed to predict the temperature
variation inside the material domain and of a sample tissue placed at its
inner wall. The analytical model also considers temperature depen-
dence of the thermal properties and is validated using the measure-
ments performed with empty polypropylene tubes of different wall
thicknesses.

2. Experimental setup

Four polypropylene tubes of wall thickness 1.5, 2.0, 2.5, and
3.0 mm were used in the experiments. The tubes are made by ma-
chining inside a polypropylene rod of an external diameter of 20 mm.
The tubes are subsequently sealed on both ends with end caps that have
the same thickness as the respective tube walls. Three type-E thermo-
couples are placed along the inner wall of each container. Each ther-
mocouple is attached to the wall using a tiny piece of aluminum tape.
To demonstrate the repeatability, three independent experimental runs
were performed for each measurement. Fig. 2 shows a schematic of the
containers and Table 1 shows the thermal properties of the poly-
propylene material. Thermal conductivity, λ of the polypropylene is
fairly constant in the temperature range of 77 K to 300 K [22] whereas
its heat capacity decreases with temperature [21,22]. The thermal
diffusivity values for the temperature range of 77 K to 300 K are shown
in Fig. 3.

Experiments are performed by holding the container from top in a
vertical position and subsequently immersing into the liquid nitrogen
pool. To reduce the parasitic heat load, the containers are held using a
holder made up of a low conductive thin plastic tube. Measurements are
recorded at a speed of 100 samples per second, which is fast enough to
capture the cooling transient characteristics of the containers.

3. Heat transfer model and experimental validation

In this section, a heat transfer model to predict the cool-down of the
polypropylene tube is developed and the results are compared with
experimental data. First, the Perfect Thermal Contact Assumption for
polypropylene tube wall is validated by comparing the experimental
data with a numerical model. Next, an approximate analytical thermal
model is developed considering a linear dependence of thermal diffu-
sivity with temperature. The results from the analytical model are also
validated using experimental data. Lastly, using the approximate
model, cool down predictions of a lumped heat capacity attached to the
tube wall mimicking a tissue is discussed.

A one-dimensional heat transfer model for the tube wall is valid
because of a large aspect ratio ( 20H ). The thermal diffusion time in
the lateral direction (tδ ∝ δ2) is much smaller compared to the long-
itudinal direction (tH ∝ H2). Also, the heat transfer boundary conditions
for most of the surface area at the inner and outer wall of the tube does
not change along the y-direction, which suggests negligible

Fig. 1. Temperature at the interface between two semi-infinite mediums. Here,
one of the medium has properties of liquid nitrogen and an initial temperature
equal to 77.36 K and the properties of the second medium are varied. The
second medium's initial temperature is 290 K.
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temperature gradients in the longitudinal direction of the tube wall.
Instead of a tube geometry, the problem can be described by a slab

in this particular case as the ratio of the wall thickness to the diameter
(δ/D<0.15) is small. To substantiate this argument, the thermal re-
sistance of a tube ( = ( )R ln H/(2 )D

Dtube 2 ) and a slab ( =R A/( )slab ;

=A D H( /2) ) as a function of wall thickness is shown in Fig. 4. In
the region of the wall thickness of interest shown as a shaded region in
Fig. 4, the difference in the thermal resistance values is practically
negligible.

The governing equation for the heat transfer along the wall is,

=T
x T

T
t

x t1
( )

, in 0 , 0
2

2 (2)

in this, T is the temperature, t is the time and α is the thermal diffu-
sivity. The initial and boundary conditions are

= = = = =
=

T x t T T x t T( , 0) ; ( 0, ) ; 0i
T
x x

. An exact solution for
predicting the cool-down of the polypropylene material inside the li-
quid nitrogen pool is not possible due to the temperature-dependent
thermal diffusivity of the polypropylene material, which is a fifth-order
polynomial function of the temperature (see Fig. 3). In order to validate
the Perfect Thermal Contact Assumption (PTCA), a numerical model is
developed which is discussed in the next section.

3.1. Verification of PTCA

A one-dimensional model of the polypropylene tube with the
boundary conditions defined above is developed in COMSOL. The re-
sults of this model are verified by comparing with an analytical solution
for a constant thermal diffusivity value given by Eq. (3). The analytical
solution is derived in the book written by Ozisik [23] and is shown here
for completeness,

= =
=

T x t T x t T
T T n

sin n x e( , ) ( , ) 2 1 ( 1)
i n

n n t

1

2 2
2

(3)

Fig. 5a shows the numerical and analytical solution of temperature

Fig. 2. Schematic of a polypropylene tube used in the measurements (δ = 1.5, 2.0, 2.5 and 3.0 mm). The description of the model for the tube wall along with the
boundary conditions is shown to the left.

Table 1
Thermal properties of polypropylene material.

Thermal conductivity [22], λ
(Wm−1K−1)

0.17

Density, ρ (kgm−3) 905
Heat capacity [21], c(T)

(Jkg−1K−1)
0.0002297T3 − 0.1153T2 + 23.05T − 671.9

Fig. 3. Thermal diffusivity, = c , of the polypropylene calculated using
thermal conductivity(λ) [22], density (ρ) and specific heat capacity (c) [21,22].
The best interpolation for thermal diffusivity values is obtained using a fifth
order polynomial fit in Matlab curve fitting application, however there is no
specific reason for choosing a polynomial fit. Linear interpolation is done for
the temperature range of 300 K to 130 K, which is then extrapolated till 77 K.

Fig. 4. Thermal resistance of the polypropylene tube and a slab of different wall
thicknesses. The diameter and the height of the tube used for the calculations
are 20 mm and 60 mm. The highlighted area shows the range of the wall
thickness used in the experiments.
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at the inner wall T(δ, t) for four different wall thickness values. A
thermal diffusivity value of 1.62 ×10−7m2s−1 is used for the calcula-
tions, which is a temperature averaged value between 300 K and 77 K.
The maximum difference in results is less than 1.2% showing that the
COMSOL model can be used for further validation.

To validate the PTCA assumption for this case, the calculated tem-
perature values from the COMSOL numerical model are compared with
the measured data at the inner wall of the polypropylene tube, which is
shown in Fig. 5b.

In the COMSOL model temperature-dependent thermal diffusivity
values are used. The agreement is good particularly in the temperature
range of 295 K to 125 K. Below 125 K, the difference is large to a

maximum of 8%, which could be because for lower temperature values
of the inner wall, the percentage error in the heat flux calculation will
be higher as the heat flux is largely proportional to the temperature
difference between the inner and outer wall.

3.2. Approximate analytical model

In this section, an analytic expression to predict the temperature
variation in the tube-wall and of the tissue attached to it is derived. An
analytical solution is feasible when the thermal diffusivity is linearly
dependent on temperature, which is the case in the temperature range
between 125 K and 300 K (see Fig. 3). Below 125 K till 77 K, the heat
capacity of polypropylene and the heat flux values are low, thus having
less impact on the cooling speed.

Eq. (2) is solved using an approximate approach. A cubic poly-
nomial of temperature in the spatial dimension, x, is assumed inside the
tube-wall. The cubic approximation is due to the limited number of
initial and boundary conditions as discussed below,

= + + +T x t a bx cx dx( , ) 2 3 (4)

The calculations of the coefficients (a, b, c, and d) in Eq. (4) are
discussed in two distinct sections, namely early and late regime. The
early regime is the time taken for the cooling front to reach the inner
wall of the tube, therefore during the early regime there is no tem-
perature change at the inner wall i.e. T(δ, t ≤ tδ) = Ti, in this, tδ is the
time for the early regime. The time associated with the cooling after the
early regime is defined as the late regime (t > tδ).

3.2.1. Early regime
To simplify the analysis, the thermal properties of the poly-

propylene is assumed constant during the early regime. This assump-
tion is justified as the time duration of the early regime is usually very
low compared to the total cool down time of the wall. For a cubic
temperature profile inside the wall, the time duration for the early re-
gime can be approximated as [23], t 8

2
. In this, is the temperature

averaged thermal diffusivity calculated over the temperature range of
295 K to 77 K. The boundary conditions for the early regime are given
by,

= =T x t T( 0, ) (5)

= ==
=

T
t

T
x

0x
x

0
2

2
0 (6)

The temperature of the lumped mass at the end of the early regime
is equal to the initial temperature i.e. T(δ, tδ) = Ti. Using these
boundary conditions, the temperature of the lumped mass at the end of
the early regime (t = tδ) is given by,

= = + +T t T T b t d t( , ) ( ) ( )i
3 (7)

in this, b and d are time-dependent variables, expressions for which are
derived in the next section.

3.2.2. Late regime
During the late regime (t > tδ), the initial and boundary conditions

are given by,

=T t T( , ) i (8)

=
= =

A T
x

C T
tx

t
x (9)

= =T x t T( 0, ) (10)

this implies,

= =
= =

T
t

T
x

0
x x0

2

2
0 (11)

Fig. 5. Validating Perfect Thermal Contact Assumption (PTCA) for poly-
propylene material. The absolute difference between the values compared to
the measurements is shown in the inset. Labels [A], [B], [C] and [D] refer to
wall thickness value of 1.5 mm, 2.0 mm, 2.5 mm and 3.0 mm, respectively. (a)
Comparison of numerical and analytical model with a constant thermal diffu-
sivity value. (b) Comparison of numerical results with temperature-dependent
thermal diffusivity and measurement data.
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Using these initial and boundary conditions, the cool-down time for
the tissue attached to the inner-wall of the tube is given by (for com-
plete derivation see Appendix),

=

+ + + =

+ +

+ +

( )
t t

I

C

C

ln d
d

Z C Z C Z C Z C

I C I C I C I C Z I C Z
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1

4

{ : 0}

[( ) ( ) ( ) ] ln

[ (2 ) (3 ) ]

4

i

d Z
di Z

9 3 8 2 7 4

1 7 2 4 1 8 3 4 1 9 2

7 8 9 2

(12)

in this, di = d(tδ), is calculated by solving the second order polynomial
obtained using Eq. (7) and the value of b from Eq. (17),

+ + + =C C d C C T T d T T[ ] [ ( )] [ ] 0i i i i2 3
3 2 3

1 3 (13)
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To compare the approximate solution with the measurements per-
formed using empty polypropylene tubes, the solution for no lumped
mass at the inner end of the tube wall i.e. Ct = 0 is obtained from the
above solution, for complete derivation see Appendix. The solution of
the temperature profile in the wall of an empty polypropylene tube wall
is,

=

=

+

T x t T x t T
T T

T x e

T B T T e

( , ) ( , )

( )

( ) ( ) 1

i

x T t

i
T t

3
2 3

( )

4
5

( )

T

T

3 12
5

1
8 ( )

12
5

1
8 ( )

(14)

in this, =x x and =t t
2 . It is interesting to see that the cool-down

time at location x∗ is proportional to the square of the wall thickness, as
also observed in the solution obtained for constant thermal properties
(see Eq. (3)). The predicted temperature values at the inner wall
(x∗ = 1) using Eq. (14) are now compared with the measurements in
Fig. 6. The percentage difference between these values compare to the
measurements is also shown there. It can be seen that the approximate
model is able to predict the cool-down time with a maximum error of
less than 10%. The difference between the values reduces significantly
for higher wall thickness and is approximately 4% for the wall thickness
value of 3 mm.

In Fig. 7, the calculated dimensionless temperature T∗ from Eq. (14)
is compared with the measurement data. According to the approximate
model, in the early regime, the inner wall temperature will not be in-
fluenced, therefore from the start till t∗ ≲ 0.7 s mm−2 the calculated
T∗ values are constant and equal to one. The calculated cooling curves
for all the tubes collapse together for the approximate solution, as is
also expected from Eqs. (3) and (14). Slight differences in the mea-
surement curves of different tubes can be seen. The deviation from the
model is large for the smaller wall thickness. To explain this let us
consider the Biot number ( =i h ). As the Biot number is proportional
to the wall thickness, a reduction in the Biot number leads to simulta-
neous cooling of the inner and the outer wall of the tube and therefore

increases the error introduced due to the Perfect Thermal Contact As-
sumption (PTCA) at the outer wall.

Having shown that PTCA and the validity of the approximate model
in determining the transient temperature during the cool-down of a
polypropylene tube in liquid nitrogen, the effect of a tissue attached to
the inner wall of the tube is now studied. The tissue is assumed to be a
lumped mass meaning no temperature gradients in the material. This is
a fair assumption as more than 60% of the tissue is made up of water
whose thermal conductivity is one order higher than the polypropylene.
The temperature variation of the tissue as a function of time for several
heat capacity values of the tissue is calculated Eq. (12) and is shown in
Fig. 8a. The calculations are performed for wall thickness δ of 1.5 mm
and initial temperature Ti of 295 K. In an interesting finding, the dif-
ference in the cool-down time of the tissue and inner wall of an empty
tube, Δt = t − t(Ct=0) is proportional to the product of the thermal
resistance in the vial wall ( =R Awall ) and the tissue heat capacity (Ct).
Fig. 8b shows the dimensionless time t

R Ctwall
as a function of the cold

temperature.

Fig. 6. Comparison of the temperature variation at the inner wall of the tube.
The absolute difference between the values compared to measurements is
shown in the inset. Curves [A], [B], [C] and [D] refer to wall thickness values of
1.5 mm, 2.0 mm, 2.5 mm and 3.0 mm, respectively.

Fig. 7. Comparison of the dimensionless temperature of the tube wall calcu-
lated using the approximate solution and measured data.
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To understand this behavior, a simplified model is adopted as de-
scribed here. The approximate solution is not used for the explanation
as we cannot obtain an explicit expression of the cool-down time in

terms of the tissue temperature. In this simplified model, the vial wall is
assumed as a combination of a lumped mass and a thermal resistance.
The equivalent thermal network diagram for the tissue and the vial is
shown in Fig. 9. The cool-down time for the tissue to reach any final
temperature value Tf is given by, = +( )t ln R C C( )T T

T T twall wall
f

i
. The

difference in the cool-down time values is
= == ( )t t t ln R CC

T T
T T t( 0) wallt

f

i
. For the same initial (Ti) and final

(Tf) temperature values we obtain t
R Ctwall

to be a constant value.
This finding in particular will have a huge impact on drafting pre-

cise clinical protocols for tissue snap-freezing. A step-by-step procedure
is elaborated here. Once a polypropylene tube is chosen, using Eq. (14)
the temperature of the inner wall of the tube as a function of time can
be calculated. The only geometrical input parameter to this equation is
the wall thickness of the tube. Knowing the tissue volume, its heat
capacity can be calculated. Depending on the application, the end
temperature might be of interest, using this value and the plot shown in
Fig. 8b the dimensionless time difference is obtained. From this time
difference and the time calculated for an empty tube the time taken for
a tissue to cool can be determined. This simple and elegant approach
will lead to defining quantitative and reliable cooling protocols in tissue
and other bio-material freezing.

4. Conclusion

We studied systematically thermal characteristics of the poly-
propylene tubes quenched in liquid nitrogen. We showed that the
Perfect Thermal Contact Assumption (PTCA) is valid for the poly-
propylene material by comparing the numerical solution and experi-
mental data. We also developed a one-dimensional heat transfer model
predicting the temperature variation inside the vial wall and of the
tissue attached to it. This model also includes temperature-dependent
thermal properties of the polypropylene and can be used for the vials of
any shape and size provided a one-dimensional assumption for the vial-
wall is valid. This requires the characteristic length representing the
lateral dimension to be large compared to the vial-wall thickness. A
fairly good prediction of the temperature variation at the inner wall of
an empty tube is obtained with a maximum error of less than 10%
compared to measurements. The cool-down time of the inner wall of an
empty tube scales with the square of its wall thickness. The cooling of a
tissue attached to the inner wall of the tube is also studied. A significant
finding is that the difference in the cool-down time of a tissue in the
tube and an empty tube is proportional to the product of the tissue heat
capacity and the tube-wall thermal resistance. Therefore, using the
results from our model, one can estimate the cool-down time of the
tissue placed in a polypropylene tube immersed in liquid nitrogen. This
approach will allow the development of improved and precise tissue
freezing protocols for cryopreservation.
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Appendix A. Approximate solution for cool-down of tissue enclosed in a polypropylene tube

For late regime, using Eqs. (2), (9) is rewritten as,

Fig. 8. (a) Cooldown of a tissue for several heat capacity values (b) Ratio of the
difference in the cooldown time of the tissue and the inner wall of an empty vial
to the product of wall resistance and heat capacity of the tissue.

Fig. 9. Simplified thermal network diagram of a tissue represented as a heat
capacity attached to a tube wall.
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Now, using Eqs. (10) and (11), temperature variation inside the polypropylene material is given by,

= + +T x t T bx dx x t t( , ) in 0 ,3 (16)

Using the value of T(x, t) from Eq. (16) in Eq. (15), the relationship between the variables b and d is given by,

= +b d C C d
C d

( )
1

1 2

3 (17)

in this, C1, C2 and C3 are constants. The expression for d is now calculated using Eq. (2) where thermal diffusivity (α) of the polypropylene material is
temperature-dependent and is approximated as, α(T) = α1 + β1T (for values of α1 and β1 see Fig. 3). Integrating Eq. (2) with respect to x from
x = 0 to δ,
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and solving left side of the Eq. (18),
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in this, C4, C5 and C6 are constants. Now, after multiplying Eq. (19) by a factor of (1 − C3d)2,

+ = + +

= + + +
=

C d T T
x

dx C d C d C d C d
C d

C d C d C d C d

(1 ) ( ) (1 )
1x3

2
0 1 1

2

2 3
2 4 5

2
6

3

3

4 7
2

8
3

9
4

(20)

in this, C7, C8 and C9 are constants. Now, solving right hand side of the Eq. (18),

= + +
=

T
t

dx T b
t

d
t2 4x 0

2 4

(21)

Here, b
t
is calculated using Eq. (17) and is given by,

= +b
t

C C d C C d
C d

d
t

2
(1 )

1 2 2 3
2

3
2 (22)

Now using Eq. (22), Eq. (21) is rewritten as,

= + +
=

C d T
t

dx I I d I d d
t

(1 ) [ ]
x3

2
0 1 2 3

2
(23)

in this, I1, I2, and I3 are constants. Now, by equating and integrating Eqs. (20) and (23) with respect to time,

= + +
+ + += =

t I I d I d
C d C d C d C d

d[ ]
[ ]t t

t

d d

d 1 2 3
2

4 7
2

8
3

9
4i

the cool-down time for the tissue enclosed is given by,

= + + + =

+ +

+ +( )
t t

I

C C

ln d
d Z C Z C Z C Z C

I C I C I C I C Z I C Z

C C Z C Z1

4

{ : 0}

[( ) ( ) ( ) ] ln

[ (2 ) (3 ) ]

4

i

d Z
di Z

9 3 8 2 7 4

1 7 2 4 1 8 3 4 1 9 2

7 8 9 2

Appendix B. Approximate solution for empty polypropylene tube (Ct = 0)

For Ct = 0, the values of C1, C2, C3, C4, C5, C6, C7, C8, C9, I1, I2 and I3 are given by,

= = =C C C3 ; 0; 0;1
2

2 3

= = =C T C C3 ( ); 24
5

; 0;4
2

5 1
5

6

= = =C C C24
5

; 0; 0;7 1
5

8 9

= = =I I I5
4

; 0; 0;1
4

2 3
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Using these values, the value of b is calculated using Eq. (17) and is given by,

=b d3 2 (24)

Eq. (12) can now be re-written as,

= + =( ) ( )
t t

I

C

I

C

ln lnd
d Z C Z C

d Z
d Z1

4

{ : 0}
1

4

i i
7 4

(25)

Using this, the value of d is given by,

= +

+

d
e

e1

C d
C C d

C d
C C d

i
i

C t t
I

i
i

C t t
I

4
4 7

4 ( )
1

7
4 7

4 ( )
1 (26)

in this, the value of di is calculated using Eq. (13) and is given by,

=d T T
2

;i
i

3 (27)

Now, using the values of b and d from Eqs. (24) and (26) respectively, the temperature variation during the late regime is calculated using
equation Eq. (16) and is given by,

= =

+

( )
T x t T x t T

T T

T e

T B T T e

( , ) ( , ) ( )

( ) ( ) 1
i

x x T t

i
T t

3
2

1
3

3 ( )

4
5

( )

T

T

12
5

1
8 ( )

12
5

1
8 ( )
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