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ABSTRACT
The interplay between Brownian colloidal particles and their suspending fluid is well understood since Einstein’s seminal work of 1905: the
fluid consists of atoms whose thermal motion gives rise to the Brownian motion of the colloids, while the colloids increase the viscosity of the
suspension under shear. An alternative route to the viscosity, by exploring the thermal stress fluctuations in a quiescent fluid in the Green–
Kubo formalism, however, reveals a marked inconsistency with the viscosity under shear. We show that an additional stress term, accounting
for Brownian fluctuating stresslets and coupled to the Brownian forces by a generalized fluctuation-dissipation theorem, is required for the
description of the stress and viscosity of a colloidal suspension. Whereas previous applications of the Green–Kubo method to colloidal systems
were limited to the deterministic “thermodynamic” part of the stress, using other means to determine the remainder of the viscosity, the whole
viscosity is now within the reach of equilibrium studies.

Published under license by AIP Publishing. https://doi.org/10.1063/1.5141527., s

I. INTRODUCTION
In his annus mirabilis 1905, Albert Einstein proposed, besides

several other ground-breaking theories, two seminal theories on col-
loids suspended in fluids. The first theory explains the microscopic
Brownian motion of the colloids as a consequence of the myriad of
interactions between a colloid and the adjacent solvent molecules
in perpetual thermal motion, culminating in an expression for the
diffusion coefficient, D, now known as the Stokes–Einstein rela-
tion.1 The second theory, the topic of his Ph.D. thesis, concerns the
macroscopic viscosity of a dilute suspension, ηs, exceeding that of
the suspending fluid, η0, following

ηs = η0(1 + [η]ϕ), (1)

where [η] is the intrinsic viscosity and ϕ is the colloidal vol-
ume fraction. By analytically solving the Stokesian flow around
an isolated sphere in a fluid subjected to a linear shear flow,
Einstein2,3 derived [η] = 5/2 for a dilute suspension of spherical
colloids. By combining, he arrived at two expressions relating [η]
and D to the number density of particles in a solution and their
radii, which enabled him to deduce from experimental data on

dilute sugar solutions a remarkably accurate estimate of Avogadro’s
number.2,3

The extension of this second theory to non-spherical col-
loids and/or non-dilute dispersions has attracted many researchers
over the century since. In these systems, unlike the system studied
by Einstein, the Brownian motion indirectly affects the stresses—
and hence the intrinsic viscosity—by co-determining the spatial
and orientational distributions of the colloids. Consider, for exam-
ple, a dilute suspension of spheroidal colloids. The periodic tum-
bling motion of an isolated spheroid in a simple shear flow and
the orientation-dependence of the work required to maintain this
flow, both in the absence of Brownian noise, were solved ana-
lytically by Jeffery.4 Averaging over the orientational distribution
functions in the low shear limit, with the shear flow treated as a
weak perturbation to the isotropic distribution sampled by Brow-
nian motion,5,6 and in the high shear limit, with the Brownian
motion providing a weak perturbation to the flow-induced peri-
odic tumbling motion of the spheroids,7 reveals a pronounced
shear-thinning transition.8 Brownian motion also affects the stress
directly: as long as the colloidal distribution is not homogeneous,
the density gradient induces a bias in the Brownian motion of
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colloids whose average can be interpreted as the consequence of a
“thermodynamic force”9 and, therefore, contributes to the stress—
and hence to the intrinsic viscosity.10–12 This stress contribution is
referred to in the literature as “diffusion stress”13,14 and as “Brown-
ian stress.”15,16 Both direct and indirect contributions of Brownian
motion to the stress are included in Batchelor’s general expres-
sion for the stress in a suspension, which enabled an expansion
of Eq. (1) to second order in the density.13 Both contributions
are also present in the Stokesian dynamics technique to simu-
late the collective dynamics of spherical colloids.15,17 We refer the
interested reader to the work of Guazzelli and Morris18 for an
insightful introduction to the field of suspension dynamics and to
Kim and Karrila19 for a detailed review of theories employed in
microhydrodynamics.

In this paper, we will show in Sec. II that the current expression
for the stress in a colloidal suspension does not recover the correct
intrinsic viscosity for a simple system. The example used is an iso-
lated sphere suspended in a fluid. In contrast to Einstein’s study,
the fluid is quiescent and the viscosity is extracted from the thermal
stress fluctuations using the Green–Kubo formalism.20–24 A solution
to this marked discrepancy is provided in Sec. III by introducing
a novel direct Brownian contribution to the stress, the fluctuating
Brownian stresslet, originating—like Brownian motion itself—in the
myriad of interactions between the colloid and the adjacent solvent
molecules in perpetual thermal motion. We end with a brief outlook
on the implications in Sec. IV.

II. CONVENTIONAL BROWNIAN THEORY
Consider a flow field whose velocity u varies linearly with the

position r,

u(r) = u0 + ω × r + Er, (2)

with u0 = u(0) being the velocity at the coordinate origin, ω being the
angular velocity, and E being the strain rate, i.e., the traceless sym-
metric (3 × 3) velocity gradient matrix. In the limit of Stokesian flow,
a hard particle (i.e., a particle with negligible size and shape varia-
tions) moving in this field with a linear velocity U and an angular
velocity Ω will experience a hydrodynamic drag force FH, a hydro-
dynamic drag torque τH, and a deviatoric hydrodynamic stresslet SH

(unit: Nm) given by18,19,25

⎛
⎜
⎝

FH

τH

SH

⎞
⎟
⎠
= −
⎛
⎜
⎝

RFU RFΩ RFE
RτU RτΩ RτE
RSU RSΩ RSE

⎞
⎟
⎠

⎛
⎜
⎝

U − u
Ω − ω
−E

⎞
⎟
⎠

, (3)

where R is the grand resistance matrix, whose nine parts are labeled
with two indices, the second index specifying the multiplication
partner and the first index highlighting the ensuing result. Obtain-
ing the elements of this matrix requires solving the flow and pres-
sure fields surrounding the particle moving in the Stokesian limit;
we refer the interested reader to the literature.19,26–29 In Eq. (3),
the fluid velocities u and ω are paired with the corresponding col-
loidal velocities U and Ω, respectively, while the fluid strain rate
E is paired with a vanishing colloidal strain rate (to be discussed
in Sec. III). To facilitate (numerical) mathematical operations, the
traceless symmetric stress and strain matrices S and E are hence-
forth often replaced by five-vectors S and E containing the same

information, e.g., the three off-diagonal elements and two differ-
ences between diagonal elements;19,29 this turns R into an (11 × 11)
matrix.

Besides the hydrodynamic generalized forces, colloidal parti-
cles are usually also subjected to generalized forces resulting from a
conservative potential Φ, denoted as FΦ and τΦ, as well as the gen-
eralized fluctuating Brownian forces, FB and τB, reflecting the con-
tinuous myriad of erratic interactions with the solvent molecules. As
usual in the literature, the random Brownian forces and torques have
zero mean, are uncorrelated in time (Markovian), and are related
by the classical fluctuation-dissipation theorem to the symmetric
positive-definite (6 × 6) force–velocity segment of the resistance
matrix,30,31

⟨(F
B(t)

τB(t))⊗ (
FB(t′)
τB(t′))⟩ = 2kBT(RFU RFΩ

RτU RτΩ
)δ(t − t′), (4)

where the angular brackets denote a canonical average, t and t′

denote two times, kB is Boltzmann’s constant, T is the tempera-
ture, and δ is the Dirac delta function. The textbook proof of the
fluctuation-dissipation theorem is its ability, in combination with a
second-order Langevin equation of motion, to recover the equipar-
tition theorem for the kinetic energy.22,32–34 From a physical point
of view, Eq. (4) reflects that the Brownian forces and torques at
time t are six distinct “projections” of the same set of colloid–
solvent interactions—the zeroth moments and the anti-symmetric
first moments, respectively, each with respect to the three Cartesian
directions—and, therefore, are correlated. Following the introduc-
tion of fluctuating hydrodynamics by Landau and Lifshitz,35 see also
Ref. 36, several authors have shown that the fluctuation-dissipation
theorem for a colloid emerges as a consequence of the fluctuation-
dissipation theorem of the fluid, with the particle merely acting as
a boundary condition.37–42 We follow the usual assumption in the
literature that the fluctuation-dissipation theorem remains valid in a
Stokesian flow.

On a Smoluchowski time scale Δt, large compared to changes
in the velocities of the colloids but small compared to changes in the
coordinates of the colloids, the equations of motion of the colloid are
solved from force and torque balances,

F̄H + F̄Φ + F̄B = mdU/dt = 0, (5a)

τ̄H + τ̄Φ + τ̄B = dIΩ/dt = 0, (5b)

with the bars denoting averages over a time interval Δt, e.g.,
F̄B(t) = ∫ t+Δt

t FB(t′)dt′. In both lines, the rhs can be approximated
to zero as it is small relative to the typical values of each of the
three averages on the lhs. Time-averaging of the fluctuating Brow-
nian contributions FB and τB results in Brownian contributions F̄B

and τ̄B that again fluctuate, though with correspondingly adjusted
statistical properties. Henceforth, we will largely omit the bars for
notational convenience as time-averaging will not affect quantities
that are constant or purely coordinate-dependent (note that this sets
an upper limit to Δt); bars are maintained for the fluctuating Brown-
ian contributions since the “instantaneous” Brownian terms FB and
τB differ statistically from their averages on the Smoluchowski time
scale, F̄B and τ̄B. A partial inversion of Eq. (3) to solve the velocities
from the balances, see Appendix A, gives18,19,25
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⎛
⎜
⎝

U
Ω
S

⎞
⎟
⎠
=
⎛
⎜
⎝

MUF MUτ MUE
MΩF MΩτ MΩE
MSF MSτ MSE

⎞
⎟
⎠

⎛
⎜
⎝

FΦ + F̄B

τΦ + τ̄B

−E

⎞
⎟
⎠

+
⎛
⎜
⎝

u
ω
0

⎞
⎟
⎠

, (6)

where M is the grand mobility matrix, again expressed as a com-
bination of nine labeled parts and S = −SH denotes the deviatoric
stresslet exerted on the fluid by the colloid. We emphasize that the
later equality follows from Newton’s third law, rather than from
a stress balance on the colloid (to be discussed below). Numeri-
cal simulations based on Eq. (6), known as Brownian or Stokesian
dynamics, employ fluctuating F̄B and τ̄B sampled from Gaussian dis-
tributions.15,17 The total deviatoric stress (unit: N/m2) for a system
of a single colloid in a volume V is given by

sΣ = 2η0E +
SH

V
= 2η0E −

S
V

, (7)

combining solvent and colloidal contributions.
Forward Euler integration of the velocities requires a subtle

additional Brownian-related term, a deterministic “thermodynamic
force” FT and torque τT, which in turn gives rise to an addi-
tional stress.9,13,15–17 The widely used expression for the stress by
Batchelor13 includes the “thermodynamic stress” but excludes the
direct stress contributions from the fluctuating Brownian forces, i.e.,
MSFF̄

B + MSτ τ̄B. This is justified for the steady-state flowing systems
studied by Batchelor,13 in which case the stress contributions by F̄B

and τ̄B average to zero. It is sometimes assumed that the thermody-
namic force is not merely a subtle correction to the Brownian force
but that it replaces the Brownian force entirely. Since the thermody-
namic force is a deterministic function of the colloidal positions, it
would then follow that the motion of the colloids is deterministic,
which evidently does not hold true. The Brownian forces result from
a multitude of random interactions with the solvent molecules: the
exact nature of these collisions is included in Molecular Dynamic
(MD) simulations of colloids with explicit solvent molecules, ren-
dering the motion of the colloids deterministic—though highly
complex—at this microscopic level. These details are lost in meso-
scopic methods employing implicit solvents, and therefore, a friction
term and a fluctuating Brownian force are added to recover realis-
tic Brownian motion. Because the configuration of the colloids does
not specify the configuration of the solvent molecules, it does not
determine the Brownian force either. At most, the colloidal config-
uration determines the average Brownian-related force for a given
configuration, which may differ from zero—the naïve assumption—
by a subtle deterministic thermodynamic force.13,15 Likewise, for a
given configuration, the thermodynamic force determines the mean
Brownian-related stress, i.e., the thermodynamic stress, but not the
fluctuations around this average. The stress expression derived by
Batchelor for low concentrations is deterministic13,23 and, hence,
devoid of fluctuating Brownian contributions (but it does contain
the bias introduced by the thermodynamic force accounting for
non-zero average Brownian force). A more extensive critique of the
thermodynamic force and stress will be presented elsewhere.43 Since
the emphasis in this study is on the fluctuating terms, we will omit
the distracting mathematical complications associated with FT and
τT and explore two example systems for which these terms vanish
identically.

Turning now to intrinsic viscosities of suspensions, consider
an infinitely dilute solution of hard spherical colloids under a shear
flow, say u(r) = γ̇ryêx, with γ̇ being the shear rate and êx being the
unit vector in the x direction, at constant potential Φ = 0. Under
these conditions, the direct and indirect Brownian stress contribu-
tions discussed in the Introduction vanish identically. For an isolated
spherical particle, the resistance and mobility matrices are block-
diagonal, as follows by applying the three Faxén laws.18,19,44,45 Con-
sequently, Eq. (6) directly yields the average deviatoric stress ⟨S⟩
= −⟨MSE⟩E, where the canonical average ⟨⋯⟩ is over a time scale
associated with substantial diffusion of the particles and the minus
sign indicates resistance to the flow. The rotational symmetry
of the colloid dictates ⟨MSE⟩ = MSE; hence, the deviatoric stress
is constant at S = −MSEE. Employing the theoretical result, SH

= (20/3)πη0a3E,18,19 with a being the radius of the spherical parti-
cle of volume v, and using that Exy = γ̇/2, it follows by combining
Eqs. (1) and (7) into

[η] =
(sΣxy/γ̇) − η0

η0ϕ
=

SH
xy

2η0vExy
(8)

that [η]γ̇≠0 = 5/2. We recover the famous result by Einstein2,3

as the last couple of steps essentially follow his derivation (with a
mobility matrix from the literature rather than explicitly solving
the flow field). This intrinsic viscosity results from the boundary
conditions imposed by a hard particle on the surrounding flowing
fluid; since every particle in a dilute solution acts independently
of its neighbors, the viscosity increment is linear in the number
of particles and, hence, in the volume fraction ϕ. Hydrodynamic
interactions between particles only start contributing to the viscos-
ity in the next term of the Taylor expansion of Eq. (1), proportional
to ϕ2.

A second route to the viscosity of the selected system is pro-
vided by the Green–Kubo formalism, through an integration of the
auto-correlation of the spontaneous fluctuations of the deviatoric
stress in a quiescent fluid.20–22,24,46 We emphasize that this condition,
i.e., u(r) = 0 for all r, is fundamentally different from a sheared sys-
tem in the limit of a vanishingly small shear rate (for which the above
derivation holds true). The Green–Kubo formalism is a consequence
of Onsager’s regression hypothesis47,48 stating that the thermal fluc-
tuations in a fluid, on length scales well exceeding the fluid’s con-
stituent particles, will relax—on average—following macroscopic
laws, in this case relating transverse current correlations to the
Navier–Stokes equations.49–51 It should, therefore, also hold true
for colloidal suspensions on length scales well exceeding the col-
loidal dimensions. The Green–Kubo approach is routinely applied in
particle-based simulations, ranging from molecular dynamics sim-
ulations of simple liquids and short alkanes to Langevin dynamics
of entangled polymer melts and Brownian dynamics simulations
of shear-thinning solutions of highly coarse-grained polymers, in
each instance yielding good agreement with viscosities obtained
under shear.46,52–54 The viscosity of non-dilute colloidal suspen-
sions was recently measured using the Green–Kubo approach by
employing optical measurements of the local structural anisotropy
to back-calculate the stress.55 For a system in equilibrium, with stress
fluctuations

sΔ(t) = sΣ(t) − ⟨sΣ⟩, (9)
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the intrinsic viscosity follows as

[η]γ̇=0 =
V2

10kBTη0v
∫
∞

0
⟨sΔ(t):sΔ(0)⟩dt. (10)

Combining the block-diagonal mobility matrix of an isolated spher-
ical particle with the vanishing strain rate of a quiescent fluid, Eq. (6)
yields the deviatoric stress S = −MSEE = 0, and hence, sΔ(t) = 0. Note
that the fluctuating Brownian forces and torques do not contribute
to the stress in this example because MSF = MSτ = 0. Insertion in the
Green–Kubo expression, then, yields [η]γ̇=0 = 0, i.e., the colloid does
not raise the viscosity, in marked contrast to theories and experi-
ments on this system under shear. To the best of our knowledge,
this peculiar inconsistency and its solution have not previously been
reported in the literature. In previous theory and Brownian dynam-
ics simulations of non-dilute colloidal suspensions,23,56,57 the Green–
Kubo analysis is applied to the deterministic “thermodynamic” part
of the stress only. This thermodynamic viscosity ηT is combined with
a high-frequency dynamic viscosity η∞ obtained by other means,
e.g., theoretically58–60 or as the average fluctuating or “viscous” stress
in simulations at a low shear rate,57 to arrive at the total viscosity.
The reported numerical agreement57 between this sum viscosity and
the total viscosity, as obtained under shear, indicates that the omit-
ted cross-term between the thermodynamic and viscous stresses,
see Appendix B, makes a relatively minor contribution. Using the
Green–Kubo theory, however, it should be possible to determine the
total viscosity of a suspension from the thermal stress fluctuations
in a quiescent state. The zero-result in the above example high-
lights a deficiency in the stress calculation, as discussed in detail in
Sec. III.

Nägele and Bergenholtz23 derived the Green–Kubo formalism
for a colloidal system of non-rotating particles by using Batchelor’s
stress expression, arriving at a stress that for the current system
would reads as

SH = −kBT(∇ ⋅MUE + R̂ ⋅MΩE) = 0, (11)

where R̂ is the rotational operator and the blocks MUE and MΩE
are constant for an isolated sphere. The use of Batchelor’s stress
expression—which, as discussed above, excludes the stress contribu-
tions by the fluctuating Brownian forces F̄B and τ̄B— is questionable
in the context of a formalism relying on the thermal stress fluctua-
tions in equilibrium to extract the viscosity. Hence, a high-frequency
dynamic viscosity η∞ is added to account for those stresses that fol-
low the fluid flow instantaneously on the Smoluchowski time scale,23

i.e., delta-correlated noise. With the suspending fluid treated as an
ideal non-fluctuating smooth continuum, we believe that in a con-
sistent model, all deviations in the suspension’s deviatoric stress
beyond the fluid’s s0 = 2η0E ought to be attributable to the colloids
by inclusion in a stress expression such as Eq. (3), both under shear
and in the absence of shear.

III. REVISED BROWNIAN THEORY
It is evident from Eq. (10) that the stress must fluctuate to real-

ize a non-zero intrinsic viscosity. Since the mobility tensor of an
isolated spherical particle is block-diagonal, these fluctuations can-
not result from the fluctuating Brownian forces giving rise to the
erratic Brownian motion of the colloid; see Eq. (6). This leaves the

sole option that the stresslet itself must fluctuate, rather than being
prescribed simply by S = −MSEE. Hence, there must exist a fluctu-
ating Brownian stresslet, SB, distinct from the two aforementioned
direct contributions of Brownian motion to the stress.

From a physical point of view, a colloid experiences a myr-
iad of interactions with the surrounding solvent molecules. On the
Fokker–Planck time scale—the time scale of the smoothly evolv-
ing colloidal velocity, well exceeding the time scale of the interac-
tions with the molecules—the running average of the total molecular
forces on a spherical colloid is a drag force, more readily expressed
as the product of (minus) the resistance matrix RFU and the lin-
ear velocity of the colloid, while the fluctuations of the total force
around this running average are represented in the translational
equation of motion of the colloid by fluctuating Brownian forces
[akin to the lhs of Eq. (5a), but without the averaging and the can-
cellation of the rhs]. Simultaneously, the running average of the
total torque generated by the very same molecular forces is the drag
torque, while the fluctuations of the total torque around its run-
ning average are accounted for by fluctuating Brownian torques
[akin to the lhs of Eq. (5b), but again without the averaging and
the cancellation of the rhs]. Our hypothesis is that this picture
of distinct “projections” of the same interactions with the solvent
molecules must be extended to the stresslet: the running average
of the stresslet on the colloid generated by these molecular inter-
actions is an isotropic stresslet of no further interest (since we are
interested in the deviatoric stress only and the particles are hard),
while the fluctuations around this running average yield a fluctuat-
ing Brownian stresslet, SB. This stresslet adds to the stress exerted
by the fluid on the particle; hence, the stress by the particle on the
fluid becomes S = −(SH + S̄B), while the total deviatoric stress in
the system is still given by sΣ = 2η0E − S/V. All Brownian fluctuat-
ing terms, FB, τB, and SB, are consequences of the thermal motions
of the fluid molecules nearest to the particle and exist irrespec-
tive of the response(s) they induce in the colloid. Extending the
argument to non-spherical particles, it appears natural to rewrite
Eq. (6) as

⎛
⎜
⎝

U
Ω
S

⎞
⎟
⎠
=M
⎛
⎜
⎝

FΦ + F̄B

τΦ + τ̄B

− E

⎞
⎟
⎠

+
⎛
⎜
⎝

u
ω
−S̄B

⎞
⎟
⎠

, (12)

where the fluctuating Brownian stresslet features as the bottom block
in the last vector.

One next faces the question of determining the strengths of
the various fluctuating terms. We recall that the Brownian force
FB and torque τB are correlated by a fluctuation-dissipation the-
orem because these comprise six distinct projections of the same
set of solvent–colloid interactions; see Eq. (4). Since the fluctuat-
ing Brownian stresslets are additional projections of the same set of
solvent–colloid interactions, namely, the symmetric first moments,
it emerges naturally to opt for the extended fluctuation-dissipation
theorem,

⟨
⎛
⎜
⎝

FB(t)
τB(t)
SB(t)

⎞
⎟
⎠
⊗
⎛
⎜
⎝

FB(t′)
τB(t′)
SB(t′)

⎞
⎟
⎠
⟩ = 2kBT

⎛
⎜
⎝

RFU RFΩ RFE
RτU RτΩ RτE
RSU RSΩ RSE

⎞
⎟
⎠
δ(t − t′). (13)

We verified numerically for a number of body shapes, approxi-
mated as rigid assemblies of small spheres,29 that the matrix R is
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symmetric and positive definite, as required for a fluctuation-
dissipation theorem. Furthermore, one readily shows that the com-
bination of Eqs. (12) and (13) recovers identical diffusive Brownian
dynamics to Eqs. (6) and (4) by noting that the fluctuating Brownian
stresslet SB does not affect the velocities, while the Brownian forces
FB and torques τB still obey the same fluctuation-dissipation theo-
rem, as follows by comparing Eq. (4) with the corresponding (6 × 6)
segment of Eq. (13).

Before working out the consequences of these equations for the
viscosity of the example system, it is instructive to re-express Eq. (12)
into a set of three coupled equations of motion. In the literature,
the stress balance SH + S̄B = 0 is used to argue that the fluctuat-
ing Brownian stresslet is enslaved to the hydrodynamic stress for
rigid particles,31 instead of fluctuating freely, as proposed here. Note,
however, that a rigid particle’s inability to deform does not render it
stress-free, thereby invalidating the stress balance. Consider an elas-
tically deformable volume-conserving particle with a traceless and
symmetric (3 × 3) deformation tensor d or the equivalent five-vector
d, see Appendix C, and a deformation-dependent internal stress SD.
The second-order equation of motion for the deformation of the
particle when exposed to the stress of the surrounding medium SM

then reads as
d
dt
(mḋ) = SM − SD(d) + SB, (14)

with m being the effective mass tensor of the volume-conserving
deformation modes. For a particle in a quiescent viscous fluid, the
medium provides a damping term SM = −RMḋ, where coupling to
translation and rotation is temporarily ignored for simplicity. The
resulting set of coupled second-order Langevin equations for the
deformation has the same structure as those for the linear and angu-
lar motions and can be solved in the same way.22,32–34,61,62 Using
the equipartition theorem for the deformational kinetic energy,
KD = 1

2 ḋ ⋅ mḋ, and assuming that ḋ decorrelates well before d—
and hence m, RM and SD—has changed appreciably, one readily
shows by the usual methods that the Brownian stresslet obeys the
fluctuation-dissipation theorem based on RM. Likewise, Eq. (14) can
be coupled with the second-order Langevin equations for transla-
tional and rotational motions of a colloid in a quiescent fluid.62 The
hydrodynamic forces and stresslet in this set of equations are now
calculated by a slightly modified Eq. (3): the strain rate −E on the
rhs is to be replaced by the strain-rate difference D − E, with the
deformation rate tensor D = ḋ, see Appendix C, thereby restoring
a symmetry to Eq. (3) that was lost upon assuming non-deformable
particles,

⎛
⎜
⎝

FH

τH

SH

⎞
⎟
⎠
= −R

⎛
⎜
⎝

U − u
Ω − ω
D − E

⎞
⎟
⎠

. (15)

Because of the linearity of Stokesian flow, the perturbation to a flow
field of the form of Eq. (2) by a stationary rigid particle at the ori-
gin is identical to the perturbation of a quiescent fluid by a particle,
momentarily at the origin in the undeformed shape, with veloci-
ties U = −u0 and Ω = −ω and deformation rate D = −E.18 Hav-
ing, thus, established R as the resistance matrix entering the set of
second-order equations of motion, the usual methods prove that the
corresponding fluctuation-dissipation theorem is also based on R,
confirming the natural choice in Eq. (13).

Turning next to the Smoluchowski time scale, the stress balance
takes the following form:

S̄H + S̄Φ − S̄D + S̄B = dmD/dt = 0, (16)

where SΦ is the stress induced by the external potential Φ and the
rhs is again approximated as zero for being small compared to each
of the four terms on the lhs. It clearly follows that the Brownian
stresslet S̄B is not enslaved but contributes to the deformation rate
of the particle, just like the Brownian force F̄B and torque τ̄B con-
tribute to the velocities of the particle in Eq. (5). The combination
of these three balances with the hydrodynamic forces and stresslet
from Eq. (15) results in the coupled first order equations of motion,

⎛
⎜
⎝

U − u
Ω − ω
D − E

⎞
⎟
⎠
= R−1

⎛
⎜⎜
⎝

FΦ + F̄B

τΦ + τ̄B

SΦ − SD + S̄B

⎞
⎟⎟
⎠

. (17)

In practice, one is often more interested in the stress than in the col-
loidal deformation. Using S = −(SH + S̄B) = SΦ −SD, as follows from
Eq. (16), a partial inversion, see Appendix A, gives

⎛
⎜
⎝

U − u
Ω − ω
S + S̄B

⎞
⎟
⎠
=M
⎛
⎜
⎝

FΦ + F̄B

τΦ + τ̄B

D − E

⎞
⎟
⎠

. (18)

For hard particles, the fluctuations in the deformation are expected
to average out much faster than the time scale of particle diffusion,
in which case it appears appropriate to set the average deforma-
tion rate on the time scale of the diffusive motion to zero, D̄ = 0,
thereby recovering Eq. (12). Physically, this assumption implies that
the deviatoric internal stress of the particle, and hence its defor-
mation d, is enslaved to the total external stress—including one
or more fluctuating Brownian contributions—acting on the par-
ticle. In equilibrium, the average value of the diagonal elements
of SD equals the hydrostatic pressure. For completeness, we note
that in the hypothetical limit of perfectly rigid particles, the inter-
nal stress becomes a set of Lagrange multipliers that accommo-
dates any imposed stress at zero deformation. Evidently, this does
not eliminate the fluctuating Brownian stresslet, which still obeys
the proposed fluctuation-dissipation theorem, just like immobiliz-
ing the particle leaves the fluctuating Brownian force and torque
unaltered.

Returning now to the intrinsic viscosity of a single sphere in a
linear shear flow, the block-diagonal structure of the grand mobility
matrix yields

⟨S⟩ = −⟨MSE⟩E − ⟨S̄B⟩. (19)

Since the fluctuating Brownian stresslet averages to zero and
⟨MSE⟩ = MSE for a sphere, with SH = (20/3)πη0a3E, we again recover
[η]γ̇≠0 = 5/2 under shear. While the employed simple relation
between SH and E appears to suggest that MSE is proportional to
a unit matrix, in actuality, MSE is a four dimensional matrix fea-
turing an eigenspace of traceless symmetric matrices with the same
eigenvalue. For an isolated sphere in a quiescent fluid, it now follows
that S(t) = −S̄B(t). Using the stresslet fluctuations from the gen-
eralized fluctuation-dissipation theorem [Eq. (13)] to evaluate the
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overall stress fluctuations sΔ entering the Green–Kubo expression
[Eq. (10)] gives

[η]γ̇=0 =
1

5η0v
∑
α,β
(RSE)αβ,αβ ∫

∞

0
δ(t)dt, (20)

where α and β run over the three Cartesian directions. The summa-
tion is readily evaluated using the known expression for RSE = MSE
of a sphere,19 yielding (100/3)πη0a3. Noting that the time integral
covers only half the Dirac delta, one readily finds [η]γ̇=0 = 5/2. This
result applies to spherical colloids of any size as any object immersed
in a solvent is exposed to thermal collisions by solvent molecules. In
a simulation of this system, with the Green–Kubo expression operat-
ing on S̄B instead of SB used in the above expression, the same result
is found. It, therefore, appears that the fluctuating Brownian stresslet
is crucial to recover agreement between the viscosities obtained from
sheared and quiescent conditions and that the proposed revisions of
the mobility picture and of the fluctuation-dissipation theorem are
justified.

As a second example, both Eqs. (6) and (12) yield ⟨S⟩ = −MSEE
for an isolated non-rotating and rigid (hence constant M) unforced
particle suspended in a shear flow. To obtain the stress–strain rela-
tion from the Green–Kubo formalism, the colloidal stress-relaxation
function Gc is used, defined by

sΣ(t) = 2η0E +
2
V ∫

t

−∞

Gc(t − t′)E(t′)dt′ (21)

and related to the stress fluctuations in the quiescent fluid by

Gc(t) = V2

2kBT
⟨sΔ(t)⊗ sΔ(0)⟩ = 1

2kBT
⟨S(t)⊗ S(0)⟩. (22)

As shown in Appendix D, evaluation of the stress correlations by
means of the extended fluctuation theorem yields Gc(t) = MSEδ(t),
and hence, by Eq. (7), S(t) = −MSEE(t). This agreement between the
stress–strain relations of sheared and unsheared systems, by aver-
aging over the fluctuations at fixed hydrodynamic matrices, is only
achieved when the fluctuating stresslet is included. A more com-
plex stress-relaxation function will be obtained when the hydro-
dynamic matrices evolve under Brownian motion, possibly aug-
mented by flow and/or conservative forces, as will be discussed
in a forthcoming manuscript.43 Evidently, a deterministic stress
expression would not have recovered agreement in this simple
example.

IV. DISCUSSION AND OUTLOOK
The multitude of microscopic interactions between a colloid

and its surrounding molecules is well-known to give rise to the
Brownian motion of the colloid. Batchelor’s expression for the stress
accounts for the configuration-dependent average stress resulting
from the Brownian motion but excludes the fluctuations around this
average, thereby limiting the applicability of the expression to con-
ditions where the fluctuating stresses averaging out. We have shown
that the erratic solvent–colloid interactions also give rise to a fluc-
tuating Brownian stresslet on the colloid, which has—to the best of
our knowledge—been ignored in the literature. Inclusion of this fluc-
tuating stresslet, augmenting the fluctuating stresses resulting from
the Brownian motion, proves crucial to recover agreement between

intrinsic viscosities determined in sheared and non-sheared suspen-
sions, as illustrated here by two simple examples of isolated colloids.
Whereas (cross-)correlations of the Brownian force and torque in
the proposed generalized fluctuation-dissipation theorem of Eq. (13)
are well-established and derivable from fluctuating hydrodynamics,
the fluctuations of the Brownian stresslet and its correlation to the
force and torque fluctuations have attracted little attention in the lit-
erature. A recent study on spherical particles claims a generalized
fluctuation-dissipation theorem for FB, τB, and SB, without, how-
ever, providing an explicit expression.42 The strengths of all fluctu-
ating quantities are determined by the temperature and viscosity of
the fluid and by the outer surface of the colloid. All fluid-immersed
objects are subject to these fluctuating terms because of the perpet-
ual thermal motion of the fluid molecules, even if these terms do not
result in a detectable motion or deformation. It is not essential for
the colloid to deform, nor do we need to know the internal defor-
mation stress, to solve the dynamics of the colloid and the colloid-
induced stress in the system: the deformation and the internal defor-
mation stress do not appear in our main expressions [Eqs. (12) and
(13)], provided that the colloid is sufficiently hard to retain its shape
and volume under hydrostatic pressure. The dynamics of approxi-
mately volume-conserving deformable colloids can now be studied
by the combination of Eqs. (17) and (13), where the hydrodynamic
matrices will vary with the deformation of the colloid.

In a forthcoming paper, the revised Brownian theory will
be applied to more complex body shapes, requiring inclusion of
the thermodynamic stress, and to the numerical extraction of the
frequency-dependent storage and loss moduli of their dilute suspen-
sions.43
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APPENDIX A: PARTIAL INVERSION
For compactness of notation, we here combine the vectors U

and Ω into the vector U and, likewise, F and τ into F. To solve S and
U from the relation

(FS) = (
RFU RFE
RSU RSE

)(UE), (A1)

one first solves U from the top line, followed by substitution of this
result in the bottom line, to arrive at

(
U
S
) =
⎛
⎝

R−1
FU −R−1

FURFE

RSUR−1
FU RSE − RSUR−1

FURFE

⎞
⎠
(
F
E
). (A2)

The matrix on the rhs is the grand mobility matrix M, featuring in
Eqs. (6) and (12).

APPENDIX B: STRESS CORRELATIONS
Consider the colloids in an equilibrium suspension tracing a

path X(t) under the combined influence of potential, hydrodynamic,
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and Brownian forces. The deviatoric stress as a function of time takes
the form sΣ(t) = sT(t) + sδ(t), where sT(t) = sT(X(t)) denotes the
deterministic “thermodynamic” part and sδ(t) denotes the fluctuat-
ing “hydrodynamic” part. Using that sΔ(t) = sΣ(t) in equilibrium,
the stress correlation entering the Green–Kubo expression reads
as

⟨sΔ(t1):sΔ(t0)⟩ = ⟨sT(t1):sT(t0)⟩ + ⟨sT(t1):sδ(t0)⟩
+ ⟨sδ(t1):sT(t0)⟩ + ⟨sδ(t1):sδ(t0)⟩, (B1)

where we take t1 ≥ t0. Insertion of the first term on the rhs in a
Green–Kubo analysis yields the “thermodynamic” contribution to
the viscosity ηT in the current literature.23,57 The last term is propor-
tional to ⟨MSE⟩δ(t1 − t0), as derived in Appendix D, thereby allow-
ing alternative routes to obtain the corresponding high-frequency
stress contribution η∞.57–60 Since the fluctuations at time t1 are
uncorrelated to the preceding motion, the third term averages to
zero. In the second term, however, the random Brownian forces
that give rise to sδ(t0) co-determine the subsequent dynamics of
the system and thereby affect sT(t1). The sum of ηT and η∞ will,
therefore, in general, not account for the total viscosity due to the
colloids.

APPENDIX C: DEFORMABLE PARTICLES
The properties of an isolated volume-conserving slightly

deformable particle, such as the resistance matrix and the elasticity
tensor, rotate along with the particle.29 For a point i on the particle,
the space-based coordinates r(s)

i and body-based coordinates r(b)
i are

conveniently related by63

r(s)
i = r

(s) + A(1 + d(b))r(b)
i , (C1)

where r(s) denotes the position of the particle in the space frame,
A is a rotation matrix, and the traceless symmetric (3 × 3) matrix
d(b) represents the deformation of the colloid in the body frame. The
space-based velocity of point i then reads as

U(s)
i = U + Ȧ(1 + d(b))r(b)

i + Aḋ(b)r(b)
i , (C2)

where U is the usual linear velocity of the colloid. For small defor-
mations, d ≈ 0, one readily shows that

U(s)
i = U + Ω × (r(s)

i − r
(s)) + D(r(s)

i − r
(s)), (C3)

where Ω is the usual angular velocity and D = Aḋ(b)A−1 is the col-
loidal deformation rate tensor in the space frame. The similarities
between the fluid flow field of Eq. (2) and this velocity expression,
governing the motion of the particle’s surface, are instrumental in
the insertion of D in Eq. (3) to arrive at Eqs. (17) and (18).

APPENDIX D: STRESS-RELAXATION FUNCTION
In the notation of Appendix A, the deviatoric stress of the qui-

escent system described by Eq. (12) reads as S = MSFF̄
B − S̄B.

The correlations of the spontaneous fluctuations in the stress, see

Eq. (22), then obey

⟨S(t)⊗ S(0)⟩ =MSF⟨F̄B ⊗ F̄B⟩MT
SF −MSF⟨F̄B ⊗ S̄B⟩

− ⟨S̄B ⊗ F̄B⟩MT
SF + ⟨S̄B ⊗ S̄B⟩, (D1)

where the superscript T denotes transposition and the hydrody-
namic matrices are assumed time-independent. Inserting the cor-
relations of the fluctuating forces and stresses provided by the
extended fluctuation-dissipation theorem gives

⟨S(t)⊗ S(0)⟩ = 2kBT(MSFRFUMT
SF −MSFRFE

−RSUMT
SF + RSE)δ(t). (D2)

Substitution of MSF = RSUR−1
FU, see (A2), yields

⟨S(t)⊗ S(0)⟩ = 2kBT(RSE − RSUR−1
FU)δ(t) = 2kBTMSEδ(t), (D3)

where (A2) was used once more in the last step.
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