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Abstract 
Nonlinearities often originate from different sources in an assembled engineering structure most especially 

in an industrial application, a large majority of these nonlinearities can be narrowed down to the nature of 

the joints, material properties, geometric and damping nonlinearities. Research on bolted connections and 

other types of joints have been proven to introduce large uncertainties in the stiffness and damping 

properties of a structure, Identifying and predicting the effects of bolted joints in structures is still an 

area with growing interest, hence this paper presents the nonlinear identification and numerical 

modelling of a complex assembled structure. Measured data was used to identify the nonlinearities in 

the assembly, the numerical model generated using Finite Element Method (FEM) provided valuable 

insight into the frequency response of the nonlinear FE model of the structure. Validation of the numerical 

model with experimental results was used to gain some awareness on the implications of the nonlinearities 

caused by the bolted joints.     

1 Introduction 

The nonlinear identification and characterization of assembled structures is of particular interest with 

significant concerns from industrial applicants such as the aerospace and automotive industries, bolted 

connections and jointed structures have proven to exhibit some level of nonlinear phenomena and complex 

behaviours[1]. Hence the nonlinear complex behaviour and non-smoothness exhibited in the measured 

response of assembled structures poses a challenge in predicting their amplitude dependent dynamic 

responses. Mechanical joints have been acknowledged to be a significant source of nonlinearity in built up 

assemblies or structures that are classified to be linear, the nature of these joints most often introduce large 

uncertainties to the stiffness and damping properties of the structure or assembly. Hence, the accurate 

representation of a joint’s property in the finite element model of a built up assembly is of absolute necessity 

to obtain better response predictions. However, identifying and predicting the nonlinear phenomena caused 

by a joints property in a built up assembly is an area with various challenges. This work seeks to address the 

challenge in the experimental identification of nonlinearities in assembled structures with bolted joints, using 

the well-established nonlinear identification process in[2]. In addition to the nonlinear identification, an 

evaluation on the use of artificial nonlinear spring (elements) to represent the nonlinearity in the FEM is 

assessed.    

To identify the nonlinear behaviour caused by the bolted connection, it is important to select an appropriate 

method that is capable of performing this task, several methods have been developed over the last 15 years 

for identifying nonlinearities in structures. Some of these methods include the Hilbert Transform (HT) 

approach[3], wavelet transform[1], the reverse path method[2, 4], black box modelling approach [5, 6] and 

the most recent frequency-domain nonlinear subspace identification by Noel [7]. For a full review on 

nonlinear identification methods, readers are encouraged to read the review paper presented in [2]. However, 

since the major source of nonlinearity in this assembly is attributed to the nature of the nonlinear connection 

between the cantilever beams, a suitable method for identifying the stiffness and damping properties of the 

assembly is required. A common method used for identifying the stiffness and damping properties of a 
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nonlinear structure is the Restoring Force Surface (RFS) method or sometimes referred to as force state 

mapping method developed by (Masri and Caughey [8, 9]), the RFS approach has been successfully applied 

to different structures and nonlinear experimental investigation such as [10,11]. A recent application of the 

(RFS) method on a strong nonlinear complex aerospace structure was published in [1] where an 

unconventional use of the RFS for nonlinearity characterization and parameter estimation of a multiple degree 

of freedom (MDOF) was proposed. 

To this end, a modified version of the RFS applied in [12] was implemented in this work to obtain qualitative 

information on the nonlinear stiffness and damping properties of the assembly, the complex assembly is made 

of two cantilever beams connected together with a pre-stressed curved beam. The complete identification 

process i.e. (Detection, Characterization and initial Parameter estimation) was achieved using experimental 

data. Measured time series and frequency data, driven by Sine-sweep test and random excitation were 

exploited to gain an initial insight to the nonlinear dynamic behaviour and properties of the assembly. The 

collective use of different analysis techniques provided interesting nonlinear characteristics and behaviour 

exhibited by the assembly during the experimental test. Special attention was devoted on the feasibility of 

representing the identified nonlinear stiffness characteristics as an artificial nonlinear spring in the finite 

element model of the assembly. The contribution of the paper involves the use of an established nonlinear 

identification method to identify the type of nonlinearity present in the cantilever assembly, in addition 

attempt to compute the periodic solution of the nonlinear finite element model of the assembly at different 

excitation levels was also investigated. 

The structure of the paper starts with a detailed description of the assembled cantilever beam structure, 

followed by the linear identification based on measured data from low level random excitation, the frequency-

domain subspace identification algorithm was used to identify the linear resonance frequencies and damping 

ratio. Section 2 involves the complete nonlinear identification based on measured data, homogeneity 

principles and visual inspection of the time series data were used as a form of nonlinearity detection, a 

modified version of the restoring force surface was used to characterize the functional form of nonlinearity 

present in the assembly. The final section of the paper addresses the forced response computation of the 

nonlinear finite element model of the assembly, force controlled stepped sine test was used to validate the 

results obtained from the numerical simulation.

2 The cantilever assembly 

2.1 Description of the test structure 

The test structure was designed to understand the effect of connecting two linear structures together with the 

aid of a flexible curved beam that would potential act as a nonlinear device at high forcing level during a 

vibration test. The assembly is composed of two identical steel beams bolted on a large rectangular steel, the 

rectangular beam is treated as a solid base bolted on a large steel rock which weighs 5 tons. The identical 

beams are connected together using a flexible pre-stressed beam, each end of the pre-stressed beam is bolted 

to the tip of the cantilever beams using M4 bolts, the connection between the cantilever beams and the flexible 

curved beam is expected to exhibit some level of nonlinear phenomena. The complete assembly was tested 

and examined to ensure that the level of vibration transferred to the rectangular steel base and large rock 

acting as a heavy base, is reduced to a minimum or zero value. Table 1 presents the dimensions of each 

component in the assembly, figure 1 also shows a photograph of the complete assembly of the test structure. 

The assembly was instrumented with 10 accelerometers and a force transducer, each accelerometer is given 

a node number as shown in figure 1. For the major part of this research, measured data obtained from labelled 

points 1-4 and the driving point were investigated to a greater in-depth compared to other measured points 

on the assembly. Low and high level random excitation tests were conducted on the cantilever beams before 

connecting the cantilever beams together using the pre-stressed beam. The initial test conducted to confirm 

that both cantilever beams responded linearly both at low and high excitation level. 
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Table 1: Dimensions of the Cantilever Assembly  

    Figure 1: Photograph of the Cantilever Assembly  

2.2 Low level test campaign and linear identification 

2.2.1 Low level test campaign 

The first set of measurements obtained from the experimental test comprised of several low random data 

which were acquired using broadband excitation, the choice of broadband excitation was made based on its 

conventional use in modal testing. The use of broadband excitation also provides some early information on 

the behaviour of the structure and experimental configuration, the random excitation was performed using 

the Spectral Test module in LMS Test Lab 13, the structure was excited close to the base of one of the beams 

as shown in figure 1. The structure was excited with burst random excitation signal filtered at 0-1000Hz. The 

Frequency Response Functions (FRFs) and associated coherence functions obtained from the test were 

exploited to identify the linear modal properties of the assembly, the shape of the FRFs and ordinary 

coherence plot was also used as an indication to determine if the assembly was behaving linearly at the 

specified excitation level. The drive point FRF and coherence function obtained from the low level random 

excitation are plotted in figures 2a and 2b. 

Component Dimensions (m) 

Cantilever Beam 0.3*0.025*0.012 

Rectangular Steel Base 0.718*0.17*0.025 

Curved Beam 0.18*0.012*0.0005 

1 2 34

5 6

7

8 9

DP 

Figure 2: FRFs and Coherence obtained from low-level broadband excitation. Left (Coherence), 

right (drive-point response) 
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2.2.2 Linear identification 

The linear resonance frequencies and damping ratios were estimated using the frequency-domain subspace 

identification algorithm presented in [13], the corresponding natural frequencies and damping ratio identified 

using the low level random data are presented in table 2. 

The resonance peaks of the FRFs indicates that the structure is lightly damped across the selected bandwidths, 

the ordinary coherence function corresponding of each FRF or measured point are all close to unity for the 

whole excited frequency range. In summary the results obtained from this particular test campaign proves 

that the structure exhibits a linear behaviour at low input excitation level.  

    Mode  Frequency (Hz)   Damping ratio (%) 
 1         41.15 1.68 

 2         95.66 0.34 

 3         99.17 0.27 

         4    141.42 0.16 

         5         250.77 0.10 

         6         481.59 0.07 

         7         616.08 0.42 

         8         625.32 0.24 

         9         710.18 0.08 

      10         806.84 0.05 

        11         946.47 0.07 

Table 2: Estimated Linear resonance frequencies and damping ratios based on low-level random data 

2.3 Finite element model of the cantilever assembly 

The test structure was modelled using Finite Element Method (FEM) linear beam elements were used 

throughout the whole assembly, each component of the structure was modelled based on the physical 

dimensions presented in table 1. In order to keep the model simple yet capable of describing the general 

dynamical behaviour, the whole structure was modelled in a 2D planar space using a commercial FE software 

package (ABAQUS) by Dassault Systems. Each bolted connection between the end tip of the flexible curved 

beam and identical beam was modelled using linear springs with equivalent stiffness coefficients to obtain a 

similar representation of boundary condition in the physical assembly. A total number of 49 nodes were 

generated from the whole assemble, 6 of these nodes are associated to the boundary condition of the 

rectangular base. The natural frequencies of the FE model presented in table 3 were obtained from the linear 

frequency analysis conducted in ABAQUS.  

Mode          Frequency (Hz) 

1 34.15 

2 102.66 

3 106.87 

4 187.35 

5 284.21 

6 515.18 

7 732.81 

8 745.14 

9 1050.63 

10 1427.51 

11 1778.90 

Figure 3: FE Mode shapes. Mode 2 (left), mode 3 (right) 

Table 3: Selected FE Modes and Natural Frequencies 
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2.4 Model calibration 

The FE model generated from ABAQUS was calibrated with the result obtained from the low level random 

excitation test campaign, the calibration was conducted to update the natural frequencies and mode shapes of 

the FE model. Standard values were used for the material properties of the cantilever beam in the initial FE 

model, the flexible curved beam and the equivalent linear springs used in modelling each bolted connection 

were also modelled using nominal values. A sensitivity analysis was conducted on the coefficients of the 

linear springs to understand their effects on the accuracy of the model for the first 8 modes, the initial values 

of the material properties of the cantilever beam and the flexible curved beam were also updated within 5% 

permitted range. The FE updating was executed using FEMtools Updating software by Dynamic Design 

Solutions (DDS), FEMtools uses a Bayesian Parameter Estimation (BPE) technique to minimize the error for 

a given set of defined parameters, the error minimization is performed using an iterative process that modifies 

the distance between the FE and experimental results. The updated natural frequencies and MAC values for 

the first 8 modes are presented in table 4. 

   Mode FE Freq Before  FE Freq (Hz) After Test (Hz) Diff (%) MAC (%) 

     1         34.15    39.35    41.15 -4.37      84.2 

     2       102.66      96.49    95.66 0.86      98.1 

  3        106.87      99.55    99.17 0.38      95.7 

   4        187.35       141.71    141.42 0.21      96.4 

 5    284.21       248.25    250.77 -1.00      82.7 

    6        515.18       484.64    481.59 0.63      82.3 

   7        732.81       615.52    616.08 -0.09      96.8 

    8        745.14       626.24    625.32 0.15      93.4 

       Table 4: Updated FE Model Natural Frequencies and MAC Values 

The results obtained from the model calibration are presented in table 4, a MAC value of 80% and above is 

often regarded as acceptable while the percentage difference in the natural frequency prediction is attributed 

to the type of excitation applied during the test. In this case majority of the MAC and frequency values are 

within acceptable figures aside from the values for mode 1, there were no measurement points associated to 

the pre-stresses beam during the experimental test, hence some discrepancy in the MAC and frequency values 

might be corrupted by poor signal to noise ratio.  The final material property values obtained from the 

calibration process is presented below. 

Table 5: Final material properties from the calibration 

3 Nonlinear identification 

3.1 Detection of nonlinearity 

The first step in the nonlinear parameter identification process is to consider if the structure exhibits some 

level of nonlinear behaviour under different excitation conditions, this is often judged based on the absence 

or inadequate use of linear theory for predicting the dynamic behaviour of the structure. There several 

Components Updated Material Properties 

Cantilever Beam Steel (E= 187Gpa, υ=0.27) 

Rectangular Base Beam Steel (E=187Gpa, υ=0.27) 

Curved Beam Aluminium (E=59.3Gpa, υ=0.26) 
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techniques of detecting nonlinear behaviour from measured data, this however depends on the type of 

excitation input used during the test campaign. Stepped and swept-sine excitations are predominantly suitable 

in determining if a structure has a nonlinear behaviour at higher excitation level, if linear, the structure would 

produce a pure sine wave in the output and if nonlinear, distortions is easily detected by visualizing the output 

of the sine wave. Other techniques of detecting nonlinearity from measured data are presented in [14], another 

intuitive method or indicator of nonlinear behaviour is the lack of homogeneity in the frequency response 

functions over different excitation levels. The use of low and high-level random measurement is suitable for 

homogeneity test on the FRFs and ordinary coherence. 

3.1.1 Time series and FRF inspection 

Visualization of raw time series obtained from sine excitations can often reveal some level of nonlinear 

behaviour in the structure, any form of nonlinear distortions in the sine wave response is sufficient to prove 

the presence of nonlinearity in the structure. In this paper, swept sine test was conducted on the second, third 

and fourth mode of the assembly. Accelerations at selected locations of the assembly were measured at 1N, 

6N and 10N. Figure 4 (a and b) shows the corresponding plot of the displacement against sweep frequency 

for the fourth mode of the assembly, both sweep-up and sweep-down sine excitation test were conducted. 

The sine excitation was generated using a signal generator, the swept-sine test was uncontrolled however 

parameters such as the start and end frequencies, sweep type and sweep time were specified. Given the 

knowledge of these parameters, the sweep rate and instantaneous sweep frequencies were calculated. 

The measured accelerations vectors were integrated twice using trapezium rule and then filtered using a high 

pass filtering system designed in MATLAB to obtain the corresponding displacement signals. For more 

details on data signal processing obtained from sine excitation, readers can refer to [14]. 

To detect any form of nonlinear behaviour, the first observation is shown in figure 4a and 4b where an absence 

of proportionality is noticed between the time responses from low to high excitation level. This indicates the 

breakdown of superposition principle, secondly, figures 4(b) sweep-up shows clear skewness in the time 

responses as the excitation level increases from 1N to 10N. The skewness in the envelope of oscillation in 

figure 4(b) where a sudden transition from large to small amplitude of vibration is observed can also be 

described as a jump phenomenon, this is also a useful technique for detecting nonlinear behaviour in the 

structure. Other form of nonlinear behaviours which are observed in the time response envelope are peak 

distortion, non-smoothness and discontinuity of the sweep response at 10N compared to the response at 1N 

excitation level, indication of multiple solutions and bifurcation points are also observed around the resonance 

frequency for the response at10N, all these observations are sufficient enough to detect the presence of 

nonlinearity in the assembly. The final observation from the time response envelope is the shift in the natural 

frequency, a negative drop can be seen in the location of the natural frequency between figure 5(a and b), 

where the natural frequency has shifted / reduced from 141Hz to 140.6Hz due to the increase in the excitation 

level from 1N to 10N.      

Figure 4: Nonlinearity detection based on envelope time series inspection. 1N Sweep (left), 10N right 
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Beyond time series inspection, another meaningful way of detecting nonlinear behaviour from measured data 

is the check for homogeneity in the frequency response functions over different excitation levels. Broadband 

excitation was used to generate a number of normalized FRFs responses at low and high forcing levels. The 

random excitation used in this test had the effect of averaging the FRF over multiple excitation levels which 

could cause the shape of the peaks of the measured FRFs to appear linear. However, by taking measurement 

at 0.5Volts and 4.5Volts, a shift is observed in the natural frequencies and response amplitude as shown in 

figure 6a and 6b. The characteristics observed from the extracted FRFs shows that the assembly has a 

softening behaviour within the range of the input excitation levels. 

3.2 Characterization of nonlinearity 

The second and most important step in the nonlinear identification process is the characterisation of the 

nonlinear system, this step seeks to identify the aspects of motion that drives the nonlinearity in the nonlinear 

behaviour of the structure or system under consideration. Aside from identifying the aspects that drives the 

nonlinear behaviour (i.e. displacement, velocity), the selection of appropriate functional forms to represent 

the nonlinearities in the structure is mainly achieved in this step. Nonlinear characterisation also helps in 

determining the type of nonlinearity in the structure and in addition seeks to provide answers to some major 

questions that arise when dealing with nonlinear system. Some of the typical questions that arises are listed 

below: 

a) What is the strength of the nonlinearity? i.e is it weak or strong nonlinearity

b) What is the source of the nonlinearity? i.e. is it stiffness or damping nonlinearity or both

c) What is the nonlinear stiffness characteristic? i.e. is it hardening or softening

d) What is the characteristic of the restoring force? i.e. is it symmetric or asymmetric

Of all the characterization methods available in the literature, the restoring force surface method has proven 

its ability to characterize the stiffness and damping properties of a nonlinear structure due to its in-built 

characterization competences. By presenting the restoring force surface results for a nonlinear structure as a 

function of the displacement, velocity and acceleration in a three-dimensional plot, it is possible to visualize 

the type of nonlinearity in the system. The stiffness and damping properties of the nonlinearity can also be 

visualized by taking a slice of the three-dimensional plot at zero values of the corresponding velocity and 

displacements. A modified version of the restoring force surface introduced in [12] was used to obtain 

qualitative information on the nonlinear stiffness and damping properties of the assembly.  

3.2.1 Modified version of the restoring force surface 

In this section, a modified version of the RFS method for nonlinear characterization is discussed, the method 

described in this section is based on a Multiple Degree of Freedom (MDOF) application of the RFS. A 

Figure 5: Nonlinearity detection based on FRFs inspection. Node 1(left), Drive-point (right) 
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physical coordinate approach based on the measured or interested Degree of Freedom (DOF) of the structure 

is adopted, the starting point of this approach is based on Newton’s second law written in a differential form 

for a specific DOF associated to the nonlinear component 

 ∑ 𝑚𝑖𝑘�̈�𝑘 + 𝑓𝑖(𝑦, �̇�) = 𝐹𝑖
𝐾
𝑘=1 (1)         

Where K is number of DOF in the system, i is the interested DOF, 𝑚𝑖𝑘 is the corresponding mass matrix of

the system,�̈�, �̇� and 𝑦 are the acceleration, velocity and displacement vectors. The restoring force vector 

which includes elastic and dissipative effects is denoted by f while the external force vector applied on the 

system is F. The main assumption implemented in this approach is to remove or abandon any restoring force 

or inertia terms that are not directly connected to the nonlinear component in the structure. The discarded 

terms are generally unknown terms which are practically impossible to measure in an experiment, such as the 

coupling inertia coefficients and the rotational DOF. By selecting another measured DOF positioned across 

the nonlinear connection of structure, a new formulation which accounts for the difference in displacement 

and velocity between the selected DOFs is approximated as shown in equation 2 

𝑚𝑖,𝑟�̈�𝑖 + 𝑓𝑖(𝑦𝑖 − 𝑦𝑟 , �̇�𝑖 − �̇�𝑟) ≈ 𝐹𝑖     (2) 

Where r denotes the selected DOF across the nonlinear connection of the structure. The second assumption 

that was made in this approach is that there was no external force applied directly at either of the selected 

DOFs, the external force was applied at a different location on the structure, with this knowledge, a simple 

rearrangement of equation 2 leads to  

𝑓𝑖(𝑦𝑖 − 𝑦𝑟 , �̇�𝑖 − 𝑦�̇�) = −𝑚𝑖𝑟𝑦�̈� (3) 

Hence the formulated expression in equation 3 shows that the restoring force across the nonlinear connection 

is approximately proportional to the acceleration at DOF i. in an experimental application, by simply 

representing the measured acceleration signal at one side of the nonlinear connection as a function of the 

relative velocity and displacement across the selected connection, an adequate mathematical model or 

functional form that describes the nonlinearity across the connection is obtainable. The shape of the function 

f can also be visualized by plotting a three dimensional surface of the triplet(∆𝑦𝑖𝑟, ∆𝑦 ̇𝑖𝑟 , −�̈�𝑖). This similar 
approach has been used to provide some qualitative characterization of the nonlinear stiffness and damping 

at the wing-to-payload interfaces of the F-16 aircraft[12]. 

3.2.2 Restoring force surface plots of the assembly 

In this case, swept sine tests were conducted around the second, third and fourth mode at high level of 

excitation, some interesting behaviour was observed due to the closeness of modes 2 (95.66Hz) and 3 

(99.17Hz) during the experimental test. The closeness of both modes could lead to a transfer of energy 

between modes 2 and 3 and also introduce signs of modal interaction. Mode 3 was observed as the mode that 

Figure 6: Acceleration measured at node 2. Sweep-up mode 2 and 3 (left), Sweep-up mode 4 (right) 
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stimulates the connections between the flexible curved beam and the two cantilever beams as shown in figure 

3, this particular mode is prone to trigger some level of nonlinear behaviour in the assembly. Selected 

accelerations and corresponding sweep frequency measured at 15N for the three modes which are plotted in 

figure7, from figure 7(left), the maximum acceleration values at the resonance peak for mode 2 and 3 which 

correspond to the bending modes of the cantilever beams are within (4.6m/s^2). While in figure 7(right) a 

drop in the maximum acceleration at the resonance peak of mode 4 which correspond to a local mode of the 

flexible curved beam is noticed with the maximum acceleration value for mode 4 being (0.405m/s^2), the 

results reveal clearly that there is a magnitude order of (10m/s^2) between the bending modes of the cantilever 

beams and a local mode of the flexible curved beam. 

The RFS was computed using acceleration data measured at nodes 1 and 2 of the assembly for modes 2 and 

3, the velocity and displacement vectors were obtained by integrating the acceleration vectors for nodes 1 &2 

on the assembly, these nodes were selected to visualize the nonlinear behaviour caused by the connection. 

The expression obtained in equation 3 was used to generate a three dimensional surface plot of the negative 

acceleration, relative velocity and displacement. To visualise the form of elastic nonlinearities in the flexible 

beam connections, a cross section along the axis of the zero velocity value of the restoring force surface plot 

in figure 8 was plotted and presented in figure 9 (right). 

The RFS was later computed separately for each mode to visualize the form of nonlinearity exhibited by that 

specific mode, the results obtained from the single mode RFS computation are plotted in figures 10a to 10d. 

These figures are mainly useful to understand the behaviour of the elastic nonlinearities within the selected 

mode. 

  Figure 8: Restoring force surface plot across the 

connection 

Figure 9: Double mode qualitative stiffness curve      

across the connection 

Figure 10: Single Qualitative Stiffness curve obtained across the connection. Mode 2 (left), Mode 3 

(right).  
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Figures 10a (left) shows the qualitative stiffness curve for mode 2 across node 1 and 2 while figure10b (right) 

illustrates the qualitative stiffness curve for mode 3 across nodes 1 and 2. The stiffness curves show the 

symmetric nature of the nonlinearities in the assembly for modes 2 and 3 within the excitation range. The 

stiffness curves for both modes have also revealed that an accurate representation of the nonlinear behaviour 

in the structure should account for continuous and symmetric effects, the nature of the nonlinearities in the 

system also indicates that the nonlinear stiffness can be modelled using odd functions or polynomial with odd 

powers. 

3.3 Parameter estimation 

Once the nonlinearity has been characterized, the last step in the nonlinear identification process is the 

estimation of the coefficients associated to the nonlinear stiffness and damping properties, since the RFS was 

applied in the characterization step, a direct parameter estimation of the RFS was adopted to estimate the 

initial stiffness coefficients of the characterized model. The method uses a physical coordinate approach 

based on a lumped parameter representation of the test structure, the restoring force between each link in the 

model is then calculated based on the relative displacement and velocity. A similar approach was introduced 

by Masri in [9].  In this paper the least squares estimation method was used to approximate the polynomial 

coefficients that best fits the measured RFS stiffness curve, an advantage to this approach is a that a prior 

knowledge of the mass is not required.  The restoring force stiffness curve for the nonlinear connection was 

computed for modes 2 and 3 while the least squares method was used to estimate the coefficients of the 

polynomial model that best fits the stiffness curve. 

Figure 11a and 11b shows the measured stiffness curve and the polynomial model of the stiffness curve for 

mode 3, the polynomial coefficients obtained from the least square estimation are presented in table 6. 

Property Identified model 

Nonlinear stiffness coefficients_(Mode2) −3.5𝑒10𝑥3 + 2.7𝑒6𝑥2 + 1.7𝑒4𝑥 + 0.16

Nonlinear stiffness coefficients_(Mode3) −6.0𝑒8𝑥3 + 1.4𝑒5𝑥2 + 8.5𝑒3𝑥 + 0.08

    Table 6: Identified Nonlinear Stiffness Polynomial Model 

There are currently no reference values to compare the results of stiffness coefficients obtained from the 

restoring force method, however these coefficients were used for the forced response simulation of the finite 

element model of the assembly, the result obtained from the numerical simulation were validated with 

experimental stepped sine test of different forcing amplitude levels. The nonlinear damping behaviour in 

assembly was not considered in the nonlinear identification process. 

Figure 11: Measured (Left) Vs Polynomial (right) Restoring Force surface curve 
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4 Nonlinear modelling 

Aside from identifying nonlinearities using experimental data, the numerical computation of nonlinear 

systems can also exhibit some complex dynamical behaviours such as modal interaction, unstable solutions 

at the resonance frequency, quasiperiodic oscillations and chaos. Although the periodic solutions of nonlinear 

systems only provide a subset of their dynamic attractors, the numerical computation are also used to gain an 

insight on the nonlinear phenomena for a given mechanical system[15]. The frequency response function 

(FRF) has served as a useful tool for understanding the mechanical response of a linear system where the 

response amplitudes are normalized with the forcing amplitude. In the frequency domain, the harmonic 

balance (HB) method is one of the most widely used method for computing the periodic solution of both 

linear and nonlinear systems for different forcing amplitudes. Hence this section of the paper focuses on the 

application of the HB method constructed in a continuation procedure to compute the periodic solution of the 

Finite Element (FE) Model of the test structure shown in figure 1, the nonlinear polynomial terms and 

coefficients obtained from the experimental investigations are included in the FE model before computing 

the periodic solution of the model. 

4.1 Nonlinear finite element model of the assembly 

A finite element model of the structure was built to conduct the numerical computation, details of the linear 

FE model can be found in section 2.3 of this paper. The mass and stiffness matrices of the linear FE model 

of the assembly were extracted from ABAQUS simulation software. Each cantilever beam was modelled 

with 16 nodes, the flexible curved beam was modelled with 11 nodes and a section of the rectangular base 

was modelled using 6 nodes, the total number of nodes in the model was 49 which equates to 147 DOF. Since 

the rectangular base in the physical was bolted down to a solid rock. i.e. (grounded) as shown in figure 1, the 

associated sets of nodes in the FE model were also set as boundary condition nodes, the removal of the 

boundary condition DOF further reduced the whole FE model to 129 DOF. Figure 12a and 12b shows a 

comparison of the schematic model of the test structure and the physical structure. The nonlinear connection 

was modelled by connecting the associated nodes in the FE model with nonlinear spring elements. Each DOF 

in nodes 1 and 2 were connected together using nonlinear spring elements of the polynomial order obtained 

in the experimental identification. Table 7 shows a sample of the arrangement, order and magnitude of the 

nonlinear spring elements that were added to the numerical model before computation, the equation of motion 

required to solve this type of numerical problem is written in the form: 

 𝑀�̈� + 𝐶�̇� + 𝐾𝑥 + 𝐾𝑛𝑙𝑥 = 𝐹 sin 𝜔𝑡 (4) 

Where M, C and K denotes the linear mass, damping and stiffness matrices obtained from the linear FE model 

of the structure, 

𝐾𝑛𝑙 represents the nonlinear stiffness matrices which contains the coefficients and polynomial order of all

the active nonlinear DOFs in the system while 𝐹 sin 𝜔𝑡 is the external periodic force at a selected harmonic 

frequency ω. 

Node 2 Node 1 

Drive point 

          Figure 12: Cantilever Assembly. Schematic model with nonlinear spring (left), Photograph (right). 
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Nonlinear Spring  DOF Connection  Character (model)      Coefficient 

1 Dof_1x-Dof_4x x^3 -3.5e10

2 Dof_1x-Dof_4x x^2           2.7e6 

3 Dof_37x-Dof_55x x^3 -3.5e10

  4 Dof_37x-Dof_55x x^2           2.7e6 

Table 7: Nonlinear Spring Elements included in the FE Model 

 Proportional damping was introduced to obtain an appropriate linear damping matrix for the numerical model 

of the structure, following the relation in the proportional damping equation the damping matrix was 

computed 𝐶𝑣 =∝ 𝑀 + 𝛽𝐾where the coefficients ∝ and 𝛽 which are dependent on the linear mass and

stiffness matrices were computed using the least-square estimation. The damping matrix was computed for 

the first 6 modes of the structure by setting the target modes in the least square estimation to the first 6 modal 

damping ratio obtained from the linear identification of the structure presented in section 2.2.2 of this paper. 

In this context, the coefficients obtained from the least square estimation are ∝= 1.8034𝑒 − 6 and 𝛽 =
1.7195. 

4.2 Nonlinear force response simulation 

The force response was computed for the 2nd mode (95.66Hz) of the assembly which corresponds to the first 

bending mode of the cantilever beams, the nonlinear spring elements in table 7 were included in the numerical 

model and the period solution was computed for different forcing amplitudes ranging from F=1N to F=10N. 

To clearly assess the effects of the nonlinearities in the model, the amplitude response was normalised with 

the forcing amplitude with the relating law (𝐻 =
𝑋

𝐹
). The numerical solution was computed for both the linear 

model (i.e. without the nonlinear elements) and the nonlinear model where the nonlinear terms are included 

in the model. The normalised response is converted into acceleration vs frequency, results for the horizontal 

DOF of the driving point and horizontal DOF for node 1 are presented in figure 13 for a range of forcing 

levels. 

4.3 Nonlinear model validation 

To validate the accuracy of the nonlinear coefficients and polynomial order used in the forced response 

computation, force controlled stepped sine excitation tests were also performed on the cantilever assembly, 

comparison of both numerical and experimental results was used to assess the accuracy and strength of the 

nonlinear identification process discussed in the earlier section of this paper.   

Figure 13: Forced Response simulation of the nonlinear model. Drive point (left), Node 1 (right) 
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4.3.1 Force controlled stepped sine test 

Force controlled stepped sine test was conducted on the assembly for a range of different forcing amplitudes 

using the stepped sine module in LMS Test Labs the control strategy implemented in LMS Test Lab only 

accounts for the ability to control the first harmonic of the main forcing frequency, hence the number of 

harmonic used in the numerical computation was 𝑁𝐻 = 1. The stepped sine sweep test conducted included 
sweeps in both upward and downward frequency direction for the selected bandwidth with forcing amplitude 

ranging from 1N to 10N. 

Nonlinear Spring  DOF Connection Character (model)  Before   After 

1 Dof_1x-Dof_4x x^3 -3.5e10 -5e10

2 Dof_1x-Dof_4x x^2    2.7e6  1e6 

3 Dof_37x-Dof_55x x^3 -3.5e10 -5e10

4 Dof_37x-Dof_55x x^2     2.7e6  1e6 

Figure 14: Force Controlled Stepped Sine Test Response (Mode 2). Sweep-up (left), Sweep-down (right) 

The stepped sine sweep-up test in figure 14 each focused around the resonance of interest (mode 2), a 

softening behaviour is observed around the mode of interest which also corresponds to the behaviour obtained 

in the numerical simulation. A sudden transition (jump up) to a higher energy state is observed as the 

frequency increases and a sudden transition (jump down) to a lower energy state as the frequency reduces. 

This behaviour is often referred to as the jump phenomena, although the stepped sine test is a different type 

of test this result also matches with the results plotted in figure 5 in the nonlinearity detection stage. 

4.3.2 Optimization and validation of the nonlinear FE model 

To test the accuracy of the nonlinear force response simulation, results obtained from the simulation were 

correlated with the stepped sine test results for selected forcing amplitudes. In order to make the FE model 

with the nonlinear spring elements match the stepped sine data from the physical assembly, an optimization 

approach that minimizes the error function by iteratively changing the nonlinear stiffness parameters was 

adopted. The optimizer used in this paper is similar to a gradient based optimization approach, the Particle-

Swarm function in MATLAB was implemented for the obtaining the best nonlinear stiffness coefficients that 

could be used predict the response of the structure at higher excitation amplitude. Figure 15 shows a 

comparison of the nonlinear force response of FE model using the optimized stiffness coefficient with force 

controlled stepped sine test data. Table 8 shows the coefficient of each nonlinear spring element in the model 

before and after the optimization process, it obvious from the table that the coefficients of the cubic term was 

the only parameter that was optimized during the optimization process. This also confirms the accuracy of 

the characterization and parameter estimation process described in the nonlinear identification section.   

  Table 8: Optimized Nonlinear Stiffness Coefficient   
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The results in figure 15 shows matching trend of both FE and experimental results, for lower forcing 

amplitudes i.e 3N and 4N, all data points for the FE results and measured data match to a high level of 

accuracy. However, as the forcing amplitude increases FE model starts to exhibit some complex nonlinear 

behaviour which are not seen in the test result, the complex behaviour can be attributed to nonlinear damping 

which were not considered in the FE model. In addition, the use of constant linear damping matrix to compute 

the force response for higher forcing amplitude is considered in appropriate for this type of complex structure. 

The stepped sine results indicate that damping changes as the forcing amplitude increases, hence this needs 

to be accounted for in the nonlinear finite element model.    

5 Conclusions 

This paper presents the experimental identification of nonlinearities in a complex assembled structure, in 

addition a nonlinear finite element model of the assembly was modelled using the harmonic balance method. 

The main objectives of the paper were to identify the type of nonlinearity present in the assembled structure 

and compute the periodic solution of the structure. The restoring force surface was used to characterize the 

nonlinear stiffness whilst the least squares method was then applied in the parameter estimation stage to 

obtain the corresponding coefficients of the nonlinear terms. The periodic solutions of the structure computed 

in the frequency domain was also used to gain an insight to the dynamic response of the assembled structure, 

these results were validated using experimental data obtained from force controlled stepped sine test. The 

robustness of the nonlinear FE model was checked using the stepped sine test result, an error breakdown was 

observed at higher forcing amplitude as shown in figure 15. Leading to the conclusion that there are missing 

features and parameters which need to be accounted for in nonlinear FE model in order to obtain better 

response prediction. Some of these parameters are associated to the nonlinear damping in the structure and 

the inaccuracy of the method used in modelling of the contact interface in the assembly.     
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 Figure 15: Force Response Simulation and Force Controlled test using the optimized stiffness 
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