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Introduction
Dynamic balance aims to eliminate the fluctuations in 
reaction forces and moments of high-speed robots by design 
of their kinematics and mass distribution [1], [2]. In theory, 
this leads to a dynamic decoupling of the robot and its 
surroundings, reducing the vibration propagation and 
potentially eliminating the need for vibration isolation 
measures such as force frames, soft mounts, and active 
vibration isolation [3]. In practice however, balancing leads 
to larger masses, increased motor torques and substantial 
bearing forces, since traditional balancing procedures rely 
on the addition of counter-masses. Although there are 
methods to mitigate these negative effects [3]-[6], in this 
article we focus on the effect of the traditional balancing 
procedure on the dynamic performance of robots with 
a finite stiffness.

This is especially of interest for the dynamic balance of 
delta-type robots. These parallel structures owe their high-
speed motion capabilities in part to the lightweight design 
of their lower arms. Due to their particular kinematic 
structure, the lower arms are predominantly loaded in 
compression and tension, allowing for a slender design and 
high-speed motion. Adding counter-masses to these lower 
arms, as dictated by traditional balancing techniques, seems 
to be counterintuitive as it increases the moving mass and 
induces dynamic bending moments in the slender legs, thus 
requiring additional bending stiffness and even more mass. 

Moreover, we expect that the added mass lowers the 
natural frequencies of the mechanisms leading to increased 
vibrations and lower controller bandwidth. This is 
confirmed by [7]-[10], where significant shaking forces are 
reported when considering link flexibility of a nominally 

Fast-moving robots induce large dynamic reaction forces and moments at the base, 
resulting in disruptive vibrations and a loss of accuracy at the end-effector. By adding 
counter-masses and counter-inertias these shaking forces and moments may be 
reduced or even eliminated. However, current state-of-the-art approaches typically 
disregard the elasticity of the robot links, which potentially leads to undesirable 
parasitic dynamics, unbalance and loss of controller performance. In this article, 
the effect of link flexibility on the balance quality is investigated in a 2-DoF delta-type 
robot. It is demonstrated that a partial balancing solution accomplishes 80% shaking 
force reduction without the loss of controller bandwidth.

balanced linkage. Yet, the exact nature and the impact of 
these lowered natural frequencies on the frequency response 
of multiple-degree-of-freedom (multi-DoF) robots has not 
been demonstrated. Moreover, it remains unclear under 
what conditions dynamic balancing of robots with realistic 
stiffness is beneficial.

In this article, we study the frequency response of a scaled-
down planar robot that resembles an industrial delta-robot. 
We present an experimental set-up in combination with a 
flexible multi-body model in order to explain and quantify 
the effect of balancing on the shaking forces and controller 
performance of a finitely stiff manipulator.
In the following sections, the mechanism design and 
balancing solutions and the evaluation method for the 
balancing performance are presented. The resulting transfer 
functions are shown and qualitatively compared to a 
parametric model, leading to design criteria for optimising 
the dynamic balance of flexible robots.

The 2-DoF planar mechanism with counter-masses in grey.
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Three cases
The influence of flexibility on the force-balancing quality 
of a planar delta-robot mechanism is assessed for three cases: 
1) unbalanced, 2) fully force-balanced, 3) partially balanced.

Unbalanced mechanism
The robotic system under evaluation is shown in Figure 1. 
The dimensions (Table 1) were chosen to resemble 
commercially available delta-robots [11] and scaled in order 
to fit on an available force/torque sensor. This resulted in a 
mechanism (Figure 2) with a workspace of approximately 
200 mm x 200 mm. The upper arms are made of steel tubes 
with brass inserts, while the lower arms are made of steel 
sheet metal to resemble the stiffness properties of the 
carbon tubes that are used in most commercial delta-robots.

Force-balanced mechanism
A mechanism is force-balanced when the total centre of 
mass is stationary for all motion. A symmetric force-
balanced solution with in-line counter-masses was chosen 
here. This places the following six conditions on the links’ 
counter-masses mi* and counter-mass locations ci*:

 m2* c2* = m2 c2 + ½mp l2  (1)

 m1* c1* = m1 c1 + (m2 + m2* + ½mp) l1 (2)

 m1* c1* = m3* c3* ,  m1* = m3* (3, 4)

 m2* c2* = m4* c4* ,  m2* = m4* (5, 6)

From these equations a range of masses and their locations 
can be chosen. A solution with a minimal distance between 
a counter-mass and a joint is a common choice in literature 
[12]. Although this will result in large counter-masses, the 
moments of inertia and hence the motor torques are then 
minimal. Here we chose, based on practical considerations, 
ci* to be 30 mm and 39 mm for the upper and lower arms, 
respectively (Table 2). This resulted in counter-masses of 
538 g for the upper arms and of 81 g for the lower arms.

Partially balanced mechanism
The large addition of mass can be mitigated by adopting a 
partial balance solution [13]. Here, only counter-masses on 
the two upper links are used. The location of the counter-
masses is the same as for the previous case. The amount 
of added mass, however, is reduced by 50% (Table 2).

Evaluation of force-balance quality
The evaluation of the balance quality for these three  
cases was performed by simulation and experiments.  
A parametric model was used to interpret and explain 
the results.

Performance measures
Two performance measures were used to evaluate the three 
cases. The first measure relies on the comparison of the 
transfer functions T(s) from an actuator angle q to the 
shaking forces F at the base:

 T(s) = F(s) / q(s) (7)

Here, s denotes the complex frequency. Transfer functions 
capture the frequency-dependent behaviour of a dynamic 
system. They therefore provide an excellent tool for 
studying the influence of stiffness on the balance quality. 

Force/torque sensor

Counter-
masses

Counter
-masses

The force-balanced test set-up mounted on a 6-DoF force/torque sensor.
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Table 1 
Robot design parameters. 

* COM = centre of mass

Parameter Symbol Value Unit

Base width ls 90 mm
Upper arm length l1, l3 130 mm
Upper arm mass m1, m3 93 g
Upper arm COM* c2, c3 24 mm
Lower arm length l2, l4 256 mm
Lower arm COM c1, c4 90 mm
Lower arm mass m2, m4 36 g
Payload mp 3 g

Table 2
Counter-mass properties for the force-balanced (FB) and partially balanced 
(PB) case.

Property Symbol FB value PB value Unit

Upper arm counter-mass m1*, m3* 538 306 g
Upper arm counter-mass location c1*, c3* 32 32 mm
Lower arm counter-mass m2*, m4* 81 - g
Lower arm counter-mass location c2*, c4* 37 - mm
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Here, a low magnitude of the shaking forces over a large 
frequency range indicates a high balancing quality. These 
transfer functions were obtained by modelling and 
linearisation of the mechanism in a numerically flexible 
multi-body software package [14]. Identification of the 
experimental set-up allowed for a verification of the results.

The second performance measure is related to the change 
in controller bandwidth of the balanced system. In most 
applications the performance of the controller is limited by the 
first parasitic frequency as stability issues limit the controller 
bandwidth to approximately 1/3 of this frequency. If, by 
addition of counter-masses, the first parasitic frequency drops, 
this would result in a decreased bandwidth and hence reduced 
system performance. The first parasitic frequency is therefore 
the second performance criterion for dynamic balance.

Experimental set-up
The set-up described in the previous section was built 
and placed on a 6-DoF force/torque sensor. A frequency 
identification of the set-up was performed by exciting 
the joints with a multisine signal and measuring the 
corresponding shaking forces in the x- and y-direction. 
Figure 2 shows the set-up in its balanced configuration.

Parametric model
The behaviour of the system is explained by a simplified 
analytic model of a balanced elastic beam. This beam is 
modelled as two spring-mass systems hinged at the base 
(Figure 3). The mass-spring on the right system represents 
the unbalanced mechanism and the system on the left 
represents the balance mass. The frequency transfer 
functions of the left (Pb) and right (Pa) mass-spring system 
from joint rotation to shaking force in the vertical direction 
then become (UB = unbalance):

 PUB (s) = Pa = ma la ks2 / (ma s
2 + k)   (8)

 Pb = mb lb ks2 / (mb s
2 + k) (9)

Here, ma, mb, la and lb are the masses and lengths. For 
convenience the same stiffness k is chosen for both systems. 
In the force-balanced as well as the partially balanced case, 
the two mass-spring systems are combined, leading to the 
following total transfer function (PB = partially balanced):

 PPB = Pa – Pb = 

 (ma la – mb lb) k2
 s

2 + ma mb(la – lb) ks4 
                 
              (ma s

2 + k)(mb s
2 + k)          (10)

The force-balance condition of this beam is:

 0 = ma la – mb lb (11)

Therefore, the transfer function of the force-balanced (FB) 
system becomes:

 PFB = ma mb(la – lb) ks4 / [(ma s
2 + k)(mb s

2 + k)]   
(12)

Here, it can already be seen that force balance eliminates 
the s2 component in the numerator of (10). This indicates 
the removal of a low-frequency component.

Results
The obtained transfer functions of the three cases and the 
measurement results are shown in Figure 4. Here, only the 
transfer function from the first motor to the forces in the 
x-direction is treated. The other transfer functions of the 
y-force and the second motor show comparable results. 
The parasitic frequencies and corresponding mode shapes 
are depicted in Figure 5.

The parametric model of the dynamically balanced mechanism. 
The counter-mass is depicted in grey.

The shaking force frequency content of the 2-DoF mechanism in the horizontal x-direction 
due to actuation of joint 1. The dots indicate the results from the multisine identification. 
The arrows indicate the first peaks due to the natural frequencies of the system. 
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Unbalanced mechanism
The measurements and the model of the unbalanced robot 
both show a 40 dB/decade line up to the natural frequency 
at 28 Hz (Figure 4), while beyond this frequency the 
measurements and model start deviating. The slope in the 
low-frequency domain can be explained by Newton’s laws. 
The shaking force induced by a moving rigid body 
corresponds to F = meq q

... Here, meq is the equivalent mass 
of the motion. The corresponding Laplace transform is 
TUB ≈ meq s

2. This s2 results in the observed 40 dB/decade 
line and is therefore termed the rigid-body effect.
This can also be seen if we apply a low-frequency 
approximation to the parametric model. In the frequency 
region far below the first natural frequency (ω << ω1), 
the behaviour of the unbalanced mechanism (8) is 
approximately:

 PUB ≈ ma la s
2 = meq s

2  (13)

It can be seen that here the rigid-body motion is dominant, 
corresponding to the 40 dB/decade line.
The differences between the model and the measurements 
in the higher-frequency region may be attributed to model 
simplifications, design tolerances and measurements errors. 
They are of less interest in the present context and are not 
discussed any further.

Force-balanced mechanism
For the fully force-balanced robot, the behaviour 
corresponds to an 80 dB/decade line up to the first natural 
frequency at 19 Hz (Figure 4). Again, this holds for both 
the model and the measurement results. Similarly, in 
the parametric model these effects are seen. Since (11) 
removes the s2 contribution in (10), the low-frequency 
approximation of the parametric model (12) becomes:

 PFB ≈ ma mb(la – lb) s4 / k  (14)

This fourth-order behaviour corresponds to the 80 dB/
decade line as observed in the simulation and the 
measurements. Apparently, force balance removes the  
rigid-body effect, such that the function is characterised 
by T(s) ≈ meqs

4. This meq is a different equivalent mass 
associated to the internal vibrations. This shows that 
dynamic balance results in a strong attenuation of the 
shaking forces in the frequency region well below the first 
natural frequency. On a side note, it might be theoretically 
possible to also remove this s4 effect by design of the mode 
shapes, as shown in a recent study [15]. This would lead 
to even more attenuation in the low-frequency domain.

However, balancing also lowers the natural frequency of 
the system, from 28 to 19 Hz, indicating an approximate 
controller bandwidth loss of about 40%. Therefore, 

the force-balance quality of this flexible manipulator is 
improved in the low-frequency range up to 16 Hz; beyond 
this frequency, the performance is comparable if not 
worsened.

Partially balanced mechanism
The partially balanced robot shares the 40 dB/decade line with 
the unbalanced mechanism. Yet, the magnitude of this line is 
significantly lower compared to the unbalanced case. Effectively, 
this results in approximately 15 dB or 80% reduction of the 
disruptive shaking forces in the lower frequency region.

In the parametric model, the shaking forces at the frequencies 
below the first natural frequency are dominated by the rigid-
body effects as seen from the approximation of (10):

 PPB ≈ (ma la – mb lb) s2 = meq s
2  (15)

Here, also the rigid-body, second-order behaviour is found. 
The difference with the unbalanced case is a reduction of 
the effective mass by a suitable choice of the counter-mass 
(mblb). Additionally, no noticeable change of the parasitic 
frequency is observed with respect to the unbalanced case. 
Since the counter-masses are placed at the base joints, solely 
the higher, non-critical modes are affected. This indicates 
that the controller bandwidth can be maintained with 
partial dynamic balance.

Concluding remarks
This work confirms that elasticity of the mechanism has 
a significant influence on the dynamic balance quality. It 
shows that force balance attenuates the shaking forces by 
40 dB/decade in the lower-frequency domain by eliminating 
the rigid-body contribution. This is particularly helpful if a 
shaking force reduction is required in the frequency range 
far below the first parasitic frequency. However, around and 
beyond this frequency no clear improvement is observed. 

  

 

 
  

   

 
  

   
 

The first two mode shapes for the unbalanced (UB), force-balanced (FB), 
and partially balanced (PB) case.
(a) UB 1: 28 Hz (c)  FB 1: 19 Hz (e)  PB 1: 28 Hz
(b) UB 2: 28 Hz (d)  FB 2: 19 Hz (f )  PB 2: 28 Hz
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It may be argued that for most applications the bulk of the 
motion energy is in the lower-frequency domain. However, 
the remaining high-frequency energy, the nonlinearities and 
possible external disruptions may excite internal vibrations 
that would result in substantial shaking forces in an other-
wise force-balanced mechanism. 

Moreover, the added balance mass may lower the first parasitic 
frequency of the mechanism. In the present case study, a 
reduction of 40%, from 28 to 19 Hz, was observed. This will 
result in a proportional loss of controller bandwidth and robot 
performance. Partial dynamic balance seems to be more 
advantageous in this case as it reduces the shaking forces by 
80% without sacrificing the controllability of the robot.
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