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A B S T R A C T   

In deep drawing processes, mixed lubrication friction regime is common in which the friction condition is 
governed by solid–solid asperity contacts and lubricant pressure. In this study, a friction model in the mixed 
lubrication regime is developed that accounts for the effect of the surface topographies of sheet and tool on the 
lubricant pressure distribution. The overall friction due to solid–solid asperity contacts and lubricant pressure is 
determined using a coupled hydrodynamic and boundary friction models. The model is utilized in an in-house FE 
code (DiekA) for deep drawing simulations. In the FE simulations, the lubricant pressure is determined by solving 
the average Reynolds equation. The flow factors required in the average Reynolds equation are determined 
separately using measured tool and sheet surface topographies. Cross-die experiments are performed at different 
lubricant amounts to validate the friction model at a component level. The results show that punch force vs. 
displacement and strain field from experiments and FE simulations (using the new friction model) correlate very 
well.   

1. Introduction 

Accurate description of friction in forming simulations is necessary 
for reliable formability analyses. In sheet metal forming, friction 
behavior at the tool–sheet contact depends on the local contact condi-
tions at asperity level such as the topographies of the contacting sur-
faces, contact loads and material. Additionally, the sheet surface is often 
lubricated which introduces an additional complexity at the interface 
between the tool and the sheet. Two predominant lubrication regimes 
exist in sheet metal forming applications are: boundary and mixed 
lubrication regimes. In the boundary lubrication regime, the overall 
friction is determined solely by solid-solid contact forces. However, in 
the mixed lubrication regime, the total contact load at the tool–sheet 
metal is shared by the solid–solid asperity contacts (boundary lubrica-
tion) and lubricant pressure. The lubricant pressure distribution is 
estimated by solving the Reynolds equation. In this regime, the influence 
of roughness or surface texture on the fluid flow is significant which 
must be considered to determine the lubricant pressure distribution 
using the Reynolds equation. 

To account for the surface texture effects, direct numerical method 

with fine mesh size to model the actual surface topographies is intrac-
table. Hence, indirect methods which generally use the state variables 
averaging approach on the solution domain have been investigated. For 
example, solving Reynolds equation using the homogenization method 
in which the local effects due to surface texture are averaged and 
incorporated in the global Reynolds equation. This method was first 
proposed by Elrod (1973) to consider the surface texture effects. The 
limitation of this method is that it is limited to non-contact situations. 
Christensen (1969), Christensen and Tonder (1971), Tonder and Chris-
tensen (1972) developed the stochastic form of the Reynolds equation 
for slider and journal bearings with transverse and longitudinal surface 
textures. However, this stochastic form is limited to surfaces with 
uni-directional roughness lays such as one dimensional longitudinally or 
transversally oriented ridges with respect to the sliding direction. Patir 
and Cheng (1978) proposed a formulation of average Reynolds equation 
(P&C method) suitable for a 3D surface topography. Patir and Cheng 
(1979) used the average Reynolds equation to investigate the effect of 
roughness on the performance of finite slider bearing. This formulation 
considers the local texture effects using correction factors called flow 
factors. Patir and Cheng (1978), Tripp (1983), Lo (1994), Dorr and 
Liewald (2012) described the method to determine the flow factors by 
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comparing the fluid flow through the pair of rough surfaces and the flow 
through their equivalent smooth counterpart. The two types of flow 
factors are pressure and shear flow factors. The pressure flow factor 
accounts for the change in mean flow due to the surface texture for a 
pressure gradient induced flow. The shear flow factor accounts for the 
fluid transport due to the rough contacting surfaces which are sliding 
relative to each other. It is necessary to mention that the average Rey-
nolds equation proposed by Patir and Cheng (1978) is only suitable for 
no contact and lightly loaded contact situations and not suitable for high 
fractional real area of contacts such as in forming applications. Later, to 
overcome this limitation, formulations were proposed by Elrod (1979), 
Tripp (1983), Wu and Zheng (1989). One such formulation is proposed 
by Wilson and Chang (1996) which is suitable for the contact conditions 
having a high fractional real area of contact. Wilson and Marsault (1998) 
adapted the flow factor relations proposed in Patir and Cheng (1978), 
Tripp (1983), Lo (1994) for numerically generated surfaces with 
Gaussian surface height distributions. In the current study, metal sheets 
textured by electro-discharge textured (EDT) rolls are used which often 
have a non-Gaussian height distribution. Therefore, the flow factors are 
determined on a measured surface height data using the formulation 
proposed by Wilson and Chang (1996). 

In sheet metal forming processes, the boundary and mixed lubrica-
tion regimes can occur simultaneously. In the mixed lubrication regime, 
direct asperity contacts and lubricant pressure contribute to the total 
friction force. The possible approach to account for these effects in 
forming simulations is to solve a fluid-structure interaction problem by 
coupling the structural FE mesh with the discretized form of the average 
Reynolds equation. Booker and Huebner (1972) first introduced this 
approach for rotor bearings. Later, Hu and Liu (1993) implemented this 
coupled approach for sheet rolling processes and Yang and Lo (2004) 
used it for axisymmetric cup stretching processes. Recently, Hol et al. 
(2015a) successfully implemented the coupled formulation for deep 
drawing applications. However, in this implementation the effects of 
surface texture on lubricant pressure are not considered. This may lead 
to inaccurate prediction of the lubricant pressure and the load carried by 
lubricant which in turn results in an unreliable estimation of the friction 
coefficient. 

The aim of this study is to develop a mixed lubrication friction model 
applicable to forming simulations. The model must account for the 

measured surface topographies of the sheet metal and the tool to 
determine lubricant pressure distribution. Lubricant pressure distribu-
tion is used to estimate the load carried by solid–solid asperity contacts 
and lubricant in order to calculate the overall coefficient of friction. The 
new mixed lubrication friction model is utilized in FE code for forming 
simulations. 

The paper is organized as follows. In Section 2, the average Reynolds 
equation is presented. The approach to calculate the flow factors for the 
measured surface topographies of the contacting surfaces is described in 
Section 3. Here, typical contact conditions relevant to forming condi-
tions will be considered including deformation of contacting and non- 
contacting asperities. In Section 4, the mixed lubrication friction 
model is described that couples the hydrodynamic and boundary friction 
models. In Section 5, the friction model is used in FE simulations of 
cross-die forming and the results are compared to experimental results. 

2. Formulation of the average Reynolds equation 

The steady state, isothermal 2D Reynolds equation for incompress-
ible fluid in tensorial form is written as, 

∇.

(
h3

12η∇P
)

= ∇.

(
h(U1 + U2)

2

)

+
∂h
∂t

(1)  

where ∇= (∂/∂x, ∂/∂y), P(x, y) is local fluid pressure, h is local film 
thickness, η is the dynamic viscosity of the fluid and U1, U2 are the 
surface velocities as shown in Fig. 1. In forming processes the real area 

Nomenclature 

α, αsol fractional real area of contact [–] 
δ local surface height from mean line [mm] 
η dynamic viscosity [Pa s] 
μtot nodal coefficient of friction [–] 
ϕ surface height distribution function [mm− 1] 
ΦP pressure flow factor tensor [–] 
ΦS shear flow factor tensor [–] 
ρ density [kg/m3] 
τlub1 shear stress at workpiece–fluid interface [MPa] 
τlub2 shear stress at tool–fluid interface [MPa] 
τsolid nodal shear stress due to direct asperity contact [MPa] 
τvisc lubricant viscous shear stress [MPa] 
τtot total shear stress [MPa] 
I second order unit tensor [–] 
τBL shear strength of the interfacial boundary layer [MPa] 
εeqpl equivalent plastic strain [–] 
Anom nominal area [mm2] 
d normal displacement of tool [mm] 
Fbhf blankholder force [N] 
h local film thickness [mm] 
hinp available film thickness [mm] 

havg average film thickness [mm] 
hT nominal surface separation [mm] 
L length of surface [mm] 
m number of nodes [–] 
P, Plub lubricant pressure [MPa] 
Pnom nominal pressure [MPa] 
Psol solid–solid contact pressure [MPa] 
Qrough flow through a pair of rough surfaces per unit width [mm2/ 

s] 
Qsmooth flow through a pair of smooth surfaces per unit width 

[mm2/s] 
u uniform rise of non-contacting asperities [mm] 
U1 velocity vector of lower surface [mm/s] 
U2 velocity vector of upper surface [mm/s] 
Ur rolling velocity [mm/s] 
Us sliding velocity [mm/s] 
v1 velocity vector of workpiece [mm/s] 
v2 velocity vector of tool [mm/s] 
Vlub lubricant volume [mm3] 
vpunch punch speed [mm/s] 
Sa average surface roughness [μm] 
Sq RMS surface roughness [μm]  

Fig. 1. Rough surfaces in contact.  
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can be high therefore in this study the formulation proposed by Wilson 
and Chang (1996) is used to determine the lubricant pressure in the 
mixed lubrication regime. The proposed average Reynolds equation 
accounting for the texture effects is written as follows: 

∇.

(
h3

avg

12ηΦP.∇P

)

= ∇.

(
havg(U1 + U2)

2
+ ΦS.

Sq(U1 − U2)

2

)

+
∂havg

∂t
(2)  

where ΦP=

[
ΦPxx ΦPxy
ΦPyx ΦPyy

]

and ΦS=

[
ΦSxx ΦSxy
ΦSyx ΦSyy

]

are pressure and 

shear flow factor tensors, P(x, y) is the average local fluid pressure, hT is 
the nominal surface separation of undeformed surfaces and havg is the 
average fluid film thickness (separation) which is equal to the area 
averaged volume of the surface pockets between the contacting surfaces 

(see Section 3.4). Sq =

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

S2
q1 + S2

q2

√

is the combined root mean square 

(RMS) surface roughness of the contacting surfaces. It should be noted 
that, when ΦP = [I] and ΦS = [0], Eq. (2) takes the form of standard 
Reynolds Eq. (1). 

3. Determining flow factors 

(Patir and Cheng, 1978, 1979) described a method (P&C method) to 
determine the flow factors. The method is suitable to determine the 
diagonal terms of the flow factor tensors (ΦPxx, ΦPyy, ΦSxx, ΦSyy). This is 
true for random and isotropic surfaces as described in Tripp (1983), 
Wilson and Marsault (1998), Sahlin et al. (2010). For directional sur-
faces with surface topography oriented in specific direction, the 
off-diagonal terms may appear in flow factor tensors due to surface 
roughness anisotropy. For such surfaces, the pressure gradient in one 
direction can induce the flow in other direction. However, for any sur-
face, there exists a principal coordinate system for which ΦP and ΦS are 
diagonal as explained in Tripp (1983), Wilson and Marsault (1998). The 
problem reduces to an eigenvalue problem which means if the coordi-
nate system is chosen in the eigendirections such that it aligns with the 
roughness lay direction then the P&C method can be used to determine 
the diagonal terms of the flow factors. For random and isotropic sur-
faces, ΦPxx = ΦPyy, ΦSxx = ΦSyy and ΦPxy, ΦPyx, ΦSxy, ΦSyx = 0 and for 
directional surfaces with coordinate system aligned in the principal di-
rections, ΦPxx ∕= ΦPyy, ΦSxx ∕= ΦSyy and ΦPxy, ΦPyx, ΦSxy, ΦSyx = 0. The 
current study is focused on metal sheets textured by EDT rolls for which 
the surface topography is random. Since, for random (or isotropic) 
surfaces, the flow factors ΦP and ΦS are diagonal and independent of the 

coordinate system, the flow factors reduce to, ΦP=

[
ΦPxx 0

0 ΦPxx

]

and 

ΦS=

[
ΦSxx 0

0 ΦSxx

]

. The pressure and shear flow factors are determined 

by solving Reynolds Eq. (1) on a pair of contacting rough surfaces from 
which the flow is determined. This flow is compared with the mean flow 

of its equivalent pair of smooth surfaces separated by mean film thick-
ness. It is assumed that the Reynolds equation is applicable for the flow 
through rough surfaces. This requires asperities of small slopes which is 
generally valid for most of the engineering surfaces. In the current study, 
an area averaged film thickness havg is used. This is required to be 
consistent with the average Reynolds Eq. (2) which enables to calculate 
the flow factors for high real area. The effect of surface texture on 
pressure driven flow (Poiseuille term) to determine ΦP and sliding 
driven flow (Couette term) to determine ΦS can be analyzed separately, 
because the flow according to the Reynolds equation is a linear combi-
nation of pressure gradient induced flow and sliding driven flow. 

3.1. Pressure flow factor 

The pressure flow factor reflects the impedance to flow due to surface 
texture. The standard Reynolds Eq. (1) is used to determine the flow 
through the pair of rough surfaces having a predefined pressure gradient 
(PB − PA)/Lx on a control volume. The calculated flow is compared with 
the flow through a pair of equivalent smooth surfaces separated by the 
average film thickness havg. For simplicity, the flow factors are deter-
mined in the x direction (ΦPxx, ΦSxx). Fig. 2 shows the control volume 
and required boundary conditions to determine the pressure flow factor. 
A no-flow boundary condition used by Patir and Cheng (1978), Teale 
and Lebeck (1980), Lunde and Tonder (1997) on the edges of the control 
volume in the y direction is used. The pressure flow factor ΦPxx in the x 
direction (direction of applied pressure gradient) is determined as, 

ΦPxx =
Qrough

Qsmooth
(3)  

where Qrough is the flow through a pair of rough surfaces and Qsmooth is 
the flow through an equivalent pair of smooth surfaces per unit width 
under a pressure gradient of (PB − PA)/Lx. Patir and Cheng (1978) used a 
flow, averaged over the boundary to determine Qrough from the pressure 
distribution. Hu and Zheng (1989) concluded that averaging the flow 
over a complete area gives better estimation of the flow. In the current 
study, Qrough is determined by averaging the flow over a bearing area 
using the estimated pressure field. Furthermore, to reduce the effects of 
boundary conditions, the flow is calculated on a central area of 
0.8L × 0.8L also used by Harp and Salant (2001). Qrough and Qsmooth are 
determined as follows: 

Qsmooth =

(
h3

avg

12η

)(
PB − PA

Lx

)

(4)  

Qrough =
1

0.82LxLy

∫ 0.9Lx

0.1Lx

∫ 0.9Ly

0.1Ly

− h3
x,y

12η
∂P
∂x

∂x∂y (5)  

The flow factor (ΦPyy) can be determined using the same method. In that 

Fig. 2. Boundary conditions for pressure flow factor calculation.  
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case, the direction of pressure gradient (y direction) and no-flow 
boundary condition (x direction) are switched. 

3.2. Shear flow factor 

The shear flow factor accounts for the sliding induced additional 
fluid flow. In this case the fluid entrapped in the surface pockets of the 
rough surfaces is transported. The mean flow per unit width is deter-
mined for the conditions of equal and opposite velocities of the con-
tacting surfaces without any applied pressure gradient. In this case, 
U1 = − U2 =Us/2 where Us =U1 − U2 is the sliding velocity and 
Ur =U1 +U2 is the rolling velocity which is set to zero. Fig. 3 shows the 
boundary conditions. 

The shear flow factor ΦSxx in the sliding direction is determined 
similar to ΦPxx using Eq. (3) for which Qrough is determined using Eq. (5). 
Referring to Eq. (2), as the rolling velocity and the mean pressure 
gradient are zero, ΦSxx can be determined as follows: 

ΦSxx = Qrough

(
2

SqUs

)

(6)  

As described by Patir (1978), ΦPxx and ΦSxx strongly depend on local 
film thickness h and are independent of lubricant viscosity η, applied 
pressure gradient (in case of ΦPxx) and sliding velocity Us (in case of 
ΦSxx). 

3.3. Solution scheme 

Reynolds equation (1) is solved over the control volume with 
boundary conditions shown in Figs. 2 and 3 . In the case of pressure flow 
factor, right hand side (RHS) of Eq. (1) is zero because the surfaces are 
stationary (U1 =U2 = 0) and ∂h/∂t = 0. Rewriting Eq. (1) in 2D Cartesian 
coordinate system and setting RHS equal to zero, 

∂
∂x

(
h3

12η
∂P
∂x

)

+
∂
∂y

(
h3

12η
∂P
∂y

)

= 0 (7)  

where h is the local film thickness (see Fig. 1). In the case of shear flow 
factor calculation, the relative sliding is introduced in the absence of 
pressure gradient. The problem reduces to pure sliding of two parallel 
surfaces. Therefore, Eq. (1) takes the following form, 

∂
∂x

(
h3

12η
∂P
∂x

)

+
∂
∂y

(
h3

12η
∂P
∂y

)

=
∂h
∂t

(8)  

Due to the relative velocity, the position of surface points changes with 
time which means the film thickness is a function of time. To solve Eq. 
(8), a displacement Δx is assumed for a time increment of Δt such that 
each surface moves by a displacement of Δx during that time. Here, x is 
the coordinate in sliding direction and Δx represents the difference in 

position. Since each surface moves with a velocity of Us/2, they are 
related as, 

Us

2
=

Δx
Δt

(9)  

The bottom surface moves to the right and top surface moves to the left 
therefore for a fixed spatial position, the RHS of Eq. (8) can be written as, 

∂h
∂t

=
h(x, y, t + Δt/2) − h(x, y, t − Δt/2)

Δt
(10)  

Substituting Δt from Eq. (9), 

∂h
∂t

=
Us

2Δx
[h(x, y, t + Δt/2) − h(x, y, t − Δt/2)] (11) 

Δx is chosen equal to the resolution of measured surface height data 
(pixel size). Us is chosen arbitrary and using Eq. (9) the time interval Δt 
is determined. Referring to Fig. 1, h = hT + δ1 + δ2 is the local film 
thickness. The expression for local film thickness h(x, y, t + Δt/2) and h 
(x, y, t − Δt/2) can be written as, 

h(x, y, t + Δt/2) = (hT + δ1− + δ2+)

h(x, y, t − Δt/2) = (hT + δ1+ + δ2− )

δ1− = δ1(x − Δx/2, y, t), δ1+ = δ1(x + Δx/2, y, t)
δ2− = δ2(x − Δx/2, y, t), δ2+ = δ2(x + Δx/2, y, t)

(12)  

To solve the Reynolds equation, the finite difference method is widely 
used. For example, this method is used by Patir and Cheng (1979), Xiong 
and Wang (2012), Etsion (2013) to solve Reynolds equation. Eq. (7) is 
solved for the case of pressure flow factor and Eq. (8) for the case of 
shear flow factor. The pressure field is determined from which the mean 
flow is estimated using Eq. (5). Details of the finite difference method 
implemented to determine the pressure distribution corresponding to 
Eqs. (7) and (8) are presented in Appendix A. 

3.4. Deformed surface topography and film thickness 

The flow factors are determined at different levels of tool–sheet 
metal mean separations. When the tool comes in contact with the sheet, 
the sheet surface topography changes due to asperity deformation. 
Hence, it is necessary to determine the surface topography in deformed 
condition to account for the asperity deformation in the flow factor 
calculation. The surface topography and average film thickness (havg) at 
a given position of the tool is determined assuming a smooth and rigid 
tool. During this step, the tool surface is modeled as flat surface posi-
tioned at its mean plane. This is a reasonable assumption because 
generally the surface roughness of the tool is much smaller (in forming 
processes) compared to the workpiece. Note that, the real tool surface 
topography is still considered in the solution of the Eqs. (7) and (8) to 
determine the flow factors. When the tool moves downward, the 

Fig. 3. Boundary conditions for shear flow factor calculation.  
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asperities deform which redistributes the volume over the non- 
contacting area. The deformed material is assumed to be distributed 
uniformly in the non-contacting area also used by Westeneng (2001), 
Pullen and Williamson (1972). Fig. 4 shows the schematic of the surface 
height data represented as bars where each bar represents a measured 
surface point. For a tool position d, the deformed volume (LHS of Eq. 
(13)) is equated to the rising volume (RHS of Eq. (13)) to determine the 
uniform rise u of non-contacting area. In this equation, ϕ(z) is the 
normalized height distribution function of the measured sheet surface. 
More details about deriving the normalized height distribution function 
of the measured sheet surface can be found in Shisode et al. (2020a). 
∫ ∞

d− u
(z − d)ϕ(z)dz = u

(

1 −

∫ ∞

d− u
ϕ(z)dz

)

(13)  

The local film thickness havg is determined using stochastic description 
of the rough surface and position of the tool d. The total lubricant vol-
ume trapped in the surface pockets is determined (see Eq. (14)) and 

averaged over the total area (Anom) to determine the average film 
thickness havg. 

havg =
Vlub

Anom
=

Anom
∫ d− u
− ∞ (d − u − z)ϕ(z)dz

Anom
(14)  

3.5. Results of the flow factor calculation 

In the literature, the effects of surface topography and different 
surface statistical parameters on flow factors are studied such as the 
ratio of correlation lengths in x and y directions (Wilson and Marsault, 
1998), surface roughness (Patir, 1978), skewness and kurtosis (Cho 
et al., 2004). It was concluded that the flow factors depend on surface 
height data and its statistical properties. Patir (1978) determined the 
flow factors for skewed surfaces and showed a significant difference 
compared to the Gaussian surfaces. Similarly, the results from Cho et al. 
(2004) showed that the flow factors are sensitive to the value of kurtosis. 

Fig. 4. Estimation of film thickness (havg) and deformed workpiece surface topography.  

Fig. 5. Surface topography and surface height distribution of measured Gaussian and bimodal surfaces.  
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Fig. 6. Surface topography and fluid pressure distribution for measured bimodal surface under pressure flow factor boundary conditions at (a,b) havg/Sq = 6.0 (c,d) 
havg/Sq = 1.5 (e,f) havg/Sq = 0.8. 
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Nowadays, sheet surfaces textured by electro-discharge textured (EDT) 
rolls are commonly used in automotive and packaging industry. How-
ever, such surfaces often have a bimodal (non-Gaussian) height distri-
butions. In this study, two types of measured surfaces with different 
height distribution functions are analyzed: bimodal and Gaussian sur-
faces. In order to study the effect of surface height distributions, the 
surfaces are chosen to have similar surface roughness. Furthermore, a 
representative measured surface area is used which includes enough 
asperities. Shisode et al. (2020a) showed that an area of 2 × 2 mm is 
enough to statistically represent the sheet surface based on the conver-
gence of the surface height distribution functions with different sizes of 
measured area. Therefore, a measured area of 2 × 2 mm with resolution 
= 3 μm is used in x and y directions in this study. The total grid size is 
666 × 666 which is larger than used by Patir (1978), Harp and Salant 
(2001) in the flow factor study. Fig. 5 depicts the texture and height 
distributions of the measured surfaces. The RMS roughness of the 
bimodal surface is 1.60 μm and for Gaussian surface is 1.56 μm. 

The flow through contacting rough surfaces is controlled by the 
mean separation of the surfaces. Therefore, flow factors are determined 
at different values of havg/Sq. For simplicity, the results are derived for a 
combination of rough workpiece surface (bottom surface) and rigid flat 
tool surface (top surface). A tool is moved in normal downward direction 
on the rough surface at certain displacement increments starting from 
non-contacting situation. The surface topography of the deformed 
workpiece surface is determined using Eq. (13). The average film 
thickness havg is determined using Eq. (14) from which (havg/Sq) is 
determined at a given tool position. The pressure distribution is deter-
mined for the boundary conditions shown in Figs. 2 and 3 from which 
the pressure (ΦP) and shear (ΦS) flow factors are determined using Eqs. 
(3)–(6). 

Fig. 6 shows the surface topographies and pressure distributions at 
non-contacting (havg/Sq = 6) and contacting situations (havg/Sq = 1.5 
and 0.8). Fluid pressure distributions are shown for the boundary con-
ditions corresponding to the pressure flow factor case (see Fig. 2). The 
fluid pressures of 0.1 MPa and 1 MPa are applied on the left and right 
edges, respectively. The difference in surface topographies is clearly 
visible. The maximum asperity height for the contacting situation is 
smaller compared to the non-contacting situation due to asperity 
deformation. For the non-contacting situation, the pressure distribution 
is smoother compared to the contacting situation indicating less influ-
ence of surface roughness on the flow. For the contacting situation, the 
fluid pressure is zero (black patches in Figs. 6d and 6f) at the surface 
points which are in contact with the tool. In this case, the fluid flows 
through open and connected channels. With increase in asperity de-
formations, the flow channels start to become isolated and inactive 
which reduces the flow. Therefore, in the contacting situation, the effect 
of roughness is higher. 

The results of pressure and shear flow factors are plotted as function 
of havg/Sq in Fig. 7 for measured Gaussian and bimodal surfaces. ΦP (in 
this case ΦPxx) approaches unity at higher mean separation of contacting 

surfaces (see Fig. 7a). This is because at higher mean separation, the 
influence of roughness on flow is less which means Qrough approaches 
Qsmooth. It is interesting to note that for bimodal surface, ΦP is more 
uniform for havg/Sq > 3 and decreases sharply for the contacting situa-
tion (havg/Sq < 3). However, for a Gaussian surface the transition is 
smooth between the contacting and non-contacting situations. This 
clearly shows the dependency of flow factors on surface topography and 
surface height distribution. The rate of increase in surface contact points 
with increase in tool displacement is more gradual for Gaussian surface 
compared to bimodal surface. This can be understood from the surface 
height distribution shown in Fig. 5 (Note the slope of the height distri-
bution curves on the right side). Due to this, Qrough and hence the flow 
factors decrease more sharply for the bimodal surface compared to the 
Gaussian surface for contacting situations (havg/Sq < 3). This also sug-
gests that the open flow channels start to disappear more quickly in the 
bimodal surface compared to the Gaussian surface. 

Similar to the pressure flow factor, the effect of surface topography 
and height distribution on the shear flow factor ΦS (in this case ΦSxx) is 
shown in Fig. 7b. For both surfaces, ΦS approaches slowly to zero as 
havg/Sq increases. There is a rise in ΦS as havg/Sq decreases up to a 
certain value of havg/Sq and then it decreases rapidly. This trend 
matches well with the results obtained by Patir and Cheng (1979), 
Wilson and Marsault (1998), Cho et al. (2004). At lower havg/Sq, the 
sudden drop in ΦS is due to the increasing number of contact points 
which significantly reduces the lubricant flow. This reduces the flow 
area resulting in drop in ΦS. 

4. Calculation of friction coefficient in mixed lubrication regime 

In forming processes, the sheet surfaces are usually lubricated. Due 
to this, the mixed lubrication regime may occur in the contact. The to-
pographies of the tool and workpiece surfaces, contact loads, materials 
and lubricant influence the contact conditions and coefficient of friction. 
The shear stress contribution from solid–solid asperity contacts is 
determined using the boundary friction model proposed by Shisode et al. 
(2020b). These solid–solid contact shear stresses are coupled with the 
viscous shear stresses due to a hydrodynamic pressure in the lubricant to 
determine the total shear stress and overall coefficient of friction. 

In the boundary friction model firstly the deformed state of the 
workpiece is determined during forming from which the real area of 
contact is estimated. Furthermore, the local contact locations and their 
sizes at the contacting surfaces are determined. The local contact zones 
are also referred as contact patches. The asperity flattening or contact 
models are used to determine the real area of contact from which the 
contact patches are determined. Refer Shisode et al. (2020b) for details 
on the flattening models for different loading conditions and the 
approach to determine the contact patches. The shear force contribution 
from each contact patch is estimated by adapting a single asperity fric-
tion model. For this purpose, the rigid single asperity model of elliptical 
paraboloid shape ploughing through a softer substrate proposed by 

Fig. 7. Pressure (ΦPxx) and shear (ΦSxx) flow factors for a measured Gaussian and bimodal surfaces. The contact appears at havg/Sq ≤ 3.0.  
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Mishra et al. (2019a) is used. This model accounts for realistic 3D shapes 
and orientation of an asperity. Shisode et al. (2020b) adapted the single 
asperity ploughing model by Mishra et al. (2019a) for multi-asperity 
situation. In this study, this model is utilized to estimate the shear 
stress contribution and therefore the friction coefficient from direct 
asperity contact. 

The mixed lubrication friction model is utilized in a FE code for deep 
drawing simulations. It has been shown that the friction coefficient due 
to solid–solid asperity contacts depends on the contact loads such as the 
contact pressure and equivalent strain (Hol et al., 2015b), Shisode et al. 
(2020b)). In the FE simulation, the contact loads change with time 
which means the coefficient of friction also evolves. Therefore, a look-up 
or interpolation table is created which is a database of the shear stress 
values due to direct (solid–solid) asperity contacts for different values of 
contact pressures and equivalent plastic strains in sheet metal. The 
lubricant pressure is estimated by solving the average Reynolds equation 
(2) over a full FE domain. The inputs required to solve the average 
Reynolds equation are: lubricant properties (viscosity), relative veloc-
ities of the tool and workpiece, havg, ΦP and ΦS at each FE mesh node. 
The nodal values of havg, ΦP and ΦS depend on the deformed state of the 
workpiece and vary during each time increment. Therefore, havg is also 
determined for a range of contact pressures and equivalent strains. This 

is possible because, the deformed state of the workpiece can be deter-
mined using the flattening models for the practical domain of contact 
pressures and equivalent strains. For the deformed workpiece, havg is 
determined as described in Section 3.4. Furthermore, the flow factors ΦP 
and ΦS are determined at different values of havg/Sq using offline flow 
factor simulations as described in Section 3. The real area of contact (α), 
havg, ΦP and ΦS are also stored in the look-up table for different values of 
contact pressures and equivalent strains. 

The table is used as an input in the deep drawing simulations. The 
approach to couple the boundary friction (solid–solid asperity contacts) 
and hydrodynamic part in the FE code is adapted from Hol et al. 
(2015a). The nominal contact pressure Pnom is shared by the solid–solid 
asperity contact pressure Psol and lubricant pressure Plub. The lubricant 
pressure is determined for each node at each FE increment. Psol is 
determined at each node by subtracting Plub from total contact pressure 
Pnom which is read from FE results. 

Psol = Pnom − Plub (15)  

It should be noted that, Psol for the current FE increment is determined 
from Plub of the previous increment. This means the film thickness havg 
and velocity vectors of workpiece v1 and tool v2 are used from the 
previous increment as well. This is considered a reasonable assumption 

Fig. 8. FE solution scheme for mixed lubrication friction model.  
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for a small FE increment. 
The nodal shear stress τsolid due to solid–solid asperity contacts at 

contact pressure Psol and equivalent plastic strain εeqpl is interpolated 
from the look-up table. The nodal lubricant viscous shear stress τvisc is 
determined using the lubricant pressure field of the previous iteration. 
As described by Hamrock et al. (2004), the viscous shear stress in the 
Newtonian fluid is determined as, 

τvisc = η ∂v
∂z

= η (v2 − v1)

havg
+
(2z − havg)

2
ΔPlub (16)  

where τvisc is the shear stress at height z from the surface. The shear 
stress at workpiece–fluid interface τlub1 and tool–fluid interface τlub2 can 
be determined as, 

τlub1 = η (v2 − v1)

havg
−

havg

2
ΔPlub (17)  

τlub2 = η (v2 − v1)

havg
+

havg

2
ΔPlub (18)  

The total shear stress τtot at workpiece FE node due to viscous shear 
stress τlub1 and shear stress due to solid–solid (direct contact) asperity 
contacts τsolid is determined. 

τtot = αsolτsol + (1 − αsol)τlub1 (19)  

where αsol is the fractional real area of contact and (1 − αsol) is the film 
area. The nodal value of αsol is interpolated from the look-up table at 
nodal contact pressure Psol and equivalent plastic strain εeqpl . The nodal 
coefficient of friction μtot is determined as follows: 

μtot =
τtot

Pnom
(20) 

havg, v1 and v2 are updated to be used for the next increment. An 
algorithm which describes the solution scheme of the mixed lubrication 
friction model is shown in Fig. 8. 

FE implementation of the mixed lubrication friction model is adapted 

from Hol et al. (2015a) to include the roughness effects. Hol et al. 
(2015a) used a 3D wedge-shaped 9 node interface contact element with 
displacement degrees of freedom (x, y, z) at corner nodes (6 nodes) and 
pressure degree of freedom (Plub) at mid-side nodes (3 nodes). In this 
model, this contact element is used to make a coupling between the 
structural and hydrodynamic part of the model. The lubricant pressure 
distribution within the element is described by the pressure degrees of 
freedom. 

5. Experiments and validation 

Cross-die forming experiments are carried out to demonstrate the 
applicability of the mixed lubrication friction model. The experiments 
are performed at three different lubricant amounts. The FE simulations 
are performed in which friction behavior is modeled using the mixed 
lubrication friction model. Punch force– displacement data and strain 
field of the formed part are used to compare the simulations and 
experiments. 

5.1. Experiments: cross-die 

Cross-die experiments are performed at TATA Steel R&D. The 
product and the setup schematic are shown in Fig. 9. The process 

Fig. 9. Schematic of the cross-die setup and actual product.  

Table 1 
Parameters of cross-die experiments.  

Blank material DC04 
Tool material DIN 1.2379 
Blank size 260 × 260 mm  

Sheet thickness = 0.82 mm 
Lubricant Anticorit RP4107S  

Amount=0.6, 1.0 and 2.0 g/m2  

Dynamic viscosity (η40◦) = 32 mPa s  
Density (ρ25◦) = 0.896 g/cm3 

Blank holder force (Fbhf) 100 kN 
Punch velocity (vpunch)  60 mm/s 
Punch stroke 58 mm  

Table 2 
Parameters of the Vegter yield locus for DC04.  

Parameter 0◦ 45◦ 90◦

R-value 1.92667 1.49433 2.21133 
Uniaxial factor (fun) 1 1.0310 0.9885 
Plane-strain factor (fps) 1.248 1.2401 1.265 
Plane-strain ratio (α) 0.599354 0.587015 0.608288 
Pure shear factor (fsh) 0.543471 0.56135 0.5398 
Equi-biaxial factor (fbi) 1.132   
Equi-biaxial ratio (ρbi) 0.8988    

Table 3 
Parameters of the Bergström-Van Liempt hardening for DC04.  

Material parameter Value Unit 

Initial static stress (σ0) 114.8 MPa 
Linear hardening parameter (β) 0.25  
Hardening exponent (n) 0.75  
Max. dynamic stress (σ*

0)  600 MPa 

Stress increment parameter (Δσm) 250.34 MPa 
Remobilization parameter (ω) 8.1014  
Dynamic stress power (m) 2.2  
Initial strain rate (ε̇0)  108  

Initial strain (ε0) 0.005  
Activation energy (ΔG0) 0.8 J 
Temperature (T) 300 K 
Boltzmann’s constant (κBolz) 8.617 × 10− 5 eV  
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parameters are shown in Table 1. Three different lubricant amounts are 
chosen: 0.6, 1.0 and 2.0 g/m2 to investigate the influence of lubricant 
amount. The blank is lubricated on both sides. The surface topographies 
of tooling are different at different locations (punch/die). To account for 
this, surface topographies are measured at different positions of the 
tooling and used in the friction model. The surface roughness of tooling 
and workpiece are shown in Fig. 9. The measured punch force–punch 
displacement is shown in Fig. 12 at three different lubricant amounts. 

5.2. FE simulations using the new friction model 

Shell elements (3-node Kirchhoff) are used to mesh the blank. The 
blank mesh is sandwiched between the contact elements. The contact 
elements are used to couple the hydrodynamic part and boundary fric-
tion part. Only a quarter of the cross-die product is used for simulations 
due to symmetry. The tools are modeled as rigid contours. The yield 
surface of DC04 sheet metal is described by the Vegter yield model 
(Vegter and van den Boogaard, 2006) (see Table 2 for parameters) and 
the Bergström-Van Liempt hardening relation is used to describe the 
sheet material hardening (see Table 3 for parameters). 

Fig. 10. Cross-die simulation results (die side) for lubricant amount of 0.6 g/m2 and punch displacement of 58 mm.  

Fig. 11. Cross-die simulation results (die side) for lubricant amount of 2.0 g/m2 and punch displacement of 58 mm.  
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As discussed in Section 4, for a computationally efficient FE simu-
lations, the look-up table is used in FE simulations. Note that the tool 
topography varies which affects the frictional behavior. Hence, look-up 
tables are generated separately for different tool topographies which are 
measured at key locations of the punch, blank holder and die (see Fig. 9). 
The workpiece topography is the same for all tool positions. The 
boundary friction model is run separately for each tool–workpiece sur-
face combination. Similarly, the flow factors are determined separately 
for each tool–workpiece surface combination. The results for all 
tool–workpiece combinations are stored in the separate look-up tables. 
At each FE increment, the positions of the tool in contact with the blank 
nodes are identified to use a correct look-up table corresponding to 
identified tool and its position. The effect of lubricant amount is 
considered in the simulations. The nodal average film thickness havg is 
compared with the available film thickness hinp determined based on the 
lubricant amount per unit sheet surface area. For, hinp >= havg, the 
available lubricant amount is enough to fill the surface pockets of the 
sheet surface therefore, the mixed lubrication condition prevails and the 
friction coefficient is determined as described in the Section 4. For, 
hinp < havg, the lubricant starvation condition occurs. In this case, the 
total friction force is determined based on the boundary friction model 
only and Plub is set to zero. In this study, the squeeze term (∂havg/∂t) is 
neglected during the solution of average Reynolds equation. This is 
because during forming processes, it is assumed that the quasi-static 
condition prevails. Furthermore, a lubricant can permeate through the 
micro gaps present at the tool – workpiece contacts which reduces the 
lubricant squeeze effect. 

5.3. FE results and comparison with experiments 

The simulations are performed for lubricant amounts of 0.6, 0.1 and 
2.0 g/m2. Figs. 10 and 11  show the results of the simulations for die side 
of the blank for lubricant amounts of 0.6 and 2.0 g/m2 respectively at 
punch displacement of 58 mm. The gray areas in Figs. 10 and 11 are non- 
contacting regions at the presented forming increment for which no 
coefficient of friction and flow factors are assigned in FE simulations. It 
should be noted that the lubricant amount 0.6 g/m2 is not enough to fill 
the surface pockets of the workpiece. Therefore, a boundary lubrication 
regime exists. There is no lubricant pressure developed in the case of 
0.6 g/m2. Therefore, the coefficient of friction is determined using only 
the boundary friction model. For a lubricant amount of 1.0 g/m2, a 
combination of boundary and mixed lubrication regimes exists. The 
lubricant amount 2.0 g/m2 is enough to fill the surface pockets which is 
validated by the lubricant starvation condition (hinp < havg) at each 
node. This ensures a mixed lubrication condition. 

The friction force generated from solid–solid direct asperity contacts 
is the sum of friction force due to ploughing of the tool asperities 
through the sheet and friction force due to lubricant boundary layer 

shearing as described in Mishra et al. (2019a). The shear strength of the 
lubricant boundary layer (τBL) is required in the boundary friction 
model. Dedicated experiments are needed to estimate the boundary 
layer shear strength for any specific workpiece material and lubricant 
combination. It is often described as τBL = c0Pm

0 (Mishra et al., 2019b). 
where P0 = (Pnom/α), α is the real area of contact, c0 and m are constants. 
The boundary layer shear strength for the lubricant used in the experi-
ments is not available. Therefore, the parameters c0 = 11.2 and m = 0.75 
are fitted for the case of 0.6 g/m2 by minimizing the difference in punch 
force vs. displacement curve as shown in Fig. 12. Note that the param-
eters are only fitted for 0.6 g/m2 lubricant amount and maintained at the 
same value for a lubricant amounts of 2.0 g/m2 and 1.0 g/m2. 

The contact pressure and strain is high in the die radius region. Due 
to this, the real area of contact is more, which results in a higher asperity 
deformation and smaller mean separation (havg/Sq) between the tool 
and the workpiece. Due to this, the effect of surface roughness is higher 
which is indicated by the smaller pressure flow factor (ΦP) (see Fig. 11). 
For a lubricant amounts of 1.0 g/m2 and 2.0 g/m2, the lubricant pressure 
is developed. The lubricant pressure developed is due to the wedge ef-
fects as described in Hol et al. (2015a) at the tool–workpiece contacts 
and the roughness effects. The wedge formation occurs due to the 
inhomogeneous distribution of contact loads resulting in non-uniform 
deformation of the workpiece asperities. Furthermore, the surface 
texture offers an additional resistance to the flow which is captured by 
the average Reynolds equation. A maximum lubricant pressure is 
developed around the die corner region (see Fig. 11). Due to the 
developed lubricant pressure for lubricant amounts of 1.0 g/m2 and 
2.0 g/m2, the friction coefficient is smaller than that of the results of 
0.6 g/m2 lubricant amount especially in the die corner region. 

The punch force vs. punch displacement data is extracted from the 
simulations and compared with the experiments as shown in Fig. 12. The 
model captures the influence of lubricant amount. The punch force is 
lower for the lubricant amounts of 1.0 g/m2 and 2.0 g/m2 than that of 
the results of 0.6 g/m2 which is captured fairly well by the model. The 
maximum deviation is observed at a punch displacement of 25-35 mm. 
During forming, the nominal contact pressure in the die corner region 
increases with increase in punch displacement and achieves a maximum 
around the punch displacement of 35 mm after which it stabilizes. Due 
to this, the mean separation between the tool and the workpiece 

Fig. 13. Influence of lubricant amount on forming limit diagram (FLD) at a 
punch displacement of 58 mm. 

Fig. 12. Punch force-displacement curves obtained form experiments vs. FE 
simulations. 
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decreases quite fast upto a punch displacement of 35 mm allowing less 
time for the lubricant to escape. Therefore, the squeeze effect may 
become significant at a punch displacement of 25-35 mm but later (at 
higher punch displacement) the effect dies out as the contact pressure 
stabilizes. 

The model is able to capture the effect of lubricant amount and type. 
The forming limit diagram (FLD) is constructed at different lubricant 
(Anticorit RP4107S) amounts at a punch displacement of 58 mm as 
shown in Fig. 13. The forming limit curve (FLC) for DC04 sheet metal is 
used from Absopoel et al. (2013). The results show higher safety margin 
at a lubricant amount of 2.0 g/m2 than that of 0.6 g/m2. Additional 
simulations are performed using a different lubricant type: Anticorit 
PLS100T at lubricant amounts of 0.6 g/m2, 1.0 g/m2 and 2.0 g/m2 

whose results are compared with the lubricant Anticorit RP4107S to 
understand the influence of lubricant type. The lubricant Anticorit 
PLS100T has dynamic viscosity η40◦=90 mPa s which is ≈3 times higher 
than that of Anticorit RP4107S. The viscosity influences the lubricant 
pressure (see Eq. (2)). It is expected that with increase in lubricant 

viscosity the lubricant pressure increases and therefore the overall co-
efficient in mixed lubrication regime reduces. The boundary layer shear 
strength of Anticorit PLS100T is assumed same as Anticorit RP4107S 
which means the boundary friction part is same. Fig. 14 shows the punch 
force vs. punch displacement curves and Fig. 15 shows the FLDs for two 
different lubricant types at different lubricant amounts. The result is 
similar for both lubricants at a lubricant amount of 0.6 g/m2. This is 
because at a lubricant amount of 0.6 g/m2, a boundary lubrication 
regime prevails as discussed before and therefore the lubricant effect is 
negligible. However, at a lubricant amount of 1.0 g/m2 and 2.0 g/m2, a 
mixed lubrication regime exists. Therefore the effect of lubricant 
amount and lubricant type (dynamic viscosity) is clearly visible. The 
punch force decreases with increase in lubricant amount and lubricant 
viscosity (see Fig. 14). Similarly, the safety margin in FLDs increases 
with increase in lubricant amount and lubricant viscosity (see Fig. 15). 
This demonstrates the ability of model to capture the influence of 
lubricant amount and type (dynamic viscosity) on prediction of friction 
coefficient. 

Fig. 14. Influence of lubricant type (dynamic viscosity) on punch force-displacement. Dynamic viscosity (η40◦) of Anticorit RP4107S is 32 mPa s and Anticorit 
PLS100T is 90 mPa s. 

Fig. 15. Influence of lubricant type (dynamic viscosity) on forming limit diagram (FLD) at a punch displacement of 58 mm. Dynamic viscosity (η40◦) of Anticorit 
RP4107S is 32 mPa s and Anticorit PLS100T is 90 mPa s. 
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Fig. 16. Comparison of major and minor strain distributions between the exepriments and simulations. (a,b,c,d) punch displacement = 40 mm. (e,f,g,h) punch 
displacement = 58 mm. 
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The full-field optical strain measurements were performed on a 
formed product at a lubricant amount of 1.0 g/m2. The strain data 
measured by van Beeck et al. (2018) is post-processed and used here for 
comparison. Before forming, the blank was electrochemically etched to 
create a grid pattern. The major and minor strains are measured at 
punch displacements of 40 mm and 58 mm. The measured strain dis-
tributions are mapped to the undeformed configuration and compared 
with the results from simulations. Fig. 16 shows the comparison in an 
undeformed configuration. The results show that the strain distribution 
predicted by the simulation correlate very well with the experiments 
demonstrating the accuracy and applicability of the coupled friction 
model. In overall, the friction model offers a good potential to include 
the effects of lubricant type, lubricant amount and surface texture. This 
study also shows the applicability of the developed model for 
industrial-scale forming simulations. 

6. Conclusions 

The mixed lubrication friction model including roughness effects is 
developed and implemented for FE simulations of deep drawing pro-
cesses. The key conclusions from this study are summarized below. 

• The friction coefficient accounting for the contacting surface to-
pographies, material behavior, contact loads and lubricant is deter-
mined using the proposed model. The model is implemented in FE 
simulations of forming processes. The model is able to capture the 
variation in coefficient of friction due to local contact conditions and 
lubricant. Therefore, a constant (Coulomb) coefficient of friction 
which is generally derived by fitting to the experimental data is not 
required.  

• The model combines the effect of boundary friction due to solid–solid 
asperity contacts and hydrodynamic part due to lubricant.  

• If the lubricant amount is enough to fill the contact surface valleys 
then a mixed lubrication regime condition exists otherwise a 
boundary lubrication regime condition prevails. In the mixed lubri-
cation regime, the increase in lubricant viscosity generally results in 
reduction in the coefficient of friction.  

• The model is able to capture the transition from boundary to mixed 
lubrication regime based on the specified lubricant amount and the 
real area of contact between the sheet and the tools.  

• The results of FE simulations (punch force vs. displacements and 
strain field) incorporating the new mixed lubrication friction model 
and experimental data obtained from cross-die forming correlate 
well. This validates the accuracy of new friction model. 
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Appendix A. Finite difference scheme to determine flow factors 

Eqs. (7) (for pressure flow factor case) and (8) (for shear flow factor case) are discretized over the area ΔxΔy as shown in Fig. 17. The lengths Δx 
and Δy are chosen equal to the resolution of measured surface in x and y directions. For the pressure flow factor case, the finite difference approx-
imation of Eq. (7) for the control volume can be written as, 

AiN PiN + AiS PiS + AiE PiE + AiW PiW − AiP PiP = 0, i = 1, 2,…,m (A.1)  

where m is the total number of nodes in the grid with unknown pressures (excluding nodes with prescribed pressures as boundary condition). The 
coefficients Ai are determined as, 

AiN = kin
Δx
Δy

, AiS = kis
Δx
Δy

, AiE = kie
Δx
Δy

, AiW = kiw
Δx
Δy

(A.2)  

AiP = AiN + AiS + AiE + AiW (A.3)  

To determine the coefficients AiN , AiS , AiE , AiW values of kin , kis , kie , kiw are not known. The values of kin , kis , kie , kiw are determined using values of k at 

Fig. 17. Position of grid points in cell with four control walls.  
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adjacent control nodes indicated by N, S, E, W in Fig. 17. There are different approximations proposed in the literature for example, harmonic mean or 
arithmetic mean based on k values of adjacent nodes. When a uniform mesh is used (Δx = Δy), Payvar and Salant (1992), Patankar (1980) suggested to 
use harmonic mean as an approximation to calculate the coefficients as follows: 

kin =
2

(
1

kiN
+

1
kiP

), kis =
2

(
1
kiS

+
1

kiP

)

kie =
2

(
1

kiE
+

1
kiP

), kiw =
2

(
1

kiW
+

1
kiP

)

(A.4)  

kiN = h3
iN , kiS = h3

iS , kiE = h3
iE , kiW = h3

iW , kiP = h3
iP (A.5)  

For, the shear flow factor case, the RHS term in Eq. (8) is not zero hence the discretized form of Eq. (8) takes the following form, 

AiN PiN + AiS PiS + AiE PiE + AiW PiW − AiP PiP = BiP , i = 1, 2,…,m (A.6)  

where the expressions for coefficients Ai remain the same and the additional term BiP is determined (see Eq. (8)) as follows: 

BiP = 12η
(

∂h
∂t

)

iP

, i = 1, 2,…,m (A.7)  

where (∂h/∂t)iP 
is determined from Eqs. (11) and (12). The coefficients are calculated for each node in the grid from which a set of linear equations is 

formed. The number of equations is equal to the number of nodes m in the grid with unknown pressures. The assembly of Eqs. (A.1) and (A.6) is written 
in the matrix form: 

[C][A] = [B] (A.8)  

where C is the coefficient matrix, A is the matrix containing unknown grid point pressures. Matrix B contains the values related to known applied 
boundary pressures for assembly of Eq. (A.1) (in the pressure flow factor case) and additionally, the coefficients BiP for assembly of Eq. (A.6) (in the 
shear flow factor case). 

At contact points, h = 0 (see Fig. 1) will result in terms with division by zero (see Eqs. (A.4) and (A.5)). There is no flow at contact points, therefore a 
technique used in Patir (1978), Zhou et al. (2011) is used in which the value of h is assigned a very low value (ω = 0.5 nm) at contact points to avoid 
instability in the numerical solution. The flow at contact points is set to zero in the flow factor calculation after the pressure solution is obtained. 
Furthermore, if the grid point is surrounded by four contact points then from Eq. (A.1), AiP = 4ω3 which can make the matrix C ill-conditioned. But the 
pressure value at such grid points is not required for flow factor calculation since the flow is zero. Hence, in such cases the value of AiP is set to a very 
high value. This will automatically decouple the equations corresponding to such grid points from the assembly of equations which will also result in 
zero pressure at such grid points. Most of the terms in matrix C are zero, therefore matrix C is highly sparse in nature hence the matrix elements are 
stored in sparse form. Eq. (A.8) is solved using linear equation solver for sparse matrices in Matlab to determine pressure at each grid point. 

Appendix B. Supplementary data 

Supplementary data associated with this article can be found, in the online version, at https://doi.org/10.1016/j.jmatprotec.2020.117035. 
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