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Abstract
Majorana bound states (MBSs) can occur in Josephson junctions of conventional s-wave
superconductors coupled via a strong topological insulator. In configurations of multiple line
junctions meeting at a point, the criterion for the MBS to exist coincides with the presence of a
fractional Josephson vortex with 2π phase winding. We investigate the dynamic stability of such
vortices in arrays of tri- and quad-junctions. The existence of fractional vortices in arrays is
demonstrated, but the dynamic stability is found to depend critically on the current-phase
relation and the inductance. We propose the idea, and study the feasibility, of manipulating the
location of the vortices in arrays by using current pulses, compatible with rapid single flux
quantum technology. It is shown theoretically, using a modified resistively shunted junction
model, that braiding operations can be achieved using current pulses injected from the edge of
the array. It is necessary to use vortex sites with elevated critical current as traps.

Supplementary material for this article is available online

Keywords: topological quantum computing, Josephson junction array, Josephson vortex,
rapid single flux quantum, topological superconductivity
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1. Introduction

Majorana bound states (MBSs) have attracted great interest
because they can be used as building blocks for a topolo-
gical quantum computer [1, 2]. The advantage over conven-
tional quantum computers is that an ensemble of Majorana
states can store quantum information non-locally. Quantum
operations can be done by braiding the Majorana fermions,
which obey non-abelian statistics. Theoretical progress has
been made on the surface code for this type of topological
quantum computation [3], and a large variety of solid state
materials platforms have been experimentally shown to host
Majorana signatures. Examples are semiconducting nanowires
and thin films with Rashba spin-orbit interaction [4–6], fer-
romagnetic atom chains [7], topological insulators [8, 9], and
topological semimetals [10, 11], all in combinationwith super-
conductivity [12].

When superconductivity is induced at the surface of a topo-
logical material using the proximity effect, a MBS can occur

either at an Abrikosov vortex core [13] or at a planar Joseph-
son junction [14]. Furthermore, a tri-junction of three planar
Josephson junctions meeting at a point on the surface of a
strong topological insulator can host a MBS at its center [14].
The presence of a Majorana state requires the phases of the
order parameter of the superconducting banks to have specific
values, as aMBS can only enter or leave when the phase differ-
ence across one of the junctions is π. The resulting criterion for
the presence of aMBS turns out to be equal to that of a Joseph-
son vortex with 2π phase winding. This line of reasoning
generalizes to configurations of any number of line junctions
meeting at a point. In all cases the criterion for a MBS will
be the same as for the presence of a Josephson vortex. Sim-
ilarly, for multi-terminal non-topological junctions the vortex
criterion is a necessary requirement for non-degenerate zero-
modes [15, 16]. However, the current phase relation of S-TI-
S Josephson junctions is 4π-periodic [8, 10, 11, 17], so nat-
ural vortices have 4π phase winding. Therefore the 2π vortices
required forMBSs are called fractional vortices in this context.
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Here it is demonstrated that fractional vortices can exist if the
current phase relation is a mixture of 2π and 4π periodic com-
ponents. For a practical implementation of Josephson contacts
with a controlled ratio of 4π and 2π components of the current-
phase relation it is worth mentioning that only the perpen-
dicular Andreev bound state in a topological junction as well
as bound states at resonance conditions are 4π-periodic [10].
The ratio can then be determined by design of the geometry
and using quantization conditions (determining the total num-
ber of modes). Also, recently it has been suggested how 2π-
periodic dirty contacts to 4π ballistic channels can control the
admixture [18].

Arrays of such junctions have been proposed as a candid-
ate platform to perform the braiding operations underlying
topological quantum computation [14, 19]. In the original pro-
posal by Fu and Kane, flux or phase biasing is needed for all
the superconducting grains. In [20] this is achieved by using
a probe tip. Here, we propose and investigate an alternative
possibility of using current pulses to manipulate MBS in the
topological Josephson arrays. The use of current pulses has
the advantage that it is compatible with existing rapid single
flux quantum technology [21] in which current pulses are also
used to manipulate flux in Josephson arrays. We show this
scheme indeed allows for the creation and braiding of MBS.
This is done by demonstrating one can create and move 2π
vortices independently in arrays using the resistively shunted
junction (RSJ) model with a mixed current-phase relation.
Note that this model does not capture the anyon properties of
the MBS.

For current biasing to be more practical than phase biasing,
it is desirable to do all required manipulations by only sending
current pulses through the superconducting banks at the edges
of the array. A homogeneous current through the entire array
is a useful tool for this, as it will move all vortices in one dir-
ection and all antivortices in the opposite direction. This by
itself does not allow for braiding, but it does become possible
if one introduces trap sites in the array from which vortices are
harder to de-pin than normal sites. This can be done by giving
the junctions of that site a higher critical current. We show that
a scheme with homogeneous external current pulses and traps
can do braiding operations.

The results in this paper are twofold. First, the existence and
dynamic stability of fractional Josephson vortices are determ-
ined in triangular and square Josephson junction arrays. This
is done using the RSJ model [22, 23]. The RSJ model is a
very general model that only requires a relation between the
phase across a junction and the supercurrent. This current-
phase relation can be extended beyond the traditional sinus-
oidal current-phase relation by including higher and lower
harmonics. For example, it was shown by Wiedenmann et al
[8] how an additional 4π-periodic contribution to the current-
phase relation leads to the suppression of odd-integer Shapiro
steps under microwave irradiation. We show that a MBS is
not dynamically stable if the current phase relation is fully
4π periodic, and derive the stability condition for a super-
position of 2π and 4π period components. Secondly, cur-
rent pulse induced braiding operations are tested in different
geometries.

2. Methods

2.1. RSJ model

Josephson junctions were modeled using the RSJ model with
a modified current-phase relation Icp(θ) of a superposition of
2π and 4π periodic components (equation (1)).

Icp(θ)/Ic0 = (1−α)sin(θ)+αsin(θ/2). (1)

Here α is the percentage of 4π periodic current component.
The current through a junction j is given by:

Ij(τ) = λjIcp(θj)+ Ic0
∂θj(τ)

∂τ
. (2)

Here λj is the critical current factor of junction j with
respect to the reference value of Ic0 and the dimensionless time
takes the form τ = 2eRIc0

ℏ t, where R is the shunt resistance. Fur-

thermore, θj = ϕi2 −ϕi1 − 2π/Φ0
´ i2
i1 A⃗ · d⃗r is the gauge invari-

ant phase difference across junction j connecting grains i1 and
i2. Here A⃗ is the magnetic vector potential and ϕi is the order
parameter phase at grain i.

An array can be modeled combining Kirchoff rules and the
winding rules of the phase. The Kirchhoff’s current rules can
be expressed in matrix form as:

∑
j

MijIj = Iexti , (3)

whereMij depends on how the grains are coupled to surround-
ing junctions. The system is driven by the external current
Iexti (τ) send into the grains. Capacitance is not included in the
model, so no charge can pile up and

∑
i I
ext
i (τ) = 0.

In absence of a magnetic field, the phase must wind around
a closed loop formed by junctions. This means the directed
sum (counter clockwise) of the phase difference θ around a
unit cell is an integer times the period of θ. Furthermore, if
a perpendicular magnetic field is applied, some extra phase
is picked up proportional to the magnetic flux Φc penetrating
the cell. The winding rule for all unit cells can be compactly
written as: ∑

j

(Acjθj)+ 2π
Φc

Φ0
= pzc. (4)

Here, c denotes the unit cell whose directed sum is repres-
ented by Acj. The matrix A is the cycle basis of the network
which has rank Nc = Nj−Nis+ 1, called the circuit rank. The
quantity p is the periodicity of Icp(θ) in θ (so 2π if α= 0
and 4π otherwise). The quantities zc are arbitrary integers
which ensure that advancing any θi by p gives the same sys-
tem (i.e. the measurable quantities like the current are the
same). This set is called the phase zone. Magnetic flux is
induced by the currents in the junctions and given by Φind

c =∑
j

∑
kAcjLjkIk [22]. It is assumed that all junctions have the

same inductance and that coupling between junctions is neg-
lected, so Ljk = δjkL. For a square array this results in a unit
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Figure 1. Approximate phase configuration for a fractional vortex (a) and a vortex (b) found with the arctan approximation (equation (12)).
The blue squares represent the superconducting islands and the dots above it show the values of the phase on that island. This approximation
is used as a starting point in the newton iteration (equation (11)) to find a solution which obeys both Kirchhoff’s current law and the winding
rules (equations (5) and (6)).

cell loop-self-inductance of 4L (where 4 is the number of
junctions in the loop) and neighboring unit cells will have a
coupling of −L.

The winding rules on all unit cells in combination with
Kirchoff rules form a closed system, leading to:

Ic0
∑
j

Mijθ̇j = Iexti (τ)−
∑

jMijλjIcp(θj), (5)

βL
∑
j

Acjθ̇j =−
∑

jAcj [θj+βLλjIcp(θj)/Ic0] . (6)

Here, βL = 2πLIc0/Φ0 is the dimensionless self-inductance of
each junction. This set of equations is a closed system and can
be solved for θj as function of time for every junction j.

2.2. Vortices and MBSs

The Josephson vorticity in a cell, nc, is defined as the number
of times the phase winds p around the cell. To determine this
winding, the principle value of θ, denoted as pvp(θ), must be
taken. This means one has to add or subtract an integer mul-
tiple of p to θ until the value is in the range

[
−p

2 ,
p
2

)
[15, 24].

So, the number of vortices in the array can be determined from:

pnc ≡
∑
j

Acjpvp(θj)+ 2π
Φc

Φ0
. (7)

Using equation (4), this reduces to

nc =−
∑
j

Acjround(θj/p). (8)

Fractional Josephson vortices wind only a fraction of the
full winding of a Josephson vortex. The winding of a fractional
vortex is called q, so one can obtain the number of fractional
vortices as:

qnqc ≡
∑
j

Acjpvq(θj)+ 2π
Φc

Φ0
. (9)

The criterion for MBS in multi-junctions is implicitly given
by the rule that a MBS can enter or leave the multi-junction
only if the phase difference at a junction equals π(1+ 2z)
where z is an arbitrary integer [14]. This definition is equi-
valent to that of a fractional Josephson vortex with q= 2π,

2πnMBS
c ≡

∑
j

Acjpv2π(θj)+ 2π
Φc

Φ0
. (10)

2.3. Algorithms

Stationary states are found using Newtons iteration. In the
absence of an external magnetic field and current, the resulting
scheme in the phase zone z= 0 is:

I ′cp,n = (1−α)sin(θn)+αsin(θn/2) (11a)

xn = λI ′cp,n (11b)

yn = λ∇θI
′
cp,n (11c)

J ′n = (A(y−1
n +βL)A

T)−1A(y−1
n xn− θn) (11d)

3



Supercond. Sci. Technol. 34 (2021) 035024 M Lankhorst et al

Figure 2. Vortex stability in a 4 by 4 square array of topological Josephson junctions obeying equation (1). (a) Phase diagram for stable 2π
(fractional) and 4π-vortices as a function of 4π critical current component percentage α and inductance parameter βL. Majorana bound
states can only be attached to fractional vortices who require a sufficiently small α parameter to be stable. (b) Visualization of a 2π and
4π-vortex state. The top figure shows a sketch of a topological array of line-junctions, the bottom figures are an abstract representation of
the same array and this representation is used throughout the article. The length of the arrows is proportional to the current in that junction.
(c) Maximal eigenvalue of the Jacobian of the system as a measure for the stability of the vortex states at βL= 2. (d) Total energy as a
function of α. For these values the 2π vortex is the lower energy state but this is not true in general.

θn+1 = θn+ y−1
n (ATJ ′n− xn). (11e)

Note that currents (I, Icp and J) are dimensionalized with Ic0,
so I ′ ≡ I/Ic0. The start condition θ0 is defined in terms of
grain phases θ0 =−MTϕ0. The quantities M, A, yn and βL are
matrices, the T and −1 superscripts are matrix transpose and
inversion respectively. In this phase zone, one can obtain ϕ0

with the arctan approximation. In the actcan approximation
the phase of a grain is equal to the sum of the angles it makes
with all vortices. More precisely, given a collection of vortices
with vorticity nc placed at coordinates (xc,yc), the phase for a
grain at coordinate (xi,yi) is:

ϕapprox
i =

∑
c

qcnc
2π

arctan
yc− yi
xc− xi

. (12)

An example of this approximation is shown in figure 1.
The dynamic stability is obtained by analyzing the Jacobian

of equation (14). If βL ̸= 0, this is given by:

J (θ) =−λ∇θIcp(θ)−
1
βL
AT(AAT)−1A. (13)

A stationary point θ is stable if the real parts of all eigen-
values of J (θ) are negative.

Finally, to compute time evolution, first equation (6) is
rewritten:

θ̇ = I ′ −λIcp(θ)−AT(AAT)−1A(β−1
L θ+ I ′) (14)

Where I ′ is any vector obeying MI ′ = Iext ′. This equation
is only valid if βL ̸= 0. Then evolution can be computed with
the finite difference method.

3. Results

The stability of vortices was analyzed in the RSJ model. A
vortex is considered stable if the Jacobian (equation (13)) has
only negative eigenvalues, and this was explicitly confirmed

4
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Figure 3. Braiding with internal current pulses with α= 0.2 and βL= 3.77. (a) Snapshots of the braiding process. At each step a current
pulse is sent into the middle grains of the respective turntable and extracted homogeneously from the grains at the edge of the array. (b)
Current pulses as a function of time for the three different turntables. Note that sometimes a combination of current pulses were used to
achieve the rotation. (c) Sketch of the whole array. (d) Braiding scheme corresponding to the vortex rotations.

Figure 4. Braiding by external current pulses. Schematic overview
of an array where homogeneous external current pulses are used to
manipulate and braid vortices. Some junctions have an increased
critical current which act as barrier for a vortex, because a higher
current is needed to cause a phase slip at that junction. Anti-vortices
move in the opposite direction compared to vortices in response to a
current pulse.

by checking if time evolution returns to its original state after
a small perturbation is applied to the phases. It was found that
dynamically stable fractional vortices can exist in arrays of
such junctions, but the existence criterion depends strongly on
the inductance parameter βL = 2πLIc0/Φ0 and the percentage
of 4π periodic current component α.

The phase diagram of both 2π and 4π vortices is
shown in figure 2(a). The data is shown for a 4 by 4
square array (larger arrays and other lattice types like

honeycomb arrays and triangular arrays are shown in the
supplementary information (available online at stacks.iop.
org/SUST/34/035024/mmedia)). Fractional vortices are stable
ifα⩽ αc(βL), which is a monotonically increasing function of
βL and has an asymptote at αc= 2/3 as βL →∞. Figure 2(b)
shows an example of a 2π vortex and a 4π vortex configur-
ation. The stability is characterized by the maximal eigen-
value of the Jacobian of the dynamic system, in the highlighted
region λmax ⩽ 0. In figure 2(c) this value is explicitly shown.
In figure 2(d) the energy of both vortex types are shown. This
energy is the sum of Josephson energy and magnetic energy.
For these parameters the 2π vortex is the lower excitation but
for sufficiently large α the 4π vortex can become the lowest
excitation.

For reference, the supplementary information discusses dif-
ferent array geometries and sizes, including the triangular
arrays proposed by [14]. For larger arrays the window of sta-
bility increases, especially for small βL. It appears that stability
is suppressed as the size of the vortex exceeds the array size.
Furthermore, triangular arrays have a much smaller window
of stability, whereas honeycomb arrays have a larger window
of stability.

To demonstrate braiding with fractional vortices can be
done using current pulses, we use two different geometrical
schemes.

In the first scheme local current pulses are used and the res-
ult is shown in figure 3. In this array three different ‘turntables’
can be identified, in which twoMBSs are placed. External cur-
rent is injected into the sites in the middle of the turntables and
extracted uniformly at the edge of the array. The applied cur-
rent pulses induce phase slips, which moves the MBS. Three
successive current pulses in a turntable interchange the MBS
of that turntable as described in [14]. Figure 3 shows snapshots
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Figure 5. Example of a braiding operation in a square array with vortex traps using only homogeneous external current pulses. Two
different pulse heights are used. Note the vortices are kept at some distance because the attractive and repellent forces influence the pulse
height needed. The values α= 0 and βL= 1.57 were used.

of a dynamical simulation in which three MBSs are inter-
changed.

The second scheme is modified such that only current pules
are injected in grains at the edge of the array, and a square array
is used, which is schematically displayed in figure 4. The cur-
rent pulses are injected homogeneously at an edge and extrac-
ted from the opposite edge. This applies the same force to all
vortices in the array (as long as they are sufficiently far apart),
which is pointed in a direction perpendicular to the current.
However, to do braiding, one must be able to differentiate the

force between different vortices. This is achieved by creating
vortex traps in the array.

A trap is created at a site by increasing the critical cur-
rent of junctions surrounding that site. One creates a grid of
traps spaced sufficiently far apart, each containing a vortex or
an antivortex. An operation involves trapping all vortices but
one. This free vortex is moved through the array around other
vortices and than returned to its trap. This is demonstrated in
figure 5 snapshots are shown of a simulation where one vortex
is braided around another vortex.

6
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Figure 6. Pulse height needed to move a vortex out of a trap in the centre of a 10 by 10 array. A pulse Iext(τ)∝ exp(−(τ − τ0)
2) is used.

(a) De-pinning current as a function of the trap critical current factor for various inductance parameters where the junctions have a purely 2π
periodic current-phase relation. The dashed line indicates the pulse height at which the original vortex is dislocated, however below this
pulse height it can already happen that extra vortices are created in adjacent sites. The solid line is the pulse height below which additionally
no extra vortices are created near the trap. Linear behavior only occurs above βL ≳ π/2. (b) Influence of an added 4π periodic component to
the current-phase relation on the de-pin current.

4. Discussion

The required parameters for stability seem achievable in a
practical device. The inductance needs to be sufficiently large
and this can be tuned by changing the lattice constant of the
array or changing the critical current. The value of α must be
sufficiently small. This can be manipulated by either changing
the duration of the current pulse, as the 4π periodic fractional
Josephson effect is only relevant for dynamics of a timescale
shorter than the lifetime of the positive energy branch [8, 25],
or by changing the size of the junctions (with respect to the
Fermi wavelength), as bigger junctions accommodate more
trivial modes [10]. Furthermore, current experiments find a
sufficiently small value of α [10].

Another critical parameter is the pulse strength needed to
move a vortex in the array. This is show in figure 6. A square
array of size 11 by 11 is used, where a vortex is placed in
the middle cell. Furthermore, the critical current of the junc-
tions adjacent to that cell are multiplied by the trap factor.
The pulse shape Iext(τ)∝ exp(−(τ − τ0)

2) is used. If the pulse
height exceeds the critical pulse height, a phase slip occurs
at one of the junctions adjacent to the vortex and the vor-
tex moves over that junction. Somewhat counter-intuitively,
only for sufficiently large values of βL does the release pulse
height increase monotonically with trap factor. For βL ≳ π/2,
the dependence becomes approximately linear.

Figure 6 considers a vortex in isolation, the critical pulse
height depends also on the surroundings. Like nearby vortices
exert a repelling force, which can make it easier or harder
to release the vortex. Thus, this requires that vortices are

sufficiently spread out and an equal population of vortices and
anti-vortices minimizes this effect. Furthermore, vortices at
the edge of the array experience an extra force outward. How-
ever this region is small and after a couple of cells the effect
can be neglected.

To be able to trap and release vortices in any trap without
releasing any of the other vortices, all traps must be different.
This is done by using spiral structures. By alternating the ribs
between two values, one can make 2N

2
unique traps for N by

N sized traps. In figure 7 an example is given for a 4 by 4 trap
within a larger 20 by 20 array. The ribs have a alternating low
(green) and high (purple) values. The graph shows the release
pulse height at each site of the trap in all cardinal directions.

There are three operating pulse-heights. The lowest can
move vortices in the array but not in the traps. The second can
move a vortex in a trap but only over a green rib. The third
can move a vortex over both green and purple ribs, however
none of these may move vortices over the black trap edges.
The pulse heights are 1.8, 2.05 and 2.2 respectively. Note
that the trap strength of the purple ribs were tweaked slightly
to obtain a margin on the operational pulse height values.

Fractional Josephson vortices can be created at the edge of
an array, and then individually moved to their respective trap.
It is imagined that the annihilation and readout step is done by
moving the vortices to a separate device located at the edge of
the array. The demonstrated independent movement of frac-
tional vortices is a requirement for topological quantum com-
puting with MBSs attached to fractional vortices. However,
the details of the non-abelian statistics cannot be verified with
this method and requires further study.

7
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Figure 7. Example of a trap with 16 sites. The ribs of the trap have a low or high critical current (green and purple respectively), such that a
pulse height exists which can move a vortex over any green rib but not over any purple rib. The graph displays the pulse height needed to
release a vortex in all cardinal directions. An array will contain multiple traps, each with another combination of green and purple ribs, such
that one is always able to release the vortex from one trap while leaving all others in place. The critical current of some of the purple ribs is
tweaked to obtain a larger window for the operating pulse height. The parameters used are α= 0 and βL= 1.57.

5. Conclusion

It was found that in simulations of Josephson junction arrays
with a current-phase relation of mixed 2π and 4π periodic
components both vortices with 2π and 4π phase winding can
exist, and under what conditions such vortex configurations
are dynamically stable. These 2π vortices are expected to be
able to carry MBSs in arrays of topological multi-junctions.
Although the used RSJ model cannot capture the anyon statist-
ics, it does show that it is possible to manipulate vortices with
2π winding independently enough to allow for braiding oper-
ations with a combination of techniques involving external
current pulses and vortex traps on lattice sites with elevated
junction critical current. This study suggests that any platform
for topological quantum computing based on MBS has to take
into account not only if individual MBS can exist in a multi-
junction, but also if a vortex configuration in a lattice of such
junctions can form a dynamically stable vortex configuration,
which puts constraints on the current-phase relation and the
inductance parameter of the array.
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