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Low-level jets (LLJs) are the wind maxima in the lowest 50 to 1000 m of atmospheric boundary layers. Due to their
significant influence on the power production of wind farms it is crucial to understand the interaction between LLJs and
wind farms. In the presence of a LLJ, there are positive and negative shear regions in the velocity profile. The positive
shear regions of LLJs are continuously turbulent, while the negative shear regions have limited turbulence. We present
large eddy simulations of wind farms in which the LLJ is above, below, or in the middle of the turbine rotor swept area.
We find that the wakes recover relatively fast when the LLJ is above the turbines. This is due to the high turbulence
below the LLJ and the downward vertical entrainment created by the momentum deficit due to the wind farm power
production. This harvests the jet’s energy and aids wake recovery. However, when the LLJ is below the turbine rotor
swept area, the wake recovery is very slow due to the low atmospheric turbulence above the LLJ. The energy budget
analysis reveals that the entrainment fluxes are maximum and minimum when the LLJ is above and in the middle of
the turbine rotor swept area, respectively. Surprisingly, we find that the negative shear creates a significant entrainment
flux upward when the LLJ is below the turbine rotor swept area. This facilitates energy extraction from the jet, which
is beneficial for the performance of downwind turbines.
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I. INTRODUCTION

A low-level jet (LLJ) is the maximum in the wind veloc-
ity profile in the atmospheric boundary layer (ABL). When
the wind in the residual layer15 is decoupled from the sur-
face friction and subjected to inertial oscillations, the flow in
the residual layer accelerates to super-geostrophic magnitudes
and forms a LLJ13. These jets are observed in the lowest 50
to 1000 m of the ABL53 and are most pronounced in weak
to moderately stable ABLs8,9. Figure 1 shows a sketch of
the velocity, potential temperature, and turbulence flux pro-
files in a stable ABL. LLJs10,37,54 have been reported all over
the world with frequent occurrences in India49, China42, the
Great Plains of the United States7 and the North Sea region
of Europe34,64. Field observations show that in the IJmuiden
region of North Sea, LLJs are observed with a frequency of
7.56% in summer and 6.61% in spring22,35. LLJs in the North
Sea are associated with shallow boundary-layer heights8,22,
i.e. these jets can influence the wind farm power production.
It has been reported that LLJs can increase the capacity fac-
tors by 60% under nocturnal conditions65, and measurements
in Western Oklahoma28 indicate that LLJs increase the power
production compared to the case without jets. As a result,
the importance, relevance, and urgency of research into LLJ
for wind farm applications have been outlined by van Kuik et
al.39 in their long term European Research Agenda and a re-
cent review by Porté-Agel et al.48.

It is well established in the wind energy community that
LLJs affect the performance of wind turbines52. Below the
jet height (zjet) the velocity profile has a positive shear, and
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above the jet height there is a negative shear. The top panel of
Fig. 1 shows a turbine with hub-height (zh) lower than the jet
height, i.e. zjet > zh, operating in the positive shear region. The
bottom panel shows a turbine with the hub-height higher than
the jet height, i.e. zjet < zh, operating in the negative shear re-
gion. The potential temperature profile shows significant sur-
face inversion with a residual layer above. Above the surface
inversion the boundary layer has negligible turbulence and the
region is associated with the negative shear, see Fig. 1.

As noted above, LLJs generally form at the top of
stable surface inversions8, above which the turbulence is
negligible13. During an LLJ event, the turbulence inten-
sity and turbulence kinetic energy are lower than for unsta-
ble conditions29. The effect of LLJs on wind turbine and
wind farm performance has been studied before. Lu & Porté-
Agel43 performed large eddy simulations (LES) of an ‘infi-
nite’ wind farm in the stable boundary layer, and they report
the formation of non-axisymmetric wakes and a decrease in
the LLJ strength due to the energy extraction by the turbines.
LLJ elimination due to wind turbine momentum extraction
has also been reported in similar LES studies1,2,12,51. Also,
mesoscale simulations in which wind farms are modeled as
localized roughness elements show that LLJs are eliminated
by wind farms24. Furthermore, due to the velocity maximum
and strong shear, both the power production and the fatigue
loads on wind turbines are affected by the LLJ30.

In a fully developed wind farm boundary layer, the power
production depends on the vertical entrainment fluxes from
above, which is created by the momentum deficit inside the
wind farm. Wind turbines operating below the LLJ are sub-
jected to positive shear and continuous turbulence. In that
case, the downward entrainment fluxes are enhanced due to
which the energy of the LLJ is harvested26,43,47. Recently,
Doosttalab et al.20 conducted experiments in which they stud-
ied the interaction between a wind farm and a synthetic jet,
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FIG. 1. Problem definition. The top figure shows turbines operating in positive shear when the LLJ is above the turbine rotor swept area
(zjet > zh). The bottom figure shows turbines operating in negative shear when the LLJ is below the turbine rotor swept area (zjet < zh).
We study whether the negative shear increases the energy extraction from the jet by creating an upward flux. The figure also shows that the
turbulent momentum flux is negligible above the LLJ. The potential temperature θ profile reveals that the boundary layer is stably stratified
and shows a residual layer with a constant temperature above the LLJ.

they report that entrainment fluxes are enhanced due to the
shear layer associated with the LLJ. However, situations might
arise when the turbines have to operate in the negative shear
region with reduced turbulence. Aeroelastic simulations of
the interaction between a LLJ and a wind turbine show that
the loading on a wind turbine decreases when it operates in
the jet’s negative shear region. Based on these simulations,
Gutierrez et al.29 suggest installing turbines at heights where
negative shear occurs. However, the region where negative
shear occurs is also a region of reduced turbulence, which neg-
atively affects wake recovery and hence the power production
of downwind turbines.3,48,59

Previous studies have mostly focused on wind turbines and
wind farms operating in the jet’s positive shear region. The
presence of negative shear and negligible turbulence above
the LLJ leads to scenarios in which the wind farm and LLJ
interaction is not straightforward. As mentioned before, when
the LLJ is above the turbines, the momentum deficit creates
a downward entrainment flux, which facilitates the extraction
of LLJ’s energy, see the top schematic in Fig. 1. However, it
is not yet explored if the negative shear creates an upward en-
trainment flux when the LLJ is below the turbine rotor swept
area, see the bottom schematic in Fig. 1. Therefore, the objec-
tive of the study is to understand how changing the LLJ height
relative to the turbine hub-height affects wake recovery and
power production of downstream turbines. This can be done
in two ways: by keeping the jet height constant and changing
the turbine height or simulating jets of different heights which
involves multiple spin-up simulations with different boundary
layer properties. Changing jet height is complicated and com-
putationally expensive, therefore we follow the easiest and the
most straightforward way of changing the ratio zjet < zh by

changing the turbine height. In this work, we consider three
different scenarios:

1. the LLJ above the turbine rotor swept area, i.e. zjet < zh.

2. the LLJ in the middle of the turbine rotor swept area,
i.e. zjet ≈ zh.

3. the LLJ below the turbine rotor swept area, i.e. zjet > zh.

In section II, the simulation methodology and the wind farm
configuration are described. In section III the main observa-
tions are discussed and in section IV the major conclusions
are detailed.

II. SIMULATION METHODOLOGY

A. Governing equations

We numerically integrate the filtered Navier-Stokes equa-
tion coupled with the Boussinesq approximation to model
buoyancy. The governing equations are:

∂iũi = 0, (1)

∂tũi +∂j (ũiũj) =−∂i p̃−∂jτij +gβ (θ̃ − θ̃0)δi3

+ fc(Ug− ũ)δi2− fc(Vg− ṽ)δi1 + f̃xδi1 + f̃yδi2,

(2)

∂tθ̃ + ũj∂jθ̃ =−∂jqj, (3)

here the tilde represents a spectral cut-off filter of size ∆,
ũi = (ũ, ṽ, w̃) and θ̃ are the filtered velocity and potential
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temperature, respectively, g is the gravitational acceleration,
β = 1/θ0 is the buoyancy parameter with respect to the refer-
ence potential temperature θ0, δij is the Kronecker delta, and
fc is the Coriolis parameter. The ABL is forced by a mean
pressure p∞, represented by the geostrophic wind with the re-
lation, Ug = − 1

ρ fc
∂ p∞

∂y and Vg = 1
ρ fc

∂ p∞

∂x as its components.
p̃ = p̃∗/ρ +σkk/3 is the modified pressure, which is the sum
of the trace of the SGS stress, σkk/3, and the kinematic pres-
sure p̃∗/ρ , where ρ is the density of the fluid.

It is well established that the actuator disk model can cap-
ture the wake dynamics starting from 1 to 2 diameters down-
stream of the turbine sufficiently accurately58,59,66. Therefore,
the actuator disk model can be used to study the large scale
flow phenomena in a wind farm on which we focus here. We
note that the actuator disk model cannot capture the vortex
structures near the turbine due to the absence of the turbine
blades55,59,63. To capture vortex structures very high resolu-
tion actuator line model simulations are required, which is not
feasible for large wind farms58. Therefore, we use a well-
validated actuator disk model17,25,32,33,56,57,67 in this study.
The turbine forces f̃x and f̃y in equation (2) are modeled using
the turbine force

Ft =−
1
2

ρCTU2
∞

π

4
D2, (4)

where CT is the thrust coefficient and U∞ is the upstream
undisturbed reference velocity. Equation (4) is only applica-
ble for isolated turbines32,33. In wind farm simulations the up-
stream velocity U∞ cannot be readily specified. Consequently,
it is common practice17,18 to use actuator disk theory to relate
U∞ with the rotor disk velocity Ud ,

U∞ =
Ud

(1−a)
(5)

where a is the axial induction factor. The turbine forces are
calculated by substituting equation (5) in equation (4). For a
detailed description and validation of the employed actuator
disk model we refer the reader to Refs.17,18,58.

The terms involving molecular viscosity are neglected due
to the high Reynolds number of the ABL flow. τij = ũiuj− ũiũj

is the traceless part of the SGS stress tensor and qj = ũjθ− ũjθ̃

is the SGS heat flux tensor. The SGS stresses and heat fluxes
are modeled as,

τij = ũiuj− ũiũj =−2νT S̃i j =−2(Cs∆)
2|S̃|S̃i j, (6)

qj = ũjθ − ũjθ̃ =−νθ ∂ jθ̃ =−(Ds∆)
2|S̃|∂ jθ̃ , (7)

where S̃i j =
1
2 (∂ jũi +∂iũ j) is the grid-scale strain rate tensor,

νT is the eddy viscosity, Cs is the Smagorinsky coefficient for
the SGS stresses, ∆ is the grid size, νθ is the eddy heat dif-
fusivity, Ds is the Smagorinsky coefficient for the SGS heat

flux, and |S̃| =
√

2S̃i jS̃i j. To model the SGS stresses with-
out any ad-hoc modifications, we use a tuning-free, scale-
dependent, dynamic model based on the Lagrangian averag-
ing of the coefficients14,60,61. The model has been found to
be highly suitable for inhomogeneous flows such as the flow
inside wind farms56. For further details and validation of the
code we refer to Gadde et al. (2020)27.

B. Numerical method

We use a standard pseudo-spectral method to calculate the
derivatives in horizontal directions and a second-order cen-
tral difference scheme to calculate the gradients in the vertical
direction. A second-order Adams-Bashforth scheme is em-
ployed to advance the solution in time. The aliasing errors
in the non-linear terms are removed by the 3/2 anti-aliasing
method19. The advective terms in the governing equations are
written in the rotational form23. We discretize the horizon-
tal directions uniformly with nx, ny, grid points in the stream-
wise and spanwise directions, respectively. This results in grid
sizes of ∆x = Lx/nx, ∆y = Ly/ny in the horizontal directions.
In the vertical direction, we use a uniform grid up to a cer-
tain height, above which we use a stretched grid. The vertical
grid size in the uniform region of the computational domain
is represented by ∆z. The horizontal and vertical computa-
tional planes are staggered, such that for the horizontal veloc-
ity components, the first vertical grid point above the ground is
located at ∆z/2. No-slip and free-slip boundary conditions are
imposed at the lowest and the topmost computational plane,
respectively. We use the Monin-Obukhov similarity theory46

to model the instantaneous stress and heat flux at the wall by
using the velocity and temperature at the first grid point above
the wall

τi3|w =−u2
∗

ũi

ũr
=−

(
ũrκ

ln(∆z/2zo)−ψM

)2
ũi

ũr
, (8)

and

q∗ =
u∗κ(θs− θ̃)

ln(∆z/2zos)−ψH
. (9)

In the above equations, ũi and θ̃ represent the filtered grid-
scale velocities and potential temperature at the first grid point
above the ground, u∗ is the frictional velocity, zo is the rough-
ness height for momentum, zos is the roughness height for heat
flux, κ = 0.4 is the von Kármán constant, ũr =

√
ũ2 + ṽ2 is the

resolved velocity magnitude, and θs is the grid scale potential
temperature at the surface. ψM and ψH are the stability cor-
rections for momentum and heat flux, respectively. We use
the stability correction used by Beare et al.11 to simulate the
stable boundary layer, i.e. ψM =−4.8z/L and ψH =−7.8z/L,
where L = −(u∗3θ0)/(κgq∗) is the surface Obukhov length.
We note that, for convenience, the tildes representing filtered
LES quantities are omitted in the remainder of the paper.

C. Boundary layer characteristics
We consider a continuously turbulent, moderately stable

ABL with a capping inversion at approximately 1000 m. The
temperature profile is slightly modified form of the one used in
the LES of second Global Earth and Water Cycle Experiment
(GEWEX) ABL study (GABLS-2) single column intercom-
parison setup40. The boundary layer is initialized with a con-
stant temperature of 286 K below 1000 m, a capping inversion
of strength 6 K between 1000 m and 1150 m, followed by a
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TABLE I. The table gives the size of the computational domain and the used grid resolution in the streamwise (nx), spanwise (ny), and vertical
(nz) direction, respectively. Cr is the surface cooling rate, zi is the boundary layer height, zjet is the jet height, u∗ is the friction velocity, ujet/G
is the non-dimensionalized jet velocity, and zi/L represents the stability parameter.

Domain size nx×ny×nz Cr [K ·h−1] zi [m] zjet [m] u∗ [ms−1] ujet/G zi/L

11.52 km × 4.6 km × 3.84 km 1280×512×384 0.50 131.6 125 0.192 1.21 2.95
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FIG. 2. (a) Horizontally averaged wind magnitude umag/G, (b) the vertical momentum flux, and (c) the temperature profiles plotted as a
function of the height. Height is normalized with the jet height.

constant temperature gradient of 5 K ·km−1 above. The initial
temperature profile is shown by the blue dashed lines in Fig.
2(c). The roughness height is, zo = 0.002 m for momentum
corresponding to offshore conditions21 and zos =

zo
10 = 0.0002

m15 for modelling the heat flux. The surface is cooled at a
constant rate of 0.5 K ·hour−1. The geostrophic forcing is set
to G = (Ug,Vg) = (8.0,0.0) ms−1 and the Coriolis parameter
is set to fc = 1.159×10−4 s−1 corresponding to a latitude of
52.8◦, which is representative for the Dutch North Sea. The
velocity is initialized with the geostrophic velocity, and uni-
form random perturbations are added to the initial velocities
and temperature up to a height of 500 m to trigger turbulence.
We note that the boundary layer reaches a quasi-steady state
at the end of 8th hour.

The boundary layer characteristics relevant to this study are
given in table I. The jet height zjet is approximately 125 m.
The boundary layer height, defined as the height where the
shear stress reaches 5% of its surface value11, is 131.6 m. The
ratio of boundary layer height to the surface Obukhov length is
zi/L= 2.95. Scaling regimes reported by Holtslag and Nieuw-
stadt31 show that for zi/L < 3, stable boundary layers show
negligible intermittency throughout the boundary layer. This
confirms that the boundary layer is moderately stable31. The
jet velocity is 9.68 m/s. It is worth mentioning here that LLJs
with heights between 80 and 200 m and jet velocities of 8 to 10
m/s are frequently observed in the Dutch North Sea region8.

Figure 2(a) shows the horizontally averaged velocity mag-
nitude umag =

〈√
u2 + v2

〉
variation with height and Fig. 2(b)

the corresponding horizontally averaged vertical turbulent

momentum flux τ =

〈√
(u′w′)2 +(v′w′)2

〉
, where u′w′ =

(uw+ τxz)− u w and v′w′ = (vw+ τyz)− v w. This figure re-
veals that there is negligible turbulence above the jet. Figure
2(c) presents the horizontally averaged potential temperature

with surface inversion top at approximately 140 m. The inver-
sion height is defined as the height at which the temperature
gradient is highest. The inversion top acts as a lid separat-
ing the turbulent and non-turbulent regions of the boundary
layer. The temperature profile shows a prominent residual
layer above the LLJ.

D. Computational domain and wind farm layout

The computational domain is 11.52 km × 4.6 km × 3.84
km, which is discretized by 1280× 512× 384 grid points.
The grid points are uniformly distributed in horizontal direc-
tions. This leads to a uniform grid resolution of 9 m in both
streamwise and spanwise directions. In the vertical direction
a grid spacing of 5 m is used up to 1500 m, above which the
grid is slowly stretched. Here we emphasize that our simu-
lations benefit from using an advanced Lagrangian dynamic
SGS scale model, which has been shown to capture the dy-
namics of stable boundary layers very well25,61. It is worth
mentioning here that in the LES intercomparison of the most
widely studied stable boundary layer, Beare et al.11 report that
a grid size of 6.25 m produces reasonably acceptable results
compared to high-resolution LES of stable boundary layers.
To provide perspective, recently, Allaerts and Meyers6 in the
simulation of wind farms in a stable boundary layer, used a
horizontal resolution of 12.5 m and a vertical resolution of 5
m. Furthermore, Ali et al.2 in their simulations of wind farms
in diurnal cycles, which also includes stable boundary layers,
use a horizontal resolution of 24.5 m and a vertical resolution
of 7.8 m. So the resolution employed here is relatively high
for simulations of such large wind farms.

We employ the concurrent precursor technique57 to intro-
duce the inflow conditions sampled from the precursor simu-
lation into the wind farm domain. LLJs generally occur over
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precursor method. The black circles denote the wind turbine locations. All the flow statistics are sampled from the shaded region with
dimensions 70D×20D×D centered around the wind farm; see also figure 6.

small regions and have limited spanwise width. Therefore,
we use fringe layers in both streamwise and spanwise direc-
tions to remove the effect of periodicity. A Rayleigh damping
layer38 with a damping constant of 0.016 s−1 is used in the top
25% of the domain to damp out the gravity waves triggered by
the wind farm.

We consider a wind farm with 40 turbines distributed in
4 columns and 10 rows, see Fig. 2. We choose turbines of
diameter, D = 80 m and the turbines are separated by a dis-
tance of 7D and 5D in the streamwise and spanwise direc-
tions, respectively. The objective of our study is to study the
effect of zjet/zh on wake recovery and wind farm power pro-
duction. To achieve that, we vary the turbine hub height such
that zjet > zh, zjet≈zh, and zjet < zh, corresponding hub-heights
are zh = 0.5zjet, zjet, 1.5zjet. The three cases represent the sce-
narios when the LLJ is below, above, and in the middle of the
turbine rotor swept area. We perform two additional simula-
tions with zh/D = 0.75 and turbine diameters 160 m and 240
m to study the effect of turbine diameter on wind farm perfor-
mance. In these simulations, the turbines are separated by 720
m in the streamwise direction. In the spanwise direction, for
the cases with turbine diameter 160 m and 240 m, the turbines
are separated by 480 m and 720 m, respectively.

Calaf et al.17 and Meyers and Meneveau45 showed that a
resolution of 25 m ≤ ∆x ≤ 50 m in the streamwise direction
and of 10 m ≤ ∆y ≤ 25 m in the spanwise direction is suffi-
cient when an actuator disk method is used to model the tur-
bines. Furthermore, Wu and Porté-Agel66 showed that one
needs 8 points along the diameter in the vertical direction and
5 points along the diameter in the spanwise direction. Clearly,
our simulations satisfy these criteria as we use a 5 m reso-
lution in the vertical and a 9 m resolution in the horizontal
directions. This means the turbine disk is discretized by 16
points in the vertical and 9 points in the spanwise direction,
respectively.

We use a proportional-integral (PI) controller4 to ensure
that the mean wind direction at hub-height is from West to
East. The wind angle controller has been successfully used in
our previous study of wind farms in neutral and stable bound-

ary layers25 and ensures that the wind farm geometry is the
same for all considered cases. Yaw misalignment due to the
local changes in the wind angle is prevented by rotating the
actuator disks such that the disks are always perpendicular to
the local wind angle. Figure 3 shows the wind farm layout
and the dimensions of the different regions in the computa-
tional domain.

III. RESULTS & DISCUSSIONS

The simulations were carried out in two stages. In the first
stage, only the boundary layer in the precursor domain is sim-
ulated. After the quasi-steady conditions are reached, the tur-
bines are introduced at the end of the 8th hour. In this second
stage, the simulations are continued for two more hours, and
the statistics are collected in the last hour. Each simulation
costs about 0.3 million CPU hours. In section III A the flow
structures are analyzed, followed by a discussion on power
production, momentum flux, and wake recovery in section
III B. In section III C, an energy budget analysis is presented
in which we discuss the diverse processes affecting the wind
farm performance in the presence of a LLJ.

A. Flow structures

A visualization of the instantaneous velocity at hub-height
is presented in Figs. 4(a), (b), and (c). Figures 4(d), (e), and
(f) show the time-averaged turbulence intensity for all three
cases. The turbulence intensity is calculated as σu =

√
2k/3,

where k = 0.5(u′2+v′2+w′2) is the resolved turbulent kinetic
energy and uhub =

√
u2 + v2 +w2 is the velocity at the hub-

height at the inlet. When the LLJ is above the turbines, small
scale structures are visible in the entrance region in front of
the wind farm, see Fig. 4(a). In this case, the turbines operate
in a completely turbulent region, and the wakes show signif-
icant turbulence towards the end of the wind farm, see Fig.
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FIG. 4. Normalized instantaneous velocity umag/G at hub-height for the three cases, i.e. (a) zjet > zh, (b) zjet ≈ zh, and (c) zjet < zh. Figs. (d),
(e), and (f) present the corresponding time-averaged turbulence intensity, σu/uhub where σu =

√
2k/3 and k is the turbulent kinetic energy.

(g) Side view of the instantaneous streamwise velocity in an x-z plane through the second turbine column for the different cases.

4(d). The wakes recover relatively fast due to the high atmo-
spheric turbulence and the additional wake generated turbu-
lence. In contrast, Figs. 4(b) and 4(e) show less turbulence in
the entrance region of the wind farm and behind the first tur-
bine row for the zh ≈ zjet case. However, towards the rear of
the wind farm, we observe significant turbulence. This effect
is prominent when the LLJ is below the turbines (zjet < zh),
and we observe only marginal wake turbulence behind the first
turbine row, see Fig. 4(c) and 4(f). This will affect the wake
recovery and consequently the power production of the sec-
ond turbine row. The limited turbulence at hub-height at the
farm entrance is due to the strong thermal stratification asso-
ciated with the surface inversion top. However, after the first
couple of rows, we observe significant turbulence created by
the wakes. It is widely accepted that the turbine wake mean-

dering and corresponding wake turbulence is related to the at-
mospheric turbulence41,44, and in the absence of atmospheric
turbulence, the wake turbulence is also limited. In essence, the
wake recovery is affected when turbines operate in the nega-
tive shear region above the LLJ.

Figure 4(g) shows the side view of the wind farm in an x-
z plane passing through the second turbine column. The top
panel in Fig. 4(g) shows the turbines operating in a turbulent
region. It is worth noting that the turbine wakes show signifi-
cant wake turbulence, which aids the extraction of momentum
from the LLJ. When zjet ≈ zh, the turbines in the first row ex-
tract the energy in the jet, and turbines operate in a well-mixed
region after the second turbine row. Moreover, the LLJ re-
duces in strength after the first turbine row, and therefore rows
that are further downstream cannot benefit from the jet any-
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FIG. 5. (a) The row-averaged power normalized with the power production of the first row. Results from the additional simulations with
D = 160 m and D = 240 m are also included. (b) Planar averaged streamwise vertical momentum flux versus height. (c) Spanwise averaged
streamwise velocity normalized with the upstream velocity at hub-height as a function of the streamwise location. (d) Streamwise variation of
the turbulence intensity at hub-height for the three different cases.

more. However, when the LLJ is below the turbines (zjet < zh),
the first couple of turbine rows are in a non-turbulent region,
and therefore the turbulence after the first turbine row is lim-
ited. Furthermore, we observe no transverse wake meander-
ing behind the first turbine row due to low atmospheric tur-
bulence in the thermally stratified region above the jet. The
jet’s strength is reduced due to energy extraction towards the
rear of the wind farm because of the positive entrainment flux
created from below due to the energy extraction by turbines.
This will be discussed in detail in the next section.

B. Power production and wake recovery

The row-averaged power normalized by the first row’s
power production is presented in Fig. 5(a). The turbine power
is averaged in the 10th hour of the simulation. Results from
the additional simulations with the diameters 160 m and 240
m are also included in the figure. When the LLJ is above the
turbines (zjet > zh), we observe that the relative power produc-
tion is higher, which means that velocity recovers faster than
in the other cases, see the plot of wake recovery in Fig. 5(c).
When zh ≈ zjet, the power production continuously reduces
towards the rear of the wind farm, see Fig. 5(a). The corre-
sponding wake recovery shows that the velocity continuously
drops in the downstream direction, which indicates that the
wake recovery is negligible; see the dashed line in Fig. 5(c).

Interestingly, when the jet is below the turbines (zjet < zh), the
power production of the second row is severely affected due
to the absence of turbulence in the wake of the first turbine
row. However, the power production increases further down-
stream due to wake generated turbulence, and it shows an up-
ward trend towards the back of the wind farm. For this case,
the wake turbulence becomes significant for x/D > 30 behind
the second turbine row, and subsequently, the turbines entrain
high momentum wind from the LLJ, and the wake recovers
significantly. For the additional cases with turbines with big-
ger diameter of 160 m and 240 m, we find that the overall
trends in the normalized power production as a function of
the downstream position remains the same even though the
streamwise turbine spacing is small. This confirms that the
results presented in this study capture the relevant physics of
the different scenarios, i.e. when the LLJ is below, in the mid-
dle, or above the turbine rotor swept area.

To understand the wake recovery and the associated power
production of downstream turbines, the planar averaged verti-
cal turbulent flux of streamwise momentum

〈
u′w′

〉
and nor-

malized by the
〈
u′w′

〉
at the wall are plotted in Fig. 5(b).

When the LLJ is above the turbine rotor swept area (zjet > zh),
there is a significant negative (downward) momentum flux,
which extracts the jet’s momentum and eliminates it towards
the rear of the wind farm. However, when the LLJ is below the
turbines (zjet < zh), the turbines operate in the negative shear
region, and a significant positive entrainment flux is created.
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As a result, the jet’s energy is entrained towards the turbines,
and the power production shows an upward trend towards the
end of the wind farm, see Fig. 5(a). In essence, when the LLJ
is below the turbine rotor swept area, the momentum deficit by
the turbines creates a significant positive turbulent flux from
below due to the negative shear. This enhances the wake re-
covery further downstream which is further elucidated below.

For continuous production of turbulence u′w′ ∂u
∂ z should be

negative. Therefore, in the presence of positive shear ( ∂u
∂ z is

positive) u′w′ should be negative to produce turbulence. How-
ever, when the shear is negative ( ∂u

∂ z is negative) u′w′ should
be positive to sustain turbulence. The tendency of the veloc-
ity deficit in the turbine wakes is to create a positive entrain-
ment flux below the hub-height and a negative entrainment
flux above hub-height. This leads to the following two sce-
narios:

1. When the LLJ is above the turbine rotor swept area
(zjet > zh), LLJ energy is pulled towards the turbines due
to the momentum deficit created by the turbines. We
have a significant downward entrainment flux, which is
utilized by the turbines for power production. Due to
which the LLJ strength is reduced. In this case, u′w′ is
negative, and the horizontally averaged ∂u

∂ z is positive,
and there is a net negative vertical flux towards the tur-
bines.

2. When the LLJ is below the turbine rotor swept area
(zjet < zh), the high momentum LLJ with the positive
entrainment flux from below aid power production. The
turbines extract the LLJ energy transported by the posi-
tive entrainment fluxes. In this case, u′w′ is positive and
the horizontally averaged ∂u

∂ z is negative. The negative
shear created by the wind turbine wakes contributes to
the negative shear already present above the LLJ, and
this aids power production of downstream turbines.

To quantify the turbulence produced by the wakes, the
streamwise variation of the horizontally averaged turbulence
intensity at the hub-height is plotted in Fig. 5(d). When the
LLJ is above the turbine rotor (zjet > zh), the turbulence inten-
sity upstream of the farm is 1.97%, while it is 1.0% and 0.46%
for zjet ≈ zh and zjet < zh, respectively. We observe negligi-
ble wake turbulence behind the first turbine row in Fig. 4(d)
when the LLJ is below the turbine rotor swept area (zh > zjet).
However, after turbulence is created by the wakes, the turbu-
lence intensity increases to about approximately 4.4% further
downstream. It is clear from the above data that there is lim-
ited upstream turbulence when the LLJ is below the turbine
rotor swept area. Consequently, there is negligible wake re-
covery until there is a wake generated turbulence. In essence,
the negative shear above the jet creates a positive entrainment
flux, which increases the turbulence intensity when the LLJ
is below the turbine rotor swept area. This accelerates the
wake recovery and allows the turbines to extract energy from
the jet. The turbulence intensity for the zjet ≈ zh case devel-
ops in a very similar way as for the zjet < zh case as in both
cases it is mostly determined by the wake added turbulence.
However, when the LLJ is above the turbine rotor swept area,

the turbulence intensity inside the wind farm is higher as the
atmospheric turbulence interacts with the wind turbine wakes.

C. Energy budget analysis

To further understand the different processes involved in
the power production of a wind farm in the presence of a
LLJ we perform an energy budget analysis. The analysis
is similar to the budget analysis performed by Allaerts and
Meyers5 for wind farms in conventionally neutral boundary
layers. The steady-state, time-averaged energy equation is ob-
tained by multiplying equation (2) with ũi

5,50 and performing
time-averaging, which results in:

Kinetic energy flux︷ ︸︸ ︷
u j∂ j

(
1
2

uiui +
1
2

u′iu
′
i

)
+

Turbulent transport︷ ︸︸ ︷
∂ j

(
1
2

u′ju
′
iu
′
i +uiu′iu

′
j

)
+

SGS transport︷ ︸︸ ︷
∂ j (uiτi j)

=

Flow work︷ ︸︸ ︷
−∂i(pui)+

Buoyancy︷ ︸︸ ︷
gβ (uiθ −uiθ0)δi3+

Geostrophic forcing︷ ︸︸ ︷
fc (uiUg)δi2− fc (uiVg)δi1

+

Turbine power︷︸︸︷
fiui +

Dissipation︷ ︸︸ ︷
τi jSi j ,

(10)

where the time-averaging is represented by the overline, and
u′iu
′
j = (uiu j)− ui u j indicates the momentum fluxes. To ob-

tain the total power produced by each row we numerically in-
tegrate each term in equation (10) around a control volume
surrounding each row. The control volume is chosen such that
it encloses a row of wind farm, see Fig. 6. We note here that
the fringe layers are not included in the control volume. Per-
forming integration and rearranging equation (10) gives,

P, Turbine power︷ ︸︸ ︷∫
∀

fiuid∀ =

Ek , Kinetic energy flux︷ ︸︸ ︷∫
∀

u j∂ j

(
1
2

uiui +
1
2

u′iu
′
i

)
d∀

+

Tt, Turbulent transport︷ ︸︸ ︷∫
∀

∂ j

(
1
2

u′ju
′
iu
′
i +uiu′iu

′
j

)
d∀+

Tsgs, SGS transport︷ ︸︸ ︷∫
∀

∂ j (uiτi j)d∀

+

F, Flow work︷ ︸︸ ︷∫
∀

∂i(pui)d∀−

B, Buoyancy︷ ︸︸ ︷∫
∀

gβ (uiθ −uiθ0)δi3d∀

−

G, Geostrophic forcing︷ ︸︸ ︷∫
∀

fc (uiUg)δi2− fc (uiVg)δi1d∀−

D, Dissipation︷ ︸︸ ︷∫
∀

τi jSi jd∀,
(11)

where P is the power produced by a turbine row, Ek is the ki-
netic energy flux containing resolved kinetic energy, Tt is the
turbulent transport, which involves the transport of mean flow
energy by turbulence62 and higher-order turbulence terms,
Tsgs is the mean energy transport by SGS stresses, F is the
flow work, which is the pressure drop across the turbines, B
is the turbulence destruction caused by buoyancy under stable
stratification, G represents the geostrophic forcing driving the
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flow, and D is the SGS dissipation.
Figure 7(a), (b), and (c) present the energy budget analy-

sis for cases when the LLJ is above (zjet > zh), in the middle
(zjet ≈ zh), or below (zjet < zh) the turbine rotor swept area,

respectively. All the terms are normalized by the absolute
value of the power produced by the first turbine row. This
normalization provides insight into the effect of wake recov-
ery on power production. The SGS transport term Tsgs and
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the buoyancy terms B are negligible and left out of the plots
for brevity. In both plots, the energy sources are positive, and
sinks are negative. Both turbine power and dissipation act as
energy sinks in the boundary layer. Fig. 7(a) shows that when
the LLJ is above the turbine rotor swept area (zjet > zh), the
kinetic energy Ek continuously decreases in the downstream
direction. This reduction in the mean kinetic energy is com-
pensated by the turbulent transport term Tt . The turbulent
transport slightly reduces after the sixth turbine row due to
the reduction in the strength of the LLJ. In this case, the down-
ward entrainment of the fluxes compensates for the decrease
in mean kinetic energy. In a fully developed wind farm bound-
ary layer, the power production is completely balanced by the
turbulent entrainment from above16,17. When the turbines op-
erate in the positive shear region, the entrainment from above
replenishes the energy extracted by the turbines. In addition
to entrainment, the geostrophic forcing G and pressure drop
F act as an additional energy source. In contrast, turbulence
destruction by buoyancy B and dissipation D remove energy
from the control volume. When the LLJ is above the tur-
bine rotor swept area (zjet > zh), there is positive shear in the
boundary layer, due to which there is significant entrainment
and wake recovery.
When the LLJ is in the middle of the turbine rotor swept area
(zjet ≈ zh), while the kinetic energy Ek continuously decreases
the entrainment Tt is reduced as the energy in the LLJ is ex-
tracted by the upwind turbines reducing the entrainment for
the rest of the turbines. Furthermore, turbulent entrainment Tt
is nearly equal to the turbulence dissipation D, this limits the
contribution of turbulence to power production. When the LLJ
is below the turbine rotor swept area (zjet < zh), the kinetic en-
ergy Ek contribution decreases continuously with downstream
position in the wind farm and the turbulent transport Tt is less
than for the case when the LLJ is above the turbines (Fig.
7(c)). The turbulent transport Tt is created entirely by the
wake turbulence and the momentum deficit created by the tur-
bines. The power production is mainly due to the mean flow
energy extraction Ek and the entrainment due to positive en-
trainment flux. In essence, the wake recovery and the entrain-
ment due to turbulent transport are affected when the LLJ is
below the turbine rotor swept area.

To further elucidate the effect of entrainment on power pro-
duction, we plot the integrated vertical entrainment flux on
the top and bottom planes of the control volume in Fig. 7(d).
Open symbols represent the integrated flux on the bottom
plane, and filled symbols represent the integrated flux on the
top plane of the control volume. When the LLJ is above the
turbine rotor swept area (zjet > zh), the negative flux from the
top is dominant. However, when the LLJ is below the turbine
rotor swept area (zjet < zh), there is significant positive flux in
the bottom plane indicating positive entrainment from below.
This clearly shows that there is significant positive entrain-
ment flux towards the turbine rotors when the LLJ is below
the turbine rotor swept area. This is beneficial for the power
production of turbines further downstream.

Figure 7(e) provides a comparison of the net entrainment
|Tt | for all the three cases. The figure shows that entrainment
is strongest when the LLJ is above the turbine rotor swept area

(zjet > zh) and least when zjet≈ zh. When the LLJ is in the mid-
dle of the turbine rotor swept area (zjet ≈ zh) the entrainment is
affected as the LLJ energy is mostly extracted by the turbines
in the first couple of rows. When the LLJ is below the turbine
rotor swept area (zjet < zh), there is increased entrainment due
to the positive entrainment flux. This creates a stronger turbu-
lent transport Tt than for the zjet ≈ zh case, but not as much
as for the case when the LLJ is above the turbine rotor swept
area.

IV. CONCLUSIONS

We performed LES of wind farms to study the effect of the
LLJ height compared to the turbine-height on the interaction
between LLJs and large wind farms, see Fig. 1. We consid-
ered three scenarios, wherein the LLJ is above, below, and in
the middle of the turbine rotor swept area. We find that the
relative power production of the turbines further downstream
in the wind farm depends on the jet height relative to the hub-
height. The power production relative to the first-row power
is maximum when the LLJ is above the turbine rotor swept
area due to higher turbulence intensity below the LLJ, wherein
the atmospheric turbulence adds to the turbine wake gener-
ated turbulence and leads to a faster wake recovery. However,
when the LLJ is below the turbine rotor swept area, the tur-
bines operate in the negative shear region of the LLJ in which
the atmospheric turbulence is limited, and the thermal stability
is strong. In the absence of atmospheric turbulence, the wakes
are very stable36,44, and wake recovery is slow. However, after
the first two turbine rows, the wakes generate sufficient turbu-
lence to promote the wake recovery further downstream.

The energy budget analysis reveals that the vertical en-
trainment dominates the power production when the LLJs are
above the turbine rotor swept area. In contrast, when the LLJ
is in the middle of the turbine rotor swept area, the jet’s en-
ergy is extracted by the first turbine row, and the rest of the
rows do not directly benefit from the jet. Interestingly, when
the LLJ is below the turbine rotor swept area, the mean neg-
ative shear and the shear created by the wakes create a posi-
tive entrainment flux from below, which helps turbines further
downstream to harvest the jet’s energy. Although the negative
shear above the LLJ creates a positive turbulent entrainment
flux, the turbulence production it creates is limited due to the
high thermal stratification above the jet, i.e. the flux that is
created is smaller than the flux that is created when the LLJ is
above the turbines.

Gutierrez et al.30 report the reduction in the turbine loads
due to the negative shear in the LLJ and therefore suggest in-
stalling turbines such that they are in this region. Our results
show that wake recovery is affected when the turbines operate
in the negative shear region, and therefore, it might not be ben-
eficial in terms of wake recovery. Here, we emphasize again
that we used a generalized LLJ to study the physical phenom-
ena that result from the interaction of a LLJ with a large wind
farm. However, further work will be required to investigate
the effect of higher thermal stratification, complex terrain, the
strength of the geostrophic wind and its direction, the transi-
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tion from land to sea on the LLJ characteristics, and how this
affects the performance of wind farms.
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