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Strict Nonlinear Normal Modes of Systems
Characterized by Scalar Functions

on Riemannian Manifolds
Alin Albu-Schäffer , Dominic Lakatos , and Stefano Stramigioli , Fellow, IEEE

Abstract—For the study of highly nonlinear, conservative dy-
namic systems, finding special periodic solutions which can be seen
as generalization of the well-known normal modes of linear systems
is very attractive. However, the study of low-dimensional invariant
manifolds in the form of nonlinear normal modes is rather a niche
topic, treated mainly in the context of structural mechanics for
systems with Euclidean metrics, i.e., for point masses connected
by nonlinear springs. In our previous research [1], [16], [17] we
recognized, however, that a very rich structure of periodic and
low-dimensional solutions exist also within nonlinear systems such
as elastic multi-body systems encountered in the biomechanics
of humans and animals or of humanoid and quadruped robots,
which are characterized by a non-constant metric tensor. This
letter briefly discusses different generalizations of linear oscillation
modes to nonlinear systems and proposes a definition of strict
nonlinear normal modes, which matches most of the relevant prop-
erties of the linear modes. The main contributions are a theorem
providing necessary and sufficient conditions for the existence of
strict oscillation modes on systems endowed with a Riemannian
metric and a potential field as well as a constructive example of
designing such modes in the case of an elastic double pendulum.

Index Terms—Dynamics, flexible robotics, modeling, control,
And learning for soft robots.

I. INTRODUCTION

THE dynamics of many mechanical (and also bio-
mechanical) systems is modeled by nonlinear second-

order ordinary differential equations (ODEs). Finding periodic,
low-dimensional solution of such systems is of major rele-
vance, for example for energy efficient resonance-based loco-
motion [2], [3], [11], [20], [27]. However, explicit solutions of
such equations are known only for very specific cases. For the
particular, standard case of energy-conservative linear systems
of second-order ODEs analytical solutions are determined by
the underlying generalized eigenvalue problem. Each conjugate
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complex eigenvalue pair and its corresponding eigenvectors
determines a family of solutions, which is known as a mode of
the linear system. Such linear normal modes share the following
common properties:

P1: solutions corresponding to a mode are periodic;
P2: motions corresponding to a mode are such that the time

evolution of all dependent variables (and their time-
derivatives) are determined by a single second-order
differential equation;

P3: motions of all dependent variables are functionally re-
lated (actually linearly related in the specific case of
linear systems) to a single dependent variable, forming
straight modal lines in configuration space;

P4: the straight modal lines of P3 are energy independent,
i.e., the system evolves along those lines for any initial
velocity along the lines.

Although qualitatively distinct, the above properties are si-
multaneously satisfied for energy-conservative, linear systems.
This stands in strong contrast to the nonlinear system case, where
these properties are not necessarily linked. In the present paper
we propose and analyze a generalization of the normal mode
concept to the nonlinear case, which is stricter and and thus
closer to the properties of linear modes than other definitions
from literature.

As we will see in this letter, it is actually more precise to
talk about Euclidean versus non-Euclidean case rather than
about linear versus non-linear case: by changing coordinates
non-linearly, a perfectly linear system can result to be seemingly
non-linear, although this is a pure artifact of the coordinates.
So, actually, having nonlinear equations describing the system,
does not automatically mean that the system is nonlinear. The
actually invariant properties of a system are dependent on the
metric structure which, in the robotics case, is represented for
example by the inertia of the physical mechanism.1

The quite general class of conservative nonlinear systems
considered in this letter is described in local coordinates q and
using standard robotics notation by

q̈ +M−1(q)c(q, q̇) = M−1(q)
∂U(q)

∂q
. (1)

Therein, q are generalized coordinates and q̇, q̈ are their first
and second order time derivatives. In the robotics case, M(q)
is the inertia tensor, c(q, q̇) are Coriolis and centrifugal terms

1Also other relevant metrics can be considered for a robotic system under
certain conditions. For example, in order to include also the effect of the potential
energy directly in the metric tensor, the Jacobi metric can be considered, see [1]
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(actually, completely dependent on M(q)), and U(q) is a po-
tential function. Note that this potential can be a physical one,
describing the gravity field or elastic elements, but can also
originate from a controller. We do not require that the potential
is everywhere negative definite2 or smooth, so in principle also
hybrid or underactuated systems can be covered by (1). In this
letter we will adopt a coordinate-free differential geometric
description (and its standard notation) in order to directly make
use of the powerful insights provided by this approach. This way,
the theorem formulated in Section II can be applied to nonlinear
systems going beyond the robotics applications motivating it.

A. Differential Geometric Model Formulation

Let us consider a system characterized by the metric field
g and the scalar function f : M → R defined on a manifold
M representing the configuration space. That is, (M, g) is an
n-dimensional Riemannian manifold, where the two-covariant
metric tensor field g : M → T �M⊗ T �M assigns a positive
definite inner product 〈·, ·〉 in each tangent space TpM. As a
consequence, it is possible to define an affine connection ∇
(the Levi-Civita connection), compatible with the metric, which
means that ∇Xg = 0, ∀X ∈ TpM. Then, by letting q(t) be
a trajectory in M parametrized by t ∈ R, and q̇ ∈ Tq(t)M the
associated tangent vector field, the considered system of second-
order ODEs can be expressed as

∇q̇q̇ = ∇f . (2)

Herein,∇f denotes the contravariant gradient vector associated
to the covector df and satisfying df(w) = 〈∇f,w〉, ∀w ∈
TpM.

In case of a mechanical systemq ∈ M are again configuration
variables and q̇ is a vector of velocities at q. Here we use with
some abuse of notation q both for points on the manifold in
(2) and for their coordinates in (1). In the two formulations,
g and M(q), respectively, denote the inertia tensor. f in (2)
corresponds to U in (1) and denotes thus the potential energy
function, ∇f and M−1(q)∂U(q)

∂q represent the acceleration due
to the potential. The left-hand side of (1) and (2) is the covariant
derivative of the velocity.

Note that in the particular case of a constant inertia M , the
Riemannian metric g reduces to an Euclidean metric. But this
can be the case also for systems with variable M(q), which
seem nonlinear, but with a proper change of coordinates can be
shown to be Euclidean, i.e., systems which actually have zero
curvature everywhere.

As we will see in Section II, powerful statements about
invariant modal manifolds become almost trivial to recognize
and prove from this differential geometric perspective.

B. State of the Art and Paper Contribution

Depending on how many of the above four properties P1-P4
of linear modes one would like to preserve, different general-
izations for nonlinear systems can be defined. Periodicity (P1)
is the most general, yet most unspecific property, solutions of
nonlinear systems might be required to obey defining a mode.
Such a definition of nonlinear modes has been considered in [23],
[24], and [36]. There is a huge amount of literature on the

2We chose in this letter a negative sign forU for keeping (2) and the subsequent
derivations simpler.

existence of periodic solutions for nonlinear systems, beginning
with the work of Lyapunov and Poincarè, [19], [21] evolving
over more than one century [4], [8], [13], [22], [26], [35] and still
being topic of active research today [12], [18], [33]. However,
periodicity alone does not specify the characteristics of the
trajectories well enough to be considered a direct generalization
of linear modes. Demanding in addition that motions corre-
sponding to a nonlinear mode are driven by a single second-
order differential equation, leads to the definition of nonlinear
normal modes (NNM) proposed by Shaw and Pierre [28]. This
concept of NNM describes the kind of families of solutions,
for which all dependent variables and their time derivatives are
functionally related to a single pair of one dependent variable
and its time derivative. The Shaw and Pierre definition of NNM
is less general than merely requiring periodicity. It is more
specific regarding the properties of solutions, as it contains
all oscillations evolving in a two-dimensional submanifold of
the 2n-dimensional phase space, according to P2. This mode
definition covers for example also modal solutions for non-
conservative systems. The definition of NNM for conservative
nonlinear systems proposed by Rosenberg [25] defines the mo-
tions corresponding to a mode as “vibration-in-unison,” which
means that all dependent variables reach their extrema and cross
zero simultaneously. In other words, the dependent variables
evolve on a curve segment, according to P3. Rosenberg NNMs
have been detected and investigated for nonlinear systems with
Euclidean metrics so far, see, e.g., [6], [10], [25], [32], for
which the metric tensor g is constant but ∇f is nonlinear. A
sub-class of the general Rosenberg NNMs is given by cases,
in which the curve is a straight line [25]. Thereby, the time
evolution of all dependent variables is geometrically similar and
therefore the modes are called similar nonlinear normal modes.
It becomes obvious from the examples treated in [10], [25] that
only the similar nonlinear normal modes satisfy also property
P4, of being invariant w. r. t. the energy (or, equivalently, the
initial velocity). We will call the modes which do not fulfill this
property energy dependent Rosenberg modes. Rosenberg coined
the term nonlinear normal mode and fundamentally influenced
research in structural mechanics and vibration analysis. In this
letter we can only give a very brief overview of this wide topic.
In [1] we provide a detailed review of NNM and related concepts.

In the present paper it will be shown that the velocity
invariance property P4 of straight modal lines is related to the
Euclidean metric of the examples considered in the literature
so far and the concept will be generalized for Riemannian
manifolds. Therefore, the novel definition of a strict normal
mode for conservative nonlinear systems will be introduced
as a one dimensional manifold in configuration space, which
is invariant for any initial velocity along the manifold. The
paper states and proves necessary and sufficient conditions
for the existence of strict normal modes for nonlinear systems
with Riemannian metric (containing as particular case, of
course, the Euclidean metric). Two main contributions are
thus to introduce and completely characterize strict nonlinear
modes for the general class of conservative nonlinear systems
(1), (2) evolving on Riemannian manifolds. As a third main
contribution, a constructive example of such a mode is provided
for a double pendulum subject to an elastic potential field.

The present work is motivated by the study of dynamic
manipulation and fast locomotion both in biological and robotic
systems. Such systems are highly nonlinear due to the highly
coupled multi-body dynamics and the nonlinear compliance of
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the actuation system (be it muscles and tendons or gearboxes and
cable drives). It is well-known from literature that for example
running for a large variety of animals and for humans can be
very well approximated by a template dynamics of low order,
for example the so-called spring-loaded inverted pendulum [15],
[20]. Limit cycles have been shown to emerge naturally and to
be well stabilizable by control for legged locomotion [5], [14],
[29], [31]. However, these works largely relied on numerical
approaches or biologically-inspired learning methods, with a
limited set of basic theoretical tools, such as the Poincaré map,
for their analysis. The central hypothesis motivating the research
presented in this letter is that the low-dimensional motion tem-
plates are strongly related to the intrinsic dynamic properties of
the considered systems. We are convinced that a well developed
theory of nonlinear oscillation modes is an essential tool for
the understanding of dynamic manipulation and locomotion in
nature and improving energy efficiency and performance of its
technological replication.

II. MAIN RESULT

The section uses standard differential geometry to state and
derive the main result. Readers less familiar with these tools or
less interested in the proof details might jump directly to the
more elementary formulation of the theorem at the end of the
section.

Definition (Strict normal Mode): Let M be a n-dimensional
smooth manifold and C a one-dimensional submanifold of M
with a line segment topology. C is then homeomorphic to the
closed interval I = [0, 1] and can therefore be parameterized by
a curve γ : I → M. C is referred to as a strict normal mode, if
its associated tangent bundleT C ⊂ TM constitutes an invariant
set of the differential equations (2).

Theorem 1: C is a strict normal mode of the differential
equations (2), if and only if

1) C is a geodesic (or autoparallel line w.r.t. the Levi-Civita
connection, see Appendix) and

2) the gradient vector ∇f of the scalar function f on C is
tangential to C, i.e., (∇f)p ∈ TpC, ∀p ∈ C.

The following straight-forward property of geodesics will be
used at two stages in the proof of the theorem.

Lemma: Let γ̇1, γ̇2 : C → TpC ⊂ TpM be non-zero vector
fields tangent to C. Then, the covariant derivative of γ̇1 w. r. t.
γ̇2 either vanishes or is again tangent to C, (∇γ̇2

γ̇1) ∈ TpC, if
and only if C is a geodesic.

Proof (Proof of lemma): Let w : C → TpC, 〈w,w〉 = 1, be a
unit vector field tangent to C, i.e., the tangent vector field arising
from the arc length parametrization of C. Further, let α, β : C →
R be non-zero scalar functions on C such that γ̇1 = αw and
γ̇2 = βw. Then,

∇γ̇2
γ̇1 = ∇βw (αw) = β (∇wα)w + αβ∇ww . (3)

(∇wα) is a scalar function on C, while ∇ww = 0, if and only
if C is a geodesic.

Basically, the lemma recalls that for any time evolution of
the considered system, the covariant derivative is tangent to the
geodesic, the same way as for any motion along a straight line
in Euclidean space the acceleration is a vector along that line.
Furthermore, the converse also holds: if for any system evolution
the covariant derivative of its velocity vector field is tangent to
the curve, then the curve is a geodesic.

Proof (Proof of theorem: Sufficiency): From (∇f)p ∈ TpC,
∀p ∈ C it follows that ∇f on C can be expressed as

(∇f)p = αw , (4)

where α : C → R is a scalar function, and w : C → TpC ⊂
TpM, 〈w,w〉 = 1, is a unit vector field tangent to C. Accord-
ingly, the differential equations (2) on C satisfy

∇γ̇ γ̇ = αw . (5)

Now, choose the ansatz γ̇ = βw with β : C → R a scalar func-
tion as a solution for (5). Then,

∇γ̇ γ̇ = β (∇wβ)w , (6)

according to the above lemma. From (6) it follows that the
solution of (5) is γ̇ = βw, if the differential equation

β∇wβ = α (7)

can be solved for β. If the arc length s (w.r.t. g) is taken as a
coordinate for C, (7) takes the form

β(s)dβ(s) = α(s)ds , (8)

for which a solution always exists and is

1

2
β2(s)− E =

∫ s

0

α(σ)dσ , (9)

where E is a constant of integration.3 This proves that (5) has
always as a solution a vector field, which is tangent to the
geodesic, and therefore sufficiency can be concluded.

Proof (Proof of theorem: Necessity): Since C is an embedded
submanifold of M, recall that, for any p ∈ C, a vector X ∈
TpM may be written as the sum of a vector X
 ∈ TpC and a
normal vector X⊥ := X −X
.

Assume, for the sake of contradiction that C is not a geodesic,
i.e., for some p ∈ C , γ̇ ∈ TpC

(∇γ̇ γ̇)p = (∇γ̇ γ̇)


p + (∇γ̇ γ̇)

⊥
p (10)

with nonzero normal component according to the above lemma.
Then, satisfying the differential equations (2) on C requires that

(∇γ̇ γ̇)
⊥
p = (∇f)⊥p , (11)

where (∇f)⊥p is the normal component of the potential gradient.
However, for any tangent vector field obtained by scaling γ̇ by
an arbitrary constant c, one has

(∇cγ̇cγ̇)
⊥
p = c2 (∇γ̇ γ̇)

⊥
p . (12)

According to the definition of strict normal modes, (2) has to be
satisfied also for the scaled tangent vector field, which implies

c2 (∇γ̇ γ̇)
⊥
p = (∇f)⊥p . (13)

This contradicts (11), since f is independent of the velocity and
therefore (∇f)⊥p is independent of c. We therefore conclude that
C is a geodesic. Thus (∇γ̇ γ̇)

⊥
p is zero implying by (11) that also

(∇f)⊥p must be zero, i.e., ∇f on C is tangent to C.
In standard robotics language, the theorem states that a curve

C is a strict normal mode of the differential equations (1), if and

3For a mechanical system, (9) expresses the energy conservation, with E
being the total energy, as the inertia is unitary in arc length coordinates. So the
first term expresses the kinetic energy while the term on the right-hand side is
the potential energy.
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Fig. 1. Inertia model of the double pendulum considered as example for a
system with Riemannian metric tensor.

only if (i) it is a solution of the purely inertial system (obtained
by setting U = 0) and (ii) the acceleration due to the potential
field is tangent to C.

Note that along a strict mode parameterized by arc length,
gyroscopic forces vanish and the dynamics reduces to Newton’s
law with unit mass, i.e., s̈ = α with α representing the potential
force. This is a tremendous simplification, surprisingly not very
familiar to the robotics community so far, to the best of our
knowledge, but a standard basic concept in differential geometry.

An immediate consequence of the theorem is
Corollary 1: In systems with Euclidean metric, in properly

chosen coordinates, strict normal modes are straight lines.
This explains why in most of the literature [10], [25], [28],

[32], which considered normal modes of systems consisting
of point masses connected by nonlinear springs, only lines
happened to be invariant with respect to the initial velocity (or
equivalently, w.r.t. the initial energy level). To our knowledge,
our previous publication [16] presented the first example for a
system with non-Euclidean metric, of what we call in this letter
a strict nonlinear normal mode, although for the particular case
of a straight line trajectory and relying on a more basic analysis.

The above theorem does not make any statement regarding
periodicity of motion, but only about the invariance of the curve.
Thus, a remark on the structure of the potential function f should
be made.

Corollary 2: If the scalar function f is negative definite on
the curve C, having an equilibrium point p0 on the curve, then
the system will perform periodic oscillations around this point.

Periodicity can be concluded for this one-dimensional prob-
lem based on the Poincaré-Bendixson theorem [30]. Under the
additional conditions of Corollary 2, the strict normal modes
fulfil all criteria P1-P4.

III. EXAMPLES OF STRICT NORMAL MODES

A double pendulum is considered as an example of a two-
dimensional, nonlinear system, having a non-Euclidean metric
tensor. First, a numerical analysis for a basic potential field is
given, to visualize the various NNM properties mentioned in the
introduction. Thereafter, the above theorem is applied to render
an arbitrary geodesic curve into a strict (nonlinear) normal mode
of oscillation.

Consider a planar double pendulum (2dof robot) with unit
lengths and unit point masses at the tip of each pendulum as
shown in Fig. 1.

Let us introduce coordinates q = (q1, q2) ∈ R2. This choice
of coordinates results in an inertia tensor with components

g11 = 3 + 2 cos q2 ,

g12 = g21 = 1 + cos q2 ,

g22 = 1 . (14)

A. Numerical Analysis for a Simple Potential Function

The difference between (generalized) energy dependent
Rosenberg NNM and our proposed definition of strict normal
modes can be easily understood from a simple, yet interesting
example. Fig. 2 visualizes the nonlinear modes of the double
pendulum for the case that a linear spring with stiffness k0 =
100 Nm/rad) acts on each joint. This means that the potential
function has the form f(q) = − 1

2k0((q
1)2 + (q2)2), i.e., the

equipotential lines are circles. They are visualized by dotted
lines with corresponding labels for the energy values in Fig. 2.

1) Numerical Approach for Mode Detection: The eigen-
modes of the linearization at the equilibrium point of the dy-
namics equations are displayed in Fig. 2 by thick (cyan and
yellow) lines. It is known that for small amplitudes of nonlinear
systems there exist at least as many periodic solutions as the
number of modes of the linearized model. This has been shown
by Lyapunov [19] for the special case of linear eigenvalues which
are not rationale multiples and by [34] for a more general case.

We make use of this property and search for periodic motions
for each energy level using a local optimization approach. As
the trajectories start and end on the equipotential surface, these
turning points have zero velocity. So only the position on the
circle needs to be optimized as initial condition for the trajectory.
As starting value for the optimizer at the first energy level,
the linear modes are used. For all other energy levels, the
optimization result from the previous level is used. The cost
function for determining periodicity is the size of the second
peak of the autocorrelation function. Therefore, the system is
simulated for 200 s, corresponding to approx. 80–90 periods. A
detailed presentation of a similar algorithm can be found in [1].

2) Discussion of Numerical Results: As can be seen from
Fig. 2, the modes of the nonlinear system are (not surprisingly)
very similar to the linear ones for low energy levels. More
intriguing is that periodic solutions exist also for large ampli-
tudes. They “grow” out of the linear modes and continuously
deform into nonlinear curves as the energy level of the oscillation
increases.

A clear qualitative difference between the two nonlinear nor-
mal modes can be seen: while one mode (red curves) strongly
deforms as energy increases, the second one (blue curves) stays
approximately on the same curve, with only the amplitude being
increased. According to the terminology introduced in this letter,
the first mode would be an energy dependent normal mode,
while the second mode closely resembles4 a strict mode. Note
that the energy dependent mode does not correspond entirely
to the nonlinear normal mode definition of Rosenberg [25]:
while q2 can be indeed expressed as a function of q1, the
mapping is not injective. This implies that, while both velocities
become zero on the equipotential line, q̇2 has also other zeros.
Definitely, further investigations need to be done to more deeply
understand the nature and properties of energy-dependent modes
on Riemannian manifolds. We address this in detail in [1].

In order to visualize the statements of the theorem, Fig. 3 dis-
plays geodesics starting from the equilibrium point, the modes
of the linearized system, the nonlinear modes, and the gradient
field of the potential. One can observe also here that one mode
fulfils to a good approximation the conditions of a strict mode:
the gradient evolves tangentially to a geodesic. The modal curve
remains therefore quasi invariant when increasing the amplitude.

4We cautiously say “closely resembles” because the numerical analysis does
not constitute a proof that this indeed is a strict mode in the considered energy
range.
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Fig. 2. Nonlinear normal modes of the planar double pendulum with circular potential field. The short, bright lines (cyan and yellow) represent the eigenvectors
of the system linearization at the equilibrium point (q1 = q2 = 0, q̇1 = q̇2 = 0). The dotted circles indicate energy levels of the system. For each energy level,
the corresponding two modes are displayed. As the velocity of the system is zero at the ends of the normal modes, they end on the equipotential lines [25]. While
one mode (blue) is to a good approximation strict, i.e., the curve is invariant with respect to energy, the other mode (red) strongly deforms when energy increases.

For the second mode, which bends when energy (and thus ve-
locity) increases, the gradient and the covariant derivative, along
with their normal and tangential decomposition, are displayed
at several points. As expected, this mode does not correspond
to a geodesic. The covariant derivative and the gradient are not
tangent to the modal curve.

B. Construction of a Strict Mode by Potential Function Design

Now let us apply theorem 1 to turn an arbitrary geodesic curve
into a strict mode. A geodesic corresponding to the above metric
field g can be expressed as a parametrized curve q = γ(ξ1),
where ξ1 ∈ R is the coordinate on the curve and γ : R → R2.
Let us introduce another coordinate ξ2 ∈ R in the direction
perpendicular to the curve. This local coordinate system de-
fines a local diffeomorphism h : R2 → R2 between (ξ1, ξ2) and
(q1, q2), as shown in Fig. 4,

h(ξ) = γ(ξ1) + ξ2e⊥(ξ1) (15)

with components of the normal basis vector,

e⊥(ξ1) =
(
0 −1

1 0

)
dγ(ξ1)

dξ1
. (16)

The goal is to construct a potential function f , which satisfies
condition (b) of the above theorem. To obtain a nonlinear system
displaying periodic orbits on the geodesic, f is constructed to be
negative definite w. r. t. to an equilibrium point on that geodesic.

Consider the components of a force field F i(ξ
1, ξ2), i = 1, 2,

expressed in geodesic coordinates defined by (15). On the
geodesic, i.e., ∀ξ1 ∈ R and ξ2 = 0, the components of such a
force field take, according to theorem 1, and considering the
coordinate change (15), the form

F (ξ1, ξ2 = 0) = JT
h (ξ1, ξ2 = 0)g(γ(ξ1))α(ξ1)

dγ(ξ1)

dξ1
.

(17)

Herein α : R → R is a scalar function satisfying dα(ξ1)
dξ1 < 0,

∀ξ1 ∈ R \ {0}, dα(ξ1)
dξ1 |ξ1=0 = 0, (such that f has its maximum

at ξ1 = 0). JT
h (ξ1, ξ2 = 0) is the pull-back (Jacobian trans-

posed) associated to the mapping (15). We like to extend the
force field F in the vicinity of the geodesic in such a way that it
is the derivative of a potential function f : R2 → R. Therefore,
it must satisfy the integrability condition

∂F 1

∂ξ2
=

∂F 2

∂ξ1
. (18)

We are free to choose F2 by integrating a negative function
β(ξ2) in transversal direction, such that the force field attains its
maximum on the geodesic

F 2(ξ
1, ξ2) = F 2(ξ

1, 0) +

∫ ξ2

0

β(s)ds , (19)
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Fig. 3. Visualization of the theorem statements for the planar double pendu-
lum. In red, the geodesics starting from the equilibrium point are displayed.
They are obtained by simulation of the right-hand side of (1) starting from
the equilibrium point with initial velocities sampled on the unit circle. The
modes of the linearized system are shown in cyan while the nonlinear modes
are displayed by thick magenta lines. The gradient field of the potential (scaled
by a constant factor for better visualization) is displayed by the blue arrow field.
One mode is strict to a good approximation: it evolves along a geodesic and
the potential gradient is tangent to it. Although close to origin it is a straight
line, corresponding also to the linear mode, for larger amplitudes it has slight
deviations from the linear mode, as can be recognized in Fig. 2. The second
mode clearly does not fulfil the theorem conditions. Neither is it a geodesic
curve nor is the potential gradient tangential to the mode. The potential gradient
along with its tangential and normal decomposition are displayed in blue for
various points on the mode. The covariant derivative along with its tangential
and normal decomposition are displayed in black.

Fig. 4. Grid with resolution 0.1 of the local geodesic and transverse coordi-
nates ξ1 and ξ2 are depicted, respectively. Additionally, forces at three points
of the force field, satisfying condition (b) of the theorem, are shown.

To ensure integrability, F1 needs to be computed as

F 1(ξ
1, ξ2) = F 1(ξ

1, 0) +

∫ ξ2

0

∂F 2(ξ
1, 0)

∂ξ1
ds . (20)

where (18) has been used.
By imposing the negative definitness of the Hessian of f on

γ (which is a requirement for the mechanical implementation of
the potential by elasticities), one obtains following upper bound

Fig. 5. Potential function constructed to satisfy condition (b) of the theorem.

Fig. 6. Geodesic curve (solid line). Numerical solution of the differential
equations (dots). Point of maximum potential energy for each solution (markers).

on β(ξ2)

β(ξ2) < inf
ξ1∈[−ε;ε]

(
∂F 2(ξ

1,0)
∂ξ1

)2

∂F 1(ξ1,ξ2)
∂ξ1

, (21)

for a certain ε-neighborhood of ξ1.
In Fig. 5 the potential function −f(q1, q2) is depicted, where

α = −5ξ1 andβ = −47.86 = const. f satisfies condition (b) of
the theorem for a geodesic induced by the double pendulum iner-
tia tensor (14). The geodesic curve γ(s) is obtained by solving
the initial value problem (∇γ̇ γ̇)

i = 0, γ1(0) = 0, γ2(0) = 0,
γ̇1(0) = cos(−π/4), γ̇1(0) = sin(−π/4). For the mechanical
system, this just means simulating the multi-body system with-
out potential from the given initial conditions. The numerical
solutions of the differential equations (2) (characterized by the
above f and g) for initial conditions at different energy levels
evolve on the geodesic, as shown in Fig. 6. This validates that
the geodesic is a strict normal mode according to the above
definition. In Fig. 7 the time evolution of the physical coordinates
(pendulum angles) q1 and q2 corresponding to oscillations at
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Fig. 7. Time evolution of the pendulum angles q1 and q2 corresponding to
oscillations at an energy level of 5.63 J, obtained by numerical integration. This
trajectory corresponds to the maximal amplitude of the oscillation from Fig. 6.

an energy level of 5.63 J (obtained by numerical integration)
are shown. Herein, unison oscillations of q1 and q2 can be
observed, which are in accordance of the definition of normal
modes introduced by Rosenberg [25], however obtained under
way more general conditions than the so-called similar normal
modes (modal lines) in [25].

IV. DISCUSSION AND CONCLUSIONS

As discussed in this letter, there is a rich structure of peri-
odic solutions on invariant low-dimensional manifolds even for
highly nonlinear systems characterized by a Riemannian metric
and a non-quadratic potential field. The paper demonstrates that
invariant curves in configuration space can only be geodesics and
require a special alignment of the potential field with respect to
the geodesic. The paper, furthermore, provides a constructive
way of designing technical systems having this dimensionality
reduction property. But also without this special design proce-
dure, strict nonlinear normal modes seem not to be an exception,
as indicated by the presented numerical example. An interesting
aspect to be addressed in future work is, if the formalism of
Koopman operators can provide a valuable alternative to search
and parametrize strict modes in a similar way as presented for
Shaw-Pierre modes in [7]. Note, however, that in this excellent
work, as in the majority of literature on nonlinear normal modes,
only an example with Euclidean metric, i.e., including point
masses connected by nonlinear springs, is presented. In [16] we
presented, to our knowledge, the first example of a multi-body
system exhibiting what we call here a strict mode, in that
particular case the mode being a straight line. However, only
the differential geometric perspective taken in this letter allows
the formulation of the very general theorem defining necessary
and sufficient conditions for the existence of strict modes as well
as the derivation of the related strict mode design procedure.

The results apply to a quite large class of systems, for example,
the potential function in (1) and (2) can include gravity, me-
chanical elasticities and terms due to a controller. For addressing
robotic locomotion, the analysis needs to be applicable to hybrid
and underactuated systems. The potential function in (1), (2) can
be also semi-definite and does not need to be smooth. Therefore,
hybrid locomotion systems can also be in principle addressed

Fig. 8. The vertical line passing through the center of mass of a symmetrically
built quadruped is an obvious example of a strict mode.

in the current framework by modeling the ground interaction
by very stiff elasticities. Fig. 8 shows a quite straight-forward
example of a quadruped in a configuration which is symmetric
w.r.t. the vertical axis passing through the CoM, and having all
joints attached to symmetrically distributed springs. This vertical
axis is then obviously a strict mode. Theorem 1 applies to this
motion even in the hybrid dynamics hopping case. It provides
a formal argument for the existence of the periodic vertical
motions and a systematic way for designing more complex
behaviours. However, future work needs to investigate if and
how strict modes can be designed for complex motions and
general locomotion. The presented elastic double pendulum, as
an extremely simplified model of a biological limb, is just a first
step in this direction. From biomechanics and neuroscience per-
spective, it is furthermore interesting to ask, if biological bodies
(and the related neural control) developed through evolution and
can further adapt individually (by bone and muscle growth) such
that the conditions of the theorem are fulfilled. As the results are
formulated in a quite general way, the applications might reach
however far beyond the above motivating examples.

APPENDIX

The notions of geodesic, shortest line, parallel transport and
straight line on manifolds are summarized for convenience in
the following, see for example [9], pp.232-290.

Definition 1 (Shortest Curve): If the manifold M has a
Riemannian structure g, then the curve C ⊂ M is said to be
a geodesic connecting the points a, b ∈ M, if it is an extremal
of the length integral

L(δ) =

∫ b

a

g(γ̇(t), γ̇(t))dt (22)

among variations Cδ of the curve, where t is any parametrization
of the curves and γ̇(t) is the derivative with respect to t, i.e., a
tangent vector field along the curve.

If the extremum is a minimum, then the geodesic is (locally)
the shortest curve connecting the two points.
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Definition 2 (Straight Curve): If the manifold M has a con-
nection ∇, the curve C is said to be straight, if the curve is what
is called autoparallel for ∇, which means that (∇γ̇ γ̇)p = 0,
∀p ∈ C and for any unit tangent vector γ̇ : C → TpC, (satisfying
〈γ̇, γ̇〉 = const.).

A unit tangent vector γ̇(t) is obtained for example if the curve
C is described by γ(t) with t being arc length parameterization.
From the previous definitions, it is clear that if we define a Levi-
Civita connection based on a Riemannian metric (∇g = 0), we
recover the Euclidean notion that straight lines are the shortest
lines between two points. It is important not to mix the concept of
straight curves with the concept of curvature (i.e., the curvature
being zero). In fact, not only on a Euclidean manifold, but also
in a curved space one can talk about straight and short lines. For
the Levi-Civita connection, geodesics are autoparallel lines and
vice versa.
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