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Probabilistic Preference Planning Problem for
Markov Decision Processes

Meilun Li, Andrea Turrini, Ernst Moritz Hahn, Zhikun She and Lijun Zhang

Abstract—The classical planning problem aims to find a sequence of permitted actions leading a system to a designed state, i.e., to
achieve the system’s task. However, in many realistic cases we also have requirements on how to complete the task, indicating that
some behaviors and situations are more preferred than others. In this paper, we present the probabilistic preference-based planning
problem (P4) for Markov decision processes, where the preferences are defined based on an enriched probabilistic LTL-style logic. We
first recall P4Solver, an SMT-based planner computing the preferred plan by reducing the problem to a quadratic programming one
previously developed to solve P4. To improve computational efficiency and scalability, we then introduce a new encoding of the
probabilistic preference-based planning problem as a multi-objective model checking one, and propose the corresponding planner
P4SolverMO . We illustrate the efficacy of both planners on some selected case studies to show that the model checking-based
algorithm is considerably more efficient than the quadratic-programming-based one.

Index Terms—Planning, Markov Decision Processes, preference, quadratic programming, multi-objective model checking.
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1 INTRODUCTION

P LANNING problem aims to identify a policy that man-
dates the sequence of actions to perform so that the sys-

tem reaches the desired goal states, i.e., the system achieves
its task. Many real world tasks can be modeled as planning
problems, such as automatic driving with navigation sys-
tems [15], [44], [51], scheduling of multi-agent networks [31],
[47], automobile assembly lines [49], and recently, drones
which automatically track subjects (such as vehicles). Also
in software engineering many problems are closely related
to planning. As an example, consider program analysis
based on static analyzers [25], [39]. To check whether the
reported bugs are spurious or real, state-of-the-art SMT
constraint solvers can be used to synthesize the sequence
of actions leading to the bug. This can be considered as a
planning problem, in which the goal is the buggy states.
Similarly, software validation to determine the parameters
so that the software satisfies desired properties [21], [54] can
also be interpreted as a planning problem.

For many concrete problems, however, users may have
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extra requirements on the systems or software, that is,
besides completing the given task, users may also propose
requirements on the procedure solving the task. For in-
stance, one may prefer some particular route to others in
navigation due to traffic jam, or may hope to pass through
some specific states before reaching the goal when handling
multiple tasks. The planning problem can thus be enriched
by adding user-defined preferences on the way the goal is
achieved, resulting in a preference-based planning problem.

As an extension of [43], in this paper we consider the
probabilistic preference-based planning problem (P4) on
Markov Decision Processes (MDPs) [6]. Markov Decision
Processes, as widespread probabilistic model for planning
problems [8], in many cases provide more accurate represen-
tations of real world systems than nondeterministic transi-
tion systems (NTSs). For instance, consider the transmission
of messages on an unreliable channel: in the majority of
the cases, the message is delivered correctly, but in a small
fraction, the message is corrupted or even lost. When we
use an NTS for representing such an unreliable channel, we
are not able to describe the fraction of correctly delivered
messages: we can only model whether the message has
been delivered correctly. This means that in many cases
using purely nondeterministic transitions is not sufficient to
describe accurately the overall underlying causality of the
system; using an MDP instead allows us to easily model
probabilistic outcomes, since we can for instance represent
the fact that 98% of the messages are delivered correctly.

To formally describe the properties verified in P4, we
introduce preference and goal formulas which are encoded
in an extension of the probabilistic linear-time temporal
logic (probabilistic LTL, PLTL) [30], with semantics defined
on finite paths, since the goal formula is evaluated once the
execution terminates. In this way we can express properties
like “the probability of terminating in goal states is at least
0.99”, “the probability of remaining in the safe states is
between 0.85 and 0.95”, etc.
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Together with the formal framework of P4, we present
the P4Solver planner [43] synthesizing property-dependent
policies for P4 instances. The idea underlying P4Solver
relies on a forward technique based on formula progres-
sion [3], [40], that is, from the initial state of the MDP, both
the goal and preference formulas are unrolled according to
the performed transitions and the reached states, resulting
in the parts of each formula still to be satisfied. We can
encode the progression conditions as a quadratically con-
strained programming problem (QCPP), solve it, and then
derive the policy from the QCPP solution.

P4Solver can be considered as a proof-of-concept show-
ing that P4 is indeed decidable. However, P4Solver does
not scale well. As the experiments in [43] suggest, P4Solver
can solve only rather small systems. In this extended paper,
we also present a novel approach for solving P4 instances,
based on techniques developed for model checking. Ob-
serve that standard model checking techniques are not
directly applicable to solve P4. For instance, model checking
considers only one formula at a time, while in P4 we
have to simultaneously consider both goal and preference
formulas (detailed discussion is in Section 8). However, as
we will see in Section 6, after encoding the termination
of finite paths, action occurrences, and property formulas,
P4 can be transformed to a multi-objective model checking
problem [22], [24], [42] that aims to find a policy satisfying
multiple logical formulas at the same time. This leads to
a new planner P4SolverMO allowing for better scalability
than P4Solver. As shown in Section 7, P4SolverMO allows
us to solve much larger problems than P4Solver.

The use of algorithms developed for model checking as
planners and viceversa is getting more and more attention,
with efforts bridging the gap between the two communities
(see, e.g. [32], [36], [55] and their bibliography). Model
checking and planning communities have multiple points in
common, like MDPs as models, finding policies/strategies,
satisfaction of logical constraints; in this work we add yet
another stone to the bridge between the two communities.

Preference planning on non-probabilistic models has
got an extensive attention at the start of the 21st century,
when a number of languages for specifying propositional
preferences were proposed [7], [9], [14], [53]. An example of
these languages is the Qualitative Choice Logic (QCL) [9],
which is used to represent alternative, ranked options for
problem solutions via the concept of satisfaction degree,
similar to the preset order in the preference formula used
in [7], [43] and this paper. QCL is a propositional language
and does not support specification of temporal properties
as in P4. PP [53] and LPP [7] support qualitative temporal
preferences, with LPP further allowing arbitrary nesting of
LTL formulas and preference over action occurrences. We
follow their idea when defining the preference properties
with a preset order, and to some extend propose a simplified
language for planning on MDP. PDDL3 [27] is an out-
standing quantitative language supporting temporal path
constraints and preferences. It is used in many preference
planners such as MIPS-BDD [20] and HTNPLAN-P [52] and
the planner with users’ pre-defined strategies [35].

Planning problem on MDPs attracts continuous interests
of researchers. A value iteration method based on complete
structure of Bellman equations was first proposed in [6],
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Fig. 1. The robot MDP

followed by policy iteration [26]. Two variants, UCT [38]
and LRTDP [37], were later proposed to handle the planning
problems for large state spaces via trial-based methods [34].
UCT uses a Monte-Carlo tree search algorithm to unfold the
state space and has heuristics balancing the choice between
repeatedly visiting paths with high value and exploring new
parts of the MDP. LRTDP heuristically subsamples the tran-
sition function and uses optimizations to make it amenable
for planning on MDPs. Lastly, it is worthy to mention the
solution proposed in [55], which uses linear programming
methods to solve the planning problem on MDPs, with the
aim to optimize the discounted rewards under constraints
given as PLTL formulas. Compared to the PLTL constraints
in [55], the syntax of preference properties proposed in this
paper further support preference over action occurrences.
Moreover, the major difference of [55] and this paper is
that [55] considers planning over reward structures, while
we consider planning over LTL-like goal formulas.

Organization of the Paper.
We organize this paper as follows. In Section 2, we present
our running example describing a robot operating on a
rail that moves boxes between different locations. In Sec-
tion 3, we provide definitions of Markov decision processes
and probability of finite paths. After that, in Section 4
we present the probabilistic preference planning problem
(P4) and then in Section 5 the corresponding algorithm
P4Solver. In Section 6, we introduce our novel approach
P4SolverMO for solving P4, based on techniques developed
for multi-objective model checking. In Section 7, we show
that P4SolverMO allows for better scalability so that it is able
to solve much larger problems than P4Solver. In Section 8,
we consider other potential methods for solving P4 and its
extensions. We finally conclude the paper in Section 9.

2 RUNNING EXAMPLE: THE RAIL ROBOT

In literature, manufacturing systems, such as automobile
assembly lines, can often be logically modeled as a network
of loops [23], [49]. Moreover, reliability of machines oper-
ating in such systems can be characterized by probabilistic
components. Inspired by such scenarios, in the remainder of
this section we present a simplified example exhibiting such
behaviors. We shall also use this example to illustrate our
logic for specifying properties.

Consider Fig. 1, where we have a robot moving in
one direction on a ring rail surrounded by N loading and
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unloading areas (or positions). The task of the robot is to
move B boxes between these areas, with B < N , according
to their given initial position and designed final location.
The robot alternates between two modes, control (mode(c))
and action (mode(a)), which we explain as follows.

In the control mode, the robot decides what to do
next: either to move on the rail (m) or to use its arm to
load/unload boxes (a). As movement, either it can go to
the next area (n), or it can go quickly 5 areas ahead (l); the
actual reached area depends on the distance: starting from
the area i, action n reaches the area (i+1) modN with prob-
ability 1 while action l reaches the area (i+ 5) modN with
probability 0.7, the areas (i + 4) modN and (i + 6) modN
with probability 0.1 each, and the areas (i + 3) modN and
(i+7) modN with probability 0.05 each. In the action mode,
when facing the area i, the robot can pick up the box j
(p(j, i)) if area i contains box j and no box is already carried
by the robot, or drop the carried box k (d(k, i)) if area i is
empty. Both operations succeed with probability 0.95; with
the remaining probability 0.05 the operation fails and the
box remains where it was. Finally, we assume in the example
that only one box can be carried by the robot at a time.

We can note that the robot is nondeterministic, since it
has multiple choices about what action to perform next. This
allows the robot to behave in different ways, depending on
the actions actually performed. Solving a planning problem
for the robot means resolving such nondeterminism so to
achieve a given goal, i.e., finding the proper sequences of
actions that make the robot fulfill its requirements, such as
to place the boxes in the designed areas. Solving a preference
planning problem requires the sequences of actions and
robot configurations to respect some given constraint, like
never move quickly, besides achieving the goal. The choice
of the next action can depend on the past actions and
configurations, as well as the information about the goal
and the constraint to fulfill.

In the next section we recall the definition of MDP and
use the robot example to explain MDPs and related notions.

3 MARKOV DECISION PROCESSES

In this section we recall the definition of Markov Decision
Processes (MDPs) [6] that we use as our model. Informally, a
Markov Decision Process is a transition system equipped with
the freedom to choose the probability distribution it follows
to evolve at present state, which is determined by the choice
of the action. Given a finite set of states S, we denote the
set of probability distributions over S by Dist(S). We also
denote by δx ∈ Dist(S) the point distribution of x ∈ S such
that δx(y) = 1 if y = x, and δx(y) = 0 otherwise. We fix
Σ as the finite set of atomic propositions. Each state s in the
MDP is labelled with a set of atomic propositions satisfied in
state s. The formal definition of MDP is as follows.

Definition 1. A Markov Decision Process is a tuple M =
(S,Σ, L,Act , s̄,P) where
• S is a finite set of states,
• Σ is a finite set of atomic propositions,
• L : S → 2Σ is a labeling function,
• Act is a finite set of actions,
• s̄ ∈ S is the initial state, and

• P: S ×Act → Dist(S) is the partial transition probabil-
ity function.

We denote by Act(s) the set of actions enabled by
state s, i.e., Act(s) = { a ∈ Act | P(s, a) is defined }.
Let \ /∈ Act be a meta-action representing the choice to
terminate the current execution; we extend Act and Act(s)
to Act\ = Act∪{\} and Act\(s) = Act(s)∪{\}, respectively.
Note that we can use variables with finite domain to gener-
ate the MDP states and Boolean formulas to encode L. For
instance, the states S of the rail robot example include the
current location of the robot (robotAt(p)), which box (if any)
is carried by the robot (carryBox (b)), the location of each
box (boxAt(b, p)) and the mode of the robot (mode(m)).

A finite path ρ = s0a1s1 . . . ansn in an MDPM is a finite
sequence of alternating states and actions such that for each
0 < i ≤ n, we have ai ∈ Act(si−1) and P(si−1, ai)(si) > 0.
The first s0 and last sn state of ρ is denoted by first(ρ) and
last(ρ), respectively. We denote by |ρ| the length of ρ, i.e.,
the number of actions occurring in ρ. For each 1 ≤ i ≤ n, we
denote by action(ρ, i) the ith action ai and, for 0 ≤ j ≤ n
by state(ρ, j) the (j + 1)-th state sj in ρ and by suffix (ρ, j)
the suffix of ρ starting from sj . We denote by Paths∗M (or
Paths∗ ifM is clear) the set of all finite paths ofM.

The choice of the next step to perform, if any, is resolved
by a policy π based on the previous history. A policy for
an MDPM is a function π : Paths∗ → Dist(Act\) such that
for each ρ ∈ Paths∗, it is π(ρ) ∈ Dist(Act\(last(ρ))), i.e., the
policy π can only choose probabilistically between enabled
actions and termination.

Given an MDP M, a policy π and a state s induce a
subprobability distribution µπ,s over Paths∗M as follows.
For a finite path ρ = s0a1s1 . . . ansn, the probability of
ρ (denoted as µπ,s(ρ)), i.e., the probability of terminat-
ing the evolution after ρ occurs, is defined as µπ,s(ρ) =
δs(s0) ·

(∏n
i=1 π(ρi−1)(ai) ·P(si−1, ai)(si)

)
· π(ρ)(\), where

ρj = s0a1s1 . . . ajsj . This definition can be extended to a
set of finite paths: given a set of finite paths B, we define
µπ,s(B) as µπ,s(B) =

∑
ρ∈B µπ,s(ρ). In the remainder of the

paper we assume that µπ,s(Paths∗) = 1, i.e., π eventually
chooses to stop for sure.

As an example of path and its probability, consider the
case where the empty robot moves from area 0 to area 4 to
pick up the box 2 and then stops. The corresponding path
is ρ = s0ms1ls2as3p(2, 4)s4, where each action is chosen
by the policy with probability 1 and the states have the
following meaning:

State Robot at Mode CarryBox Box 2 at
s0 0 c - 4
s1 0 m - 4
s2 4 c - 4
s3 4 a - 4
s4 4 c 2 -

Therefore µπ,s0(ρ) is equal to

δs0(s0) · π(s0)(m) · P(s0, m)(s1)

· π(s0ms1)(l) · P(s1, l)(s2)

· π(s0ms1ls2)(a) · P(s2, a)(s3)

· π(s0ms1ls2as3)(p(2, 4)) · P(s3, p(2, 4))(s4)

· π(s0ms1ls2as3p(2, 4)s4)(\),
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i.e., 1 · (1 · 1) · (1 · 0.1) · (1 · 1) · (1 · 0.95) · 1 = 0.095.

4 DEFINITION OF PROBABILISTIC PREFERENCE
PLANNING PROBLEM

In this section we present the Probabilistic Preference Plan-
ning Problem (P4) introduced in [43]. This is the extension to
probabilistic settings of the classical preference-based plan-
ning problem given in [7]. The definition of the preference-
based planning problem (being it P4 or the classical setting
given in [7]) is based on the concept of property formulas,
which are from an enriched LTL-style logic over finite paths.

Definition 2. The syntax of a property formula ϕ is defined as:

ϕ ::= p | ¬ϕ | ϕ ∧ ϕ | final(ϕ) | occ(a)

| X(ϕ) | U(ϕ,ϕ) | ∀x(ϕ)

where p ∈ Σ is an atomic proposition, a ∈ Act is an action, and
x is a variable that can only appear either in p, or as an action
b ∈ Act in occ(b).

In this work we assume that the variables x occurring in
the ∀x( · ) operators have a finite domain, in line with [7],
[43] and the state of the art in automated classical planning.
Thus, in practice, ∀x(ϕ) can be seen as syntactic sugar for a
finite conjunction of parameterized formulas.

Differently from the usual LTL setting, the semantics
of property formulas is given with respect to finite paths.
Given an MDP M, a finite path ρ, and a formula ϕ, we
use ρ |=M ϕ (or ρ |= ϕ if M is clear from the context) to
represent that the path ρ satisfies the property ϕ. The formal
semantics of property formulas is defined inductively as:

ρ |= p if p ∈ L(first(ρ))
ρ |= ¬ϕ if ρ 6|= ϕ, i.e., it is not the case that ρ |= ϕ
ρ |= ϕ ∧ ψ if ρ |= ϕ and ρ |= ψ
ρ |= final(ϕ) if last(ρ) |= ϕ
ρ |= X(ϕ) if |ρ| ≥ 1 and suffix (ρ, 1) |= ϕ
ρ |= U(ϕ,ψ) if ρ |= ψ or ρ |= ϕ ∧X(U(ϕ,ψ))
ρ |= occ(a) if |ρ| ≥ 1 and action(ρ, 1) = a
ρ |= ∀x(ϕ) if ρ |=

∧
v∈dom(x) ϕ[x/v]

where dom(x) is the domain of x and ϕ[x/v] represents
the formula where all free occurrences of x in ϕ have been
replaced by v ∈ dom(x).

As an example, consider final(∀i(boxAt(i, i))) in the rail
robot example which means that, when the robot stops, all
boxes are placed in the corresponding areas, i.e., box 1 is in
area 1, box 2 in area 2, and so on.

Notice that the formula occ(a) holds on ρ if the first
action of ρ is a. Temporal operators X(ϕ) and U(ϕ,ψ) are
defined in the standard way [56]. The formula ∀x(ϕ) holds if
ϕ holds on ρ for all assignments of x in dom(x), where x is a
free variable appearing in ϕ. Throughout the paper, we use
standard derived operators such as ϕ ∨ ψ = ¬(¬ϕ ∧ ¬ψ),
True = p ∨ ¬p, False = ¬True, F(ϕ) = U(True, ϕ),
G(ϕ) = ¬F(¬ϕ), ϕ⇒ ψ = ¬ϕ∨ψ, and ∃x(ϕ) = ¬∀x(¬ϕ).

Equipped with property formulas, we define a proba-
bilistic property formula as PJ(ϕ) where ϕ is a property
formula and J ⊆ [0, 1] is a closed interval. For given
MDP M, s ∈ S, and policy π, we say s |=π

M PJ(ϕ) if
µπ,s({ ρ ∈ Paths∗M | ρ |= ϕ }) ∈ J . The notion s |=π

M PJ(ϕ)

will be abbreviated as s |= PJ(ϕ) if M and π are clear.
Then we define preference formulas following the style for the
Atomic Preference Formulas in [7].

Definition 3. A preference formula ΦP is of the form ψ1 �
ψ2 � · · · � ψk, where for each 1 ≤ i ≤ k, ψi is a probabilistic
property formula and ψk = P[1,1](True).

The order of probabilistic property formulas represents
the priority of preferences to be satisfied. The least preferred
formula P[1,1](True) means no preference is considered.
With these notions, now we introduce the preference plan-
ning problem for the probabilistic setting.

Definition 4 (P4 [43]). A Probabilistic Preference Planning
Problem (P4) is a tuple (M,ΦG,ΦP ) where
• M is an MDP,
• ΦG is a goal formula which is a probabilistic property

formula of the form ΦG = PJg (final(γ)) where γ is a
property formula, and

• ΦP = ψ1 � ψ2 � · · · � ψk is a preference formula.

A solution to a P4 instance is a policy π such that s̄ |=π
M

PJg (final(γ)). An optimal solution to a P4 is a solution π∗

such that there exists i ∈ {1, . . . , k} such that s̄ |=π∗

M ψi and
for each 0 < j < i and each solution π, it is s̄ 6|=π

M ψj .
Since we assume that ψk = P[1,1](True), we have that

an optimal solution for (M,ΦG,ΦP ) exists whenever there
is a policy π such that s̄ |=π

M PJg (final(γ)).
We give some illustrating formulas in our robot example.
• ψg = P[1,1](final(boxAt(1, 5) ∨ boxAt(2, 5))) mandates

that with probability 1 on termination either box 1 or
box 2 is in area 5;

• ψ1 = P[0.5,1](G(¬occ(d(1, 5)))) requires that with
probability at least 0.5 box 1 is never dropped in area 5;

• ψ2 = P[1,1](F(∃B(∃P (occ(p(B,P )))))) asks the robot
to eventually use its arm to pick-up a box.

An example of P4 is (R,ΦG,ΦP ) where ΦG = ψg and ΦP =
ψ1 � ψ2 � P[1,1](True), withR being the MDP modelling
the rail robot. It is clear that there are solutions satisfying ψ1

and solutions satisfying ψ2. Only the former are optimal.

5 A QUADRATIC PROGRAMMING-BASED PLAN-
NER

In this section we recall the quadratic programming based
planner P4Solver introduced in [43] to compute the optimal
solution to P4 instance, as shown in Algorithm 1. We start
with the most preferred formula ψ1. If we find a solution,
then it is optimal and returned. Otherwise, we continue
to the next preferred formula. If we have enumerated all
property formulas and have not found a solution, then we
say that the P4 instance is unsatisfiable.

The procedure PolFinder is the core of the algorithm. It
finds the policy π∗ forM satisfying ΦG and ψi. We call this
a sub-P4, written as the triple (M,ΦG, ψi). As we show later
in the proof of Theorem 2, PolFinder constructs a new MDP
via expanding M, ΦG, and ψi simultaneously and thus
translates the sub-P4 to a quadratic programming problem.
The expansion relies on the concept of the progression of
property formula.
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Algorithm 1 P4Solver

Input: MDPM, goal formula ΦG, preference formula ΦP =
ψ1 � ψ2 � · · · � ψk
Output: An optimal policy π∗ or “unsatisfiable”

1: π∗ = ∅
2: for i = 1 to k do
3: π∗ = PolFinder(M,ΦG, ψi)
4: if π∗ 6= ∅ then
5: return π∗

6: return unsatisfiable

Definition 5. For given property formula ϕ, s ∈ S and a ∈
Act\, the progression Psa(ϕ) of ϕ from s through a is defined as:

Psa(p) =

{
True if s |= p

False otherwise

Psa(¬ϕ) = ¬Psa(ϕ)

Psa(ϕ1 ∧ ϕ2) = Psa(ϕ1) ∧ Psa(ϕ2)

Psa(final(ϕ)) =


final(ϕ) if a 6= \

True if a = \ and s |= Ps\(ϕ)

False otherwise

Psa(X(ϕ)) =

{
ϕ if a 6= \

False otherwise

Psa(U(ϕ1, ϕ2)) =

{
Psa(ϕ2) ∨ (Psa(ϕ1) ∧U(ϕ1, ϕ2)) if a 6= \

Ps\(ϕ2) otherwise

Psa(occ(a′)) =

{
True if a′ = a

False otherwise

Psa(∀x(ϕ)) =
∧

v∈dom(x)

Psa(ϕ[x/v]).

Intuitively, if a path is defined as ρ = sas1 . . . and
we want to verify whether ρ |= ϕ, we can inductively
add the information of each state and action until we
reach the end of ρ to make the verification concrete. Psa(ϕ)
represents what property remains to be verified after hav-
ing visited state s and performed action a. As an exam-
ple, consider the formula F(occ(l)) = U(True,occ(l))
and Psn(U(True,occ(l))), representing the fact that from
s the robot performed action n. By definition, we have
that Psn(U(True,occ(l))) = Psn(occ(l)) ∨ (Psn(True) ∧
U(True,occ(l))) = False ∨ (True ∧U(True,occ(l))) =
U(True,occ(l)). The following theorem shows that veri-
fying ρ |= ϕ is equivalent to verifying s1 . . . |= Psa(ϕ).

Theorem 1. Given a finite path ρ and a property formula ϕ,

ρ |= ϕ⇔
{
ρ |= Pfirst(ρ)

\ (ϕ) if |ρ| = 0,
suffix (ρ, 1) |= Pfirst(ρ)

action(ρ,1)(ϕ) otherwise.

Proof. The proof is by induction on the length of the path.
For the base case, consider a path ρ ∈ Paths∗M such that
|ρ| = 0, i.e., ρ = s0. We now show that s0 |= ϕ ⇔ s0 |=
Ps0\ (ϕ) by induction on the structure of the formula ϕ.

There are two base cases, namely ϕ = p for some p ∈ Σ
and ϕ = occ(a) for some a ∈ Act . Consider the former
case, i.e., ϕ = p for some p ∈ Σ; we have that s0 |= ϕ ⇔
s0 |= p. By definition of the progression function Ps0\ ( · ),

we have that Ps0\ (p) = True ⇔ s0 |= p, which means that
s0 |= Ps0\ (p)⇔ s0 |= p, as required.

Consider now the latter base case, i.e., ϕ = occ(a) for
some a ∈ Act ; we have that Ps0\ (occ(a)) = True ⇔ a = \.
By the semantics of property formulas, we have that s0 |=
occ(a) ⇔ a = \, so this means that s0 |= Ps0\ (occ(a)) ⇔
s0 |= occ(a), as required.

This completes the analysis of the base cases; for the in-
ductive step we assume by inductive hypothesis that, given
a formula ϕ, s0 |= ϕ′ ⇔ s0 |= Ps0\ (ϕ′) for each instantiated
subformula ϕ′ of ϕ, that is, either ϕ′ is a subformula of ϕ or,
if ϕ = ∀x(ψ), then ϕ′ = ψ[x/v] and v ∈ dom(x).

If ϕ = ¬ϕ′, by semantics of property formulas and the
definition of Ps0\ ( · ), s0 |= ϕ ⇔ s0 6|= ϕ′ ⇔ s0 6|= Ps0\ (ϕ′) ⇔
s0 |= ¬Ps0\ (ϕ′)⇔ s0 |= Ps0\ (¬ϕ′)⇔ s0 |= Ps0\ (ϕ).

If ϕ = ϕ1 ∧ ϕ2, by the induction hypothesis on ϕ1 and
ϕ2, we have s0 |= ϕ1 ⇔ s0 |= Ps0\ (ϕ1) and s0 |= ϕ2 ⇔
s0 |= Ps0\ (ϕ2). Thus s0 |= ϕ ⇔ s0 |= ϕ1 ∧ ϕ2 ⇔ s0 |=
ϕ1

∧
s0 |= ϕ2 ⇔ s0 |= Ps0\ (ϕ1)

∧
s0 |= Ps0\ (ϕ2) ⇔ s0 |=

Ps0\ (ϕ1) ∧ Ps0\ (ϕ2)⇔ s0 |= Ps0\ (ϕ1 ∧ ϕ2)⇔ s0 |= Ps0\ (ϕ).
If ϕ = final(ϕ′), we have that s0 = last(s0) and s0 |=

final(ϕ′) ⇔ s0 |= ϕ′ ⇔ s0 |= Ps0\ (ϕ′). By the definition of
progression, Ps0\ (final(ϕ′)) = True ⇔ s0 |= Ps0\ (ϕ′), thus
s0 |= Ps0\ (final(ϕ′))⇔ s0 |= Ps0\ (ϕ′)⇔ s0 |= final(ϕ′).

If ϕ = X(ϕ′), since |s0| = 0, it follows immediately
that s0 |= X(ϕ′) ⇔ s0 |= False for each formula ϕ′. From
definition of progression, we have that Ps0\ (X(ϕ′)) = False,
therefore s0 |= X(ϕ′)⇔ s0 |= Ps0\ (X(ϕ′)).

If ϕ = U(ϕ1, ϕ2), by induction hypothesis, we have
s0 |= ϕ2 ⇔ s0 |= Ps0\ (ϕ2). By definition of progression,
we have that Ps0\ (U(ϕ1, ϕ2)) = Ps0\ (ϕ2). Therefore we
have s0 |= ϕ ⇔ s0 |= U(ϕ1, ϕ2) ⇔ s0 |= ϕ2 or s0 |=
ϕ1 ∧X(U(ϕ1, ϕ2)) ⇔ s0 |= ϕ2

∨
s0 |= ϕ1 ∧ False ⇔ s0 |=

Ps0\ (ϕ2)⇔ s0 |= Ps0\ (U(ϕ1, ϕ2))⇔ s0 |= Ps0\ (ϕ).
If ϕ = ∀x(ϕ′), the proof is similar to the case ϕ = ϕ1∧ϕ2.
Now the base case s0 |= ϕ ⇔ s0 |= Ps0\ (ϕ) of the

induction has been completed. For the induction step, we
need to prove that for each finite path ρ such that |ρ| > 0,
ρ |= ϕ ⇔ suffix (ρ, 1) |= Pfirst(ρ)

action(ρ,1)(ϕ). As before, this is
done by induction on the structure of the formula ϕ.

For any ϕ such that len(ϕ) = 0, by definition, we have
that ϕ = p for some p ∈ Σ, or that ϕ = occ(a) for some
a ∈ Act . If ϕ = p for some p ∈ Σ, we have ρ |= p ⇔
first(ρ) |= p ⇔ Pfirst(ρ)

action(ρ,1)(p) = True ⇔ suffix (ρ, 1) |=
Pfirst(ρ)

action(ρ,1)(p). If ϕ = occ(a) for some a ∈ Act , we have

ρ |= occ(a) ⇔ action(ρ, 1) = a ⇔ Pfirst(ρ)
action(ρ,1)(occ(a)) =

True⇔ suffix (ρ, 1) |= Pfirst(ρ)
action(ρ,1)(occ(a)).

We assume that for any property formula ψ that
len(ψ) ≤ n, ρ |= ψ ⇔ suffix (ρ, 1) |= Pfirst(ρ)

action(ρ,1)(ψ). For
any property formula ϕ such that len(ϕ) = n + 1, we
prove ρ |= ϕ ⇔ suffix (ρ, 1) |= Pfirst(ρ)

action(ρ,1)(ϕ). For reading
convenience, we define s0 ≡ first(ρ), a1 ≡ action(ρ, 1) and
ρ1 ≡ suffix (ρ, 1), so that ρ = s0a1ρ1. Then the assertion we
need to prove is simplified as ρ |= ϕ⇔ ρ1 |= Ps0a1(ϕ). Notice
that we always have a1 6= \.

If ϕ = ¬ψ, it is easy to see len(ψ) = n. Thus ρ |= ¬ψ ⇔
ρ 2 ψ ⇔ ρ1 2 Ps0a1(ψ)⇔ ρ1 |= ¬Ps0a1(ψ)⇔ ρ1 |= Ps0a1(¬ψ).
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If ϕ = ψ1 ∧ ψ2, len(ψ1) ≤ n, and len(ψ2) ≤ n, then
ρ |= ψ1 ∧ ψ2 ⇔ ρ |= ψ1 ∧ ρ |= ψ2 ⇔ ρ1 |= Ps0a1(ψ1) ∧ ρ1 |=
Ps0a1(ψ2)⇔ ρ1 |= Ps0a1(ψ1) ∧ Ps0a1(ψ2)⇔ ρ1 |= Ps0a1(ψ1 ∧ ψ2).

If ϕ = final(ψ), len(ψ) = n. According to the fact that
ρ |= final(ψ) ⇔ last(ρ) |= ψ and last(ρ) = last(ρ1), we
have last(ρ) |= ψ ⇔ last(ρ1) |= ψ ⇔ ρ1 |= final(ψ).
Since a1 6= \, we have Ps0a1(final(ψ)) = final(ψ) by the
definition of progression. Therefore, ρ |= final(ψ) ⇔ ρ1 |=
final(ψ)⇔ ρ1 |= Ps0a1(final(ψ)).

If ϕ = X(ψ), in the proof we do not limit the length
of ψ to be smaller than n + 1. For ψ with arbitrary length,
because |ρ| > 0, we can immediately get ρ |= X(ψ)⇔ ρ1 |=
ψ. Since a1 6= \, by the definition of progression, we have
Ps0a1(X(ψ)) = ψ. Thus ρ |= X(ψ)⇔ ρ1 |= Ps0a1(ψ).

If ϕ = U(ψ1, ψ2), len(ψ1) ≤ n and len(ψ2) ≤ n.
We can decompose U(ψ1, ψ2) as U(ψ1, ψ2) = ψ2 ∨ (ψ1 ∧
X(U(ψ1, ψ2))). Thus we have ρ |= U(ψ1, ψ2) ⇔ ρ |=
ψ2 ∨ (ψ1 ∧ X(U(ψ1, ψ2))) ⇔ ρ |= ψ2 ∨ (ρ |= ψ1 ∧ ρ |=
X(U(ψ1, ψ2))) ⇔ ρ1 |= Ps0a1(ψ2) ∨ (ρ1 |= Ps0a1(ψ1) ∧
U(ψ1, ψ2)) ⇔ ρ1 |= Ps0a1(ψ2) ∨ (Ps0a1(ψ1) ∧ U(ψ1, ψ2)) ⇔
ρ1 |= Ps0a1(U(ψ1, ψ2)).

If ϕ = ∀x(ψ), the proof is similar to case ϕ = ψ1∧ψ2.

In most realistic problems, when a system reaches again
the same state s with the same task to be performed, it
is reasonable to expect that the policy guides the system
to repeat again the previous actions to complete the task;
for tasks modeled as bounded properties, the bound de-
creases between two visits of s, so it is reasonable to expect
changes in the policy. Consider again the rail robot example.
Whenever the robot wants to go from area 2 to area 3, it
always chooses to execute n and does not need to try l. Such
requirement is especially important for composed systems
with coactive agents. For example, we design policies for
robots cooperating to make cars in a plant: robots should op-
erate so to fulfill their specific tasks, thus robots should not
behave arbitrarily. We call such policies property-dependent,
and for sub-P4 we focus on finding the property-dependent
policies. The class of property-dependent policies is an
extension of memoryless policies, and a subclass of history-
dependent policies. To formally define property-dependent
policies, we need to extend progression over states to a
relative concept of progression function over finite paths.

Definition 6. The progression function over Paths∗ is de-
fined recursively as: if |ρ| = 0, Prog(ρ, ϕ) = ϕ; otherwise
Prog(ρ, ϕ) = Prog(suffix (ρ, 1),Pfirst(ρ)

action(ρ,1)(ϕ)).

It is easy to see that the progression function Prog(ρ, ϕ)
is an extension of progression Psa(ϕ). It progresses ϕ with
respect to sequence of states and actions of ρ until the last
state of ρ is reached. Now we formalize property-dependent
policies as follows.

Definition 7. Given the sub-P4 (M,ΦG, ψ), a policy π is
a property-dependent policy if for each ρ1, ρ2 ∈ Paths∗

such that last(ρ1) = last(ρ2), it is π(ρ1) = π(ρ2) whenever
Prog(ρ1, ϕ) = Prog(ρ2, ϕ), given ψ = PJ(ϕ).

We now recall the definition of quadratically constrained
programming problem (QCPP) from operations research.
Then we show how to express a sub-P4 as a QCPP one
to find a best property-dependent policy.

Definition 8. A quadratically constrained programming
problem (QCPP) with n variables is a problem of the form

XTQiX + qTi X + ri ≤ 0 ∀i = 1, . . . ,m

AX = b

where X ∈ Rn×1 is the vector of optimization variables and
Qi ∈ Rn×n, qi ∈ Rn×1, ri ∈ R, A ∈ Rk×n, b ∈ Rk×1 are the
known coefficients.

As an example of QCPP, consider for instance the prob-
lem:

XT1iX − 1 ≤ 0 ∀i = 1, . . . , n

−XT1iX + 1 ≤ 0 ∀i = 1, . . . , n

where 1i is the zero matrix with 1 in position (i, i). Each
solution X is such that Xi is either −1 or 1 and it is
used in the encoding of the MAX-CUT graph problem as a
quadratically constrained quadratic programming problem,
i.e., a QCPP extended with a quadratic objective function.

Before encoding the sub-P4 (M,PJg (final(γ)),PJi(ϕi))
as a QCPP, we denote by pϕs,a the probability of choosing
the action a ∈ Act\(s) in state s when the progressed
preference formula is ϕ (which corresponds to the property-
dependent policy we are looking for), by θs,ϕ,η the probabil-
ity to satisfy the goal property formula η with respect to the
progressed preference formula ϕ from state s, and by µs,ϕ
the probability to satisfy the progressed preference formula
ϕ from state s. To satisfy the preference formula and goal
formula, for s̄ the initial state ofM, we have the constraints

θs̄,ϕi,final(γ) ∈ Jg and µs̄,ϕi
∈ Ji.

Then we expand each θs,ϕ,η and µs,ϕ as

θs,ϕ,η =
∑

a∈Act\(s)

pP
s
a(ϕ)
s,a ·

∑
s′∈S

P(s, a)(s′) · θs′,Ps
a(ϕ),Ps

a(η)

µs,ϕ =
∑

a∈Act\(s)

pP
s
a(ϕ)
s,a ·

∑
s′∈S

P(s, a)(s′) · µs′,Ps
a(ϕ)

θs,ϕ,True = 1, θs,ϕ,False = 0, µs,True = 1, µs,False = 0
(1)

where we set P(s, \)(s′) = 1 for s = s′ and P(s, \)(s′) = 0
for s 6= s′ to make the notation compact. This expansion is
used by the procedure PolFinder .

As an example of the above expansion, consider state s
and formula F(occ(l)) we have seen below Definition 5.
Then we have pP

s
l (F(occ(l)))
s,l = pTrue

s,l while pP
s
a(F(occ(l)))
s,a =

p
F(occ(l))
s,a for each a 6= l. Hence, we have the equal-

ity µs,F(occ(l)) =
(
pTrue
s,l ·

∑
s′∈S P(s, l)(s′) · µs′,True

)
+∑

a∈Act\(s)\{l} p
F(occ(l))
s,a ·

∑
s′∈S P(s, a)(s′) · µs′,F(occ(l)).

PolFinder , from the initial state s̄ of M and input for-
mulas PJg (final(γ)) and PJi(ϕi), explores the state space of
M while progressing both final(γ) and ϕi. For each newly
reached tuple of state and progressed formulas η and ϕ
(from the initial final(γ) and ϕi, respectively), it generates
the corresponding instance for θs,ϕ,η and µs,ϕ according
to Equation (1). In the bounded version of PolFinder , we
also consider the number of past actions in the definition of
Equation (1), by means of a counter decorating θs,ϕ,η and
µs,ϕ that is decreased in the right-hand side of Equation (1).

It is easy to see that if we choose as X the list of all
variables for probabilities θs,ϕ,η , µs,ϕ, and pϕs,a appearing in
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the progress shown in Equation (1), then the constraints cor-
responding to Equation (1) for each state s and progressed
formulas η and ϕ and the constraints for the probability
values (like pP

s
a(ϕ)
s,a ≥ 0 and

∑
a∈Act(s) p

Ps
a(ϕ)
s,a = 1) can be

re-written to a quadratic and linear form of X , respectively.
Thus a sub-P4 can be encoded to a QCPP problem.

When solving sub-P4, we construct the equations iter-
atively for each µs,ϕ and with the form above until the
(simplified) progression for ϕ becomes True or False, so
we can definitely know the probability of the formula to be
1 or 0, respectively, and similarly for θs,ϕ,η . If there exists
a solution to the corresponding set of formulas to the sub-
P4, the values pϕs,a induce a solution of P4. So P4 can be
converted into a set of quadratic equations whose solutions,
if any, are the solutions for P4.

Clearly, the correctness of P4Solver relies on the termina-
tion of PolFinder . Since we consider only finite MDPs and a
finite set of atomic propositions Σ, PolFinder terminates for
sure, since there are only a finite number of combinations of
state s and progressed formulas η and ϕ for which generate
new variables θs,ϕ,η and µs,ϕ. As complexity of PolFinder ,
for an MDP M and a preference property formula ϕ, we
have that first PolFinder generates the QCPP, which is in
PSPACE, similarly to [7]. Then it needs to solve it, which
is in general NP-hard since the NP-complete 0-1 integer
programming [33] can be reduced to QCPP. Note that the
goal formula η adds only a constant factor to the complexity,
since the progression of final(γ) is either final(γ) itself,
True, or False (cf. Definition 5).

Theorem 2. Given a P4 instance (M,ΦG,ΦP ), it has an
optimal property-dependent policy π making ψj in ΦP the ear-
liest probabilistic property formula to be satisfied if and only if
P4Solver returns a policy π∗ also making ψj in ΦP the earliest
probabilistic property formula to be satisfied.

Proof. The key to prove the correctness of P4Solver is to
prove the correctness of PolFinder . Suppose that ΦG is of
the form ΦG = PJg (final(γ)) where γ is a property formula.

For the first step, given an MDPM = (S,Σ, L,Act , s̄,P)
and two property formulas ψ and final(γ), we construct the
product of these three components as the new MDP

M⊗ = (S⊗,Σ⊗, L⊗,Act⊗, s̄⊗,P⊗)

according to the following rules.
1) s̄⊗ = (s̄, ψ,final(γ)) ∈ S⊗.
2) Σ⊗ = Σ.
3) Act⊗ = Act .
4) For each (s, ϕ, η) ∈ S⊗, it is L⊗((s, ϕ, η)) = L(s).
5) For each (s, ϕ, η) ∈ S⊗, it is

Act⊗((s, ϕ, η)) =

{
∅ if η ∈ {True,False},
Act(s) otherwise.

6) For each state (s, ϕ, η) ∈ S⊗ and action a ∈ Act(s),
if P(s, a)(s′) > 0, then (s′,Psa(ϕ),Psa(η)) ∈ S⊗ and
P⊗((s, ϕ, η), a)((s′,Psa(ϕ),Psa(η))) = P(s, a)(s′).

From the construction above and the definition of pro-
gression function over finite paths, we can see that each
state ofM⊗ is of the form

(last(ρ), Prog(ρ, ψ), Prog(ρ,final(γ)))

for ρ ∈ Paths∗ of M. We assert that M⊗ is finite, since S
and the closure of subformulas of ψ and final(γ) are finite.

With the proof of Theorem 1, we can see that (1) is
the Bellman equation of M⊗, where µs,ϕ represents the
probability that the state (s, ϕ, η) satisfies the property for-
mula ϕ, and θs,ϕ,η represents the probability that the state
(s, ϕ, η) satisfies the goal formula η. For arbitrary property-
dependent policy π of M and property formula ∆, under
the construction above, we can contrive a corresponding
history-independent policy π⊗ ofM⊗ as

π⊗(last(ρ), Prog(ρ, ψ), Prog(ρ,final(γ))) = π(ρ) (2)

for all ρ ∈ Paths∗, such that

µπ,s̄({ ρ ∈ Paths∗M | ρ |= ∆ })
= µπ⊗,(s̄,ψ,final(γ))({ ρ⊗ ∈ Paths∗M⊗ | ρ⊗ |= ∆ }). (3)

On the other hand, becauseM⊗ is a simulation of pars-
ing the satisfaction of ψ and final(γ) in M, each history-
independent policy π⊗ forM⊗ is a frame of a policy π for
M constructed via (2), making (3) naturally hold. We only
need to prove that such a policy π is property-dependent.

Let ρ1, ρ2 ∈ Paths∗ be two finite paths such that
last(ρ1) = last(ρ2) and Prog(ρ1, ψ) = Prog(ρ2, ψ), so
to satisfy the conditions of property-dependent policy in
Definition 7. From the semantics of progression function, we
have that Prog(ρ,final(γ)) = Prog(last(ρ), γ), indicating
that Prog(ρ1,final(γ)) = Prog(ρ2,final(γ)). Since π⊗ is a
history-independent policy for M⊗, we can immediately
have that π⊗(last(ρ1), Prog(ρ1, ψ), Prog(ρ1,final(γ))) =
π⊗(last(ρ2), Prog(ρ2, ψ), Prog(ρ2,final(γ))). Thus, from
the construction of π according to (2), we have that π(ρ1) =
π(ρ2), showing that π is property-dependent.

Now the relationship betweenM andM⊗ is clear:M⊗
allows us to compute the satisfaction probability of both ψ
and final(γ) in M under the same policy π⊗. By means
of Equation (2), we derive the corresponding policy forM.
Thus the correctness of PolFinder (and hence of P4Solver
in finding an optimal policy) is guaranteed.

6 A MODEL CHECKING-BASED PLANNER

P4Solver transforms an instance of P4 to a QCPP. Unfortu-
nately, P4Solver does not scale for the following reasons.
Firstly, P4Solver has to expand the model starting from
the initial state several times until all possible needed
combinations of reached states and progressed goal and
preference formulas have been considered. Secondly, the
policy is obtained from the solution of the generated QCPP
that is known to be NP-hard in general, and the size of
the generated QCPP depends on the expansion. As we will
see in Section 7, P4Solver already fails on rather small case
studies. In this section, we present a multi-objective model
checking based algorithm which improves the efficiency of
solving P4 instances.

Consider P4 with an MDP M = (S,Σ, L,Act , s̄,P), a
policy π, a goal formula ΦG = PJg (final(γ)) where γ is a
property formula, and a probabilistic property formula ψi
from a preference formula ΦP = ψ1 � ψ2 � · · · � ψk.
Some differences exist between P4 and classical probability
model checking problem. As a planning problem defined
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over finite paths, P4 allows final( · ) to describe the charac-
teristics of the terminating states. Besides, occ( · ) is also not
defined in classical model checking problem. In this section
we explain how we encode termination and action occur-
rence in given P4 into the MDP, and how we encode the
property formulas appearing in ΦP and ΦG into standard
PLTL ones, so that the encoded P4 is equivalent to its origin.

6.1 Encoding of Termination

According to the semantics of s̄ |=π
M PJg (final(γ)), the

goal is satisfied if the probability of the finite paths ending
with a state satisfying γ belongs to Jg ; similarly, if final(γ′)
appears as a subformula of ψi, then it holds only on finite
paths whose last state satisfies γ′.

Classical probabilistic model checking usually considers
infinite paths, however P4 is defined for finite paths. More-
over, classical PLTL does not include the final( · ) operator,
so PLTL model checkers do not support it natively. To
use classical model checkers, we encode the termination
into the MDP itself by enriching the given MDP with the
information about termination. Intuitively, for each state s,
we create a corresponding state s⊥, and copy the label of s
for s⊥. Finally, we add a new transition from s to s⊥ with ⊥
action such that (s,⊥, δs⊥) and add a self-loop (s⊥,⊥, δs⊥)
to represent explicitly the choice of stopping. In this way,
once ⊥ is chosen, we freeze the status of the MDP so that
the satisfaction of the formulas can be decided.

Formally, we consider the MDP Mζ⊥ = ζ⊥(M) =
(S′,Σ′, L′,Act ′, s̄,P′) where:
• S′ = S ∪ { s⊥ | s ∈ S },
• Σ′ = Σ ∪ {⊥},
• L′ = L ∪ { (s⊥, L(s) ∪ {⊥}) | s ∈ S },
• Act ′ = Act ∪ {⊥}, and
• P′ = P ∪ { (s,⊥, δs⊥), (s⊥,⊥, δs⊥) | s ∈ S }.
Note that when we represent the MDP symbolically,

such as a factored MDP or by means of RDDL [50], the
above construction reduces to the following one: we add
a new Boolean variable running initialized to true and an
action ⊥ that sets running to false with probability 1. We
then modify the original transitions by enabling them only
when running is true.

6.2 Encoding of Action Occurrence

Besides the final( · ) operator, classical PLTL does not in-
clude the occ( · ) operator that holds whenever the first
action of the considered path is the required one. We encode
the information needed by occ( · ) by storing the action in
the states reached by performing the transition. Let A be the
set of actions a such that occ(a) occurs in ψi. We encode
the occurrence of each action a ∈ A by taking a copy sa
of the states, labeling sa with the label of s extended with
a (that now is also an atomic proposition), and modifying
each transition (s, a, µ) so that it leaves s and reaches each
state ta with probability µ(t). Note that we keep the original
initial state s̄ and we modify its transitions only with respect
to the reached states.

Formally, we consider the MDP MζA = ζA(M) =
(S′,Σ′, L′,Act , s̄,P′) constructed as follows:
• S′ = S ∪ { sa | s ∈ S, a ∈ A },

• Σ′ = Σ ∪A,
• L′ = L ∪ { (sa, L(s) ∪ {a}) | s ∈ S, a ∈ A }, and
• P′ = { (s, b, µ) ∈ P | b /∈ A } ∪ { (s, a, µζa) | (s, a, µ) ∈

P, a ∈ A } ∪ { (sa, b, µ) | (s, b, µ) ∈ P, a ∈ A, b /∈ A } ∪
{ (sa′ , a, µζa) | (s, a, µ) ∈ P, a, a′ ∈ A },

where for each µ ∈ Dist(S) and a ∈ A, µζa ∈ Dist(S′) is
defined for each s′ ∈ S′ as follows:

µζa(s′) =

{
µ(t) if s′ = ta,
0 otherwise.

Similarly to the encoding of termination, the above con-
struction can be obtained symbolically as follows: we add a
new variable act ranging over A ∪ {ε} with initial value ε
and we modify each transition with action a so that it also
sets act to a if a ∈ A, to ε otherwise.

6.3 Encoding of Both Termination and Action Occur-
rence

Since we are interested in both termination and action
occurrence, we can apply in sequence ζA( · ) and then ζ⊥( · ).
In this way we manage correctly the labels associated to
the states: suppose that we first apply ζA( · ) and then
ζ⊥( · ); consider a state sa of MζA : its label is L(s) ∪ {a}.
When we apply ζ⊥( · ), its counterpart is sa⊥ with label
(L(s)∪{a})∪{⊥}, i.e., we have both the label of the last ac-
tion (a) and the information that we stopped (⊥), so we keep
the information about the last action we performed before
stopping, since ⊥ is not an action ofMζA . This information
is fundamental when we want to check G(occ(a)) which
holds on a finite path ρ only when all its actions are a.

If we apply ζ⊥( · ) before ζA( · ), the stopping states
would never have the information about the last actual ac-
tion we performed, so the resulting MDP is not the expected
frozen status of the original MDP. This will lead to problems
with the evaluation of the encoded LTL formulas. As we will
see below, the encoding of occ(a) is X(a) and G(X(a)) is
not satisfied by the infinite path ρ⊥s⊥s . . . where s is the
copy of last(ρ) according to ζ⊥( · ), since a /∈ L(s).

6.4 Encoding of Probabilistic Property Formulas as
PLTL Formulas

To complete the encoding of P4 as a classical model
checking problem, we still have to encode the probabilis-
tic property formulas underlying the preference formulas
as ordinary PLTL formulas. The main operators we have
to consider are occ( · ), final( · ) and ∀x( · ): according to
their semantics, occ(a) holds if a is the next action we
perform, so we encode it as X(a); final(ϕ) holds if ϕ holds
when we stop, so we encode it as F(⊥ ∧ ϕ′) where ϕ′

is obtained from ϕ by replacing each temporal operator
with its semantic value on the last state of the path, i.e.,
X( · ) by False and U( · , ψ) by ψ′; and ∀x(ϕ) is trivial
since it is essentially a shortcut for

∧
v∈dom(x) ϕ[x/v]. For-

mally, we encode a probabilistic property formula PJ(ϕ)
as a PLTL formula PJ(ϕ′) by means of the function
ξA,⊥ : PJ(ϕ) 7→ PJ(ξA,⊥(ϕ,True)) where ξA,⊥(ϕ, c), with
c being a Boolean, is defined inductively as follows:

ξA,⊥(p, c) = p

Authorized licensed use limited to: UNIVERSITY OF TWENTE.. Downloaded on March 17,2021 at 07:01:28 UTC from IEEE Xplore.  Restrictions apply. 



0098-5589 (c) 2020 IEEE. Personal use is permitted, but republication/redistribution requires IEEE permission. See http://www.ieee.org/publications_standards/publications/rights/index.html for more information.

This article has been accepted for publication in a future issue of this journal, but has not been fully edited. Content may change prior to final publication. Citation information: DOI 10.1109/TSE.2020.3024215, IEEE
Transactions on Software Engineering

P4 FOR MARKOV DECISION PROCESSES 9

ξA,⊥(¬ϕ, c) = ¬ξA,⊥(ϕ, c)

ξA,⊥(ϕ ∧ ψ, c) = ξA,⊥(ϕ, c) ∧ ξA,⊥(ψ, c)

ξA,⊥(final(ϕ), c) = F(⊥ ∧ ξA,⊥(ϕ,False))

ξA,⊥(X(ϕ), c) = c ∧X(ξA,⊥(ϕ, c))

ξA,⊥(U(ϕ,ψ),False) = ξA,⊥(ψ,False)

ξA,⊥(U(ϕ,ψ),True) = U(ξA,⊥(ϕ,True), ξA,⊥(ψ,True))

ξA,⊥(occ(a), c) = c ∧X(a)

ξA,⊥(∀x(ϕ), c) = ∀x(ξA,⊥(ϕ, c)).

The parameter c of ξA,⊥( · , c) is used to keep track of
the behavior of the temporal operators when they occur
inside the final( · ) operator: since final(ϕ) holds whenever
ϕ holds on stopping, X( · ) is never satisfied (there is no
next state) and U(ϕ,ψ) holds only if ψ already holds. The
extension to preference formulas and P4 is straightforward.

We remark that bounded properties can be encoded as
well: U≤i(ϕ,ψ) requires that ψ holds within i time steps
for the first time and ϕ holds at every state before. We can
inductively encode U≤i(ϕ,ψ) as a formula involving the
X( · ) operator only with the observation that U≤0(ϕ,ψ) =
ψ and U≤i(ϕ,ψ) = ψ ∨ (ϕ ∧X(U≤i−1(ϕ,ψ))) for i ≥ 1.

6.5 Equivalence of P4 and its Encoding
Consider the P4 instance (M,ΦG,ΦP ); in the following, to
simplify the notation, we write MA,⊥ for ζ⊥(ζA(M)) and
ϕA,⊥ for ξA,⊥(ϕ). It is easy to show that P4 has an optimal
solution if and only if its encoding has an optimal solution,
where the earliest satisfied preference is the same. The proof
is based on the construction of the policy for the encoding
of P4 given the optimal solution for P4 and vice-versa. Two
important properties are essential for the proof. The first
one, stated as Lemma 3 in Appendix A, is that for each
ρ ∈ Paths∗M and each property formula ϕ, we have that
ρ |= ϕ if and only if ρA,⊥ |= ξA,⊥(ϕ,True). The second one,
stated as Corollaries 2 and 3 in Appendix A, is that there
exists a policy πA,⊥ forMA,⊥ such that s̄A,⊥ |=

πA,⊥
MA,⊥

ϕA,⊥
and s̄A,⊥ |=

πA,⊥
MA,⊥

ϕ′A,⊥ if and only if there exists a policy
π forM so that s̄ |=π

M ϕ and s̄ |=π
M ϕ′. By means of these

two properties, we can obtain the following theorem.

Theorem 3. Let (M,ΦG,ΦP ) be an instance of P4. Its encoded
P4 (MA,⊥,ΦGA,⊥,ΦPA,⊥) has an optimal policy π∗A,⊥ making
ψjA,⊥ in ΦPA,⊥ the earliest probabilistic property formula to be
satisfied if and only if (M,ΦG,ΦP ) has an optimal policy π∗

also making ψj in ΦP the earliest probabilistic property formula
to be satisfied.

Proof. We first show that if (M,ΦG,ΦP ) has an optimal
policy, so does (MA,⊥,ΦGA,⊥,ΦPA,⊥).

Let π∗ be an optimal policy for (M,ΦG,ΦP ), where
ΦG = PJg (final(γ)) and ΦP = ψ1 � ψ2 � · · · � ψk
is a preference formula. By definition of optimal policy,
π∗ satisfies that s̄ |=π∗

M PJg (final(γ)), s̄ |=π∗

M ψi, and for
each 0 < j < i and each solution π, s̄ 6|=π

M ψj . By Corol-
lary 2 in Appendix A, there exists a policy π∗A,⊥ such that

s̄A,⊥ |=
π∗A,⊥
MA,⊥

PJg (final(γ))A,⊥ and s̄A,⊥ |=
π∗A,⊥
MA,⊥

ψiA,⊥,
thus π∗A,⊥ is a solution for (MA,⊥,ΦGA,⊥,ΦPA,⊥).

We claim that π∗A,⊥ is an optimal solution satisfying

s̄A,⊥ |=
π′A,⊥
MA,⊥

ψiA,⊥ but not satisfying s̄A,⊥ |=
π′A,⊥
MA,⊥

ψjA,⊥

for each 0 < j < i. Suppose, for the sake of contradiction,

that there exists a policy π′A,⊥ such that s̄A,⊥ |=
π′A,⊥
MA,⊥

PJg (final(γ))A,⊥ and s̄A,⊥ |=
π′A,⊥
MA,⊥

ψjA,⊥ for some 0 <
j < i. This implies, by Corollary 3 in Appendix A, that
there exists a policy π′ such that s̄ |=π′

M PJg (final(γ)) and
s̄ |=π′

M ψj , that is, π′ is a solution for (M,ΦG,ΦP ) such
that s̄ |=π′

M ψj . This contradicts the assumption that π∗ is an
optimal solution for (M,ΦG,ΦP ), thus π∗A,⊥ is indeed an
optimal solution for (MA,⊥,ΦGA,⊥,ΦPA,⊥), as required.

Now we show that if (MA,⊥,ΦGA,⊥,ΦPA,⊥) has an
optimal policy, so does (M,ΦG,ΦP ), both satisfying the
same corresponding probabilistic property formulas.

For (MA,⊥,ΦGA,⊥,ΦPA,⊥), let π∗A,⊥ be an optimal
policy. By definition of optimal policy, π∗A,⊥ satisfies that

s̄A,⊥ |=
π∗A,⊥
MA,⊥

PJg (final(γ))A,⊥, s̄A,⊥ |=
π∗A,⊥
MA,⊥

ψiA,⊥, and
for each 0 < j < i and each solution πA,⊥, s̄A,⊥ 6|=

πA,⊥
MA,⊥

ψjA,⊥. By Corollary 3, there exists a policy π∗ such that
s̄ |=π∗

M PJg (final(γ)) and s̄ |=π∗

M ψi, thus π∗ is a solution for
(M,ΦG,ΦP ).

We claim that π∗ is optimal by satisfying s̄ |=π′

M ψi
as the earliest probabilistic property formula. Suppose, for
the sake of contradiction, that there exists a policy π′

such that s̄ |=π′

M PJg (final(γ)) and s̄ |=π′

M ψj for some
0 < j < i. This implies, by Corollary 2, that there exists

a policy π′A,⊥ such that s̄A,⊥ |=
π′A,⊥
MA,⊥

PJg (final(γ))A,⊥

and s̄A,⊥ |=
π′A,⊥
MA,⊥

ψjA,⊥, that is, π′A,⊥ is a solution for

(MA,⊥,ΦGA,⊥,ΦPA,⊥) such that s̄A,⊥ |=
π′A,⊥
MA,⊥

ψjA,⊥. This
contradicts the assumption that π∗A,⊥ is an optimal solution
for (MA,⊥,ΦGA,⊥,ΦPA,⊥), thus π∗ is indeed an optimal
solution for (M,ΦG,ΦP ), as required.

6.6 Model Checking Based P4 Planner: P4SolverMO

Now we present the planning algorithm P4SolverMO for
P4. As shown in Algorithm 2, P4SolverMO takes inspi-
ration from the P4Solver planner shown in Algorithm 1:
given the MDP model M, the preference formula ΦP , and
the goal formula ΦG, P4SolverMO parses ΦP to the form
ΦP = ψ1 � ψ2 � · · · � ψk and then calls a procedure
PolFinderMO(M,ΦG, ψi) that tries to find a policy for M
satisfying both ψi and ΦG, for increasing values of i until a
solution is found, if any.

Algorithm 2 P4SolverMO

Input: MDP modelM, goal formula ΦG, preference formula
ΦP = ψ1 � ψ2 � · · · � ψk
Output: An optimal solution π∗ or “unsatisfiable”

1: π∗ = ∅
2: for i = 1 to k do
3: π∗ = PolFinderMO(M,ΦG, ψi)
4: if π∗ 6= ∅ then
5: return π∗

6: return unsatisfiable

The only difference between P4Solver and P4SolverMO

is the call to the PolFinderMO procedure. Instead of con-
structing a QCPP, PolFinderMO performs multi-objective
model checking [22], [24], [42] of ΦGA,⊥ and ψiA,⊥ on
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MA,⊥. In fact, the aim of the multi-objective model checking
of a set of probabilistic LTL formulas {ϕ1, . . . , ϕn} is to find
a policy π such that s̄ |=π ϕi for each i ∈ {1, . . . , n}; this is
exactly the kind of problems PolFinderMO needs to solve.

Algorithm 3 PolFinderMO

Input: MDP model M, goal formula ϕ, probabilistic prop-
erty formula ψ
Output: A policy π or ∅

1: A = { a ∈ Act | occ(a) occurs in ψ }
2: ψA,⊥ = ξA,⊥(ψ)
3: ϕA,⊥ = ξA,⊥(ϕ)
4: MA,⊥ = ζ⊥(ζA(M))
5: return MOSolver(MA,⊥, {ϕA,⊥, ψA,⊥})

The description of PolFinderMO is given in Algorithm 3:
it first extracts the actions we are interested in from the
probabilistic property formula ψ coming from the prefer-
ence formula ΦP . Note that there is no need to extract
also the actions occurring in the goal formula ϕ = ΦG,
since each occ(a) occurring in ϕ is replaced by ξA,⊥ by
False; afterwards it encodes ϕ, ψ andM as ϕA,⊥, ψA,⊥ and
MA,⊥, respectively; finally it calls the multi-objective model
checker MOSolver that returns either a policy satisfying
both ϕA,⊥ and ψA,⊥, or ∅ denoting the unsatisfiability of
the two formulas.

7 ALGORITHM IMPLEMENTATIONS AND EXPERI-
MENTAL RESULTS

In this section we present the experimental evaluation of
the proposed P4 solving techniques on five case studies:
the rail robot described as running example, the dinner
domain from [7] and three domains (Crossing, Navigation,
and Reconnaissance) taken from the discrete track in the In-
ternational Probabilistic Planner Competitions (IPPC) held
in ICAPS’11 and ICAPS’14.

7.1 Implementation of P4Solver

We implemented P4Solver in Scala and delegated to Z3 [19]
the evaluation of the generated QCPP. We represent each
state of the MDP by the atomic propositions it is labelled
with. For instance, in the rail robot example, the state
depicted in Figure 1 is represented by the atomic propo-
sitions robotAt(1), carryBox (1), boxAt(2, 6), boxAt(3, 21),
and mode(c), provided that the robot is in control mode.

An action a is symbolically encoded as a possibly empty
list of variables, a precondition and the effects. The variables
bind the condition and the effects to the state s enabling
the action. The precondition is simply a property formula
that has to be satisfied by the state s (or, more precisely, by
the path ρ = s) in order to have a enabled in s. The effect
of a is a probability distribution mapping each target state
occurring with non-zero probability to the corresponding
probability value. The target states are encoded by a pair
(R,A) of sets of atomic propositions: those not holding
anymore (R), to be removed, and those now holding (A), to
be added. As a concrete example, the action d(b, p) models
the drop of box b at position p: the precondition is mode(a)∧
robotAt(p) ∧ carryBox (b) ∧ ¬∃b′(boxAt(b′, p)); the effects

are ({carryBox (b),mode(a)}, {mode(c), boxAt(b, p)}) with
probability 0.95 and ({mode(a)}, {mode(c)}) with proba-
bility 0.05.

The preference and goal formulas are encoded according
to the grammars in Definitions 2 and 3, and the probability
intervals by the corresponding bounds.

Each state, action, and formula is uniquely identified
by a number that is used to generate the variables for the
SMT solver: for instance, the policy’s choice of action 4 in
state 37 is represented by the variable sched_s37_a4 while
sched_s37_stop stands for the choice of stopping in state
37. We encode the SMT problem by the SMT-LIB format [5],
thus we can replace Z3 with any other solver supporting
such a format. Moreover, it is easy to change the output
format to support solvers like Redlog and Mathematica.

7.2 Implementation of P4SolverMO

We have implemented our version of PolFinderMO as well
as of MOSolver in our probabilistic model checker EPMC1,
the successor of ISCASMC [28], [29]. The MDP model is
given in the PRISM language [41], where each state is
represented by the actual value of the variables defining the
state space. Each variable is either an integer belonging to a
given (finite) interval, or a Boolean. For example, the state
space of the rail robot domain can be represented by means
of five variables, namely mode, robotAt, carryBox, box0At,
and box1At. For instance, robotAt is defined in the interval
[0, N − 1] while carryBox in the interval [−1, B− 1], where
the value−1 is used to encode the fact that no box is carried.
Transitions are written in a guarded command style format,
i.e., they are of the form [action] g → p1 : update1+· · ·+pn :
updaten, where g is a Boolean expression on the state
variables, pi is a probability value so that

∑n
i=1 pi = 1,

and updatei specifies how variables are changed in the
next state. A transition is enabled at a state s when the
guard g is true in s. For instance, the action of dropping
the carried box 0 is written as follows: [dropB0 ] (mode =
action)&(robotAt != box1At)&(carryBox = 0) → 0.95 :
(carryBox′ = −1)&(box0At′ = robotAt)&(mode′ =
control) + 0.05 : (mode′ = control).

As for P4Solver, the preference and goal formulas are
encoded according to the grammars in Definitions 2 and 3,
and the probability intervals by the corresponding bounds.
The only difference is that for checking whether there exists
a policy satisfying two encoded formulas ϕ1 and ϕ2, the
multi-objective model checker expects as input the property
multi(ϕ1, ϕ2) instead of {ϕ1, ϕ2} as written in Algorithm 2.

The implementation of the multi-objective solver is as
follows. First, each LTL property is converted to an individ-
ual nondeterministic Büchi automaton, as usually done for
(probabilistic) LTL model checking. We then build a product
of the MDP model under consideration with an on-the-fly
construction of the deterministic Rabin automaton corre-
sponding to each Büchi automaton, so to obtain a product
MDP with accepting conditions; the on-the-fly construction
allows for the generation of the part of the Rabin automaton
that is actually required for the analysis.

1. EPMC is publicly available at https://github.com/ISCAS-PMC/
ePMC
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TABLE 1
Computation time for the Rail Robot domain

N B
tP4Solver (s) tP4SolverMO

(s) Result
ϕ1/ϕ2/ϕ3/ϕ4 ϕ1/ϕ2/ϕ3/ϕ4 ϕ1/ϕ2/ϕ3/ϕ4

5 2 1/1/-z3to-/1 1/1/1/1 3/3/3/3
6 2 2/53/-z3to-/1 1/1/1/1 3/3/3/3
7 2 4/3/-z3to-/4 1/1/1/1 3/3/3/3

10 2 -z3to-/-z3to/-z3mo-/-z3mo- 1/1/1/1 3/3/3/3
20 2 -z3mo- 3/2/3/3 3/3/3/3
30 2 -gto- 5/5/5/10 3/3/3/3
40 2 -gto- 12/12/12/29 3/3/3/3
50 2 -gto- 31/31/31/90 3/3/3/3

Once the product MDP is built, we consider a weight-
ing (probability distribution) of the properties. Using a
value iteration algorithm, we find the optimal policy for
the weighted probability to fulfill the properties and we
compute the individual probabilities to fulfill each property
using the policy just computed. We solve a linear program
based on these values and on the probability bounds of the
properties so as to obtain an improved weighting. We repeat
these two steps until no further improvements are possible.

7.3 Experimental Results
To evaluate the performance of the two proposed planners
P4Solver and P4SolverMO , we have considered five dif-
ferent case studies: the rail robot introduced in Section 2
and the dinner domain [7], as well as three domains taken
from the discrete track IPPC competitions in ICAPS’112 and
ICAPS’143. We have varied the size of the instances to check
the scalability of the two solving algorithms.

We have run P4Solver and P4SolverMO on a single core
of a 3.6GHz Intelr Core™ i7-4790 with 16GB of RAM of
which 12GB assigned to the tool. The results are shown
in Tables from 1 to 5. The columns “tP4Solver (s)” and
“tP4SolverMO (s)” of Table 1 show the overall times in sec-
onds spent by P4Solver and P4SolverMO respectively for
corresponding preference formulas, while column “Result”
shows whether the problem is satisfiable (3) or not (7). To
run the experiments, we imposed different timeouts: 1800
seconds, i.e., 30 minutes, for the generation of the program-
ming problem (P4Solver only); 86400 seconds, i.e., 24 hours,
for the computation of the policy (by P4SolverMO or by Z3
for P4Solver). If a tool failed the computation, we indicate
the cause (timeout or memory out) in the tables by marking
the corresponding entry with -to- or -mo-, respectively. For
P4Solver we have also indicated in what stage it fails: when
generating the programming problem (denoted by -g-) or
computing the policy (denoted by -z3-).

7.3.1 The Rail Robot Domain
For the case of the rail robot, we considered a scenario with
B = 2 boxes and N ∈ {5, 6, 7, 10, 20, 30, 40, 50} positions.
We used ΦG = P[1,1](final(∀i(boxAt(i, i)))) as the goal
formula, requiring that with probability 1 each box i is
in the corresponding area i on termination. As preference
formulas, we considered Φi = ϕi � P[1,1](True) for the
following four formulas ϕi:

ϕ1 = P[1,1](F(∃B(∃P (occ(p(B,P )))))),

2. http://users.cecs.anu.edu.au/∼ssanner/IPPC 2011/
3. https://ssanner.github.io/IPPC 2014/

TABLE 2
Computation time for the Dinner domain

Type Version tP4Solver (s) tP4SolverMO
(s) Result

ϕ1/ϕ2/ϕ3/ϕ4 ϕ1/ϕ2/ϕ3/ϕ4 ϕ1/ϕ2/ϕ3/ϕ4

np reduced 1/1/-gmo-/1 1/1/1/1 3/3/3/3
pr reduced 1/1/-gmo-/1 1/1/1/1 3/3/3/7
np complete -gto- 64/224/227/205 3/3/3/3
pr complete -gto- 72/830/202/188 3/3/3/3

ϕ2 = P[1,1](F(∃B(∃P (occ(d(B,P )))))),
ϕ3 = P[1,1](F(∃B(∃P (occ(p(B,P )))))), and
ϕ4 = P[1,1](F(∃P (occ(d(1, P ))))).

Note that Φ1 and Φ3 are actually the same formula, but we
evaluate them from different initial states. The initial state
relative to preference Φ4 has boxAt(1, 1), so the preference
requires to drop the box 1 even if this action is not needed
to satisfy the goal. The comparisons of the two algorithms
are shown in Table 1.

As we can see, the experiments show how P4SolverMO

outperforms P4Solver as soon as the scale of the model
starts to grow. For values ofN at most 10, P4SolverMO takes
almost no time, while P4Solver already requires a long time
(for ϕ2 when N = 6) or even goes timeout (in all cases
for property ϕ3). In particular, P4Solver constantly fails to
return a useful outcome for N = 8, and fails by memory
out for N = 9. For P4Solver, according to the reduction
procedure from P4 to QCPP, the number of variables in the
reduced QCPP problem is quite large even for small cases.
It increases exponentially with the number of subformulas
of the property formula, and linearly with the number of
states in the given MDP. P4SolverMO , on the other hand,
constructs new MDP and property formulas separately,
so that the scale of encoded MDP remains conservative.
Besides the efficiency of solving QCPP problems with Z3
in P4Solver is not comparable to the multi-objective model
checking algorithm in P4SolverMO . Thus P4SolverMO nat-
urally drastically simplified the computation of solution to
P4 and outperforms P4Solver.

7.3.2 The Dinner Domain
For the case of the dinner domain, shown in Table 2, we
considered two different versions: the full version as pre-
sented in [7] and the simplified version used in [43] where
we have omitted some of dishes and places so to reduce
the size of the problem. Moreover, for each of the version,
we considered the original non-probabilistic (“np”) version
(i.e., each action leads to a unique successor) as well as a
probabilistic (“pr”) version in which each action leads to
the same successor as in the non-probabilistic version with
probability 0.95, while with the remaining probability 0.05
it causes no change in the state.

We used ΦG = P[0.75,1](final(at(home) ∧ sated ∧
kitchenClean)) as the goal formula, requiring to be at home,
sated, and with the kitchen clean with probability at least
75%. We considered the following four formulas

ϕ1 = P[1,1](ϑ),
ϕ2 = P[1,1](ϑ ∧ F(ι)),
ϕ3 = P[1,1](F(ϑ ∧ ι)), and
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TABLE 3
Computation time for the Navigation domain

ROWS/COLS tP4SolverMO
(s) Result

ϕ1/ϕ2/ϕ3 ϕ1/ϕ2/ϕ3

50/500 32/15/29 7/3/7
50/1000 101/48/93 7/3/7
50/1500 304/120/129 7/3/7
50/2000 354/170/341 7/3/7
50/2500 382/221/414 7/3/7
50/3000 1 154/457/461 7/3/7
50/3500 1 256/545/1 131 7/3/7
50/4000 1 356/630/1 286 7/3/7
50/4500 1 422/716/1 428 7/3/7
50/5000 1 442/820/1 545 7/3/7

ϕ4 = P[1,1](G(∀L(occ(drive(home, L))⇒ ı)))

as the preference formulas, where

ı = X(at(italianRestaurant)),
ϑ = ∃L(F(occ(eat)(pizza, L)),
ι = occ(drive(home, italianRestaurant)).

As we can see from Table 2, similarly to the robot domain
shown in Table 1, we have again that, except for the very
small cases where they are comparable, P4SolverMO out-
performs P4Solver. P4Solver fails in several cases already
during the generation of the programming problem: in the
robot case already when N > 20 and in the complete dinner
case. The other failures are due to that Z3 taking too much
time or memory.

Notice that in both rail robot and dinner domain, the per-
formance of the current P4Solver seems degraded compared
to the results in [43]. The results for P4Solver in Table 1
are remarkably higher than the ones for the corresponding
experiments in [43, Table 1]. This is caused by the differ-
ent formulation of Equation (1), as explained in Section 5,
which induces a QCPP instance that is more challenging
for the SMT solver to decide. In [43] we actually computed
a history-independent policy, while here we look for a
property-dependent policy, which takes into consideration
not only the current state, but also the information about
the progressed preference formula.

7.3.3 The IPPC Domains
For the models taken from the IPPC competitions, namely
the Navigation, Reconnaissance, and Crossing traffic do-
mains, shown in Tables 3, 4, and 5,4 respectively, the goal
formulas and the preference properties ϕi are as follows: the
goal formula requires to be in a specific cell on the grid, and
this has to happen with a probability in the interval [0.75, 1].
The preference formulas ask to reach or avoid specific places
or to avoid specific (sequences of) actions, as well as to avoid
specific actions in specific places; this has to happen with
probability 1 (i.e., in [1, 1]).

The tables show that the performance of P4SolverMO is
naturally influenced by the size of the analyzed MDP: the
larger the MDP is, the longer it takes to complete the task.
As we can see from the experiments, P4SolverMO is able to
cope with MDPs whose size ranges over few million states

4. Domains available as RDDL model files in https://github.com/
ssanner/rddlsim

TABLE 4
Computation time for the Reconnaissance domain

GRID SIZE tP4SolverMO
(s) Result

ϕ1/ϕ2/ϕ3 ϕ1/ϕ2/ϕ3

10 5/4/4 3/7/7
20 15/14/13 3/7/7
30 38/36/34 3/7/7
40 101/91/86 3/7/7
50 313/261/101 3/7/7
60 306/323/294 3/7/7
70 1 091/931/287 3/7/7
80 1 159/1 083/957 3/7/7
90 3 725/1 091/1 026 3/7/7
100 4 236/3 450/914 3/7/7

TABLE 5
Computation time for the Crossing traffic domain

ROWS/COLS tP4SolverMO
(s) Result

ϕ1/ϕ2/ϕ3 ϕ1/ϕ2/ϕ3

2/2 1/1/1 3/7/3
2/3 1/2/2 3/7/3
2/4 3/3/4 3/7/3
2/5 11/11/12 3/7/3
3/2 2/2/2 3/7/3
3/3 5/5/7 3/7/3
3/4 90/84/92 3/7/3
3/5 4 372/3 939/-mo- 3/7/-mo-
4/2 6/4/5 3/7/7
4/3 111/103/132 3/7/3
4/4 -mo- -mo-
4/5 -mo- -mo-

and transitions; the size of the MDP is mainly limited by
the explicit state-space representation that is used to solve
the multi-objective problem. This becomes clear from the
Crossing traffic domain (Table 5), where P4SolverMO goes
out of memory on the larger instances, which involve tens
to hundreds of millions of states and transitions (cf. Table 6,
bottom part).

Finally, in Table 6 we report the size of the MDPs
used for our experimental evaluation. Column “|S|/|P|”
refers to the original MDP M = (S,Σ, L,Act , s̄,P) where
|P| =

∑
s∈S |Act(s)|; similarly, “|SA,⊥|/|PA,⊥|” refers to

the largest MDP obtained by using the encoding functions
ζA and ζ⊥: ζ⊥ introduces |S| new states and 2|S| new
transitions while the contribution of ζA depends on the size
of A, the number of transitions with action in A, and the
number of states such transitions lead to.

8 DISCUSSION

In this section we first show some difficulties to reduce P4
to optimization problem and to multi-objective planning
problem with reward structure. Then we discuss how to
improve the performance of P4Solver and P4SolverMO , and
how to extend their scope.

8.1 Discussion about Other Reductions of P4

Intuitively, we could consider other approaches to solve P4,
for instance the classical probabilistic model checking or the
ones adopted by other planners working with deterministic
models: planners like MIPS-BDD [20] and HPLAN-P [4] first
translate the LTL formula to an automaton and then find the
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TABLE 6
Model dimensions

Model (parameters) Original model Encoded model
|S|/|P| |SA,⊥|/|PA,⊥|

Robot (5) 380/610 920/1 690
Robot (6) 624/996 1 488/2 724
Robot (7) 952/1 512 2 072/3 752
Robot (10) 2 560/4 020 5 480/9 860
Robot (20) 18 320/28 240 38 160/67 920
Robot (30) 59 240/90 660 122 040/216 180
Robot (40) 137 440/209 280 281 120/496 640
Robot (50) 264 800/402 100 539 400/951 300

Dinner-np (reduced) 64/296 196/665
Dinner-pr (reduced) 64/296 320/1 136

Dinner-np (complete) 98 304/1 089 536 357 632/2 360 640
Dinner-pr (complete) 98 304/1 089 536 524 288/3 686 400
Navigation (50/500) 49 000/290 806 195 900/777 220
Navigation (50/1000) 98 000/581 806 391 900/1 555 220
Navigation (50/1500) 147 000/872 806 587 900/2 333 220
Navigation (50/2000) 196 000/1 163 806 783 900/3 111 220
Navigation (50/2500) 245 000/1 454 806 979 900/3 889 220
Navigation (50/3000) 294 000/1 745 806 1 175 900/4 667 220
Navigation (50/3500) 343 000/2 036 806 1 371 900/5 445 220
Navigation (50/4000) 392 000/2 327 806 1 567 900/6 223 220
Navigation (50/4500) 441 000/2 618 806 1 763 900/7 001 220
Navigation (50/5000) 490 000/2 909 806 1 959 900/7 779 220
Reconnaissance (10) 14 400/56 412 29 448/89 505
Reconnaissance (20) 57 600/223 452 115 848/342 945
Reconnaissance (30) 129 600/505 692 259 848/769 185
Reconnaissance (40) 230 400/903 132 461 448/1 368 225
Reconnaissance (50) 360 000/1 415 772 720 648/2 140 065
Reconnaissance (60) 518 400/2 043 612 1 037 448/3 084 705
Reconnaissance (70) 705 600/2 786 652 1 411 848/4 202 145
Reconnaissance (80) 921 600/3 644 892 1 843 848/5 492 385
Reconnaissance (90) 1 166 400/4 618 332 2 333 448/6 955 425
Reconnaissance (100) 1 440 000/5 706 972 2 880 648/8 591 265
Crossing traffic (2/2) 256 / 4 608 868 / 8 964
Crossing traffic (2/3) 1 536 / 31 744 5 140 / 59 509
Crossing traffic (2/4) 8 196 / 172 032 27 264 / 319 616
Crossing traffic (2/5) 40 960 / 786 432 135 872 / 1 478 848
Crossing traffic (3/2) 1 280 / 45 312 4 320 / 86 496
Crossing traffic (3/3) 15 328 / 563 168 51 008 / 1 052 480
Crossing traffic (3/4) 163 296 / 6 107 616 540 032 / 11 303 296
Crossing traffic (3/5) 1 631 584 / 61.7 · 106 5 376 000 / 113.5 · 106
Crossing traffic (4/2) 6 144 / 432 128 20 672 / 817 344
Crossing traffic (4/3) 146 944 / 10 731 008 487 168 / 19 853 056
Crossing traffic (4/4) 3.1 · 106 / 232.5 · 106 10.3 · 106 / 425.9 · 106
Crossing traffic (4/5) 62.4 · 106 / 4.7 · 109 204.9 · 106 / 8.5 · 109

plan in the product. The main problem of this approach is
that it works for a single formula while in P4 we have to
consider two formulas with side constraints: 1) the property
formula ϕ has to be satisfied before the goal formula γ;
2) the desired probability intervals for both preference and
goal formulas have to be matched under the same policy;
and 3) the policy is not required to maximize/minimize the
probability of the formulas, it just has to be in the required
interval. While it is possible to manage constraint 1, by
carefully merging γ and ϕ into ψ, the constraint 2 is much
more difficult to achieve; also constraint 3 is challenging:
in the product, the wanted policy may choose actions that
do not maximize/minimize the local satisfaction probability
value, so local optimization (used e.g. for solving Bellman
equations) can not be safely used to derive a global policy.

Another possibility would be to encode the formulas as
reward structures and then perform multi-objective plan-
ning [13], [45], [46], [48] on the resulting models with exist-
ing planners. However, obtaining this encoding turns out to
be challenging. Within the scope of our knowledge, we did

not find a generic encoding between qualitative planning
problems and quantitative planning problems. Besides, as
mentioned previously, in P4 we are not optimizing some
goal, but looking for a specific value that is intended to
stand for the probability of the corresponding formula.

8.2 Discussion about Improvements and Extensions

A possible improvement for P4SolverMO would be to avoid
the encoding of actions (as requested by the translation of
the occ( · ) operator) by directly supporting the occurrence
of actions, since this would remove a possibly large growth
of the number of states and transitions. Directly supporting
actions (i.e., by considering the occ( · ) operator as a basic
formula of LTL) would require the appropriate extensions
of the theoretical and implementation aspects P4SolverMO

is built on (e.g., by encoding occ( · ) directly in the Büchi
and Rabin automata equivalent to the LTL formula).

Since P4 has an intrinsic finite trace semantics, as given
by the final( · ) in the goal formula, another possible im-
provement is to directly use LTL over finite traces (LTLf )
instead of standard LTL over infinite traces. LTLf synthesis
and planning have several points in common, with the
former that can be seen as a generalization of the latter (see,
e.g., [10], [12], [16], [17], [18], [57]). Moreover, several work
has been done on LTLf synthesis with assumptions, such
as [1], [2], [11], which is related to preference planning. The
use of native finite trace-based methods is likely to improve
the running time of P4SolverMO , since it would avoid to
have to encode termination (cf. Section 6.1). However, to
the best of our knowledge, there is no algorithm known
in literature about probabilistic LTLf and multi-objective
LTLf model checking. While extending automata-based
algorithms to probabilistic LTLf model checking seems a
feasible task, the multi-objective counterpart is likely to be
more demanding.

A possible extension for P4 would be to consider quan-
titative properties, i.e., formulas of the form Pmax=?(ϕ)
and Pmin=?(ϕ), which require to maximize or minimize the
probability of satisfying ϕ. Multi-objective model checking
supports such formulas, by means of Pareto-curve com-
putation, but it does not scale well in this scenario. Such
extensions are clearly worthwhile to be investigated but
they are beyond the scope of this work.

Another possible extension for P4 would be to enrich
the expressiveness of preference formulas. As in [7], each
probabilistic property formula can be decorated with a
priority value. Thus it will be easier to dynamically update
the preference formula. Moreover, in such extension, if two
probabilistic property formulas have the same value, they
have to be checked simultaneously. This is applicable in both
P4Solver and P4SolverMO . For P4Solver, in the proof of
Theorem 2, we can add new dimensions to the state space of
the MDP to represent the progression of property formulas.
Therefore, the construction of Equation (1) needs to be
modified accordingly, so that it simulates the progression
of the original MDP M. Thus we can still contrive the
conditions for a corresponding QCPP problem in a similar
manner to Equation (1), which means such extension can
be implemented in P4Solver. For P4SolverMO , satisfaction
verification for more probabilistic property formulas makes
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no difference to current encoding procedure. We only need
to encode more formulas and add the corresponding condi-
tions to the multi-objective model checking problem.

9 CONCLUSION

In this paper we have proposed a framework for proba-
bilistic preference-based planning problem on MDPs. Our
language can express rich properties, and for solving P4
we have designed two planners P4Solver and P4SolverMO .
P4Solver reduces P4 to a quadratically constrained pro-
gramming problem and solves it with SMT solver. To im-
prove computational efficiency and scalability, we have also
proposed another planner for P4 based on multi-objective
model checking. We have shown how the proposed planner
P4SolverMO outperforms P4Solver, with the ability to man-
age much larger case studies. We have also discussed the
non-applicability of other well known techniques due to the
specific requirements of P4.

APPENDIX A
THE RELEVANT DETAILS FOR THE PROOF OF THE-
OREM 3
Here we provide the lemmas and propositions used in
proving Theorem 3. In the following, for a given A ⊆ Act ,
we assume to have the MDP MA,⊥ = ζ⊥(ζA(M)) =
(SA,⊥, LA,⊥,ActA,⊥, s̄A,⊥,PA,⊥); we refer directly to its
components by their symbol: for instance, we use SA,⊥ to
refer to the set of states of MA,⊥. We extend the notion of
encoding to paths.

Notation 1. LetM be an MDP, A ⊆ Act be a set of actions, and
ρ ∈ Paths∗M. We define ρA,⊥ to be ρ′⊥s⊥ where s = last(ρ′)
and ρ′ = %A,⊥(ρ) is defined recursively as follows:

%A,⊥(ρ) =


s if ρ = s ∈ S,
%A,⊥(ρ′)as if ρ = ρ′as and a /∈ A,
%A,⊥(ρ′)asa if ρ = ρ′as and a ∈ A.

We first present some preliminary result about the sat-
isfaction of the LTL formula ϕ by M and the satisfaction
of ξA,⊥(ϕ) by MA,⊥. The following two lemmas establish
the relationship between finite paths in Paths∗M and in
Paths∗MA,⊥

. It is to worthy to recall that \ is a meta-action
denoting termination, while ⊥ inMA,⊥ is a normal action.

Lemma 1. LetM be an MDP and A ⊆ Act be a set of actions.
For each ρ ∈ Paths∗M, we have that ρA,⊥ ∈ Paths∗MA,⊥

.
Moreover, |ρA,⊥| = |ρ|+ 1.

Proof. We prove by induction on the length of ρ that
%A,⊥(ρ) ∈ Paths∗MA,⊥

and that |%A,⊥(ρ)| = |ρ|. According
to this result, since ρA,⊥ is ρ′⊥s⊥ where s = last(ρ′)
and ρ′ = %A,⊥(ρ), it can be immediately derived that
|ρA,⊥| = |ρ| + 1 and that ρ′⊥s⊥ ∈ Paths∗MA,⊥

since
PA,⊥(s,⊥) = δs⊥ and δs⊥(s⊥) = 1 > 0 as required.

Suppose that |ρ| = 0. it follows that ρ = s for some
state s ∈ S. Thus, by definition of %A,⊥(ρ), we have that
%A,⊥(ρ) = s ∈ Paths∗MA,⊥

. Moreover, |ρ| = 0 = |%A,⊥(ρ)|.
Suppose that |ρ| > 0, which means that ρ = ρ′as

for some finite path ρ′ ∈ Paths∗M, action a ∈ Act , and
state s ∈ S. By definition of %A,⊥(ρ), it follows that

%A,⊥(ρ) = %A,⊥(ρ′)as′ where s′ = s if a /∈ A or s′ = sa
if a ∈ A. By inductive hypothesis, %A,⊥(ρ′) ∈ Paths∗MA,⊥

.
According to the construction of MA,⊥, if a ∈ A, we
have PA,⊥(last(%A,⊥(ρ′)), a) = µa with µa(s′) > 0 since
s′ = sa, P(last(ρ′), a) = µ, and µ(s) > 0. Otherwise, if
a /∈ A, we have PA,⊥(last(%A,⊥(ρ′)), a) = µ with µ(s′) > 0
since s′ = s, P(last(ρ′), a) = µ, and µ(s) > 0. Thus
%A,⊥(ρ) = %A,⊥(ρ′)as′ is a legal path in MA,⊥, there-
fore %A,⊥(ρ) ∈ Paths∗MA,⊥

. Moreover, |ρ| = |ρ′| + 1 =
|%A,⊥(ρ′)| + 1 = |%A,⊥(ρ)| since |ρ′| = |%A,⊥(ρ′)| by in-
ductive hypothesis.

Lemma 2. LetM be an MDP and A ⊆ Act be a set of actions.
For each ρ′ ∈ Paths∗MA,⊥

with first(ρ′) ∈ S, there exists ρ ∈
Paths∗M such that ρ′ = %A,⊥(ρ)(⊥s⊥)k where k ∈ N and
s = last(%A,⊥(ρ)).

Proof. The proof is by induction of the length of ρ′: for
the base case, suppose that |ρ′| = 0; this means that
ρ′ = t ∈ S, thus by taking ρ = t and k = 0, we have
that %A,⊥(ρ)(⊥t⊥)k = t(⊥t⊥)0 = t = ρ′ as required.

For the induction step, suppose that |ρ′| > 0 which im-
plies that ρ′ = ρ′′′as′ for some a′ ∈ ActA,⊥ and s′ ∈ SA,⊥.
Thus there are two cases: either a 6= ⊥ or a = ⊥.

Consider the case a 6= ⊥, i.e., a ∈ ActA,⊥ \ {⊥} = Act :
since ρ′ ∈ Paths∗MA,⊥

, it follows that PA,⊥(last(ρ′′), a) = µ′

with µ′(s′) > 0. Here are two possibilities, a ∈ A or a /∈ A
If a 6= ⊥ and a ∈ A, then s′ = ta for some t ∈ S and we
have P(u, a) = µ such that last(ρ′′) ∈ {u, ub | b ∈ A } and
µ′ = µa. By induction hypothesis, there exists ρ′′ ∈ Paths∗M
such that ρ′′′ = %A,⊥(ρ′′)(⊥s′′⊥)k

′′
where k′′ ∈ N and

s′′ = last(%A,⊥(ρ′′)). Note that it must be that k′′ = 0
since by definition of PA,⊥, no action except ⊥ can follow
⊥ in a path. Now, consider ρ = ρ′′at and k = 0: we have
that %A,⊥(ρ)(⊥s′⊥)k = %A,⊥(ρ′′at)(⊥s′⊥)0 = %A,⊥(ρ′′at) =
%A,⊥(ρ′′)ata = ρ′′′ata = ρ′′′as′ = ρ′, as required. If a 6= ⊥
and a /∈ A, we have that s′ ∈ S and P(u, a) = µ such that
last(ρ′′) ∈ {u, ub | b ∈ A } and µ′ = µ. As in the previous
case, by induction hypothesis, there exists ρ′′ ∈ Paths∗M
such that ρ′′′ = %A,⊥(ρ′′)(⊥s′′⊥)k

′′
where k′′ ∈ N and

s′′ = last(%A,⊥(ρ′′)). Note that again it must be that k′′ = 0
since by definition of PA,⊥, no action except ⊥ can follow ⊥
in a path. Now, consider ρ = ρ′′as′ and k = 0: we have that
%A,⊥(ρ)(⊥s′⊥)k = %A,⊥(ρ′′as′)(⊥s′⊥)0 = %A,⊥(ρ′′as′) =
%A,⊥(ρ′′)as′ = ρ′′′as′ = ρ′, as required.

Suppose that a = ⊥ which means that ρ′ = ρ′′′⊥s′⊥
where either last(ρ′′′) = s′⊥, or last(ρ′′′) = s′ for some s′ ∈
{ s, sb | s ∈ S, b ∈ A }.

In the former case, by induction hypothesis, there exists
ρ′′ such that ρ′′′ = %A,⊥(ρ′′)(⊥s′′⊥)k

′′
where k′′ ∈ N and

s′′ = last(%A,⊥(ρ′′)). Since last(ρ′′′) = s′⊥, Act(s′⊥) = {⊥},
and PA,⊥(s′⊥,⊥) = δs′⊥ , we have that k′′ > 0 and
s′′⊥ = s′⊥. Now, consider ρ = ρ′′ and k = k′′ + 1:
we have that %A,⊥(ρ)(⊥s′⊥)k = %A,⊥(ρ′′)(⊥s′⊥)k

′′+1 =
%A,⊥(ρ′′)(⊥s′⊥)k

′′⊥s′⊥ = ρ′′′⊥s′⊥ = ρ′, as required.
Consider now the latter case where last(ρ′′′) = s′ for

some s′ ∈ { s, sb | s ∈ S, b ∈ A }. By induction hypothesis,
there exists ρ′′ such that ρ′′′ = %A,⊥(ρ′′)(⊥s′′⊥)k

′′
where k′′ ∈

N and s′′ = last(%A,⊥(ρ′′)). Note that it must be that k′′ = 0
since by definition of PA,⊥, states of the set { s, sb | s ∈
S, b ∈ A } can never be reached by a ⊥ action and no action
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except ⊥ can follow ⊥ in a path. Now, consider ρ = ρ′′ and
k = 1: we have that %A,⊥(ρ)(⊥s′⊥)k = %A,⊥(ρ′′)(⊥s′⊥)1 =
%A,⊥(ρ′′)⊥s′⊥ = ρ′′′⊥s′⊥ = ρ′, as required.

This completes the proof that for each ρ′ ∈ Paths∗MA,⊥

with first(ρ′) ∈ S, there exists ρ ∈ Paths∗M such that ρ′ =
%A,⊥(ρ)(⊥s⊥)k where k ∈ N and s = last(%A,⊥(ρ)).

For a property formula ϕ, the encoded LTL formula
ξA,⊥(ϕ,True) is not equivalent to ϕ, but the paths ofMA,⊥
that are the counterpart of paths of M satisfying ϕ also
satisfy ξA,⊥(ϕ,True).

Lemma 3. LetM be an MDP and A ⊆ Act be a set of actions.
For each ρ ∈ Paths∗M and each property formula ϕ, we have that
ρ |= ϕ if and only if ρA,⊥ |= ξA,⊥(ϕ,True).

Proof. The proof is by induction of the semantics of ρ |= ϕ:
1) For the case ϕ = p ∈ Σ, ξA,⊥(p,True) = p. Thus

ρ |= p

⇐⇒ p ∈ L(first(ρ))

⇐⇒ p ∈ LA,⊥(first(ρ))

⇐⇒ ρA,⊥ |= p

⇐⇒ ρA,⊥ |= ξA,⊥(p,True)

2) For the case ϕ = ¬ψ, ρ |= ¬ψ ⇐⇒ ρ 6|= ψ. By induc-
tive hypothesis, ρ 6|= ψ ⇐⇒ ρA,⊥ 6|= ξA,⊥(ψ,True).
Since ξA,⊥(¬ψ,True) = ¬ξA,⊥(ψ,True), we have

ρ |= ¬ψ
⇐⇒ ρA,⊥ 6|= ξA,⊥(ψ,True)

⇐⇒ ρA,⊥ |= ξA,⊥(¬ψ,True)

3) For the case ϕ = ψ1 ∧ ψ1, ρ |= ψ1 ∧ ψ1 ⇐⇒ ρ |= ψ1 ∧
ρ |= ψ2 by definition. From the inductive hypothesis,
ρ |= ψi ⇐⇒ ρA,⊥ |= ξA,⊥(ψi,True) for i = 1, 2. Thus

ρ |= ψ1 ∧ ψ1

⇐⇒ ρA,⊥ |= ξA,⊥(ψ1,True) ∧ ξA,⊥(ψ2,True)

⇐⇒ ρA,⊥ |= ξA,⊥(ψ1 ∧ ψ2,True).

4) For the case ϕ = X(ψ), if |ρ| = 0, ρ |= X(ψ) ⇐⇒ ρ |=
False, and if |ρ| > 0, we have

ρ |= X(ψ)

⇐⇒ suffix (ρ, 1) |= ψ

⇐⇒ suffix (ρA,⊥, 1) |= ξA,⊥(ψ,True)

⇐⇒ suffix (ρA,⊥, 1) |= True ∧ ξA,⊥(ψ,True)

⇐⇒ ρA,⊥ |= ξA,⊥(X(ψ),True).

5) For the case ϕ = U(ψ1, ψ2), since ρ |= U(ψ1, ψ2) ⇐⇒
ρ |= ψ2 ∨ ρ |= ψ1 ∧X(U(ψ1, ψ2)), proof of this case is
a trivial composition of the proofs of the cases ϕ = ¬ψ,
ϕ = X(ψ) and ϕ = ψ1 ∧ ψ1.

6) For the case ϕ = occ(a), according to the definition,
ρ |= occ(a) ⇐⇒ action(ρ, 1) = a, i.e., the first action
of ρ is a. Since b ∈ A occurs if and only if action b
appears in the scope of a formula of type occ( · ), we
have that ρA,⊥ satisfies that action(ρA,⊥, 1) = a and its
second state (i.e., first(suffix (ρA,⊥, 1))) is of the form sa
with a ∈ LA,⊥(sa) iff a ∈ A. Together with the fact that
ξA,⊥(occ(a),True) = True ∧X(a), we have

ρ |= occ(a)

⇐⇒ a ∈ LA,⊥(first(suffix (ρA,⊥, 1)))

⇐⇒ suffix (ρA,⊥, 1) |= a

⇐⇒ ρA,⊥ |= X(a)

⇐⇒ ρA,⊥ |= True ∧X(a)

⇐⇒ ρA,⊥ |= ξA,⊥(occ(a),True).

7) For the case ϕ = ∀x(ψ), the proof is a natural extension
of the case ϕ = ψ1 ∧ ψ2.

8) For the case ϕ = final(ψ), we have ρ |= final(ψ) ⇐⇒
last(ρ) |= ψ. Now we consider ρA,⊥. By definition, a
state s in ρA,⊥ satisfies ⊥ ∈ LA,⊥(s) iff s = last(ρA,⊥).
Let t be the second last state in ρA,⊥. By definition, we
have that LA,⊥(t) = LA,⊥(last(ρA,⊥))\{⊥}, indicating
that all the properties except⊥ satisfied by last(ρA,⊥) is
also already satisfied by t. This means that for the seg-
ment t⊥last(ρA,⊥), last(ρ) |= ψ ⇐⇒ t⊥last(ρA,⊥) |=
F(⊥ ∧ ξA,⊥(ψ,False)). Since ξA,⊥(final(ψ),True) =
F(⊥ ∧ ξA,⊥(ψ,False)) we have

ρA,⊥ |= ξA,⊥(final(ψ))

⇐⇒ ρA,⊥ |= F(⊥ ∧ ξA,⊥(ψ,False))

⇐⇒ t⊥last(ρA,⊥) |= F(⊥ ∧ ξA,⊥(ψ,False))

⇐⇒ last(ρ) |= ψ

⇐⇒ ρ |= final(ψ).

This completes the proof that ρ |= ϕ if and only if ρA,⊥ |=
ξA,⊥(ϕ,True).

Corollary 1. LetM be an MDP andA ⊆ Act be a set of actions.
For each ρ′ ∈ Paths∗MA,⊥

with first(ρ′) ∈ S and each property
formula ϕ, there exists ρ ∈ Paths∗M such that ρ |= ϕ if and only
if ρ′ |= ξA,⊥(ϕ,True), and ρ′ = %A,⊥(ρ)(⊥s⊥)k where k ∈ N
and s⊥ = last(ρA,⊥).

Proof. Based on the discussion for the case ϕ = final(ψ) in
Lemma 3, Corollary 1 is a trivial extension of Lemma 3.

From the above two lemmas, we prove the equivalence
of the verifications on M and MA,⊥. Now assuming that
ϕ is a probabilistic property formula, we prove that if we
have a policy π inM such that s̄ |=π

M ϕ, we can contrive a
policy πA,⊥ inMA,⊥ such that s̄A,⊥ |=

πA,⊥
MA,⊥

ϕA,⊥, and vice-
versa. Note that this result can be extended to the cases with
two or more property formulas, indicating the correctness of
P4SolverMO . We prove the first direction as follows.

Lemma 4. LetM be an MDP, A ⊆ Act be a set of actions, and
π be a policy forM. There exists a policy πA,⊥ such that for each
ρ ∈ Paths∗M and s ∈ S, µπ,s(ρ) = µπA,⊥,s(ρA,⊥).

Proof. For each ρ′ ∈ Paths∗MA,⊥
and each a ∈ ActA,⊥, we

define the policy πA,⊥(ρ′)(a) as follows:

πA,⊥(ρ′)(a) =


π(ρ)(a) if ρ′ = ξA,⊥(ρ) and a ∈ Act ;
π(ρ)(⊥) if ρ′ = ξA,⊥(ρ) and a = ⊥;
0 otherwise.

By Lemma 1 we have that ρA,⊥ ∈ Paths∗MA,⊥
, thus also

ξA,⊥(ρ) ∈ Paths∗MA,⊥
, hence πA,⊥(ρ′) is well defined.

By induction on the length of ρ = s0a1s1 . . . ansn,
we show that µπ,s(Cρ) = µπA,⊥,s(CξA,⊥(ρ)), where Cρ is
the set of all paths having ρ as prefix and µπ,s(Cρ) =
δs(s0) ·

∏n
i=1(π(ρi−1)(ai) · P(si−1, ai)(si)), where ρj =
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s0a1s1 . . . ajsj . Note that µπ,s(ρ) = µπ,s(Cρ) · π(ρ)(\).
Suppose that |ρ| = 0; it follows that ρ = t for some state
t ∈ S, thus µπ,s(Cρ) = 1 = µπA,⊥,s(CξA,⊥(ρ)) if t = s, and
µπ,s(Cρ) = 0 = µπA,⊥,s(CξA,⊥(ρ)) if t 6= s.

Suppose that |ρ| > 0. Thus ρ = ρ′as for some finite
path ρ′ ∈ Paths∗M, action a ∈ Act , and state s ∈ S. By
definition of ξA,⊥(ρ), it follows that ξA,⊥(ρ) = ξA,⊥(ρ′)at′

where t′ = t if a /∈ A or t′ = ta if a ∈ A. From this, we
derive the following sequence of equalities (comments refer
to the previous equality):

µπA,⊥,s(CξA,⊥(ρ))

= µπA,⊥,s(CξA,⊥(ρ′)) · πA,⊥(ξA,⊥(ρ′))(a)

· PA,⊥(last(ξA,⊥(ρ′)), a)(t′)

= µπA,⊥,s(CξA,⊥(ρ′)) · π(ρ′)(a) · P(last(ρ′), a)(t)

= µπ,s(Cρ′) · π(ρ′)(a) · P(last(ρ′), a)(t)

= µπ,s(Cρ).

Since PA,⊥(last(ξA,⊥(ρ)),⊥) = δlast(ξA,⊥(ρ))⊥ , we have

µπA,⊥,s(ρA,⊥)

= µπA,⊥,s(ξA,⊥(ρ)⊥last(ξA,⊥(ρ))⊥)

= µπA,⊥,s(CξA,⊥(ρ)) · πA,⊥(ξA,⊥(ρ))(⊥)

· PA,⊥(last(ξA,⊥(ρ)),⊥)(last(ξA,⊥(ρ))⊥)

= µπA,⊥,s(CξA,⊥(ρ)) · πA,⊥(ξA,⊥(ρ))(⊥) · 1
= µπA,⊥,s(CξA,⊥(ρ)) · π(ρ)(⊥)

= µπ,s(Cρ) · π(ρ)(⊥)

= µπ,s(ρ).

Proposition 1. LetM be an MDP, A ⊆ Act be a set of actions,
and ϕ = PJ(ψ) be a PLTL formula. If there exists a policy π for
M such that s̄ |=π

M ϕ, then there exists a policy πA,⊥ forMA,⊥
such that s̄A,⊥ |=

πA,⊥
MA,⊥

ϕA,⊥.

Proof. The result follows easily from the previous lemmas:
let πA,⊥ be the policy constructed by Lemma 4 for π. Then

s̄ |=π
M ϕ

⇐⇒ µπ,s̄({ ρ ∈ Paths∗M | ρ |= ψ }) ∈ J
⇐⇒

∑
ρ∈{ ρ′∈Paths∗M|ρ′|=ψ }

µπ,s̄(ρ) ∈ J

†⇐⇒
∑

ρA,⊥∈∆

µπA,⊥,s̄A,⊥(ρA,⊥) ∈ J

⇐⇒ µπA,⊥,s̄A,⊥(∆) ∈ J
⇐⇒ s̄A,⊥ |=

πA,⊥
MA,⊥

ξA,⊥ϕ

where ∆ = { ρA,⊥ ∈ Paths∗MA,⊥
| ρA,⊥ |= ξA,⊥(ψ,True) }.

The equivalence † is justified by Lemma 4 with respect to
the probability of each path, by Lemma 3 with respect to the
satisfaction of the formula by each path, and by Lemmas 1
and 2 for the correspondence between paths.

Corollary 2. LetM be an MDP,A ⊆ Act be a set of actions, and
ϕ, ϕ′ be two PLTL formulas. If there exists a policy π forM such
that s̄ |=π

M ϕ and s̄ |=π
M ϕ′, then there exists a policy πA,⊥ for

MA,⊥ such that s̄A,⊥ |=
πA,⊥
MA,⊥

ϕA,⊥ and s̄A,⊥ |=
πA,⊥
MA,⊥

ϕ′A,⊥.

Proof. The result is immediate by the way the policy πA,⊥ is
constructed in the proof of Lemma 4 providing the policy for
Proposition 1: it does not depend on the PLTL formula ϕ but

it depends only on π. This implies that when Proposition 1
is used to derive s̄A,⊥ |=

πA,⊥
MA,⊥

ϕA,⊥ from s̄ |=π
M ϕ and

used again to derive s̄A,⊥ |=
π′A,⊥
MA,⊥

ϕ′A,⊥ from s̄ |=π
M ϕ′, we

actually have π′A,⊥ = πA,⊥, as required.

To complete the proof, now we turn to the second
direction using the similar techniques.

Lemma 5. Let M be an MDP, A ⊆ Act be a set of ac-
tions, and πA,⊥ be a policy for MA,⊥. There exists a policy
π such that for each ρ ∈ Paths∗M and s ∈ S, µπ,s(ρ) =
µπA,⊥,s({ ρA,⊥(⊥t⊥)k | k ∈ N, t⊥ = last(ρA,⊥) }).

Proof. For each ρ ∈ Paths∗M and each a ∈ Act , we define
the policy π(ρ)(a) as follows: if last(ξA,⊥(ρ)) = tb ∈ { sb |
b ∈ A }, a ∈ Act(t) or last(ξA,⊥(ρ)) = t ∈ S, a ∈ Act(t),
π(ρ)(a) = πA,⊥(ξA,⊥(ρ))(a); otherwise π(ρ)(a) = 0.

We now show by induction on the length of ρ that
µπ,s(Cρ) = µπA,⊥,s(CξA,⊥(ρ)). Suppose that |ρ| = 0:
this means that ρ = t for some t ∈ S; we have that
µπA,⊥,s(CξA,⊥(ρ)) = µπA,⊥,s(Ct) = δs(t) = µπ,s(Ct) =
µπ,s(Cρ). Suppose that |ρ| > 0: in this case we have
that ρ = ρ′at for some action a and state t such that
P(last(ρ′), a) = µ and µ(t) > 0. Together with definition
of π and PA,⊥ and inductive hypothesis, we then have

µπA,⊥,s(CξA,⊥(ρ))

= µπA,⊥,s(CξA,⊥(ρ′at))

= µπA,⊥,s(CξA,⊥(ρ′)) · πA,⊥(ξA,⊥(ρ′))(a)

· PA,⊥(last(ξA,⊥(ρ′)), a)(last(ξA,⊥(ρ)))

= µπA,⊥,s(CξA,⊥(ρ′)) · π(ρ′)(a) · P(last(ρ′), a)(t)

= µπ,s(Cρ′) · π(ρ′)(last(ρ′), a, µ) · µ(t)

= µπ,s(Cρ).

By definition of PA,⊥, it is now immediate to see that
{ ρA,⊥(⊥t⊥)k | k ∈ N, t⊥ = last(ρA,⊥) } = CρA,⊥ .
Together with PA,⊥(last(ξA,⊥(ρ)),⊥)(last(ξA,⊥(ρ))⊥) =
δlast(ξA,⊥(ρ))⊥ and the previous result stating µπ,s(Cρ) =
µπA,⊥,s(CξA,⊥(ρ)), we have

µπA,⊥,s({ ρA,⊥(⊥t⊥)k | k ∈ N, t⊥ = last(ρA,⊥) })
= µπA,⊥,s(CρA,⊥)

= µπA,⊥,s(CξA,⊥(ρ)⊥last(ξA,⊥(ρ))⊥)

= µπA,⊥,s(CξA,⊥(ρ)) · πA,⊥(ξA,⊥(ρ))(⊥)

· PA,⊥(last(ξA,⊥(ρ)),⊥)(last(ξA,⊥(ρ))⊥)

= µπA,⊥,s(CξA,⊥(ρ)) · πA,⊥(ξA,⊥(ρ))(⊥) · 1
= µπ,s(Cρ) · πA,⊥(ξA,⊥(ρ))(⊥)

= µπ,s(Cρ) · π(ρ)(⊥)

= µπ,s(ρ).

Proposition 2. LetM be an MDP, A ⊆ Act be a set of actions,
and ϕ = PJ(ψ) be a PLTL formula. If there exists a policy πA,⊥
for MA,⊥ such that s̄A,⊥ |=

πA,⊥
MA,⊥

ϕA,⊥, then there exists a
policy π forM such that s̄ |=π

M ϕ.

Proof. The result follows easily from the previous lemmas:
let π be the policy constructed by Lemma 5 for πA,⊥. Then,

s̄ |=π
M ϕ

⇐⇒ µπ,s̄({ ρ ∈ Paths∗M | ρ |= ψ }) ∈ J
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⇐⇒
∑
ρ∈∆1

µπ,s̄(ρ) ∈ J

†⇐⇒
∑
ρ∈∆1

∑
ρ′A,⊥∈{ ρA,⊥(⊥s⊥)k|k∈N }

µπA,⊥,s̄A,⊥(ρ′A,⊥) ∈ J

‡⇐⇒
∑

ρA,⊥∈∆2

µπA,⊥,s̄A,⊥(ρA,⊥) ∈ J

⇐⇒ µπA,⊥,s̄A,⊥(∆2) ∈ J
⇐⇒ s̄A,⊥ |=

πA,⊥
MA,⊥

ϕA,⊥

where ∆1 = { ρ′ ∈ Paths∗M | ρ′ |= ψ } and ∆2 = { ρ′A,⊥ ∈
Paths∗MA,⊥

| ρ′A,⊥ |= ξA,⊥(ψ,True) }. The equivalence †
is justified by Lemma 5 with respect to the probability of
each path; the equivalence ‡ is justified by Corollary 1 with
respect to the satisfaction of the formula by each path, by
Lemmas 1 and 2 for the correspondence between paths, and
by the fact that for each ρ, ρ′ ∈ Paths∗M, if ρ 6= ρ′, then
{ ρA,⊥(⊥s⊥)k | k ∈ N } ∩ { ρ′A,⊥(⊥s⊥)k | k ∈ N } = ∅.

Corollary 3. Let M be an MDP, A ⊆ Act be a set of actions,
and ϕ, ϕ′ be two PLTL formulas. If there exists a policy πA,⊥ for
MA,⊥ such that s̄A,⊥ |=

πA,⊥
MA,⊥

ϕA,⊥ and s̄A,⊥ |=
πA,⊥
MA,⊥

ϕ′A,⊥,
then there exists a policy π forM so that s̄ |=π

M ϕ and s̄ |=π
M ϕ′.

Proof. The result is immediate by the way the policy πA,⊥
is constructed in the proof of Proposition 2: it does not
depend on the PLTL formula ϕ but it depends only on
π. This implies that when Proposition 2 is used to derive
s̄ |=π

M ϕ from s̄A,⊥ |=
πA,⊥
MA,⊥

ϕA,⊥ and used again to derive

s̄ |=π
M ϕ′ from s̄A,⊥ |=

π′A,⊥
MA,⊥

ϕ′A,⊥, we actually have π′ = π,
as required.
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