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Abstract
The question whether structural changes in
time-resolved images are of statistical significance or
merely emerge from random noise is of great rele-
vance in many practical applications such as live cell
fluorescence microscopy, where intracellular diffusion
processes are investigated. Using bootstrap-methods,
we construct nonparametric confidence bands for
time-resolved images from fluorescence microscopy
and use these to detect and visualize temporal changes
between individual frames in imaging of living cells. We
model the images frames as two-dimensional fields of
Poisson random variables and provide a strong approxi-
mation result for independent and standardized but not
necessarily identically distributed Poisson random vari-
ables. The latter result is used to derive a limit result for
the maximal difference between the reconstructed and
the true image. This provides the theoretical foundation
of our method. We apply regularization techniques to
cope with the ill-posedness of the convolution problem
induced by the imaging system. Our approach provides
a criterion to assess time-resolved small scale structural
changes, for example, in the nanometer range. It can
also be adopted for use in other imaging systems.
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Moreover, a data-driven selection method for the
regularization parameter based on statistical multiscale
methods is discussed.

K E Y W O R D S

bootstrap, confidence bands, deconvolution, fluorescence
microscopy, live cell microscopic imaging

1 INTRODUCTION

In many applications, data show a dynamic behavior in the sense that observations of the same
objects at different points in time differ not only due to stochastic noise but also due to systematic
changes. Important tasks in the analysis of dynamic data are the localization or characteri-
zation of statistically significant temporal changes. Examples range from econometrics (Bai &
Perron, 1998), over statistical speech recognition (Jelinek, 1976) to astrophysics (Haas et al., 2012)
and nanoscopy (Hartmann et al., 2016), just to name a few. In this paper we are interested in the
detection of significant changes over time in sequences of images and as a particular example we
consider microscopic live cell imaging in biology. Figure 1 shows two images belonging to such a
sequence of images, which were taken about 16.8 s apart. In the same figure, the difference image
and a zoom into a particular region of interest are also shown for all three images. The compari-
son of the first and second image reveals movement of a small vesicle (see white arrows), whereas
the difference image indicates a move from left to right via blue (negative difference) and red
(positive difference) spots.

Directed trafficking of vesicles inside the cell ensures the correct localization of proteins
between compartments or organelles inside the cell and is thus crucial for the function and
survival of mammalian cells. Intracellular vesicles consist of a lipid bilayer which encloses an
aqueous interior (Lodish et al., 2016). The size of intracellular vesicles ranges from about 30 - 50
nm of synaptic vesicles, which mediate signal transduction in the nervous system, to 0,1-1,1 𝜇m
of lysomes which are involved in protein degradation (cf. Qu et al., 2009 and Cooper, 2000, respec-
tively). Often, lipophilic fluorescent dyes are used to monitor intracellular trafficking of vesicles
inside living cells over time. Defects and disturbances of this intracellular transport machinery
are involved in several diseases such as genetic disorders and some infectious diseases. A very
recent example for an infectious disease is the SARS-CoV2 (Covid-19) Virus which uses vesicles
of the exocitotyc pathway to transport newly generated viruses out of an infected cell (cf. Sicari
et al., 2020). Moreover, defects in vesicular transport, for example, play a role in the inherited neu-
rodegenerative disorder Huntington’s disease (see Caviston & Holzbaur, 2009). Thus, by detecting
significant changes in living cells over time this method appears suitable as a tool to distinguish
an impaired intracellular vesicle transport from a functioning transport in living cells. To this
end, it is important to distinguish significant changes in intracellular structures over time from
background noise. A simple visual inspection of the full images in Figure 1 does not reveal much
of the differences between the two frames. By considering differences of images at consecutive
time steps, changes can be visualized (see for instance right panel of Figure 1, where a recon-
struction of the difference image is displayed). This hints at several differences which are in the
focus of our investigations. The example of microscopic imaging bears additional complications,
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F I G U R E 1 Lower panel left and center: Two images of living HeLa cells in which membrane
compartments inside the cell are stained with a fluorescent dye, taken ≈16.8 s apart. Right: Reconstruction of the
difference image which points toward regions of activity. Upper panel: Details of the images below [Color figure
can be viewed at wileyonlinelibrary.com]

though, as it is intrinsically a multivariate, ill-posed inverse problem. It is a well-known fact (see,
e.g., Adorf, 1995, Wallace et al., 2001 or Bertero et al., 2009) that unprocessed images, taken with
imaging devices such as optical microscopes or telescopes, are blurry which is due to the physical
characteristics of the propagation of light at surfaces of mirrors and lenses. The process of opti-
cal distortion can be modeled as convolution of the “true image” with a so-called point-spread
function (PSF) 𝜓 . This means that in this case we only have empirical access to

T𝜓 f = 𝜓 ∗ f ,

where f is the true image, which is the object of interest, 𝜓 denotes the PSF, the operation *
denotes convolution and T𝜓 is the associated (linear) convolution operator. In many other inverse
problems the connection between the quantity of interest and the observed one can be expressed
in terms of a linear operator equation as well. Well-known examples are Positron Emission
Tomography, which involves the Radon transform (Cavalier, 2000), the heat equation (Mair &
Ruymgaart, 1996) or the Laplace transform (Saitoh, 1997). In all these examples the first step
in the data analysis is the recovery of the quantity of interest, which involves the approximate
inversion of the operator involved.

In the context of imaging we often face a further characteristic property as the process of
recording an image is composed of two parts: The optical device (such as the microscope or
the telescope) and a detector (e.g., a charge-coupled device [CCD]). While the inverse problem
character is due to the properties of the optical components, the detectors usually entail pecu-
liarities as well and provide count rates rather than continuously distributed data, a fact that is
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often neglected. In this paper we take all properties discussed above into account and consider a
nonparametric inverse regression model of Poisson-type:

Y ∼ Poisson((𝜓 ∗ f )(x1, x2)). (1)

In this application the argument x= (x1, x2)T represents a pixel of a CCD and we can only observe
a blurred version of the true image f with Poisson noise. In contrast to other authors (see, e.g.,
Cavalier & Tsybakov, 2002) we do not assume that the function𝜓 in model (1) is periodic, because
in the reconstruction of astronomical or biological images from telescopes or microscopic imaging
devices this assumption is often unrealistic.

The purpose of the present paper is to propose a procedure for the reconstruction of images
observed according to model (1) with a particular focus on determining regions of significant
change between images at subsequent time steps as, for instance, in live-cell imaging. To this
end we adapt a multiresolution method, presented in Bissantz et al. (2008) in a one-dimensional
framework, to the reconstruction of two-dimensional images from fluorescence microscopy (see
also Hotz et al., 2012) for a related approach to image denoising). Furthermore, we construct uni-
form confidence surfaces in model (1), taking into account the variance-expectation relationship
for count data. From the point of view of asymptotic theory, the Poisson case is significantly more
difficult, since it requires theoretical results for non-i.i.d. data which are often not readily avail-
able. We provide a strong approximation result for standardized independent but not necessarily
identically distributed Poisson random variables in Lemma 4 in the supporting online informa-
tion based on these asymptotic results, bootstrap confidence surfaces are derived, which provide
both a graphical tool but also a rigorous statistical testing procedure to a given significance level
for our problem of determining regions of significant change. A difficult problem is whether the
results can be improved by using image registration techniques (e.g., Qiu & Xing, 2013) to geo-
metrically match the images at different time steps before trying to detect differences. Whereas
on the one hand, this could be used to remove significant shifts in the image positions, it could,
on the other hand, also end up with removing actual changes in the object (e.g., changes of the
shape of the membrane of a cell) by assigning it to a shift and/or change in imaging properties of
the optical system. Here, we assume that substantial technical care is put into image acquisition
in order to avoid changes of position of the image between time steps. The position of the object is
carefully adjusted and fixed prior to imaging so that it remains at its exact position during image
acquisition.

A somewhat related field is the comparison of samples of signal in functional data analysis
which are then compared for differences. In this context, Zhang and Shao (2015) compare eigen-
function systems of the samples of signals, Dette et al. (2020) compare the mean functions with
self-normalization methods, whereas Fremdt et al. (2013) compare the covariance matrices of the
samples. In a recent work Pini and Vantini (2017) specifically focus on the detection of regions of
significant differences between population means using an approach based on combining many
local L2-tests by means of multiple testing. However, all these works are not on inverse problems
and, more importantly, the frameworks considered in the above works differ substantially from
our model, since sequences of images as considered in this paper may all change from time step
to time step. This would make up for sample sizes equal to 1 in two-sample tests in the context
of functional data analysis. Apart from applications in brain imaging studies with tomographic
methods, for instance in psychology (see, e.g., Tian, 2010 for statistical issues in this respect), func-
tional data analysis is a field which is just currently evolving in the context of statistical inverse
problems (cf. Aston & Kirch, 2012, for results).
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The organization of this paper is as follows. In Section 2 we introduce the mathematical pre-
liminaries, which include modeling and image reconstruction. We provide theoretical results on
both accuracy (Theorem 1) and power (Theorem 2) of the proposed method in Section 4 and
sketches of the proofs of these theorems in Section 4.1. More detailed versions of these proofs
are given in Appendix S1. Based on this, we present the methodology for difference detection in
Section 3. Section 5 is devoted to the analysis of live cell imaging data. The cells were stained with
a fluorescent dye which labels lipid membranes inside the cell that belong to intracellular trans-
port compartments. Our method is therefore used to monitor intracellular transport processes in
living mammalian cells by fluorescence microscopy (see Johnson & Spence, 2010).

2 STATISTICAL MODELING AND MATHEMATICAL
PRELIMINARIES

In this section, we introduce all mathematical details regarding the model as well as the methodol-
ogy that we need to formulate our results. Suppose that we have available a sequence of images of
some object evolving over time, for example, in live cell imaging as discussed in the introduction.
Assume that for a fixed time t we observe

Y t
i,j ∼ Poisson((𝜓 ∗ f )(xi, xj)) = Poisson(g(xi, xj)), (i, j) ∈ {−n, … ,n}2, (2)

where g = 𝜓 ∗ f and the design points (xi, xj)= (i/(nan), j/(nan)) correspond to a value of a CCD
at pixel (i, j) of the image, the numbering is such that the center of the image is at (0, 0) and
the observations Y t

i,j are independent. The sequence (an)n∈N is a sequence of design parameters
satisfying the condition an → 0 as well as nan →∞ as n→∞. Recall that we are interested in
the function f itself and not in the convolution of 𝜓 and f . Throughout this paper the PSF 𝜓 is
assumed to be known. For a discussion of this assumption and the choice of the PSF in practi-
cal applications we refer to Section 5 (step 1 of the description of the data reduction). Note that
our model is using a fixed design with (asymptotically) full extent over R2. Another possibility
would be to use a fixed design on [−1, 1]2, say, motivated by the finite extent of a real image. How-
ever, this would have the disadvantage of assuming certain periodicity conditions on the image
at the boundaries, or to implicitly assume (similar to our design), that the image is negligible
outside of a certain region of interest. In particular, such an assumption will in general not hold
true if the convolution function 𝜓 has noncompact support. Hence, for finite sample size, mod-
eling the data as a snapshot of finite size of an image, which has noncompact support, but where
the information outside of a certain region is negligible for the reconstruction in the region of
interest as compared to other uncertainties implied by the finite sample size, appears to be more
straightforward.

Furthermore, as we are only interested in very short sequences as compared to the number
of pixels in one frame, time is treated as a parameter and we usually drop the time-dependence
in the notation and write Y i, j instead of Y t

i,j for ease of notation. Uniformity of the inference with
respect to the time-parameter can be obtained using Bonferroni-type corrections. However, for
much longer sequences, corresponding to many time-points, a third variable t could be included
in the model and uniform confidence sets for a function in three variables could be derived. We
do not pursue this issue further as we expect the use of Bonferroni-type multiplicity adjustments
to be preferable for sequences of lengths ≲ 100 (for a more detailed discussion of this issue see,
e.g., Eubank & Speckman, 1993).
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In the following,𝜶, i, j,n ∈ N2 denote double-indices, the bold type letters x, y, z, and 𝝃 denote
elements of R2 and xi, j = (xi, xj)T . Furthermore, with a slight abuse of notation we shall denote

the vector
(

y1−xi
h
,

y2−xj

h

)T
by y−xi,j

h
for a scalar h ∈ R+ for ease of notation. Throughout this paper,

some conventional multi-index notation is used. For a double-index 𝜶 ∈ N2 we denote

x𝜶 = x𝛼1
1 ⋅ x𝛼2

2 , |𝜶| = 𝛼1 + 𝛼2, 𝜶! = 𝛼1! ⋅ 𝛼2!, 𝜕𝜶g = 𝜕|𝜶|
𝜕𝛼2 x2𝜕𝛼1 x1

g,

and

𝜶 ≤ (i, j) if 𝛼1 ≤ i and 𝛼2 ≤ j.

2.1 The PSF

Following Proksch et al. (2018), we model the point spread function 𝜓 using the following
parametric family

{
𝜓a,b | a ∈ N, b > 0

}
defined in Fourier space via(𝜓a,b

)
(𝝃) = (1 + b2 ‖𝝃‖2

2)
−a, 𝝃 ∈ R

2. (3)

Model (3) is a two-dimensional generalization of the one-dimensional family of auto-convolutions
of a scaled version of the density of the Laplace distribution with itself with radially symmet-
ric PSF. Using additional measurements of the experimental PSF the parameters a and b can be
chosen to fit the full width at half maximum and kurtosis.

2.2 Estimation

Given the Poisson model (2), the first goal is to define a suitable estimator for the function f . To this
end, let  f define the Fourier transform of f and g = 𝜓 ∗ f . As a consequence of the convolution
theorem and the formula for Fourier inversion we obtain the representation

f (x) = 1
(2𝜋)2 ∫

R2

g(𝝃)
𝜓(𝝃) exp(i𝝃Tx) d𝝃. (4)

An estimator for the regression function f can now easily be obtained from the data by replacing
the unknown quantity g =  (𝜓 ∗ f ) by an estimator ̂g. The random fluctuations in the esti-
mator ̂g cause instability of the ratio ̂g(𝝃)

𝜓(𝝃) if at least one of the components of 𝝃 is large. As a
consequence, the problem at hand is ill-posed and requires regularization. We address this issue
by suppressing large values of 𝜉j for j= 1, 2 from the domain of integration, that is, we multiply the
integrand in (4) with a sequence of compactly supported, smooth Fourier transforms 𝜂(h⋅), with

𝜂(𝜉1, 𝜉2) = exp
(

1 − 1
1 − |𝝃|

)
I[0,1) (|𝝃|) . (5)

Different choices of the function 𝜂 are also possible and we address this issue in more detail
in Appendix S1. Here, h= hn is a regularization parameter which corresponds to a bandwidth in
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non-parametric curve estimation and satisfies h→ 0 if n→∞. The choice of the regularization
parameter is of course crucial to any nonparametric method. In this paper, we follow a multiscale
approach which is adapted to our framework from Bissantz et al. (2008). We discuss the choice of
regularization parameter in detail in Appendix S1 and, for the sake of clearness, assume it to be
given throughout the main document. An estimator f̂ n for the signal f in model (2) is now easily
obtained as

f̂ n(x) =
1

(2𝜋)2 ∫
R2

̂g(𝝃)
𝜓(𝝃) exp(i𝝃Tx)𝜂(h𝝃) d𝝃, (6)

where the index n in f̂ n indicates the use of h= hn in the estimator and

̂g(𝝃) = 1
2𝜋n2a2

n

∑
(i,j)∈{−n,… ,n}2

Yi,j exp(−i(𝜉1xi + 𝜉2xj)),

is the empirical analogue of the Fourier transform of g. Note that with the definition of
the kernel

Kn(x) =
1

2𝜋∫R2

𝜂(𝝃)
𝜓 (

𝝃

h

) exp(i𝝃Tx) d𝝃, (7)

the estimator (6) can be written in the following form:

f̂ n(y1, y2) =
1

(2𝜋)2n2a2
nh2

∑
(i,j)∈{−n,… ,n}2

Yi,jKn

(y1 − xi

h
,

y2 − xj

h

)
. (8)

3 METHODOLOGY

In this paper, our aim is to provide a method that allows to identify regions in an image,
or a difference image, that differ significantly from a given ground truth. Our approach is
based on uniform confidence sets for the images, which provide pixel-wise upper and lower
bounds, that is, confidence intervals, on deviations due to noise of the image from the given
ground truth. Since the confidence sets are uniform, they are adjusted for multiplicity and
each pixel in which the observed value is outside the corresponding confidence interval can
be regarded as significant. Theorems 1 and 2 below show that, provided there is a deviation
from the ground truth in some region of the image, our method will detect it with asymp-
totic probability 1, that is, our method detects regions of significant changes consistently and
our multiplicity adjustment allows to draw local inferences. To obtain uniformity of the set of
point-wise confidence intervals, we control the maximal deviation of our reconstructed images
to the truth. Theoretical results in this regard can be derived by means of extreme value the-
ory. However, since the speed of convergence in such extreme value limit theorems is known
to be only of logarithmic order (cf. Hall, 1991), the error in coverage accuracy of the asymp-
totic bands decays also only logarithmically. For this reason we propose a bootstrap re-sampling
method for Poisson data, which, asymptotically, is expected to have better finite sample
properties.
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3.1 Poisson bootstrap

For the bootstrap approach we suggest to generate data matching model (2), that is, to generate
bootstrap data Y∗

i,j such that

Y∗
i,j ∼ Poisson

(
ĝn(xi, xj)

)
,

where ĝn(xi, xj) = 𝜓 ∗ f̂ n(xi, yj). Conditionally on the observations, the field ∗ = {Y∗
i,j | (i, j) ∈

{−n, … ,n}2} consists of independent, Poisson distributed random variables with E∗(Y∗
i,j) =

Var∗(Y∗
i,j) = ĝn(xi, xj). Define f̂

∗
n(y) and ĝ∗(y) as the bootstrap versions of the estimators f̂ n and ĝn,

that is

f̂
∗
n(y1, y2) =

1
(2𝜋)2n2a2

nh2

∑
(i,j)∈{−n,… ,n}2

Y∗
i,jKn

(y1 − xi

h
,

y2 − xj

h

)
.

and

ĝ∗n(y) =
⎧⎪⎨⎪⎩

g∗ if g̃∗n(y) < g∗,
g̃∗n(y) if g̃∗n(y) ∈ [g∗,G∗],
G∗ if g̃∗n(y) > G∗,

where g̃∗n(y) =
(
𝜓 ∗ f̂

∗
n

)
(y). In an application, g* and G* can be chosen e.g. as the smallest

and largest value among ĝ(xi, xj) for (i, j)∈ {−n, … , n}2, which are not smaller/larger than the
smallest/largest observed value among the Y i, j.

This way, generate M bootstrap fields {Y l∗
i,j | (i, j) ∈ {−n, … ,n}2}, l= 1, … , M and define

Zl∗
n,1(y) =

h𝛽

nh
√

ĝn(y)

n∑
i,j=−n

(
Y l∗

i,j − ĝ(xi, xj)
)

Kn

(y1 − xi

h
,

y2 − xj

h

)
,

on a sufficiently dense grid of values y∈ I2 = [0, 1]2, l= 1, … , M and calculate the suprema

Sl∗
n = sup

(y1,y2)∈I2

√
2 ln(1∕h2) |||Zl∗

n,1(y) −
√

2 ln(1∕h2) − ln(2 ln(1∕h2))∕(2
√

2 ln(1∕h2))||| .
The reason for the appearance of the ln(1∕h) terms is that this centering and rescaling of the
random variables Zl∗

n,1 yields an absolutely continuous limit and the estimated quantiles are
finite almost surely as n→∞. Next, estimate the (1 − 𝛼)-quantile q∗

1−𝛼 from the bootstrap sam-
ple S1∗

n , … , SM∗
n . For an asymptotic justification of our suggested bootstrap algorithm we refer to

Theorem 5 in Appendix S1.

3.2 Confidence bands and identification of significant regions

In this section we focus on the identification of regions of significant difference from a given
ground truth, that is, pointing toward a real difference in the appearance of the object. Note
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that this is only an approximative model, in particular due to the limited range of possible
count rates in image data (which, e.g., is [0, 255] for our data), but, due the particular
heteroscedastic structure in the model, it should resemble the true distribution of the data
much better than assuming a substantially more simple additive and homoscedastic model
(cf. e.g. Proksch et al., 2015).

In a first step, we use the quantiles q∗
1−𝛼 obtained from the bootstrap procedure described in

the previous section to construct uniform confidence bands. In a second step we mark pixels,
in which the ground truth is outside the corresponding confidence interval. Here, the multi-
plicity correction via the supremum controls the family-wise error rate in the strong sense and
therefore each pixel in which the confidence constraint is violated can be marked as pixel with
significant difference from the ground truth. The regions therefore provide localized information
on change between image frames. Let f̂ n(xi, xj) be the estimator given in (6) evaluated at pixel
(xi, xj). For fixed level 𝛼 ∈ (0, 1), a multiplicity corrected confidence interval 𝛼i,j for pixel (xi, xj)
is given by

𝛼i,j =
[

f̂ n(xi, xj) − q∗
1−𝛼

√
ĝn(xi, xj)||Kn||2

nanh
, f̂ n(xi, xj) + q∗

1−𝛼

√
ĝn(xi, xj)||Kn||2

nanh

]
. (9)

Now, the set 𝛼 , defined by

𝛼 = {(i, j) | 0 ∉ i,j}, (10)

contains all positions of significant differences from the value 0. This corresponds to a
comparison of the function f with the function f 0 ≡ 0. Alternatively, a comparison to
any other given function f 0 can be performed in a pixel-wise manner. In Section 4 we
show that this way, changes can be detected accurately (Theorem 1) and consistently
(Theorem 2).

4 THEORETICAL RESULTS

We would like to recall that throughout this paper the images are reconstructed frame by frame
and each image is modeled as a bivariate function whose graph is a surface in R3. Asymptotic,
uniform confidence sets then are two random surfaces, forming a corridor, which are constructed
in such a way that the object of interest, that is, the graph of the true function (image) f , is fully
contained between the surfaces with probability converging to the nominal level 1 − 𝛼 as the
sample size increases. Since boundary effects can occur, we perform our analysis on a subset D of
the whole image. In the following we assume that the part of the observed image for which the
analysis is performed is equal to the unit square [0, 1]2 for convenience. However, any detail D
from the inner part of the image which corresponds to a measurable set with smooth boundaries
and positive Lebesgue-measure can be selected and Theorems 1 and 2 remain valid. Both results
are stated for the special case introduced in Section 2.2 and a PSF following model (3). More
general versions can be found in Appendix S1. We first state the Assumption that is used for our
theoretical considerations.

Assumption 1. Assume that there exist constants Sf > 0 and Sg > 0 such that
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(i) ∫
R2 |𝝃𝜶| | f (𝝃)| d𝝃 < ∞ for all |𝜶| ≤ Sf .

(ii) ∫
R2 |z𝜶| |g(z)| dz < ∞ for all |𝜶| ≤ Sg, where g = 𝜓 ∗ f .

(iii) The function g is bounded away from zero, and the functions 𝜕𝜶g, |𝜶| ≤ 1 are bounded, that
is, there exist positive constants g* and G* such that 0< g* ≤ g(z)≤G* and |𝜕𝜶g(z)| ≤ G∗ for
all |𝜶| ≤ 1, z ∈ R2. Moreover, 𝜕𝜶g is Lipschitz-continuous for |𝜶| = 1.

Remark 1. The constants Sf and Sg in Assumption 1 quantify the degree of smoothness of the
functions f and g, respectively, by the connection between the decay of the respective Fourier
transforms and the derivatives of the transformed functions. If Assumption 1 holds, this implies
that the functions f and g are Sf -times, respectively Sg-times, continuously differentiable.

Our first theorem is a result regarding the exactness of the procedure. It says that simultane-
ously, with asymptotic probability 1 − 𝛼, for all pixels with f (xi, xj)= 0, we have that 0 ∈ 𝛼i,j. With
the definition (10) the latter statement means that in (1 − 𝛼) ⋅ 100% of all images there will not be
any falsely selected positions in the sets 𝛼 such that simultaneous inference based on this result
will be valid. defined in (10).

Theorem 1. Let f̂ n be the estimator given in (8), where 𝜂 as in (5) and the PSF follows model
(3) with a> 1. Let further  = {Yi,j, i, j = 1, … ,n}. If Assumption 1 holds,

√
log(n)(h + h𝛽+Sf +

(anh)⌊a⌋) = o(1) and log (n)2

na2
nh2 = o(1), as n→∞, we have that

lim
n→∞

P

(
f (xi, xj) ∈ 𝛼i,j ∀ i, j ∈ {−n, … ,n} | )

= 1 − 𝛼 a.s.

The next result is a result on the asymptotic power of the procedure. It guarantees that, asymp-
totically, with probability 1, if f ≠ 0 in a region , the value 0 will not be contained in any of
the confidence intervals for pixels in  and therefore, all regions will be detected as regions of
significant changes.

Theorem 2. Let  denote a compact subset of [0, 1]2. If f (y)> 0 for all y ∈ , under the assump-
tions of Theorem 1, it holds that

lim
n→∞

P
( ∩ {(xi, xj) | i, j = −n, … ,n} ⊂ 𝛼 | )

= 1 a.s.,

where the set 𝛼 is defined in (10).

The main component of the proofs of Theorems 1 and 2 is a limit theorem for the maximal
deviation between the estimator and the function of interest which can be derived by means of
extreme value theory. This theorem is given in Appendix S1. In the following subsection we only
sketch the main ideas.

4.1 Sketch of the proofs of Theorems 1 and 2

In this section we give sketches of the proofs of Theorems 1 and 2. The main ingredients of the
proofs are Theorems 3–5, which are given in Appendix S1 since their proofs are lengthy and
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technical. The proofs of the former results basically consist of connecting intermediate results
and are therefore easier to follow.

Proof of Theorem 1. Theorem 5 in Appendix S1 yields that, given  , the quantity Sl∗
n converges

to an absolutely continuous limit distribution with probability 1. Therefore, with fixed level 𝛼,
the simulated quantiles q∗

1−𝛼 converge to the respective (1 − 𝛼)-quantiles of the limit distribution.
(Notice that the quantity dn, appearing in Theorem 5 satisfies

|||dn −
√

2 ln(1∕h2) − ln(2 ln(1∕h2))∕(2
√

2 ln(1∕h2))||| = O(1∕
√
(ln(1∕h2))),

and that by Lemma 3 in Appendix S1 h𝛽||Kn|| is a convergent sequence.) Therefore,

lim
n→∞

P

(
f (y) ∈

[
f̂ n(y) − q∗

1−𝛼

√
ĝn(y)||Kn||2

nanh
, f̂ n(y) + q∗

1−𝛼

√
ĝn(y)||Kn||2

nanh

]
∀ y ∈ I2

)
+ 1 − 𝛼 a.s.

and the assertion of the theorem follows. ▪

Proof of Theorem 2. By assumption of the theorem, f is continuous and therefore f () is a compact
set. This, in combination with the positivity assumption on f , yields that f is bounded away from
0 on the compact set , that is, there exists a constant cmin such that f (x) ≥ cmin for all x ∈ . We
need to show that

lim
n→∞

P

(
∃ (i, j) ∈ {−n, … ,n}2 s.t. 0 ∈ 𝛼i,j ∧ (xi, xj) ∈  | )

= 0 a.s..

To this end, we show that almost surely given the sample the limit in probability of the minimum
lower confidence bound of i,j is bounded from below by cmin. Notice that

min
i,j∶(xi,xj)∈ f̂ n(xi, xj) − q∗

1−𝛼

√
ĝn(xi, xj)||Kn||2

nanh

≥ cmin − max
x∈

|||f̂ n(x) − Ef̂ n(x)
||| − max

x∈
|||f (x) − Ef̂ n(x)

|||
− max

i,j∶(xi,xj)∈

{
q∗

1−𝛼

√
ĝn(xi, xj)||Kn||2

nanh

}
.

By Lemma 2 in Appendix S1 we have

max
x∈

|||f (x) − Ef̂ n(x)
||| = o(1).

An application of Theorem 3 in Appendix S1 yields

max
x∈

|||f̂ n(x) − Ef̂ n(x)
||| = oP(1).

Furthermore, for almost all samples  , Theorem 1 guarantees stochastic boundedness of
q∗

1−𝛼 and applications of Lemmas 1 and 6 in Appendix S1 give stochastic boundedness of
maxi,j∶(xi,xj)∈

√
ĝn(xi, xj), which concludes the proof of this theorem. ▪
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5 DATA ANALYSIS

5.1 Microscopic images

For live-cell imaging HeLa-Cells were cultured on cover-slips at 37◦C. The living cells were
stained with the lipophilic carbocyan dye DiI (Molecular Probes), which labels lipid membranes
inside the cell, for 5 min at 37◦C. The lipid membranes are so-called intracellular transport com-
partments and consist of round vesicular and tubular structures. The cells were then subjected
to fluorescence microscopy using a confocal laser scanning microscope (Leica TCS) equipped
with a HeNe-Laser. The samples were excited at a wavelength of 543 nm and imaged for about
50 seconds.

Finally, the number of pixels per image is 512× 512= 262, 144, each pixel covers a region of
about 138.92 nm2 and the number of consecutive images is 9 which are approximately equally
distributed in time with a mean time difference between two images of ≈5.6 s. We refer to these
images as the images at time steps 0–8.

In this section we apply our method to the Hela cell data. Here we focus on the reconstruction
of the images and on the detection of differences between the images at different times. However,
whereas in this case the data are in general still heteroscedastic differences between Poisson dis-
tributed observations, we have to extend our method towards an application to non-Poisson data.
We further comment on this in the discussion.

5.2 Data reduction

For our analysis we use Python 2 and Scipy. Based on the methods discussed in the previous
sections we suggest the following pipeline for data analysis.

1. Definition of the PSF for estimator (6).
In practical applications, the PSF is often only imperfectly known and has to be estimated

from data. Fortunately, it is known that the convergence properties of estimators in so-called
blind deconvolution problems are not deteriorated if (additional) data is available for estima-
tion of the PSF (see Hall & Qiu, 2007; Hoffman & Reiss, 2008). Here, the PSF is estimated from
high resolution images of a solid bead of 200 nm diameter, which was imaged at a much higher
resolution than the images of interest along each axis: one pixel in the production images cor-
responds to about 50 pixels in the image of the bead. Hence, due to the significantly larger
amount of available data, we assume the PSF to be known a priori. In good approximation,
the PSF is described by the parametric model (3) with b= 0.065 and a= 3/2, where the value
𝜆 = 0.065 was determined by fitting (3) to the image of the bead.

2. Selection of the regularization parameter with the multiscale method.
Based on a multiscale criterion the regularization parameter is chosen as 0.47. The precise

procedure is described in detail in Appendix S1.
3. Reconstruction of the images.

We apply the damped spectral cut-off approach (6) for the reconstruction of the images at
different time steps.

4. Bootstrap simulations.
Next, we use the Poisson bootstrap procedure described in Section 3.1 to simulate quantiles

for the confidence bands for the difference between the reconstructions at two different points
in time.
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5. Determination of regions of significant change in the difference maps between images.
We determine whether the observed difference at some pixel position (i, j) is larger

than the simulated (1 − 𝛼)-quantile from step 4. If yes, a significant change is indicated
and marked red. This way we scan the image, pixel by pixel, and create a difference
map.

5.3 Results

In a first step we have used artificial data (a test image with approximately the same mean Pois-
son parameter as the data, see upper right panel of Figure 2) to investigate the feasibility of the
estimator in combination with the multiresolution criterion to choose the bandwidth. Exemplary
results for the test image are shown in the remaining panels of Figure 2, where reconstructions
with different choices of regularization parameters are displayed. Both from a visual selection
of the optimal regularization parameters and the multiresolution criterion (see Appendix S1) we
conclude on optimal regularization parameters which are the same: The most preferable choices
are 0.07 and 0.085. This indicates that the estimation procedure with the multiscale parame-
ter choice rule produces reasonable results, such that it can be applied to the live cell imaging
data. In the second part of our numerical study we have applied our method to the HeLa cell
data.

Figure 3 presents exemplary reconstructions for a choice of different regularization parame-
ters of the image at time step 0, while Figure 4 shows exemplary reconstructions for a choice of
different regularization parameters of differences between the images at time steps 0 and 3. The
multiresolution method indicates a best choice for the regularization parameter of 0.47 in both
cases.

F I G U R E 2 Results for the test image. All regularization parameters are in terms of the Nyquist frequency,
that is, larger frequencies correspond to smaller values of h [Color figure can be viewed at wileyonlinelibrary.com]

http://wileyonlinelibrary.com
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F I G U R E 3 Reconstructions for a selection of regularization parameters for time step 0. All regularization
parameters are in terms of the Nyquist frequency, that is, large frequencies correspond to small values of h [Color
figure can be viewed at wileyonlinelibrary.com]

F I G U R E 4 Reconstruction of the
difference between the images at time steps
0 and 3 for a regularization parameter of
0.47. The regularization parameter is in
terms of the Nyquist frequency, that is, large
frequencies correspond to small values of h
[Color figure can be viewed at
wileyonlinelibrary.com]

http://wileyonlinelibrary.com
http://wileyonlinelibrary.com
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F I G U R E 5 Evolution of changes over time: Detected differences between the images at time step 0 and time
step 1 (first and second image from the left) resp. time step 0 and 3 (third and fourth image from the left). In both
cases, the areas, where significant differences between the frames are detected, are shown by red color in the first
and third image from the left. Images 2 and 4 from the left show the observed image at time step 0 overlayed by the
regions with significant differences between the respective time steps, again marked by red color. The regions of
specific interest discussed in the text are marked by circles. [Color figure can be viewed at wileyonlinelibrary.com]

The vesicles and micro-tubules mediate transport processes in the cell and are rapidly moving
within the cell.

Circle A in Figure 5 (cf. e.g., white circled areas) contains a tubular structure at timepoint 1
below which three small vesicles are budding off at timepoint 3. Circle B shows one tubular
structure at timepoint 1 which is has split into two vesicles at timepoint 3. The figure shows two
examples for changes in the structure of the interior of a cell. Intracellular trafficking occurs in
an apparently chaotic and randomized behavior with many changes emerging at different sites at
the same time. The two examples discussed in this section are two such typical examples. Others
examples are indicated in Figure 1.

5.4 Discussion

Intracellular transport, which was monitored in the present experiment, plays a vital role in
the functioning of an organism. It is, for example, involved in receptor signaling processes in
the nervous system and in the immune system. The presented method is well-suited to detect
structural changes between image frames that are in good agreement with the expected changes
of biological relevance in the observed object. The detected regions of significance match in
size biologically relevant structural changes. Moreover, they match the findings of movements
of small vesicles via a visual inspection of the sequences of images and are therefore suited to
detect biologically relevant processes in time resolved fluorescence microscopy of living cells.
Our method provides a tool for the selection of biological active regions which may be of inter-
est for further analysis. However, the method does not give a guarantee that each detected
region of change corresponds to such a relevant process, it only guarantees that there is a sig-
nificant difference in counts between the frames. Moreover, we have used our method for an
application to differences of images with Poisson-distributed observations. Since differences of
Poisson distributed random variables are no longer Poisson distributed, our theoretical results
do not immediately cover this case. However, some bootstrap simulations indicate the feasibil-
ity of the method in this case. We point out that the main theoretical contribution is to establish
uniform confidence bands in a multivariate regression for indirect observations with a convo-
lution operator. The case of the data from the difference of such Poisson-distributed images is
another example for such heteroscedastic data which we expect to be tractable with our methods,

http://wileyonlinelibrary.com
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however, with additional substantial technical difficulties. A general theory for a more universal
class of distributions of the data is left for future research and is beyond the scope of this
paper.

A possible extension of the proposed method would be to introduce a constraint regarding the
area of significant regions which are stored in the set 𝛼 defined in Equation (10), for example,
only to include regions which are sufficiently large to account for the effects (i.e., movements)
one wishes to detect. The uniform error control guarantees that we have multiplicity control for
each subselection. However, in the data example discussed here, selected regions are typically of
reasonable size.
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