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Abstract—Achieving energy efficiency is always a primary
concern for fog-architecture-based Internet of Things (IoT) appli-
cations. As the IoT devices are typically of small sizes and
powered by battery energy, it is essential to address the energy
consumption at all levels from the circuit to the system. Two of
the promising solutions at circuit and system levels are approx-
imate computing and energy-aware task allocation, respectively.
However, the existing task allocation approaches are designed
without considering the aspect of approximate computing. In
this work, we fill this gap and aim to maximize the network
lifetime subject to the accuracy requirements of the applications.
By considering both the approximate computing and task alloca-
tion simultaneously, a nonlinear problem is obtained to allocate
the tasks for the devices (fog nodes and IoT end devices) and to
select the corresponding execution modes (tasks in approximate
or exact modes). To efficiently solve this problem, a centralized
algorithm is first proposed by transferring the above nonlinear
problem as a linear programming (LP) problem. As executing
the centralized algorithm is a challenge for the resource-limited
IoT devices, this work further proposes an optimal distributed
algorithm based on Dantzig–Wolfe decomposition to solve the
problem of tasks distribution and execution modes selection. The
centralized large-scaled LP problem is decomposed into small-
scaled subproblems, which can be efficiently solved by each IoT
device. The proposed algorithms are tested by extensive simu-
lations. The results demonstrate that the distributed algorithm
achieves the same results as the centralized algorithm, and both
of them significantly outperform the previous approaches.

Index Terms—Approximate computing, fog/edge computing,
Internet of Things (IoT), network lifetime, task allocation.

I. INTRODUCTION

THE EMERGING Internet of Things (IoT) technology
can provide promising solutions for numerous present-

day society issues, such as intelligent manufacturing, smart
cities, remote healthcare, speech or face recognition, real-
time online gaming, and autonomous driving [1]. Generally,
these IoT applications require plenty of small-sized and low-
power IoT end devices (EDs) to execute computation-intensive
and accuracy sensitive tasks. It brings a great challenge for
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the computing- and energy-constrained EDs. Moreover, it is
impractical to transport all data of the huge amount of IoT
devices over today’s already congested backbone Internet. To
address these problems, the concept of fog node (FN) has been
proposed by Cisco [2] to provide nearby storage and comput-
ing services for the EDs, thereby sharing the computing tasks
of EDs and reducing the application latency. Due to the fact
that the EDs and FNs are typically powered by battery energy,
achieving energy efficiency for extending the network lifetime
is one of the primary concerns [3], [4].

In recent years, there have been plenty of research on palliat-
ing the issue of energy consumption for IoT EDs. Many studies
are conducted to reduce the computation energy costs of EDs
from the circuit level. Among these studies, approximate com-
puting is one of the most promising solutions: it enables the
computing tasks to be executed in inexact execution mode by
redesigning the logic circuits [5]. Comparing with the execu-
tion of the task in exact execution mode, a significant decrease
in computing cost can be achieved, e.g., 65% energy saving is
reached in [6]. In addition to address the problem of energy
cost from the circuit level, achieving energy efficiency from
the system level has been attracting numerous attention. Due
to the limited resources in energy and computation, the EDs
are required to collaborate with the FNs to complete the com-
plex IoT applications. As the EDs and FNs have different
battery energy and computing capabilities [7], appropriately
allocating the tasks for them within the prerequired applica-
tion completion time has a strong effect on achieving energy
efficiency. Consequently, it is essential to address the energy
issue of IoT EDs from both the circuit and system levels
simultaneously.

This work mainly focuses on maximizing the lifetime of IoT
networks by combining both the circuit and system aspects. It
extends the preliminary work [8] and represents the first work
of reducing energy consumption for IoT networks using the
combination of task allocation and approximate computing.
Based on this concept, this work first systematically models
the problem of distributing the tasks to the IoT devices and
selecting the corresponding execution modes. Then, it pro-
poses a centralized optimal task allocation algorithm taking
the approximate computing into account (TAAC), by convert-
ing the problem into a linear programming (LP) problem.
After that, we further propose a distributed TAAC algo-
rithm to increase the flexibility of the centralized algorithm.
The main contributions of this work can be summarized as
follows.
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1) It models the dependency-aware IoT tasks with different
execution modes (exact and approximate modes) using
a modified directed acyclic graph (DAG). It also formu-
lates the output quality of the whole application when
the approximated tasks are executed. The problem of
maximizing the network lifetime is then modeled as a
nonlinear problem of optimally allocating the tasks and
selecting the corresponding execution mode for each ED
and FN.

2) It proposes a centralized TAAC algorithm by converting
the nonlinear problem of task allocation and execution
mode selection to a tractable LP problem. It maxi-
mizes the network lifetime and fulfills the corresponding
predefined requirements of latency and accuracy. The
obtained optimal solutions can be treated as references
to evaluate the proposed approach in the future.

3) In order to overcome the drawbacks of the centralized
algorithms, a more flexible and lightweight distributed
TAAC algorithm is further presented. The centralized LP
problem is divided into small-scaled subproblems so that
each ED can independently run the algorithm to obtain
the final solutions. It produces the same results as the
centralized TAAC algorithm.

The remainder of this article is organized as follows.
Section II summarizes the related works. The system models
used in this article are illustrated in Section III. Section IV first
formulates the problem of the combination of task allocation
and approximate computing and then presents the proposed
centralized TAAC algorithm. The distributed TAAC algorithm
is presented in Section V. The next section evaluates the
performance of the proposed algorithms. Finally, this work
is summarized in the last section.

II. RELATED WORKS

In this section, we review the state-of-the-art works which
focus on addressing the energy efficiency problem for IoT
networks from both the circuit and system levels, including
approximate computing and energy-aware task allocation.

A. Approximate Computing: Achieving Energy Efficiency
From the Circuit Level

By executing the tasks in approximate modes instead of
the exact modes, the energy consumption can be dramatically
reduced. Inexact arithmetic circuits are employed to improve
the energy efficiency for sensor data processing in [9], which
achieves 80% improvement in power consumption with an
acceptable accuracy loss compared to the exact solution. An
error compensation scheme at the output of truncated approx-
imate arithmetic architectures has been introduced in [10].
The proposed 16-b vertically truncated multiplier reduces the
power delay product by 30% in comparison with an exact
multiplier. In [11], the energy consumption of a discrete cosine
transform, as a fundamental building block for video com-
pression, is reduced by applying an approximate multiplier
with dynamic truncation. Approximate multipliers have also
been employed by [12] to improve the accuracy and hard-
ware efficiency of neural networks. The impact of approximate

computing in the design of an efficient FFT architecture is
discussed in [13]; and hybrid approximate adders have been
studied in [14] for energy-efficient image and video pro-
cessing accelerators, where up to 73% energy reduction has
been reported. By matching the statistical error attributes of
the hardware with the statistical processing requirements of
the target application, a tremendous gain can be achieved.
An example is the hybrid adders which have been proposed
by Najafi et al. [6] by combining the idea of small errors
and infrequent errors. It shows that up to 65% energy saving
can be reached by applying a wise selection of approximate
adders.

Approximate computing techniques have been proved to be
capable of achieving considerable energy reduction for typical
algorithms used in IoT applications.

B. Task Allocation: Achieving Energy Efficiency From the
System Level

From the system level, energy-aware task allocation has
been widely used to achieve the energy efficiency by appro-
priately distributing the workload for different devices in the
network. A data-driven cooperative task allocation (DCTA)
algorithm is proposed in [15] for the on-edge multitask trans-
fer learning in which the tasks are with different importance.
By applying DCTA, the energy consumption can be saved by
48.4%. In [16], a dependency-aware task allocation algorithm
(DATA) is developed to minimize the application comple-
tion time and energy consumption of the edge networks.
Yu et al. [17] designed a lightweight optimal task alloca-
tion algorithm for cluster-based wireless sensor networks
to maximize the network lifetime subject to the latency
requirements. The joint optimization problem of the access
network selection and service placement for mobile-edge
computing is studied in [18]. The authors have proposed a
computation-efficient iteration-based algorithm to solve this
joint optimization problem. A distributed task allocation algo-
rithm, DOTAM, is proposed in [7] to address the task allo-
cation problem for prolonging the lifetime of multihop mesh
networks. According to the case study, DOTAM extends the
network lifetime by 4.04 times comparing with the traditional
task allocation strategy. In [19], an accelerated particle swarm
optimization (APSO)-based application offloading strategy is
proposed for the hierarchical fog-cloud networks. The aver-
age cost of the network can be reduced by 23% by using
APSO. Baek et al. [20] developed three auction-based pricing
schemes for the task allocation of edge computing in an IoT
environment. In addition, machine learning algorithms have
also been used for addressing the task allocation problem,
e.g., in [21], a reinforcement-learning-based task allocation
algorithm is designed for fog-aided mobile IoT. A dynamic
adaptive deep neural networks (DNNs) surgery scheme is
proposed in [22] to partition the DNN process so that the heavy
computation workload can be shared by EDs, FNs, and cloud.

Although the above task allocation approaches provide sig-
nificant gains of achieving energy efficiency, they are only
designed for allocating the tasks executed in the exact modes.
They are not sufficient for the tasks with mixed selection
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TABLE I
FREQUENTLY USED TERMS

options, i.e., choosing the tasks in the exact or the approximate
modes. In order to address this problem, this work proposes
both a centralized and a distributed TAAC algorithms.

III. SYSTEM MODELS

This section presents the system models, including the
model of the approximate computing-based applications, the
network structure, and the cost functions of IoT EDs and FNs.
For clarity, the array and matrix variables are represented by
bold letters, and the scalar variables are represented by normal
ones. The frequently used terms are illustrated in Table I.

A. Modeling Applications With Approximated Tasks

An IoT application with dependency-aware tasks is typically
composed of a set of dependent computing tasks and can be
modeled by a DAG, as in [16] and [22]–[24]. An example is
depicted in Fig. 1. In the formatted DAG, G = (V, E), each
vertex v ∈ V stands for a task in the application. The tasks
are connected with others by directed edges. Each edge ε ∈ E

represents the communication from its source task to its direct
destination task. A task is required to first receive the data
from its all predecessor tasks; it then processes the data and
transmits the output data to the successor tasks. By integrating
approximate computing, each task in the DAG can be executed
either in the original exact mode or in the approximate mode
for further reducing the energy consumption while producing
results with errors.

Dealing with approximate computing, one of the most
important concerns is the output quality. According to the way
that the error is generated, the current approximate computing
approaches can be classified into two families: 1) producing

Fig. 1. DAG graph for application with approximated tasks.

infrequent large errors and 2) producing small errors fre-
quently. For IoT applications, it is crucial to guarantee the final
system output quality when executing approximated tasks.
This work provides linear formulations of the relation between
the quality of the system output and each single approximated
tasks.

In order to define the quality metrics of the system, it is
necessary to separately consider the two families of approxi-
mate techniques. In the family of producing infrequent large
errors, once an executed approximated task makes an error,
the system output quality is not acceptable because of the
large magnitude of the errors. Let pk denote the probability
of producing error when executing task vk in the approximate
mode. The probability of having a successful system output
for a DAG with K tasks, ps, can be calculated by

ps = (1 − p1)(1 − p2) · · · (1 − pK) ≈ 1 −
K∑

k=1

pk. (1)

Note that, due to the infrequent nature of errors, pk is typically
very small. Consequently, the terms in (1) that contain the
products of more than one pk are much smaller and can be
neglected. Thus, ps can be linearly formulated as in (1), i.e.,
ps ≈ 1 − ∑K

k=1 pk.
For the second family, this work takes the popular linear

approximation used in DSP systems, in which the tasks are
assumed to produce uncorrelated errors. According to [25],
the error variance of the system output σ 2

err can be modeled
by the error characteristic of each individual task as follows:

σ 2
err =

K∑

k=1

ckσ
2
k (2)

where ck is the error coefficient of executing task vk in the
approximate mode; and σ 2

k is the error variance by execut-
ing task vk in the approximate mode. The value of ck can be
calculated for linear systems using the impulse response; σ 2

k
can be calculated, as an example, for an optimal approximate
adder producing small errors as presented in [26].

Based on the above analysis, we observe that in any case
the final output quality of the systems can be formulated in
linear formats as in (1) and (2).

B. Network Structure and Cost Functions

The fog architecture-based IoT network consists of EDs,
FNs, and the remote cloud center. Each ED has to periodi-
cally finish its own application with the collaboration of the
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corresponding FN.1 EDs are responsible for sensing, prepro-
cessing, and transmitting data to the corresponding FNs; each
FN is in charge of receiving the data from the EDs under its
management and finishing the rest tasks of the applications.
We assume a perfect time synchronization and a negligible
interference between each fog group, which can be achieved
by the time-division multiple access (TDMA)-based proto-
cols [27]. As each fog network can be independent, this work
considers a network with n EDs and one FN.

The cost functions are formulated based on the wireless
sensor node, which is one of the most popular IoT devices.
The execution time of ED i and FN for executing task vk are

ti(vk) = w(vk)/fi and tF(vk) = w(vk)/fF (3)

where w(vk) stands for the computation workload (the num-
ber of CPU clock cycles) of task vk, and fi and fF are the
working frequencies of ED i and the FN, respectively. The
corresponding processing energy costs can be formulated as

ei(vk) = Pi ti(vk) and eF(vk) = PF ti(vk) (4)

where Pi and PF represent the average processing power of ED
i and the FN, respectively. The corresponding processing costs
for executing task vk in the approximate mode are expressed
by ei(vk)ra/e and eF(vk)ra/e, where ra/e is the energy ratio of
executing the task in approximate and exact modes.

As reported in [23], the communication procedure of a wire-
less device includes not only the data packets communication
but also other overhead activities. Thus, the energy costs spent
on transmitting and receiving L bits of data, Etx and Erx, can
be expressed as

Etx = eot + etx(di)L and Erx = eor + erxL (5)

where eot and eor are the energy consumption of the trans-
mitting and receiving overhead activities, di is the distance
between ED i and the FN, and etx(di) and erx are the energy
dissipated by transmitting and receiving one bit of data pack-
age, respectively. According to [23] and [28], erx = PT0trx,
where PT0 is the energy power of the electronic circuits when
the transceiver is in transmitting or receiving mode and trx is
the time spent on receiving 1-b data packet; etx(di) = (PT0 +
10(H(di)+Prin)/10/η)ttx, where ttx is the time of transmitting 1-b
data packet, η is the drain efficiency, Prin is the receiver sensi-
tivity, and H(di) = 20 log10 FR +10α log10 di −27.55 in which
FR is the RF frequency and α is the path-loss exponent.

The corresponding time for transmitting and receiving L bits
of data are

Ttx = tot + L

Bandwidth
and Trx = tor + L

Bandwidth
(6)

in which tot and tor are the overhead time for transmitting
and receiving, respectively; Bandwidth represents the amount
of data in bits that can be transferred from the transceiver to
receiver in 1 s, also termed as radio data rate. Note that this
work assumes a constant bandwidth, it can be easily extended
for the scenario of fluctuate bandwidth.

1Due to the high probability of intolerable delay and network congestion
related with the remote cloud center, this work considers the applications are
completed by each ED and its FN.

Fig. 2. Diagram of task allocation considering approximate computing.

IV. CENTRALIZED TAAC ALGORITHM

In this section, it first formulates the problem of tasks
allocation and execution modes selection for maximizing the
network lifetime and then presents the centralized TAAC algo-
rithm by converting the problem into an LP problem. The
proposed centralized TAAC algorithm is fully executed in FN.

A. Problem Formulation

Each ED has to periodically complete all of the tasks of its
own application (DAG i) with the collaboration of the corre-
sponding FN. Each task in DAG i can be executed in either
the exact or the approximate modes. The problem of task allo-
cation combining approximate computing can be modeled as
partitioning the DAG into two parts: one part is assigned to
ED and the other part will be executed by FN. Meanwhile,
ED and FN also need to decide whether to execute each of
the assigned tasks in the exact execution mode or approximate
mode. Taking Fig. 2 for example: ED will execute task v1 in
the exact mode and task v2 in the approximate mode; FN will
execute task v3 in the approximate mode, task v4 in the exact
mode, and task v5 in the approximate mode. The objective is
to maximize the network lifetime by assigning the tasks and
selecting the execution modes for all EDs and FN in each
round.

Let eei(vk) and eai(vk) denote the energy costs of ED i for
executing task vk in the exact and approximate modes, respec-
tively. The energy cost of ED i, consisting of processing the
assigned tasks in selected execution modes and transmitting
the generated data to its FN, can be formulated as

Ei =
Ki∑

k=1

xk(ykeei(vk) + (1 − yk)eai(vk)) + Etx_i (7)

in which Ki is the total number of tasks in DAG i; xk = 1 if
task vk is assigned to ED i, and xk = 0 when vk is assigned
to FN; yk = 1 if the exact mode of task vk is selected, and
yk = 0 when the approximate mode is selected. As the FN is
in charge of all the n EDs which are in its range, its energy
cost, consisting of receiving the data and further executing the
rest tasks for each ED, can be expressed as

EF =
n∑

i=1

Erx_i +
Ki∑

k=1

(1 − xk)(ykeeF(vk) + (1 − yk)eaF(vk))

(8)
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where eeF(vk) and eaF(vk) represent the energy costs of FN
for executing task vk in the exact and approximate modes,
respectively. The network lifetime is defined as the duration
from the network starting until the first device runs out of
energy. It is one of the most frequently used definitions such
as in [29]–[31]. Let Bati and BatF denote the battery energy
of ED i and the FN, respectively. Maximizing the network
lifetime by appropriately allocating the tasks and selecting the
corresponding execution modes can be formulated as

arg max
J,Xj

i,Y
j
i

J (9)

subject to:
J∑

j=1

Ej
i ≤ Bati, i = 1, . . . , n

J∑

j=1

Ej
F ≤ BatF,

Error Tolerance

where Xj
i = [x1, . . . , xKi ] and Yj

i = [y1, . . . , yKi ] represent the
solutions of task allocations for DAG i and the corresponding
execution modes selection at the jth execution round, respec-
tively; J is the total number of rounds of the DAGs’ execution,
which is equivalent to the network lifetime; Ej

i and Ej
F stand

for the energy costs of ED i and FN at the jth execution round,
respectively; and the Error Tolerance constraint guarantees that
the final generated error by executing the tasks in approximate
modes should be within the user predefined error threshold.
Obviously, problem (9) is a nonlinear integer optimization
problem. The total number of variables in (9) is 2J

∑n
i=1 Ki,

where i = 1, . . . , n and j = 1, . . . , J. As the network lifetime
J is very large and can be hundreds of thousands rounds, it is
very hard or even impossible to solve such a nonlinear integer
optimization problem with so huge number of variables. In
the next section, we will propose a centralized TAAC to solve
this problem by converting the nonlinear problem to a linear
problem.

B. Centralized TAAC

A centralized TAAC algorithm is proposed in this section
to solve the problem of (9). It first formulates the computation
and communication costs of EDs and FN and the error con-
straints in linear formats, then it formulates the above problem
as an LP problem.

Instead of using two variables as mentioned in
Section IV-A, we integrate them in one vector variable
γ ik = [γei(vk), γai(vk), γeF(vk), γaF(vk)]. γei(vk), γai(vk)

and γeF(vk), γaF(vk) are the probabilities of assigning the
exact and approximate modes of task vk to ED i and FN,
respectively. Each element in γ ik is in the range of [0, 1],
i.e., 0 � γ ik � 1; and the summation of the four elements
equals 1, i.e., 1γ T

ik = 1. The task allocation and mode
selection of all the Ki tasks in DAG i can be expressed by
�i = [γ i1, . . . , γ iKi

]T . Based on �i , the average energy costs
of ED i and FN at each execution round are calculated as
follows.

According to (4), the energy costs of ED i and FN for
executing task vk can be expressed as eikγ

T
ik and eFkγ

T
ik,

respectively, where eik = [eei(vk), eai(vk), 0, 0] and eFk =
[0, 0, eeF(vk), eaF(vk)]. Therefore, the computation costs of
ED i and FN for DAG i at each execution round can be
formulated by

Ep_i = Ep_i�i and Ep_Fi = Ep_Fi�i (10)

where Ep_i = [ei1, . . . , eiKi] and Ep_Fi = [eF1, . . . , eFKi].
As shown in Fig. 2, the amount of transmitted data from

ED to FN is the summation of the weights of edges which
cross the partition cut. Let l(ε) denote the transmitted data on
edge ε in bits. The net generated data of task vk in DAG i,
ln(vk), can be formulated by

ln(vk) =
∑

ε∈out(vk)

l(ε) −
∑

ε∈in(vk)

l(ε) (11)

in which in(vk) and out(vk) are the input and output
edges of task vk. The amount of data transmitted from
ED i to FN can be expressed by L = Li�i, where
Li = [ln(v1), ln(v1), 0, 0, . . . , ln(vKi), ln(vKi), 0, 0]. According
to (5), the transmitting cost of ED i and the receiving cost of
FN for DAG i, Etx_i and Erx_i, can be formulated by

Etx_i = eo + etx(di)Li�i and Erx_i = eo + erxLi�i.

(12)

Based on (10) and (12), the energy cost of ED i at each
DAG execution round is

Ei(�i) = Ep_i�i + eo + etx(di)Li�i. (13)

As FN is in charge of all n EDs, its energy cost can be
expressed as

EF(�1 · · · �n) =
n∑

i=1

Ep_Fi�i + eo + erxLi�i. (14)

Note that �i is the only variable in (13) and (14).
Although there are different methods to calculate the errors

generated by the approximated tasks, the errors can be for-
mulated by linear functions as presented in Section III-A. As
an example, we choose (2) to calculate the generated errors.
Note that (1) can also be straightforwardly used. The system
error variance corresponding to DAG i should satisfy the error
requirement, which can be formulated as

σ 2
i �i ≤ τi (15)

where σ 2
i = [0, c1σ

2
1 , 0, c1σ

2
1 , . . . , 0, cKiσ

2
Ki

, 0, cKiσ
2
Ki

] and τi

is the error threshold predefined by the users.
Based on (13)–(15), the problem of maximizing the network

lifetime, i.e., (9), is equivalent to minimize the reciprocal, R =
1/J which can be formulated by the following LP format:

arg min
R,�i

R , i = 1, . . . , n (16)

subject to:
EF(�1 · · · �n)

BatF
≤ R

Ei(�i)

Bati
≤ R

�i(1) + �i(2) = 1

�i(Ki − 1) + �i(Ki) = 1

σ 2
i �i ≤ τi
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Algorithm 1 Pseudocode for Centralized TAAC
1: Model n applications as n DAGs
2: for Each DAG do
3: %% Energy parameters
4: Calculate Ep_i, Ep_Fi, Li in (10) and (12)
5: %% Errors generated by approximate tasks
6: Calculate σ 2

i and define the threshold τi in (15)
7: Get the linear formulations of (13) and (15)
8: end for
9: Get the linear formulation of (14)

10: Obtain �i by solving the LP problem (16)

where �i(1) + �i(2) = 1 and �i(Ki − 1) + �i(Ki) = 1 rep-
resent that the first and the last tasks have to be done by
ED i and FN either in exact or approximate modes, respec-
tively, since ED i is in charge of sensing the data and the
final results of the application is generated by FN. By solving
the above tractable LP problem in FN, the network lifetime
can be maximized by the obtained results of task allocation
and task modes selection, �1, . . . ,�n. As �i is a vector vari-
able consists of 4Ki real probability numbers, the total number
of variables in (16) is 4

∑n
i=1 Ki. Therefore, solving an LP

problem with 4
∑n

i=1 Ki variables is much more efficient than
solving the origin problem (9). The corresponding pseudocode
for centralized TAAC is shown in Algorithm 1.

V. DISTRIBUTED TAAC ALGORITHM

Executing the entire centralized TAAC approach in FN
brings two challenges.

1) The FN has to know all the network parameters in
advance.

2) Executing the entire complex computation in a single
device consumes a disproportionally large amount of
battery and computing resources.

In order to overcome the above challenges, this work fur-
ther designs a distributed TAAC approach so that the complex
computation can be shared among the EDs.

According to the principle of Dantzig–Wolfe decomposi-
tion, when the constraints of a large-scaled LP problem can
be expressed as the block-angular structure, it is possible to
divide the problem into small-scaled subproblems connected
with one linking problem [32]. Based on (13) and (14), the
centralized TAAC, i.e., (16), can be rewritten as

arg min
R,S,�i

R + 0�1 + · · · + 0�n + 0S, i = 1, . . . , n

(17)

subject to:
n∑

i=1

Gi�i − 1R + S = b0 (18)

�i(1) + �i(2) = 1 (19)

�i(Ki − 1) + �i(Ki) = 1 (20)

σ 2
i �i ≤ τi (21)

where 0 and 1 are row and column vectors with all elements
being 0 and 1, respectively; S is a column vector with n + 1
nonnegative slack variables s0, s1, . . . , sn; and Gi and b0 are

expressed in (22) as follows:

Gi =

0
1
...

i − 1
i

i + 1
...

n

⎡

⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

Ep_Fi + erxLi

BatF
0
...

0
Ep_i + etx(di)Li

Bati
0
...

0

⎤

⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

, b0 =

⎡

⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

− neo

BatF

− eo

Bat1
...

− eo

Bati−1

− eo

Bati

− eo

Bati+1

...

− eo

Batn

⎤

⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

. (22)

Obviously, the block-angular structure is satisfied: (18) is the
linking constraint and (19)–(21) are the constraints for each
subproblem. As the linear constraints of each subproblem con-
struct a specific polytope set, based on the convex combination
property [33], �i can be obtained by

�i =
Ui∑

u=1

λu
i �

u
i (23)

where �u
i , u = 1, . . . , Ui, denote the Ui extreme points (basic

solutions) of the polytope constructed by the constraints of the
ith subproblem; and λu

i ≥ 0 is the corresponding weight coef-
ficient, which satisfies

∑Ui
u=1 λu

i = 1. Based on (17)–(21), (23)
can be converted to

arg min
R,S,λu

i

R, i = 1, . . . , n; u = 1, . . . , Ui (24)

subject to:
n∑

i=1

Ui∑

u=1

Gi�
u
i λ

u
i − 1R + S = b0 (25)

Ui∑

u=1

λu
i = 1. (26)

As the basic solutions of each subproblem can be calculated
by each ED, FN is responsible for finding the coefficients of
the basic solutions of each subproblem.

According to Dantzig–Wolfe decomposition, a basis matrix
of the constraints in (24) [a square matrix with the same num-
ber of rows as the constraints in (24)], AB, is first initialized
by FN: FN initializes one basic solution for each subproblem,
namely, �1

i with the coefficient λ1
i = 1 by considering that

each ED only executes the first task of its DAG in the exact
mode and all the rest tasks are executed by FN in exact modes;
and sets s0 = 0

AB =

⎡

⎢⎢⎢⎣

−1 In G1�
1
1 G2�

1
2 · · · Gn�

1
n

0 0 1 0 · · · 0
...

...
...

...
...

...

0 0 0 0 · · · 1

⎤

⎥⎥⎥⎦ (27)

where In is an identity matrix with n rows. The corresponding
weights of R, s1, . . . , sn, λ

1
1, λ

1
2, . . . , λ

1
n can be calculated by
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Algorithm 2 Algorithm Executed in FN

1: Initialize A−1
B and �; done=0

2: while done=0 do
3: Broadcast � %% the first row of A−1

B
4: Receive δ∗

i and �∗
i from each ED

5: if min{δ∗
i |i = 1, · · · , n} ≥ 0 then

6: Broadcast confirm
7: done=1 and Break loop
8: else
9: Generate Nc using (29)

10: Update A−1
B and �

11: end if
12: end while

� = A−1
B [b0; 1]. In order to save energy, A−1

B and � can
be calculated offline and prestored in FN. Then, the detailed
process of distributed TAAC is illustrated as follows.

Step 1: The FN generates the simplex multiplier � and
broadcasts it to each ED. Note that � is actually the first row
of A−1

B in this work.
Step 2: After ED i receives the � from FN, it starts its own

subproblem to calculate the optimal value δ∗
i by

δ∗
i = arg min

�i
−�0Gi�i − φi (28)

subject to: �i(1) + �i(2) = 1

�i(Ki − 1) + �i(Ki) = 1

σ 2
i �i ≤ τi

where �0 and φi are the first n + 1 elements and the (n +
1 + i)th element of �, respectively. The obtained δ∗

i and the
corresponding �∗

i are then transmitted to the FN.
Step 3: When the FN receives all δ∗

i and �∗
i , it decides

whether to stop the process. If all δ∗
i are no smaller than 0,

the process stops and FN broadcasts a confirm message to
indicate that the current basic solutions with the corresponding
weights are optimal. Otherwise, FN selects the minimum δ∗

i
(for notation simplicity, here, we suppose δ∗

i is the minimum
one), and generates a new column Nc by (29) to replace one
of the columns in A−1

B

Nc = A−1
B

[
Gi�

∗
i

ei

]
(29)

in which ei is a column vector with the ith element being 1
and the rest being 0. Then, FN updates A−1

B and � via pivot
operation as introduced in [32] and [33]. Return to step 1.

The distributed TAAC decomposes the large-sized LP in
centralized TAAC into n subproblems. Each one is a small-
sized LP problem with 4Ki variables. Each ED is able to share
the heavy computation workload of centralized TAAC by solv-
ing its own subproblem independently, and the FN just needs
to confirm the results calculated by each ED. The pseudocodes
executed by FN and ED i are shown in Algorithms 2 and 3,
respectively.

VI. EVALUATION

This section conducts extensive simulations to evaluate the
proposed centralized and distributed TAAC algorithms. In

Algorithm 3 Algorithm Executed in ED i
1: done=0
2: while done=0 do
3: if receive confirm then
4: done=1 and Break loop
5: else if receive � then
6: Calculate δ∗

i and �∗
i using (28)

7: Transmit δ∗
i and �∗

i to FN
8: end if
9: end while

order to present an intuitive vision of the performances of
the proposed algorithms, the simulation results are compared
with weighted scheduling [17], the exhaustive search, and
all-approximate approaches.

1) Weighted Scheduling [17]: It is an optimal task
allocation algorithm for cluster-based wireless sensor
networks. Note that as approximate computing is not
considered by [17], we run it by considering all of the
tasks are executed in the exact modes.

2) Exhaustive Search: It runs the weighted scheduling [17]
for all possible combinations of the execution modes of
tasks and select the best solution among them.

3) All-Approximate: It considers that all the tasks are exe-
cuted in the approximate modes and then runs [17] to
get the maximum gain. As all tasks are in approximate
execution modes, the output quality is not guaranteed by
this approach.

A. Experimental Setup

The Fog-IoT network is randomly generated in a 2-D area
of 100×100 m2 with one FN at the center and n randomly dis-
tributed EDs. The parameter values of EDs and FN are taken
from the datasheets of Texas Instruments CC2538 [34] and
TMS320C5509A [35], respectively. The processing-related
parameters are fi = 32 MHz, fF = 200 MHz, Pi = 36.9 mW,
and PF = 192 mW. We assume the EDs and FN have
the same RF modules with the bandwidth of 250 kb/s. The
communication-related parameters are eot = eor = 3.69 μJ,
ttx = trx = 4 μs, PT0 = 59.8 mW, η = 0.05, Prin = −85 dBm,
FR = 2.4 GHz, and α = 2. The battery capacities of EDs are
randomly generated from 1 to 5 kJ; and the battery energy of
FN is randomly generated from 10 to 15 kJ.

The DAG associated with each ED is also randomly gener-
ated: the computing workload of each task in the exact mode
is within the range of [100, 500] kilo clock cycles (KCCs)
and the communication data on each edge is in the range of
[100, 1000] b. When the tasks are executed in the approxi-
mate modes, the corresponding energy costs are determined
by the energy ratio between approximate and exact modes,
ra/e. We consider the DAGs for all EDs are the same. The
error generated by each task in the approximate mode and
the corresponding coefficient, σ 2

k and ck, are randomly dis-
tributed within [0, 0.01] and [0.5, 1.5], respectively. The tasks
executed in exact modes do not generate any error and the
error limitation for each application is 0.02.
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TABLE II
CONFIGURATIONS OF THE PARAMETERS FOR THE SIMULATIONS

The performance in terms of network lifetime extension and
system error variance as well as the algorithm execution time
(algorithm computation complexity) in MATLAB 2017a are
investigated by changing three configuration parameters: 1) the
energy ratio between approximate and exact modes ra/e; 2) the
number of EDs n; and 3) the number of tasks in each DAG
Ki. Table II illustrates the configurations of the parameters.
Note that only one parameter is changed in each simulation.
The reported results in this section correspond to the average
values and the standard deviations of 500 test instances for
each simulation scenario.

B. Simulation Results

The first set of simulations investigate the impact of energy
ratio between executing the tasks in approximate and exact
modes ra/e in terms of network lifetime increase, system out-
put errors by executing tasks in approximate modes and the
algorithm runtime of the proposed algorithms. The results of
extending the network lifetime are depicted in Fig. 3(a). In
order to clearly illustrate the superiority of applying approxi-
mate computing, we use the normalized network lifetime with
respect to [17]. Obviously, both centralized and distributed
TAAC algorithms perform the same as exhaustive search and
significantly extend the network lifetime comparing with [17].
The gains increase from 1.11 to 8.02 when ra/e changes from
0.9 to 0.1. The is because more energy can be saved by exe-
cuting the tasks in approximate modes when the ra/e becomes
smaller. Although applying the all-approximate policy pro-
longs the network lifetime the longest, the system output errors
generated by executing all tasks in approximate modes greatly
exceeds the user predefined error threshold 0.2, as shown in
Fig. 3(b). In contrast, both centralized and distributed TAAC
algorithms satisfy the error requirements with the error tol-
erance constraint. Fig. 3(c) shows the execution time of the
proposed algorithms. Clearly, the exhaustive search approach
consumes much more time than the others. The algorithm run-
time of all approaches keep stable as ra/e decreases. This is due
to the fact that the computation complexities of the proposed
algorithms are only affected by the number of EDs and the
number of tasks in each DAG as mentioned in Section IV-B.
As distributed TAAC consists of n subproblems which are
executed by each ED in parallel and one linking problem
executed on FN, its execution time is actually the maximum
runtime among the subproblems plus the runtime of the link-
ing problem. It can be seen from Fig. 3(c) that distributed
TAAC requires a much smaller execution time than central-
ized TAAC. For example, when ra/e equals 0.7, distributed

Fig. 3. Impact of the energy ratio between executing the tasks in approximate
and exact modes on (a) extending the network lifetime, (b) system output
quality, and (c) execution time of the algorithms (there are ten EDs and each
application contains ten tasks).

TAAC requires in average only 6.9 × 10−3 s while the cen-
tralized TAAC needs 11.3 × 10−3 s. In addition, the overall
execution time of distributed TAAC (termed as Dist-TAAC-
all), i.e., the summation of all n parallel subproblems, is larger



7646 IEEE INTERNET OF THINGS JOURNAL, VOL. 8, NO. 9, MAY 1, 2021

than the centralized TAAC. Therefore, considering the overall
algorithm runtime, we conclude that the centralized TAAC can
be efficiently solved for the scenarios where all the information
can be known in advance. For the other scenarios, distributed
TAAC is a better choice.

The second set of simulations investigate the performances
of the proposed algorithms by changing the number of EDs
n. In Fig. 4(a), both centralized and distributed TAAC algo-
rithms extend the network lifetime as long as the exhaustive
search as expected. They extend the lifetime by 2.82 times in
average with respect to [17]. The gains of normalized network
lifetime slightly change as n increases from 5 to 40. This can
be explained by the fact that the energy ratio between execut-
ing the tasks in approximate and exact modes does not change,
while [17] can provide the optimal task allocation solutions for
all tasks in exact modes. With the error tolerance constraint,
the proposed algorithms can always make the output errors
within the user predefined threshold as illustrated in Fig. 4(b).
As the computation complexities of centralized TAAC and
the summation of all subproblems in distributed TAAC are
related with n, the corresponding algorithm runtime gradually
increases when n changes from 5 to 40 as depicted in Fig. 4(c).
While the execution time of distributed TAAC is slightly
changed, since the complexities of the parallel subproblems
are mainly related with the number of tasks. Specifically,
comparing with the centralized TAAC which requires from
9.8 × 10−3 to 28.4 × 10−3 s as n increases from 5 to 40,
the execution time of distributed TAAC only changes in aver-
age from 9.0 × 10−3 to 11.4 × 10−3 s. This phenomenon
is consistent with the results in Fig. 3(c) of the first set of
simulations.

We further conduct the third set of simulations by changing
the number of tasks in the DAG K to evaluate the perfor-
mances of the proposed algorithms. As depicted in Fig. 5(a),
the proposed centralized and distributed TAAC algorithms
achieve dramatic normalized network lifetimes with respect
to [17] and provide the same results as the exhaustive search.
When K increases from 5 to 20, the gains of both centralized
and distributed TAAC algorithms decrease from 2.97 to 2.38
in average. The reason is that the number of tasks executed in
approximate modes is limited, in order to meet the output qual-
ity. Consequently, the proportion of saved energy by executing
the tasks in approximate modes becomes smaller when the
number of tasks increases. As the all-approximate policy does
not consider the error limits, the normalized network lifetime
it achieves does not change too much, which is consistent with
the results in Fig. 4(a). The drawback of all-approximate is that
the generated output error by the approximated tasks exponen-
tially increases as shown in Fig. 5(b), while both centralized
and distributed TAAC algorithms strictly satisfy the require-
ment of the output quality. The results of the impact of K in
terms of the execution time of the algorithms are illustrated
in Fig. 5(c). Obviously, the algorithm runtime of exhaustive
search exponentially increases when K changes from 5 to 20.
It is due to the fact that exhaustive search considers all of
the possible combinations of the execution modes selection of
tasks. In contrast, distributed TAAC requires the smallest exe-
cution time. As the complexity of each subproblem is related

Fig. 4. Impact of the number of EDs on (a) extending the network lifetime,
(b) system output quality, and (c) execution time of the algorithms (each
application contains ten tasks, the energy ratio between executing the tasks
in approximate and exact modes is 0.3).

with the number of tasks, the execution time of distributed
TAAC increases from 6.8 × 10−3 to 15.3 × 10−3 s when K
changes from 5 to 20.
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Fig. 5. Impact of the number of tasks on (a) extending the network lifetime,
(b) system output quality, and (c) execution time of the algorithms (there are
ten EDs, the energy ratio between executing the tasks in approximate and
exact modes is 0.3).

To sum up, the network lifetime can be further extended by
combing approximate computing. When the approximate com-
puting saves more energy cost over executing tasks in exact

modes, the more profit can be achieved by the task allocation
approaches combining approximate computing.

VII. CONCLUSION

This work addresses the problem of maximizing the lifetime
of fog architecture-based IoT networks by applying both the
task allocation and approximate computing techniques. The
problem of task allocation combining approximate comput-
ing (TAAC) is formulated as a nonlinear integer optimization
problem through partitioning the tasks for all IoT EDs and
FNs and selecting the corresponding execution modes of all
tasks simultaneously. In order to efficiently solve this problem,
we convert the nonlinear problem to an LP problem and pro-
pose both a centralized and a distributed TAAC algorithms. By
applying the combination of techniques in circuit and system
levels, high energy efficiency can be achieved: the proposed
algorithms extend the network lifetime by three times longer
than the previous approaches which only consider task allo-
cation technique. We strongly believe that the future IoT
applications can benefit a lot from this cross-level energy
optimization combining both circuit and system aspects.
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