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The present study considers axially symmetrical waves on the surface of a ferromag-
netic viscous fluid film flowing down a cylindrical conductor with a non-constant
current. In addition to the gravitational force, the film is affected by a uniform
magnetic field. Using the long-wave approximation, a model equation is obtained
for the evolution of the film thickness from its undisturbed value. By showing that
solutions with and without a constant magnetic field are self-similar, scaling pa-
rameters are identified and presented. Numerical solutions of the time-dependent
non-linear partial differential equation are presented when current in the conductor
is described by a ramp function (i.e., magnetic field onset). C© 2013 AIP Publishing
LLC. [http://dx.doi.org/10.1063/1.4819895]

I. INTRODUCTION

Falling liquid films, e.g., thin liquid layers flowing down a vertical or inclined wall under gravity,
are used in various applications, such as refrigeration, chemical processing, petroleum refineries,
desalination, and food processing (Alekseenko1). The continuously replenishing flow allows high
heat transfers. When ferromagnetic fluids are used, a substantial influence on the stability of the
flow can be observed because of an additionally acting volume force. In the present study, the
flow behavior of a viscous ferromagnetic fluid flowing down a vertical cylinder is investigated
(Fig. 1). The magnetic field is orientated in a way that the magnetic volume force acts normal to the
streamwise velocity.2, 3

In previous studies, various aspects of ferromagnetic film flows were investigated. Demekhin
et al.,4 for instance, observed different wave regimes of a thin layer of magnetic fluid flowing down
a vertical direct-current-carrying conductor at moderate Reynolds number values. In the long-wave
approximation, the authors obtained a system of non-linear differential equations that describe the
propagation of the finite-amplitude axially symmetric disturbances.

In general, the behavior of long-wave disturbances on the surface of a falling liquid film can be
described by a single evolution equation for the film thickness in the case of small Reynolds numbers
(Re ≈ 1). In a reference system that moves with twice the velocity of the smooth free surface, the
equation reduces via a change of variables (H and τ ) to the well-known Kuramoto-Sivashinsky (K-S)
equation

∂ H

∂τ
+ 4H

∂ H

∂x
+ ∂2 H

∂x2
+ ∂4 H

∂x4
= 0, (1)

with the cubic term ∂3H/∂X3 vanishing. This equation provides a generic weakly non-linear model
for the formation of many physical patterns with long-wave instability, such as chemical reactions far
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FIG. 1. Schematic drawing of the investigated flow conditions.

from thermodynamic equilibrium (Kuramoto and Tsuzuki5), wavy film flows (Nepomnyashchii6),
hydrodynamic instabilities of flame fronts (Sivashinsky7), and thermocapillary convection in hori-
zontal thin layers (see also the review of Chang and Demekhin8 and Kalliadasis et al.9).

With this equation, the wave modes in falling liquid films were found to have a substan-
tially non-sinusoidal form10 that qualitatively described the waves observed in experiments (see
Alekseenko1). In later work, periodic steady-state travelling solutions of the K-S equation, their sta-
bility, and bifurcation points have been identified numerically.11, 12 With decreasing wave number,
numerous new families of steady-state travelling solutions emerged. Also, time-oscillating solu-
tions were found to be generated from steady-state solutions through Landau-Hopf-type bifurcation.
Figure 2 illustrates the variation of wave amplitude (defined as the difference between maximum and
minimum wave height) with wave number, α, as shown in Tsvelodub and Trifonov.11 As the growth
rate of the infinitesimal disturbances is ω = α2 − α4, the neutral wave number αn, above which all
disturbances diminish, is unity. For wave numbers smaller than the neutral wave number, branching
from the trivial solution leads to the so-called first family (I) of steady-state travelling solutions (see
also Nepomnyashchii6). This solution is characterized by sinusoidal waves of wavelength λ = 2π /α.
The wave mode can be extended inwards towards the instability area up to α∗ = 0.4979. The phase
velocity for all wave numbers within this asymmetric family is zero (c = 0) in a reference frame
moving with the velocity of the neutral infinitesimal perturbations. For wave number α∗ = 0.4979,
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FIG. 2. Amplitude vs. wave number α for the first antisymmetric family (curve I) and for the first family with c > 0 (curve
II). Adapted from Tsvelodub and Trifonov.11
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the number of waves within the domain λ = 2π /α doubles (e.g., every second harmonic is equal to
zero), resulting in a solution that coincides with the solution of α = 2α∗ = 0.9958. For the point
α∗∗ = 0.554, all Lyapunov indices are equal to zero and a new solution of the same period with
phase velocity c > 0 bifurcates from the first family. Note that the mirrored solutions with c < 0,
which appear at the same point α∗∗, are not considered. A further decrease in wave number will lead
to additional bifurcations and to an infinite number of different wave modes.

The application of an additional stabilizing volume force acting on the ferromagnetic fluid
results in a compression of the family curves towards lower wave numbers. Note that the neutral
wave number is here defined for situations where no magnetic field is applied. In Tsvelodub and
Samatov,13 a thin film of a viscous ferromagnetic fluid flowing down a vertical cylindrical conductor
with a time-dependent current I0 · F(t) was examined. In assuming small film thicknesses compared
with the radius of the conductor, the long-wave approximation was adopted. For functions, F(t), they
chose sinusoids or Gaussians (impulse). For a Gaussian function, the magnetic field was temporarily
turned off, disabling the stabilizing effect and enabling disturbances to grow. Changes in the wave
modes occurring have thus been observed.

Previous investigations indicate that an application of a magnetic field stabilizes the film flow
and allows waves of a given wave number to exhibit behavior of a higher wave number. The present
study investigates the flow behavior that occurs when the magnetic volume force (e.g., the electric
current) follows a ramp function in the time variable.

II. PROBLEM STATEMENT

The present work considers the effect of a magnetic force on the wave regimes of flow on
a vertical cylinder (Fig. 1). The main driving force of the viscous ferromagnetic fluid is gravity,
directed axially downward. The film thickness is assumed to be small compared with the radius R of
the conductor. The problem is formulated in cylindrical coordinates where the z-axis, corresponding
to the direction of gravity, is aligned along the centerline of the conductor. The radial coordinate of
the boundary of the undisturbed free surface of the ferromagnetic fluid is r = R + h0, with h0 being
the thickness of the undisturbed film. Making use of the long-wave approximation (valid for low
flow rates, e.g., Re ≈ 1), the problem can be reduced to one non-linear differential equation for the
variation of the film thickness from its undisturbed value.

In a quasi-stationary approximation, the system of Navier-Stokes equations can be written as2, 3

∂v
∂t

+ (v∇) v = −∇ p

ρ
+ ν
v + g + f

ρ
and ∇ · v = 0. (2)

Here v is the velocity, p pressure, ρ density, ν kinematic viscosity, t time, and g the constant of
gravity.

The force acting on a unit volume of the ferromagnetic fluid is f = μ0(M∇)H, directed radially.
Here, μ0 is the magnetic constant, H magnetic field intensity, and M magnetization of the fluid. The
magnetic field generated by the current outside the conductor is

r > R : H = (
0, Hφ, 0

)
,

Hφ = I

2πr
= I0 F (t)

2πr
,

(3)

with I(t) as the current flowing through the conductor. This current is described by a ramp function
in time, I0 · F(t), with

F (t) = 0.5 · (1 + tanh(β(t − t0))). (4)

Here, t0 denotes the time when the step occurs and β is a parameter used to smooth the transition.
The maximum value of F(t) is unity. An axially symmetrical case with no disturbances of the
magnetic field H and no pressure jump caused by the magnetic field on the free surface of the fluid
is considered. Since the curl of the magnetic field vanishes in the flow region (∇ × H = 0) and
assuming a linear law for the magnetization (M = χH), where χ is the magnetic susceptibility of
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the ferromagnetic fluid, the magnetic volume force becomes

f = μ0 (M∇) H = μ0χ (H∇) H

= μ0χ
(∇H2/2 − H × (∇ × H)

) = μ0χ ∇H2/2. (5)

At the cylinder surface, the no-slip boundary condition for the velocity

r = R : v = 0 (6)

holds. At the free surface of the film, the kinematic condition,

∂h

∂t
+ u

∂h

∂z
= v, (7)

and dynamic conditions,

r = R + h0 + h : (p − σκ) ni − τ
(1)
ik nk = p0ni − τ

(2)
ik nk, (8)

are applied. Here, u and v are the axial- and radial-components of the velocity, respectively, p is the
fluid pressure, p0 is the ambient pressure, ni are the components of the normal

n = (nz, nr ) = (−∂h/∂z, 1) /

√
1 + (∂h/∂z)2,

κ is the mean curvature, and σ is the coefficient of surface tension. With B = μ0(1 + χ )H defining
the magnetic induction, the stress tensor τ ik = σ ik + HiBk − μ0H2δik/2 is constructed from the
viscous-stress tensor σ ik and the Maxwell stress tensor; superscripts (1) and (2) labeling the stress
tensor in formula (8) refer to fluid and ambient medium, respectively,

The axisymmetric Navier-Stokes equations (2) with boundary conditions (6)–(8) have a solution
in the form of a cylindrical free surface of uniform thickness:

u(r ) ≡ V (r ) = g

2ν

(
(R + h0)2 ln

r

R
− r2 − R2

2

)
,

P(r ) = p0 + σ

R + h0
+ μ0χ I 2

8π2

(
1

r2
− 1

(R + h0)2

)
.

(9)

Because such a flow is inherently unstable against infinitesimal perturbations, the present study
aims to derive a simple model for the non-linear wave regimes occurring for the falling film.
For convenience, the quantity r+ = r − R is introduced instead of the radial coordinate r. Using
parameters λ/V0, V0, and ρgh0 as time, velocity, and pressure scales, and h0 and λ as spatial scales in
the radial- and axial-directions, respectively, the equations describing the film flow can be rewritten
in a dimensionless form. Here, V0 denotes the velocity of the free surface of the undisturbed film
of thickness h0. Using a Taylor series expansion of the logarithm, the free surface velocity becomes
V0 = gh2

0/(2ν) if h0 � R. As a result, the following dimensionless parameters appear:

Reynolds number: Re = V0h0/ν,

Froude number: Fr = V 2
0 /(gh0),

Weber number: We = σ/(ρgh2
0),

Magnetic Bond number: Bo = μ0χ I 2
0 /(4π2σ R),

Axial length-scale: ε = h0/λ,

Radial length-scale: δ = h0/R,

where λ denotes the characteristic length of the perturbation in the streamwise direction. Together
with the above expression for V0, a constant ratio between Reynolds and Froude numbers is found,
viz., Re/Fr = 2.

Representing the disturbed flow in the form u = V + εu′, v = ε2v′, p = P + ε p′, and h = εh′,
and neglecting terms of order ε2 and higher, the following system of equations for the disturbed
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quantities (where primes have been omitted) is obtained:

ε
∂u

∂t
+ εV

∂u

∂z
+ εv

∂V

∂r
= − ε

Fr

∂p

∂z
+ δ

Re(1 + δ r+)

∂u

∂r
+ 1

Re

∂2u

∂r2
,

∂p

∂r
= 0,

∂u

∂z
+ δ

1 + δ r+ v + ∂v

∂r
= 0.

(10)

While the no-slip boundary condition (6) remains unaffected, i.e., u = v = 0 at r+ = 0, the kinematic
condition (7) changes to

∂h

∂t
+ (ε u + V )

∂h

∂z
= v + ε

∂v

∂r
h. (11)

Meanwhile, the dynamic boundary conditions (8) from the free surface to the undisturbed level at
r+ = 1 become

∂u

∂r
+ ∂2V

∂r2
h = 0,

p + ε
∂p

∂r
h + δ2We

(1 + δ)2

[
1 − BoF2( t)

]
h + Weε2 ∂2h

∂z2
− 2ε

Fr

Re

∂v

∂r
= 0,

(12)

in which the values We ε2 and We δ2 are of an order unity for large surface tension values.
To solve the system of differential equations (10) with boundary conditions (11) and (12), a

solution in the form

(u, v, p) =
∞∑

n=0

εn(un, vn, pn),

h(z, t) = h(z, t, ε t) = h(z, t, t1),

(13)

is assumed, where t and t1 = εt are the fast and the slow times, respectively. Combining all terms of
the same powers in ε, the zero-order approximation becomes

u0 = Re

Fr
r+h, v0 = −Re

Fr

r+2

2

∂h

∂z
,

p0 = −Weδ2 [
1 − BoF2 ( t)

]
h − Weε2 ∂2h

∂z2
.

(14)

Substituting the zero-order solution of system (10) into the boundary condition (12) leads in first-
order approximation to

∂h

∂t
+

(
1 + Re

2Fr

)
∂h

∂z
= 0. (15)

Recalling that Re/Fr = 2, Eq. (15) states in the first-order approximation that all disturbances
propagate with the same velocity. This velocity is twice the surface velocity of the undisturbed flow,
V0. Additionally, from Eq. (15), the evolution of the perturbations does not depend on the fast time t
in the reference frame moving with these perturbations. For the first-order terms in ε, a solution can
be obtained from Eq. (10). Thus, the final expression for the velocity v1 at the free boundary is

v1 = 5

24

Re2

Fr

∂2h

∂t∂z

− 1

3

Re

Fr
We

(
δ2

[
1 − BoF2( t)

] ∂2h

∂z2
+ ε2 ∂4h

∂z4

)

− S

3

Re

Fr

∂h

∂z
+ 3

40

Re3

Fr2

∂2h

∂z2
, (16)
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where S = δ/ε = λ/R ≈ 1. At order ε, the kinematic condition (11) yields

∂h

∂t1
+ u0

∂h

∂z
= v1 + ∂v0

∂r
h. (17)

Substituting the expressions for u0 and v1 from Eqs. (14) and (16), we obtain

∂h

∂t1
+ 2

3
S
∂h

∂z
+4h

∂h

∂z
+

[
− 3

10
Re+ 2

3
Weδ2 (

1−BoF2(t1/ε)
)] ∂2h

∂z2
− 5

12
Re

∂2h

∂t∂z
+ 2

3
Weε2 ∂4h

∂z4
= 0.

(18)
To separate the time and space derivatives in the mixed derivative term, we substitute z1 = z − 2t,
forcing the mixed derivative term to become solely dependent on the second derivative with respect
to z1:

∂h

∂t1
+ 2

3
S

∂h

∂z1
+ 4h

∂h

∂z1
+

[
8

15
Re + 2

3
Weδ2

(
1 − BoF2(t1/ε)

)] ∂2h

∂z2
1

+ 2

3
Weε2 ∂4h

∂z4
1

= 0. (19)

Further substitutions,

h = h(x, t1), x = z1 − 2/3St1 ≡ z − 2t − 2/3St1 ≡ z − 2t − 2/3δt, (20)

remove the convective term in the above equation. This transformation projects the problem onto a
moving frame of reference that moves with velocity 2 + 2/3δ (compared with the laboratory frame).
The transforming Eq. (19) in this new reference system yields

∂h

∂t1
+ 4h

∂h

∂x
+

[
8

15
Re + 2

3
Weδ2

(
1 − BoF2(t1/ε)

)] ∂2h

∂x2
+ 2

3
Weε2 ∂4h

∂x4
= 0. (21)

To determine a critical magnetic Bond number for a constant electric current I0 (e.g., F(t) = 1),
the non-linear term in (21) is neglected. The remaining equation has a solution in the form of
h = h0exp (iα(x − ct1)), where the wave number α and the complex phase velocity c = cr + ici

satisfy

− iαc −
[

8

15
Re + 2

3
Weδ2 (1 − Bo)

]
α2 + 2

3
Weε2α4 = 0. (22)

This equation states that perturbations with wave numbers α < αn are unstable, where αn is the
neutral wave number:

αn =
√

3

2Weε2

[
8

15
Re + 2

3
Weδ2 (1 − Bo)

]
. (23)

The neutral wave number vanishes if Bo = 1 + 4Re/(5Weδ2), which determine stable wave number
modes. We refer to this value of the Bond number as the critical magnetic Bond number Bo∗. From
(23) with Bo = 0, we also find for the neutral wave number

αn =
√

3

2Weε2

[
8

15
Re + 2

3
Weδ2

]
=

√
4

5

Re

Weε2
+ δ2

ε2
=

√
4

5

Re

Weε2
+ S2. (24)

The present study investigates flow conditions below the critical Bond number (Bo < Bo∗). If
F(t) is constant, Eq. (21) reduces to the well-known K-S equation.

For convenience, Eq. (21) is transformed into a form where, in the absence of a magnetic force
F(t) = 0, the neutral wave number αn equals unity for the stability bound. Note, a different scaling
could be applied in which the neutral wave number equals unity for the stability bound for an applied
magnetic field of a defined strength (F(t) = const.). From (24) follows the condition

4

5

Re

Weε2
= 1 − S2, (25)
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which must be fulfilled in this case. Equation (25) gives a more adequate estimate of the characteristic
length of the disturbances in the streamwise direction from which

ε = h0

λ
= δ

√
1 + 4

5

Re

Weδ2
(26)

is obtained.
For disturbances with wave numbers below the neutral wave number (α < αn), the flow is

unstable if no magnetic field is applied. However, as the magnetic field generally tends to stabilize
the flow, an appropriate intensity of the magnetic field (depending on the wave number) can again
stabilize these disturbances.

The growth rate of the disturbances, ω, for a constant electric current (F(t1/ε) = const.) and
different wave numbers results from (22):

ω = αci =
[

8

15
Re + 2

3
Weδ2 (1 − Bo)

]
α2 + 2

3
Weε2α4. (27)

Applying transformations

h(x, t1) = 2W eε2 H (x, τ )/3, τ = 2W eε2t1/3, C = S2 Bo (28)

to Eq. (21) yields the following non-linear partial differential equation:

∂ H

∂τ
+ 4H

∂ H

∂x
+ [

1 − C F2(τ )
] ∂2 H

∂x2
+ ∂4 H

∂x4
= 0, (29)

with F(τ ) = 0.5(1 + tanh (β ′(τ − τ 0))) and β ′ = 0.1. The transformation of Eq. (23) results in
αn = 1 for F(τ ) = F0 = 0 and to αn = √

1 − C for F(τ ) = F0 = 1. The growth rate (22) changes to

ω = αci = [
1 − C F2

0

]
α2 − α4. (30)

Recalling that for a constant value, F(τ ) = 1, Eqs. (29) and (30) can be transformed using
α = α∗(1 − C)1/2, H = HM(1 − C)3/2, τ = τM(1 − C)−2, x = xM(1 − C)−1/2, c = cM(1 − C)3/2,
and ω = ωM(1 − C)2, which results in the K-S equation

∂ HM

∂τM
+ 4HM

∂ HM

∂xM
+ ∂2 HM

∂x2
M

+ ∂4 HM

∂x4
M

= 0, (31)

with a growth rate of

ωM = αMcM,i = α2
M − α4

M. (32)

The transformation shows that the solutions for a constant magnetic field and zero magnetic field
are self-similar.

III. SOLUTION ALGORITHM

Equation (29), with the non-linear term omitted, describes the stability of the initial flow against
infinitesimal disturbances. As the neutral wave number αn equals unity for C = 0, the film flow
is unstable with respect to wave numbers smaller than unity. To analyze the non-linear periodical
solutions, Eq. (29) is solved numerically. The solutions were expanded as a Fourier series in space
with time-dependent harmonics, which when substituted into Eq. (29), generates an infinite system of
non-linear ordinary differential equations for all the harmonics Hn. Truncating the Fourier series, i.e.,
assuming that all harmonics starting from a certain number N are equal to zero, a finite approximation
of the system is obtained:

d Hn

dτ
= α2n2{1 − C F2(τ ) − α2n2}Hn

− 4iαn
N∑

m=n−N

Hm Hn−m, n = 0, . . . , N . (33)
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Because H is real, the relation H−n = H∗
n (the asterisk denoting complex-conjugation) holds for all

the harmonics Hn. From Eq. (33), the solution for the zeroth harmonic is trivial, i.e., H0 is an arbitrary
constant. In the present study, H0 is assumed to be zero without any loss of generality. System (33)
was solved numerically using the standard MATLAB ode45 solver, based on an explicit Runge-Kutta
(4,5) procedure. The total number of harmonics used was set by the condition |HN|/max |Hn| < 10−5.
The main results were obtained with N = 10.

IV. RESULTS

In this section, solutions of the basic K-S equation are recalled. Based on these solutions, the
influence of a stationary magnetic field is discussed. Finally, transitional effects between the base
solution (no magnetic field) and the solution with magnetic field are presented.16

A. “Steady-state” solutions of the Kuramoto-Sivashinsky equation

The K-S equation with its numerous solutions has been investigated in detail by many re-
searchers, for example, Trifonov.12 The solutions of this equation can generally be divided into
different families, which shall be duly discussed in this section. The first family, in a bandwidth
of wave numbers between α = 0.554 and α = 1, is characterized by the existence of one unique
“steady-state” solution of steady travelling waves, irrespective of the initial condition. The wave
number of highest growth rate according to (30) is also found in this family, i.e., α = √

1/2.
For wave numbers below α = 0.554, the solution depends also on the initial condition. The

analysis cannot establish a complete picture of the various existing wave regimes; hence, we focus on
one single initial condition and vary the wave number starting from α = 0.3. For the initial condition,
a sinusoidal wave is chosen with a dominant first harmonic, H1 = 0.3 and low, but non-zero, values
for the remaining harmonics, Hi = 2, . . . , 10 = 0.01. The results are shown in Figure 3. The black
symbols (dots and crosses) depict the time-averaged value of the amplitude, which itself is defined
as the difference between minimum and maximum film thickness within the given domain. The error
bars indicate the maximum value of the amplitude.

Based on the mean and maximum amplitude, the solutions can generally be divided into two
categories. The first category contains steady solutions (in a moving frame of reference), in which
the amplitude converges to a constant value after an initial start-up phase. The second category
contains periodically or non-periodically oscillating solutions. These solutions do not converge to a
steady solution within the simulated time frame (the simulated time frame is τ = 1500, whereby all
solutions of the first category obviously show a convergence to steady-state behavior for τ > 750).
Based on the mean and maximum of the amplitude, the resulting waves can be attributed to the
above-mentioned two categories. Steady-state solutions can be found for 0.37 ≤ α ≤ 0.42 (range II)
as well as for 0.49 ≤ α ≤ 0.55 (range IV). However, the character of the waves in these two ranges
differs in terms of the dominating harmonic. For range II, the second harmonic dominates, while
for range IV, indicated by black dots, the first harmonic dominates.

However, although the different solutions can be attributed to these two main categories, a more
complex variation of wave modes can be observed. Therefore, the size of the harmonic amplitude is
plotted for eight different wave modes in Fig. 3, giving more insight into the unsteady wave profile.

For the lowest wave number examined, α = 0.3, the first three harmonics prescribe an irregular
behavior with a dominant third harmonic (see Fig. 3, plot 1). A minor increase of the wave number to
α = 0.31 results in a different wave mode (see Fig. 3, plot 2). In this wave mode, all three harmonics
seem to converge slowly to a quasi-steady-state solution. However, after reaching a maximal value,
the amplitude of the second harmonic begins to decrease, leading to a sign change in the real part
of the harmonic (not shown given absolute values). This behavior tends to occur quasi-periodically,
thereby causing a phase shift in the travelling waves. With a further increase in wave number, the
amplitude rises while the time between the occurrences of these phase shifts shortens. For α = 0.36,
a constantly oscillating behavior of the harmonics is found.

For α = 0.37, the wave mode jumps to a steady-state solution for which all harmonics approach
zero with the exception of H2 (see Fig. 3, plot 4). This solution coincides with one in the first family
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FIG. 3. Influence of wave number on wave amplitude. Roman numerals I to IV indicate different wave-types; Arabic numbers
1 to 8 in the upper plot mark the different wave numbers for which the temporal evolution of the wave amplitude is plotted
below.

(α > 0.554) that only contains two waves within the given domain. This wave regime is found for
0.37 ≤ α ≤ 0.42 (regime II). Further increases in wave number again result in quasi-steady-state
solutions, containing periodically occurring phase shifts (see Fig. 3, plots 5 and 6). Here, an increase
in wave number reduces the time period between these shifts. For α = 0.48, plot 7, the quasi-steady-
state solution is suppressed, leading to continuous variations of the three amplitudes. The last wave
mode (0.49 ≤ α ≤ 0.55, regime IV) is characterized by a steady-state solution with a dominant first
harmonic. However, in contrast to decreasing amplitudes with lower wave numbers found for the
first family, the amplitudes increase with a decrease in wave number.

B. Influence of the magnetic field on the converged solution (τ � τ 0)

The influence of the magnetic field on the steady-state solution (the converged steady or periodic
solution) is determined according to the transformation of Eq. (29) and is self-similar to the solution
without magnetic field (31). For this reason, the solution can be directly obtained from the solutions
presented in Figure 3 using an equivalent wave number α∗ = α/

√
1 − BoS2. The resulting amplitude
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FIG. 4. Illustration of the transformation from the solution without to the solution with an applied magnetic field.

is reduced compared with that for the solution found by H = H∗(α∗) · (1 − BoS2)3/2. Figure 4
schematically depicts the conversion of a base solution to a solution with magnetic field. As the
magnetic field does not influence the wave number with the highest growth rate (α∗(ωmax) = √

1/2),
the wave type of the highest amplification (first family) remains, although the effective wave number
is lower; that is, the wavelength increases whereas its amplitude decreases.

It should be noted here that the solution process presented for the magnetic field is also valid
for other types of volume forces, as, for instance, given an inclination that can stabilize (negative
value for the constant C) or destabilize (positive value for the constant C) the flow according to
its orientation. Even surface forces from an applied electric field (see Tsvelodub and Samatov14)
introduce a coefficient (1 + C) that destabilizes the flow. However, for flow destabilization, the wave
number of the new solution is smaller (shown in the plot on the left side of the original solution) and
the magnitude of the harmonics increases.

C. Transitional effects for closed-flow boundary conditions (α = const.)

This subsection presents results from the transition of wave modes caused by the onset of a
magnetic field. Because of the constant propagation velocity of the disturbances (which is twice the
velocity of the surface velocity of the undisturbed flow), a constant frequency of the disturbances
(which for instance can experimentally be induced by way of an external excitation15) will result in a
constant wave length. This justifies the assumption of a constant wave number during the transition
process in the limit of long-wave approximation.

Two sets of numerical results will be shown. In the first set, the initial wave number is varied
and the strength of the magnetic field is chosen in a way that the resulting equivalent wave number
is the wave number of highest growth rate (α∗ = √

1/2). In the second set, the initial wave number
remains constant (α = 0.3 and α = 0.4) and the strength of the magnetic field is varied.

Figure 5 shows the transition after the onset of the magnetic field at τ = 500 for initial
wave numbers ranging from α = 0.3 to α = 0.6. The strength of the magnetic field C = S2Bo
is set to C = 1 − 2α2, which results in an equivalent wave number of α∗ = √

1/2 (the wave
number of highest growth rate). For the lowest wave number examined, α = 0.3, the initial solution
(τ < 500) is characterized by a chaotic pattern in which all three harmonics shown are non-zero.
After the onset of the magnetic field, the second and third harmonics approach zero while the first
harmonic converges to a constant non-zero value. A detailed look at the solution near onset reveals
that an oscillatory/chaotic behavior remains for a small period of time before convergence to the
new solution. For α = 0.35, the solution without magnetic field is characterized by a high value of
the second harmonic and a low but non-zero value for the other harmonics over a long time period.
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FIG. 5. Influence of the magnetic field for various initial wave numbers α. The strength of the magnetic field is chosen so
that the equivalent wave number, α∗, equals the wave number of highest growth rate (α∗ = √

0.5).

However, this solution is occasionally interrupted by a growing oscillation of the first and third
harmonic and a declining oscillation of the second harmonic. With the onset of the magnetic field,
the second harmonic approaches zero again, while the first harmonic grows. Because of the very low
value of the first harmonic at the onset of the magnetic field, a long time delay exists until growth
of this harmonic can be seen in the plotted solution. The solution for α = 0.4 is characterized by
a constant value for the second harmonic, while the first and the third harmonic converge to zero.
Because of the low value of the first harmonic, the magnetic field results in a solution in which
all harmonics are close to zero up to τ = 1500. However, it should be noted that the solutions are
non-zero and grow in time. As the time required to approach the solution with the magnetic field
strongly depends on the initial value of the first harmonic, a strong dependency on the time of the
onset of the magnetic field exists. For wave numbers α = 0.45 and α = 0.5, the solution is again
characterized by periodical sign changes in the harmonics, for which all harmonics are non-zero.
Thus, the solution approaches its final magnetic solution much faster. It should be noted here that the
jump in the solution of the first harmonic for α = 0.5 is caused by a change in sign of the imaginary
part, while the real part remains constant. For the steady-state solution of α = 0.55 (dominated by
the first harmonic), the transition to the steady-state solution with the magnetic field is fast compared
with the transition found for the other steady-state solution (α = 0.4). This is caused due to the fact
that the first harmonic is non-zero for α = 0.55 and very close to zero for α = 0.4.

The influence of the magnetic field on the wave with constant wave number α = 0.3 is depicted in
Fig. 6. The strength of the magnetic field is varied to show equivalent wave numbers α∗ = 0.35, 0.4,
0.45, 0.5. The upper plot depicts the solution without a magnetic field. For α∗ = 0.35, the solution
exhibits oscillatory behavior closely after the onset of the magnetic field. As the solution of α = 0.35
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FIG. 6. Influence of the magnetic field intensity for a constant initial wave number of α = 0.3.

is characterized by periodically occurring oscillations combined with a sign change in the second
harmonic, this behavior will also be found in the solution with a magnetic field. However, the time
scale for a magnetic field is increased by τ ∗ = τ (1 − C)−2, for which the time span between these
periodically occurring sign changes increases. For α∗ = 0.4, the solution converges quickly, with
the second harmonic approaching a fixed value whereas the other harmonics approach zero. The
wave number α∗ = 0.45 again shows periodical changes of sign, similar to the solution found for
α∗ = 0.35. The last solution shown, α∗ = 0.5, approaches a constant value for the first and third

FIG. 7. Influence of the magnetic field intensity for a constant initial wave number of α = 0.4.
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harmonics, while the second harmonic converges to zero. Comparing with α∗ = 0.4, the transition
after the onset of the magnetic field is much faster.

For an initial wave number of α = 0.4, of which the final solution is characterized by a constant
non-zero value of the second harmonic and constant zero-values of the first and third harmonics, the
influence of the magnetic field is clearly shown in Fig. 7. Here, equivalent wave numbers, α∗ = 0.45
and 0.5, are shown. For the lower value, the magnetic field changes the solution from a stationary
to an oscillating regime. Because of the low value of the first harmonic at the onset of the magnetic
field, the time span between the first change of sign (occurring at τ ≈ 1000) is much larger than the
period of time between the periodical changes. Interesting transitional effects can be observed for
α∗ = 0.5, in which a stationary solution dominated by the second harmonic develops into a solution
with a dominating first harmonic. Comparing with amplitudes of all other solutions observed before,
the amplitude of the second harmonic decreases significantly more slowly. Contrarily, the first
harmonic does not increase to an observable level until τ ≈ 1100, at which time the second and
third harmonics make a sudden jump. After this occurrence, the solution quickly approaches the
final solution of α∗ = 0.5.

V. CONCLUSION

In this study, the flow behavior of a ferromagnetic viscous fluid flowing down a cylindrical
conductor with a variable magnetic field intensity was investigated. A model equation, based on
the long-wave approximation, was obtained that described the surface deviation for film thickness.
The model equation differs from the K-S equation by an additional term that ensures the growth of
perturbations with small wave numbers. This term is characterized by a coefficient dependent on the
variable magnetic field.

For a constant magnetic field, the equation can be directly transformed to the K-S equation, which
features self-similarity between the converged solutions. From this transformation, the influence of
the magnetic field on the converged solution can be directly found. Summarizing, the magnetic field
affects the flow as follows:

� shift of the solution with respect to the wave number by α∗ = α(1 − C)−1/2,
� reduction in wave peak height by H∗ = H(α∗)(1 − C)−3/2,
� increase in the time scale by τ ∗ = τ (α∗)(1 − C)2,
� decrease in the wave speed by c∗ = c(α∗)(1 − C)−3/2, and
� decrease in the growth rate by ω∗ = ω(α∗)(1 − C)2,

where C is
√

BoS2.
For a constant wave number, the transition between solutions associated with and without

magnetic field was numerically investigated for exemplifying cases. The transition process strongly
depended on the initial wave number and the equivalent magnetic wave number (with a magnetic
field). Transitions in which the solution changed its dominating harmonic (for instance, period
bisection) were found to be characterized by a long span of time over which all harmonics are close
to zero. This showed that the transition process is accompanied by periods in which a nearly flat
film solution is present.
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