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Abstract

Many real-world networks were found to be highly clustered, and contain a large amount of
small cliques. We here investigate the number of cliques of any size k contained in a geometric
inhomogeneous random graph: a scale-free network model containing geometry. The interplay
between scale-freeness and geometry ensures that connections are likely to form between either
high-degree vertices, or between close by vertices. At the same time it is rare for a vertex to
have a high degree, and most vertices are not close to one another. This trade-off makes cliques
more likely to appear between specific vertices. In this paper, we formalize this trade-off and
prove that there exists a predominant type of clique in terms of the degrees and the positions
of the vertices that span the clique. Moreover, we show that the asymptotic number of cliques
as well as the predominant clique type undergoes a phase transition, in which only k and the
degree-exponent τ are involved. Interestingly, this phase transition shows that for small values
of τ , the underlying geometry of the model is irrelevant: the number of cliques scales the same
as in a non-geometric network model.

1 Introduction

Real-world networks often share common characteristics. For example, many large real-world net-
works are scale-free, that is, there exist a small number of individuals with a large amount of
connections, whereas most of the individuals only have a small connectivity. This feature is math-
ematically often described by assuming that the degrees of the vertices in the network follow a
power-law distribution. Another common feature is that real-world networks typically have large
clustering coefficient. That is, there is a high probability that two neighbors of the same vertex are
connected, and thus the network contains many triangles. This structural property is highly related
to a possible underlying geometry of the network. Indeed, when any two close individuals are more
likely to connect, the triangle inequality ensures that triangles are more likely to form between close
groups of three vertices. In fact, in two examples of network models with an underlying geometry it
has been proven that the presence of this underlying network geometry guarantees a high clustering
coefficient, for hyperbolic random graphs [10], and geometric inhomogeneous random graphs [6].

While clustering is typically measured in terms of the number of triangles in the network, the
presence of larger cliques inside a network is also informative on the amount of network clustering.
Indeed, in clustered networks, one would expect the number of cliques of size larger than three to
be high as well. Therefore, the number of cliques of general sizes have been extensively studied in
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several types of random graph models without underlying geometry, such as dense inhomogeneous
random graphs [8], scale free inhomogeneous random graphs [13, 2], general rank-1 inhomogeneous
random graphs [5]. Results on the number of cliques in random graphs with underlying geometry are
less well-studied, as the presence of geometry creates correlations between the presence of different
edges, making it difficult to compute the probability that a given clique is present. Still, some
results are known for high-dimensional geometric random graphs [1] and hyperbolic random graphs
[4], showing that these types of random graphs typically contain a larger number of cliques than
non-geometric models as long as the dimension of the underlying space is not too large. Particular
attention has been given to the clique number: the largest clique in the network [4, 12, 7].

In this paper, we study general clique structures that can indicate network clustering inside
a more general geometric network model, and investigate the relation between the presence of
geometry and the presence of cliques. In particular, we analyze the Geometric Inhomogeneous
random graph (GIRG) [6], a random graph model that includes scale-free vertex weights describing
(roughly) the vertex degrees, and an underlying geometric space that makes nearby vertices more
likely to be connected. We analyze the number of k-cliques contained in this random graph model,
by deriving and solving an optimization method, similarly to [11]. This optimization method allows
to overcome the difficulties posed by the dependence of the presence of edges in geometric models
by studying the connections between different regions separately. Interestingly, we show that k-
cliques typically appear in specified regions of the network. We describe the specific properties
satisfied by these most predominant cliques in terms of the vertex degrees and their geometric
positions. Interestingly, our results show that geometry plays a central role in the number of cliques
of any size when the degree-exponent of the power-law is at least 7/3. For smaller degree-exponents
however, we show that the predominant clique does not depend on the underlying geometry, and
that the number of cliques of all sizes scales the same as in scale-free configuration models [11],
random graph models without any form of geometry. Thus, our results show that geometry does
not always cause larger clique numbers or clustering coefficients in the scale-free regime, even when
the dimension of the geometric space is low.

Specifically, we find that for any clique size, there is a threshold degree-exponent such that
for scale-free networks with degree-exponent below the threshold, geometry does not influence the
clique counts. When the degree exponent is above the threshold, the clique counts of that size are
influenced by the underlying geometry of the model. Furthermore, for larger cliques, this threshold
degree-exponent becomes higher, so that the geometry of the model becomes irrelevant for a larger
range of the degree-exponent. Therefore, for small cliques, the range in which optimal subgraph
structures depend significantly on the geometric features of the vertices is larger.

Organization of the paper. In Section 2 we describe our main result, concerning the charac-
terization of the optimal clique structures in the GIRG and their scaling. Moreover, we provide
simulations in support of our result, and we provide a short discussion. In Section 3 we formulate
the problem we are analyzing as an optimization problem, where the feasible region is formed by the
pairs of vectors (α,β), which express the properties (weights and distances) of the vertices involved
in a clique. Then in Section 4 we prove the solution structure of the optimization problem, and
finally we provide the proof of the main theorem in Section 5.

Notation. We now describe the notation that will be used throughout this paper. A k-clique is
a subset of vertices of size k such that they are all pairwise connected, and it is denoted by Kk. In
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this paper, we analyze cliques contained in GIRGs where the number of vertices n tends to ∞. We
say that a sequence of events (En)n≥1 happens with high probability (w.h.p.) of limn→∞ P(En) = 1.
We denote with Pn(E) the probability that the event E happens in a GIRG with n vertices, and
with En[X] the mean value of the random variable X when the number of vertices is n. We write

• f(n) = o(g(n)) if limn→∞ f(n)/g(n) = 0

• f(n) = O(g(n)) if lim supn→∞ |f(n)|/g(n) <∞

• f(n) = Θ(g(n)) if f(n) = O(g(n)) as well as g(n) = O(f(n))

Moreover, we write

• Xn = oP(a(n)) if limn→∞ P( Xna(n) ≥ ε) = 0 for all ε > 0

• Xn = OP(a(n)) if for any ε > 0 there existM > 0 and N ∈ N such that P(|Xn|/a(n) ≥M) < ε
for all n > N .

• Xn = ΘP(a(n)) if for any ε > 0 there exist m,M > 0 and N ∈ N such that P(|Xn|/a(n) 6∈
[m,M ]) < ε for all n > N .

Geometric Inhomogeneous random graph. We now define the geometric inhomogeneous
random graph [6]. Let n ∈ N denote the number of vertices in the graph, and call V = [n] =
{1, 2, ..., n} the set of vertices of the GIRG. In the GIRG, each vertex i is associated with a weight,
wi and a position xi. The weights w1, ...,wn are independent and identically distributed random
variables that follow a Pareto power law distribution with exponent τ ∈ (2, 3). That is, for any
v ∈ V

P(wv > w) = cw−(τ−1), (1)

for w ≥ wmin, for some wmin ≥ 0, where c is a normalization constant. We denote byW :=
∑n

v=1 wv

the sum of the weights.
As ground space for positions of the vertices, we consider the d-dimensional torus Td = Rd/Zd.

Then, the positions x1, ..., xn are independent and identically distributed random variables, with
uniform distribution on Td. That is, for any v ∈ V

P(xv ∈ [a1, b1]× · · · × [ad, bd]) =
d∏
i=1

(bi − ai) (2)

for any a1, ..., ad, b1, ..., bd in [0, 1] such that ai ≤ bi for every i = 1, ..., d.
We denote by E the set of edges in the GIRG. An edge between any two vertices u, v ∈ V of the

GIRG appears with a probability puv determined by the weights and the positions of the vertices

puv := P((u, v) ∈ E) = min

{
1

|| xu− xv ||γd
(wu wv

W

)γ
, 1

}
, (3)

where the exponent γ > 1 is a fixed parameter. Here we use the ∞-norm to measure || xu− xv ||.
That is, for any x, y ∈ Td

||x− y|| := max
1≤i≤d

|xi − yi|C . (4)
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Here | · |C denotes the distance on the circle T1, namely, for any a, b ∈ T1

|a− b|C := min{|a− b|, 1− |a− b|} (5)

Equation (3) shows an interesting relation between the properties of the vertices and their
connection probabilities: Two vertices with high weights are more likely to connect. However,
vertices with high weights are rare due to (1). Moreover, two vertices are more likely to connect
if their positions are close. However, again, the probability for two vertices to have close locations
is small due to (2). In our main results, we will exploit this trade-off formally in the form of an
optimization problem.

2 Main result

The aim of this paper is to study the emerging subgraph structures inside the GIRG, as the number
of vertices n goes to infinity. In particular we are interested in computing N(Kk), the number of
complete subgraphs (cliques) appearing in the GIRG. In our computations we assume that k is
small compared to n, in particular k = O(1).

Our results do not only investigate the number of cliques, but also show where in the GIRG these
cliques are most likely to be located in terms of their positions and their weights. In particular, we
will consider weights and distances between the vertices as quantities scaling with n, and show that
most cliques are found on vertices whose weights and distances scale as specific values of n. Indeed,
as the positions of the vertices enter in the edge probabilities introduced in (3) only through their
distances, we are not interested in the position of each vertex, but rather on their distances.

We now introduce some notation for our main theorem that introduces the number of cliques
in regions of GIRG(n) with specific vertex weights and distances. We say that x ∈ Iε(nν) if x ∈
[εnν , 1εn

ν ] for some 0 < ε < 1. Fix a sequence α = {α1, ..., αk} of non-negative real numbers and a
sequence β = {β1, ..., βk} of non-positive real vectors of length d, where d denotes the dimension of
the GIRG model. Moreover, set β1 := [−∞, ...,−∞], and define

M (α,β) =
{

(v1, ..., vk) : wvi ∈ Iε(nαi), | xvi − xv1 | ∈
[
Iε(n

β
(1)
i ), ..., Iε(n

β
(d)
i )
]
, ∀i ∈ [k]

}
(6)

where |y − z| denotes the component-wise distance between the vectors y and z. The set M (α,β)

contains all the lists of k vertices such that their weights scale with n according to α, and such that
their distances from v1 scale with n according to β. Observe that in (6) we are setting the origin
of the torus as the position of vertex v1, so that all the other vertices lie in some neighbourhood
of the origin. This choice makes sense because the edge probability of the GIRG defined in (3)
depends on the distances between the vertices, and not on their absolute positions and the positions
are distributed uniformly. Thus, in order to study the number of k-cliques in the GIRG, we can
fix the position of any vertex v1 without loss of generality (by symmetry), and allow the position
parameters β2, ..., βk of the remaining k − 1 vertices to vary.

The number of k-cliques inside GIRG(n) with vertices inM (α,β) will be denoted byN(Kk,M (α,β)).
Then our aim is to prove that there exists a specific set of values α∗,β∗ such that the number of
k-cliques N(Kk,M (α∗,β∗)) is predominant among all others. The next theorem states that such
optimal values are explicitly determined, depending on k, the size of the clique, and on τ , the power
law exponent for the weights of the vertices.
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Figure 1: Phase transition described by Theorem 1. The blue region corresponds to k > 2
3−τ (non-

geometric case), where most of the cliques generate independently from the geometry of the system;
whereas, in the orange region k < 2

3−τ (geometric case), cliques appear most likely between vertices
at distance Θ(n−

1
d ).

Theorem 1. Suppose γ 6= τ − 1. Then, there exist α∗,β∗ such that

En[N(Kk,M (α,β))]

En[N(Kk,M (α∗,β∗))]
= 0 w.h.p., ∀(α,β) 6= (α∗,β∗). (7)

Moreover,

N(Kk,M (α∗,β∗)) =

{
ΘP(n) if k < 2

3−τ ,

ΘP(n
3−τ
2
k) if k > 2

3−τ .
(8)

and α∗,β∗ are uniquely determined by

α∗i =

{
0 ∀i ∈ [k], if k < 2

3−τ ,
1
2 ∀i ∈ [k], if k > 2

3−τ .
, (9)

β∗i =

{
[−1

d , ...,−
1
d ] ∀i ∈ [k] \ 1, if k < 2

3−τ ,

[0, ..., 0] ∀i ∈ [k] \ 1, if k > 2
3−τ .

. (10)

In particular, Theorem 1 shows that there exists a phase transition for the number of cliques
in the GIRG, depending on k and τ . When k < 2

3−τ , the predominant number of cliques scales
as n. Furthermore, most cliques appear between vertices with small distances, proportional to
nβ
∗

= n−1/d, and low degrees, that do not grow in n, as nα∗ = 1. On the contrary, when k > 2
3−τ

the number of cliques scales as n
3−τ
2
k � n. In this case, the most predominant cliques are formed

on vertices with high weights, proportional to nα∗ =
√
n, but arbitrarily distant from each other,

as nβ
∗

= 1, which is also the maximal distance in the GIRG model.
In the latter case the geometry does not influence the dominant clique structure. That is, the

number of cliques does not depend on geometric features (the positions of the vertices) anymore.
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This is further illustrated by the fact that our result is equivalent to the analogous result (see
Theorem 2.2 in [11]) for scale-free configuration models, in which geometry is not involved. For this
reason, we call the two different cases geometric and non-geometric (see Figure 1).

2.1 Simulations

We provide here simulations of the GIRG model. For each sample of the GIRG we count the
number of triangles, and compare it to the expected asymptotic behaviour predicted by Theorem
1. In [3] Bläsius et al. provide an algorithm to sample GIRGs efficiently, with expected running
time Θ(n + m) (where n,m denote the number of vertices and edges of the GIRG). We make use
of a C++ library which implements this algorithm [15, 9].

The required parameters for each sample of the GIRG model are: n, τ , d and the temperature
1/γ. Moreover, in the code we add an additional parameter c, corresponding to the constant factor
in the weight distribution (1). This factor affects the edge probability in (3): the mean number of
edges in the graph increases as c increases.

To count the number of triangles in a GIRG, we use the forward algorithm [16, 14], which has a
running time of O(m3/2), where m denotes the number of edges. As in the GIRG model the number
of edges scales as the number of vertices [6], this is therefore equivalent to a running time of O(n3/2).
Figure 2 shows the number of triangles obtained from simulations, against the number of vertices
n for the two regimes of τ distinguished by Theorem 1 for k = 3: τ < 7/3 and τ > 7/3. Indeed, for
τ = 2.1, Figure 2a and Theorem 1 show that the optimal weights and distances are α∗ = 1

2 ,β
∗ = 0,

and that the asymptotic behaviour of N(4,M ( 1
2
,0)) is ΘP(n1.35). Instead, in Figure 2b, τ = 2.7,

so that Theorem 1 predicts that the optimal values are α∗ = 0,β∗ = −1
d , and the asymptotic

behaviour of N(4,M (0,− 1
d
)) is ΘP(n). These different asymptotic slopes are shown in Figures 2a

and 2b, and in both cases, our simulations follow these asymptotic slopes quite well. In particular,
while the results from Theorem 1 are asymptotic in n, our simulations show that these asymptotics
are visible for networks with sizes of only thousands of vertices, and even less.

(a) Non-geometric case: τ = 2.1 (b) Geometric case: τ = 2.7

Figure 2: The number of triangles against n for different values of γ for d = 1, c = 0.4. Black curves
show the asymptotic behaviour of N(4,M (α∗,β∗)) predicted by Theorem 1, colored dots indicate
the average number of triangles over 100 samples of the GIRG. The colored regions contain 80% of
all samples.
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2.2 Discussion

In this paper, we analyze the number of cliques in a general model that incorporates power-law
degrees as well as geometry. We also investigate the typical structure of a clique of any given size,
and show that this structure depends on the clique size and the power-law exponent. We now
discuss some implications of our main results.

Non-geometry for τ < 7/3. We now analyze the phase-transition of Theorem 1 in more detail.
One interesting thing is that when τ < 7

3 the most common k-cliques are non-geometric, for any
k ≥ 3. This can be observed, for instance, in Figure 2. Furthermore, Theorem 1 shows that in this
setting, the number of dominating cliques scales as nk(3−τ)/2 for all k, which is the same scaling
in n as in many non-geometric scale-free models, such as in the inhomogeneous random graph,
the erased configuration model and the uniform random graph [18, 17, 11]. This seems to imply
that that when τ < 7/3, we cannot distinguish geometric and non-geometric scale-free networks by
counting the number of cliques, or by studying the clustering coefficient. Thus, in this regime of τ ,
the added geometry of the GIRG model does not add any clustering.

On the other hand, when τ > 7
3 , then small cliques and large cliques behave differently (see

Figure 1). Indeed, cliques of small size k < 2/(3−τ) are predominantly present on low-degree, close
by vertices of distances as low as n−1/d. Furthermore, the number of such small cliques scales as
n, which is larger than the clique scaling of nk/2(3−τ) in the inhomogeneous random graph without
geometry [18]. Thus, for τ > 7/3, smaller cliques are influenced by geometry, whereas large cliques
are not. In this case, it is clearly possible to distinguish between geometric and non-geometric
inhomogeneous random graphs through small clique counts. Therefore, studying such statistical
tests that distinguish geometric and non-geometric random graphs in more detail would be an
interesting avenue for further research.

Insensitivity to γ. In the result of Theorem 1, the parameter γ of the GIRG model does not
contribute to the asymptotic behaviour of N(Kk), nor to the determination of the phase-transition.
This may appear counterintuitive, as the edge probability defined in (3) decreases as γ increases.
Hence, for higher values of γ, we should expect fewer edges and therefore fewer cliques to appear.
However, by direct computation, it is possible to see that any vertices in the optimal configuration
(v1, ..., vk) ∈M (α∗,β∗) connect to each other with probability Θ(1), regardless of the value of γ. This
is the reason why asymptotically the presence of γ is irrelevant. However, Theorem 1 only computes
the asymptotic scaling of the number of cliques in terms of the number of vertices, whereas we do
expect the parameter γ to play a role for computing the leading-order constant. Indeed, from Figures
2a and 2b it is clear that if we increase γ, the leading-order constant decreases, and consequently
the GIRG contains a lower number of triangles.

Total number of cliques. Lastly, we observe that Theorem 1 deals with the number of optimal
cliques N(Kk,M (α∗,β∗)), not with the total number of cliques in the graph N(Kk). Indeed we
only determine which kind of cliques appear most frequently, and we obtain the scaling of these
dominant cliques. Nevertheless, our simulations suggest that the total number of cliques has the
same asymptotic behaviour as the number of optimal cliques. As a consequence, this would imply
that if we pick randomly a clique of the GIRG, then its vertices will be in M (α∗,β∗) with high
probability (when n is large). Vice versa, this suggests that if we want to compute the number of
k-cliques in large GIRGs, we just need to check the set of optimal vertices (v1, ..., vk), such that
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(v1, ..., vk) ∈M (α∗,β∗). That is, we believe that the total number of cliques in the GIRG model has
the same scaling as the dominant number of cliques in Theorem 1. Proving this however, needs the
computation of the integral of the exact clique probability over all α,β in the optimal regime, as
was done for a simpler model without geometry in [11], and remains an open direction for further
research.

General heavy-tailed weight distributions. In (1), the weight of the vertices follows a Pareto
distribution with power-law exponent τ ∈ (2, 3). That is, the weights are independently sampled
from a random variable w with probability density function

fw(w) =

{
`/wτ if w ≥ wmin

0 if w < wmin

(11)

for some wmin > 0, with ` = (τ − 1)wτ−1min . However, since the results summarized in the current
section hold asymptotically, it is worth nothing to prove that Theorem 1 still works with more
general heavy-tailed weight distributions. Indeed, we can consider a probability density function
whose behaviour at infinity is similar to the behaviour of a power law function. This is done
replacing ` in (11) with a bounded slowly varying function `(w), that is, a bounded measurable
function ` : (wmin,∞) → (0,∞) such that limw→∞ `(aw)/`(w) = 1, for all a > 0, and fw(w) is a
probability density function. If ` in (11) is replaced by a slowly varying function `(w), then the
computations done in Section 3 are unaffected. Indeed, we solve an optimization problem containing
powers of n. The slowly varying function on the other hand, grows slower than any power of n, and
therefore does not affect significantly this optimization problem, nor its solution. However, while
the scaling in (7) of the total number of cliques would still have the same polynomial leading order
term, it would contain an additional slowly varying factor as well. The relation between the slowly
varying function ` and the correct asymptotic scaling of the number of cliques remains an open
problem for future research.

Relation to hyperbolic random graphs. In the past decade, hyperbolic random graphs have
been studied widely, as random graph models that include both geometry and scale-free vertex
degrees. The downside of analyzing hyperbolic random graphs is that they come with hyperbolic
sine and cosine functions, which are typically difficult to work with. However, hyperbolic random
graphs can also be seen as a special case of GIRGs, when the dimension is d = 1 and the temperature
is 1/γ = 0 ([6], section 4). In this threshold case, γ = ∞, the connection probability (3) of the
GIRG model becomes

puv =

{
1, if || xu− xv || ≤

(
wu wv
W

)1/d
,

0, if || xu− xv || >
(
wu wv
W

)1/d
.

(12)

As these connection probabilities are easy to determine when the weights of the vertices and their
positions are known, we believe that in the case γ =∞ it is still possible to estimate asymptotically
the number of cliques, in a similar spirit as Theorem 1, by solving a slightly different optimization
problem. In turn, the methodology provided in this paper would work for estimating the number of
cliques in hyperbolic random graphs as well. In fact, it is interesting to observe that the result shown
by Bläsius, Friedrich, and Khromer in [4] for the expected number of cliques in hyperbolic random
graphs is very similar to Theorem 1 presented here. Indeed, they were able to prove that there
exists two different regimes for the number of cliques, depending on the size k, where the transition
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point between the different regimes agrees with the one we here obtain for the more general GIRG
model.

3 Optimization problem

We now describe how Theorem 1 can be proven though solving an optimization problem. First we
estimate asymptotically the mean value of N(Kk,M (α,β)) as follows:

En[N(Kk,M (α,β))] = n|M (α,β)| · P
(

(v1, ..., vk) ∈M (α,β) form a k-clique
)
. (13)

In order to prove Theorem 1, we will solve the maximization problem

max
α,β

En[N(Kk,M (α,β))]. (14)

We will then show that the solution of (14) determines the features of the most predominant cliques
in the graph, as shown in (7) of Theorem 1.

Using (13), we can split the mean value of N(Kk,M (α,β)) into the product of two terms. The
first term, |M (α,β)| defined in (6), is the number of vertices (v1, ..., vk) ∈ M (α,β), which depends
on w1, ...,wn and of x2, ..., xn. Note that |M (α,β)| does not depend on x1, as we fixed the origin
to the position of vertex 1. To adjust for this, we added an extra factor n to (13) as any of
the n vertices can be defined as vertex 1. For α ≥ 0, β = [β(1), ..., β(d)] ≤ 0 fixed, observe that
the number of vertices v ∈ V such that wv ∈ Iε(nα), | xv − xv1 | ∈ Iε(nβ) is Binomial(n, p), with
p = P(wv ∈ Iε(n

α), | xv − xv1 | ∈ Iε(n
β)), as all positions and weights are i.i.d.. In particular,

p = Θ(n(1−τ)α+β
(1)+...+β(d)

), so that the number of vertices with prescribed weight and position
wv ∈ Iε(nα), | xv − xv1 | ∈ Iε(nβ) is ΘP(n1+(1−τ)α+β(1)+...+β(d)

). Consequently,

|M (α,β)| = n(1−τ)α1

k∏
i=2

ΘP(n1+(1−τ)αi+β
(1)
i +...+β

(d)
i )

= ΘP(nk−1+(1−τ)
∑
i αi+

∑
i>1,j β

(j)
i )

(15)

Now we focus on the second term in (13), which describes the probability that k randomly chosen
vertices of given weights and position from a clique. The vertices v1, ..., vk form a k-clique if and
only if every possible pair of vertices is connected. The connection probabilities of different vertices
are independent, conditionally on their weights and positions. Then, for any (v1, ..., vk) ∈ M (α,β)

we have

P ((v1, ..., vk) form a k-clique) =
∏
i<j

P((vi, vj) ∈ E)

=
∏
i<j

min

{(
1

|| xvi − xvj ||d
wvi wvj

W

)γ
, 1

}
.

(16)

Let i, j be fixed, and consider the probability of vi and vj to connect. First note that
wvi wvj
W =

ΘP(nαi+αj−1), because W = ΘP(n). Moreover, the distance between vi and vj can be rewritten as
|| xvi − xvj || = max1≤h≤d{| x

(h)
vi − x

(h)
vj |C}, as we are considering the metric induced by the∞-norm.

For each h ∈ [d] there are two possibilities.

9



• If β(h)i 6= β
(h)
j , then

| x(h)
vi − x(h)

vj |C =
∣∣∣Iε (nβ(h)

i

)
− Iε

(
nβ

(h)
j

)∣∣∣ = Θ
(
nmax{β(h)

i ,β
(h)
j }
)
. (17)

• If β(h)i = β
(h)
j =: β(h), the component-wise distance is more difficult to obtain, since

| x(h)
vi − x(h)

vj |C =
∣∣∣Iε (nβ(h)

i

)
− Iε

(
nβ

(h)
j

)∣∣∣ = Θ(nδ
(h)

) (18)

for some δ(h) ≤ β(h). However, we now show that δ(h) = β(h) provides the dominant contribu-
tion to (13). For simplicity we consider the 1-dimensional case d = 1, but by using the same
argument and introducing some additional notation, it is possible to prove the result for any
dimension.

Let d = 1, and suppose βi = βj = β, that is | xvi − xv1 | ∈ Iε(nβ) and | xvj − xv1 | ∈ Iε(nβ). As
xi and xj are sampled uniformly within the interval xv1 ±[εnβ, nβ/ε], the probability that the
distance between vi and vj is proportional to nδ, with δ ≤ β, is

P(|| xvi − xvj || = Θ(nδ)) = Θ(nδ−β).

The probability that vi and vj connect, given that their distance is proportional to nδ, is

P
(

(vi, vj) ∈ E | || xvi − xvj || = Θ(nδ)
)

= ΘP(nmin{γ(αi+αj−1−δ),0}),

by (3). Thus, we have

P
(

(vi, vj) ∈ E, || xvi − xvj || = ΘP(nδ)
)

= ΘP(nδ−β+min{γ(αi+αj−1−δ),0})

= ΘP(min{nδ(1−γ)−β+γ(αi+αj−1−δ), nδ−β). (19)

Since our aim is to solve the maximization problem in (14), we just need to determine for
which δ ≤ β the contribution of (19) to (13) is maximized. As γ > 1, (19) is optimized for
δ = β. This proves that, we may assume that if the position of two vertices vi, vj are both in
a neighborhood of v1 of size ≈ nβ , then also their distance is ≈ nβ in (14).

Then, (16) yields

P ((v1, ..., vk) form a k-clique) =
∏
i<j

min

{
ΘP
(
nγ(αi+αj−1)

)
maxh

[
ΘP

(
max{nβ

(h)
i , nβ

(h)
j }
)dγ] , 1

}

= ΘP

(
n
∑
i<j γmin{αi+αj−1−dmaxh(max{β(h)

i ,β
(h)
j }), 0}

)
.

(20)

Combining this with (13) and (15) shows that the mean number of cliques with vertices in M (α,β)

satisfies

En[N(Kk,M (α,β))] = ΘP

(
nk+(1−τ)

∑
i αi+

∑
i>1,j β

(j)
i +

∑
i<j γmin{αi+αj−1−dmaxh(max{β(h)

i ,β
(h)
j }), 0}

)
.

(21)
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For simplicity, we denote the exponent in the right hand side of (21) as

f (α,β) := k+(1− τ)
∑
i

αi+
∑
i>1,j

β
(j)
i +

∑
i<j

γmin{αi+αj−1−dmax
h

(max{β(h)i , β
(h)
j }), 0}. (22)

At this point, we observe that the optima for maxα,β f (α,β) are the same as those of the max-
imization problem for En[N(Kk,M (α,β))] defined in (14). In the statement of the next proposition
we characterize its solution.

Proposition 2. Let f be defined as in (22), and consider the problem

max
α,β

f (α,β) , (23)

with the constraints α ≥ 0, β ≤ 0. The solution of the maximum problem is attained by one of the
following two sets of parameters for (αi)i∈[k] and (βi)i∈[k]:

αi =
1

2
∀i ∈ [k], β

(j)
i = 0 ∀i ∈ [k] \ 1, j ∈ [d], (24)

αi = 0 ∀i ∈ [k], β
(j)
i = −1

d
∀i ∈ [k] \ 1, j ∈ [d]. (25)

Thus, to obtain the optimal α∗,β∗ described in Theorem 1, we only need to investigate which
of the two candidates listed in Proposition 2 attains the maximal value of f (α,β), which we will
do in Section 5. There, we will also prove Theorem 1 by showing that the number of cliques formed
on the set of vertices in M (α∗,β∗) converges to its mean value:

N(Kk,M (α,β)) = En[N(Kk,M (α,β))](1 + o(1)). (26)

4 Proof of Proposition 2

To prove Proposition 2, we need first some technical lemmas. The first lemma enables to simplify
the exponent f (α,β) in (22).

Lemma 3. In optimal solutions of (23) β(j1)i = β
(j2)
i for all j1, j2 ∈ [d], i ∈ [k].

Proof. By contradiction. Suppose that α,β is an optimizer of (23) and that there exists i ∈ [k]

and j1, j2 ∈ [d] such that β(j1)
i
6= β

(j2)

i
. We can assume without loss of generality that β(j2)

i
> β

(j1)

i
.

Then, we define the set of parameters β̂ = {β̂(j)i }i,j as follows:

β̂
(j)
i =

{
β
(j2)

i
if i = i and j = j1,

β
(j)
i otherwise.

(27)

Note that
max
h

(max{β(h)i , β
(h)
j }) = max

h
(max{β̂(h)i , β̂

(h)
j }). (28)

Then, using the definition of f (α,β) in (22), we observe that

f (α,β)− f(α, β̂) = β
(j1)

i
− β̂(j1)

i
= β

(j1)

i
− β(j2)

i
< 0. (29)

Therefore f (α,β}) < f(α, β̂), which contradicts the optimality of α,β.
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By applying Lemma 3, we can rewrite f(α, β̂) as

f (α,β) = k + (1 − τ)
∑
i

αi + d
∑
i 6=1

βi +
∑
i<j

γmin{αi + αj − 1 − dmax{βi, βj}), 0}, (30)

where we replaced β(d)i by βi for all d. Thus, from now on the parameters β1, ..., βk will denote the
value of all the components of the d-dimensional vector, instead of the vector itself.

We now introduce some notation that will simplify the rest of the proof of Proposition 2. Let
I1, I2 ⊆ [k], J2 ⊆ [d] be a selection of indices. Writing f({αi}i∈I1 , {β

(j)
i }i∈I2,j∈J2) we indicate

the exponent f where our attention is limited to the parameters in the argument. That is, the
contribution of all the terms in (30) which are independent from the argument will be omitted, and
encoded in a constant value C. For instance, if we focus on the contribution of only αi or βi we
write

f (αi) = C + (1− τ)αi +
∑
j

γmin{αi + αj − 1− dmax{βi, βj}, 0} (31)

f (βi) = C + dβi +
∑

j:βj≤βi

γmin{αi + αj − 1− dβi, 0}. (32)

If we focus on the contribution of a single vertex vi we write

f (αi, βi) = C + (1− τ)αi + βi +
∑
j 6=i

γmin{αi + αj − 1− dmax{βi, βj}, 0}. (33)

Then, the next lemma provides a lower bound for β1, ..., βk, and a relation to the optimal value
of αi for all i such that βi attains the lower bound:

Lemma 4. Suppose α,β is an optimal solution of (23). Then:

(i) there is no i ∈ [k] \ {1} such that βi < −1
d ;

(ii) if βi = −1
d for some i ∈ [k] \ {1} then αi = 0.

Proof. We first prove (i) by contradiction. Let α,β be a maximizer of (23). We sort and rename
the coefficients of β in increasing order, so that β1 < β2 ≤ ... ≤ βk. Suppose that βh < −1

d for some
h > 1, and assume without loss of generality that either βh < βh+1 or h = k. Then we can rewrite
(31) as

f (βh) = C + dβh +
∑
j<h

γmin{αh + αj − 1− dβh, 0}

= C + dβh (34)

where the constant C encodes all terms in f independent from βh. The last step follows because∑
j<h γmin{αh + αj − 1− dβh, 0} = 0, as βh < −1

d and the parameters αi are non-negative.
Now we define a new set of parameters β̂i such that β̂i = βi for all i 6= h and β̂h = min(βh+1,−1

d).
Since β̂j ≥ β̂h, for all j > h, we have

f
(
β̂h

)
= C + dβ̂h +

∑
j<h

γmin{αh + αj − 1− dβ̂h, 0}

= C + dβ̂h, (35)
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where again
∑

j<h γmin{αh + αj − 1− dβ̂h, 0} = 0, as β̂h ≤ −1
d . Therefore

f(β̂h)− f (βh) = d
(

min
(
βh+1,−

1

d

)
− βh

)
> 0. (36)

This contradicts the optimality of β, and therefore proves (i).
We now prove (ii). Suppose that α,β is an optimal solution of (23) and βi = −1

d for some
i ∈ [k] \ {1}. We use an increasing ordering for β, so that β2, ..., βs = −1

d , βs+1 > −1
d for some

s ∈ [k], and with α2 ≤ ... ≤ αs. Now we focus on the contribution given by βs and αs to f as in (33)

f (αs, βs) = C+(1−τ)αs+dβs+
∑
j<s

γmin{αs+αj−1−dβs, 0}+
∑
j>s

γmin{αs+αj−1−dβj , 0}. (37)

Note that, if αs + αj > 0 for all j < s, then the optimality of the solution is violated. Indeed,
in this case, we may define β̂s := βs + ε, where ε > 0 is small enough such that β̂s < βs+1 and
β̂s ≤ (αs + αj − 1)/d, for all j < s. Then, observe that∑

j<s

γmin{αs + αj − 1− dβs, 0} = 0 =
∑
j<s

γmin{αs + αj − 1− dβ̂s, 0}

where the first equality follows by the fact that αs+αj ≥ 0 and βs = 1
d , whereas the second equality

follows from β̂s ≤ (αs + αj − 1)/d. Then,

f
(
αs, β̂s

)
− f (αs, βs) = d(β̂s − βs) > 0

which contradicts the maximality assumption.
Consequently, the only possibility is that there exists s′ < s such that αs+αs′ = 0. In this case,

since αs, αs′ ≥ 0, also αs = αs′ = 0. Then, also α2 = ... = αs = 0, as from our initial assumption
α2 ≤ ... ≤ αs.

The next lemma shows that in any optimal solution of (23), the values α1, ..., αk and β1, ..., βk
can be ordered increasingly jointly, i.e., using the same index permutations:

Lemma 5. Suppose that γ 6= τ − 1. For any optimal solution of (23), there exists an ordering such
that both α and β are ordered increasingly. That is, without loss of generality we may assume that

β1 < β2 ≤ ... ≤ βk, α1 ≤ α2 ≤ ... ≤ αk. (38)

Furthermore, α1 = α2.

Proof. Choose arbitrarily an index j 6= 1. Let β ≤ βj , and consider the quantity

dβ(1− γN{k:βk≤β,αk+αj−1−dβ<0}). (39)

(note that if β = βj then (39) is equal to f(βj): the contribution of the term βj of (31), and for β < βj
it denotes the contribution of the term βj to the function f when βj is set to β). We prove the lemma
by contradiction. Suppose there exists a β < βj such that N{k:βk≤β,αk+αj−1−dβ<0} > 0. Since the
number N{k:βk≤β,αk+αj−1−dβ<0} is increasing in β, then the quantity (1−γN{k:βk≤β,αk+αj−1−dβ<0})

is negative for any β ∈ [β, βj ], as γ > 1. However, this contradicts the fact that βj is optimal:
indeed in this case, decreasing βj to β yields a higher contribution in (39), as β is negative as well.

13



Thus, N{k:βk≤β,αk+αj−1−dβ<0} = 0 for any β < βj . Now, suppose that there exists i 6= 1 such
that βi < βj . By contradiction suppose that αi > αj . Then, also

N{k:βk≤βi,αk+αi−1−dβi<0} = 0 (40)

for any β < βj . In particular,

f(βi) = βi(1− γN{k:βk≤βi,αk+αi−1−dβi<0}) = βi. (41)

But in this case, increasing βi would give a higher value of f(α,β), contradicting the hypothesis of
optimality.

Therefore, it remains to prove that α1 ≤ αi for all i ∈ [k] \ {1}. From the proof above, we
can order the parameters {βi}i 6=1 in an increasing order such that also the {αi}i 6=1 are increasingly
ordered. Then we just need to prove that α1 ≤ α2.
Note that α1 and α2 are symmetric in the optimization problem (23), as their contributions to the
exponent f are

f(α1) = C + (1− τ)α1 + γmin{α1 + α2 − 1− dβ2, 0}+
∑
j≥3

γmin{α1 + αj − 1− dβj , 0}, (42)

f(α2) = C + (1− τ)α2 + γmin{α2 + α1 − 1− dβ2, 0}+
∑
j≥3

γmin{α2 + αj − 1− dβj , 0}. (43)

Suppose that α1 6= α2. Then swapping α1 with α2 gives the same value for (23). This means that
α1 has multiple optima. However, the contribution of α1 to f is given by

f(α1) = α1(1− τ + γN{k:αk+α1−1−dβk<0}). (44)

This contribution can have multiple optima only when τ − 1 = γ, as it is linear in α1. Therefore,
α1 ≤ α2

We now use Lemmas 3-5 to prove Proposition 2:

Proof of Proposition 2. In view of Lemma 3 we can solve (23) by maximizing (30). Suppose that
α,β is an optimal solution of (23), and sort them in increasing order, that is an order as in (38),
which is possible by Lemma 5. Moreover, denote βmax := maxi βi. We split the proof in three parts:

(a) Proving that either βmax = 0, or βmax < 0 and αi = 0 for all i ∈ [k];

(b) Proving that if βmax < 0 then βi = −1
d for all i ∈ [k] \ {1} and αi = 0 for all i ∈ k;

(c) Proving that if βmax = 0 then βi = 0 for all i ∈ [k] \ {1} and αi = 1
2 for all i ∈ k.

Proof of (a). The parameters α,β are ordered increasingly, so βk = βmax and α1 ≤ ... ≤ αk.
Suppose that βk < 0. We focus on the contribution given by vertex vk to f(α,β) as defined in (33):

f(αk, βk) = C + (1− τ)αk + dβk +
∑
j 6=k

γmin{αk + αj − 1− dβk, 0}, (45)
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where max(βk, βj) = βk for all j, as we assumed that βk is the largest value of β. Now suppose that
αk > 0. Then, we can increase βk while decreasing αk as follow: β̂k := βk + ε

d , α̂k := αk − ε, with
ε > 0 small enough such that β̂k < 0 and α̂k ≥ 0. After this change of parameters we obtain

f(α̂k, β̂k) = C + (1− τ)(αk − ε) + d(βk +
ε

d
) +

∑
j 6=k

γmin{αk − ε+ αj − 1− d(βk + ε/d), 0}

= C + τε+ (1− τ)αk + dβk +
∑
j 6=k

γmin{αk + αj − 1− dβk, 0}.

Comparing (45) and (4) we deduce that

f(α̂, β̂)− f (α,β) = τε > 0, (46)

which contradicts the optimality of α,β. Therefore, when βmax < 0 necessarily αk = 0. Then, our
assumption on the ordering of αi shows that if βmax < 0 then αi = 0 for all i ∈ [k].

Proof of (b). Suppose that βmax < 0. Then it follows from (a) that αi = 0 for all i ∈ [k].
Denote the number of indices such that βi = βmax with s, that is, βk−s+1 = ... = βk = βmax. We
focus on the contribution to f(α,β) by the term βmax:

f ({βi}i>k−s) = C + dsβmax + γ
∑

i>k−s,j<i
min{−1− dβmax, 0}

= C + dsβmax + γs

(
k − s+

s− 1

2

)
(−1− dβmax)

= C̃ + dsβmax

[
1− γ

(
k − s+

s− 1

2

)]
.

(47)

In the second equality of (47) we exploit the independence of min{−1 − dβmax, 0} from the sum-
mation indices i and j, that is, s

(
k − s+ s−1

2

)
is the number of terms of the summation and the

fact that βmax ≥ −1
d (from Lemma 4). Lastly, observe that in the last equality C is replaced by C̃,

which encodes additional constant values.
Since s < k and γ > 1 the quantity inside the square brackets in (47) is always negative.

Therefore, decreasing βmax to −1
d gives a higher contribution to f , contradicting optimality. Thus,

if βmax < 0 then βi = −1
d for all i ∈ [k] \ {1} and αi = 0 for all i ∈ k.

Proof of (c). Let i be such that βi = βmax = 0. Then the contribution of αi to (23) is

f(αi) = C + (1− τ)αi + γ
∑
j 6=i

min{αi + αj − 1, 0} (48)

The parameters α are increasingly ordered. Thus, observe that:

• if αi > 1− α1, then αi + αj − 1 > 0 for all j 6= i. Therefore (48) becomes

f(αi) = C + (1− τ)αi. (49)

In particular, changing αi to 1− α1 yields a higher contribution: if α̂i = 1− α1, then

f(α̂i)− f(αi) = (1− τ)(1− α1 − αi) > 0, (50)

which violates the hypothesis of optimality for αi. Thus, αi ≤ 1− α1 when βi = 0.
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• if αi < 1−α2, then αi +αj − 1 < 0 for all j ≤ m, and αi +αj − 1 ≥ 0 for all j > m (for some
m ≥ 2). Therefore, (48) becomes

f(αi) = C + (1− τ)αi + γ

m∑
j=1

(αi + αj − 1) (51)

Defining α̂i = αi + ε, where ε is small enough such that α̂i < 1− α2, we have

f(α̂i)− f(αi) = (1− τ + γm)ε > 0. (52)

As 1−τ > −2 and γm > 2, this contradicts the hypothesis of optimality. Therefore, αi ≥ 1−α2

when βi = 0.

Consequently, if αi is optimal and βi = 0, then 1− α2 ≤ αi ≤ 1− α1. However, from Lemma 5 we
know that α1 = α2. Hence, αi = 1− α1, and α1 ≤ 1

2 (because αj ≥ α1 for all j > 1).

Now let M := {j ∈ [k] : βj = 0} and suppose |M | = t. Let i ∈ [k] be such that βi =
maxj∈[k]\M βj . Then, the contribution of vertex vi to (23) is by (33)

f(αi, βi) = C + (1− τ)αi + dβi + γ
∑
j∈M

min(αi + αj − 1, 0) + γ
∑

j 6∈M∪{i}

min(αi + αj − 1− dβi, 0)

= C + (1− τ)αi + dβi + γtmin{αi − α1, 0}+ γ
∑

j 6∈M∪{i}

min{αi + αj − 1− dβi, 0},

where we have used that αi = 1− α1 for all i ∈M . Denote β̂i = βi + ε
d and α̂i = αi − ε, where ε is

a quantity small enough for which β̂i < 0. Then,

f(α̂i, β̂i)− f(αi, βi) = (τ − 1)ε+ ε+ γtmin(αi − α1 − ε, 0)− γtmin{αi − α1, 0}
= ε(τ − γt1{αi≤α1}).

(53)

If αi > α1, then the quantity in the right hand side of equation (53) is positive, and the optimality
hypothesis is violated. Therefore, αi ≤ α1, and in particular αi = α1 (because by hypothesis we
assumed that α is increasingly ordered). Consequently,

αj =

{
α1 if j 6∈M,

1− α1 if j ∈M.
(54)

Now, we consider any index i 6∈M ∪ {1}, and we look at the contribution of βi to f using (31),

f(βi) = C + dβi + γ
∑

j:βj<βi

min{2α1 − 1− dβi, 0}. (55)

Suppose that dβi > 2α1 − 1. Define β̂i = βi − ε, where ε > 0 is small enough such that still
dβ̂i > 2α1 − 1 and βj < β̂i for all the indices j such that βj < βi. Then we have

f(β̂i)− f(βi) = −dε+ γdεN{j:βj<βi} = dε(γNj:βj<βi − 1), (56)
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where Nj:βj<βi denotes the number of indices j such that βj < βi. Note that dε(γNj:βj<βi − 1) > 0,
because the term inside the parenthesis is always positive, since γ > 1 and β1 = −∞. Thus,
f(β̂i)− f(βi) > 0, that is, whenever dβi > 2α1 − 1 we can always improve the contribution to the
exponent f by decreasing βi. So having dβi > 2α1 − 1 is never optimal.

On the other hand, if dβi ≤ 2α1− 1 the summation in (55) is equal to 0. Hence, in this case the
maximum contribution to f is achieved for the highest possible value of βi, i.e., for βi = 2α1−1

d .
Summing up, in an optimal solution to (23),

βi =


−∞ if i = 1,

0 if i ∈M,
2α1−1
d otherwise.

(57)

Then (23) becomes a piecewise linear problem in the lone variable α1. Recalling that t = |M |,

f(α,β) = (1− τ)((k − t)α1 + t(1− α1)) + (k − t− 1)(2α1 − 1)

= C + α1[(k − 2t)(1− τ) + 2k − 2t− 2]

= C + α1(k(3− τ) + t(2τ − 4)− 2)

(58)

where C encodes the constant terms independent from α1. Note that the quantity k(3− τ) + t(2τ −
4)−2 is always positive, as k ≥ 3, t < k and τ ∈ (2, 3). Therefore, f(α,β) is maximized by choosing
α1 as large as possible, which is α1 = 1

2 .

5 Proof of Theorem 1

Before proving Theorem 1, we state one last lemma showing that the standard deviation of of the
predominant number of cliques is significantly smaller than its mean. In particular, this condition
is sufficient to prove that the number of predominant cliques converges to its mean value.

Lemma 6. The number of cliques formed on vertices in M (α∗,β∗) is a self-averaging random vari-
able. That is,

Varn(N(Kk,M (α∗,β∗)))

En[N(Kk,M (α∗,β∗))]2
= 0, w.h.p. (59)

Proof. For any v = (v1, ..., vk) we denote by Ev the event Ev := "a clique is formed on(v1, ..., vk)".
We write the variance of N(Kk,M (α∗,β∗)) as

Varn

(
N(Kk,M (α∗,β∗))

)
= Varn

( ∑
v∈M(α∗,β∗)

1Ev

)
=

∑
v,u∈M(α∗,β∗)

Covn (1Ev , 1Eu)

=
∑

v,u∈M(α∗,β∗)

Pn(Ev, Eu)− Pn(Ev)Pn(Eu)

(60)

If v ∩ u = ∅, then the events Ev and Eu are independent. Consequently the covariance between
1Ev and 1Eu is 0. Therefore, we can restrict ourselves to the case |v ∩ u| = s ≥ 1. In this case, we
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bound Pn(Ev, Eu) ≤ 1. Then the contribution of the set of vertices such that |v∩u| = s ≥ 1 to (60)
can be bounded by ∑

v,u∈M(α∗,β∗)

|v∩u|=s

Pn(Ev, Eu) ≤
∣∣∣∣(v,u) ∈

(
M (α∗,β∗)

)2
: |v ∩ u| = s

∣∣∣∣ . (61)

Suppose that v and u overlap on vi1 = uj1 , ..., vis = ujs , for some collection of indices I = {i1, ..., is},
J = {j1, ..., js}. Then,∑
v,u∈M(α∗,β∗)

|v∩u|=s

Pn(Ev, Eu) ≤
∣∣∣v ∈M (α∗,β∗)

∣∣∣ ·∏
j 6∈J

∣∣∣uj ∈ V : wuj ∈ Iε(nα
∗
), | xuj − xu1 | = Iε(n

β∗)
∣∣∣ (62)

where (α∗, β∗) = (12 , 0), or (0,−1
d). We observe that if v and u overlap, without loss of generality

we can assume that 1 ∈ J , that is, u1 ∈ (v ∩u). Indeed, if there exist indices i, j such that vi = uj ,
then after fixing v ∈M (α∗,β∗) the vertex uj is fixed (and therefore also its position is fixed). Due to
the symmetry of the problem, we can permute the indices of the vector u, so that the first element
of u is the vertex uj . Since u ∈ M (α∗,β∗), after this permutation all vertices in u that are not
overlapping with v (i.e., whose position is not fixed after choosing v ∈ M (α∗,β∗)) will have their
position in a neighborhood of size Θ(nβ

∗
) of uj .

Then, we can rewrite (62) as∑
v,u∈M(α∗,β∗)

|v∩u|=s

Pn(Ev, Eu) ≤ |M (α∗,β∗)| ·ΘP

(
n1+(1−τ)α∗+dβ∗

)k−s
= ΘP

(
n1+(1−τ)α∗+dβ∗

)2k−s
(63)

Finally, we recall that En[N(Kk,M (α∗,β∗))] = ΘP
(
nk+k(1−τ)α

∗+(k−1)dβ∗), from which we deduce

Varn(N(Kk,M (α∗,β∗))) = En[N(Kk,M (α∗,β∗))]2o(1). (64)

We are now ready to prove our main result, Theorem 1:

Proof of Theorem 1. Plugging the solution α∗,β∗ provided by Proposition 2 into (22) shows that
the maximum value of f(α,β) is

f(α∗,β∗) = max

{
3− τ

2
k, 1

}
. (65)

For k > 2
3−τ , the maximum is attained at 3−τ

2 k, and (α∗,β∗) is as in (24). For k < 2
3−τ on the

other hand, it is attained at 1, and (α∗,β∗) is defined as in (25). This provides two cases for k that
distinguish the two possible optima: k < 2

3−τ , or k >
2

3−τ . In particular, except for the threshold
case k = 2

3−τ , the solution to (23) is unique.
Consequently, since En[N(Kk,M (α,β))] = ΘP

(
nf(α,β)

)
,

En[N(Kk,M (α,β))] =

{
ΘP

(
n

3−τ
2
k
)

if k > 2
3−τ

ΘP (n) if k < 2
3−τ

(66)
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If (α,β) 6= (α∗,β∗), then f(α,β) < f(α∗,β∗). Moreover,

En[N(Kk,M (α,β))]

En[N(Kk,M (α∗,β∗))]
=

ΘP
(
nf(α,β)

)
ΘP
(
nf(α∗,β

∗)
) = 0 w.h.p., (67)

proving the first part of Theorem 1, and showing that the mean number of cliques with vertices of
weights and positions α∗,β∗ is indeed predominant among the others.

Lastly, by Lemma 6 and Chebyshev’s inequality, it follows that

N(Kk,M (α∗,β∗)) = En[N(Kk,M (α∗,β∗))](1 + o(1)), (68)

which proves (8).
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