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Abstract

Despite the prevalence of surface bubbles in many natural phenomena and engineering
applications, the effect of surfactants on their surface residence time is not clear. Numer-
ous experimental studies and theoretical models exist but a clear understanding of the
film drainage phenomena is still lacking. In particular, theoretical works predicting the
drainage rate of the thin film between a bubble and the free surface in the presence and
absence of surfactants usually make use of the lubrication theory. On the other hand, in
numerous natural situation and experimental works, the bubble approaches the free sur-
face from a certain distance and forms a thin film at a later stage. This paper attempts to
bridge these two approaches. In particular, in this paper, we review these works, and com-
pare them to our Direct Numerical Simulations where we study the coupled influence of
bubble deformation and surfactants on the rising and drainage process of a bubble beneath
a free surface. In the present study, the level-set method is used to capture the air-liquid
interfaces and the transport equation of surfactants is solved in an Eulerian framework.
The axisymmetric simulations capture the bubble acceleration, deformation and rest (or
drainage) phases from non-deformable to deformable bubbles, as measured by the Bond
number (Bo), and from surfactant-free to surfactant coated bubbles, as measured by the
Langmuir number (La). The results show that the distance h between the bubble and the
free surface decays exponentially for surfactant-free interfaces (La = 0) and this decay is
faster for non-deformable bubbles (Bo� 1) than for deformable ones (Bo� 1). The pres-
ence of surfactants (La > 0) slows down the decay of h, exponentially for large bubbles
(Bo� 1) and algebraically for small ones (Bo� 1). For Bo∼ 1, the lifetime is the longest
and associated to (Marangoni) elasticity of the interfaces.
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1. Introduction
In several natural or industrial situations such as magma flows, beverages and in oceans,
bubbles are central. Their dynamics influence the explosive nature of volcanic eruptions
[1, 2, 3], play a role in giving flavor to beverages [4], are used in determining the quality
of alcoholic beverages[5], and their bursting at the surface of oceans ejects aerosols to the
atmosphere, promoting water condensation [6]. In these systems, bubbles rise towards a
free surface due to buoyancy force. When they reach this free surface, a thin liquid film
forms between each bubble and the free surface. The thinning of the thin film due to
gravitational and capillary forces is called the drainage process [7]. During this drainage,
the bubble “floats" beneath the surface for some time until the thin film punctures and the
bubble bursts.

The study of the drainage of surface bubbles began with the pioneering work of De-
bréageas et al. (1998). They performed experiments of a single bubble draining in silicon
oil and showed that, for large bubbles, the thickness h of the thin film at the bubble apex
decays exponentially as a result of the competition between extensional viscous stresses
and gravitational drainage [8],

h
h0

= e−at/τ , (1)

where h0 is the initial film thickness, a is the thinning rate of the film, t is the time and

τ =
µ

ρgR
(2)

is the viscous-gravity timescale for an extensional flow, with µ the liquid viscosity, ρ its
density, g the gravitational acceleration and R the bubble equivalent radius defined as
R = (3/4πV )1/3 with V the bubble volume. The term “extensional flow" refers to a situa-
tion where viscous dissipation occurs through stresses that are in the same direction as the
flow direction [9] (see Breward and Howell (2002) for a detailed analysis). Later, more
experiments and numerical simulations were performed in order to determine the dimen-
sionless thinning rate, a, of the thin film forming between a large bubble and a free surface
[10, 11, 12]. In particular, it was found experimentally that the dimensionless thinning
rate of the thin film converges towards the asymptotic value of a ≈ 0.2 as the bubble size
increases [11]. It was shown that the relevant parameter controlling the dimensionless
thinning rate of the thin film is the Bond number

Bo =
ρgR2

σ0
, (3)

where σ0 is the surface tension of the clean bubble/liquid interface. The Bond number
compares the relative importance of buoyancy forces and surface tension forces. On the
one hand, it determines which of the buoyancy or capillary forces are the dominant driving
force for the film drainage, and on the other hand, it characterizes the bubble shape as it
can be defined as the ratio of the bubble radius to the capillary length, `c, i.e., Bo = (R/`c)

2
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where `c =
√

σ0/(ρg). It was shown that a bubble characterized by Bo < 0.25, i.e., R <
`c/2, (referred to as small bubbles), remain spherical, whereas, a bubble characterized by
Bo > 0.25 i.e., R > `c/2, (referred to as large bubbles), tends to deform when compared
to a sphere [11]. Kocarkova et al. (2013) related the radius of curvature of the front cap
of the bubble, while it rests under the surface, to the dimensionless thinning rate of the
film. The boundary element simulations they presented showed that the deformation of
the bubble when compared to a spherical shape causes a to decrease towards the value
a→ 0.34 as Bo→ ∞. The experiments presented by Nguyen et al., 2013 showed that
a≈ 0.2 for Bo� 1, a lower value probably due to the presence of contaminants triggering
Marangoni stresses, as discussed later. Nevertheless, in both cases, it was shown that the
decrease of the dimensionless thinning rate as Bo increases was dictated by the shape of
the bubble.
For small bubbles, Howell (1999) showed, using the lubrication theory, that the thickness
h of the thin film decays algebraically as a result of the competition between extensional
viscous stresses and capillary drainage [13],

h
h0

=

(
1+

16√
3

t
τc

)−2

. (4)

where τc = τ Bo3/2ε−1/2 is a viscous-capillary timescale, with ε = h0/R the film parameter.
In industrial processes or natural situations, surface bubbles drain within contaminated

liquids. In those situations, the drainage rate is considerably decreased due to Marangoni
stresses induced by surface tension gradients along the bubble interface and associated
surface viscous shear due to the immobilization of the interfaces [14],[15],[16],[17]. In
this situation and in the limit of immobile interfaces and large bubbles (Bo� 1), the
competition between gravitational drainage and viscous shear stresses gives rise to an
algebraic decay of the film thickness of the form [18, 19]

h
h0

=

(
1+

1
3

t
τr

)−1/2

, (5)

with τr = τ ε−2 the viscous-gravity timescale for a shear flow. For small bubbles (Bo� 1), it
was shown that viscous shear resisting capillary-induced drainage give rise to an algebraic
decay of the film thickness of the form [20, 21]

h
h0

=

(
1+4ω

t
τrc

)−1/4

, (6)

with ω = 21.8 and τrc = τ Bo4ε−4 a viscous-capillary time scale for a shear flow. Note
that, in this regime, local variation of the film curvature determines the thinning rate of
the film. Since the film curvature depends upon gravitational forces and upon the bubble
rising velocity before the bubble starts “feeling" the free surface, those factors are expected
to have an effect on the decay of h. In particular, in a surface tension dominated drainage
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process, the presence of a dimple in the thin film is often reported. This dimple was
shown to slow down the drainage of the film by increasing the viscous stresses in the
rim region [22]. The onset of a dimple was shown to be governed by the variation of the
curvature of the film over a small distance away from the bubble apex [23], and its further
development was shown to depend upon the ratio of the film curvature at the bubble apex
to the curvature near the rim region [24] and to the film thickness [25]; all these factors
depend on the bubble rising velocity, on its shape and on surfactant distribution at the thin
film interfaces. Finally, the formation of a dimple is often associated, at later stages of the
drainage, to the breakage of axisymmetry in the film thickness distribution and eventually
to the marginal regeneration phenomenon [26],[18],[6],[27],[28].

Based on the drainage laws summarized above, one retains that only the pure viscous-
gravity drainage with stress-free interfaces for large bubbles gives an exponential decay
(Eq. 1), while all the other cases (Eqs. 4,5,6) give an algebraic decay. Moreover, in practi-
cal situations, pure viscous-capillary drainage is rarely encountered. Indeed, gravity con-
tributes to the drainage since it dictates the shape of the film, as it can be inferred from the
timescales. Finally, the timescales for shear flows are always larger than for extensional
flows, the shear originating from Marangoni stresses.

Transition from a stress-free to an immobile interface due to the presence of surfactants
on a bubble surface was shown to be dependent upon several factors such as the surfactant
diffusivity on the bubble surface, its concentration in the liquid bulk, the surface elasticity
and the surface viscosity [29, 30], as well as on the dynamics of the studied system. For
example, Champougny et al. (2015) showed that both in the plate coating and soap film
pulling problems, the surface elasticity and the fluid properties were controlling the thin
film interfaces mobility or reversely, its “rigidity", [31]. In particular, they showed that
the relevant parameter controlling this feature is the ‘rigidity’ parameter Λ = Ma/Ca2/3,
where Ma = E/σ0 is the Marangoni number, Ca = Uµ/σ0 is the capillary number with U
a characteristic velocity, and E is the effective surface elasticity in the limit of insoluble
surfactants [31]. The authors showed that the air-liquid interfaces of the thin film passes
from partially mobile interfaces to immobile (or “rigid") ones for Λ & 1. Regarding the
drainage of surface bubbles, Jachimska et al. (1998) studied the motion of an isolated
bubble towards the free surface of a n-hexanol solution [32]. They observed that when
the bubble was produced “close" to the free surface, the drainage time of the thin film
was longer than when the bubble orifice was “far". They rationalized this observation by
considering that, as the bubble approaches the free surface, n-hexanol molecules, which
acts as surfactants in aqueous solutions, are swept towards the bottom of the bubble, the
top part of the bubble therefore becoming free of surfactants. In this way, they showed
that when considering the drainage of bubbles, the rise of the bubble and the consequent
distribution of surfactants should also be considered. Later, Champougny et al. (2016)
performed experiments of a large bubble (Bo ∼ 20) draining within a surfactant solution
[33]. They showed that increasing the concentration of surfactants within the liquid de-
creases the drainage rate of the thin film. However, in their experiments, the algebraic
decay predicted by Eq.(5) was not recovered and the thin film drained exponentially (see
Eq. 1) for all the range of tested surfactant concentrations.
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In the case of liquid droplets, in contrast to gas bubbles, the inner phase viscosity might
not be negligible when compared to the outer liquid viscosity. Consequently, the internal
drop viscosity affects the interface mobility through recirculating motions occurring inside
the drop [34],[35],[36]. In that respect, the drainage of a liquid film on the top of a
bubble is expected to have a different dynamics when compared to drops. For example,
while Nguyen et al. (2013) found that the lifetime of a large bubble decreases as the size
of the bubble increases, studies on drops showed the opposite [37],[38],[39].

In this paper, we aim at investigating the role of surfactants in the rising and drainage
of small (Bo < 1) and large (Bo > 1) bubbles in viscous liquids, identifying the relevant
parameters controlling the mobile, partially mobile or immobile nature of the interfaces.
While doing so, we bring a particular attention to comparing the results of our numerical
simulations to existing experiments and theoretical works. We also discuss the opposite
trends in lifetime of bubbles and drops, reported in previous experimental works, in light
of our numerical simulations and existing results. We also aim at bringing light into the
role of surfactant solubility in the rising and drainage process of large and small bub-
bles. We use Direct Numerical Simulations (DNS) to simulate the rise and drainage of an
axisymmetric bubble beneath a free surface. We consider the presence of surfactants by
simulating their transport on the surface of the bubble and on the free surface. We com-
pute the Marangoni stress induced by their inhomogeneous distribution on the surface.
The numerical code used for this study is the JADIM code, which has been developed to
simulate dispersed two-phase flows [40],[41],[42],[43],[44], and in which the transport
of surfactants has been recently implemented [16].

2. Problem statement
2.1. Equations and modeling assumptions
Under the assumptions that (i) the fluids are Newtonian and incompressible, (ii) there is
no gas-liquid mass transfer through the interface, (iii) the flow is isothermal, the velocity
field v and the pressure p satisfy the classical one-fluid formulation of the continuity and
Navier–Stokes equations [45]

∇·v = 0, (7)

ρ

(
∂v

∂ t
+v ·∇v

)
=−∇p+∇·T +ρg− [σ (∇·n)n+∇σ ]δI, (8)

where T = µ

(
∇v+(∇v)T

)
is the viscous stress tensor, n is a unit vector normal to the

interface, pointing inwards the liquid phase (see Fig. (1)) and δI is the Dirac distribution
associated to the air-liquid interfaces.

The transport equation of the surfactants on the gas-liquid interfaces is given by [46],[40]

∂Γ

∂ t
+∇s · (vsΓ) = Ds∇

2
s Γ+SΓ, (9)
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where Γ is the surfactant concentration on the gas-liquid interfaces, Ds is the diffusion
coefficient of the surfactants along the interfaces, vs is the projection of v on the tangent
to the interfaces, ∇s = (I− (n⊗n)) ·∇ is the surface gradient operator and SΓ is the flux
of surfactants from the liquid phase to the interfaces, due to the adsorption/desorption of
the surfactants [40],[47],

SΓ = kaC0 (Γ∞−Γ)− kdΓ, (10)

where ka and kd are adsorption and desorption kinetic constants, respectively, Γ∞ is the
maximum concentration of surfactants on the interfaces, and C0 is the surfactant concen-
tration in the liquid in contact with the interfaces, assumed to be constant in this work
and equivalent to the far-field bulk concentration as detailed below. In other words, the
exchange of surfactants between the bulk and the interfaces is assumed to be not diffusion-
limited. It is also assumed that the surface tension depends on the local surfactant con-
centration on the interfaces according to an equation of state derived from the Langmuir
adsorption isotherm [48],

σ = max
[

σ∞,σ0

(
1+

RT Γ∞

σ0
ln
(

1− Γ

Γ∞

))]
, (11)

where R is the ideal gas constant, T is the absolute temperature, and σ∞ is the thresh-
old surface tension [49] that corresponds to the maximum concentration of surfactants at
the interface Γ∞. This threshold not only prevents σ to diverge when the surfactant con-
centration approaches the maximum packing concentration, i.e., Γ→ Γ∞, but also makes
Eq. 11 representative of the variation of the surface tension of an interface with its sur-
factant concentration. For instance, in the case of stretching liquid bridges, it was shown
that σ reaches a plateau when Γ approches Γ∞ [50]. In addition, dynamic surface ten-
sion measurement of various air-liquid interfaces with non ionic surfactants (Triton X-100
or C12E6) as a function of the surfactant concentration inside the liquid usually shows a
value of σ∞/σ0 ∼ 0.6− 0.2 [51, 52, 53]. Therefore, in this work, σ∞/σ0 = 0.40 has been
arbitrarily chosen.

2.2. Geometry and boundary conditions
An axisymmetric spherical bubble of radius R is initialized with its center at (r = 0, z = z0 =
3R). The initial distance between the bubble top and the free surface is set to `0 = R (see
Fig. 1). It was verified that this value is sufficient for the bubble to reach a constant rising
velocity before it starts to decelerate due to the presence of the free surface. In addition
a previous study has shown that the curve h(t)/R is not affected significantly if `0/R is
increased beyond unity [10]. Gravity acts along the negative z axis. A no-slip boundary
condition is imposed on the top and bottom walls, axisymmetry is assumed on the axis
r = 0 and a symmetry condition is imposed on the opposite boundary. The latter boundary
condition is imposed to reduce the influence of this boundary without having to further
increase the domain size. The angle θ is taken from the centroid of the bubble and relative
to the symmetry axis as shown in Fig. 1, θ = 0 corresponds to the tip (or apex) of the
bubble. The computational domain has the dimensions 6R along the z axis and 7.5 R along
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Figure 1 Initial solution for the axisymmetric simulation of a buoyant bubble immersed inside a
viscous liquid beneath a free surface. The free surface is inialized at z = 4R+ `0, and `0 = R. The
computational domain has the dimensions 6R and 7.5R along the z and r directions, respectively.
The angle θ is taken from the centroid of the bubble and relative to the symmetry axis, θ = 0
corresponds to the tip (or apex) of the bubble.

the r direction. The mesh used for the computations was characterized by ∆z/R = 165
near the free surface, this ratio decreasing towards ∆z/R = 80 when z→ 0, where ∆z is the
dimension of a computational cell along the z axis. Throughout this study, the simulations
are stopped when the film thickness reaches a dimensionless thickness h∗c ≡ hc/R, where
hc is the critical thickness for the film rupture. Now, some experimental works on bubble
drainage with surfactants have reported the break of axisymmetry in the distribution of
film thickness after the formation of a dimple and subsequent hydrodynamic instabilities
[18, 54]. Nevertheless, this behaviour generally appears at later stages of the drainage
process when the film acquires a thickness of h∗c � 0.01, where the influence of bubble
rising velocity vanishes and surface tension effects begin to be dominant. Such a thickness
can be reached in well controlled laboratory experiments. However, in natural situations
or industrial processes, dust particles of the order of tenths of microns (typically 20-30 µm)
and ambient disturbances dominate the film rupture mechanism [5]. The present study
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is concerned with the latter situation. With these considerations and the computational
limitations in mind, the critical thickness for the film rupture is set to h∗c = 0.06(= 4∆zb),
where ∆zb is the dimension of a computational cell along the z axis near the bath surface.
With these domain dimensions and mesh size, the slope of the drainage curves, h(t), and
the curvature of the bubble and of the free surface were not affected by the size of the
domain and by the mesh size when the former was further increased, and the latter further
decreased. Finally, performing one simulation with these parameters took between two
and ten days using thirty six cores for each computation.

2.3. Dimensional analysis
Let R, R/τ, τ, ρgR and Γ∞ be the scales for the length, the velocity, the time, the pressure
and the surface concentration, respectively. The dimensionless set of governing equations
Eqs. (7–11), with Eq. 10 introduced in Eq. 9, then become

∇·v∗ = 0 , (12)

Re
(

∂v∗

∂ t∗
+v∗ ·∇v∗

)
=−∇p∗+∇·T ∗+1

− 1
Bo

[(σ∗∇·n∗)n∗+∇sσ
∗]δI , (13)

∂Γ∗

∂ t
+∇s · (vsΓ

∗) =
1

Pes
∇

2
s Γ
∗+α(1−Γ

∗)− α

La
Γ
∗ , (14)

σ∗= max
[

σ∞

σ0
,1+Ma ln(1−Γ

∗)

]
, (15)

where the star denotes dimensionless variables but have been omitted to the ∇ operator
for the sake of clarity. In addition to the Bond number, the other dimensionless numbers
are, respectively, the Reynolds number, the surface Péclet number, the solubility parameter,
the Langmuir number and the Marangoni number,

Re =
ρ2gR3

µ2 , Pes =
ρgR3

µDs
, α =

kaC0µ

ρgR
, La =

kaC0

kd
and Ma =

RT Γ∞

σ0
.

Estimation of Pes for an air bubble of millimetric radius inside a viscous liquid containing
long chain alcoholic surfactants (Ds ∼O(10−10)) gives Pes ≈ 108, indicating negligible sur-
face diffusion. Therefore, Ds has been set to zero in the simulations. Equations are solved
in dimensionless form using the level-set method presented in Abadie et al. (2015) and an
Eulerian formulation of the surfactant transport equation presented in Atasi et al. (2018)
[42, 16].

In the frame of this study, it is assumed that the adsorption of surfactants towards
the gas/liquid interfaces is slower than surfactant diffusion within the thin liquid film, i.e.
ta > tD where ta = 1/(kaC0) and tD = h2/D with D the diffusion coefficient of surfactants
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inside the liquid. This assumption leads to the following inequality

ScReα ε
2 < 1, (16)

where Sc = µ/(ρD) is the Schmidt number. In the case of insoluble surfactants, i.e. α = 0,
this assumption is strictly valid, hence the sub-surface concentration is identical to the far-
field bulk concentration as assumed in Eq. (10). For α ∼ 1, this assumption is still valid
provided ε� (ScRe)−1/2, which requires, given that Sc≈ 103, to consider either the Stokes
limit for Re→ 0 or very thin film, i.e. ε � 1. Now, it was observed that the results were
independent of Re for Re≤ 0.1. For this reason, we have set Re = 0.1 for all simulations of
the paper, considering it is representative of the Stokes limit for Re→ 0. Secondly, it was
observed that the drainage curves h∗(t∗) are independent of α for α ≤ 10−3. Therefore we
consider that the limit α→ 0 is reached for α = 10−3, at least in the hydrodynamical point
of view. With these values of Re and α Eq. (16) is satisfied, ScReα ε2 ∼ 0.01. Now, in the
simulations, even for α = 10−3, surfactants still desorb (adsorb) from the bubble surface,
especially at the back (front) of the bubble where they tend to accumulate (deplete).
Therefore, the limit α = 0, which would correspond to the insoluble limit, is not strictly
reached in the simulations even for α = 10−3 since the surfactant concentration especially
at the stagnation points is not strictly independent of α. This residual desorption at the
back of the bubble was observed to prevent Γ∗ from taking values beyond unity at later
stages of the simulation, i.e., when h∗ → h∗c . As a result, in this article, the simulations
performed with α = 10−3 are referred to as the “insoluble-like case", to refer to the fact
that the hydrodynamics of the system is similar to the case where α = 0, while keeping
in mind that surfactant desorption at the back of the bubble still occurs, which have the
beneficial consequence to stabilize the numerical solver by preventing singularities of the
concentration field at the stagnation points.

At time t = 0, it is assumed that the bubble surface and the bath surface are coated
with surfactants with an homogeneous concentration Γ∗(t = 0) = Γ∗0 which arises from
the equilibrium between the adsorption and desorption fluxes of surfactants towards the
interfaces, obtained by cancelling Eq. 10, namely

Γ
∗
0 =

La
1+La

. (17)

Consequently, in the limit α = 0, the Langmuir number simply quantifies the amount of
surfactants initially embarked on the interfaces, from a clean interfaces for La = 0 to satu-
rated interfaces for La→ ∞.

In the following, we first analyze the influence of the Bond number on the rising and
drainage dynamics of a “bare" bubble, i.e. La→ 0 and α→ 0. Next, the influence of Bo and
La on the rising and drainage dynamics of a bubble is analyzed for α = 10−3, simulating
therefore a situation that we refer to as the “insoluble-like case", as defined above. Finally,
the influence of surfactant solubility on the rise and drainage of the bubble is discussed,
even thought this approach is not strictly valid for α � 1, as explained above.
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3. Drainage without surfactants
Simulations are first performed with α = 10−3 and La = 10−3. It has been verified that
the results were independent on La and α for La,α ≤ 10−3. The aim of this section is to
confirm that the computational method allows to predict the evolution of the distance h∗

along the symmetry axis between the bubble top and the free surface for a bare bubble in
a wide range of Bond numbers, 10−2 ≤ Bo≤ 30.

3.1. Shape of bubbles in viscous liquids
As stated in the introduction, the Bond number is defined as the ratio of gravitational
forces to surface tension forces. As Bo increases, it is expected that the bubble exhibits
deformations when compared to a spherical shape. The shapes obtained with JADIM
when the bubble rests under the free surface is presented in Fig. 2 for (a) Bo = 0.1, Bo = 1
and Bo = 10. Teixeira et al. (2015) predicted, analytically, for Bo� 1, the ratio between
the vertical distance between the bottom of the bubble and the level of the free surface
[55] at r→ ∞, D, to radius of curvature of the front part of the bubble, κ f . Using their
expression gives a value of D/κ f = 0.40 for Bo = 10, which is in reasonable agreement
with the value of 0.415 obtained with JADIM. Note that as Bo increases from 0.1 to 10
(Fig. 2a,b,c), the bubble penetrates higher into the gas phase and the projected area of
the bubble on the free surface gets wider, therefore more and more volume of liquid is
displaced from the bubble top towards its side. The size of the domain being finite, this
additional displaced liquid makes the free surface bulge a little upward at the edge of the
domain where a symmetric boundary condition is applied. As it is shown below, even
though the finite size of the computational domain makes this feature appear, this does
not influence the drainage curves which are shown below to follow predictions from the
literature. Kocarkova et al. (2013) related the radius of curvature of the front cap of the
bubble, while it rests under the surface, to the dimensionless thinning rate of the film.
They showed that the increase of the radius of curvature of the top part of the bubble
as Bo→ ∞ causes the thinning rate to converge towards the value a ≈ 0.3. In the next
section, the evolution of h∗(t∗) obtained with JADIM is compared to the simulation results
of Pigeonneau and Sellier (2011). The value of a obtained with JADIM is reported and
compared to the result of Kocarkova et al. (2013).

3.2. Drainage curves
As outlined in the introduction, for small Bond numbers, i.e. Bo� 1, Howell (1999)
found that the film decays following an algebraic law by balancing capillary drainage and
viscous forces (see Eq. (4)), taking gravity into account through the shape of the film
interfaces [13]). Pigeonneau and Sellier (2011), on the other hand, accounted for the
bubble rising velocity to obtain the evolution of the film thickness with time. To be more
precise, the bubble rising velocity is defined as the velocity of the bubble just before it starts
decelerating because of the presence of the interface (see inset in Fig. 4). In particular, the
procedure followed by Pigeonneau and Sellier (2011) was to balance the drag force, which
depends upon the bubble rising velocity, and the buoyancy force assuming a spherical
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Figure 2 Shape of a clean bubble inside a viscous liquid for (a) Bo = 0.1, t∗ = 5.6 (b) Bo = 1, t∗ = 7.9
and (c) Bo = 10, t∗ = 11.0.

bubble and a flat surface. With this approach, they got an exponential thinning of the film
which is plotted in Fig. 3. In addition, they performed Boundary Element Simulations of
a bubble draining beneath a free surface with the initial distance between the bubble top
and the free surface `0 = R and different values of Bo. The results of their simulations are
plotted as crosses in Fig. 3. Now, as it can be seen on this figure, the evolution of the film
thickness at the bubble apex calculated with JADIM is very close to the one calculated by
Pigeonneau and Sellier (2011) [10]. Because of the limitation of their numerical method,
the authors could not perform simulations below Bo . 0.3. The computations performed
with JADIM for Bo = 0.1 and Bo = 0.01 shows that the evolution of the film thickness
approaches the evolution predicted by Pigeonneau and Sellier (2011) for Bo→ 0 (magenta
solid line). In the simulations peformed within our study, like in the simulations performed
by Pigeonneau and Sellier (2011), the bubble rising velocity contributes to the decay of h∗.
Consequently, the drainage curves follow the trend of the prediction of Pigeonneau and
Sellier (2011). In a situation where the bubble rising velocity would vanish, for instance,
when h∗(t∗)� h∗c , or if `0/R� 1, we expect the drainage curves to be different as predicted
by Howell (1999) (see Eq. (4)). The influence of `0/R on the drainage curves is illustrated
in section 4. Figure 3 also shows that, for a given bubble size, the distance between the
top of the bubble and the free surface decays faster for bubbles with small Bo, i.e., non
deformable bubbles (see Fig. 2a and b), than for bubbles characterized by large values of
Bo, i.e., deformable bubbles (see Fig. 2c), as also pointed out by Kocarkova and al., 2013.
It should be noted that in Fig. 3, the time scale contains the bubble radius : t∗ = tρgR/µ.
Therefore, in Fig. 3, varying Bo is not equivalent to varying the bubble radius. In order to
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Figure 3 Dimensionless film thickness at the apex h∗/2 ≡ h/2R as a function of dimensionless
time for a bubble with Bo = 30, Bo = 0.3, Bo = 0.1 and Bo = 10−2. Crosses give values computed
with Boundary Element simulations performed by Pigeonneau and Sellier (2011) [10]. The solid
red line gives the prediction of Eq. (1) with a = 0.34 valid for large Bo, while the solid magenta line
gives the evolution of h∗ for Bo = 0 estimated by Pigeonneau and Sellier (2011).

compare the drainage curves h∗(t∗) at different Bond numbers in terms of drainage curves
obtained for different bubble radius, R, the dimensionless time needs to be rescaled as
t∗/
√

Bo, as it will be done in the last section.

3.3. Lifetime
Finally, we compare the nondimensional drainage time of the thin film (or equivalently the
bubble lifetime) computed with JADIM with La = 10−3 to the ones obtained by Nguyen et
al. (2013). In their experiments, Nguyen et al. (2013) defined the lifetime of the bubble
as the time the bubble remains at rest beneath the surface. In the simulations performed
here and as shown in the inset of Fig. 4, the bubble starts at a distance R from the surface
of the bath, accelerates, its centroid reaches a constant velocity, suddenly decelerates due
to the presence of the interface and finally the velocity of the bubble centroid approaches
0 and remains close to zero for some time. To be able to compare the lifetime obtained
in the simulations to the experiments of Nguyen et al. (2013), we define the drainage
time t∗life as the time lag between the moment the bubble velocity suddenly decreases due
to the presence of the free surface (see the inset in Fig. 4) and the time the film reaches
a critical thickness for rupture h∗c . The lifetime obtained in our simulations is plotted in
Fig. 4 and has been rescaled using a visco-gravitational time scale as suggested by Nguyen
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Figure 4 Dimensionless lifetime t∗life as a function of the Bond number Bo. The inset gives values
of the instantaneous bubble velocity for Bo = 30 (see text for details).

et al. (2013),

t̂∗life =
t∗life

Cg ln
(
h∗0/h∗c

) , (18)

where h∗0 is the value of h∗ taken when the bubble centroid suddenly decelerates (see the
inset in Fig.4) and Cg = limBo→∞

1
a = 5 is the inverse of the dimensionless thinning rate

of the thin film for large bubbles reported in the experiments of Nguyen et al. (2013)
[11]. Throughout this study, the critical thickness for rupture is set to h∗c = 0.06 = 4∆zb,
whereas 0.2 . h∗0 . 1. Like in their experiments, the simulations (blue squares) show that
the dimensionless lifetime reaches a plateau for Bo & 1. Indeed, as Bo increases, the film
gets wider (see Fig. 2) leading to a reduction of the volume of liquid drained per surface
area of the film and thus leads to a plateau in the dimensionless lifetime as also pointed
by Kocarkova et al. (2013) [12]. However, the dimensionless thinning rate obtained in
our simulations for Bo� 1, as well as in the boundary element simulations presented
by Pigeonnau and Sellier (2011), and by Kocarkova et al. (2013) is limBo→∞ a = 0.34
,which is higher than the rate reported in the experiment of Nguyen et al. (2013), namely,
a ≈ 0.20. The liquid used in the experiments of Nguyen et al. (2013) is Polydimethyl-
siloxane(PDMS) which is a polymeric substance whose chain length varies, shorter chains
showing surfactants effect [31]. Firstly, the dimensionless lifetime obtained in the simula-
tions with 1/a = 2.9 is plotted as red squares in Fig. 4. As seen, the values of t̂∗life obtained
in the simulations gets closer to the experimental values, and is superimposed for Bo≥ 1.
In addition, if slight amount of surfactants is considered in the simulations ( magenta stars
for La = 0.2), the simulated values get even closer to the experimental ones for smaller
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Figure 5 Contours of surfactant concentration on the bubble surface and on the free surface for
h∗= 0.1, Re= 0.1 and for La and Bo values as indicated in the figure. The arrow points the presence
of a neck in the thin film between the bubble and the free surface.

values of Bo. As it will be seen in the next section, the effect of surfactants on the drainage
of a bubble is dependent upon the bubble deformability.

4. Drainage with surfactants
In this section, the “insoluble-like case" for which α = 10−3 is studied. We remind that
this terminlogy refers to the fact that the hydrodynamics of the system is similar to the
case where α = 0, keeping in mind that surfactant desorption at the back of the bubble
(and adsorption at the front) still occurs, especially at later stage of the simulation, and
stabilizes the numerical solver. The Marangoni number is fixed to Ma = 0.1 throughout the
entire work. As it is shown later, this parameter, together with the Bond number, deter-
mines the intensity of the Marangoni stress (see Eq. 19). Contours of the dimensionless
surfactant concentration on the bubble surface Γ∗ is shown in Fig. 5, for Bo = 0.1,1,10 and
La = 0.1,1,10. For all these plots, the contour of Γ∗ is presented at a time t∗ when h∗ = 0.1.
As the amount of surfactants in increased, the film acquires a thickness of h∗ = 0.1 at a
later time, indicating that the film interfaces are getting immobilized as surfactant con-
centration is increased

It appears that for Bo = 0.1, the bubble is spherical and the free surface is nearly flat
for all values of La. In contrast, for Bo = 10, the bottom part of the bubble is deformed and
the curvature of the upper part is decreased, which leads to a larger film area. As La is
increased, more surfactants are present on the bubble surface at initial time and, since α�
1, these surfactants partly remain on the bubble surface when h∗ = 0.1, and accumulate
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at the bottom of the bubble under the influence of the liquid flow. As mentioned in the
previous section, even for α = 10−3 and for h∗ = 0.1, the surfactants desorb at the back
of the bubble, especially for large Bo. Indeed while the desorption term in Eq. (9) near
the back of the bubble is of order 10−4 for La = 10, the advection term on the side of
the bubble is smaller than 10−6. The striking difference between Bo = 0.1 and Bo = 10 is
the more important depletion of Γ∗ at the bubble apex for Bo = 10, for all values of La.
In particular, when Bo = 10, the surfactant concentration at the top of the bubble is low
when compared to its back even for La = 10, indicating a rather mobile interface. For the
intermediate case, i.e, Bo = 1, it is observed that increasing La leads to a more uniform
concentration on the bubble surface and to the deformation of the bubble. For Bo = 1
and La = 10, the deformation is sufficient to generate a neck in the thin film between the
bubble and the free surface (see the arrow) associated to a change of sign of the local
curvature (see discussion below). Finally, we refer the reader to the appendix for line
plots of concentration profiles of the cases reported in Fig. 5.

To further characterize the effect of Bo and La on the drainage of the film, the θ profile
of the surface velocity, v∗s = v∗ · t, where t is the unit vector tangent to the interfaces, is
plotted in Fig. 6 for the bubble surface (left) and the bath surface (right), for Bo = 0.1
(top), Bo = 1 (middle) and Bo = 10 (bottom) and different values of La. In this graph, a
positive value of v∗s corresponds to liquid flowing outwards the bubble apex. For Bo= 0.1, it
is visible that the surface velocities on the bubble and on the bath surface decrease as La is
increased from 10−3 to 10, due to Marangoni stresses induced by surfactant concentration
gradients. More specifically, there is a sharp transition for La≈ 1 above which the surface
velocity decreases drastically, being almost zero on the free surface and even negative
on the bubble surface, reminiscent to pronounced Marangoni stresses. This transition
also exists for Bo = 1 but for a larger La(≈ 10), while it is absent for Bo = 10, where
the surface velocity is only slightly affected by the increase of La, as suspected in the
previous paragraph from the higher surfactant concentration gradients observed in Fig. 5
for Bo = 10. Then we observe for all cases that the surface velocity remains unchanged
between La = 10 and La = 100, indicating that the large concentration limit for La� 1
corresponding to initially saturated interfaces with Γ∗0 = 1 has been reached. Note that
the maximum of the surface velocity on the bubble surface corresponds approximately to
the position of the end of the thin film between the bubble and the free surface. It is also
in this region that the surface velocity behaves similarly on both surfaces, while it differs
significantly beyond this rim.

In order to gain more insights into the physics involved in the influence of the Bond
number on the Marangoni stresses and interfacial immobilization, the tangent stress bal-
ance is written using Eq. 15 and by rescaling Γ∗ with the equilibrium value Γ∗0 as defined
in Eq. 17, such as it gives [56, 57]

T ∗nt ≡ (T ∗ ·n) · t=−Λ
La

(1−La(1− Γ̄))
∇sΓ̄ , (19)

where Γ̄≡Γ∗/Γ∗0 and Λ=Ma/Bo is the ‘rigidity’ parameter that plays the same role than the
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Figure 6 Dimensionless surface velocity profile v∗s on the bubble surface (left) and on the free
surface (right) for h∗ = 0.1: (top) Bo = 0.1, (middle) Bo = 1 and (bottom) Bo = 10 for different values
of La. A positive value of v∗s corresponds to liquid flowing outwards the bubble apex. The time
corresponding to the velocity profiles are the same as in Fig. 5
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Figure 7 Marangoni stress profile on the bubble surface for h∗ = 0.1: (left) La = 1 and different
values of Bo; (right) Bo = 1 and different values of La.

one introduced by Champougny et al. (2015) for film coating and pulling. Note that this
scaling was introduced earlier as for instance in Lal and Di-Meglio (1994) [58]. For Λ . 1,
the interfaces are mobile or partially mobile, while for Λ� 1, the interfaces are immobile
or ‘rigid’. Note that the ‘rigidity’ of the interface not only depends on the surface elasticity
through the Marangoni number, but also on the deformability through the Bond number,
i.e., non-deformable are more prone to interface immobilization induced by surfactants
than deformable bubbles. We now note that two limiting cases can be considered from
Eq. 19:

T ∗nt = ΛLa∇sΓ̄ for La� 1 , (20)

T ∗nt = Λ
1

1− Γ̄
∇sΓ̄ for La� 1 . (21)

Consequently, in the limit of a small amount of surfactants present at the interfaces, i.e.
for La� 1, the Marangoni stress varies linearly with the concentration gradient and the
‘rigidity’ parameter is thus modulated by the surfactant concentration. In the other limit
of a concentration of surfactants close to saturation on the interfaces, i.e. for La� 1,
the Marangoni stress varies nonlinearly with the concentration gradient and the effec-
tive ‘rigidity’ is independent on the concentration. This limit is the one considered by
Champougny et al. (2015) for bulk concentration much above the critical micellar con-
centration. In order to illustrate this analysis, T ∗nt is plotted in Fig. 7, which shows an
increase of T ∗nt as the bubble gets less deformable, i.e. as Bo→ 0, or as the initial surface
concentration of surfactant gets higher, i.e. as La→ 100, especially in the thin film region
for 0≤ θ ≤ 30.

Next, the distance h∗ along the symmetry axis between the bubble top and the free
surface is monitored by varying La for large (Bo = 10), intermediate (Bo = 1) and small
bubbles (Bo = 0.1) in light of Figs. 8, 9 and 10, respectively.
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Figure 8 Dimensionless film thickness of the bubble at the apex h∗ as a function of dimensionless
time t∗, for Bo = 10. It follows an exponential decay as given by Eq. (1). The evolution of the
dimensionless thinning rate a with La is given in the inset.

Large bubbles. For Bo = 10, the distance h∗ seems to follow an exponential decay
for all values of La. Champougny et al. (2016) used TTAB as surfactants in their
bubble drainage experiments. The Marangoni and the Bond numbers corresponding
to this surfactant for an air/water interface are Ma ≈ 0.09 [59] and Bo ∼ 20, which
yields Λ ≈ 5.10−3, indicating a rather mobile interface. As it can be observed in
Fig. 8, an exponential drainage is obtained for the whole range of La numbers, as
observed in the experiments [33]. In addition, the inset of Fig. 8 shows that the
dimensionless thinning rate, a, decreases logarithmically with La. This result is also
in qualitative agreement with experiments of Champougny et al (2016) who showed
that their parameter b/R =

√
a has also a logarithmic variation with the concentra-

tion of surfactants (see Fig. 7a in Ref. [33]). However, the value of
√

a reported in
their experiments is

√
a ∼ 10−3 while we report a value of

√
a ∼ 10−1. We attribute

this difference to the following reason. In the experiments of Champougny et al.
(2016), the bubble is produced just below the free surface. Therefore, the bubble
rising velocity is near zero and the liquid flow does not sweep surfactants towards
the bottom of the bubble surface in contrast to what is observed in Fig. 5 for Bo = 10.
Consequently, surfactants significantly decrease the thinning rate, a when compared
to a bare bubble. In contrast, in the simulation results presented in this paper, the
bubble rising velocity being non zero, as the bubble rises, surfactants are transported
towards the bottom of the bubble and the surface at the bubble apex remains par-
tially mobile. In this case, surfactants have a smaller effect on a. Another aspect is
that Champougny et al (2016) report marginal regeneration which also affect the
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Figure 9 Same as Fig. 8 for Bo = 1. The film thickness at the apex h∗ follows an exponential decay
for La . 2 and shifts to an algebraic decay for La & 4.

thinning rate. This phenomenon cannot be captured with an axisymmetric simula-
tion. Finally, for La→ 0, a saturates to a≈ 0.34, in agreement with the result reported
by Kocarkova et al. (2013), whereas for La→ 1000 the Marangoni stress becomes
independent of La as expected from Eq. 21.

Intermediate bubbles. For Bo = 1, a transition from an exponential to an alge-
braic decay of the form h∗ ∝ t∗−c is observed when La is increased from 10−3 to
100, as shown in Fig. 9. In particular, in the limit of large surfactant concentration
for La ≥ 10, and during the time interval corresponding to 10 < t∗ < 40, a value of
c = 1/2 characterizing a gravity-driven drainage between two immobile interfaces is
approached (see Eq. 5). At later time, the exponent c increases towards the value of
0.75, as the Marangoni stress brings surfactants towards the top of the bubble, thus
reducing the surface tension gradients. For lower values of La= 4 and 5, the distance
h∗ is even shown to increase during a certain time indicating that the Marangoni
stress is strong enough to induce a back flow from the bubble side to the top, thus
refilling the thin film. Similar behavior has recently been reported by Vitry et al.
(2019) in the drainage of antibubbles [17].

Small bubbles. For Bo = 0.1, the transition from an exponential to an algebraic
decay occurs for a lower La ≈ 1 than for larger bubbles, as shown in Fig. 10. Then,
the exponent c decreases with increasing La until saturating to c≈ 1.25 for La & 10.
This value is much larger than c = 1/4 (Eq. 6) as predicted by Princen 1963 using
the lubrication theory for thin films [20], i.e. h0/R� 1, and in the limit of Bo→ 0.
The difference is due to the fact that the initial distance `0/R in our simulations is
much larger than the initial thickness h0/R for drainage. The inset in Fig. 10 shows
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Figure 10 Same as Fig. 9 for Bo = 0.1. The film thickness at the apex h∗ follows an exponential
decay for La . 0.5 and shifts to an algebraic decay for La & 0.5. The inset shows the influence of
the initial distance `0/R of the bubble below the surface for La = 10.

the effect of reducing `0/R on the drainage curve. As `0/R→ 0, the slope of the curve
h∗(t∗) approaches the value of −1/4 as depicted by the black solid line. This result
shows, as Pigeonneau and Sellier (2011) suggested, and as discussed in section 3
of this paper, that the thin film drainage depends upon the bubble dynamics, more
precisely on the bubble rising velocity, before it approaches the surface and forms
a thin film. And it interestingly points out that the lubrication behavior for thin
film[20, 21] can be recovered with our simulations provided the initial distance is
sufficiently reduced to `0/R ≤ 0.1. Alternatively, we could expect the lubrication
behavior to also be recovered for larger `0/R but at later time in our simulations,
even though this would have required a prohibitive finer meshing.

Comparing the behaviors for the different Bo numbers, the time evolution of h∗ for
La ∼ 10− 100 is the slowest for Bo = 1 (c ≈ 0.5− 0.80) when compared to Bo = 0.1 (c ≈
1.25) and Bo = 10 (exponential decay with a . 0.34). As already mentioned above (see
Fig. 5), the amount of surfactants measured by La has almost no effect on the bubble
shape for Bo = 0.1 and 10, whereas it does significantly for Bo = 1. As discussed in the
introduction, the shape of a bubble resting under a free surface is determined by the
competition between gravitational forces and surface tension. In particular, for Bo� 0.25,
i.e., R� `c/2, (respectively Bo� 0.25), a slight variation of σ due to the presence of
surfactant does not affect the balance between capillary and gravity forces, the outcome
of which determines the bubble shape. On the other hand, when R ∼ `c/2, a variation of
σ due to the presence of surfactants shifts the force balance towards gravitational forces,
which leads to larger deformation of the bubble as shown in Fig. 5 for Bo = 1.
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Figure 11 Dimensionless lifetime t̂∗life/
√

Bo as a function of Bo for different values of La. The peak
at Bo = 1 for La & 4 is due to the coupled effect of Marangoni stresses which decreases as Bo
increases and the diminution of the drainage rate with increasing drainage area. In this graph Cg

has been set to unity. (see Eq. (18)). The black dashed line marks the transition from “short living"
bubbles to“long living" bubbles

Now, the dimensionless bubble lifetime (t̂∗life) increases with Bo for a bare bubble be-
cause of bubble deformation and reaches a plateau for Bo & 1 (see Fig. 4). On the one
hand, for a contaminated bubble, the Marangoni stresses become less important as Bo
increases (see Fig. 7), and on the other hand, for 0.2 . Bo . 1, surfactants promote bubble
deformation which is expected to reduce the drainage rate. For these reasons, the lifetime
of bubbles in surfactant solution is expected to follow a non monotonic behavior with Bo
depending on the value of La. This is shown in Fig. 11 where the lifetime t̂∗life has been plot-
ted, after being rescaled by

√
Bo in order to make the dimensionless lifetime independent

on the bubble equivalent radius. Firstly, this figure shows that for La ≈ 1− 2, the bubble
lifetime reaches a maximum at Bo = 0.25, i.e., R = `c/2. This maximum is also observed
for La = 10−3 and 0.1 but in a much smaller extent, and was reported in the experimental
work of Nguyen et al. (2013). Indeed, Nguyen et al. (2013) concluded that this maximum
materializes the transition between the main mechanisms driving the drainage of the film,
from capillary to gravitational forces [11]. A recent experimental study of bubble lifetime
inside Mezcal, a traditional agave based distilled beverage, also reports a peak in bubble
lifetime at Bo ∼ 0.25 [5]. In the next paragraph, a scaling analysis is provided to justify
the existence of a maximum in bubble lifetime at the transition between capillary drainage
and gravitational drainage. Secondly, above a certain concentration of surfactants corre-
sponding to La ≈ 4, surfactant induced bubble deformation and consequent increase in
the thin film area for bubbles having a radius `c/2 . R . `c, i.e., 0.25 . Bo . 1, leads to a
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significant increase of the lifetime of these bubbles. Finally, bubbles having an equivalent
radius corresponding to Bo & 5 have a smaller lifetime, which can be rationalized by a too
small “rigidity" parameter, Λ = Ma/Bo . 0.05.

It should be noted that, experimental and theoretical studies on the lifetime of drops
beneath a free surface have shown that, for large drops, Bo� 1, the lifetime increases with
their size [37, 38, 39] while, as seen in this study and the one of Nguyen et al. (2013),
the lifetime of bubbles decreases with their size for Bo� 1 (see Fig 6a of Nguyen et al.
(2013)). In the case of drops, the inner liquid viscosity might not be negligible when
compared to the outer phase viscosity. Thus, independently of the presence of surfactants,
the drop surface might be immobile since the continuity of shear stresses needs to be
satisfied on the surfaces ([34]). In the case of our present study, the tangent stress balance
on the interfaces, Eq. (19), and Fig. 6 show that the interface mobility increases with Bo.
Thus, in the range of parameters investigated in our study, in the large bubble limit, i.e.
Bo� 1, the film interface are partially mobile rather than immobile. In this situation,
gravitational forces should be balanced by extensional viscous stresses in the thin film,

ρg∼Uµ/R2
f (22)

where R f is the radius of the thin film, U ∼ R f
tlife

is the mean velocity in the thin film and tlife
is the drainage time of the film, which leads to

tlife ∼
µ

R f ρg
. (23)

As discussed in [38], the radius the thin film, R f , depends upon the bubble (or droplet)
radius, R, and can be obtained with R f ∼

√
(∆ρgR4)/(σ) (or in terms of the Bond number

R f ∼ R
√

Bo), thus we obtain

tlife ∼
µσ0.5

(∆ρg)3/2R2
. (24)

As seen, in the limit of fully mobile interfaces, the lifetime of a bubble decreases with
its size for Bo� 1. Interestingly, the dependence of the lifetime to the bubble radius is
tli f e ∼ R−2, which is close to the slope obtained in the publication of Nguyen et al. (2013)
(Fig. 6a). In terms of the dimensionless form presented in Fig. 11, we obtain

t̃?life
∗/
√

Bo∼ 1
Bo

. (25)

The above prediction is plotted as a black solid line in Fig. 11 and is compared to our
numerical simulations. As seen, the numerical simulations roughly follow the trend pre-
dicted by Eq. (25). This analysis seems to point out that, if the thin film interfaces are
mobile or partially mobile, the lifetime of a large bubble decreases with its radius. On the
other hand, if the thin film interfaces are immobile, as commonly observed in drops, then,
the lifetime increases with the drop radius [37, 38, 39]. Alternatively, in a system where
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the rigidity parameter would be close to one for large values of Bo, i.e., Λ = Ma
Bo ∼ 1, or

using another type of surfactant such that σ∞

σ0
� 0.40, the interface of a bubble could be

immobile even for Bo� 1 and the lifetime of large bubble could increase its radius.
Similarly, in order to obtain an idea of how the lifetime of a bubble varies with Bo

for Bo� 1, we can balance capillary pressure variation within the film and extensional
viscous stresses which gives,

σ0

R
1

R f
∼ Uµ

R2
f

(26)

In the above equation, the pressure variation in the thin film is considered to be of the
order of σ0/R over the length of the film radius, R f . Using the expression for the film
radius (R f ∼ R

√
Bo) we get in dimensionless form,

t̃?life/
√

Bo∼
√

Bo. (27)

In the case of immobile interfaces, capillary pressure variation within the film is balanced
by viscous shear stresses,

σ0

R
1

R f
∼ Uµ

h2 . (28)

This leads to,
t̃?life ∼ Bo

3
2 ε
−2. (29)

These scaling are approximate since they do not account for the dependence of the rigidity
parameter to the Bond number and the last two scalings do not account for the effect of
the bubble rising velocity on the decay of the distance h∗. However, they give an idea of
the opposite trends in bubble lifetime that arises from the two mechanism responsible for
the film drainage. The predicted trends of the lifetime being opposite for bubbles having
a partially mobile interface, i.e., La . 4, a maximum in the lifetime is expected at the tran-
sition, as observed experimentally by Nguyen et al. (2013). In the experiments by Rage et
al. (2018) [5], however, no clear trend could be identified for Bo� 1, meaning that the
lifetime remains rather constant in this regime. We suspect that this experimental regime
for Bo� 1 is at the intermediate case between the extensional and the shear flow behav-
iors, the trend being inverted as outlined by Eq. (25) and in Eq. (4) of the publication of
Basheva et al. (1999), respectively.

Finally, to conclude on Fig. 11, depending on the amount of surfactant in the system,
bubble having a specific equivalent radius, R, corresponding to Bo. 1 have a long lifetime.
The horizontal line in the graph arbitrarily separates “long living" bubbles, at the top of
the line, from “short living" bubbles.

Recognizing that the significant increase of the lifetime of bubbles having a radius
R > `c/2 (i.e., Bo > 0.25) when La is increased is associated to the presence of a neck in
the thin film, slowing down significantly the drainage, we can construct a phase diagram
for long living bubbles, as represented in Fig. 12. The red points in the figure represents
the cases for which the curvature along the bubble surface has changed sign, thus indi-
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Figure 12 Phase diagram for “long-living bubbles” as indicated by the dashed line. The red dots
indicate bubbles presenting a neck in the thin film.

cating the presence of a neck in the thin film. This graph interestingly points out that the
increase of the lifetime of bubble having a radius `c/2 . R . `c i.e., 0.25 . Bo . 1, when
the amount of surfactant is increased (La) is associated to the presence of a neck. More
generally, it demonstrates that a profound topological change in the bubble shape, such as
the occurrence of a neck in the thin film, plays a crucial role in the dynamics of bubbles
under a free surface, even prior to any subsequent instability in the third dimension.

5. Effect of surfactant solubility
In this section, the influence of the solubility parameter of the surfactants is analyzed with
La = 10 and Bo = 1. The contour of Γ∗ is presented in Fig. 13 for (top) α = 10−3 and
(bottom) α = 10 at a time t∗ = 6. The surfactant concentration profile exhibits a larger
gradient for α = 10−3 than for α = 10 as it can be intuitively inferred. In fact, as the
surfactant are being advected from the bubble top towards its side, for α = 10, surfactants
repopulate the top of the bubble and reduce the concentration gradient on the bubble
surface, when compared to α = 10−3. It should also be noted that since La = 10, the
desorption term in Eq. (14) which is proportional to α/La is small. Consequently, the
surfactant desorption flux at the bubble back is not sufficient to reduce the concentration
on the bubble side.

The influence of surfactant solubility on the evolution of h∗(t∗) is shown in Fig. 14. It
is expected from Eq. 19, that the reduction of surfactant concentration gradient on the
bubble surface for fixed values of La, Ma, and Bo when α is increased causes a diminution
of the magnitude of Marangoni stresses, hence the remobilization of the interfaces. As a
consequence, the effect of surfactant on the curves h∗ diminishes. In particular, as α →
∞, the curves converge towards the drainage curve characterizing the case with La→ 0.
However, as stated earlier, the modelling approach used in this work is not strictly valid
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Figure 13 Countours of the dimensionless surfactant concentration Γ∗ at a time t∗= 6 for Bo = 1
and La = 10: (top) α = 10−3 and (bottom) α = 10.
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Figure 14 Dimensionless film thickness at the bubble apex h∗ as a function of dimensionless time
for Bo = 1, La = 10 and different values of α.
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for α � 1 (see Eq. 16) since sub-surface concentration cannot be considered as constant
anymore and these lasts results should thus be interpreted with caution.

6. Conclusions
We studied the dependence of the rising and drainage dynamics of a bubble within a liquid
containing surfactants on the bubble shape and on the presence of surfactants using Direct
Numerical Simulations.

We first corroborated that, for a surfactant-free solution, the distance on the symmetry
axis between the bubble top and the free surface h/R decays exponentially, and that non-
deformed bubbles drain faster than deformable bubbles [10, 11, 12]. The dimensionless
lifetime (t∗life) of the bubble beneath the bath surface calculated with our numerical simu-
lations show good qualitative agreement with the experiments of Nguyen et al. (2013).

In the presence of surfactants, we showed that the bubble surface and the bath surface
are immobilized as the amount of surfactants in the system, quantified with the Langmuir
number (La), is increased. In addition, we performed a tangent stress balance on the
gas/liquid interfaces which showed that in this system, and in the context of the Langmuir
isotherm (see Eq. 11), the rigidity parameter introduced by Champougny et al. (2015)
[31] scales as Λ ∼ Ma/Bo, indicating that surfactants have a more significant impact on
the rising and drainage of non-deformable bubbles than deformable bubbles. Based on
this analysis, two limiting situation were identified: at low surfactant concentration, we
showed that the rigidity parameter is modulated with the surfactant concentration in the
bulk phase, ΛLa, while at large surfactant concentration the dependence of the surface
mobility upon La vanishes. These arguments were confirmed with our numerical sim-
ulations that showed, firstly that the dimensionless distance h/R on the symmetry axis
between the bubble top and the free surface decays following an algebraic decay when
Bo . 1 and La & 1, and an exponential decay for bubbles with Bo & 10 and a wide range
of surfactant concentration (10−3 ≤ La≤ 1000), which is in qualitative agreement with the
experiments of Champougny et al. (2016). Secondly, simulations showed that indeed,
above a threshold value of La, the drainage curves were independent of La.

In addition to inducing Marangoni stresses, we showed that when the bubble is charac-
terized by 0.25 . Bo . 1, increasing the amount of surfactant in the system, i.e. increasing
La, leads to the bubble deformation and to an increase of the surface area of the thin film.
As a result of the coupling between bubble deformation and interface immobilization, we
showed that, depending on the amount of surfactant in the system, bubbles having a ra-
dius corresponding to 0.25 . Bo . 1, i.e., `c/2 . R . `c have the longest lifetime time. A
scaling analysis based on a force balance in the thin film confirmed the presence of a max-
imum in the lifetime of bubbles at the transition between capillary induced drainage and
gravitational drainage. We showed that the presence of this maximum depends upon the
interface mobility. Accounting for surfactant solubility reduces the effect of surfactants on
the rising and drainage of the bubbles.

Finally, we observed that the bubble deformation, Marangoni stresses and associated
longer lifetime of bubbles is related to a necking phenomena in the thin film (inversion
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of curvature). The apparition of this neck could be the precursor of a 3D instability at
the origin of marginal regeneration [26, 6, 28]. Bridging the gap between the necking
phenomena and the longer bubble lifetime as well as identifying the influence of surfactant
type (for instance via the minimum surface tension parameter σ∞/σ0), is an open route
for future investigations.
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Bubbles determine the amount of alcohol in mezcal (2018). arXiv:1810.02745.

[6] R. L. Modini, L. M. Russell, G. B. Deane, M. D. Stokes, Effect of soluble surfactant on bubble persistence
and bubble-produced aerosol particles, Journal of Geophysical Research: Atmospheres 118 (3) (2013)
1388–1400.

[7] S. Poulain, E. Villermaux, L. Bourouiba, Ageing and burst of surface bubbles, Journal of Fluid Mechan-
ics 851 (2018) 636–671.

[8] G. Debrégeas, P.-G. d. Gennes, F. Brochard-Wyart, The Life and Death of "Bare" Viscous Bubbles,
Science 279 (5357) (1998) 1704–1707.

[9] C. J. W. Breward, P. D. Howell, The drainage of a foam lamella, Journal of Fluid Mechanics 458 (2002)
379–406.

[10] F. Pigeonneau, A. Sellier, Low-Reynolds-number gravity-driven migration and deformation of bubbles
near a free surface, Physics of Fluids 23 (9) (2011) 092102.

[11] C. T. Nguyen, H. M. Gonnermann, Y. Chen, C. Huber, A. A. Maiorano, A. Gouldstone, J. Dufek, Film
drainage and the lifetime of bubbles, Geochemistry, Geophysics, Geosystems 14 (9) (2013) 3616–
3631.

[12] H. Kocárková, F. Rouyer, F. Pigeonneau, Film drainage of viscous liquid on top of bare bubble: Influ-
ence of the Bond number, Physics of Fluids 25 (2) (2013) 022105.

[13] P. D. Howell, The Draining of a two-dimensional bubble, Journal of Engineering Mathematics 35 (3)
(1999) 251–272.

[14] B. Scheid, S. Dorbolo, L. R. Arriaga, E. Rio, Antibubble Dynamics: The Drainage of an Air Film with
Viscous Interfaces, Physical Review Letters 109 (26) (2012) 264502.

27

http://arxiv.org/abs/1810.02745


[15] A. Riaud, H. Zhang, X. Wang, K. Wang, G. Luo, Numerical Study of Surfactant Dynamics during
Emulsification in a T-Junction Microchannel, Langmuir 34 (17) (2018) 4980–4990.

[16] O. Atasi, B. Haut, A. Pedrono, B. Scheid, D. Legendre, Influence of soluble surfactants and deformation
on the dynamics of centered bubbles in cylindrical microchannels, Langmuir 34 (2018) 10048–10062.

[17] Y. Vitry, S. Dorbolo, J. Vermant, B. Scheid, Controlling the lifetime of antibubbles, Advances in Colloid
and Interface Science 270 (2019) 73–86.

[18] H. Lhuissier, E. Villermaux, Bursting bubble aerosols, Journal of Fluid Mechanics 696 (2012) 5–44.
[19] M. S. Bhamla, C. E. Giacomin, C. Balemans, G. G. Fuller, Influence of interfacial rheology on drainage

from curved surfaces, Soft Matter 10 (36) (2014) 6917–6925.
[20] H. Princen, Shape of a fluid drop at a liquid-liquid interface, Journal of Colloid Science 18 (2) (1963)

178–195.
[21] C.-Y. Lin, J. C. Slattery, Thinning of a liquid film as a small drop or bubble approaches a fluidâĂŞfluid
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7. Appendix
As explained in the section 2.3 of the main article, most of the simulations presented in
this article are performed with α = 10−3 and are referred to as the “insoluble-like case" to
refer to the fact that the hydrodynamics of the system is independent of α for α < 10−3

while keeping in mind that surfactant desorption at the back of the bubble still occurs (and
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adsoption at the front of the bubble), especially at later stage of the simulation, which have
the beneficial consequence to stabilize the numerical solver by preventing singularities of
the concentration field at the stagnation points. In this appendix, concentration profiles
corresponding to Fig. 5 of the main text are presented at different time.

Integration of the Γ∗ on the bubble surface using the cylindrical coordinate system
presented in Fig. 1 of the main article shows that while surfactant mass varies within 5%
for the case La = 0.1 and Bo = 0.1, it varies within 10% for the case La = 1 and Bo = 0.1
and this variation even reaches more than 50% for Bo = 10 (see legends of Fig. 15). This
illustrate that while the drainage curves are independent of α for α < 10−3, the surfactant
adsorption/desorption is important for some case even when α = 10−3. Note that all the
simulations were performed with σ/σ0 = 0.4. The “insoluble-like case" might be reached
at smaller or larger values of α depending on the value of σ/σ0. This feature was not
further investigated within this study.

Figure 15 Surfactant concentration on the bubble surface for h∗ = 0.1, Re = 0.1 and (from top to
bottom) for Bo = 0.1, 1, 10 and (from left to right) La = 0.1, 1, 10. The solid line corresponds to the
concentration profile shown in Fig. 5 of the main text while dashed line shows the concentration
profile at an earlier time.
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Figure 16 Surfactant concentration on the free surface for h∗ = 0.1, Re = 0.1 and (from top to
bottom) for Bo = 0.1, 1, 10 and (from left to right) La = 0.1, 1, 10. The solid line corresponds to the
concentration profile shown in Fig. 5 of the main text while dashed line shows the concentration
profile at an earlier time. Note that in this graph, r∗ is plotted on the abscissa instead of θ (see
Fig. 1) for definition.

a b

c

a

b

c

d

d

Figure 17 Graphical abstract

31


	Introduction
	Problem statement
	Equations and modeling assumptions
	Geometry and boundary conditions
	Dimensional analysis

	Drainage without surfactants
	Shape of bubbles in viscous liquids
	Drainage curves
	Lifetime

	Drainage with surfactants
	Effect of surfactant solubility
	Conclusions
	Appendix

