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Abstract— The use of autonomous buses increases, and
their operations increasingly intertwine with other public
transport lines. At the same time, the use of autonomous
buses in a mixed traffic environment induces new challenges
with respect to their service synchronization with other
lines. In fact, due to their cautious driving behavior in a
mixed environment, the operations of autonomous buses
show a high degree of variation in inter-station travel
times, which leads to many unsuccessful transfers. Many
tactical planning problems, however, naively assume that this
uncertainty can be reduced to a single deterministic value
(e.g., a travel time expectation). In this study, we propose
a technique to find a robust schedule of dispatching and
holding times that incorporates the inherent uncertainty in
the operations. We discuss the complexity and applicability of
such robust problems in public transit operations in general,
and solve the optimization problem for an autonomous bus
system that serves as a feeder line to a collector line. The
numerical experiments show that the robust rescheduling and
holding solution is resilient to variations in travel times: the
operations maintain a high level of service regularity and
avoid missed passenger transfers even under extreme scenarios.

Keywords: robust optimization; autonomous buses; bus line
synchronization; rescheduling and holding; semi-infinite pro-
gramming.

I. INTRODUCTION

Advances in vehicle automation offer new possibilities to
improve the efficiency of public transit services. Nowadays,
several cities operate autonomous buses at dedicated bus
corridors or corridors with mixed traffic conditions [1].
Recent surveys in European cities showed that autonomous
buses are well-accepted and there are no major concerns
with regards to safety and security [2]. The fleet of au-
tonomous buses has increased in several metropolitan areas
(e.g., Frankfurt, Stockholm) and, as confidence grows, an
increasing number of buses operate without a driver. This
provides new options for control of the vehicle operations
via fine-grain adjustments to the vehicle trajectories (e.g.,
via speed control, holding control, or (re)scheduling) [3].

As the use of autonomous buses increases, their operations
intertwine with other public transit lines that operate in the
same corridors (e.g., metro, tram, or train lines). Addition-
ally, autonomous buses might serve stops located near to
major mobility hubs that bring together car-sharing, bike-
sharing, and other micro-mobility options. The case of syn-
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chronizing the operations of autonomous buses with collector
transit lines is of particular interest because autonomous
buses typically operate a limited number of stops and are
feeder lines to other public transit services (see [4], [5]).

The problem of transfer synchronization between feeder
and collector transit lines has been studied in past literature
at the tactical planning level [6], [7], and at the operational
level [8]. Notwithstanding, the fine-grain control that one
can perform on autonomous buses increases the potential
gain in terms of improving passenger transfers. This can be
a game-changer regarding the improvement of operational
efficiency because autonomous buses can implement more
sophisticated control measures to account for potential travel
time variations.

In this study, we focus on the rescheduling and bus
holding problem of autonomous buses that intertwine with a
particular collector line at a specific transfer stop. Because
autonomous buses have typically a limited passenger capac-
ity and operate under high frequencies, we also consider
the waiting times of passengers that do not use them as
feeder modes as a key performance indicator. This key
performance indicator is improved when maintaining the
scheduled headways among successive trips; thus, offering
regular services to passengers.

In this rescheduling and holding problem, a major com-
ponent is the travel time uncertainty of autonomous buses.
Unlike human-driven buses, autonomous buses exhibit an
extremely cautious driving behavior. For instance, they are
very sensitive to the movement of people at pedestrian
crossings and can be severely delayed if their sensors detect
nearby obstacles [3]. This yields a considerable variation
to their inter-station travel times (e.g., some trips might be
delayed for several minutes when traversing a link due to the
conservative driving of autonomous buses in mixed traffic en-
vironments). This travel time uncertainty adds another layer
to the problem of improving the regularity and synchronizing
the operations of autonomous buses. To rectify this, we
develop, for the first time, a robust optimization model that
decides about the rescheduling and holding control options
of autonomous buses. With this approach, we ensure that
autonomous buses will successfully transfer passengers to
the collector lines and maintain a certain level of service
regularity even at worst-case travel time scenarios. This study
is a first step towards addressing this pressing issue and
improves the operations of autonomous buses that perform
the first/last mile of passengers’ trips.

The remainder of this study is structured as follows. In
section II, we provide a literature review on bus holding
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and rescheduling of conventional bus lines and underline the
contributions of our study to the state-of-the-art. In section
III, we provide a general background on robust optimization
and the development of general solutions that perform well in
worst-case scenarios. Section IV introduces the formulation
of our rescheduling and holding problem for the case of
autonomous buses that intertwine with collector lines. In
section V, we present our numerical experiments and discuss
our results. Finally, section VI summarizes our work and
provides future research directions.

II. RELATED STUDIES

Public transit is managed at the strategic (e.g., develop-
ment of stops and routes), tactical (e.g., development of
timetables, vehicle and crew schedules [9]), and operational
(e.g., rescheduling, holding, speed control, short-turning)
levels [10]. This study focuses on the operational level
and considers the combination of rescheduling and holding
control to improve the regularity and synchronization of
autonomous bus services with collector transit lines.

In this study, rescheduling is understood as the modifi-
cation of the originally planned dispatching times of au-
tonomous buses (e.g., timetable rescheduling). Although op-
erational rescheduling is less studied than offline scheduling
(see [11], [12], [13]), rescheduling approaches have received
increasing attention over the last years. Most works model
rescheduling as an integer mathematical program where the
decision variables are the dispatching times of bus trips
[14]. Gkiotsalitis and van Berkum [15] developed a convex
optimization model for rescheduling in rolling horizons. In
follow-up works, [16]-[17] introduced analytic and heuristic
solutions for the bus rescheduling problem. Bly [18] used
rescheduling on depleted bus services to provide equal
headways for the available buses in the schedule.

More recently, [19] proposed a rescheduling and holding
strategy that modifies the departure times of bus trips to
match the passenger demand. Li et al. [14] modeled and
solved the single depot bus rescheduling problem in pseudo-
polynomial time using a parallel auction algorithm. In a
follow-up work, [20] developed an NP-Hard model for the
bus rescheduling problem, and used a Lagrangian relaxation-
based insertion heuristic for its solution.

Since rescheduling alone results in marginal improve-
ments, several works have coupled rescheduling with
additional control measures. Gkiotsalitis [21] combined
rescheduling and bus holding in the case of electric buses.
In addition, rescheduling is used for synchronization among
services to reduce the transfer waiting times of passen-
gers. Cevallos and Zhao [22] and [23] used rescheduling
for synchronization among services and proposed simple
perturbations by merely shifting the pre-existing timetables.
Coffey et al. [24] treated the synchronization problem as a
demand-supply matching problem. In their approach, they
rescheduled the timetables of public transport modes by
matching the passenger demand with the public transport
supply to reduce missed connections.

Although there are a number of works that combine
rescheduling with bus holding, those works consider deter-
ministic operational travel times and aim at improving the
service regularity without considering potential passenger
transfers. This, however, is a pressing issue in the operations
of autonomous buses because of their increased inter-station
travel time variability and their main use as feeder modes
to collector lines. Our study aims to fill this research gap
by providing – for the first time – of a robust model for
rescheduling and holding control of autonomous buses that
accounts for both the service regularity and the passenger
transfers to collector lines.

III. BACKGROUND ON ROBUST OPTIMIZATION

The level of service of public transport operations highly
depends on variations that are uncertain in advance, and
are only revealed during execution (i.e., over time). How-
ever, many (continuous) tactical optimization problems (e.g.,
timetabling problems) fail to incorporate these uncertainties.
In a general form, such optimization problems can be written
as a function of the uncertain data t ∈ Rm:

P (t) : min
x

f(x, t) s.t. x ∈ F (t),

with objective function f(x, t), and corresponding feasible
set

F (t) =
{
x ∈ Rn gj(x, t) ≤ 0, j ∈ J

}
.

where x are the decision variables of our problem (e.g.,
changes in schedules), t potential uncertainties (e.g., travel
times) and gj(x, t), j ∈ J , the constraint functions.

The typical approach is to choose the expected values of
t, i.e., t̄ = E(t), and solve problem P (t̄). The quantitative
and qualitative ‘behavior’ of the performance of the solution
set corresponding to P (t), with t in a neighborhood of t̄, is
investigated using sensitivity and/or parametric analysis [25].
Such analyses solely describe these dependencies locally, i.e.,
in a close proximity of t̄, and hence closely relate to the
initial choice of t.

With the increase of available data sources, the estimation
(or actually, forecast) of the realization of t can be based
on historical data combined with knowledge about the near
future. Regular variations in the transport system makes that
even in static (offline) problems, a single choice with respect
to t while solving P (t) might be unnecessary restrictive.

The challenge is to find solutions to optimization prob-
lems that are robust to the inherent future variations of
the transport system (e.g., variation in travel times). There-
fore, one has to explicitly deal with uncertain data while
(re)scheduling. In general, t is either treated as a random
variable (stochastic programming), or as an uncertain pa-
rameter contained in an uncertainty set (robust optimization
[26]). In this paper, we focus on robust optimization, and
assume that recurrent variations of t are contained in the
uncertainty set T (x), which is interconnected with the choice
of variable x (e.g., variations in the travel times depend on
our departure time decisions).
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The robust counterpart to problem P (t) can be written as

RP : min
x

max
x∈T (x)

f(x, t) s.t. x ∈ F (t), ∀ t ∈ T (x).

Optimization problem RP is robust in the following sense:
first, the objective function in RP is of the min(i)max-type,
i.e., we wish to choose x so that it optimizes the worst-
case scenario. Second, the constraints in RP ensure that x
is feasible for all possible realizations of t ∈ T (x) (we note
that T : Rn → T (x) ⊆ Rm is a set-valued mapping). RP is
a difficult optimization problem to solve: in contrast to P (t),
it has infinitely many constraints which depend on x. RP is
a generalized semi-infinite program (e.g., [27]).

In the remainder of this paper, we explore the opportunities
and complexity of solving robust problems similar to RP in
the public transport domain, in particular the feeder-collector
problem including synchronization. We refer the reader to
[25], [26], [27], [28], [29], [30], [31] for a more general
survey on the theory of semi-infinite programming.

IV. PROBLEM FORMULATION

We consider a feeder/collector line synchronization
problem. The decision variables of our problem are the
rescheduled dispatching times of the feeder line trips xn,
n ∈ N , and the holding times kns of feeder line trip n
at stop s. Note that if the number of rescheduled trips is
equal to all daily trips, the problem is transformed to offline
scheduling. Before proceeding to the formulation of our
problem, we introduce the following nomenclature.

NOMENCLATURE
Sets
N = 〈1, ..., N〉 set of trips of the feeder line that need to be

rescheduled
S = 〈1, ..., S〉 set of stops of the feeder line

Parameters
h̄ scheduled (ideal) inter-departure headway be-

tween successive trips of the feeder line
[0,∆t] synchronization time range
δ layover time between two successive trips

operated by the same autonomous bus
b transfer stop between the feeder and the col-

lector line (b ∈ S)

Variables
xn rescheduled dispatching time of trip n
kn,s holding time of trip n at stop s
an,s arrival time of trip n at stop s, plus the dwell

time spent at that stop for completing the
boardings and alightings

dn,s departure time of trip n from stop s
hn,s inter-departure time headway between trips n

and n− 1 at stop s

Environmental Variables (Adversaries)
γm arrival time of trip m of the collector line at

the transfer stop b
tn,s inter-station travel time between stops s − 1

and s, plus the time needed for boardings and
alightings at stop s for trip n of the feeder
line

A change in the dispatching time influences the expected
arrival time and the time needed to complete the boardings
and alightings:

an,s := dn,s−1 + tn,s, n ∈ N , s ∈ S \ {1} (1)

with tn,s being the travel time from stop s− 1 to s plus the
dwell time at stop s. The departure time from each stop is

dn,s := an,s + kn,s, n ∈ N , s ∈ S \ {1},
and dn,1 = xn, (2)

where dn,s ≥ an,s.
The inter-departure headway between two successive au-

tonomous buses of the feeder line is:

hn,s := dn,s − dn−1,s ∀n ∈ N \ {1},∀s ∈ S (3)

Let us consider the waiting times of those passengers
that transfer from a feeder to a collector line. We assume a
flexible synchronization scheme, i.e., a trip n is considered
to be synchronized if it arrives within a time range of [0,∆t]
before the arrival of trip m at stop b (see [32]):

0 ≤ γm − an,b ≤ ∆t. (4)

If a vehicle operates two successive trips of the same line,
we require a layover time, i.e.,

xn′ − an,N ≥ δ, with δ ≥ 0. (5)

This layover time ensures the circulation of vehicles and is
the time needed from the completion of a trip until the start
of another (deadheading time).

To improve the service regularity of the feeder line, one
should minimize the sum of the squared difference between
the actual and the ideal headways h̄:

f(h) :=
∑
s∈S

∑
n∈N\{1}

(
hn,s

2
− h̄

2

)2

The following optimization program summarizes our
feeder line synchronization problem which considers both
the service regularity and the transferring waiting times, as
a function of uncertain data parameter p = (t, γ):

Q(p) : min
x,k

f(h) s.t. (x, k) ∈ F(p),

with corresponding feasible set

F(p) =
{

(x, k) ≥ 0 (x, k) satisfies (1)− (5).
}

A. Robust problem

The travel times of the feeder line and the arrival times of
the collector line are uncertain. In the robust reformulation
of Q(p), we assume that the travel times t are uncertain and
time-dependent, i.e., the travel time to stop s depends on
the departure time of the bus at previous stop (s − 1). The
realization of the travel times is dynamically revealed, but
in the static problem we assume that tn,s is contained in an
uncertainty set T s(x), with the travel time tn,s ∈ T s(dn,s−1)
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only dependent on the departure time. More specifically, for
s ∈ S,

T s(x) = [ls(x), us(x)] ⊂ R,

for which it holds that ls(x) ≤ us(x) for all x ≥ 0, and ls

and us are continuously differentiable functions with respect
to x.

Also, the arrival time γm of the m-th trip of the collector
line at stop b is uncertain, i.e.,

γm ∈ Γm = [γml , γ
m
u ] ⊂ R,

with γml < γmu for any m. Hence, the arrival time of the
collector line is independent from our decision variables, but
inherently uncertain.

We consider a robust counterpart RQ to problem Q(p). We
formulate our problem RQ as in RP ′ presented in Appendix
A. In the finite problem RQ that inherits the properties of
RP ′, we minimize the objective function of the expected
case, but the constraints are satisfied for any realization of
the parameters in the uncertainty set. Our robust counterpart
to Q(p) is consequently formulated as:

RQ : min
x,k

f(h, t̄) s.t. (x, k) ∈ F(p) ∀ p ∈ P (x)

with P (x) = T (x) × Γ. For clarity, we replaced f(h) by
f(h, t) to indicate that the value of f(h) highly depends on
the realization of the travel times t. As mentioned, RQ aims
to minimize the objective function f(h, t̄) with t̄ = E(t).

B. Finite program

Optimization program RQ has infinitely many constraints.
In this section, we show the reduction to a finite program.

Let us consider the constraints in (4). The robust counter-
part to the first constraint in (4) is

0 ≤ γm − an,b, for all tn,b ∈ T b(dn,b−1), γ ∈ Γm ,

which is equivalent to (with parameters x and k)

0 ≤ min
γ∈Γm

γ −

(
max

tn,i∈T i(dn,i−1),i=1,2,...,b

∑
i

tn,i + xn

)
.

(6)
The ‘max’-problem might be difficult to solve since the
choice of tn,i ∈ T i(dn,i−1) depends on the choice of travel
times tn,j , 1 ≤ j ≤ i− 1 (see (1), (2)).

Under the assumption that for each s ∈ S, us(x) is
(globally) Lipschitz continuous with Lipschitz constant L =
1, we can reduce the infinite constraint (6) to a (non-linear)
finite constraint. Then, we replace (6) by

0 ≤ γml −

 ∑
i=1,2,...,b

ui(dn,i−1) + xn

 , (7)

Similarly, under mild assumptions we can apply a reformu-
lation strategy to the remainder of the robust constraints in
(4) and (5). Note that, however, the choice of dn,i depends
on the type of the constraint.

For convenience, we state our (finite) non-linear optimiza-
tion problem RQ to find robust dispatching and holding
times under uncertain transit times:

RQ : min
x,k

f(h, t̄) s.t. (x, k) ∈ F , (8)

with corresponding feasible set

F =

 (x, k)

−γml + αun,b ≤ 0, n,m ∈ N
γmu − αln,b −∆t ≤ 0 n,m ∈ N
−xn′ + αun,N + δ ≤ 0, (n, n′) ∈ L
(h, d, a) satisfies (1)-(3) for t = t̄

 .

L is the set of trips (n, n′) that are operated by the same
vehicle. Here, for s ∈ S:

αun,s =

s∑
i=1

ui(ui−1(. . . (u1(xn) + k1) + ki−2) + ki−1) + xn

αln,s =

s∑
i=1

, li(li−1(. . . (u1(xn) + k1) + ki−2) + ki−1) + xn.

V. NUMERICAL EXPERIMENTS

A. Case study description

We conduct our numerical experiments inspired by data
from a pilot autonomous electric shuttle project operated in
a major German city. In this pilot, an autonomous bus line
serves three bus stops close to the city center from 11 am to
5 pm (Fig.1). The pilot investigates how autonomous buses
can complement public transport on the first and last mile.
The autonomous buses operating in this line have six seats
and drive completely independently at a maximum speed of
15 km per hour. Passengers from this centrally located bus
line can transfer to the main metro station in a less than
2-minute walk.

s = 1

Metro station

Metro station

Bus stop

Walking path

s = 2

s = 3

Autonomous 
minibus line

Fig. 1. Topology of autonomous minibus feeder line and metro station of
the collector line

Generated inter-station travel times of the autonomous
minibus line are presented in Fig.2 and a Gaussian is fitted to
those travel times. In Fig.2, the polynomial functions fitted
to the 5th percentile, average, and 95th percentile for the
link travel times are visualized as a function of the time
of the day. The mean and standard deviation of the link
travel times are estimated using Gaussian Processes [33].
Gaussian processes assume that the underlying process, in
this case, the inter-station travel times, are Gaussian and have
a correlation function which is given by a kernel function.
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In our experiment, we use the GPy python library [34] and
the RBF (Gaussian radial basis function). We program and
solve our finite robust optimization as formulated in (8) in
MATLAB 2017a, using the standard settings.

Fig. 2. Upper and lower limits of the inter-station travel times when
departing from stops s = 1 and s = 2 at different times of the day

The collector line arrives every other 4 and 6 minutes, with
an uncertainty of 30 s (+/- 15 s). For synchronisation, we set
∆t = 120 s. This provides 2 minutes to the autonomous
minibus passengers to walk to the metro station of the
collector line. The scheduled (ideal) headway of the feeder
line is h̄ = 5 min. In addition, the 10 trips are performed by
2 autonomous minibuses.

Using the data of inter-station travel times in Fig.2, we
compute our robust rescheduling and holding solution us-
ing our robust optimization method. We also compute the
“nave” rescheduling and holding solution that takes into
consideration only the average values of the inter-station
travel times presented in Fig.2. This “nave” solution is
used as a benchmark because the scheduled dispatching and
holding times are planned based on the historically average
travel times. The performance of both the robust solution
and the nave solution when applied to realistic operations
with inter-station travel time variations according to Fig.2 is
investigated in the next section (V-B).

B. Simulation-based evaluation

Herein, we investigate the performance of our robust
solution against the performance of the nave solution that
considers the average inter-station travel times. In this in-
vestigation, we perform a simulation-based evaluation of
the performance of the service regularity and the missed
synchronizations under different inter-station travel time re-
alizations. To reduce the bias in our evaluation, we perform
a large number of 1,000 Monte Carlo simulations selecting
the noise based on the inter-station travel time realizations
between 7AM and 8AM from Fig.2.

The regularity performance of our robust solution and
the nave solution when applied to the aforementioned 1,000
scenarios is presented in Fig.3, following the Tukey boxplot
convention [35]. The upper and lower boundaries of the
boxes indicate the upper and lower quartiles (i.e., 75th and
25th percentiles of the service regularity denoted as Q3 and
Q1, respectively). The orange lines vertical to the boxes
(whiskers) show the maximum and minimum values that
are not outliers. The whiskers are determined by plotting
the lowest datum still within 1.5 the interquartile range
(IQR=Q3-Q1) of the lower quartile, and the highest datum
still within 1.5 IQR of the upper quartile. The outlier values
outside the minimum and maximum lines are presented in
red color.
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Fig. 3. Performance of the service regularity when using our robust solution
and the nave solution in 1,000 scenarios

Similarly, in Fig.4 we present the missed connections
(synchronizations) when applying our robust solution and
the nave solution in the aforementioned 1,000 scenarios.
One should note that our robust solution results in only two
outlier points. Additionally, the median, interquartile range,
minimum and maximum values are all equal to zero. That is,
our robust solution does not result in missed synchronizations
in the vast majority of realistic inter-station travel time
realizations.
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Fig. 4. Boxplot of missed synchronizations when using our robust solution
and the nave solution in 1,000 scenarios

C. Discussion

The results from Fig.3-4 are summarized in Table I. After
applying the robust and nave solutions in 1,000 scenarios
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with realistic inter-station travel time realizations, we reach
the following conclusions:
• in terms of service regularity, the nave solution has a

lower median value than our robust solution. That is,
on the average case the regularity of the autonomous
minibus operations is improved when using the nave
solution. Notwithstanding this, our robust solution can
result in a regularity value of up to 30,000 s2 in the
worst-case, whereas the nave solution can result in a
regularity performance of more than 60,000 s2. This
finding shows that our robust solution is resilient to
extreme inter-station travel time realizations compared
to the nave solution that performs better on average,
but yields highly irregular services in several other
instances.

• in terms of missed synchronizations, our robust solution
clearly outperforms the nave solution. The median, in-
terquartile range, minimum and maximum values are all
equal to zero with only two outliers with 1 and 2 missed
connections, respectively. In contrast, the nave solution
results in several missed synchronizations when the
inter-station travel times vary. Its median performance
is 2 missed synchronizations, whereas it exhibits up to 8
missed synchronizations in extreme inter-station travel
time scenarios.

TABLE I
PERFORMANCE AFTER IMPLEMENTING THE ROBUST AND NAVE

SOLUTIONS IN 1,000 TRAVEL TIME REALIZATIONS

regularity (s2) missed synchr.

nave robust nave robust

max. outlier 66334 28087 8 2
maximum 15778 17203 6 0

Q3 7446 10681 3 0
median 3773 8359 2 0

Q1 1876 6319 1 0
minimum 263 1446 0 0

min. outlier - - - -

VI. CONCLUSION

In this paper, we proposed a robust rescheduling and
holding approach that anticipates the inherent travel time
variations during the operations of autonomous buses. Be-
cause of their cautious driving style, autonomous buses are
characterized by a high degree of uncertainty in their inter-
station travel times – which leads to many missed connec-
tions. Our robust technique offers a suitable approach to
capture this inherent travel time variation when determining
the dispatching and holding times of bus trips. The results of
our case study show that when implementing our robust so-
lution the autonomous buses successfully transfer passengers
to collector lines, even under extreme scenarios. In addition,
the autonomous bus operations maintain a reasonable level
of service regularity even at worst-case travel time scenarios.

Considering the limitations of our work, in this paper we
only accounted for travel time variations that are recurrent.

Although our robust approach is resilient with respect to
extreme transit time realizations, the deterministic “nave”
approach performs better on average in terms of service
regularity. To improve the regularity on the average case,
but maintain the level of service regularity under worst-case
scenarios, a future work could consider adjustable robust
optimization [36] techniques, in which the future decisions
depend on the realization rather than an expectation of the
data. Finally, another direction of future research could be
the consideration of more control measures, such as stop-
skipping and speed control, to further improve the operations
of autonomous buses.
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APPENDIX

A. Transforming robust optimization problem RP into pro-
gram RP ′ with finitely many constraints

In this section, we discuss strategies to turn optimization
problem RP into a program with finitely many constraints
(a finite program). Before we proceed, we need to make
some assumptions to avoid technicalities (cf. [37]). First, we
assume that T (x) is (inner and outer semi-)continuous with
closed mapping on its domain Rn, is non-empty for any
x ∈ Rn, and that it is locally bounded. Also, we assume that
f and g are both continuous functions on Rn × Rm.

An important observation is that a robust problem as
in RP does not have to explicitly deal with the minimax
objective function by introducing auxiliary variable z ∈ R:

min
x,z

z s.t. (z, x) ∈M,

with feasible set

M =

{
(z, x)

gj(x, t) ≤ 0 ∀ t ∈ T (x), j ∈ J
f(x, t)− z ≤ 0 ∀ t ∈ T (x)

}
Therefore, in the remainder of this section, we focus on
optimization problem

RP ′ : min
x
f(x, t̄) s.t. x ∈ F (t), ∀ t ∈ T (x),

for some t̄.
RP ′ has a bi-level structure [28]. Let us introduce a lower-

level problem Qj(x) for each j ∈ J , in which x appears as
a parameter:

Qj(x) : max
t

gj(x, t) s.t. t ∈ T (x),

with corresponding optimal value function φj(x) :=
maxt∈T (x) gj(x, t). Obviously, any x so that φj(x) ≤ 0,
for all j ∈ J , is a feasible point of RP ′. Hence, we can
equivalently formulate RP ′ as a finite optimization problem
with feasible set [28]

x ∈ F (t), for all t ∈ T (x)⇐⇒ φj(x) ≤ 0, j ∈ J.

Unfortunately, φj(x) might exhibit unwanted behavior with
respect to x. Under mild assumptions, φj(x) is a continuous
function in x, but it is not necessarily smooth (i.e., a gradient
might not exist). Therefore, more generalized derivatives
have been introduced in literature (e.g., [31]), and applied
in the public transport context in [7].

A second opportunity to treat RP ′ as a finite problem is
by reformulating the generalized semi-infinite program as a
Stackelberg game with |J | players [25]. Then, any infinite
constraint can be replaced by

gj(x, t
j) ≤ 0, where tj solves Qj(x). (9)

Under additional (typically strong) assumptions [29], we can
find for each j ∈ J a continuous function tj(x) that describes
the unique globally optimal solution to Qj(x), as a function
of x, and replace (9) by

gj(x, t
j(x)) ≤ 0.

Independent of the reformulation, such problems might
be difficult to solve numerically. In this paper, we show that
optimization problem RP might actually be translated to an
easier-to-solve problem with reduced complexity. A major
issue that one might encounter is finding a feasible solution
to RP . A typical approach to overcome this issue in practice
is to transfer some constraints to the objective function using
penalty functions.
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