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Abstract

Our main goal is to provide comparative analysis of several procedures for endoge-

nous dynamic formation of the cooperation structure in TU games with a major player.

In the paper we consider both approaches to endogenous graph formation, of Aumann

and Myerson (1988), and of Petrosyan and Sedakov (2014). For the evaluation of the

pros and cons when adding of a new link is in question, along with the Myerson value

we consider also the average tree solution introduced by Herings, van der Laan, Talman

and Yang (2010) and the centrality rewarding Shapley and Myerson values, recently

introduced by Khmelnitskaya, van der Laan and Talman (2016).
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1 Introduction

In classical cooperative game theory it is assumed that any coalition of players may form.

However, in practical situations when different agents with distinct interests participate in

some joint activity it happens quite often that individual players or groups of them start
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seeking for more advantageous frameworks that are for them. Such negotiations between

players usually lead to creation of coalition or cooperation (communication) structures

which in turn put restrictions on cooperation. Given a cooperative game, a question of

which links may be expected to form between the players was first raised in [1], where

dynamic model of endogenous formation of cooperation structures was introduced. For

a given cooperative game with n players the authors construct an auxiliary linking game

which consists of pairs of players being offered to form links while the offers are made one by

one according to some chosen definite order of feasible links. After the last link is formed,

each of the n(n− 1)/2 pairs is given a last opportunity to form additional link. To form a

link, both potential partners must agree; once formed, a link cannot be destroyed, and the

entire history of offers, acceptances, and rejections is known to all players. So, the linking

game is of perfect information, and therefore, from [13] it follows that it has subgame perfect

equilibria in pure strategies, each of which is associated with a unique cooperation graph,

namely the graph obtained at the end of the play. An alternative approach of endogenous

dynamic formation of the graph was introduced later in [12] where the construction of links

is determined not by a chosen order of pairs of players who negotiate over the possible link,

but by a chosen order of players according to which each player tries to establish links with

other players to which the player wants to be connected. Both approaches at each step of

constructing a new link use the Myerson or Shapley values to evaluate the pros and cons

of adding the link to the cooperation structure already constructed at previous steps.

In the paper we consider endogenous dynamic formation of cooperation structure for co-

operative games with a major player, which were introduced and studied in

[10]). The player set consists of the major player and a finite number of other ordinary

players, which for simplicity are assumed to be symmetric. It is also assumed that the

communication graph has a star structure and the major player is located in its hub. As

an application, one may think about a research group with one leader, the major player,

having solid knowledge, strong scientific background, and ability to arrange necessary fi-

nancial support, and a number of young researchers, ordinary players, working together

on a project when the leader assigns particular jobs to do distributing tasks between the

researchers and controls their activity in person. The absence of direct communication

between young researchers means that any of them is responsible for a particular task de-

termined by the leader and that they are not able to cooperate without his leadership and

coordination of their activities.

Our main goal is to provide comparative analysis of several procedures for endogenous
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dynamic formation of the cooperation structure in TU games with major player. While

we may predict in advance the structure of the communication graph, the answer to the

question, which links among the feasible ones will be really formed, is just provided by

the outputs of these procedures. In the paper we consider both approaches to endogenous

graph formation, of Aumann and Myerson, and of Petrosyan and Sedakov. Moreover, for

the evaluation of the pros and cons when adding of a new link is in question, along with the

Myerson value we consider also the average tree solution introduced in [Herings, van der

Laan, Talman and Yang, 2010] and the centrality rewarding Shapley and Myerson values,

recently introduced in [Khmelnitskaya, van der Laan and Talman, 2016b], yet unpublished.

The advantage of the average tree solution in comparison to the Myerson value is that the

order of computational complexity of the average tree solution for games with cycle-free

communication graph, in particular when the graph is a star, is equal to the number of

players n, while the order of computational complexity of the Myerson value is n!, the same

as for the Shapley value. Withal the advantage of the centrality rewarding Shapley and

Myerson values is that they not only care of cooperation abilities of the players in the sense

that only connected players can cooperate, but in contrast to the Myerson value they also

respect players’ positional importance in the communication graph.

The rest of the paper is organized as follows: in Section 2 we introduce the game

with the major player and define the Myerson value, average tree solution and centrality

rewarding Shapley value for the game. Two dynamic models of graph formation in a game

with the major player are presented in Section 3. The section contains main results about

the existence of subgame perfect equilibria in these dynamic games.

2 Preliminaries

2.1 Definitions and notation

A cooperative game with transferable utility (TU game) is a pair (N, v), where N ⊂ IN,

N = {1, . . . , n}, is a finite set of n ≥ 2 players and v : 2N → IR is a characteristic function

that assigns to every coalition (subset) of players S ⊆ N its worth v(S), with v(∅) = 0.

In this paper it is assumed that a player set N is fixed and the collection of all TU games

on N is denoted by GN . For simplicity of notation and if no ambiguity appears we write v

when we refer to a game (N, v). A singleton solution on G ⊆ GN , called a value on G, is

a function ξ : G → IRN that assigns to every v ∈ G a vector ξ(v) ∈ IRN where ξi(v) is the
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payoff to player i ∈ N in v. In the sequel we denote the cardinality of a given set A by |A|

along with lower case letters like n = |N |.

Let Π(N) be the set of all linear orderings π : N → N on N . For π ∈ Π(N) and i ∈ N ,

π(i) is the position of player i in π, Pπ(i) = {j ∈ N | π(j) < π(i)} and Sπ(i) = {j ∈

N | π(j) > π(i)} are the sets of predecessors and successors of i in π, P̄π(i) = Pπ(i) ∪ {i}

and S̄π(i) = Sπ(i) ∪ {i}. For v ∈ GN and π ∈ Π(N) the marginal contribution vector

mπ(v) ∈ IRN in v with respect to predecessors in π is given by mπ
i (v) = v(P̄π(i))−v(Pπ(i)),

i ∈ N , and the marginal contribution vector m̃π(v) ∈ IRN in v with respect to successors

in π is given by m̃π
i (v) = v(S̄π(i))− v(Sπ(i)), i ∈ N . The Shapley value on GN assigns to

every v∈GN the payoff vector Sh(v) ∈ IRN given by

Shi(v) =
1

n!

∑

π∈Π(N)

mπ
i (v), for all i ∈ N.

A communication structure on N ⊂ IN is specified by a graph, undirected or directed,

on N . A graph is a pair (N,Γ), where N ⊂ IN is the set of nodes (players) and Γ ⊆

{{i, j} | i, j ∈ N, i 6= j}, a collection of unordered pairs, is the set of links (edges) between

two nodes in N for an undirected graph, or Γ ⊆ {(i, j) | i, j ∈ N, i 6= j}, a collection of

ordered pairs, is the set of directed links (arcs) from one node to another in N for a directed

graph (digraph). For ease of notation and if no ambiguity appears we write Γ when we

refer to a graph (N,Γ). For a graph Γ on N and S ⊆ N , the subgraph of Γ on S is the

undirected graph Γ|S = {{i, j} ∈Γ | i, j ∈ S} on S, when graph Γ is undirected, and the

digraph Γ|S = {(i, j) ∈Γ | i, j∈ S} on S, when graph Γ is directed. In a graph Γ a sequence

of different nodes (i1, . . . , ir), r ≥ 2, is a path in Γ between i1 and ir if {ih, ih+1} ∈ Γ for

h = 1, . . . , r−1, when graph Γ is undirected, and if {(ih, ih+1), (ih+1, ih)} ∩ Γ 6= ∅ for

h = 1, . . . , r−1, when graph Γ is directed. In a digraph Γ a sequence of different nodes

(i1, . . . , ir), r ≥ 2, is a directed path in Γ from i1 to ir if (ih, ih+1) ∈ Γ for h=1, . . . , r−1.

In an undirected graph Γ a path (i1, . . . , ir) is a cycle if r ≥ 3 and {ir, i1} ∈ Γ. For ease

of notation given a graph Γ and a link {i, j} ∈ Γ if Γ is undirected, or (i, j) ∈ Γ if Γ is

directed, the subgraph Γ\{{i, j}}, correspondingly Γ\{(i, j)}, is denoted by Γ−ij .

Given a graph Γ on N , nodes i, j ∈ N are connected in Γ if there exists a path in Γ

between i and j. Γ is connected if any i, j ∈ N , i 6= j, are connected in Γ. S ⊆ N is

connected in Γ if Γ|S is connected. For S ⊆ N , CΓ(S) denotes the collection of subsets of

S connected in Γ, S/Γ is the collection of maximal connected subsets, called components,
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of S in Γ, and (S/Γ)i is the (unique) component of S in Γ containing i ∈ S.

Given an undirected graph Γ on N , nodes i, j ∈ N are neighbors in Γ if {i, j} ∈ Γ.

Given a digraph Γ, if for i, j ∈ N there exists a directed path in Γ from i to j, then j

is a successor of i and i is a predecessor of j in Γ. If (i, j) ∈ Γ, then j is an immediate

successor of i and i is an immediate predecessor of j in Γ. For i ∈ N , let PΓ(i) and SΓ(i)

denote the sets of predecessors and successors of i in Γ, P̂Γ(i) and ŜΓ(i) denote the sets

of immediate predecessors and immediate successors of i in Γ, P̄Γ(i) = PΓ(i) ∪ {i}, and

S̄Γ(i) = SΓ(i) ∪ {i}.

An undirected graph Γ is cycle-free, or in other terms a tree, if it contains no cycles.

Note that a connected cycle-free graph Γ on N has precisely n − 1 links. A connected

cycle-free undirected graph is a linear graph if each of its nodes has at most two neighbors.

A connected cycle-free undirected graph is a star if it contains a node, called hub, for which

any other node, called satellite, is a neighbor. A connected digraph T on N is a rooted tree

if there is a unique node without predecessors, the root of the tree, denoted by r(T ), and

for every other node in N there is a unique directed path in T from r(T ) to that node.

A node in a tree without successors is a leaf. A rooted tree T on N is a spanning tree of

graph Γ on N if T ⊆ Γ when Γ is directed and for every (i, j) ∈ T , {i, j} ∈ Γ when Γ is

undirected.

From now on when we say ’graph’ we mean undirected graph, otherwise we say ’digraph’,

and the set of undirected graphs on N we denote by ΓN . A pair (v,Γ) of v ∈ GN and Γ ∈ ΓN

constitutes a game with graph communication structure, for brevity called graph game, on

N . The set of graph games on fixed N we denote by GΓ

N . A singleton solution on a set

G ⊆ GΓ

N , called a graph game value, or simply value if no ambiguity appears, on GΓ

N , is

a function ξ: G → IRN , which assigns to every (v,Γ) ∈ G a payoff vector ξ(v,Γ) ∈ IRN .

Following Myerson [9], we assume that for any (v,Γ) ∈ GΓ

N cooperation is possible only

among connected players and along with a game (v,Γ) we consider its (Myerson) restricted

game vΓ ∈ GN defined as

vΓ(S) =
∑

C∈S/Γ

v(C), for all S ⊆ N. (1)

The Myerson value for graph games introduced in [9] is defined as the Shapley value of

the corresponding restricted game, i.e., for every (v,Γ) ∈ GΓ

N ,

µi(v,Γ) = Shi(v
Γ), for all i ∈ N. (2)
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The average tree solution for graph games introduced in [Herings et al., 2010] in every

connected graph game assigns to each player the average of the player’s marginal contribu-

tions to the successors in all admissible spanning trees of the given communication graph,

i.e., for every (v,Γ) ∈ GΓ

N ,

ATi(v,Γ) =
1

|T Γ
N |

∑

T∈T Γ
N

m̂T
i (v), for all i ∈ N, (3)

where T Γ
N denotes the set of all admissible spanning trees of Γ, when a spanning tree T

of Γ is admissible if (i, j) ∈ T implies S̄T (j) ∈ ST (i)/Γ, and marginal contribution m̂T
i (v)

of player i ∈ N in game v ∈ GN to the successors in a rooted tree T on N is given by

m̂T
i (v) = v(S̄T (i))−

∑

j∈ŜT (i)

v(S̄T (j)) = vΓ(S̄T (i))−vΓ(ST (i)).1 When graph Γ is connected

and cycle-free, every j ∈ N determines the unique spanning tree of Γ with j being its root.

Therefore, the order of computational complexity of the average tree solution for cycle-free

graph games is n (cf. [4] where the average tree solution for cycle-free graph games was

first introduced and studied), while the order of computational complexity of the Myerson

value, similar to the Shapley value, is equal to n!

The centrality rewarding Shapley and Myerson values for graph games introduced in [6]

not only care of cooperation abilities of the players in the sense that only connected players

can cooperate, but in contrast to the Myerson value they also respect players’ positional

importance in the communication graph.

The centrality rewarding Shapley value for graph games in every connected graph game

assigns to each player the average of the player’s marginal contributions to the successors

in all consistent linear orderings, i.e., for every (v,Γ)∈GΓ

N ,

Shci (v,Γ) =
1

|ΠΓ(N)|

∑

π∈ΠΓ(N)

m̃π
i (v), for all i ∈ N, (4)

where ΠΓ(N) denote the set of all linear orderings consistent with Γ, when a linear ordering

π ∈ Π(N) is consistent with Γ if P̄π(i) ∈ CΓ(N) for all i ∈ N .

The centrality rewarding Myerson value of a graph game is defined as the centrality

1In literature the marginal contribution vector with respect to a tree was first introduced in [2] under
the name of the vector of hierarchical outcomes.
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rewarding Shapley value of its restricted game, i.e., for every (v,Γ)∈GΓ

N ,

µc
i (v,Γ) = Shci (v

Γ,Γ) =
1

|ΠΓ(N)|

∑

π∈ΠΓ(N)

m̃π
i (v

Γ), for all i ∈ N, (5)

2.2 The game with major player

We consider cooperative game v ∈ GN , in which the player set N is of a special type:

player 1, called the major player, differs from all other players from set N \ {1}, which are

supposed to be symmetrical. The latter means that for any coalition S ⊆ N and any pair

of players i, j ∈ N \ {1}, i 6= j, the condition v(S) − v(S \ {i}) = v(S) − v(S \ {j}) is

satisfied. Following [11], we define the worth v(S) of any coalition S ⊆ N with |S| = s, as

v(S) =

{
f(s− 1) + f1(s), 1 ∈ S,

0, 1 /∈ S.
(6)

Here functions f(s) and f1(s) are non-negative for any s ∈ {0, 1, . . . , n}. Additionally, f(s)

is non-decreasing in s with f(0) = 0 whereas f1(s) is non-increasing in s. By the definition

of the characteristic function, the major player as a member serves to make any coalition

profitable as the worth of the coalition becomes positive. When 1 ∈ S, the first summand

f(s−1) is the contribution of players from S \{1} into the worth of coalition S whereas the

second summand f1(s) is the contribution of the major player to it. The more players the

coalition contains, the greater the impact of the first summand and the less the impact of

the second summand. For the grand coalition N , it follows that v(N) = f(n− 1) + f1(n).

We also assume that there are communication restrictions on the cooperation of players

represented by a graph Γ on N . Using cooperative game v and graph Γ, we define a graph

game (v,Γ) with the major player when Γ is a star graph shown in Fig. 1, i.e., graph Γ

consists of links between players from N \ {1} and player 1, the major player. Thus the

increasing of f(s) in s explains a gain from the number of links with player 1, whereas the

decreasing of f1(s) in s is related with maintaining communication with others by player 1.

For ease of reading we denote f(s − 1) + f1(s) by κ(s), s = 1, . . . , n, i.e., κ(s) =

f(s−1)+f1(s). We define singleton solutions of the graph game (v,Γ): the Myerson value,

the average tree solution and the centrality rewarding Shapley value. For v defined by (6)

and Γ demonstrated in Fig. 1, the aforementioned solutions take the form:
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Figure 1: Graph Γ for the game with the major player.

µi(v,Γ) =





1

n

n∑

s=1

κ(s), i = 1,

1

n− 1

[
κ(n)−

1

n

n∑

s=1

κ(s)

]
, i 6= 1,

(7)

ATi(v,Γ) =





κ(n)− κ(n− 1)

n
+ κ(n− 1), i = 1,

κ(n)− κ(n− 1)

n
, i 6= 1,

(8)

Shci (v,Γ) =





κ(n) + κ(n− 1)

2
, i = 1,

κ(n)− κ(n− 1)

2(n− 1)
, i 6= 1.

(9)

The explicit expression of the Myerson value µ(v,Γ) for the game with a major player (7)

was given by [11]. Expressions (8) and (9) can by obtained by substituting v and Γ into

(3) and (4), respectively.

Remark 1 For the game with a major player, the centrality rewarding Myerson value

µc
i (v,Γ) defined by (5) and the centrality rewarding Shapley value Shci (v,Γ) coincide owning

to v(S) = vΓ(S) for any S ⊆ N .

We may compare the elements of the average tree solution and the centrality rewarding

Shapley value. The average tree solution is more preferable than the centrality rewarding

Shapley value for the major player and at the same time it is less preferable for any player

from N \ {1} if κ(n) 6 κ(n− 1), or, equivalently, f(n− 1)− f(n− 2) 6 f1(n− 1)− f1(n).

This condition can be interpreted in the following way: the marginal contribution of an

ordinary player into an existing coalition of n − 2 ordinary players is not greater then the

losses of the grand coalition when as ordinary players leaves it.
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Specifying the form of functions f(s) and f1(s) (see [10]) as f(s) = αs and f1(s) =

β/s, where α and β are positive constants such that α 6 β, and then substituting these

expressions into (7), we obtain the Myerson value:

µi(v,Γ) =





α
(n− 1)

2
+ β

Hn

n
, i = 1,

α
1

2
− β

(Hn − 1)

n(n− 1)
, i 6= 1,

where Hn = 1 + 1
2 + . . .+ 1

n .

The average tree solution is given by equation (8) and equals

ATi(v,Γ) =





α
(n− 1)2

n
+ β

n+ 1

n2
, i = 1,

α
1

n
− β

1

n2(n− 1)
, i 6= 1.

We notice that AT1(v,Γ) is always positive, while ATi(v,Γ), i 6= 1, may be negative when

α < β/[n(n − 1)], i.e., when the characteristic functions v is nonsuperadditive [10]. The

larger n, the smaller the interval (0, β/[n(n− 1)]) for α for which ATi(v,Γ) is negative.

Finally, we calculate the centrality rewarding Shapley value using (9), i.e., for every

i ∈ N ,

Shci (v,Γ) =





α
2n− 3

2
+ β

2n− 1

2n(n− 1)
, i = 1,

α
2n− 3

2(n− 1)
+ β

2n− 1

2n(n− 1)2
, i 6= 1.

Note that all elements in the expression Shc(v,Γ) are always positive for any positive α

and β.

3 Dynamic formation of a communication graph

In the previous section we consider the game with the major player when the communication

graph is fixed. The game is supposed to be static, or one-shot: all its three components—

the player set, the characteristic function, and the communication graph—are given. Here

we investigate two models of dynamic graph formation, in which along with the Myerson

value we consider the average tree solution or the centrality rewarding Shapley value.
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3.1 Dynamic game: model 1

Inspired by the idea of [1], we consider a dynamic game of a graph formation in which each

pair of players negotiates about establishing the link between them under a given order.

Following the structure of communication in the game, players can communicate only with

the major player. We suppose that the negotiation about the link {1, i}, i 6= 1, consists of

two steps: player i chooses an action following an action of player 1. There are 2(n − 1)

stages in the game: at the odd stages 1, 3, . . ., 2n− 3 the major player decides to propose

or not a link to players 2, 3, . . ., n respectively. And at even stages 2, 4, . . ., 2n − 2

players 2, 3, . . ., n respectively decide to accept or not a link with player 1. Without loss

of generality, we assume there is no initial communication between players, i.e., the initial

communication graph Γ0 is an empty graph.2

An action of player 1 at stage t ∈ {1, 3, . . . , 2n− 3} is a decision to propose or not the

link {1, t+3
2 } to player t+3

2 in the current graph. So, the action set of player 1 at stage

t ∈ {1, 3, . . . , 2n−3} is A1t = {{1, t+3
2 },∅} where the empty set means that player 1 makes

no proposal. Thus, |A1t| = 2 for any t ∈ {1, 3, . . . , 2n−3}. Player i ∈ {2, . . . , n} chooses an

action only at stage 2(i−1) and her action is whether to accept the link {1, i} in the current

graph or not. The action set of player i at stage 2(i− 1) is Ai = {{1, i},∅}, |Ai| = 2. The

link {1, i}, i ∈ {2, . . . , n} is formed only if both players 1 and i choose the action to have

this link.

The initial communication graph is empty and after each even stage of the game the

graph may be changed. Describe this dynamic process. At stage 1 player 1 chooses an

action a12 ∈ A12. After this stage the communication graph is not changed: Γ1 = Γ0. At

stage 2 player 2 chooses an action a2 ∈ A2. After stage 2 communication graph is given by

Γ2 =




Γ0 ∪ {1, 2}, if a12 = a2 = {1, 2},

Γ0, otherwise.

At arbitrary stage t ∈ {3, 5, . . . , 2n − 3} player 1 chooses an action a1t ∈ A1t to propose

or not a link {1, t+3
2 } to player t+3

2 . Then, at stage t + 1 player t+3
2 chooses an action

a t+3

2

∈ A t+3

2

whether to accept this link or not. The communication graph Γt+1 is of the

2It is worth to note that the results below can be easily adapted to the case of an arbitrary linear
ordering of the players and the non-empty initial communication graph. In the case of non-empty initial
communication graph we may add the action of deletion of the link between the pair of the players to their
action sets.
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form:

Γt+1 =





Γt−1 ∪ {1, t+3
2 } =

⋃
i∈N\{1}, i6 t+3

2

a1i=ai={1,i}

{1, i}, if a1 t+3

2

= a t+3

2

= {1, t+3
2 },

Γt−1, otherwise.

(10)

The formation of the graph terminates in 2(n−1) stages, and the resulting graph Γ is given

by:

Γ = Γ2(n−1) =
⋃

i∈N\{1}
a1i=ai={1,i}

{1, i}.

It is clear that the resulting graph Γ depends on players’ actions (a1, a2, . . . , an
)
, where

a1 = (a12, . . . , a1n) is an action of player 1 and a2, . . . , an are the actions of players 2, . . .,

n respectively. We omit the arguments in the notation of graph Γ for simplicity.

The action set of player 1 is A1 =
∏

t∈{1,3,...,2n−3}A1t and |A1| = 2n−1. The described

dynamic game is an extensive-form game Φ1 with the player set N on a game tree denoted

by Z1 with the set of vertices X = X1∪. . .∪Xn∪Xn+1 where by the classical definition of the

game in an extensive form, Xi is the set of vertices at which player i chooses an action, i ∈ N

and Xn+1 is the set of vertices at which the game ends thus the graph formation process

terminates and players get their payoffs. By the construction, |X1| =
4n−1−1

3 , |X2| = 2,

|X3| = 8, . . ., |Xn| = 2 ·4n−2, and |Xn+1| = 4n−1 thus the game tree is binary because every

player at each vertex has two actions in the action sets. The terminal vertex x ∈ Xn+1

corresponds to the action profile
(
a1, a2, . . . , an

)
and a final graph Γ(x). The players’ payoffs

at each terminal vertex are determined by the singleton solution ξ(v,Γ(x)) ∈ IRN , where

characteristic function v is determined by (6). We use the Myerson value µ(v,Γ(x)), the

average tree solution AT (v,Γ(x)) and the centrality rewarding Shapley value Shc(v,Γ(x))

determining players’ payoffs at terminal vertices.

We assume that players have perfect information about the game. Now define the strat-

egy of any player i ∈ N and subgame perfect equilibrium in the described dynamic game.

A strategy of player i is a rule ui assigning an action from the action set Ui to any vertex

x ∈ Xi. Since a strategy profile u = (u1, . . . , un) defines a terminal vertex x ∈ Xn+1 and

final graph Γ(x) in a unique way, the payoff of player i in the extensive-form game can be rep-

resented as a function Ki of the strategy profile as: Ki(u) = ξi(v,Γ(x)). A strategy profile

u∗ = (u∗1, . . . , u
∗
n) is a (pure) Nash equilibrium if Ki(u

∗) > Ki(u
∗
1, . . . , u

∗
i−1, ui, u

∗
i+1, . . . , u

∗
n)

11



for any player i ∈ N and her any strategy ui. Following [7] and [13], we can easily prove

the following proposition.

Proposition 1 The extensive form game Φ1 on game tree Z1 admits a subgame perfect

equilibrium.

The existence of a subgame perfect equilibrium always allows players to form a com-

munication graph, generated by the equilibrium strategies of players. Below we show when

players are willing to create links in an extensive-form game Φ1. Let Γ, Γ′ be two star

graphs with ℓ− 1 and ℓ links, respectively, ℓ > 1. A pair of players makes a decision on the

creation of the link, i.e., on addition of a new link to graph Γ with ℓ− 1 which results in a

star graph Γ′ with ℓ links. Moreover, Γ ⊂ Γ′. We find the conditions for adding a new link

to the current graph for three different cooperative solutions of the cooperative game with

restricted cooperation.

Proposition 2 Given graph Γ, both player 1 and player i 6= 1 are willing to establish a

new link {1, i} in Γ

1. for κ(ℓ+ 1) >
1

ℓ

ℓ∑

s=1

κ(s), if the Myerson value is used for evaluation;

2. for κ(ℓ + 1) − κ(ℓ) > max

{
0;

ℓ2 − 1

ℓ
(κ(ℓ− 1)− κ(ℓ))

}
, if the average tree solution

is used for evaluation;

3. for κ(ℓ + 1) > max {κ(ℓ);κ(ℓ− 1)}, if both the centrality rewarding Shapley value

and the centrality rewarding Myerson value are used for evaluation.

Proof. Prove statement (1). Both the major player and any other player i will offer the

link to each other and therefore form it when µ1(v,Γ
′) > µ1(v,Γ) and at the same time

µi(v,Γ
′) > µi(v,Γ). Using equation (7), the inequality in the statement (1) immediately

follows.

The similar proofs are true for the cases (2) and (3) of the proposition, these proofs use

the expressions of the average tree solution (8) and the centrality rewarding Shapley value

(9).

Corollary 1 In the extensive form game Φ1 with the major player on game tree Z1 where

κ(s) = α(s − 1) + β/s, both player 1 and player i 6= 1 are willing to establish a new link

{1, i}
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1. for
α

β
>

2(Hℓ+1 − 1)

ℓ(ℓ+ 1)
, if the Myerson value is used for evaluation;

2. for
α

β
>

ℓ2 + 3ℓ+ 1

ℓ(ℓ+ 1)(ℓ2 + ℓ− 1)
, if the average tree solution is used for evaluation;

3. for
α

β
>

1

(ℓ− 1)(ℓ+ 1)
, if both the centrality rewarding Shapley value and the cen-

trality rewarding Myerson value are used for evaluation.

Comparing the previous three inequalities, we conclude that for ℓ > 2 it holds that

2(Hℓ −
ℓ

ℓ+1)

ℓ(ℓ+ 1)
>

ℓ2 + 3ℓ+ 1

ℓ(ℓ+ 1)(ℓ2 + ℓ− 1)
>

1

(ℓ− 1)(ℓ+ 1)
,

and the opposite inequalities hold for ℓ < 2. Thus we have: if ℓ > 2, i.e., the current graph

with ℓ−1 links has at least one link with the major player, and players 1 and i 6= 1 establish a

new link {1, i} in case when the centrality rewarding Shapley value is a cooperative solution.

From this it follows that they also establish this link when the Myerson value or the average

tree solution are chosen as the cooperative solutions. Alternatively, if the current graph is

empty, and players 1 and i 6= 1 establish the link between each other in case of the Myerson

value then they also establish this link in case of the average tree solution or the centrality

rewarding Shapley value.

3.2 Dynamic game: model 2

Inspired by the idea in [12], we consider a dynamic process of the graph formation over

time: players actions are decisions about their direct neighbors in the graph, and players

choose their actions one after another according linear ordering π ∈ Π(N). Without loss of

generality we suppose that π = (1, . . . , n), and there is no initial communication between

players. It is worth noting that the results below can easily be adapted to the case of an

arbitrary linear ordering and the initial communication graph. Let Γ0 denote the initial

communication graph where there is no links between players.

When the major player decides, her action space, denoted by A1, is a subset of N \ {1}

including the empty space where the latter action means no link proposal to the players

thus |A1| = 2n−1 + 1. Further, player i ∈ N \ {1} can either propose a link only to the

major player or make no proposal at all, so her action space, denoted by Ai, consists of two
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elements, i.e., |Ai| = 2. Here we note that as in model 1, any link is formed only if both

players connected by this link are willing to form it; the willingness of only one of the two

players is not sufficient to establish the link between them.

Since players decide one after another, we have an n stage dynamic process of the graph

formation. The process starts from the major player who chooses an action a1 ∈ A1. After

stage 1 communication graph Γ1 = Γ0 because to accept any offer made by the major player,

one needs the decision of her opponents. Once player 1 chooses her action, the dynamic

process moves to the second stage where according to the linear ordering π player 2 decides.

Choosing an action a2 ∈ A2, the communication graph Γ2 after her decision is given by

Γ2 =




Γ1 ∪ {1, 2}, if a2 = 1 and 2 ∈ a1,

Γ1, otherwise.

After an arbitrary stage t 6 n, where player t has chosen her action at ∈ At, the commu-

nication graph Γt is of the form:

Γt =




Γt−1 ∪ {1, t}, if at = 1 and t ∈ a1,

Γt−1, otherwise.
(11)

The formation of the graph terminates on stage n with the resulting graph

Γ = Γn =
⋃

1<j6n
aj=1,j∈a1

{1, j}.

The considered dynamic process generates an extensive form game Φ2 on a game tree

denoted by Z2 with the set of vertices X = X1∪ . . .∪Xn+1 where by the classical definition

of the game in an extensive form, Xi is the set of vertices in which player i ∈ N decides,

and Xn+1 is the set of vertices in which the game ends thus the graph formation process

terminates. By the construction, |X1| = 1, |X2| = 2n−1 + 1, |X3| = 2(2n−1 + 1),. . . ,|Xn| =

2n−2(2n−1 + 1), and |Xn+1| = 2n−1(2n−1 + 1). In a terminal vertex x ∈ Xn+1 which is

resulted by the action profile (a1, . . . , an) a graph Γ(x) is defined, and players’ payoffs at

each terminal vertex are determined by the singleton solution ξ(v,Γ(x)) ∈ IRN , where the

characteristic function v is determined by (6). Such solutions can be the Myerson value

µ(v,Γ(x)), the average tree solution AT (v,Γ(x)), or the centrality rewarding Shapley value
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Shc(v,Γ(x)), where v is determined by (6).

We assume that players have perfect information. A strategy of player i ∈ N is a rule

ui assigning an action from the action set Ai to any vertex x ∈ Xi. Since a strategy profile

u = (u1, . . . , un) defines a terminal vertex x ∈ Xn+1 and therefore a graph Γ(x) in a unique

way, the payoff to player i ∈ N in the extensive form game can be represented as a function

Ki of the strategy profile as: Ki(u) = ξi(v,Γ(x)). Thus we define all the components of the

extensive-form game Φ2: the player set N , game tree Z2, partition X, and players’ terminal

payoffs ξi(v,Γ(x)), i ∈ N .

A strategy profile u∗ = (u∗1, . . . , u
∗
n) is a (pure) Nash equilibrium in extensive-form game

Φ2 if Ki(u
∗) > Ki(u

∗
1, . . . , u

∗
i−1, ui, u

∗
i+1, . . . , u

∗
n) for any player i ∈ N and her any strategy

ui. The strategy profile u∗ is a subgame perfect equilibrium if its restriction to any subgame

of the game Φ2 amounts to a Nash equilibrium in this subgame. Following [7] and [13], the

next result directly follows.

Proposition 3 The extensive form game Φ2 on game tree Z2 admits a subgame perfect

equilibrium.

The existence of a subgame perfect equilibrium always allows players to form a commu-

nication graph, generated by the equilibrium strategies of players. Below we show when

players are willing to offer (or accept) links. Let Γ, Γ′, and Γ′′ be three graphs with ℓ− 1,

ℓ, and h − 1 links, respectively, ℓ < h, and graph Γ results in either graph Γ′ or Γ′′ after

the decision of only one player (in one game period). Moreover, Γ ⊂ Γ′ ⊂ Γ′′.

Proposition 4 Given graph Γ, Player 1, the major player, is willing to establish h− ℓ new

links

1. for
1

h

h∑

s=1

κ(s) >
1

ℓ

ℓ∑

s=1

κ(s), if the Myerson value is used for evaluation;

2. for ℓκ(h)− hκ(ℓ) > h(ℓ− 1)κ(ℓ− 1)− ℓ(h− 1)κ(h− 1), if the average tree solution

is used for evaluation;

3. for κ(h) + κ(h− 1) > κ(ℓ) + κ(ℓ− 1), if both the centrality rewarding Shapley value

and the centrality rewarding Myerson value are used for evaluation.

Proof. The major player will offer links when µ1(v,Γ
′′) > µ1(v,Γ), and substituting the

expression of the Myerson value from (7), the corresponding inequality in the statement
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immediately follows. Similarly, one can proof the two remaining statements of the propo-

sition using the expressions for the average tree solution (8) and the centrality rewarding

Shapley value (9).

Corollary 2 In the extensive form game Φ2 with the major player on game tree Z2 where

κ(s) = α(s− 1) + β/s, player 1 is willing to establish new h− ℓ links in Γ

1. for
α

β
>

2

h− ℓ

(
Hℓ

ℓ
−

Hh

h

)
, if the Myerson value is used for evaluation;

2. for

α

β
>





hℓ+ h+ ℓ

hℓ(hℓ− 1)
, ℓ > 1,

h2 − h− 1

h(h− 1)2
, ℓ = 1,

(12)

if the average tree solution is used for evaluation;

3. for

α

β
>





2hℓ− h− ℓ+ 1

2hℓ(h− 1)(ℓ− 1)
, ℓ > 1,

h2 − 3h+ 1

h(h− 1)(2h− 3)
, ℓ = 1,

(13)

if both the centrality rewarding Shapley value and the centrality rewarding Myerson

value are used for evaluation.

Comparing (12) and (13), we observe that

hℓ+ h+ ℓ

hℓ(hℓ− 1)
>

2hℓ− h− ℓ+ 1

2hℓ(h− 1)(ℓ− 1)
and

h2 − h− 1

h(h− 1)2
>

h2 − 3h+ 1

h(h− 1)(2h− 3)
.

This means that for any graph Γ if the major player is willing to establish h − ℓ new

links when we use the average tree solution, she will also establish h− ℓ new links when we

use the centrality rewarding Shapley value.

One can obtain similar results for player i 6= 1. As the steps of the proofs repeat those

of the previous proposition, we omit them in the paper.

Proposition 5 Given graph Γ, Player i 6= 1 is willing to establish a link with the major

player
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1. for κ(ℓ+ 1) >
1

ℓ+ 1

ℓ+1∑

s=1

κ(s), if the Myerson value is used for evaluation;

2. for κ(ℓ + 1) > κ(ℓ), if the average tree solution, the centrality rewarding Shapley

value or the centrality rewarding Myerson value are used for evaluation.

Corollary 3 In the extensive form game Φ2 with the major player on game three Z2 where

κ(s) = α(s− 1) + β/s, player i 6= 1 is willing to establish a link with the major player in Γ

1. for
α

β
>

2(Hℓ+1 − 1)

ℓ(ℓ+ 1)
, if the Myerson value is used for evaluation;

2. for
α

β
>

1

ℓ(ℓ+ 1)
, if the average tree solution, the centrality rewarding Shapley value

or the centrality rewarding Myerson value are used for evaluation.

Comparing the previous two inequalities, we observe that

2(Hℓ+1 − 1)

ℓ(ℓ+ 1)
>

1

ℓ(ℓ+ 1)
.

Indeed, the inequality 2(Hℓ+1 − 1) > 1, or equivalently, Hℓ+1 > 3/2 always holds when

ℓ > 1 which means that the current graph Γ is either empty (ℓ = 1) or consists of any

number of links (ℓ > 1). Thus we came to the fact: if player i 6= 1 accepts the link with

the major player when we use the Myerson value, she will also accept this link when we use

the average tree solution and the centrality rewarding Shapley value.
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