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Chapter 1

Introduction

1.1 Turbulent thermal convection

Turbulent thermal convection driven by a temperature difference is omnipresent
in nature and it plays an important role in our daily life. Figure 1.1 shows sev-
eral examples of thermal convection which happens on Earth and other planets
or stars.

In the interior of the Earth, thermal convection happens in the liquid
outer core and mantle as shown in figure 1.1(a). The Earth’s magnetic field is
important since it protects the planet from dangerous solar winds [1]. However,
the origin of the Earth’s magnetic filed is still unknown. According to Ref. [2],
Albert Einstein considered understanding the origin of the Earth’s magnetic
field as being one of the five most important unresolved problems in physics.
Although this problem is not well understood, it is believed that convective
fluid motions of the liquid metal in the Earth’s outer core plays an important
role in the genesis of the Earth’s magnetic field [3]. At the same time, the
rotation effect is also important. Thus the numerical studies of the Earth’s
outer core dynamics like geomagnetic field reversals were usually performed in
rotating magnetoconvection in a spherical shell [4–7]. Above the Earth’s outer
core is the mantle where convection also happens [8–10]. The convective motion
in the mantle can significantly influence the motion of plate tectonics [11–13]
and the eruption of volcanos [14,15].

Convection also happens in the atmosphere of the Earth as seen from figure
1.1(b). The heated air near the equator rises, whereas the cooled air near the
poles sinks, this will generate a circulation called Hadley cell [16]. However, in
real life, this “single-roll” circulation cannot be sustained over long distances
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2 CHAPTER 1. INTRODUCTION

Figure 1.1: Examples of turbulent thermal convection in nature. (a) Convec-
tion in the Earth’s outer core and mantle [17]. (b) Convection rolls in the
atmosphere [18]. (c) Convection in the ocean [19]. (d) Convection in the in-
terior of the Sun [20]. (e) Zonal flow in the Jupiter’s atmosphere [21]. (f )
Polygonal convection cells on the surface of Pluto [22].

between the equator and the poles. As a result, this single circulation breaks
into three cells in each hemisphere as shown in figure 1.1(b).

Turbulent thermal convection in the ocean plays an important role in the
transport of heat and salinity. Temperature and salinity gradients can drive
the global circulation in the sea, which is called “thermohaline circulation”
[23, 24]. This circulation delivers an enormous amount of tropical heat to the
northern Atlantic. The record contained in ice and sediment shows that this
circulation has not run steadily, but jumped from one mode of operation to
another [25–27]. These jumps have significant impact on the Earth’s climate
which was shown to undergo frequent large and abrupt global changes during
the last glacial period [28].

If we go far beyond the Earth, we can see that turbulent convection also
occurs in other stars and planets. Figure 1.1(d) shows the structure of the Sun.
The so called penetrative convection [29], where convection in a thermally un-
stable fluid layer penetrates into adjacent stable layers, is an important process
in the interior of the Sun. Between the convective zone and the radiative zone

https://storymaps.arcgis.com/stories/79b387dda0844e0f8ff38273f1f904e4
https://wattsupwiththat.com/2013/12/28/climate-as-a-heat-engine
https://biophilesblog.wordpress.com/2015/07/29/fire-flood-and-climate-change
https://www.zmescience.com/science/news-science/sun-core-rotates-faster
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lies a stably stratified region called tachocline. Cold plumes from the outer con-
vective zone of the Sun penetrate into the upper layers of the tachocline and
generate internal gravity waves, this process is thought to play an important
role in the turbulent transport of momentum in the tachocline [30].

The atmosphere of the Jupiter is characterized by the banded zonal flow
[21,31,32] as shown in figure 1.1(e). Such kind of zonal flow also exists in the
other three Jovian planets [33–36]. Even though such alternating zonal winds
on the Jupiter have been accurately measured for several decades [37, 38],
their depth of penetration into its interior and the origin of the winds are
still uncertain [32]. Generally, there are two different models on the origin of
zonal winds of the Jupiter. The first one is the shallow convection model which
assumes that the cloud level zonal winds are shallow and confined within a
thin, stably-stratified weather layer about 70 km thick at cloud top [39, 40].
The other one is the deep convection model which assumes that the zonal
flow originates from the penetrative convection that takes place in the deep
hydrogen–helium interior [41,42]

Another example of convection in other planets is the convective cell pat-
tern on the surface of Pluto. Figure 1.1(f) shows the high-resolution picture
of the polygonal convection cell structures on Pluto’s surface obtained by
the New Horizons spacecraft [22]. Pluto’s surface is very young and geolog-
ically active [43]. One of its youngest terrains is the near-equatorial region
named Sputnik Planum. This region is divided into irregular polygons about
20–30 kilometres in diameter, whose centers rise tens of meters above their
sides. A recent study showed that this region is vigorously convecting and
Rayleigh-Bénard convection (RBC) is the mostly likely explanation for these
polygons [22]. A later study further revealed that the internal heat generation
also plays an important role on the formation of polygonal cells [44].

Apart from geophysical and astrophysical settings mentioned above, ther-
mal convection is also important in various industrial applications. Examples
include heat exchangers and passive cooling in electrical devices [45], indoor
ventilation [46–48], nuclear reactors [49, 50], crystal growth [51], biological
convection [52], and so on.

1.2 Models for turbulent thermal convection

To have a better understanding of the various complex turbulent convection
phenomena mentioned in §1.1, several different model problems have been
adopted to study the physics of turbulent thermal convection problems. These
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Figure 1.2: Instantaneous temperature fields for two-dimensional (a) Rayleigh-
Bénard convection, (b) tilted convection, and (c) vertical convection for Ra =
1010, Pr = 10, Γ = 1. Rayleigh-Bénard convection is studied in part I, tilted
convection in part II, and vertical convection in part III of this thesis. The
sidewalls are usually no-slip for the velocity and insulating for the temperature,
only in §4 and §5, periodic conditions are used at these locations. Most of the
simulations in this thesis are two-dimensional. For some chapters, we also
offered three-dimensional simulations for comparison.

include RBC [53–56] where a fluid layer in a cavity heated from below and
cooled from above (see figure 5.1a), and vertical convection (VC) [57,58] where
the fluid layer is heated/cooled at the sides (see figure 5.1c). Both RBC and
VC can be viewed as extreme cases of tilted convection [59] (see figure 5.1b)
where the tilt angle is β = 0◦ for RBC and β = 90◦ for VC. These three model
problems will be the focus of this thesis.

RBC is perhaps the most common form of thermal convection in nature
and the most thoroughly studied model for thermal convection. It has been
investigated for more than one hundred years since the pioneering work of
Bénard [60] and Rayleigh [61]. It also played a crucial role in the development
of stability theory in hydrodynamics [62,63], and had been a paradigm in the
study of pattern formation and spatial-temporal chaos [64, 65]. Over the past
thirty years or so, turbulent RBC has received significant attention, and much
effort has been devoted to study heat transport, large scale dynamics [53,55,56]
and small scale turbulence [54]. We will address some aspects of turbulent RBC
is part I of this thesis.

In RBC, the gravity is aligned with the temperature gradient. However,
in some situations, there is a certain angle between the gravity and the tem-
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perature gradient [66]. Such configuration can be found, for example, in the
convection along hillside. Another relevant example is the process of crystal
growth from melts in tilted ampoules with axial heating, where larger mass
transport rates are typically obtained by slightly tilting the horizontal Bridg-
man configuration. In the same way, the heat transfer in heat exchangers
and thermosiphons can be enhanced by selecting an optimal tilt angle [66].
All these cases can be approximated by tilting the RBC cell. We will explore
tilted convection in part II of this thesis.

When the tilt angle reaches 90◦. The problem becomes VC. VC finds many
applications in engineering: thermal insulation using double-pane windows or
double walls, horizontal transport in water bodies, crystal growth procedures,
nuclear reactors, ventilation of rooms, and cooling of electronic devices to name
but a few. Moreover, it has been served as a model to study atmospherical
circulation [16,66]. We will further study VC in part III of this thesis.

Apart from the three models mentioned above, there are also various other
models for thermal convection, including horizontal convection [67–71] where
the heating and cooling are applied at a horizontal surface, double-diffusive
convection [72, 73] where the convection is driven by two scalar components,
internally heated convection where the convection is driven by volume internal
heating [74–76] and so on. All these model problems have significant relevance
in geo- and astrophysical convection flows, while these model problems will
not be addressed in this thesis.

1.3 Governing equations

The convection problem is usually simplified by the so-called Oberbeck-Boussi-
nesq (OB) approximation [77, 78] in which the fluid density ρ is assumed to
depend linearly on the temperature T :

ρ = ρ0[1− α(T − T0)], (1.1)

where α is the thermal expansion coefficient, T0 the reference temperature,
and ρ0 the reference density. In addition, it is assumed that the material
properties of the fluid such as α, the viscosity ν, and the thermal diffusivity κ
do not depend on the temperature. Any deviations of these assumptions are
commonly referred to as the non-Oberbeck-Boussinesq (NOB) effects.

The governing equations of the three model problems shown in figure 1.2
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are then the Oberbeck-Boussinesq equations:

∇ · u = 0, (1.2)
∂u

∂t
+ u · ∇u = − 1

ρ0
∇p+ ν∇2u+ αg(T − T0)e⃗, (1.3)

∂T

∂t
+ u · ∇T = κ∇2T, (1.4)

for the velocity field u(x, t), the kinematic pressure field p(x, t), and the tem-
perature field T (x, t). e⃗ is a unit vector defined by e⃗ = (sin(β), cos(β)). The
bottom plate has high temperature Th and the top plate has low temperature
Tc.

For a given cell geometry, which is characterized by the width-to-height
aspect ratio Γ, the problem is governed by two dimensionless parameters, i.e.,
the Rayleigh number Ra and the Prandtl number Pr:

Ra =
gα∆H3

νκ
, Pr =

ν

κ
, (1.5)

where g is the gravitational acceleration, and ∆ = Th − Tc the temperature
difference between the two plates. Ra is thee ratio of the buoyancy and viscus
force, and it quantifies the strength of the thermal driving. Pr characterizes
the properties of the working fluid.

The response of the system is characterized by the Nusselt number Nu
and the Reynolds number Re:

Nu =
QH

k∆
, Re =

UH

ν
, (1.6)

where Q is the heat flux into the system, k the thermal conductivity of the
fluid, and U a characteristic velocity amplitude. Nu quantifies the heat transfer
efficiency and Re denotes the flow strength.

Both two-dimensional (2D) and three-dimensional (3D) direct numerical
simulations (DNS) were performed in this thesis. Results were obtained either
using the lMn2d [79] or the AFiD [80] code.

1.4 A guide through this thesis
This thesis contains three main parts. The main contents for each part are as
follows:
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• In part I, we study RBC. We first focus on NOB effects either due to the
density maximum of cold water near 4◦C (§2) or due to large tempera-
ture differences in air (§3). We then study two important phenomena in
turbulent flows, namely multistability (§4) and metastability (§5), using
turbulent RBC as the model problem.

• In part II, we explore tilted convection over a wide range of parameter
space spanned by (Ra, Pr, Γ, β). In §6 we first report an interesting
finding that tilting can promote flow reversals of the large-scale circu-
lation in a 2D cell with Γ = 2, which is different from the Γ = 1 case,
where flow reversals are significantly suppressed by tilting. We further
show that tilting can also promote flow reversals in a 2D slender cell
with Γ = 0.5 (§7). Much larger-aspect-ratio (up to Γ = 16) cases are
studied in §8, where we report multistability phenomena in 2D tilted
convection with large Γ. We further investigate flow organization and
heat transport properties in 3D tilted convection with Γ = 0.5 in §9.

• In part III, we focus on VC. We study NOB effects caused by large
temperature differences in §10.

Below we give a more comprehensive introduction to the three parts in this
thesis.

1.4.1 Part I: Rayleigh-Bénard convection
In §2, we study penetrative turbulent RBC which depends on the density max-
imum of cold water near 4◦C. An important control parameter for this problem
is the density inversion parameter θm. Several universal properties are revealed
in this system. We show that the ratio of the top and bottom thermal bound-
ary layer thickness (Fλ = λθ

t/λ
θ
b), the dimensionless center temperature θc,

the normalized Nusselt number Nu(θm)/Nu(0), and the normalized Reynolds
number Re(θm)/Re(0) all have universal relationships with the density inver-
sion parameter θm, which seem to be independent of Ra.

In §3, we present DNS of NOB RBC due to large temperature differences
using perfect air as the working fluid. It is found that due to top-bottom sym-
metry breaking under NOB conditions, an increase of the center temperature
Tc is found compared to the arithmetic mean temperature Tm of the top and
bottom plates, and the shifts of Tc are strongly dependent on Ra and the
temperature differential ϵ. Both Nu and Re are insensitive to NOB effects.
Furthermore, the extended laminar boundary layer equations are developed
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based on the low-Mach-number Navier-Stokes equations, which qualitatively
predict the NOB effects on velocity profiles.

In §4, we analyze the multiple states in large-aspect-ratio 2D turbulent
RBC with no-slip plates and horizontally periodic boundary conditions. By
making use of a generalized Friedrichs inequality, we show that the elliptical
shape of the rolls and viscous damping determine the Γr-window (Γr is the
mean aspect ratio of a convection roll) for the realizable turbulent states.
The theoretical results are in excellent agreement with our numerical finding
2/3 ≤ Γr ≤ 4/3, where the lower threshold is approached for the larger Ra.
Finally, we show that the theoretical approach to frame Γr also works for
free-slip boundary conditions.

In §5, we investigate RBC with free-slip plates and horizontally periodic
boundary conditions. Two configurations are considered, one is 2D RBC and
the other one 3D RBC with a rotating axis parallel to the plate. We show that
zonal flow, which was observed, for example, by Ref. [81] for aspect ratio Γ = 2,
is only stable when Γ is smaller than a critical value, which depends on Ra
and Pr. With increasing Γ, we find a second regime in which both zonal flow
and different convection roll states can be statistically stable. For even larger
Γ, in a third regime, only convection roll states are statistically stable and
zonal flow is not sustained. For the 3D simulations, we demonstrate that with
increasing the aspect ratio Γ, zonal flow, which was observed for small Γ = 2π
by Ref. [82], also disappears for Γ = 16. For such large Γ only convection roll
states are statistically stable. In between, here for medium aspect ratio Γ = 8,
the convection roll state and the zonal flow state are both statistically stable.

1.4.2 Part II: Tilted convection
In §6, the influence of tilt on flow reversals in 2D thermal convection is ad-
dressed for Γ = 1 and Γ = 2. For Γ = 1, tilt tends to suppress flow reversals.
However, we find that flow reversals characterized by two main rolls are pro-
moted by tilt for Γ = 2, which are even observed for some small Pr and
large tilt angles β cases. The mode decomposition analysis shows that the
appearance of the intermediate single-roll mode is crucial for reversals, and
flow reversals in a tilted cell with Γ = 2 can be viewed as a mode compe-
tition process between single-roll mode and horizontally adjacent double-roll
mode. They can only occur in a limited range of β where the two modes have
comparable strength.

In §7, we focus on a slender 2D tilted cell with Γ = 0.5. Different flow states
are identified over the β-Pr parameter space. We find that the flow tends to
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organize itself in a stable vertically stacked double-roll state (DRS) for small
Pr and small β, while this DRS becomes unstable and flow reversals happen
with increasing β . This finding is similar to the phenomenon reported in a
Γ = 2 cell in §6.

In §8, we study multiple states and heat transport in 2D tilted convection
with large aspect ratios. Multiple states are identified for small β with Γ ≥ 2.
Moreover, for large Γ ≥ 8, when β is larger than a critical value, flow mode
transitions between different roll states are observed. We find that for Γ ≤ 4,
Nu first increases with increasing β, and then declines after reaching its local
maximum. However, Nu decreases monotonically with increasing β for Γ ≥ 8
cases.

In §9, we further study 3D tilted convection with Γ = 1/2 both for OB cases
and considering NOB effects. For a relatively small tilt angle β, depending on
the initial conditions, the large-scale-circulation (LSC) can either orient along
one of the vertical diagonal planes (denoted by Md mode) or orient parallel
to the front wall (denoted by Mp mode). Which of the two modes transports
heat more efficiently depends on Ra. By investigating NOB effects in tilted
convection for fixed Ra = 106, we find that the influence of NOB effects
on Nusselt number Nu, Reynolds number Re and central temperature Tc is
different for different β range. NOB effects can either increase or decrease Nu,
Re and Tc when β is varied.

1.4.3 Part III: Vertical convection
In §10, we discuss NOB effects in 2D VC. The working fluid is air and Pr is
0.71 for the reference state. We study the NOB effects on the temperature and
velocity fields. The center temperature is found to be increased in comparison
with the OB cases. We also demonstrate the robustness of Nu and Re to NOB
effects even for very large temperature difference up to 360K.

The thesis concludes with a summary of the results and an outlook for
future work.
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Part I

Rayleigh-Bénard convection
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Chapter 2

Penetrative turbulent
Rayleigh-Bénard convection
in two and three dimensions◦

Penetrative turbulent Rayleigh-Bénard convection which depends on the density
maximum of water near 4◦C is studied using two-dimensional (2D) and three-
dimensional (3D) direct numerical simulations (DNS). The working fluid is water
near 4◦C with Prandtl number Pr = 11.57. The considered Rayleigh numbers Ra
range from 107 to 1010. The density inversion parameter θm varies from 0 to 0.9.
It is found that the ratio of the top and bottom thermal boundary-layer thickness
(Fλ = λθ

t/λ
θ
b) increases with increasing θm, and the relationship between Fλ

and θm seems to be independent of Ra. The center temperature θc is enhanced
compared to that of Oberbeck-Boussinesq (OB) cases, as θc is related to Fλ with
1/θc = 1/Fλ +1, θc is also found to have a universal relationship with θm, which
is independent of Ra. Both the Nusselt number Nu and the Reynolds number
Re decrease with increasing θm, the normalized Nusselt number Nu(θm)/Nu(0)
and Reynolds number Re(θm)/Re(0) also have universal relationships with θm,
which seem to be independent of both Ra and the aspect ratio Γ. The scaling
exponents of Nu ∼ Raα and Re ∼ Raβ are found to be insensitive to θm despite
of the remarkable change of the flow organizations.

◦Based on: Qi Wang, Quan Zhou, Zhen-Hua Wan, De-Jun Sun, Penetrative turbulent
Rayleigh-Bénard convection in two and three dimensions, J. Fluid Mech. 870, 718-734 (2019).

13
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2.1 Introduction

Penetrative convection refers to the phenomena whenever convection in a ther-
mally unstable fluid layer penetrates into adjacent stable layers. The unstable
fluid layers are often bounded by rigid boundaries in most laboratory ex-
periments on convection. However, stellar convection zones are bounded by
stably-stratified regions and the understanding of penetration of convection
across the interface between stable and unstable layers is of astrophysical im-
portance. For instance, cold plumes from the outer convective zone of the sun
penetrate into the upper layers of the tachocline and generate internal grav-
ity waves, this process is thought to play an important role in the turbulent
transport of momentum in the tachocline [30]. The observable motions in the
outer stable regions of the sun presumably arise from the solar convective zone
which is just below them [83]. The origin of Jupiter’s zonal winds remains a
puzzle and there are two different views: the shallow convection model and the
deep convection model [32]. The deep convection model thinks that the zonal
flow originates from the penetrative convection that takes place in the deep
hydrogen-helium interior [41, 42]. Although the Earth’s liquid core is convec-
tively unstable to convection, some studies show that the outermost part of
the Earth’s core may be stably-stratified [84]. The extent of the penetration
of convection into the stable layers is important since anomalous depletion of
lithium in late stars might be explained if convection penetrates deep enough
for the Li-He reaction to occur [85].

Penetrative convection is usually studied in simplified model problems.
Ref. [86] considered an internally heated fluid layer which is confined between
top and bottom plates of equal temperatures. The unstably-stratified upper
region drives convection that penetrates into the stably-stratified lower region.
Another commonly used model to study penetrative convection is convection of
water near 4◦C. Consider a Rayleigh-Bénard convection (RBC) [53–55] system
using water as the working fluid, the temperature of the bottom plate is higher
than 4◦C while the temperature of the top plate is lower than 4◦C. The fluid
in the lower layer above the 4◦C level is convectively unstable while the upper
layer below the 4◦C level is gravitationally stable, any convection in the lower,
unstable region will penetrate into the stable layer above, and this will lead to
the so-called penetrative convection. Convection of water near 4◦C was often
used as a model problem to study penetrative convection in the past.

The first theoretical work on the subject of penetrative convection consid-
ered a layer of water in which the bottom boundary is maintained at 0◦C and
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the top boundary is kept at a temperature larger than 4◦C [29]. A criteria is
built for the onset of instability, and it is demonstrated that the system can
become unstable to a finite amplitude disturbance at values of the Rayleigh
number Ra less than the critical value of the infinitesimal stability theory. This
nonlinear behaviour was later studied by Ref. [87]. Ref. [88] used numerical
simulations to extend the small-amplitude solution of penetrative convection
to higher Ra. Ref. [89] experimentally investigate penetrative RBC, they found
that the conduction-convection transition is hysteretic in nature, and the flow
undergoes secondary transitions to either hexagonal cellular or longitudinal
roll states at higher Ra. Ref. [90] investigated RBC of water near 4◦C in a
cubical cavity with different thermal boundaries on the sidewalls and found
that there are multiple flow pattern coexistence and hysteresis phenomenon
during the flow pattern transition.

Most of the previous works are conducted at relatively low Ra where the
flow is laminar. There are less works devoted to turbulent penetrative convec-
tion. Ref. [91] studied internal gravity wave excitation by convection of water
near 4◦C at Ra = 5.8× 107 using two-dimensional (2D) simulations. A recent
work [92] investigated 2D penetrative convection at relatively high Rayleigh
numbers 106 ≤ Ra ≤ 108 using lattice Boltzmann method, they adopted pe-
riodical conditions in the horizontal direction and the Prandtl numbers are
1 and 11.6. More recently, Ref. [93] numerically investigated 2D penetrative
convection with horizontal periodical conditions and found that a periodic,
oscillating mean flow spontaneously develops from turbulently generated in-
ternal waves. The non-Oberbeck-Boussinesq (NOB) nature of water near 4◦C
will cause a top-down symmetry breaking, leading to a shift of center tem-
perature θc, i.e., θc will deviate from that of the OB case. This deviation has
been investigated in RBC with NOB effects caused by large temperature dif-
ferences [94–102]. However, there is still a lack of systematic studies on the
center temperature θc in turbulent penetrative RBC of water near 4◦C. We try
to fill this gap and report universal relationship of θc with the density inversion
parameter θm. The ratio of the top and bottom thermal boundary-layer (BL)
thicknesses Fλ = λθ

t/λ
θ
b , the normalized Nusselt number Nu(θm)/Nu(0) and

Reynolds number Re(θm)/Re(0) are also found to have universal relationships
with θm which seem to be independent of Ra.

The rest of this chapter is organized as follows. We first briefly describe
the governing equations and numerical methods in §2.2. Section 2.3 presents
and discusses the universal relationships of Fλ, θc, normalised Nusselt number
Nu(θm)/Nu(0) and normalised Reynolds number Re(θm)/Re(0) with respect
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Figure 2.1: Sketch of (a) 2D and (b) 3D configurations for penetrative Rayleigh-
Bénard convection

to θm. Finally, we summarize our findings in §2.4, and the simulation details
are tabulated in §2.5.

2.2 Numerical settings

The problem is sketched in figure 2.1, the temperature of the bottom plate T̂b

(quantities marked with a circumflex are dimensional) is higher than 4◦C while
the temperature of the top plate is lower than 4◦C. The sidewalls are insulated.
We assume thermophysical properties to be constant except the density in
the buoyancy term. The nonlinear relationship of density with temperature
for cold water near 4◦ is described as ρ̂ = ρ̂m(1 − α̂|T̂ − T̂m|q) [103], where
ρ̂m ≈ 1000kg/m3 is the maximum density at the temperature T̂m = 4◦C, the
isobaric thermal expansion coefficient α̂ = 9.30×10−6(K)−q, where q = 1.895.
The dimensionless governing equations of this problem read:

∇ · u = 0, (2.1)
∂u

∂t
+ u · ∇u = −∇p+

√
Pr

Ra
∇2u+ |θ − θm|qe⃗z, (2.2)

∂θ

∂t
+ u · ∇θ =

1√
RaPr

∇2θ, (2.3)

where u, θ and p are the velocity, temperature and pressure, respectively.
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For non-dimensionalization, we choose Ĥ and Û = (ĝα̂∆T̂ qĤ)
1/2 as reference

length and velocity, where ĝ is the gravitational acceleration, ∆T̂ = T̂b − T̂t

is the temperature difference. The reference time is free-fall time t̂f = Ĥ/Û .
Temperature is nondimensionalized as θ = (T̂ − T̂t)/(T̂b − T̂t). Three main
control parameters are the Prandtl number Pr, the Rayleigh number Ra, the
density inversion parameter θm, and they are defined as

Pr =
ν̂

κ̂
, Ra =

ĝα̂(T̂b − T̂t)
qĤ3

ν̂κ̂
, θm =

T̂m − T̂t

T̂b − T̂t

, (2.4)

where κ̂ is the thermal diffusivity, and ν̂ the kinematic viscosity. θm is an
important parameter that describes density maximum effect, quantifying the
location of T̂m with respect to wall temperature T̂t and T̂b. For θm = 0, the
top plate is 4◦C, and the situation is quite similar to OB approximation. For
θm = 1, the bottom plate is 4◦C, and the flow is pure conduction state for
any Ra. Another control parameter is the aspect ratio. For the 2D configura-
tion, the aspect ration is defined as Γ = L̂/Ĥ. For the 3D configuration, the
dimensionless length is fixed to 1 and the aspect ratio is defined as Γ3 = Ŵ/Ĥ.

The governing equations are solved numerically by an in-house code lMn2d/
3d [79]. Since our code has been validated and used to study various convec-
tion problem before [104–109], we only give its main features here. All spatial
terms are discretised using a second-order central difference scheme. Non-
uniform grids with clustered points near walls are used. Time integration is
accomplished using an Adams-Bashforth scheme for the nonlinear terms and
Crank-Nicolson scheme for the viscous and diffusion terms. Multi-grid strategy
is used to solve the pressure Poisson equation.

The Pr is fixed to 11.57 corresponding to the water at 4◦C. We simulate
2D cases in the range of 107 ≤ Ra ≤ 1010 and 3D cases for Ra = 108 and
109. Grids which satisfy resolution requirement of DNS [110] are used. The
details of the main simulations are tabulated in the Appendix. For all the
simulations, we generally perform at least 1600 free fall time units. We waited
at least 800 free-fall time units before starting to average in order to ensure all
transients have been dissipated, and the Nu and Re are averaged for at least
800 free-fall time units. For large θm close to 0.9, longer-time simulations are
needed to reach statistically steady state [92]. For example, for the 2D case
with Ra = 5 × 108, θm = 0.9,Γ = 1, we even preformed 30 000 free-fall time
units for the flow to become statistically steady, and another 10 000 free-fall
time units are simulated for time average. The results are also compared with
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OB cases where we set q = 1 and θm = 0. Note that for the penetrative case
with θm = 0, the flow is similar to OB cases, but it cannot fully recover to OB
case since q = 1.895, and the top-bottom symmetry is still broken. For the
OB case, the initial conditions are conduction states superposed with a small
perturbation added to the temperature, while for the penetrative cases, we
generally use fully-developed flow fields for the OB cases as initial conditions.

2.3 Results and discussion

2.3.1 Flow organisation and center temperature

Figure 2.2 shows instantaneous temperature (top row)/time-averaged kinetic
energy 0.5(v2 + w2) (middle row) fields superimposed with velocity vectors
for 2D cases with Ra = 109,Γ = 1, and instantaneous temperature fields for
3D cases with Ra = 109,Γ3 = 1/2 (bottom row). It is seen that a large-scale
circulation (LSC) which spans the whole size of the convection cell exists for
the OB cases as shown in figures 2.2(a), 2.2(d) and 2.2(g). For the penetra-
tive cases, due to the penetration of the lower hotter unstable fluid layer into
the upper stably-stratified layer, the temperature in the bulk increases com-
pared to that of the OB cases. For relatively small θm, the fluid in the lower
layer can penetrate into the whole part of the upper layer as shown in figures
2.2(b), 2.2(e) and 2.2(h). However, for large θm, vigorous convection cannot
happen in the whole cell, and the flow is stably-stratified near the top plate
as depicted in figures 2.2(c), 2.2(f) and 2.2(i). The convection is very weak
near the top plate, and heat is transferred mainly by thermal conduction in
this region. This stably-stratified temperature field is somewhat similar to the
stably-stratified angular velocity field in counter-rotating Taylor-Couette flow
where Rayleigh-stable zones exist near the outer cylinder [111–113]. The black
lines in figures 2.2(b) and 2.2(c) denote the location where the temperature
is 4◦C. Some fluctuations are observed due to the interaction between lower
convection region and upper stably-stratified region. The white lines in figures
2.2(e) and 2.2(f) also depict the location at which the temperature is 4◦C,
but in time-averaged sense. It is clearly shown that the fluctuations disappear
after time average. In figures 2.2(d−f), one can also observe that the velocity
magnitude decreases with increasing θm.

We now quantitatively investigate velocity profiles. Figure 2.3(a) shows
time-averaged horizontal velocity v profile at the line y = 0.5 for 2D cases
with Ra = 109,Γ = 1. The profile is symmetrical for the OB case. For θm = 0,
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Figure 2.2: (a-c) Instantaneous temperature fields superimposed with velocity
vectors for Ra = 109 for 2D cases with Γ = 1. (d-f ) Time-averaged kinetic
energy 1/2(v2+w2) distribution superimposed with velocity vectors for Ra =
109 for 2D cases with Γ = 1. (g-h) Instantaneous temperature fields for Ra =
109 for 3D cases with Γ3 = 1/2. (a,d,g) OB. (b,e,h) θm = 0.4. (c,f,i) θm=0.8.
The black lines in (b, c) and white lines in (e, f ) denote the location where
the temperature is 4◦.
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Figure 2.3: Time-averaged velocity profiles for Ra = 109 for 2D cases with
Γ = 1 (a) v profile at y = 0.5 for different θm. (b) w profile at z = 0.5 for
different θm.

the profile is very close to the OB case, however, we can see that the peak
horizontal velocity near the bottom plate is slightly increased compared to the
OB case, while it decreases a little near the top plate. As θm increases, the
fluid motion is obviously weakened, and the horizontal velocity peak decreases
monotonically with increasing θm, the velocity boundary layers that form near
the top plate can still be clearly identified for not too large θm. As θm increases
further to 0.7, 0.8, there is a region where v is around 0 near the top plate.
This corresponds to the stably-stratified flow structure for relative large θm.
For θm = 0.9, there exist flow reversals of the LSC [114], thus we only average
counterclockwise circulation for this case. It is seen that convection only hap-
pens at the lower layer with z roughly smaller than 0.7. Figure 2.3(b) shows
time-averaged vertical velocity w profile at the line z = 0.5. For θm = 0, the
profile is also asymmetrical, and the velocity peak is larger than the OB case
near the left plate. The vertical velocity peak is also found to decrease with
increasing θm.

We now investigate thermal boundary layers and center temperature. In
Figure 2.4(a) we show time-averaged temperature profiles at the location of
y = 0.5 for the 2D case with Ra = 109,Γ = 1. For the OB case, the tem-
perature at the center θc is the arithmetic mean of the top- and bottom-plate
temperatures. For θm=0, it is clearly seen that θc is enhanced compared to
that of the OB case. With increasing θm, the thermal BLs become thicker and
θc becomes larger. It is also evident that the top BL is thicker than that of
the bottom BL. Figure 2.4(b) shows time-averaged temperature profiles at the
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Figure 2.4: Time-averaged temperature profiles at y = 0.5 for 2D cases with
Γ = 1 for (a) Ra = 109 with different θm and (b) θm=0.4 with different Ra.

location of y = 0.5 for the 2D cases with θm = 0.4,Γ = 1. An interesting
feature is that although the thermal BLs become thinner with increasing Ra,
the bulk temperature still keeps nearly unchanged for all Ra.

We then quantify the asymmetrical feature of the two thermal BLs. Figure
2.5(a) illustrates top and bottom thermal BL thicknesses versus θm for both
2D cases with Γ = 1 and 3D cases with Γ3 = 1/2. The thickness of top thermal
BL λθ

t and bottom thermal BL λθ
b are defined as Ref. [100]

λθ
t =

θt − θc
∂z ⟨θ⟩A,t |z=1

, λθ
b =

θc − θb
∂z ⟨θ⟩A,t |z=0

, (2.5)

where θt = 0, θb = 1 are the temperatures at the top/bottom plates. ⟨⟩A,t

denotes average over any horizontal plane (3D)/line (2D) and in time. One
can clearly see that both the two quantities increase with increasing θm, and
λθ
t increases more rapidly. Figure 2.5(b) shows the ratio of the top and bottom

thermal BL thicknesses Fλ = λθ
t/λ

θ
b . It can be seen that Fλ is an increasing

function of θm, and it rapidly increases for large θm near 0.9, due to the fact
that the stably-stratified flow structures appear for large θm, as shown in fig-
ures 2.2(c) and 2.2(f), leading to a much thicker thermal BL near the top plate
as seen in Figure 2.5(a). One noteworthy feature is that all data sets collapse
well on top of each other. It is surprising that Fλ has a universal relationship
with θm which seems to be independent of Ra, and the universality also holds
for the 3D case. Note that in the present study we only consider the chaotic
cases. For relatively small Ra and large θm, chaotic motions disappear, the
flow is periodical/quasi-periodical or steady. A pure conduction state without
BLs is even obtained for Ra = 107 and 5×107 with θm = 0.9. Previous studies
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Figure 2.5: (a) Bottom thermal boundary layer thickness λθ
b (solid lines) and

top thermal boundary layer thickness λθ
t (dashed lines) as a function of θm for

2D cases with Γ = 1 and 3D cases with Γ3 = 1/2. (b) The ratio of the top and
bottom thermal BL thicknesses Fλ = λθ

t/λ
θ
b as a function of θm for 2D cases

with Γ = 1 and 3D cases with Γ3 = 1/2.

on NOB convection caused by large temperature differences also found that
Fλ is practically independent of Ra, but increases with increasing temperature
differences [100]. Our results demonstrate that this finding also holds for the
penetrative RBC, suggesting some similarity between penetrative convection
and NOB convection with large temperature differences.

The asymmetrical feature of the thermal BLs will lead to a shift of θc
compared to the OB cases. In previous NOB studies, it was found that θc
increases for water [95, 99] but decreases for gaseous ethane [96] compared to
that of the OB cases. Figure 2.6 shows θc as a function of θm for different Ra for
both 2D cases and 3D cases. An interesting finding is that all the data points
can collapse well onto a single curve. As the thermal conductivity is assumed
to be constant, the temperature gradients at the bottom and top walls should
be equal, and the Nu can be simply expressed as Nu = −∂z ⟨θ⟩A,t |z=1 =
−∂z ⟨θ⟩A,t |z=0. Based on equation (2.5), one can obtain

θc =
λθ
t

λθ
t + λθ

b

. (2.6)

Thus 1/θc = 1/Fλ + 1. The solid red line in figure 2.6 shows line segment of
λθ
t/(λ

θ
t + λθ

b) as a function of θm calculated at different θm for Ra = 1010, the
data sets for different Ra can well collapse onto this curve. The dashed black
curve is a polynomial fitting which is expressed as θc = 0.530 − 0.133θm +
0.858θ2m− 0.237θ3m, the data sets for different Ra can well fall onto this curve.
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Figure 2.6: center temperature θc as a function of θm for different Ra. Hollow
symbols for 2D simulations with Γ = 1, filled symbols for 3D simulations.
The solid line is line segment of λθ

t/(λ
θ
t + λθ

b) calculated at different θm for
Ra = 1010. The dashed lines is a polynomial fitting which is expressed as
θc = 0.530− 0.133θm + 0.858θ2m − 0.237θ3m.

2.3.2 Nusselt number and Reynolds number

We now turn to the heat-transfer properties measured by the Nusselt number
Nu, and the flow intensity which can be expressed in terms of the Reynolds
number Re. The Nu and Re are expressed as:

Nu =
⟨√

RaPruzθ − ∂zθ
⟩
A,t

, Re =
√

Ra/PrU, (2.7)

where ⟨⟩A,t means average over any horizontal plane(3D)/line(2D) and time,
U =

√
(u · u)y,z,t. The Nu studied here is averaged over the bottom plate. In

figure 2.7, we show the absolute and normalised Nu and Re as a function of θm
for different Ra for 2D cases with Γ = 1. It is seen from figure 2.7(a) that Nu
drops monotonically with increasing θm. This is because that with increasing
θm, the stably-stratified flow regimes gradually appear and grow near the top
plate, where the flow is mainly dominated by the thermal conduction. For
the extreme limit θm = 1, the flow should be totally within the conduction
regime with Nu = 1. Figure 2.7(b) shows the normalized Nusselt number
Nu(θm)/Nu(0) as a function of θm for various Ra. We can see that all data
sets collapse well onto a single curve. From equation (2.5), one can obtain
Nu(λθ

t + λθ
b) = 1, and thus
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Figure 2.7: Absolute and normalized Nusselt numbers and Reynolds numbers
as a function of θm for 2D cases with different Ra and fixed Γ = 1 (a) Absolute
Nusselt numbers Nu (b) Normalized Nusselt numbers Nu(θm)/Nu(0), the red
sold line denotes line segment of (λθ

t (0)+λθ
b(0))/(λ

θ
t (θm)+λθ

b(θm)) calculated
for Ra = 1010 at different θm, the black dashed line denotes a polynomial
fitting of Nu(θm)/Nu(0) = 0.992−0.170θm−2.244θ2m+1.397θ3m (c) Absolute
Reynolds numbers Re (d) Normalized Reynolds numbers Re(θm)/Re(0), the
black dashed line denotes a linear fitting of Re(θm)/Re(0) = 0.98− 1.046θm.
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Nu(θm)

Nu(0)
=

λθ
t (0) + λθ

b(0)

λθ
t (θm) + λθ

b(θm)
. (2.8)

We note that this relationship is analytically exact (see also Ref. [95,100]).The
red solid line in figure 2.7(b) shows line segment of (λθ

t (0) + λθ
b(0))/(λ

θ
t (θm) +

λθ
b(θm) as a function of θm calculated at different θm for Ra = 1010. One can

see that the data points for other Ra all nicely fall onto this curve. The black
dashed curve is a polynomial fitting denoted by Nu(θm)/Nu(0) = 0.992 −
0.170θm − 2.244θ2m + 1.397θ3m, the data sets for different Ra can well collapse
on top of this fitted curve. Figure 2.7(c) shows the absolute Re as a function
of θm for different Ra. It is seen that Re also decreases monotonically with
increasing θm. The reduction of Re can be also qualitatively understood, in
view that the appearance of stably-stratified flow structures weakens the fluid
motion, and in turn drops considerably the magnitude of Re. Figure 2.7(d)
plots the normalised Reynolds number Re(θm)/Re(0) as a function of θm.
One can see that Re(θm)/Re(0) roughly drops linearly with increasing θm,
and the data sets can be well described by a linear fitting of Re(θm)/Re(0) =
0.980−1.046θm. The curve is fitted for the Ra = 1010 data, and only the data
sets for relatively low Ra (i.e., Ra = 107 and 5 × 107) show some deviations
from this fitting.

We then investigate the aspect ratio Γ dependence of Nu and Re. Figure
2.8 shows the absolute and normalised Nu and Re as a function of θm for
different Γ and fixed Ra = 108 for 2D simulations. For large Γ, it was already
found that multiple states with different numbers of convection rolls may ex-
ist [106], and this will lead to different heat transfer properties. To avoid such
possible multiple states from complicating the present problem, we gradually
increase θm using the flow field for smaller θm as initial conditions. The Nu
still reduces monotonically with increasing θm and again the normalized Nus-
selt numbers for different Γ can collapse well on top of each other, implying
the insensitivity of this dependence on Γ. From figure 2.8(c), one sees that
for all considered Γ, Re decreases linearly with increasing θm, and drops with
decreasing Γ due to the geometric confinement of the sidewalls. The normal-
ized Reynolds number Re(θm)/Re(0) for different Γ also collapse well onto
the fitted curve Re(θm)/Re(0) = 0.980 − 1.046θm as shown in figure 2.8(d),
suggesting an aspect ratio insensitive feature.

We also show the 3D results in figure 2.9 in order to find whether the uni-
versal behaviour for normalised Nusselt number and Reynolds number found
in 2D can be extended to 3D cases. For Ra = 108, we only consider the cases
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Figure 2.8: Absolute and normalized Nusselt numbers and Reynolds num-
bers as a function of θm for different Γ and fixed Ra = 108 for 2D simu-
lations. (a) Absolute Nusselt numbers Nu. (b) Normalized Nusselt numbers
Nu(θm)/Nu(0). (c) Absolute Reynolds numbers Re. (d) Normalized Reynolds
numbers Re(θm)/Re(0). The dashed lines are the same as figure 2.7.
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Figure 2.9: Absolute and normalized Nusselt numbers and Reynolds numbers
as a function of θm for 3D cases with different Γ3. (a) Absolute Nusselt numbers
Nu (b) Normalized Nusselt numbers Nu(θm)/Nu(0). (c) Absolute Reynolds
numbers Re (d) Normalized Reynolds numbers Re(θm)/Re(0). The dashed
lines are the same as figure 2.7.
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Figure 2.10: (a) Nusselt numbers Nu and (b) Reynolds numbers Re as a func-
tion of Ra for different θm for 2D simulations.

with Γ3 ≥ 1/4. For smaller Γ3 where the flow in the confined [115–118] or
severely confined regime [119], the flow is laminar for a wide range of θm, and
it is not the focus of the present study. We can clearly see in figure 2.9(a) that
the absolute Nu is less influenced by Γ3 for all considered θm, despite the fact
that the flow strength is weakened when reducing Γ3 as illustrated in figure
2.9(c). After normalisation, the data for both Nu and Re again fall onto a
single curve as seen in figures 2.9(b) and 2.9(d). Thus, we can conclude that
the universal behaviour for normalised Nu and Re can also be found in 3D
configurations.

We finally discuss the scalings of the Nu and Re versus Ra for different
θm. As mentioned above Nu(θm)/Nu(0) and Re(θm)/Re(0) both have a uni-
versal relationship with θm which are independent of Ra, and thus the scaling
exponents of Nu ∼ aRaα and Re ∼ bRaβ for different θm should also be
expected to be independent of θm. Figure 5.8(a) shows a log-log plot of Nu
versus Ra for the OB and penetrative cases with different θm for 2D simula-
tions. Detailed exponents and prefactors for all the θm considered in this work
are listed in table 2.1. For the OB case, the scaling exponent 0.29 is quite close
to those obtained in the previous 2D studies. For example, Ref. [120] obtained
0.285 for periodical cells with Pr = 1, Ref. [121] obtained 0.29 for Pr = 10 for
no-slip sidewalls similar to the present study. Ref. [122] obtained 0.3 ± 0.02
for Pr = 0.71 and 5.3 also for no-slip sidewalls. For penetrative cases all the
exponents vary between 0.28 and 0.3 for different θm, i.e., the scaling exponent
does not change much for the penetrative cases. Figure 5.8(b) shows a log-log
plot of Re vs. Ra for 2D simulations. For the OB case, the scaling exponent
0.59 is also quite close to previous 2D studies (0.62 for Pr = 4.3 [99] and 0.6
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for Pr = 0.71 and 5.3 [122].) For penetrative cases as listed in table 2.1, one
can see that the scaling exponent for Re only deviates from the OB case for
large θm close to 0.9. According to the data listed in table 2.1, one may come
to the conclusion that the scaling exponents almost keep unchanged for the
penetrative cases for not too large θm. It is interesting that the scaling expo-
nents are so robust to this density maximum effect despite of the remarkable
change of the flow organisations as mentioned before.

θm a α b β

OB 0.131 0.290 5.43e-3 0.590
0 0.131 0.291 5.53e-3 0.591

0.1 0.123 0.291 4.67e-3 0.594
0.2 0.113 0.291 3.94e-3 0.596
0.3 0.128 0.280 3.17e-3 0.599
0.4 0.086 0.291 2.26e-3 0.606
0.5 0.058 0.299 1.59e-3 0.612
0.6 0.036 0.305 1.01e-3 0.621
0.7 0.028 0.297 5.62e-4 0.632
0.8 0.013 0.302 1.60e-4 0.667
0.9 6.18e-3 0.288 1.77e-5 0.722

Table 2.1: The coefficients and exponents of the fitted scalings Nu ∼ aRaα

and Re ∼ bRaβ

2.4 Conclusions

In summary, we have studied penetrative turbulent RBC of water near 4◦C
using 2D and 3D DNSs. In the present system, the flow dynamics and heat
transport highly depend on an important parameter, i.e., the density inver-
sion parameter θm. Several universal properties are identified and are found
to hold over a wide range of parameters for both 2D and 3D. The ratio of
the top and bottom thermal BL thickness Fλ increases with increasing θm,
and the relationship is found to be independent of Ra. Similar to the previ-
ous studies for NOB convection caused by large temperature differences, the
center temperature θc is particularly investigated. θc is found to be increased
compared to that of the OB cases. As θc is related to Fλ with 1/θc = 1/Fλ+1,
θc also has a universal relationship with θm which is valid for both 2D and
3D cases. With increasing θm, both the heat transfer and the flow intensity
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are substantially weakened. The normalized Nusselt number Nu(θm)/Nu(0)
and Reynolds number Re(θm)/Re(0) also have universal dependence on θm
which seems to be independent of both Ra and the aspect ratio Γ. Finally,
the scaling laws of Nu and Re versus Ra are investigated. It is interesting to
find that the scaling exponents of Nu ∼ Raα and Re ∼ Raβ, i.e., α ≈ 0.29
and β ≈ 0.59, are insensitive to θm, despite the drastic changes in the flow
organizations.

2.5 Appendix
The details of the main 2D simulations are listed in table 2.2 and the 3D
simulations in table 2.3. In order not to make the tables too long, we only list
some of the main cases for 2D simulations. It can be seen that the differences
between Nu at the hot and cold plates are generally within 1%.

Ra θm Ny ×Nz Nb Nt Nub Re θc 100∆Nu tavg
107 OB 128× 128 10 10 13.83 68.00 0.4995 0.29 6000
107 0 128× 128 9 10 13.92 71.86 0.5277 0.12 6000
107 0.1 128× 128 9 11 13.13 61.69 0.5320 0.11 6000
107 0.2 128× 128 9 11 12.11 52.86 0.5425 0.17 6000
107 0.3 128× 128 11 13 10.85 43.47 0.5571 0.17 6000
107 0.4 128× 128 11 15 9.21 34.77 0.5880 0.03 6000
107 0.5 128× 128 13 20 7.05 27.13 0.6488 0.17 6000
107 0.6 128× 128 14 29 4.89 20.78 0.7195 0.15 6000
107 0.7 128× 128 15 39 3.39 14.89 0.7923 0.14 5000

108 OB 256× 256 10 10 27.70 302.06 0.5032 0.13 3000
108 0 256× 256 10 11 27.86 310.17 0.5279 0.14 3000
108 0.1 256× 256 10 11 26.27 280.26 0.5345 0.24 3000
108 0.2 256× 256 11 12 24.37 247.35 0.5415 0.14 3000
108 0.3 256× 256 11 14 21.99 209.11 0.5609 0.26 3000
108 0.4 256× 256 12 17 18.51 174.06 0.5988 0.54 3000
108 0.5 256× 256 13 23 14.22 136.34 0.6559 0.14 3000
108 0.6 256× 256 15 34 9.96 102.07 0.7224 0.04 3000
108 0.7 256× 256 17 51 6.37 66.52 0.7909 0.19 3000
108 0.8 256× 256 21 81 3.43 33.38 0.8606 0.64 3000

109 OB 512× 512 11 11 53.31 1110.99 0.4994 0.12 1000
109 0 512× 512 11 12 53.77 1152.52 0.5287 0.35 1000
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Ra θm Ny ×Nz Nb Nt Nub Re θc 100∆Nu tavg
109 0.1 512× 512 11 12 50.41 1040.75 0.5342 0.15 1000
109 0.2 512× 512 11 14 46.94 898.78 0.5443 0.14 1000
109 0.3 512× 512 12 16 42.23 785.55 0.5643 0.07 1600
109 0.4 512× 512 13 19 36.11 651.50 0.5967 0.39 1600
109 0.5 512× 512 14 26 28.28 523.61 0.6516 0.47 1600
109 0.6 512× 512 16 37 20.42 406.66 0.7159 0.62 1600
109 0.7 512× 512 19 59 12.93 291.71 0.7870 0.31 2000
109 0.8 512× 512 23 101 7.02 179.57 0.5287 0.05 2000
109 0.9 256× 256 15 107 2.45 55.09 0.9313 0.51 5000

1010 OB 1024× 1024 12 12 104.49 4344.77 0.5045 0.89 800
1010 0 1024× 1024 11 12 106.01 4481.58 0.5261 0.44 800
1010 0.1 1024× 1024 12 13 99.09 4010.30 0.5290 0.88 800
1010 0.2 1024× 1024 12 14 91.61 3504.57 0.5414 0.97 800
1010 0.3 1024× 1024 13 16 82.50 2931.49 0.5598 0.22 800
1010 0.4 1024× 1024 14 20 69.35 2466.07 0.5951 0.23 800
1010 0.5 1024× 1024 16 27 55.20 1971.33 0.6426 0.09 800
1010 0.6 1024× 1024 17 40 40.17 1541.42 0.7078 0.17 800
1010 0.7 1024× 1024 20 66 25.72 1112.56 0.7810 0.67 1600
1010 0.8 512× 512 12 60 13.82 691.90 0.8560 0.22 3200
1010 0.9 512× 512 17 138 4.77 286.17 0.9281 0.42 2400

Table 2.2: 2D simulation parameters. The columns from left to right indicate
Rayleigh number Ra, density inversion parameter θm(OB cases are also in-
cluded for comparison), grid resolutions, number of grid points in the bottom
(Nb) and top (Nt) thermal boundary layers, Nusselt number at the bottom
plate Nub, Reynolds number Re, center temperature θc, the difference between
Nusselt number at the bottom and top plates (∆Nu = |Nub − Nut|/Nub),
and the averaging time for the simulations tavg. Note that not all the 2D
simulations in this work are listed in this table.

Ra Γ3 θm Nx×Ny ×Nz Nb Nt Nub Re θc 100∆Nu tavg
108 1/4 OB 64× 256× 256 9 9 31.64 135.63 0.4987 0.31 1000
108 1/4 0 64× 256× 256 9 9 31.86 139.23 0.5229 0.10 1000
108 1/4 0.1 64× 256× 256 9 10 29.94 124.77 0.5275 0.40 1000
108 1/4 0.2 64× 256× 256 10 11 27.75 109.95 0.5345 0.07 1000
108 1/4 0.3 64× 256× 256 10 12 25.08 95.16 0.5497 0.10 1000
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Ra Γ3 θm Nx×Ny ×Nz Nb Nt Nub Re θc 100∆Nu tavg
108 1/4 0.4 64× 256× 256 11 15 21.02 77.90 0.5814 0.17 1000
108 1/4 0.5 64× 256× 256 12 21 16.13 63.14 0.6458 0.19 1000
108 1/4 0.6 64× 256× 256 14 31 11.36 50.03 0.5202 0.36 1000
108 1/4 0.7 64× 256× 256 15 46 7.34 36.55 0.7949 0.27 2000

108 1/2 OB 128× 256× 256 9 9 31.21 165.85 0.5036 0.01 1000
108 1/2 0 128× 256× 256 9 10 31.75 170.99 0.5277 0.23 1000
108 1/2 0.1 128× 256× 256 9 10 29.77 154.09 0.5285 0.50 1000
108 1/2 0.2 128× 256× 256 9 11 27.53 136.12 0.5444 0.09 1000
108 1/2 0.3 128× 256× 256 10 13 24.89 116.55 0.5576 0.26 1000
108 1/2 0.4 128× 256× 256 11 15 21.38 95.72 0.5939 0.44 1000
108 1/2 0.5 128× 256× 256 12 20 16.36 76.28 0.6373 0.07 1000
108 1/2 0.6 128× 256× 256 14 30 11.41 58.62 0.7180 0.55 1000
108 1/2 0.7 128× 256× 256 16 44 7.51 44.66 0.7817 0.99 1000

108 1 OB 256× 256× 256 9 9 31.85 197.17 0.4985 0.10 1000
108 1 0 256× 256× 256 9 9 32.00 200.52 0.5250 0.12 1000
108 1 0.1 256× 256× 256 9 10 30.19 181.41 0.5332 0.24 1000
108 1 0.2 256× 256× 256 9 11 27.95 162.68 0.5424 0.55 1000
108 1 0.3 256× 256× 256 10 12 25.46 137.66 0.5567 0.99 1000
108 1 0.4 256× 256× 256 11 15 21.80 116.22 0.5956 0.60 1000
108 1 0.5 256× 256× 256 12 20 16.82 91.53 0.6463 0.75 1000
108 1 0.6 256× 256× 256 13 30 11.90 71.11 0.7167 0.32 1000
108 1 0.7 256× 256× 256 15 44 7.71 52.23 0.7895 0.91 1000
108 1 0.8 256× 256× 256 9 36 4.18 34.66 0.8604 0.38 1000

109 1/2 OB 256× 512× 512 10 10 62.84 595.02 0.5011 0.28 800
109 1/2 0 256× 512× 512 9 10 63.41 610.08 0.5286 0.44 800
109 1/2 0.1 256× 512× 512 9 11 59.49 551.32 0.5333 0.04 800
109 1/2 0.2 256× 512× 512 10 12 54.81 482.42 0.5428 0.70 800
109 1/2 0.3 256× 512× 512 10 13 49.54 421.28 0.5622 0.18 800
109 1/2 0.4 256× 512× 512 11 16 42.52 351.36 0.5962 0.08 800
109 1/2 0.5 256× 512× 512 12 22 33.28 282.92 0.6475 0.10 800
109 1/2 0.6 256× 512× 512 14 33 23.49 220.98 0.7149 0.06 800
109 1/2 0.7 256× 512× 512 16 53 15.13 155.12 0.7884 0.48 800
109 1/2 0.8 128× 256× 256 10 46 7.97 100.01 0.8585 0.44 1000
109 1/2 0.9 128× 256× 256 14 100 2.80 42.69 0.9312 0.17 1000
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Ra Γ3 θm Nx×Ny ×Nz Nb Nt Nub Re θc 100∆Nu tavg

Table 2.3: 3D simulation parameters. The columns from left to right indicate
Rayleigh number Ra, density inversion parameter θm(OB cases are also in-
cluded for comparison), grid resolutions, number of grid points in the bottom
(Nb) and top (Nt) thermal boundary layers, Nusselt number at the bottom
plate Nub, Reynolds number Re, center temperature θc, the difference between
Nusselt number at the bottom and top plates (∆Nu = |Nub − Nut|/Nub),
and the averaging time for the simulations tavg.



Chapter 3

On non-Oberbeck–Boussinesq
effects in Rayleigh-Bénard
convection of air for large
temperature differences◦

We present direct numerical simulations (DNS) of non-Oberbeck-Boussinesq (NOB)
Rayleigh-Bénard (RB) convection due to large temperature differences in two-
dimensional (2D) and three-dimensional (3D) cells. Perfect air is chosen as the
operating fluid and the Prandtl number (Pr) is fixed to 0.71 for the reference
state T̂0 = 300 K. In the present system, we consider large temperature differ-
ences ranging from 60 K to 240 K, and relatively strong NOB effects are induced
at moderate Rayleigh number (Ra) in the range 3× 106 ≤ Ra ≤ 5× 109, which
also leads to the turbulence system with large density variations. Due to top-down
symmetry breaking under NOB conditions, an increase of the center temperature
Tc is found compared to the arithmetic mean temperature Tm of the top and
bottom plates, and the shifts of Tc are strongly dependent on Rayleigh number
Ra and temperature differential ϵ. The NOB effects on the Nusselt number (Nu)
are quite small (≲ 2%). The power-law scalings of Nu versus Ra are robust
against NOB effects, even for the extremely large temperature difference 240 K,
which has never been reached in previous experiments. The Reynolds numbers
Re, as well as the scalings of Re versus Ra, are also insensitive to NOB effects.

◦Based on: Zhen-Hua Wan, Qi Wang, Ben Wang, Shu-Ning Xia, Quan Zhou, De-Jun Sun,
On non-Oberbeck–Boussinesq effects in Rayleigh-Bénard convection of air for large temperature
differences, J. Fluid Mech. 889, A10 (2020).
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It is noteworthy that the influence of NOB effects on Nu and Re in 3D RB flow
are weaker than its 2D counterpart. Furthermore, the extended laminar boundary
layer (BL) equations are developed based on the low-Mach-number Navier-Stokes
equations, which qualitatively predicts the NOB effects on velocity profiles. DNS
results indicate that the top and bottom thermal BLs can compensate each other
much better than the velocity BLs under NOB conditions, which contribute to the
robustness of Nu. .
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3.1 Introduction

Turbulent Rayleigh-Bénard (RB) convection, in which the fluid is heated from
the below and cooled from the above (see, e.g., Refs. [53–56, 65]), by now
has been studied extensively. Most of these studies strive to stay in a limit
described by the Oberbeck-Boussinesq (OB) approximation, which relies on
following main assumptions: The density is regarded a constant except in the
buoyancy term, where the density ρ is assumed to be dependent on temper-
ature T linearly; All fluid properties (e.g., thermal conductivity k, dynamic
viscosity µ) are considered constants.

The OB approximation is found to be reasonably satisfactory if the tem-
perature difference is below a certain threshold which is different for different
fluids [123]. However, large temperature differences are ubiquitous in many
practical applications, where non-Oberbeck-Boussinesq (NOB) effects become
significant. For instance, in nuclear reactors where the typical temperature
differences of thermal insulation systems can reach up to several hundred de-
grees, the variations of ρ, k and µ must be taken into account simultaneously.
In foundry processes and some astrophysical flows, NOB effects also play an
important role.

There is by now a large body of literature on NOB effects in RB con-
vection [53, 55] for various fluids, such as gaseous helium [97, 124], glycerol
[94,100,125,126], gaseous ethane [96,127], water [95,99,101,128], SF6 [129,130]
and air [79, 105]. In general, NOB effects in turbulent RB convection can be
induced by two paths [55]. One is related to the convection beyond the in-
compressible limit, which mainly occurs in gases [96], in which the strong
compressibility effects and large variations of the fluid properties can arise.
The other is usually found in liquids, where NOB effects are almost induced
solely from the temperature dependent material properties [95]. In early ex-
periments of Ref. [94], an important issue relevant for NOB effects in RB
convection was confirmed that the flow structures become asymmetric due
to a top-down symmetry breaking. With the asymmetry of top and bottom
thermal boundary layers (BL), the temperature at the cell center will devi-
ate from the arithmetic average of the temperatures at the top and bottom
plates. For the convection in water, Ref. [95] experimentally found that the
Nusselt number Nu and Reynolds number Re are rather insensitive against
the NOB effects, which only result in a small reduction of Nu (≲ 2%) under
NOB conditions. No obvious modification of Re is found within the experi-
mental resolution. The center temperature is increased due to NOB effects.
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While for gaseous ethane, Ref. [96] found a decrease of the center temper-
ature and an increase of Nu which are of opposite and greater magnitude
than those for NOB effects in water. Direct numerical simulations (DNS) were
performed by Ref. [98] to disentangle the importance of different material
parameters for the NOB effects on heat transport and flow structures. More
recently, Ref. [131] performed experimental study of the whole velocity field
under NOB conditions. The prior studies indicate one fact that NOB effects
depend very sensitively on the particular working fluid. The NOB effects are
especially relevant to high-Ra convection where the temperature difference is
usually large, however, the NOB effects in various fluids at high Ra are still
poorly understood [55].

In RB convection of air with large temperature differences, the flow re-
versals [79] and instabilities [105] have been studied recently, however, the
heat and momentum transports for relatively high Ra have rarely been stud-
ied. In order to fill this gap, we here investigate NOB effects for compressible
air via DNS in two-dimensional (2D) and three-dimensional (3D) cells. To
induce NOB effects, we consider large temperature differences ranging from
60 K to 240 K. With large variations in fluid properties, especially the large
density variations, we try to understand such NOB effects on heat, momen-
tum transport as well as flow structures quantitatively. There are three major
purposes for choosing this model. First, we can study strong NOB effects on
heat transport induced by large temperature differences in a moderate range
of Rayleigh numbers. Secondly, the relationships between fluid properties and
temperature are well described by Sutherland’s law, which permits us to inves-
tigate the influences of variations in µ and k in an accurate way. Finally, flow
compressibility with a rather large density variation is appropriately taken
into account by employing low-Mach-number Navier-Stokes equations with
acoustic waves filtered [132]. In short, this study is favourable for inferring the
possible influence of large temperature differences and fluid compressibility on
heat transport and flow structures in some high Ra experiments that usually
encounter large temperature differences. To the best of our knowledge, the
extremely large temperature difference (e.g., ∆T̂ = 240 K) has never been
reached in previous experiments and simulations, which is several times that
of the largest one used in previous studies. In addition, the low-Mach-number
Navier-Stokes equations are also firstly employed to treat 3D fully turbulence
at relatively high Ra with large density variations [133].

The reminder of this chapter is organized as follows. In §3.2, we describe
the detailed numerical procedures. Section 3.3 shows the major results for the
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Figure 3.1: The sketch of the present Rayleigh-Bénard convection in a (a) 2D
and (b) 3D cell with the working fluid of air, where D̂/Ŵ = 1 and Ŵ/Ĥ = 1.

OB and NOB cases, including the flow organizations, heat and momentum
transport, and BL profiles, etc. Finally, we summarize our findings and con-
clude in §3.4.

3.2 Numerical settings
Figure 3.1 shows the configuration of the present system, where the working
fluid is air in a cell of width Ŵ , height Ĥ and depth D̂ (for 3D cases). (̂·
denotes dimensional quantity). Ĥ is chosen as the reference length. For all
cases, D̂/Ŵ = 1 and Ŵ/Ĥ = 1. The bottom and top walls are fixed at tem-
peratures of T̂H and T̂C , with T̂H > T̂C , while the lateral walls are thermally
insulated. No-slip and non-penetrative boundary conditions are applied at all
rigid walls. To treat NOB effects in air due to large temperature difference,
we employ the low-Mach-number Navier-Stokes equations [132]. The refer-
ence temperature T̂0 = (T̂H + T̂C)/2 is chosen to be 300K, and the reference
quantities such as µ̂0, k̂0, ĉp0 are determined at this temperature [79]. The di-
mensional temperature difference is ∆T̂ = T̂H − T̂C = 2ϵT̂0, where ϵ is the
temperature differential, quantifying the intensity of NOB effects, with ϵ ≤ 0.4
corresponding to ∆T̂ ≤ 240K. The dimensionless temperatures T at the hot
and cold walls are given by 1 + ϵ and 1− ϵ, respectively. The free-fall velocity
û0 = (2ϵĝĤ)1/2 is used as the reference velocity, where ĝ is the gravitational
acceleration, and thus the reference time t̂0 = Ĥ/û0. The hydrodynamic pres-
sure π is non-dimensionalized by ρ̂0Û

2, and the thermodynamic pressure p is
non-dimensionalized by ρ̂0R̂T̂0, where R̂ is the gas constant. Finally, the di-
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mensionless form of low-Mach-number Navier-Stokes equations with acoustic
waves filtered can be written as:

∂ρ

∂t
+

∂ρuj
∂xj

= 0, (3.1)
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dp
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, (3.3)

p = ρT, (3.4)

where ni is the unit vector in the direction of gravity, k the thermal conduc-
tivity. γ = 1.4 is the ratio of specific heats. Γ = (γ − 1)/γ is a measure of
the resilience of the fluid. The isobaric specific heat cp is fixed to 1. π is the
hydrodynamic pressure. p is the thermostatic pressure, the more detailed def-
inition can be found in [79, 105]. The viscous stress tensor τij is expressed as
τij = µ (∂ui/∂xj + ∂uj/∂xi) − (2/3)δijµ∂uk/∂xk, where δij is the Kronecker
delta function. The four control dimensionless parameters of this problem are
the temperature differential ϵ, Rayleigh number Ra, Prandtl number Pr and
aspect ratio A, defined as:

ϵ ≡ ∆T̂

2T̂0

, Ra ≡ 2ϵĉp0ρ̂
2
0ĝĤ

3

µ̂0k̂0
, P r ≡ ĉp0µ̂0

k̂0
, A ≡ Ŵ

Ĥ
. (3.5)

We fixed the reference Pr to 0.71 and A to 1. Dimensionless thermal conduc-
tivity k and dynamic viscosity µ are determined by the Sutherland’s law:

k = T 1.5(1 + Sk)/(T + Sk), µ = T 1.5(1 + Sµ)/(T + Sµ). (3.6)

For air, the dimensionless Sutherland constants Sk = Ŝk/T̂0 = 0.648 and
Sµ = Ŝµ/T̂0 = 0.368 for the reference state T̂0 = 300 K [134–136]. The Suther-
land’s law is developed based on the kinetic theory of ideal gases and an
idealized intermolecular-force potential [137], which is commonly used in fully
compressible flows [138–140]. Fairly accurate results can be obtained with an
error less than a few percent over a wide range of temperatures. OB cases
are also investigated in purpose of making a comparison. We set ϵ = 0.005,
µ = k = p = 1, ∂uj/∂xj = 0 and ρ = 1 except in the buoyancy term
ρ = 1

T = 1
1+δT ≈ 1 − δT , so the equations (3.1)-(3.4) can be reduced to the

classical OB equations [80,107].
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The governing equations are solved numerically by our in-house code lMn2d/
3d. In this solver, all spatial terms are discretized by a second-order central
difference scheme. To avoid pressure-velocity decoupling, the staggered grid
is utilized for temperature and velocities, and pressure is also staggered in
time with all other variables. The fractional-step method is used to solve the
equations [141]. A multi-grid strategy [142] is adopted to solve the pressure
Poisson equation. For time advancement, the wall-normal viscous terms are
semi-implicitly treated with Crank-Nicolson scheme, while all other terms are
all discretized by third order Runge-Kutta scheme. The numerical details and
validations of the code have been elaborated in our previous works [79,105,109].
The grid sizes and some other simulation parameters are given in table 3.3 and
table 3.4 in the appendix. For all simulations, the Nu and Re are averaged
for at least 400 free-fall time units after all transients have been dissipated.
The grid is chosen to satisfy the resolution requirement which can resolve the
smallest scales of the problem, i.e., the Kolmogorov scale ηK and the Batchelor
scale ηB [110]. In addition, non-uniform grid is adopted with more grid points
clustered near walls in order to resolve small scales inside BLs. For all cases,
there are at least 10 grid points inside the thermal BLs.

3.3 Results and discussion

3.3.1 Flow organizations

The velocity fields

Figure 3.2(a-d) shows the instantaneous velocity and reduced temperature
fields at Ra = 5 × 108 and 8 × 108 for OB and ϵ = 0.2. Here, the reduced
temperature is defined as

Θ = (T − 1)/2ϵ. (3.7)

In 2D simulations, the velocity fields are very complex, even when we miss
3D flow modes. As shown in figure 3.2(a,b), we can find a relatively stable
large scale circulation (LSC) at Ra = 5× 108, the size of which is comparable
to the box size H in both OB and NOB cases [99, 143, 144]. As Ra increases,
the instantaneous velocity fields that the corner rolls become more unstable
and the relatively stable LSC is broken. For the case Ra = 8 × 108 shown
in figure 3.2(c,d), some relatively large-scale vortices detach from the corners
and convect along the main wind. Movies at different Ra are provided in the
supplementary materials. It should be mentioned that the LSC can still be
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Figure 3.2: Snapshots of the 2D velocity (arrows) and reduced temperature
Θ (colour) fields for Pr = 0.71 with different ϵ and Ra. Upper panel: Ra =
5× 108. (a) OB, (b) ϵ = 0.2; Middle panel: Ra = 8× 108. (c) OB, (d) ϵ = 0.2.
Bottom panel: volume rendering of 3D temperature fields (T ) for Ra = 107:
(e) OB, (f) ϵ = 0.2.
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observed from the mean flow field in this case, but the mean velocity distri-
bution is changed, which will be further discussed in the following. Figure 3.2
(e,f) show the volume rendering of 3D temperature fields. Vigorous sheetlike
plumes are emitted from the bottom and top plates, while no significant dif-
ferences in plume structures between the OB and NOB cases. Overall, for air,
we cannot observe obvious qualitative differences from the snapshots between
OB and NOB cases for the same Ra, which is different from the NOB cases
in water [99].

To better show NOB effects on the velocity field, we present in figure
3.3 the mean horizontal velocity profiles v̄(z) at y = 0.5 and mean vertical
velocity profiles w̄(y) at z = 0.5 for Ra = 108 and 109 in OB and various ϵ
in 2D cases, respectively. Due to the inherent nature of top-down symmetry-
breaking, the flow structures will be asymmetric as stated in Ref. [94]. From
figure 3.3, we can see that the profiles of horizontal velocity v̄(z) and vertical
velocity w̄(y) become asymmetric to a certain degree. It should be mentioned
that the profiles at Ra = 109 shown in figure 3.3(b) are different from those
at Ra = 108 shown in figure 3.3(a), due to the change of flow pattern as
illustrated in figure 3.2. At Ra = 108, there is a relatively stable LSC, giving
rise to the peaks of the profile near the edge of the top/bottom viscous BL.
However, at Ra = 109, the stable LSC is broken and there are large vortices
detached from corner rolls, and the convection of those large vortices has led
the peaks of the profile occurring in the bulk (e.g., z ≃ 0.2 at the bottom)
rather than the edge of the viscous BL. Interestingly, even without stable LSC
in this case, we can still find the BL structures and a relatively sharp transition
of the velocity profiles occurring near the edge of the viscous BL. In §3.3.4, we
will further discuss the NOB effects on the profiles of the viscous BLs, which
can be described qualitatively by laminar BL theory.

In order to quantify the intensity of velocity asymmetry, for 2D cases, the
absolute value of the ratio of horizontal maximum mean velocity v̄max and hor-
izontal minimum mean velocity ūmin is calculated, namely, v̄r = |v̄max|/|v̄min|,
and the similar ratio is also obtained for vertical velocity w̄r = |w̄max|/|w̄min|.
Figure 3.4 shows v̄r and w̄r as a function of Ra for different ϵ. It is well known
that the velocity ratios should equal to 1 within OB approximation due to
inherent symmetry of the system, while they deviate from 1 under NOB con-
ditions. Here, we can see that v̄r or w̄r is a non-monotonic function of Ra
for different ϵ. For Ra ≲ 8 × 108, v̄r shows a strong deviation under NOB
conditions, and the maximum deviation is around 8% at Ra = 3 × 108 with
ϵ = 0.4. Similar behaviors are found for w̄r. Furthermore, the most interesting
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Figure 3.3: Mean velocity profiles of v̄(z) for 2D cases in the plane of y = 0.5
(upper panel) and w̄(y) in the plane of z = 0.5 (bottom panel) for (a,c)
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Figure 3.4: v̄r (a) and w̄r (b) versus Ra for different ϵ for 2D cases.

feature is that the Ra dependence of v̄r or w̄r is not monotonous, similar to
the convection of air with NOB effects in a differentially heated cell [109].
Based on the present data, it seems that the asymmetric feature of velocity is
weakened for high Ra, which should also be attributed to the change of flow
pattern when Ra ≳ 8× 108, as illustrated in figure 3.2.

The temperature profiles and shift of center temperature

Apart from the velocity distribution, the NOB effects also exert a significant
influence on the temperature field. Here, we are committed to study the influ-
ence of NOB effects on temperature profiles and center temperature quantita-
tively. Within OB approximation, the center temperature Tc should be equal
to 1 (or Θc = 0). However, the Tc measured under NOB conditions will deviate
from this mean value, due to the asymmetry between top and bottom thermal
BLs [96, 99, 100, 102]. For instance, with much smaller µ/k, the thicknesses
of viscous/thermal BLs near the the cold wall become much thinner in the
present system [79].

Figure 3.5 shows the profiles of time averaged reduced temperature ⟨Θ⟩t
on the line at y = 0.5 in 2D OB and NOB cases with different ϵ and Ra.
For OB cases, Θ in the bulk is nearly zero, and slight overshoots are observed
near the edge of the thermal BL for Ra = 108, which is influenced by the
relatively large size corner rolls. Such overshoots can also be observed in NOB
cases. At Ra = 109, the overshoots disappear since that these corner rolls
are smaller and detach from the corner frequently. For NOB cases, Θ in the
bulk become positive for various ϵ and Ra. This finding is similar to that
in strongly turbulent RB convection in liquids [95], which is opposed to the
previous finding for ethane gas close to its critical point [96]. It should be
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Figure 3.5: The profiles of time averaged reduced temperature ⟨Θ⟩t for 2D
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Figure 3.7: (a) Variations of k with Θ. (b) The profiles of Θ for OB and various
ϵ cases at the motionless state.

mentioned that the prediction of the central temperature is still a tough task
because of the nonlinear temperature dependence of material properties. In
the present system, the thermal conductivity increases with the increase of the
temperature, similar to that in liquids instead of gaseous ethane close to its
critical point, which might play a dominant role. Figure 3.6 shows the profiles
of time and plane averaged reduced temperature ⟨Θ⟩t,S for the 3D case at
Ra = 108 for various ϵ. The asymmetry of top and bottom thermal boundary
layers is still presented under NOB conditions, but the shift of Tc in the bulk
becomes much smaller. At z/H = 0.5, the center reduced temperature Θc is of
order 10−3, which is almost close to the level of statistical uncertainties. The
NOB effects on the shift of Tc are greatly reduced in 3D cases, which has not
been fully understood. We guess that it might be attributed to better fluid
mixing for air in the bulk with the flow motion in the third dimension.

In the present cases, we conjecture that the positive shift of Tc is mainly at-
tributed to the temperature-dependent thermal conductivity k. In other word,
the sign of Θc can be judged beforehand based on the solution of motionless
state as follows. It is well known that the motionless conductive state is always
a solution of the system before convection onset, which can be used as the base
flow for studying onset of instability [105]. With the fixed temperatures at the
top and bottom boundaries, the profiles of temperature T for different ϵ can
be obtained by solving the nonlinear equation

d

dz

(
k
dT

dz

)
= 0 (3.8)

with given boundary conditions at the top and bottom plates:

T |z=H = 1− ϵ, T |z=0 = 1 + ϵ
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.
Figure 3.7(a) shows the thermal conductivity k as a function of Θ, while

the profiles of temperature in the conduction state in the OB and NOB cases
are presented in figure 3.7(b). It is seen that Tc will always be higher than 1 in
present cases, which is qualitatively in consistence with the present DNS results
shown in figure 3.5. The shifts of Tc at the cell center under motionless states
are around 0.022, 0.044 and 0.087 for ϵ = 0.1, 0.2 and 0.4, respectively, which
will be compared with DNS results with turbulent convection at relatively
high Ra.

As mentioned before, the shift of Tc is greatly reduced in 3D cases, thus
in figure 3.8(a) we only show the relative deviation (Tc − Tm)/2ϵ at the cell
center versus ϵ at various Ra in 2D cases. We can see that all deviations are
positive, in qualitative agreement with predictions under motionless states as
shown in figure 3.7. This is similar to the finding for water [99]. Moreover, the
Tc is strongly dependent on Ra, and the maximum relative deviation is about
5%, occurring at Ra = 3 × 108, but all the relative deviations are below the
values of motionless states. Previously, for convection in water under NOB
conditions, Ref. [99] found that the relative deviation is rather independent of
Ra as Ra ≳ 105 and it almost increases linearly with increasing the tempera-
ture difference. However, for 2D RB convection of air with large temperature
difference, the data points of relative deviations are quite scattered, and such
a linear relationship seems to be no longer valid. Furthermore, for RB con-
vection in water with NOB effects, the Tc can even be reasonably predicted
by the extended Prandtl-Blasius BL theory [95] despite the large deviations
in the temperature profiles. Nevertheless, due to the strong scatter and Ra
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Figure 3.9: The time averaged temperature (Tc − Tm)/2ϵ fields at (a) Ra =
5 × 108 and (b) Ra = 109 under NOB conditions. The mean velocity vectors
are also shown.
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dependence of our data, we cannot directly borrow the extended BL theory to
predict Tc in present cases. Figure 3.8(b) shows relative deviations versus ϵ for
different Ra. Clearly, the largest deviations occur at ϵ = 0.4 for all Ra num-
bers. Similar to v̄r or w̄r, the Ra dependence of Tc is not monotonous. Inter-
estingly, for Ra ≳ 5×108, the value of relative deviation will not be enhanced,
but reduced slightly for all ϵ as Ra increases, which might be attributed to
the altered flow organizations. Figure 3.9 shows the mean temperature fields
(Tc − Tm)/2ϵ at Ra = 5 × 108 and 109. It is clear that the size of corner roll
is smaller at Ra = 109 than that at Ra = 5 × 108, and the former case has
smaller value of (Tc − Tm)/2ϵ. The mean flow organization at Ra = 109 for
case ϵ = 0.1 is quite similar to that for case ϵ = 0.2, and then we can see
their values of (Tc−Tm)/2ϵ are very close, as shown in figure 3.8(b). The case
ϵ = 0.4 at Ra = 109 has a larger hot left-bottom corner roll, which produces
a larger relative deviation at the cell center. Thus, except for the boundary
layers, we think the flow organization also plays a certain role in determining
the relative deviation at the cell center.

3.3.2 Global heat transport

Case OB ϵ = 0.1 ϵ = 0.2 ϵ = 0.4
2D Nu ≃ 0.109Ra0.295 Nu ≃ 0.110Ra0.295 Nu ≃ 0.116Ra0.292 Nu ≃ 0.107Ra0.296

3D Nu ≃ 0.164Ra0.285 Nu ≃ 0.169Ra0.283 Nu ≃ 0.167Ra0.284 Nu ≃ 0.168Ra0.282

Table 3.1: The best power-law fit of Nu ∼ Raα for OB and various ϵ cases in
2D and 3D cases.

We now pay attention to the global heat transport with/without NOB effects, which
is measured by the Nusselt number Nu, defined as:

Nu =
Q

k2ϵ/H
, (3.9)

where Q is the heat flux across any horizontal plane. Figures 3.10(a) and 3.10(c)
show the log-log plot of Nu versus Ra for OB and NOB cases for various ϵ. It is
clear that the change of Nu caused by NOB effects is quite small, which cannot be
distinguished directly in a log-log plot. Therefore, we list the raw data of Nu for all
cases in tables 3.3 and 3.4. It is well known that in RB convection for a fixed Pr, the
relationship between Nu and Ra can usually be expressed by a power-law scaling, i.e.,
Nu ∼ Raα. For 2D RB convection within OB approximation, Ref. [122] examined
Ra scalings of Nu for Pr = 0.7 and Pr = 5.3, which yields Nu ∼ Ra0.30±0.02

for both Pr. Presently, table 3.1 lists the best power-law fitting to Nu versus Ra
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for OB and various ϵ cases. Clearly, for current 2D cases in the Ra number range
5× 107 ≤ Ra ≤ 5× 109 , the Nu versus Ra for OB cases yields Nu ∼ Ra0.295, which
is very close to that in Refs. [120, 122, 145, 146]. It should be emphasized that the
Ra-scaling exponents are also insensitive to NOB effects in RB convection despite of
the changes in flow organizations caused by top-down symmetry breaking, similar to
the differentially heated cavity [109]. For present 3D cases in the Ra number range
3 × 106 ≤ Ra ≤ 108, the Nu versus Ra for OB cases yields Nu ∼ Ra0.285, which is
also close to its 2D counterpart.

In addition, to quantitatively show the NOB effects on Nu, the Nusselt number ra-
tio NuNOB/NuOB versus ϵ for all Ra is shown in figures 3.10(b,d). As aforementioned,
the flow organizations are changed due to NOB effects, including the mean velocity
and temperature profiles. However, the Nusselt number Nu seems to be insensitive to
the change of ϵ, even up to ϵ = 0.4, corresponding to the dimensional temperature dif-
ference 240 K. For 2D cases, the maximum deviation of NuNOB/NuOB from 1 for all
Ra is less than 2%. It is also found that the maximum deviation for 3D cases (≲ 1%)
is even smaller than that for 2D cases. Interestingly, similar to Ra dependence of Tc,
the Nusselt number ratios here display an obvious dependence on Ra despite of the
limited deviations, while they are only weakly dependent on Ra for water with NOB
effects [99].

3.3.3 Reynolds numbers
In RB convection, the Reynolds number Re is an important response parameter,
which is defined as:

Re =
ÛĤ

ν̂0
=

√
Ra

Pr
U (3.10)

where Û and U are the dimensional and dimensionless characteristic velocity.
Here, we choose the root mean square (r.m.s.) velocities as the characteristic

velocity [122,147–149], i.e., U = U rms =
√
⟨u · u⟩V , where ⟨·⟩V denotes space average

in two and three dimensions, and u is the velocity vector. Figure 3.11(a,c) shows
Re based on r.m.s. of velocities as a function of Ra for OB and NOB for various ϵ.
Similar to Nu, the Reynolds number can also be expressed by a power-law scaling, i.e.,
Re ∼ Raβ . It is clear that the influence of NOB effects on Re are quite limited, which
almost has no influence on the Ra scaling exponents. Based on U rms, the power-law
fitting to the data of OB cases yields the scaling of Re ∼ Ra0.617 in 2D cases and
Re ∼ Ra0.491 in 3D cases. For 2D cases, the scaling exponent 0.617 is in excellent
agreement with the exponent 0.62 found for OB case of water by [99], and is also
close to 0.6 reported by [122, 146] recently. For 3D cases, the scaling exponent is
notably smaller than that for 2D RB flows, which agrees with previous findings that
this exponent ranges from 0.42 to 0.5 for 3D RB flows with various working fluids
based on one- and multiple-point measurement [150–153]. To show the differences
quantitatively due to NOB effects, the Reynolds number ratio ReNOB/ReOB versus
ϵ for all Ra is presented in figure 3.11(b,d). We note that the maximum deviation of



3.3. RESULTS AND DISCUSSION 53

0.1 0.2 0.3 0.4
0.98

0.99

1

1.01

1.02

Ra=3×10
6

Ra=1×10
7

Ra=3×10
7

Ra=1×10
8

10
6

10
7

10
8

500

1000

1500

2000

2500

 

 

0.1 0.2 0.3 0.4
0.94

0.96

0.98

1

1.02

1.04

1.06
Ra=5×10

7

Ra=8×10
7

Ra=1×10
8

Ra=3×10
8

Ra=5×10
8

Ra=8×10
8

Ra=1×10
9

Ra=5×10
9

10
7

10
8

10
9

10
10

10
3

10
4

10
5
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ReNOB/ReOB from 1 for all Ra numbers is about 3% for 2D cases and about 1% for
3D cases. In the scope of present data, this deviation does not show an obvious growth
trend with increasing Ra or ϵ, so we guess that the NOB effects at some higher Ra
experiments might also be limited at least for air.

Case OB ϵ = 0.1 ϵ = 0.2 ϵ = 0.4
2D Re ≃ 0.042Ra0.617 Re ≃ 0.044Ra0.615 Re ≃ 0.045Ra0.613 Re ≃ 0.042Ra0.618

3D Re ≃ 0.236Ra0.491 Re ≃ 0.238Ra0.491 Re ≃ 0.235Ra0.492 Re ≃ 0.253Ra0.487

Table 3.2: The best power-law fittings for Re versus Ra for OB and various ϵ
in 2D and 3D cases

3.3.4 The viscous and thermal boundary layers
Here, we derive the laminar BL equations starting from the non-dimensionalized low-
Mach-number Navier-Stokes equations. For derivation of a steady BL solution, we
assume time derivatives to be zero (∂(·)/∂t ≡ 0) in equations (10.1)-(10.3). Fur-
thermore, we consider a two-dimensional BL in the x − z plane with zero-pressure
gradient, and the buoyancy term is neglected. The temperature is assumed to be
advected passively. Finally, the equations of flow motion are simplified to

∂ρu

∂x
+

∂ρw

∂z
= 0, (3.11)

ρu
∂u

∂x
+ ρw

∂u

∂z
=

√
Pr

Ra

∂

∂z
(µ

∂u

∂z
), (3.12)

ρCp(u
∂T

∂x
+ w

∂T

∂z
) =

1√
RaPr

∂

∂z
(k

∂T

∂z
), (3.13)

Here we further assume ρT = 1 which is valid for open system. Furthermore, introduce
a stream function:

ρu =
∂Ψ

∂z
, ρw = −∂Ψ

∂x
. (3.14)

Next, refer to Refs. [95,96], we further introduce a self-similar variable Z̃ = z/L, while
Ψ̃ = Ψ/LU , such that L = (Pr/Ra)1/4

√
x/U . So the velocity components become

u =
U

ρ
Ψ̃′, w =

√
Pr

Ra

1

2ρL
(Z̃Ψ̃′ − Ψ̃). (3.15)

Then, the momentum equation becomes:

µΨ̃′′′ + (
Ψ̃

2
− µ

2ρ′

ρ
+ µ′)Ψ̃′′ + [µ(

2ρ′ρ′

ρ2
− ρ′′

ρ
)− µ′ ρ

′

ρ
− Ψ̃

2

ρ′

ρ
], Ψ̃′ = 0 (3.16)



3.3. RESULTS AND DISCUSSION 55

and the temperature equation becomes:

kT ′′ + (k′ +
1

2
Cp Pr Ψ̃)T ′ = 0, (3.17)

From the equation of state ρ = 1/T , we can get:

µΨ̃′′′ + (
Ψ̃

2
+ µ

2T ′

T
+ µ′)Ψ̃′′ + (µ

T ′′

T
+ µ′T

′

T
+

1

2
Ψ̃
T ′

T
)Ψ̃′ = 0, (3.18)

kT ′′ + (k′ +
1

2
Cp Pr Ψ̃)T ′ = 0, (3.19)

where

µ′ = (1 + Sµ)(−
T 1.5

(T + Sµ)
2 +

1.5T 0.5

(T + Sµ)
)T ′, (3.20)

k′ = (1 + Sk)(−
T 1.5

(T + Sk)
2 +

1.5T 0.5

(T + Sk)
)T ′, (3.21)

and the boundary conditions are:

Ψ(0) = 0, Ψ′(0) = 0, Ψ′(∞) = ρ∞, (3.22)
T (0) = Tw, T (∞) = T∞. (3.23)

In this paper, we use the density and temperature at the cell center from DNS results
to define the boundary conditions for the BL equations at infinity (ρ∞, T∞). Tw is
the temperature at the wall as sketched in figure 3.1, i.e., Tw = 1 + ϵ (hot plate)
or Tw = 1 − ϵ (cold plate). Then, the new BL equations can be solved by shooting
method, the results of which are compared to the DNS results in §(3.3.4).

The viscous/thermal boundary layer
Here, in some cases, we cannot find the maximum velocity near the BL edge as
shown in figure 3.3(b). Therefore, we use a new definition of the thickness of viscous
BL (δv) as illustrated in figure 3.12, which is slightly different from that in prior
studies [154, 155]. According to BL theory, the viscous effects mainly come from the
term containing the secondary derivative of velocity. In order to find the edge of
viscous BL, we calculate the secondary derivative of velocity with respect to z, i.e.,
v′′(z), and set the location of 3% of the peak value of |v′′(z)| to be the edge of viscous
BL, ensuring that the viscous effects become small at this location and beyond. Then,
the velocity at the edge of viscous BL is denoted as ve. The thickness of viscous BL
δv is defined as the distance from the wall at which the extrapolation of the linear
part of the horizontal velocity profile meets the horizontal line passing through the
velocity ve. We examined that for Ra = 108 this difference of δv between current and
prior definitions is less than 1%. The thickness of thermal BL (δT ) can also be defined
using the center temperature Tc in a similar way [156].
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Figure 3.13: The comparison of normalized velocity profiles of current BL
equations and DNS results for OB and NOB cases with different Ra on the
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thickness of viscous BL. ue is the velocity at the edge of the BL.
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Figure 3.13 shows the profiles of normalized velocity v(z)/ve as a function of z/δv
for Ra = 108, 109 for OB and NOB cases on the line of y = 0.5 in 2D cases. For
each DNS case, the combination of ve and δv can be uniquely determined. Due to
symmetry breaking under NOB conditions, the velocity profile on the bottom (top)
plate is shown on the left (right) panel in figure 3.13. There are some deviations of
velocity profile between the solutions of present BL equations and DNS which are also
found in experiments by Ref. [155], and DNS by Ref. [157]. However, we find similar
trend of viscous BL profiles due to NOB effects between the extended BL solutions
and DNSs. Clearly, we find that the changes of the normalized velocity profiles on
the bottom plate and the top plate are opposite. The deviations could result from
the generation of plumes, pressure gradient and time variation of BL, since that the
laminar BL theory relies on a series of assumptions. However, in general, our extended
BL equations can reasonably predict the influence of NOB effects on the velocity
profiles, regardless of the Ra. Figure 3.14 further shows the profiles of Θ as a function
of z/δT for Ra = 108, 109 for both OB and NOB cases. The value of δT for each DNS
case is determined according to δv, since that the equations (3.16) and (3.17) are
coupled. Again, the temperature profiles obtained by extended BL equations agree
qualitatively with the DNS results, and we still observe a certain degree of deviations
near the edge of thermal BLs.

As shown in figure 3.13, we easily find that the thickness of viscous/thermal BL
is increased near the hot plate due to NOB effects, and decreased near the cold plate.
In figure 3.15, we compare the sum of thicknesses of top and bottom viscous/thermal
BL for NOB case to OB case by calculating the ratios Fδv and FδT at y = 0.5 for 2D
cases, which are defined as

Fδv = 2δOB
v /(δtv + δbv)

NOB, FδT = 2δOB
T /(δtT + δbT )

NOB. (3.24)

From figure 3.15(a), it is seen that there are relatively strong deviations from
1 for Fδv (at most around 6%), which are also Ra dependent. For Ra ≲ 8 × 108,
the NOB effects on velocity fields are relatively stronger. For higher Ra, the LSC
is broken, the corner rolls become unstable and the velocity fields are dominated
by smaller vortex structures, which weaken the impact of NOB effects. In contrast
to Fδv , the NOB effects have less impact on FδT . The maximum deviation from 1
for FδT is at most around 3% due to cancellations between δtT and δbT , close to the
deviations of NuNOB/NuOB, but no tendency can be seen. In water under NOB
conditions, Ref. [95] also attributed the robustness of Nu towards NOB effects to
compensation effect of top and bottom thermal BLs. Present data for air even with
large temperature differences seems to support this statement, suggesting that this
mechanism holds in different system under NOB conditions. As aforementioned, the
flow structure is reorganized around Ra ≃ 8×108 in 2D cases, but one cannot observe
any clear transition from the data of FδT .
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3.4 Conclusions

To summarize, we have systematically studied 2D and 3D RB convection of air under
NOB conditions due to large temperature differences by DNS. We consider the turbu-
lence system with large temperature differences (60 K-240 K), which gives rise in large
density variations. The extremely large temperature difference case with ∆T̂ = 240
K is also considered, which has not been reached in previous experiments. The strong
NOB effects are induced in a moderate Ra range 3×106 ≤ Ra ≤ 5×109. To the best of
our knowledge, the low-Mach-number Navier-Stokes equations are firstly employed in
order to treat 3D turbulence with large density variations and temperature-dependent
fluid properties in Rayleigh-Bénard convection at relatively high Ra [133].

First, for air with large density variations, the top-down symmetry is broken with
NOB effects which induces some changes in flow organizations, such as the shift of
center temperature Tc and the asymmetry of the velocity/thermal BLs. The Tc is
increased under NOB conditions compared to the arithmetic mean temperature of
the top and bottom plates Tm, which is different from ethane gas close to its critical
point [96]. The maximum relative deviation (Tc − Tm)/2ϵ is around 5% in 2D cases,
while it becomes quite small in 3D cases. As reported by Ref. [95, 99], the Tc for
water under NOB conditions are weakly dependent on Ra, which can be generally
predicted by an extended Prandtl-Blasius theory. However, this theory fails in the
present system due to the fact that present results of Tc are scattered and strongly
dependent on Ra. Combined with previous experimental and numerical results, we
can conclude that the deviation of the center temperature is sensitively dependent on
the particular working fluid.

Moreover, for all Ra and ϵ explored, we find that the NOB effects have a very
limited influence on Nu. NuNOB will differ from NuOB by 2% or less regardless of
the existence of stable LSC. The Nusselt number ratios NuNOB/NuOB are Ra and ϵ
dependent, while they are only weakly dependent on Ra for water with NOB effects
[99, 128]. More importantly, we also find that the power-law scaling of Nu ∼ Raα

are rather insensitive to the NOB effects. The maximum influence of NOB effects
on Re is around 3% for 2D cases and 1% for 3D cases, which are also Ra and ϵ
dependent. In general, the NOB effects on Nu and Re are much weaker in 3D cases.
This finding is also different from that for the low temperature gaseous helium [97]
in 3D cylindrical cell. Besides, unlike the NOB effects in water, the extremely large
temperature differences induce large density variations, which is the most significant
feature of the present system, however, the effects of large density variations seem
to play a very limited role on global heat and momentum transport in the scope of
present study.

Finally, the extended BL equations based on low-Mach number Navier-Stokes
equations are developed, involving the strong variation of density, as well as the
temperature-dependent fluid properties. The NOB effects on BL velocity profiles
shown by DNS are predicted qualitatively by the extended BL theory despite of
the large deviations in the z-dependence of horizontal mean velocity profiles on the
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line of y = 0.5 for 2D cases. With increasing ϵ, the relative velocity inside BLs near
the hot plate is increased, while it decreases near the cold plate. From the data of
Fδv and FδT , we interestingly find that the NOB effects have a much stronger impact
on the viscous BLs than the thermal BLs. For all Ra explored, the data of FδT are
scattered but their deviations from 1 are at most around 3%, close to the deviations of
NuNOB/NuOB. In the present system, the data also support that the compensation
effect between the top and bottom thermal BL leads to the robustness of Nu against
the NOB effects, suggesting that this mechanism holds in many different systems
under NOB conditions.

In a word, this study fills the gap of numerical study of NOB effects in air with
large temperature differences at relatively high Ra in both 2D and 3D systems. The
results show that the power-law scalings for Nu and Re versus Ra are rather insensi-
tive to the NOB effects for air, in particular for 3D RB flows, which implies that the
NOB effects may play a very limited role for Nu and Re at some high Ra experiments
with large temperature differences in air or other perfect gases.

3.5 Appendix
The detailed simulation parameters and results are presented in table 3.3 and table
3.4.

Case Ra Nx ×Nz tavg N b
BL N t

BL Nu NuV Re
OB 5× 107 256× 256 1500 14 14 19.77 ± 0.06 19.71 2385 ± 6

ϵ = 0.1 384× 384 1500 20 22 19.80 ± 0.10 - 2406 ± 10
ϵ = 0.2 384× 384 1500 19 23 20.12 ± 0.09 - 2452 ± 8
ϵ = 0.4 384× 384 1500 16 26 19.60 ± 0.08 - 2430 ± 3

OB 8× 107 384× 384 1500 18 18 23.30 ± 0.09 23.28 3153 ± 7
ϵ = 0.1 512× 512 1500 30 33 23.42 ± 0.07 - 3153 ± 4
ϵ = 0.2 512× 512 1500 28 34 23.53 ± 0.12 - 3162 ± 5
ϵ = 0.4 512× 512 1500 23 37 23.19 ± 0.08 - 3116 ± 8

OB 1× 108 384× 384 1000 17 17 25.31 ± 0.10 25.21 3623 ± 8
ϵ = 0.1 512× 512 1000 28 30 25.16 ± 0.07 - 3591 ± 9
ϵ = 0.2 512× 512 1000 26 32 25.17 ± 0.15 - 3550 ± 6
ϵ = 0.4 512× 512 1000 22 35 24.91 ± 0.16 - 3519 ± 6

OB 3× 108 512× 512 1000 17 17 35.79 ± 0.12 35.63 6793 ± 8
ϵ = 0.1 512× 512 1000 21 22 35.74 ± 0.05 - 6805 ± 17
ϵ = 0.2 512× 512 1200 20 23 35.75 ± 0.05 - 6768 ± 27
ϵ = 0.4 512× 512 1600 17 25 35.67 ± 0.09 - 6597 ± 18

OB 5× 108 512× 512 1000 14 14 42.32 ± 0.07 42.26 9298 ± 25
ϵ = 0.1 512× 512 1000 14 19 42.28 ± 0.13 - 9266 ± 17
ϵ = 0.2 512× 512 1000 13 20 42.35 ± 0.11 - 9409 ±17
ϵ = 0.4 512× 512 1600 11 22 42.43 ± 0.13 - 9372 ± 16

OB 8× 108 768× 768 800 20 20 46.94 ± 0.45 47.31 13896 ± 47
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Case Ra Nx ×Nz tavg N b
BL N t

BL Nu NuV Re
ϵ = 0.1 768× 768 800 19 21 47.06 ± 0.47 - 13768 ± 91
ϵ = 0.2 768× 768 1000 16 22 46.93 ± 0.17 - 13689 ± 92
ϵ = 0.4 768× 768 900 14 22 46.92 ± 0.17 - 14084 ± 59

OB 1× 109 768× 768 800 21 21 50.18 ± 0.25 50.01 15327 ± 123
ϵ = 0.1 768× 768 800 20 22 49.70 ± 0.24 - 15499 ± 41
ϵ = 0.2 768× 768 1000 19 23 49.83 ± 0.36 - 15494 ± 134
ϵ = 0.4 768× 768 800 17 24 49.53 ± 0.36 - 15301 ± 55

OB 5× 109 1152× 1152 600 21 21 76.58 ± 0.63 76.49 39691 ± 520
ϵ = 0.1 1152× 1152 800 20 21 76.76 ± 0.81 - 39218 ± 365
ϵ = 0.2 1152× 1152 1000 19 22 76.68 ± 0.96 - 39187 ± 538
ϵ = 0.4 1152× 1152 800 17 23 76.03 ± 0.96 - 39520 ± 412

Table 3.3: Simulation parameters for 2D cases. The columns from left to right
indicate the following: OB and various ϵ cases (NOB), Rayleigh number Ra,
grid size (Nx × Nz), the averaging time for calculating statistics tavg, the
number of grid points within the bottom thermal BL N b

BL and top thermal
BL N t

BL, Nusselt numbers Nu measured at the bottom plate, Nusselt numbers
NuV =

√
RaPr⟨ϵu⟩V,t + 1 measured by the globally averaged kinetic energy

dissipation rates and Reynolds numbers Re =
√
Ra/PrU rms. The Prandtl

number Pr is fixed to 0.71.

Case Ra Nx ×Nz tavg N b
BL N t

BL Nu NuV Re
OB 3× 106 128× 128× 128 500 13 13 11.50 ± 0.08 11.47 357.8 ± 2.7

ϵ = 0.1 128× 128× 128 500 12 12 11.56 ± 0.02 - 358.4 ± 3.6
ϵ = 0.2 128× 128× 128 500 12 11 11.49 ± 0.04 - 357.4 ± 1.8
ϵ = 0.4 128× 128× 128 500 11 10 11.49 ± 0.08 - 359.9 ± 1.6

OB 1× 107 192× 192× 192 400 19 19 16.25 ± 0.05 16.23 649.6 ± 2.5
ϵ = 0.1 192× 192× 192 400 20 18 16.20 ± 0.03 - 652.7 ± 2.9
ϵ = 0.2 192× 192× 192 400 21 17 16.24 ± 0.07 - 652.6 ± 3.6
ϵ = 0.4 192× 192× 192 400 22 15 16.28 ± 0.13 - 653.0 ± 1.0

OB 3× 107 256× 256× 288 400 21 21 22.14 ± 0.04 22.15 1112.9 ± 1.5
ϵ = 0.1 256× 256× 288 400 22 20 22.07 ± 0.02 - 1116.9 ± 3.1
ϵ = 0.2 256× 256× 288 400 23 19 22.09 ± 0.02 - 1114.7 ± 2.1
ϵ = 0.4 256× 256× 288 400 25 17 21.96 ± 0.03 - 1107.8 ± 0.7

OB 1× 108 384× 384× 392 400 28 28 31.29 ± 0.02 31.39 2004.1 ± 4.6
ϵ = 0.1 384× 384× 392 400 29 26 31.24 ± 0.08 - 2004.7 ± 1.1
ϵ = 0.2 384× 384× 392 400 31 25 31.12 ± 0.03 - 2005.6 ± 3.3
ϵ = 0.4 384× 384× 392 400 33 22 31.00 ± 0.03 - 1989.6 ± 4.9
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Case Ra Nx ×Nz tavg N b
BL N t

BL Nu NuV Re

Table 3.4: Simulation parameters for 3D cases. The columns from left to right
indicate the following: OB and various ϵ cases (NOB), Rayleigh number Ra,
grid size (Nx×Ny ×Nz), the averaging time for calculating statistics tavg, the
number of grid points within the bottom thermal BL N b

BL and top thermal
BL N t

BL, Nusselt numbers Nu measured at the bottom plate, Nusselt numbers
NuV =

√
RaPr⟨ϵu⟩V,t + 1 measured by the globally averaged kinetic energy

dissipation rates and Reynolds numbers Re =
√
Ra/PrU rms. The Prandtl

number Pr is fixed to 0.71.



Chapter 4

Multiple states in turbulent
large-aspect ratio thermal
convection: What determines
the number of convection
rolls?◦

Wall-bounded turbulent flows can take different statistically stationary turbulent states,
with different transport properties, even for the very same values of the control parameters.
What state the system takes depends on the initial conditions. Here we analyze the
multiple states in large-aspect ratio (Γ) two-dimensional turbulent Rayleigh–Bénard flow
with no-slip plates and horizontally periodic boundary conditions as model system. We
determine the number n of convection rolls, their mean aspect ratios Γr = Γ/n, and the
corresponding transport propertie of the flow (i.e., the Nusselt number Nu), as function of
the control parameters Rayleigh (Ra) and Prandtl number. The effective scaling exponent
β in Nu ∼ Raβ is found to depend on the realized state and thus Γr, with a larger value
for the smaller Γr. By making use of a generalized Friedrichs inequality, we show that
the elliptical shape of the rolls and viscous damping determine the Γr-window for the
realizable turbulent states. The theoretical results are in excellent agreement with our
numerical finding 2/3 ≤ Γr ≤ 4/3, where the lower threshold is approached for the larger
Ra. Finally, we show that the theoretical approach to frame Γr also works for free-slip
boundary conditions.

◦Based on: Qi Wang, Roberto Verzicco, Detlef Lohse, Olga Shishkina, Multiple states in
turbulent large-aspect ratio thermal convection: What determines the number of convection
rolls? Phys. Rev. Lett. 125, 07451 (2020)
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4.1 Introduction

For laminar flows, flow transitions can often be calculated from linear stability anal-
ysis. Such an analysis not only gives the critical value of the control parameter at
which the instability sets in, but also the wavelength of the emerging structure. Fa-
mous classical examples for linearly unstable wall-bounded flows are the onset of
convection rolls in Rayleigh–Bénard convection or the onset of Taylor rolls in Taylor–
Couette flow [62]. In both cases, the rolls of the most unstable mode have a certain
wavelength which follows from the linear stability analysis. With increasing flow driv-
ing strength, more and more modes become unstable, and in the fully turbulent case
the base flow is unstable to basically any perturbation.

What then sets the size of the flow structures in such fully turbulent wall-bounded
flow? Several findings have suggested that wall-bounded turbulent flows can take dif-
ferent statistically stationary turbulent states, with different length scale of the flow
structures and with different transport properties, even for the very same values of
the control parameters. Examples for the coexistence of such multiple turbulent states
include turbulent (rotating) Rayleigh–Bénard convection [107,145,158–162], Taylor–
Couette turbulence [163–165], double-diffusive convection turbulence [166] ,von Kar-
man flow [167–170], rotating spherical Couette flow [171], Couette flow with span-
wise rotation [172], but also geophysical flows [173, 174] such as in ocean circula-
tion [25, 27, 175], in the liquid metal core of Earth [4, 6, 176, 177], or in the atmo-
sphere [178,179].

The occurrence of multiple states in fully turbulent flows can be considered un-
expected since, according to Kolmogorov [180], for strong enough turbulence, the
fluctuations should become so strong that the whole highly dimensional phase-space
is explored. Of course, one could argue that in the above given cases and examples,
the turbulence driving has not yet been strong enough to reach that state and that
the occurrence of multiple turbulent states in wall-bounded turbulence may be a finite
size effect, but in any case even then it remains open what sets the range of allowed
sizes of the flow structures in such turbulent flows.

To illuminate this question, as a model system we picked two-dimensional (2D)
Rayleigh–Bénard (RB) turbulence, the flow in a closed container heated from below
and cooled from above [53–55]. The control parameters are the Rayleigh number Ra,
which is the dimensionless temperature difference between the plates, the Prandtl
number Pr, which is the ratio between kinematic viscosity (ν) and thermal diffusivity
(κ), and the aspect ratio Γ = W/H, i.e., the ratio between horizontal (W ) and vertical
(H) extension of the system. The response parameters are the Nusselt number Nu =
QH/(k∆) and the Reynolds number Re = UH/ν, which indicate the dimensionless
heat transport and flow strength in the system. Here Q is the heat flux crossing the
system, k the thermal conductivity, ∆ the temperature difference at the plates, and
U =

√
⟨u2⟩V,t the time and volume-averaged velocity.

The flow dynamics is given by the Boussinesq approximation of the Navier-Stokes
and the advection-diffusion equation, with the corresponding boundary conditions
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(BCs) for the temperature and velocity fields. For the latter at the plates we will
first apply no-slip BCs, but later also examine free-slip BCs – a difference which will
turn out to be major for the range of allowed states. Periodic BCs are used in the
horizontal direction.

We are very much aware of the differences between 2D and 3D RB flow [181], but
in particular for large Pr ≥ 1 there are extremely close similarities between 2D and
3D RB flows, and we wanted to pick a model system for which (i) we can reasonably
explore the considerable parameter space for a large enough number of initial flow
conditions and (ii) we have the chance to obtain exact analytical results for the range
of allowed flow structures.

The parameter range we will explore is for large Prandtl numbers in the range
1 ≤ Pr ≤ 100, for Rayleigh numbers in the range 107 ≤ Ra ≤ 1010 and for large Γ up
to Γ = 32. Note that in 2D RB, multiple coexisting turbulent states had been found
before for Ra = 107, Pr = 0.7 and Γ ≈ 0.64 (i.e., in an extremely limited range of
the parameter space) [159], but not for such large Γ and Ra as we explore here, as
the range of chosen initial flow conditions was not large enough [145], and clearly not
as general and omnipresent as we will find here.

4.2 Numerical settings
The direct numerical simulations were done with an advanced finite difference code
(AFiD [80]) with the criteria for the grid resolution, as found to be required in Ref.
[110]. The code has extensively been tested and benchmarked against other codes [182]
and applied in 2D RB even up to very large Ra = 4.64×1014 [183,184]. More simula-
tion details for all explored cases can be found in the supplementary material. In order
to trigger the possible convection roll state, we use different initial roll states generated
by a Fourier basis: u(x, z) = sin(n(i)πx/Γ)cos(πz), w(x, z) = −cos(n(i)πx/Γ)sin(πz),
where n(i) indicates the initial number of rolls in the horizontal direction. The initial
temperature has a linear profile with random perturbations.

4.3 Results

In figure 4.1(a) and 4.1(b) we show the temporal evolution of some flow characteristics
for six different initial flow conditions for the case of Ra = 1010, Pr = 10, and Γ = 8.
We vary the initial number n(i) of rolls from n(i) = 4 to n(i) = 14, implying aspect
ratios of the initial rolls from Γ

(i)
r = Γ/n(i) = 2 to Γ

(i)
r = 4/7. As flow characteristics

we picked the Reynolds number ratio Rez/Rex and the Nusselt number Nu. Here
Rez =

√
⟨w2⟩V H/ν is the volume averaged vertical Reynolds number and Rex =√

⟨u2⟩V H/ν the horizontal one, where w(t) and u(t) are the respective velocities. As
one can see in figure 4.1(a, b), depending on the six initial conditions, over the very
long time of more than 104 free-fall time units, the system evolves to either of three
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Figure 4.1: (a, b) Time evolution of (a) Rez/Rex and (b) Nu for different
initial roll states, Ra = 1010, Pr = 10, Γ = 8. Γ

(i)
r = Γ/n(i) is the initial

and Γr = Γ/n the final mean aspect ratio of the rolls; n(i) is the initial and
n the final number of the rolls. Note the logarithmic scales of the time axes.
(c) Rez/Rex as a function of Γr, for all studied combinations of Ra, Pr and
Γ = 8. The dashed curve follows Γ−1

r . (d) Snapshots of the temperature fields
for the three statistically stable turbulent states for Γr = 1 (n = 8), Γr = 4/5
(n = 10) and Γr = 2/3 (n = 12) and the corresponding Nusselt numbers, for
Ra = 1010, Pr = 10, and Γ = 8. All sub-figures are for no-slip BCs.
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different final turbulent states, all with different Reynolds number ratio Rez/Rex and
Nusselt number Nu. The smaller the final mean aspect ratio Γr of the rolls, the larger
the Reynolds number ratio Rez/Rex and Nu, due to more plume-ejecting regions
which have strong vertical motion.

The time evolution of some of the six different initial states (n(i) = 6, 14) analyzed
in figure 4.1(a, b) can be seen in the supplementary movies [185], displaying roll
merging and splitting events. The states with large initial rolls (corresponding to
n(i) = 4, 6) break up quickly, while those with small initial rolls (n(i) = 14) first
undergo a transition into an unstable twelve-roll state (with smaller Rez/Rex than
the stable one) as seen in figure 4.1(a), followed by merging events of two neighboring
convection rolls. Though both, the Reynolds number ratio and the Nusselt number,
keep on fluctuating in time, reflecting the turbulent nature of the states, the three
final statistically stable turbulent states are clearly distinguished. We characterize
them by the final aspect ratio of their rolls, namely Γr = 1, Γr = 4/5, and Γr = 2/3,
corresponding to n = Γ/Γr = 8, 10, and 12 rolls, respectively. Snapshots of these
states and their corresponding Nusselt numbers are shown in figure 4.1(c). As one
can see, the larger the number of rolls, the better the (heat) transport properties of
the system, a characteristics which was found in Taylor–Couette flow before [163] and
which can intuitively be understood, due to the larger number of emitted plumes at
the interfaces between the rolls.

Consequently, when the cell aspect ratio Γ is stretched, the stretching of the mean
aspect ratio Γr = Γ/n of the corresponding individual rolls is accompanied with a
decrease of the corresponding Nusselt number, as seen in figure 4.2(a) and 4.2(b).
Though this behavior has been seen before [145], in figure 4.2(a) and 4.2(b) we clearly
see the coexistence of the different turbulent states. The determining relevance of the
final mean aspect ratio Γr = Γ/n of the individual rolls for the Nusselt number Nu
and Reynolds number Re in the statistically stationary case is nicely demonstrated
in figure 4.2(c) and 4.2(d), where we show that the dependences Nu(Γr) and Re(Γr)
are universal and irrespective of the individual values of Γ or n.

Remarkably, not only the absolute value of the Nusselt number depends on Γr,
but even the effective scaling behavior of Nu with Ra, as can be seen in figure 4.3(a).
The same holds for the Reynolds number, figure 4.3(b). In both cases the effective
scaling exponent is larger for turbulent states with smaller mean aspect ratio Γr of
the rolls (see the values given in Fig 4.3(a,b)), i.e., when the system can accommodate
a larger number n = Γ/Γr of rolls, presumably reflecting the larger disorder and the
larger number of emitted plumes for those states.

From figure 4.3(a, b) we also see that turbulent states with a too large aspect
ratio Γr of their rolls cease to exist with increasing Ra. Which turbulent states – as
characterized by the mean aspect ratio Γr of their rolls – are statistically stable for
given Ra and Pr can be seen from the phase diagrams in figure 4.4. For fixed Pr = 10,
all statistically stable turbulent states in the no-slip case have an aspect ratio Γr in
the range 2/3 ≤ Γr ≤ 4/3, in the Ra-range analyzed in this chapter. With increasing
Ra, we see the range moving towards smaller values of Γr; e.g. with 1 ≤ Γr ≤ 4/3 for

https://journals.aps.org/prl/abstract/10.1103/PhysRevLett.125.074501#supplemental
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Figure 4.2: (a) Nu and (b) final aspect ratio Γr = Γ/n of individual rolls, as
function of Γ, for different turbulent states. The numbers and colors in the
legend denote the number n of convection rolls of that state. (c) Nu and (d)
Re, as functions of Γr = Γ/n for three different values of Γ. In this figure
Ra = 109 and Pr = 10 and the BCs are no-slip.
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Figure 4.3: (a) Compensated Nusselt number Nu/Ra1/3 and (b) compensated
Reynolds number Re/Ra2/3, as functions of Ra, for four different turbulent
states as characterized by Γr, for Pr = 10, Γ = 8, and no-slip BCs. The
effective scaling exponents β and γ in the scaling relations Nu ∼ Raβ and
Re ∼ Raγ are shown next to the curves in the respective color of the state
and curve.

Ra = 108 and 2/3 ≤ Γr ≤ 1 for Ra = 1010, see figure 4.4(a). For Ra = 109, we find
2/3 ≤ Γr ≤ 1 for all Pr analysed in this chapter, see figure 4.4(b).

We now set out to mathematically understand the range of Γr the system can
take for given control parameters. First, we recall that the roll size in 3D flows [186] is
restricted by the elliptical instability [186–189]. Similarly, the strain–vorticity balance
in 2D flows is determined by the elliptical shape of the rolls. Thus we assume that
the essence of the flow is a set of elliptical rolls, each of which can be described by a
stream function Ψ(x, z) = (ξ + η) z

2

2 + (ξ − η)x
2

2 with ξ ≥ η ≥ 0.
The aspect ratio of the rolls, Γr, is directly related to the strain η and (half of)

the vorticity ξ through the relation Γr =
√
(ξ + η)/(ξ − η), corresponding to η/ξ =

(Γ2
r−1)/(Γ2

r+1). Averaging u2 and w2 over the area [−ΓrH/2, ΓrH/2]×[−H/2, H/2],
where u(x, z) = ∂Ψ/∂z and w(x, z) = −∂Ψ/∂x, we obtain Rex = ΓrRez, which is in
agreement with the simulations, see supplementary material. The Reynolds number
of the roll, Rer, satisfies

Re2 ≥ Re2r = Re2x +Re2z = ξ(ξ + η)H4/(6ν2). (4.1)

To form a roll, the strain must be bounded by the vorticity, η ≤ ξ, which gives Re2 ≥
η2H4/(3ν2). We now make use of the exact global balance for the total enstrophy Ω2

and the mean kinetic energy dissipation rate ϵu [190], namely, 4νξ2 = νΩ2 = ϵu =
ν3H−4(Nu− 1)RaPr−2. With the definition

B ≡ Re2 Pr2Ra−1(Nu− 1)−1 (4.2)

(which can be seen as non-dimensionalized ratio between the kinetic energy and the
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Figure 4.4: Phase diagram in the (a, c) Ra−Γr and (b, d) Pr−Γr parameter
space for (a, b) no-slip BCs and (c, d) free-slip BCs: (a) Pr = 10, Γ = 8; (b)
Ra = 109, Γ = 8; (c) Pr = 10, Γ = 16; (d) Ra = 108, Γ = 16. Black circles
denote that the corresponding roll state is stable, whereas red crosses mean
that it is not stable. The theoretical estimates for the transitions between the
regimes are shown as solid lines.
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Figure 4.5: B = Re2 Pr2

Ra(Nu−1) , as functions of (a, c) Ra and (b, d) Pr, for (a, b)
no-slip BCs and (c, d) free-slip BCs. The solid lines are fits to the data (see
supplementary material). Note that the values of B in the no-slip case (a, b)
are much smaller than those in the free-slip case (c, d).
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energy dissipation rate), from the relation between η/ξ and Γr and the inequali-
ties (4.1) and η ≤ ξ we obtain B ≥ (Γ2

r − 1)2/(Γ2
r + 1)2/12, which gives an estimate

of the maximal size of the rolls as

Γr ≤
√

1 + 2
√
3B/

√
1− 2

√
3B. (4.3)

Figs. 4.5(a, b) show the Ra- and Pr-dependences of B, obtained numerically
for the no-slip BCs, as well as their data fits (see supplementary material). As seen
from the phase diagrams in Figs. 4.4(a, b), using these fits in the upper bound (4.3)
gives quite reasonable estimates for the maximal mean roll size of statistically stable
turbulent states, see upper lines in Figs. 4.4(a, b).

We now come to the lower bound of the window of allowed Γr. First note that
Γr cannot be infinitesimally small, because, in order to form the rolls, the following
should hold: Γr ≥

√
1− 2

√
3B/

√
1 + 2

√
3B. One can obtain a more accurate esti-

mate when considering a rectangular region that frames a particular roll. Under the
assumption that the velocity components achieve their maximum at the boundaries
of this rectangle or vanish there, there exists a certain constant c > 2 such that
c2u2 ≤ Γ2

rH
2(∇u)2. We call this relation the generalized Friedrichs inequality and

derive it in the supplementary material. This inequality gives as estimate for the lower
bound of Γr,

Γr ≥ c
√
B, (4.4)

which is plotted as lower lines in figure 4.4(a, b) for c = 9. As can be seen, the
theoretical slopes reflect the general tendency of the numerical results. Note however
that at this point we cannot calculate the absolute value of the transition, i.e., the
value of c. We also remark that in the case when the container is too slender to keep
2 rolls (with the size, according to (4.4)), i.e., when Γ < 2c

√
B, the flow can take the

form of a zonal flow only. Thus, in the no-slip case, the zonal flow configuration [81,191]
is possible, but only in small-aspect ratio containers.

Our approach also leads to reasonable estimates for the window of allowed statis-
tically stable states in the free-slip case, which was numerically analyzed in Ref. [192]:
Taking the dependences Nu(Ra, Pr) and Re(Ra, Pr) for the various roll states from
that work, with the definition (4.2) we obtain B(Ra, Pr), see Figs. 4.5(c, d). In this
case, the values of B are significantly larger, allowing much larger rolls than in the
no-slip case. Furthermore, when the inequality (4.1) holds for any η, also when the
strain is as strong as the vorticity, η = ξ, the rolls can be of any size 1 ≤ Γr ≤ Γ/2 and
the zonal flows are possible as well. This situation happens when B ≥ 1/12. Thus,
very large-Γr states are possible, while particular state realizations depend on the
initial conditions. Indeed, this is consistent with the numerical findings in Ref. [192],
which are shown in Figs. 4.4(c, d). Note in particular that in Ref. [192] an as large
stable state as Γr = 64 (for Γ = 128, Ra = 108, Pr = 10) was found.

What about the lower bound for allowed Γr in the free-slip case? In contrast to
the upper bound, it always exists and just as in the no-slip case, by arguments again
based on the generalized Friedrich inequality (see supplementary material), we can
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find it. In figure 4.4(c, d) the result for the smallest Γr is plotted. It is based on the
estimate (4.4) and uses the fits from figure 4.5(c, d) for the smallest values of B with
c = 7. Again, the theoretical slopes in the Γr−Ra and Γr−Pr phase diagrams reflect
the general trend of the numerical results.

4.4 Conclusions
In conclusion, we have numerically shown the coexistence of multiple statistically
stable states in turbulent RB convection with no-slip BCs, with different mean aspect
ratios of their turbulent rolls and different transport properties, even scaling-wise.
We then theoretically illuminated what principles determine the allowed window of
the mean size of the turbulent convection rolls (and thus their absolute number),
occurring from the ellipticity of the convection rolls. These criteria also work for the
free-slip case.

Even though a 2D model may seem somehow artificial, there are various cases
in which the flow dynamics is mostly 2D, e.g. because of geometrical confinement,
stratification or background rotation. Therefore our model in itself is relevant, but the
main ideas of our approach can also be generalized to other wall-bounded turbulent
flows, such as rotating Rayleigh–Bénard flow, Taylor–Couette flow, Couette flow with
span-wise rotation, double diffusive convection, etc., and also to geophysical flows such
as those mentioned in the introduction. They may also give guidance for turbulence
flow control, in order to predict which turbulent states are feasible to be realizable.

4.5 Appendix

4.5.1 Derivation of the Generalized Friedrichs Inequality
In the chapter we have used the following theorem: Assume that the components u
and w of the velocity u = (u, w) attain their maximum or vanish at the boundaries
of a rectangle Ω = [−ΓrH/2, ΓrH/2] × [−H/2, H/2] that frames a convection roll
and that u and w equal zero if averaged over Ω. Then there exists a certain constant
c > 2, such that

c2
∫
Ω

u2dΩ ≤ Γ2
rH

2

∫
Ω

(∇u)2dΩ. (4.5)

We call this relation the generalized Friedrichs inequality. Here we will proof this
theorem.

To do this, we will use three auxiliary relations:
1. (Friedrichs inequality in 1D) For a smooth function v in an interval [a, b] , such

that v(a) = v(b) = 0 it holds:∫ b

a

v2dx ≤ λ−1

∫ b

a

(v′)2dx, (4.6)
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where λ is the lowest eigenvalue of the Laplace operator in [a, b], which is

λ = min
m∈N

π2m2

(b− a)2
=

π2

(b− a)2
.

2. For a smooth function v in an interval [a, b], which achieves maximum of its
absolute value at the boundary, maxx∈[a, b] |v| = |v(a)|, and which equals zero
in mean,

∫ b

a
v dx = 0, it holds the following:∫ b

a

v2dx ≤ (b− a)2

4

∫ b

a

(v′)2dx. (4.7)

This can be derived from the Cauchy–Schwarz inequality. Indeed,

(v(x)− v(a))2 =

(∫ x

a

v′dx

)2

≤ (x− a)

∫ b

a

(v′)2dx.

Integrating and using the above assumptions, one obtains:

2

∫ b

a

v2dx ≤
∫ b

a

(v(x)− v(a))2dx ≤ (b− a)2

2

∫ b

a

(v′)2dx.

3. (Friedrichs inequality in 2D) For a smooth function v in Ω that vanishes at the
boundary ∂Ω, it holds: ∫

Ω

v2dΩ ≤ Λ−1

∫
Ω

(∇v)2dΩ, (4.8)

with
Λ = min

m,n∈N

(
π2m2

(ΓrH)2
+

π2n2

H2

)
=

π2(Γ2
r + 1)

Γ2
rH

2

being the lowest eigenvalue of the Laplace operator in Ω.
We start our consideration with the vertical component of the velocity, w. For

both, the no-slip and free-slip BCs, it holds:

w|z=−H
2
= w|z=H

2
= 0.

We can further assume that for any z, z ∈ [−H/2, H/2], it holds

max
x∈[−ΓrH

2 , ΓrH
2 ]

|w(x, z)| = |w(−ΓrH/2, z)|,

i.e. the strongest vertical fluid motion occurs at the vertical boundary of the frame.
Finally, for any z, z ∈ [−H/2, H/2], it holds∫ ΓrH

2

−ΓrH
2

w(x, z) dx = 0.
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Using (4.7), we then obtain∫
Ω

w2dΩ =

∫ H
2

−H
2

dz

∫ ΓrH
2

−ΓrH
2

w2 dx ≤ Γ2
rH

2

4

∫
Ω

(
∂w

∂x

)2

dΩ. (4.9)

On the other hand, from (4.6) we have∫
Ω

w2dΩ =

∫ ΓrH
2

−ΓrH
2

dx

∫ H
2

−H
2

w2 dz ≤ H2

π2

∫
Ω

(
∂w

∂z

)2

dΩ. (4.10)

Multiplying relation (4.9) by 4

4 + Γ2
rπ

2
and relation (4.10) by Γ2

rπ
2

4 + Γ2
rπ

2
and then

summing them up, we obtain∫
Ω

w2dΩ ≤ Γ2
rH

2

4 + Γ2
rπ

2

∫
Ω

(∇w)
2
dΩ. (4.11)

Although for the vertical velocity in the no-slip and free-slip cases the same rela-
tion (4.11) holds, to derive the corresponding inequalities for the horizontal velocity
u, we need to consider these cases separately. In the no-slip case it holds

u|z=−H
2
= u|z=H

2
= 0

due to the boundary conditions. We also can take

u|x=−ΓrH
2

= u|x=ΓrH
2

= 0, (4.12)

assuming that the flow goes strictly up or down at x = ±ΓrH
2 . With these assumptions

the 2D Friedrichs inequality (4.8) holds, i.e.,∫
Ω

u2dΩ ≤ Γ2
rH

2

π2(Γ2
r + 1)

∫
Ω

(∇u)2dΩ. (4.13)

Since the prefactor in (4.11) is larger than that in (4.13), from the relations (4.11)
and (4.13) we obtain∫

Ω

u2dΩ ≤ Γ2
rH

2

4 + Γ2
rπ

2

∫
Ω

(∇u)2dΩ <
Γ2
rH

2

4

∫
Ω

(∇u)2dΩ,

which means that (4.5) is fulfilled in the no-slip case, for c being larger than 2, for
any Γr.

Finally we consider the horizontal velocity in the free-slip case. Similarly to
the no-slip case, relation (4.12) holds. We can further assume that for any x, x ∈
[−ΓrH/2, ΓrH/2], it holds

max
z∈[−H

2 , H
2 ]
|u(x, z)| = |u(x,−H/2)|,
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i.e. the strongest horizontal fluid motion occurs at the horizontal boundaries of the
frame, and that for any x, x ∈ [−ΓrH/2, ΓrH/2], it holds∫ H

2

−H
2

u(x, z) dz = 0.

Using (4.7), we then obtain∫
Ω

u2dΩ =

∫ ΓrH
2

−ΓrH
2

dx

∫ H
2

−H
2

u2dz ≤ H2

4

∫
Ω

(
∂u

∂z

)2

dΩ. (4.14)

On the other hand, from (4.6) we have∫
Ω

u2dΩ =

∫ H
2

−H
2

dz

∫ ΓrH
2

−ΓrH
2

u2dx ≤ Γ2
rH

2

π2

∫
Ω

(
∂u

∂x

)2

dΩ. (4.15)

Multiplying relation (4.14) by 4Γr

π2 + 4Γ2
r

and relation (4.15) by π2

π2 + 4Γ2
r

and then
summing them up, we obtain∫

Ω

u2dΩ ≤ Γ2
rH

2

π2 + 4Γ2
r

∫
Ω

(∇u)
2
dΩ. (4.16)

When Γr < 1, the prefactor in (4.11) is larger than that in (4.16); when Γr > 1, the
situation is opposite. Thus, from (4.11) and (4.16) we obtain∫

Ω

u2dΩ ≤ max
{

Γ2
rH

2

4 + Γ2
rπ

2
;

Γ2
rH

2

π2 + 4Γ2
r

}∫
Ω

(∇u)2dΩ <
Γ2
rH

2

4

∫
Ω

(∇u)2dΩ,

which means that (4.5) is fulfilled in the free-slip case as well, for c being larger than
2, for any Γr.

4.5.2 Fits of functions B in figure 5
In figure 4.5 of the chapter we presented how B (see equation (2) of the paper)
depends on Ra and Pr. The numerical results were fitted with quadratic curves in
the double-logarithmic representations of figures 5a, b, c, and d. More specifically, in
figure 5(a) the data are fitted for Γr = 4/3 and 1; in figure 5(b) for Γr = 4/5 and 1;
in figure 5(c) for Γr = 8/5; in figure 5(d) for the smallest values of B at each Pr. In
the free-slip case (figure 5(c, d)) only the smallest values of B are considered for the
fits, since they are used for the lower bounds only.

The quadratic fits in double-logarithmic representation read

B = A1Raa1+b1log10Ra,
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B = A2Pra2+b2log10Pr.

We obtain the following fitting functions:
(a) B = 0.75Ra−0.38+1.61×10−2log10(Ra);
(b) B = 4.65× 10−3Pr2.22×10−2+5.08×10−2log10(Pr);
(c) B = 5.46× 10−2Ra−1.69×10−2+1.65×10−3log10(Ra);
(d) B = 7.22× 10−2Pr−0.22+5.84×10−2log10(Pr).

As seen from the solid curves in figures 5a, b, c, d, they very well describes the
data.

4.5.3 List of simulation details

Table 4.1: Simulation details for cases with fixed Γ = 8 and no-slip bound-
ary conditions. The first seven columns from left to right indicate the control
and input parameters, namely the Rayleigh number Ra, the Prandtl number
Pr, the aspect ratio Γ, the grid resolutions, the number of initial convec-
tion rolls n(i). Furthermore, “IC type” means the type of initial convection
roll states, where ”F” means initial roll states generated by Fourier basis:
u(x, z) = sin(n(i)πx/Γ)cos(πz), w(x, z) = −cos(n(i)πx/Γ)sin(πz); Ra = · · ·
means initial conditions with fully-developed roll states for the corresponding
Ra. – The further columns from left to right indicate the output parameters,
namely the number of final convection rolls n, the size of the final stable con-
vection rolls (Γr = Γ/n), the Nusselt number Nu, the global Reynolds number
Re, the horizontal Reynolds number Rex, the vertical Reynolds number Rez,
and the ratio B = Re2Pr2

Ra(Nu−1) (see equation (2) of the paper). The last column
shows the time used to average Nu and Re (tavg). Initial conditions denoted
in blue mean that the corresponding roll states are not stable and will un-
dergo transitions to other states. These cases are stopped after the transition
happens and the response parameters are not sampled.

Ra PrΓ Nx ×Nz n(i) IC type n Γr Nu Re Rex Rez B tavg
109 10 8 4096×512 2 F 10 0.80
1010 10 8 8192×1024 2 F 10 0.80

107 10 8 2048×256 4 F 6 1.33
108 10 8 2048×256 4 F 8 1.00
109 10 8 4096×512 4 F 10 0.80
1010 10 8 8192×1024 4 F 10 0.80

107 10 8 1024× 128 6 F 6 1.33 14.33 113.48 89.30 70.03 9.66e-3 59103
2× 107 10 8 2048× 256 6 Ra = 108 6 1.33 17.16 166.57 131.76 101.90 8.58e-3 8000
3× 107 10 8 2048× 256 6 Ra = 108 6 1.33 19.07 208.91 165.70 127.22 8.06e-3 9953
4× 107 10 8 2048× 256 6 Ra = 108 6 1.33 20.56 245.86 195.45 149.14 3.86e-3 8000
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Ra PrΓ Nx ×Nz n(i) IC type n Γr Nu Re Rex Rez B tavg
5× 107 10 8 2048× 256 6 Ra = 108 6 1.33 21.80 279.06 222.20 168.82 7.72e-3 8000
7× 107 10 8 2048× 256 6 Ra = 108 6 1.33 23.82 339.49 270.96 204.52 7.22e-3 8000
108 10 8 2048× 256 6 F 6 1.33 26.17 417.09 333.55 250.43 6.92e-3 8703

3× 108 10 8 4096× 512 6 F 10 0.80
109 10 8 4096× 512 6 F 10 0.80

3× 109 10 88192× 1024 6 F 12 0.67
1010 10 88192× 1024 6 F 10r0.80

107 10 8 2048× 256 8 F 6 1.33
2× 107 10 8 2048× 256 8 Ra = 108 6 1.33
3× 107 10 8 2048× 256 8 Ra = 108 8 1.00 19.89 213.66 152.70 149.44 8.06e-3 49875
5× 107 10 8 2048× 256 8 Ra = 108 8 1.00 22.83 285.02 204.03 199.01 7.44e-3 4000
108 10 8 2048× 256 8 F 8 1.00 27.69 423.00 302.99 295.17 6.70e-3 8577

2× 108 10 8 4096× 512 8 Ra = 109 8 1.00 33.22 633.88 454.59 441.76 6.24e-3 2000
3× 108 10 8 4096× 512 8 Ra = 109 8 1.00 36.96 810.14 581.33 564.25 6.08e-3 4511
5× 108 10 8 4096× 512 8 Ra = 109 8 1.00 42.29 1099.44 789.70 764.95 5.86e-3 4000
109 10 8 4096× 512 8 F 8 1.00 50.77 1645.92 1182.62 1144.76 5.44e-3 18000

2× 109 10 88192× 1024 8 Ra = 1010 8 1.00 61.23 2453.21 1762.69 1706.21 5.00e-3 1000
3× 109 10 88192× 1024 8 Ra = 1010 8 1.00 68.50 3116.16 2239.67 2166.65 4.80e-3 1000
5× 109 10 88192× 1024 8 Ra = 1010 8 1.00 79.40 4226.16 3036.88 2939.00 4.56e-3 1000
1010 10 88192× 1024 8 F 8 1.00 96.80 6570.72 4721.01 4570.18 4.50e-3100000

107 10 8 2048× 256 10 F 6 1.33
3× 107 10 8 2048× 256 10 Ra = 109 8 1.00
108 10 8 2048× 256 10 F 8 1.00

2× 108 10 8 4096× 512 10 Ra = 109 8 1.00
3× 108 10 8 4096× 512 10 Ra = 109 10 0.80 38.52 848.11 547.33 647.86 6.40e-3 9207
5× 108 10 8 4096× 512 10 Ra = 109 10 0.80 44.29 1141.20 733.59 874.16 6.02e-3 4000
109 10 8 4096× 512 10 F 10 0.80 53.05 1742.10 1120.35 1334.06 5.84e-3 18000

2× 109 10 88192× 1024 10 Ra = 1010 10 0.80 63.53 2634.48 1695.76 2016.13 5.54e-3 1000
3× 109 10 88192× 1024 10 Ra = 1010 10 0.80 71.06 3271.96 2099.30 2509.72 5.10e-3 2000
5× 109 10 88192× 1024 10 Ra = 1010 10 0.80 82.72 4417.86 2825.70 3396.01 4.78e-3 1000
1010 10 88192× 1024 10 F 10 0.80101.53 6680.37 4275.11 5133.29 4.44e-3 10000

107 10 8 2048× 256 12 F 6 1.33
3× 107 10 8 2048× 256 12 F 8 1.00
108 10 8 2048× 256 12 F 8 1.00

3× 108 10 8 4096× 512 12 F 10 0.80
109 10 8 4096× 512 12 F 10 0.80

2× 109 10 88192× 1024 12 Ra = 1010 12 0.67 66.09 2670.59 1537.40 2183.69 5.48e-3 4500
3× 109 10 88192× 1024 12 Ra = 1010 12 0.67 73.64 3378.75 1939.55 2766.57 5.24e-3 2000
4× 109 10 88192× 1024 12 Ra = 1010 12 0.67 79.89 4005.32 2295.89 3281.97 5.08e-3 1000
5× 109 10 88192× 1024 12 Ra = 1010 12 0.67 85.27 4578.96 2623.13 3753.12 4.98e-3 1000
7× 109 10 88192× 1024 12 Ra = 1010 12 0.67 94.27 5598.02 3204.58 4590.03 4.80e-3 1000
1010 10 88192× 1024 12 F 12 0.67105.17 6950.16 3970.16 5704.60 4.64e-3 10000

109 1 8 4096× 512 6 F 10 0.80
109 1 8 4096× 512 8 F 8 1.00 48.26 14629.6410453.7810232.724.52e-3 15000
109 1 8 4096× 512 10 F 10 0.80 49.53 15463.3210226.1111599.174.92e-3 15000
109 1 8 4096× 512 12 F 10 0.80

109 3 8 4096× 512 6 F 10 0.80
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Ra PrΓ Nx ×Nz n(i) IC type n Γr Nu Re Rex Rez B tavg
109 3 8 4096× 512 8 F 8 1.00 49.32 5018.66 3606.08 3490.41 4.68e-3 15000
109 3 8 4096× 512 10 F 10 0.80 51.95 5212.07 3334.76 4005.62 4.80e-3 15000
109 3 8 4096× 512 12 F 12 0.67 54.08 5450.34 3118.03 4470.35 5.04e-3 15000
109 3 8 4096× 512 14 F 10 0.80

109 30 8 4096× 512 6 F 10 0.80
109 30 8 4096× 512 8 F 8 1.00 51.67 597.46 428.68 416.17 6.34e-3 10000
109 30 8 4096× 512 10 F 10 0.80 53.05 620.07 400.61 473.28 6.66e-3 10000
109 30 8 4096× 512 12 F 10 0.80

109 50 8 4096× 512 6 F 8 1.00
109 50 8 4096× 512 8 F 8 1.00 51.33 377.11 270.22 263.04 7.08e-3 1000
109 50 8 4096× 512 10 F 8 1.00
109 50 8 4096× 512 12 F 8 1.00

109 1008 4096× 512 6 F 8 1.00
109 1008 4096× 512 8 F 8 1.00 50.46 201.11 144.08 140.31 8.18e-3 1000
109 1008 4096× 512 10 F 8 1.00
109 1008 4096× 512 12 F 8 1.00

Table 4.2: Simulation details for cases with fixed Ra = 109 , Pr = 10, and
no-slip boundary conditions for various different aspect ratios Γ . The caption
is the same as in table 8.1, except that all the simulations here use the Fourier
basis to generate the initial roll states. For small Γ ≤ 1, the flow can become
“zonal”, which we then remark in the table, rather than the final number n of
rolls.

Ra Pr Γ Nx ×Nz n(i) n Γr Nu Re Rex Rez B tavg
109 10 0.5 1024× 512 2 zonal
109 10 1 1024× 512 2 zonal
109 10 1 1024× 512 2r zonal
109 10 1.33 1024× 512 2 2 0.67 54.01 1896.67 1120.14 1530.57 6.78e-3 39000
109 10 1.5 1024× 512 2 2 0.75 53.09 1833.70 1148.86 1429.19 6.46e-3 5500
109 10 2.0 1024× 512 2 2 1.00 50.62 1712.57 1237.62 1183.72 5.92e-3 5500
109 10 2.2 1024× 512 2 2 1.10 49.89 1648.28 1237.23 1089.07 5.56e-3 5500
109 10 2.5 1024× 512 2 2 1.25 48.89 1623.90 1278.46 1001.25 5.50e-3 13000
109 10 3 2048× 512 2 4 0.75

109 10 2.3 2048× 512 4 2 1.15
109 10 2.5 2048× 512 4 2 1.50
109 10 2.67 2048× 512 4 4 0.67 54.26 1874.32 1104.29 1514.47 6.60e-3 15000
109 10 3.0 2048× 512 4 4 0.75 53.37 1814.95 1133.62 1417.37 6.30e-3 3500
109 10 3.5 2048× 512 4 4 0.88 51.92 1738.58 1175.65 1280.82 5.92e-3 3500
109 10 4 2048× 512 4 4 1.00 50.71 1653.55 1189.61 1148.50 5.50e-3 3500
109 10 4.5 2048× 512 4 4 1.13 49.73 1625.69 1229.24 1063.85 5.42e-3 8000
109 10 5 2048× 512 4r 6r 0.83
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Ra Pr Γ Nx ×Nz n(i) n Γr Nu Re Rex Rez B tavg
109 10 3.5 4096× 512 6 4 0.88
109 10 3.7 4096× 512 6 4 0.93
109 10 4 4096× 512 6 4 1.00
109 10 4.5 4096× 512 6 6 0.75 53.35 1808.64 1129.18 1412.84 6.24e-3 10050
109 10 5 4096× 512 6 6 0.83 52.47 1749.43 1152.64 1316.03 5.94e-3 2500
109 10 5.5 4096× 512 6 6 0.92 51.53 1690.11 1166.10 1223.38 5.66e-3 2500
109 10 6 4096× 512 6 6 1.00 50.66 1645.31 1182.59 1143.90 5.46e-3 5305
109 10 6.5 4096× 512 6 6 1.08 49.94 1629.75 1213.18 1088.25 5.42e-3 10500
109 10 7 4096× 512 6 10 0.70
109 10 7.5 4096× 512 6 10 0.75

109 10 5.5 4096× 512 8 6 0.91
109 10 5.33 4096× 512 8 6 0.88
109 10 6 4096× 512 8 8 0.75 53.58 1776.71 1105.27 1391.07 6.00e-3 12240
109 10 7 4096× 512 8 8 0.88 52.08 1696.64 1143.17 1253.69 5.64e-3 2500
109 10 8 4096× 512 8 8 1.00 50.78 1649.46 1185.35 1147.02 5.46e-3 2500
109 10 8.5 4096× 512 8 8 1.06 50.17 1638.99 1210.34 1105.16 5.46e-3 2500
109 10 9.0 4096× 512 8 8 1.13 49.72 1625.20 1228.71 1063.75 5.42e-3 13101
109 10 9.5 4096× 512 8 10 0.95

109 10 5.5 4096× 512 10 8 0.69
109 10 6 4096× 512 10 8 0.75
109 10 6.67 4096× 512 10 8 0.83
109 10 7 6144× 512 10 10 0.70 54.42 1773.25 1058.25 1422.86 5.88e-3 9304
109 10 8 6144× 512 10 10 0.80 53.11 1709.79 1096.41 1311.97 5.62e-3 1000
109 10 9 6144× 512 10 10 0.90 51.80 1684.96 1150.86 1230.70 5.58e-3 1000
109 10 10 6144× 512 10 10 1.00 50.71 1652.47 1187.86 1148.76 5.50e-3 4671
109 10 10.5 6144× 512 10 10 1.05 50.26 1636.54 1202.12 1110.49 5.44e-3 10000
109 10 11 6144× 512 10 14 0.79
109 10 11.5 6144× 512 10 14 0.82

109 10 6.5 6144× 512 12 10 0.65
109 10 7 6144× 512 12 10 0.70
109 10 7.5 6144× 512 12 8 0.94
109 10 8 6144× 512 12 10 0.80
109 10 9 6144× 512 12 12 0.75 53.75 1750.22 1084.53 1373.71 5.80e-3 9400
109 10 10 6144× 512 12 12 0.83 52.52 1728.21 1136.19 1302.23 5.80e-3 1000
109 10 11 6144× 512 12 12 0.92 51.67 1668.81 1149.55 1209.73 5.50e-3 1000
109 10 12 6144× 512 12 12 1.00 50.82 1651.71 1186.92 1148.65 5.48e-3 1000
109 10 12.5 6144× 512 12 12 1.04 50.32 1634.22 1196.30 1113.35 5.42e-3 1000
109 10 13 6144× 512 12 12 1.08 50.02 1630.85 1213.91 1089.08 5.42e-3 10000
109 10 14 6144× 512 14r 14r 1.00

109 10 9 6144× 512 14 12 0.75
109 10 9.33 6144× 512 14 12 0.78
109 10 10 6144× 512 14 12 0.83
109 10 11 6144× 512 14 14 0.79 53.28 1739.52 1106.78 1342.01 5.78e-3 10000
109 10 12 6144× 512 14 14 0.86 52.41 1700.93 1133.01 1268.64 5.64e-3 1000
109 10 13 6144× 512 14 14 0.93 51.63 1668.42 1157.07 1202.00 5.50e-3 1000
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Ra Pr Γ Nx ×Nz n(i) n Γr Nu Re Rex Rez B tavg
109 10 14 6144× 512 14 14 1.00 50.73 1647.59 1183.91 1145.82 5.46e-3 10000
109 10 15 6144× 512 14 18 0.83
109 10 16 6144× 512 14 18 0.89

109 10 10 8192× 512 16 14 0.71
109 10 10.5 8192× 512 16 14 0.75
109 10 10.72 8192× 512 16 14 0.77
109 10 11 8192× 512 16 14 0.79
109 10 12 8192× 512 16 16 0.75 53.75 1750.56 1085.19 1373.61 5.80e-3 10000
109 10 13 8192× 512 16 16 0.81 52.84 1729.48 1121.18 1316.84 5.76e-3 1000
109 10 14 8192× 512 16 16 0.88 52.10 1693.04 1140.22 1251.51 5.60e-3 1000
109 10 15 8192× 512 16 16 0.94 51.32 1668.87 1163.05 1196.85 5.54e-3 1000
109 10 16 8192× 512 16 16 1.00 50.77 1643.40 1180.71 1143.11 5.44e-3 1000
109 10 17 8192× 512 16 16 1.06 50.22 1631.48 1204.23 1100.71 5.40e-3 1000
109 10 18 8192× 512 16 16 1.13 49.71 1623.65 1227.41 1062.88 5.42e-3 11334
109 10 19 8192× 512 16 20 0.95
109 10 20 8192× 512 16 20 1.00

109 10 16 8192× 512 12 18 0.89
109 10 16 8192× 512 14 18 0.89
109 10 16 8192× 512 16 16 1.00 50.77 1649.07 1185.03 1146.79 5.46e-3 7000
109 10 16 8192× 512 18 18 0.89 51.99 1685.56 1143.74 1238.13 5.58e-3 7000
109 10 16 8192× 512 20 20 0.80 53.13 1730.93 1111.65 1326.78 5.74e-3 7000
109 10 16 8192× 512 22 22 0.73 54.21 1756.90 1069.79 1393.64 5.80e-3 7000
109 10 16 8192× 512 24 22 0.73

109 10 32 16384× 512 30 32 0.94
109 10 32 16384× 512 32 32 1.00 50.76 1647.44 1183.77 1145.75 5.46e-3 5000
109 10 32 16384× 512 34 34 0.94 51.38 1664.81 1162.40 1191.81 5.50e-3 7000
109 10 32 16384× 512 36 36 0.89 52.01 1685.14 1143.57 1237.73 5.56e-3 5000
109 10 32 16384× 512 38 38 0.84 52.56 1711.66 1130.00 1285.64 5.68e-3 5000
109 10 32 16384× 512 40 40 0.80 53.15 1727.12 1109.02 1324.01 5.72e-3 4000
109 10 32 16384× 512 42 42 0.76 53.69 1740.48 1087.31 1359.05 5.76e-3 4000
109 10 32 16384× 512 44 42 0.76
109 10 32 16384× 512 44 42 0.76



Chapter 5

From zonal flow to convection
rolls in Rayleigh-Bénard
convection with free-slip
plates◦

Rayleigh-Bénard (RB) convection with free-slip plates and horizontally periodic bound-
ary conditions is investigated using direct numerical simulations. Two configurations are
considered, one is two-dimension (2D) RB convection and the other one three-dimension
(3D) RB convection with a rotating axis parallel to the plate, which for strong rotation
mimics 2D RB convection. For the 2D simulations, we explore the parameter range of
Rayleigh numbers Ra from 107 to 109 and Prandtl numbers Pr from 1 to 100. The effect
of the width-to-height aspect ratio Γ is investigated for 1 ≤ Γ ≤ 128. We show that
zonal flow, which was observed, for example, by Ref. [81] for Γ = 2, is only stable when
Γ is smaller than a critical value, which depends on Ra and Pr. The regime in which
only zonal zonal flow can exist is called the first regime in this study. With increasing
Γ, we find a second regime in which both zonal flow and different convection roll states
can be statistically stable. For even larger Γ, in a third regime, only convection roll states
are statistically stable and zonal flow is not sustained. How many convection rolls form
(or in other words, what the mean aspect ratio of an individual roll is), depends on the
initial conditions and on Ra and Pr. For instance, for Ra = 108 and Pr = 10, the
aspect ratio Γr of an individual, statistically stable convection roll can vary in a large
range between 16/11 and 64. A convection roll with an as large aspect ratio of Γr = 64
or more generally already with Γr ≫ 10 can be seen as “localized” zonal flow, and indeed

◦Based on: Q. Wang, K. L. Chong, R. J. A. M. Stevens, R. Verzicco, and D. Lohse, From
zonal flow to convection rolls in Rayleigh-Bénard convection with free-slip plates. J. Fluid Mech.
(In press)
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carries over various properties of the global zonal flow. For the 3D simulations, we fix
Ra = 107 and Pr = 0.71, and compare the flow for Γ = 8 and Γ = 16. We first show
that with increasing rotation rate both the flow structures and global quantities like the
Nusselt number Nu and the Reynolds number Re increasingly behave like in the 2D case.
We then demonstrate that with increasing aspect ratio Γ, zonal flow, which was observed
for small Γ = 2π by Ref. [82], completely disappears for Γ = 16. For such large Γ only
convection roll states are statistically stable. In between, here for medium aspect ratio
Γ = 8, the convection roll state and the zonal flow state are both statistically stable.
What state is taken depends on the initial conditions, similarly as we found for the 2D
case. .
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5.1 Introduction

Large scale so-called zonal flows, which display strong horizontal winds, can be ob-
served in many buoyancy-driven flows. Typical examples include zonal flow in the
atmosphere of Jupiter [21, 31, 32] and other three Jovian planets [33–36], in the
oceans [193–195], and possibly in the Earth’s outer core [196]. In toroidal tokamak
devices, zonal flows in the poloidal direction are crucial to confine plasmas magneti-
cally [197].

How to study such flows? In general, Rayleigh-Bénard (RB) convection [53–56],
i.e., a fluid in a container heated from below and cooled from above, is the paradig-
matic model system for buoyancy-driven flows. The key control parameters are the
Rayleigh number Ra = gα∆H3/νκ and the Prandtl number Pr = ν/κ. Here, g is the
gravitational acceleration, α the thermal expansion coefficient, H the height of the
fluid sample, ∆ = Tb−Tt the temperature difference between the hot bottom and the
cold top plate, κ the thermal diffusivity, and ν the kinematic viscosity of the fluid.
The third control parameter is the aspect ratio Γ, which is defined as the ratio of the
width to the height of the container. The response of the system is characterized by the
Nusselt number Nu = QH/(k∆) and the Reynolds number Re = UH/ν, which indi-
cate the non-dimensional heat transport and flow strength in the system, respectively.
Here Q is the heat flux crossing the system and U =

√
⟨u · u⟩V,t the characteristic

velocity, where ⟨⟩V,t indicates volume and time averaging. Indeed, to study zonal flow,
RB convection with free-slip plates and horizontally periodic boundary conditions has
commonly served as model system [81,82,191,198]. Here the free-slip at the plates is
very crucial to enable the zonal flow; for no-slip boundary conditions, zonal flow is
significantly suppressed and it only exists for Γ smaller than roughly 1.2 [191]. In our
recent extensive numerical simulations using no-slip boundary conditions, we found
that zonal flow appears when Γ is smaller than approximately 4/3 [199]. Note that
these values depend on Ra and Pr.

In the 2D version of the RB system with free-slip plates and horizontally periodic
boundary conditions, indeed, for small Γ = 2, zonal flow develops readily since the
horizontal periodicity allows for a horizontal mean flow, while the free-slip boundaries
apply no shear stresses to slow down the fluid. In addition, the two-dimensionality
precludes transverse perturbations that could disrupt the mean flow [81, 191]. Such
zonal flow in 2D RB convection has attracted quite some attention because of its rel-
evance to thermal convection in the atmosphere [174,200,201]. For free-slip boundary
conditions at the plates, Pr = 1, Ra ≥ 107, and a small Γ = 2, Ref. [191] found that
a flow topology consisting of two shear layers with a predominant horizontal motion
is formed. The flow in the lower half of the domain moves in the opposite direction
as that in the top part. Most of the time, the heat transfer of this flow is Nu ≈ 1,
while there are intermittent bursts in which Nu ≫ 1. Ref. [81] studied the charac-
teristics of such 2D zonal flows in a periodic Γ = 2 cell for an extended parameter
range 103 ≤ Ra ≤ 1010 and 1 ≤ Pr ≤ 10. They found that for Pr ≤ 2, the zonal
flow undergoes strong global oscillations on long timescales. Also intermittent bursts
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in the heat transport as in Ref. [191] are observed. For Pr ≥ 3, the zonal flow is
sustained at all times without bursts, and the Nusselt number Nu is always much
larger than 1.

To what degree can 2D simulations mimic the dynamics in three-dimensional
(3D) flows? Actually many 3D geophysical and astrophysical flows exhibit certain 2D
properties when anisotropic effects, such as geometrical confinement, rapid rotation,
stratification, or magnetic fields, are imposed. We will show in this study how the 2D
flow structures arise with increasing rotation rate for RB convection rotating about
a horizontal axis. Such flow will be called span-wise rotating RB convection in this
chapter. Note that the 2D flow structures mentioned here are very similar to those
observed in 2D RB convection, however, quite different from the 2D Taylor column
structures occurring for RB convection rotating about the vertical axis with large
angular velocity [202,203]. 2D simulations, which are computationally more accessible
than 3D simulations, have also been widely used to study thermal convection with
no-slip plates in recent years [109,114,120,121,183,204–210]. In Ref. [181] 2D and 3D
simulations are compared in detail, and many similarities are found for Pr ≥ 1.

In contrast to the 2D configuration, zonal flow has not been reported in hori-
zontally isotropic 3D simulations of RB convection with free-slip plates [211, 212]. It
seems that in 3D convection zonal flow only appears when an anisotropy is added.
For example, Ref. [82] found that a strong zero-wavenumber wind (i.e., zonal flow)
can arise in 3D RB convection if the horizontal isotropy is broken by strong enough
uniform rotation about a horizontal axis. Indeed, according to the Taylor-Proudman
theorem, the flow can become 2D-like when the rotation is sufficiently fast. Recently,
Ref. [198] further generalized the situation by varying the tilting angle of the rotation
axis with respect to gravity. This configuration mimics the flow at different latitudes
in a rotating fluid shell. A large-scale cyclonic vortex tilted along the rotation axis is
identified for ϕ between 45◦ and 90◦, where ϕ is the angle between the rotation axis
and the horizontal plane. At moderate latitudes the calculations of Ref. [198] suggest
the possible coexistence of zonal jets and tilted-vortex solutions.

Even though flows in geophysics, astrophysics, and plasma-physics often occur
in large-aspect ratio systems, most of the previous zonal flow studies with free-slip
conditions at the plates were performed for horizontally periodic small-aspect ratio
cells, typically Γ = 2 (2D) or Γ = 2π (3D). However, recent studies on large-aspect
ratio 3D RB convection with no-slip plates revealed the existence of superstructures
with horizontal extent of six to seven times the height of the domain [213–218]. These
findings motivated us to study zonal flow at much larger Γ (up to 128) than hitherto
done, in order to test whether zonal flow will sustain at these much larger Γ, or whether
some other large-scale structures evolve, which are not captured in simulations with
small Γ.

We will find that for free-slip plates and periodic boundary conditions the aspect
ratio indeed has a very strong influence on the flow phenomena in 2D RB convec-
tion and in 3D RB convection with span-wise rotation. In particular, we will show
that zonal flow is only stable when the aspect ratio of the system is smaller than a
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critical value, which depends on Ra and Pr; it disappears in large-aspect ratio flow
configurations.

This chapteer is organized as follows. We first describe the simulation details in
§5.2. The 2D results are presented and analysed in §5.3, which is divided into three
parts. Section 5.3.1 demonstrates the disappearance of zonal flow with increasing the
aspect ratio Γ. Section 5.3.2 studies the coexistence of multiple convection roll states.
The effective scaling relations for Nu(Ra, Pr) and Re(Ra, Pr) for different convection
roll states are discussed in §5.3.3. The 3D RB convection with increasing rotation
strength about an axis parallel to the plate (i.e., increasing two-dimensionalization
according to Taylor-Proudman theorem) is discussed in §5.4, where we also show the
transition from zonal flow to convection roll states with increasing Γ. We summarize
our findings in §5.5.

Ra Pr Γ Nr
z Nz

z Nr
BL Nz

BL

107 0.71 16 256 - 12 -
107 10 [1,64] 256 256 13 21

3× 107 10 [1,64] 256 256 11 20
108 [1,100] [1,128] 384 256,384 15 20

3× 108 10 [1,64] 512 256,384 17 24
109 10 2,16 768 768 20 46

Table 5.1: Overview of the run simulations in 2D. The first three columns
indicate the Ra, Pr, and Γ range of the simulations. N r

z and N z
z indicate

the number of grid points in the vertical direction for the simulations with
initial conditions of roll states and shear flow, respectively. N r

BL and N z
BL

indicate the minimum number of grid points in the thermal boundary layer
for convection roll states and zonal flow state, respectively. We note that the
number of grid points in the boundary layer is always higher than that given
by the recommendation of [110] for the no-slip case, which is about 5 to 9 for
this Ra range, to ensure that the boundary layers are resolved. The number
of grid points in the horizontal direction is generally equal or larger than
Nx = Nz ×Γ. For Ra = 108 and 3×108, N z

z = 256 is used only for the large Γ
cases (fore example, Ra = 3×108,Γ = 32 and 64) where very long simulations
are performed, in order to test whether the zonal flow state can stably exist.

5.2 Numerical settings
The configurations and the coordinate systems used in this work are shown in figure
5.1. We performed direct numerical simulations using the second-order staggered finite
difference code AFiD. Details about the numerical method can be found in Refs.
[80, 141,219]. The governing equations in dimensionless form read
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Figure 5.1: Sketch of (a) 2D RB convection and (b) 3D RB convection with
span-wise rotation for free-slip plates and horizontally periodical conditions.

∇ · u = 0, (5.1)
∂u

∂t
+ u · ∇u = −∇p+

√
Pr

Ra
∇2u− 1

Ro
e⃗y × u+ θe⃗z, (5.2)

∂θ

∂t
+ u · ∇θ =

1√
RaPr

∇2θ. (5.3)

Here e⃗y and e⃗z are the unit vector in the y and z direction, respectively. u, t, p, θ
are velocity, time, pressure and temperature, respectively. The length and velocity
are non-dimensionalized using the height of the convection cell H and the free-fall
velocity U = (gα∆H)

1/2, respectively. This implies as reference time the free-fall
time tf = H/U . For the 3D simulations also the Rossby number Ro = U/(2ΩH) is
used, where Ω is the angular velocity. Non-uniform grids with points clustered near
the top and bottom plates are employed.

How to choose the initial conditions to trigger the different flow states? For the
zonal flow simulations we used a linear shear-flow velocity profile u(z) = 2z−1, w = 0
in combination with a linear temperature profile θ(z) = 1 − z as initial conditions.
Moreover, random perturbations were added to the initial temperature fields. The
perturbation had a value uniformly distributed between −0.01∆ and 0.01∆. Note
that the perturbations were added to each grid point in the volume, while the tem-
perature at the plates still has the constant value. In addition, different convection roll
states were generated using a Fourier basis: u(x, z) = sin(n(i)πx/Γ)cos(πz), w(x, z) =
−cos(n(i)πx/Γ)sin(πz) where n(i) indicates the number of initial rolls in the hori-
zontal direction, while the initial temperature is the same as zonal flow simulations.
A similar Fourier basis was also used to study heat transport [118] and flow rever-
sals [107,108,220,221]. An overview of the 2D simulations and the used grid resolutions
are given in table 5.1. Note that we only used even-number roll states as initial con-
ditions, as odd-number roll states cannot satisfy the horizontally periodic boundary
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conditions. Table 5.3 and 5.4 in the Appendix list 2D simulation details for the main
cases where Nu and Re are discussed. The 3D simulation details are given in table
5.5, where the 2D simulations for the corresponding parameters are also listed for
comparison.

5.3 Two-dimensional simulations

5.3.1 Disappearance of zonal flow with increasing Γ

We first show what will happen to zonal flow with increasing Γ. From Ref. [81], it
is known that zonal flow exists for Ra = 108, Pr = 10, Γ = 2. With increasing Γ,
we find that for this Ra and Pr, zonal flow can stably exist for Γ ≤ 12. In figure
5.2(a) we show that zonal flow is statistically stable at least up to 200 000 free-fall
time units for Γ = 4 and at least up to 100 000 free-fall time units for Γ = 12. Here,
we used “statistically stable” to denote that the corresponding chaotic flow state is
always sustained in our long-time simulations. Temperature snapshot of the zonal
flow for Γ = 12 in figure 5.2(b) demonstrates that hot plumes drift leftwards, and cold
plumes drift rightwards. This produces a strong horizontal shear in which however
the vertical heat transport is low.

We now explore even larger aspect ratio domains. Figure 5.2(c) shows the time
evolution of Nu for three separate simulations with random perturbations added to
the initial temperature field for Ra = 108 and Pr = 10 in a Γ = 64 cell. For all the
three simulations, the zonal flow eventually evolves to a convection roll state. The time
at which the transition occurs is very different for each simulation. The reason is that
the flow is susceptible to small differences in the initial conditions, which are different
for each simulation due to the random perturbations to the initial temperature field.
Such sensitivity to the initial conditions is typical for chaotic systems and makes it
impossible to predict when the transition happens.

Figure 5.2(d) displays three temperature snapshots at different time instants in-
dicated by the red dashed lines in figure 5.2(c). A complementary movie, showing
how the zonal flow undergoes a transition towards a convection roll state, is given in
the supplementary material. Initially, the hot plumes travel leftwards and the cold
plumes to the right. The transition starts when some local hot plumes are strong
enough to deviate upwards and cross the whole fluid layer up to the collision with
the upper cold plate. This prevents the further rightward motion of the neighbouring
cold plumes, which instead start to move downwards. This process generates a local
large-scale circulation, as is observed in the temperature field at t = 4172. The cir-
culation grows over time until two stable convection rolls of equal size are formed as
seen in the temperature field at t = 5000. Figure 5.2(e) shows that we also obtain a
two-roll state for Γ = 128, such that the horizontal extent of the convection roll is 64
times the height of the convection cell, and this state is stable for more than 10 000
free-fall time units.

The cases in figure 5.2 use shear flow as the initial condition. If we use convection
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Figure 5.2: (a) Time evolution of Nu for the zonal flow state for Ra = 108

and Pr = 10 with Γ = 4 (black line) and Γ = 12 (red line). (b) Temperature
snapshot for the zonal flow state for Ra = 108, Pr = 10, Γ = 12. (c) Time
evolution of Nu for Ra = 108, Pr = 10, Γ = 64. The three curves corre-
spond to three separate simulations with random perturbations added to the
initial temperature field. In all the cases, the flow undergoes a transition from
zonal flow to convection roll states, for which Nu is larger. (d) Temperature
snapshots at different times denoted by the red dashed lines for the simula-
tion indicated by the red curve in panel (c). At t = 2000, there is zonal flow,
whereas later it features an increasing number of turbulent convection rolls.
(e) The final two-roll state for Ra = 108, Pr = 10, Γ = 128, and the zoom in
of the two plume-ejecting regions. For all these simulations the initial velocity
had a linear shear flow profile u(z) = 2z− 1, w = 0, in order to trigger a zonal
flow state.



5.3. TWO-DIMENSIONAL SIMULATIONS 91

Figure 5.3: Temperature snapshots of different roll states for Ra = 108 and
Pr = 10 in a Γ = 12 periodic cell. (a) Two-roll state. (b) Four-roll state.
(c) Six-roll state. (d) Eight-roll state. The different roll states are from initial
conditions with different number of initial rolls.

roll states as initial conditions, we can also obtain statistically stable convection roll
states as indicated in figure 5.3 for different roll states for Ra = 108, Pr = 10, Γ = 12.
So for this case, both zonal flow and different convection roll states can stably exist,
depending on the initial conditions.

We now explore the phase diagram for the different flow states in the parameter
space spanned by Ra, Pr, and Γ, see figure 5.4 for the simulated cases. We find that
in small-aspect ratio cells, only zonal flow is stable, while in large-aspect ratio cells,
only convection roll states are stable. For intermediate aspect ratios, we find a regime
in which both zonal flow and convection roll states are stable, depending on the initial
conditions mentioned in §5.2. We call this regime the bi-stable one. In order to map
out an accurate phase diagram, we performed long simulations for the bi-stable cases
with largest Γ to conclude that the corresponding zonal flow can stably exist and does
not evolve to a convection roll state. Overall, we ran the simulations at least 50 000
free-fall time units for these cases, which corresponds to at least 5 viscous diffusive
time units (H2/ν) or 0.5 thermal diffusive time units (H2/κ). From figure 5.4(a) it
can be seen that, when Ra is increased, the bi-stable regime exists in an increasing Γ
range. This is also consistent with the finding that zonal flow develops more readily
for higher Ra for Γ = 2 [81]. Figure 5.4(b) demonstrates that the Γ range for the
bi-stable state also depends on Pr. For Ra = 108 the largest range of bi-stable state
exists at Pr ∼ 30, namely between Γ = 3 and Γ = 24.

We have already shown that zonal flow can not be sustained, and only convection
roll states are observed, when Γ is larger than a critical value, which depends on Ra
and Pr. A related question is how many convection rolls (in other words, what is the
mean aspect ratio of individual convection roll) can develop for a specific (Ra, Pr,
Γ). In the next subsection, we will explore the possible convection roll states using
different initial roll states generated by different Fourier basis, as explained in §5.2.
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Figure 5.4: Phase diagram in the (a) Ra−Γ parameter space for Pr = 10 and
in the (b) Pr−Γ parameter space for Ra = 108. Black circles (•) correspond
to only zonal flow, red squares (■) denote coexistence of zonal flow and
convection rolls, and blue diamonds (♦) indicate that only convection roll
states are stable. The black hollow circles mark the cases shown in figure
5.2. Note that we also performed simulations for Ra = 109, Pr = 10 for
convection roll states with Γ = 16 and zonal flow state for Γ = 2, to
obtain Nu ∼ Raα and Re ∼ Raβ effective scaling relations for Nu and
Re.

5.3.2 Coexistence of multiple convection roll states at large Γ

In this subsection, we study the coexistence of multiple convection roll states in large-
aspect ratio domains, all being statistically stable states once achieved. Figure 5.5
shows that for Ra = 108, Pr = 10, and free-slip at the plates, in a Γ = 16 system
convection rolls with a mean dimensionless horizontal size of 1.6 ≤ Γr ≤ 8 are all
statistically stable. The heat transport considerably increases with decreasing mean
aspect ratio Γr of an individual convection roll. For example, the heat transport for
the Γr = 1.6 state is almost twice as high as that for Γr = 8. Although it had been
observed before that convection rolls with smaller Γr imply a higher heat transport –
e.g. for 2D RB convection with no-slip plates [106,145,199], for RB convection in an
annulus convection cell [161], and also for Taylor-Couette flow [163] – in those cases
the observed increase in the transport is typically a couple of percents, and by far
not as large as observed for RB with free-slip plates and large aspect ratio cells as
studied here. This difference is due to different plume dynamics and the associated
spatial dependence of the local Nusselt number, Nu(x) , as we will discuss later.

We also tested initial conditions with 12, 14, 16 rolls for Ra = 108, P r = 10,Γ =
16. These states with smaller rolls are not stable and will finally undergo a transition to
the ten-roll state by merging of convection rolls. From figure 5.6(a) it is seen that the
vertical Reynolds number Rez has a sudden decrease during merging of rolls, because
the strong vertical motion is concentrated near the plume-ejecting regions between two
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Figure 5.5: Temperature snapshots of different roll states for Ra = 108 and
Pr = 10 in a Γ = 16 periodic cell. The dimensionless mean horizontal size of
the convection roll Γr (i.e., the mean aspect ratio of one individual roll) and
the Nusselt number Nu for each state are indicated. The different roll states
are from initial conditions with different number of initial rolls. All these states
can stably exist for long time (see table 5.3 in Appendix) without undergoing
a transition to other states.

neighbouring rolls. The decrease of Nu during merging events can also be observed
in figure 5.6(b), which is related to the decreased vertical motion. Figure 5.6(c) shows
how the flow undergoes a transition from the initial sixteen-roll state to the final ten-
roll state by successive merging of convection rolls. The transition happens when the
balance of the roll state is broken by horizontal motion of local hot/cold plumes: In the
second snapshot at t = 85 the system is still in the initial sixteen role state. However,
one can already see that a local hot plume moves leftwards while its neighbouring cold
plume moves rightwards (marked by red arrows). In the third snapshot at t = 87 two
hot plumes merge to a single one and so do two cold ones, thus annihilating two rolls.
The resulting fourteen-roll state is shown in the fourth snapshot taken at t = 141.
At later times the horizontal motion of the plumes and their further merging let the
fourteen-roll state evolve to a twelve-roll state (t = 182, III), and finally to a ten-roll
state (t = 300, IV). We also performed very long simulations as indicated in figure
5.6(d), from which we conclude that the ten-roll state can statistically stably exist for
a very long time without undergoing any further transition to yet another state.

Figure 5.7 displays phase diagrams for all the possible convection roll states in
the Ra−Γr and Pr−Γr parameter spaces. The stable roll states can last for several
thousand free-fall time units without undergoing a transition to other states (see
Appendix). Figure 5.7(a) shows a weak dependence of Γr on Ra. One can observe
the same stable roll states for the considered Ra range. In contrast, a pronounced
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Figure 5.6: Time evolution of (a) Re and (b) Nu for Ra = 108, P r = 10,Γ = 16
with an initial sixteen-roll state. Rex =

√
(Ra/Pr)

√
(⟨u2⟩V ) is horizontal

Reynolds number and Rez =
√
(Ra/Pr)

√
(⟨w2⟩V ) the vertical one. (c) Tem-

perature snapshots at different times. The roll merging can be seen, namely
the flow undergoes a transition from initial sixteen-roll state (I), to a fourteen-
roll state (II), to a twelve-roll state (III), and then to the final ten-roll state
(IV). The figure has the same colour scale as figure 5.5. (d) Time evolution of
Re for much longer time (on a log-scale) to show that the final ten-roll state
is stable without undergoing a transition to an other roll state.
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Figure 5.7: Phase diagram for different roll states for (a) Pr = 10, Γ = 16 and
(b) Ra = 108,Γ = 16. Circles denote that the corresponding roll state with the
mean aspect ratio Γr of an individual roll is stable, while crosses denote that
the roll state is not stable. The solid line in (b) connects the minimal mean
aspect ratio Γr,min of an individual convection roll for different Pr for Γ = 16,
while the dashed line connects Γr,min for different Pr for Γ = 32.

dependence of Γr on Pr is observed in figure 5.7(b), where convection roll states with
the smallest Γr are observed for intermediate Pr ≈ 10. The minimum Γr = 16/11
occurs for Γ = 32, which means that the horizontal extent of a stable convection roll
is always larger than the height of the system, also for smaller Γ = 8, we found that
the smallest roll size (Γr = 4/3) is always larger than 1. This explains why convection
rolls cannot be supported for small Γ ≈ 2, where indeed only zonal flow was obtained.
From figure 5.7(b) it can also be concluded that these results are independent of the
aspect ratio of the system once it is large enough, as we obtained almost the same
result for Γ = 16 and Γ = 32 domains.

5.3.3 Nusselt number and Reynolds number
We now discuss the effective scaling relations of Nu and Re as function of Ra
and Pr. These relationships are usually expressed with effective scaling laws Nu ∼
RaγNuPrαNu and Re ∼ RaγRePrαRe [53]. The effective scaling laws have been widely
discussed for no-slip cases for both 2D and 3D convection [53]. For the 2D horizon-
tally periodic cases with no-slip plates, Nu ∼ Ra0.29 is found with Pr = 1, Ra ≤ 1010

[120, 183]. For 2D RB convection with no-slip plates and sidewalls with unit aspect
ratio, several studies have shown that Nu ∼ Ra0.3 and Re ∼ Ra0.6 [99, 122, 146].
However, how these effective scaling relations will change for free-slip plates has not
been explored, especially not for convection roll states, which are only present in large
enough domain size.

Flow state γNu γRe αRe

Γr = 8 0.321 0.675 -1.043
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Flow state γNu γRe αRe

Γr = 4 0.320 0.663 -1.065
Γr = 8/3 0.318 0.665 -1.077
Γr = 2 0.318 0.667 -1.082
Γr = 1.6 0.302 0.657 -1.078

Zonal flow 0.170 0.603 -

Table 5.2: The effective scaling exponents for fitted effective scaling relations
Nu ∼ RaγNu , Re ∼ RaγRe and Re ∼ PrαRe for different roll states for Pr = 10
obtained in an aspect ratio Γ = 16 domain. The zonal flow data is for Γ = 2.

Figure 5.8(a) and 5.8(b) show Nu and Re as function of Ra for both zonal flow
(Γ = 2) and convection roll states (Γ = 16) for Pr = 10. Figure 5.8(a) reveals that
the heat transfer in the convection roll state is much higher than that of the zonal
flow state. Detailed information about the obtained scaling exponents is listed in table
5.2. For the convection roll states we find that the effective scaling exponent γNu in
Nu ∼ RaγNu is approximately 0.3. It increases with increasing Γr, reaching about 1/3
for the largest Γr = 8, which is the value predicated by the Grossmann-Lohse (GL)
theory for the I<∞ and III∞ regimes [222–224] for the no-slip case. For zonal flow γNu

is much smaller, namely only 0.17. The effective scaling exponent γRe in Re ∼ RaγRe

is about 0.6 for zonal flow and about 0.67 for the convection roll state, which is also
close to the GL predication of 2/3 for the I<∞ and III∞ regimes [223, 224] for no-slip
cases, while it is larger than 0.6 that has been reported for 2D RB convection with
no-slip plates [99,122,146].

Next, we will discuss the Prandtl number dependence of the Nusselt number,
Nu(Pr). For no-slip plates in 3D cases, it is known that the Nu is maximal around
Pr ∼ 2− 3, and after that it declines with increasing Pr [225–227]. This remarkable
maximum in Nu(Pr) had in fact been predicted before by the GL theory [222, 223].
In contrast, for the 2D cases, [121] showed that Nu(Pr) has a minimum, rather than
maximum as in the 3D case, namely at Pr ∼ 2− 3 for moderate Ra. This anomalous
relation is caused by counter-gradient heat transport in 2D cases.

How does the Nu(Pr) dependence look like for the 2D RB case with free-slip
plates? For the zonal flow state [81] already showed that Nu is an increasing function
of Pr in the range 1 ≤ Pr ≤ 10. Figure 5.8(c) and 5.8(d) show the relations for
Nu(Pr) and Re(Pr) for all states with free-slip plates (i.e., both for zonal flow and
for various convection roll states). From figure 5.8(c) it can be seen that the Nu(Pr)
trend shown by [81] is also valid for the wider range of Pr analysed in this chapter. The
reason why Nu is much smaller for small Pr is that zonal flow features intermittent
bursts whereas most of the time Nu is around 1 [81]. For large Pr, the flow does not
burst and convective heat transport with Nu ≫ 1 is sustained at all times, thus the
corresponding Nu is larger than that of the small Pr cases.

For the convection roll states, Figure 5.8(c) shows that Nu increases monotonically
with increasing Pr for large mean convection roll size Γr = 16 (see the inset). This
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Figure 5.8: (a) Nu and (b) Re as function of Ra for different convection roll
states (see legend in panel (d)) for Pr = 10, Γ = 16 and the zonal flow state
(see orange stars on solid orange line) for Pr = 10, Γ = 2. (c) Nu and (d) Re
as function of Pr for different roll states for Ra = 108, Γ = 16 and for the
zonal flow state, for which we put Γ = 2. Again, see the legend in panel (d).
The inset in (c) shows Nu as function of Γr for Ra = 108 and different Pr
obtained for Γ = 16 (hollow symbols) and Γ = 32 (solid symbols). The solid
symbols often overshadow the hollow ones as the symbol sizes are the same.
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can be interpreted as that the flow for the large Γr = 16 cases can be viewed as
“localised” zonal flow, thus the Nu(Pr) follows the similar trend as that of zonal
flow. In contrast, for small Γr, Nu decreases with increasing Pr. For Re(Pr), figure
5.8(d) shows that the Re follows Re ∼ Pr−1 for convection roll states (see table 5.2),
the exponent −1 is the same as that of the GL predication for the I<∞ and III∞ regimes
for no-slip cases.

In order to understand different Nu(Pr) dependence for large and small Γr as
shown in figure 5.8(c), we first look at the flow organizations for convection roll states
for different Pr. Figure 5.9(a) gives the time-averaged temperature fields for the
Γr = 16 roll state for different Pr. The flow near the bottom plate can be divided
into plume-ejecting region, plume-impacting region, and between them there is wind-
shearing region which occupies large fraction of the domain. In the ejecting region,
thermal plumes are emitted, while in the impacting region, the boundary layer is
impinged by the plumes from the opposite plate. The wind-shearing region is sheared
by the large-scale circulation. The impacting regions on the top plate are the opposite
of the ejecting regions of the bottom plate and vice versa. This kind of division is
also adopted in periodic 2D RB convection with no-slip plates [204]. A remarkable
observation is the stable-stratification near the plume impacting region. Figure 5.9(c)
shows a zoom-in of the regions where hot plumes are ejected for Pr = 1 and 10.
When hot fluid impinges the cold plate, it does not have sufficient time to cool down,
before it moves horizontally. The consequence is that the temperature of the fluid
between the top boundary layer and the bulk is higher than that of the bulk fluid,
thus implying a stable-stratification. This behavior is even observed at the centre line
of the hot plume (the vertical line at the horizontal location where the local bottom
wall heat flux is minimal) as is shown in temperature profiles in figure 5.9(d), where for
Pr > 1 stable-stratification near the cold plate is observed. The stable-stratification
has also been observed at the axis in cylindrical RB convection [228–230], and in 2D
RB convection with no-slip plates and sidewalls for unit aspect ratio in the central
region near the plates [206]. The instantaneous temperature fields shown in figure
5.9(b) for Pr = 100 reveals the “localised” zonal flow structures. It can be seen that
plumes are ejected everywhere while they can only move vertically and impinge the
cold plate in the central region.

Next, we focus on the local properties of the wall heat flux. The local wall heat
flux is expressed through the local wall Nusselt number Nu(x)|z=0,1 = ∂ ⟨θ⟩t /∂z|z=0,1.
Figure 5.9(e) and 5.9(f) show the spatial Nu(x) dependence at the plates for Ra = 108

and Γ = 32 for Γr = 16 and Γr = 4, respectively. For small Pr = 1, one sees from
figure 5.9(a) the accumulation of hot fluid in the ejecting region near the bottom
plate, which cause small temperature gradient (see figure 5.9d), and correspondingly
small local Nu (see figure 5.9e). So the centre of the ejecting region can be denoted as
the point where local wall heat flux is minimal. In contrast, for the impacting region
(x/H ≈ 0 at the bottom plate) where cold fluid directly impinges the hot plate, there
is a sharp temperature gradient and thus large local Nu (see figure 5.9e). Similar Nu
behavior is also observed in the ejecting/impacting regions near the top plate (dashed
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Figure 5.9: (a) Time-averaged temperature fields for the Γr = 16 roll state
for different Pr at Ra = 108 obtained in a Γ = 32 domain. (b) Instantaneous
temperature field for Pr = 100 for the Γr = 16 state with Ra = 108,Γ = 32.
(c) Zoom-in for the time-averaged temperature fields in (a) for Pr = 1 and
10. (d) Temperature profiles for the different Pr at the centre point of plume-
ejecting regions (x/H ≈ 16) where the local Nu is smallest. Panels (e) and (f )
show the spatial dependence of Nu(x) at the hot plate at z = 0 (solid lines)
and the cold plate at z = 1 (dashed lines) for different Pr for the (e) Γr = 16
and the (f ) Γr = 4 roll states. Note that all curves are shifted such that the
minimum local Nu at the hot plate is located at x/H = 16.
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lines in figure 5.9e). The physical interpretation is as follows: The heat is ejected into
the system through the bottom plate mainly at the plume-impacting regions where
local temperature gradient is large, and then it is advected by large-scale circulation
to the plume-ejecting regions, where conductive heat flux is low on the wall while
convective heat flux is high above the wall. The heat is mainly removed from the
system when hot plume impinges the cold plate.

For Γr = 16, there is only one impacting region near the bottom plate, and
the heat input is still dominated by the wind-shearing region, which occupies a large
fraction of the domain. As the wind-shearing region is like “localised” zonal flow where
Nu increases with increasing Pr, the global Nu thus also increases with increasing
Pr. In contrast, for smaller Γr, there are more impacting regions on the bottom plate,
and these impacting regions contribute significantly to the global heat input. As the
heat flux at the impacting region increases with decreasing Pr, we thus see that the
global Nu also increases with decreasing Pr.

5.4 Three-dimensional simulations
We have already shown that the zonal flow observed in 2D RB convection with free-slip
plates and horizontally periodic boundary conditions for Γ = 2 [81, 191] eventually
disappears with increasing Γ. What about in 3D, under the same conditions? For
the 3D RB convection with free-slip plates, previous studies have not reported zonal
flow [211, 212]. However, if we introduce span-wise rotation as illustrated in figure
5.1(b) where the rotating axis is parallel to the y axis, the flow will become 2D-
like at sufficiently fast rotation, due to the Taylor-Proudman theorem. In this way
we may observe zonal flow at certain parameters, as indeed was already reported in
Ref. [82]. Therefore here we will study span-wise rotating RB convection, focusing on
the transition from zonal flow to convection roll states with increasing aspect ratio Γ
of the container.

We first show that both the global transport properties like the Nusselt number
Nu and the Reynolds number Re, as well as the flow organization increasingly behave
like 2D cases with increasing rotation rate. We fix the Rayleigh number to Ra = 107

and the Prandtl number to Pr = 0.71. To be on the safe side, we choose a large domain
with Γ = 16, as previous studies showed that large aspect ratios are needed in order to
capture the superstructures which have a horizontal size of 6-7 times the height of the
domain for 3D RB convection with no-slip plates [215–218]. The initial conditions have
zero velocity and a linear temperature profile for these simulations. For RB convection
rotating about a vertical axis for small Pr = 0.71 with no-slip plates, Nu initially does
not change much with increasing the rotation rate (denoted by the inverse Rossby
number 1/Ro), until after 1/Ro ≥ 1, Nu drops monotonically with increasing 1/Ro
[231]. Figure 5.10(a) shows that for span-wise rotating RB convection Nu also initially
does not change much for 1/Ro ≤ 1. After that Nu drops monotonically until reaching
its minimum at 1/Ro ≈ 10, and then it increases monotonically towards the 2D value
for a two-roll state. Similar non-monotonic behavior of Nu with the control parameter
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Figure 5.10: 3D RB convection with span-wise rotation: (a) Nu and (b) Re
as function of 1/Ro for Ra = 107, P r = 0.71,Γ = 16 (black circles). For
orientation with respect to the Nusselt number, the data for non-rotation
(1/Ro = 0, red diamond) and the 2D cases with the same control parameters
(Ra = 107, Pr = 0.71, Γ = 16) for different roll aspect ratios Γr (blue squares)
are also shown; for these data points the value at the 1/Ro axis has no meaning.
The Reynolds number Re for the Γr = 8/3 (7702.85) and Γr = 2 (7726.20)
states are close to each other and can not be differentiated in the figure.

was also found in sheared RB convection, where Nu also non-monotonically depends
on the wall shear Reynolds number [232]. For span-wise rotating RB convection,
Re monotonically increases from the 3D value towards the 2D value with increasing
rotation rate, as shown in figure 5.10(b). Note that this behavior is very different from
RB convection rotating around the vertical axis, where Re decreases monotonically
with increasing 1/Ro [117].

We now connect the global transport properties with the flow organization. Figure
5.11 shows instantaneous temperature fields at the midheight (top row) and bound-
ary layer height close to the bottom plate (bottom row) for different 1/Ro with
Ra = 107, P r = 0.71,Γ = 16. We can clearly see the connection between large-scale
thermal structure at midheight and boundary layer height for different 1/Ro, which
has also been shown in 3D RB convection with no-slip plates [216,218]. With increas-
ing rotation rate, one sees the increasing two-dimensionlization of the flow. For the
non-rotation case (1/Ro = 0), figure 5.11(a) shows qualitatively similar superstruc-
tures as the no-slip case [215,216]. When 1/Ro increases to 1, a meandering large-scale
convection roll state develops, as can be seen from figure 5.11(b). Interestingly, similar
meandering structures have also been observed in many shear-driven flows when the
horizontal isotropy is broken, such as plane Couette flow [233], wavy Taylor rolls in
Taylor-Couette flow [234], and also in sheared RB convection [232]. Figure 5.10(a)
shows that this meandering structure at 1/Ro = 1 has still similar Nu as in the non-
rotation case. For medium rotation rates 1/Ro = 3.75 and 10, a two-roll state evolves;
interestingly, the cyclonic circulation has a larger size than the anticyclonic one. The
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Figure 5.11: 3D RB convection with span-wise rotation (the rotating axis is
parallel to y axis): top view snapshots of temperature fields at midheight
(z = H/2, top row) and thermal boundary layer height (z = zbl = H/(2Nu),
bottom row) for Ra = 107, P r = 0.71,Γ = 16 with different rotation rates. (a)
1/Ro = 0. (b) 1/Ro = 1. (c) 1/Ro = 3.75. (d) 1/Ro = 10. (e) 1/Ro = 50.

smaller Nu for these two-roll states is related to the decreased plume emission area.
With further increasing rotation rate, the flow increasingly behaves like 2D cases. For
the largest 1/Ro = 50 as shown in figure 5.11(e), a two-roll state with equal size of
each roll has developed, with small span-wise variation in temperature.

After we have shown the increasing two-dimensionlization of the flow with in-
creasing rotation rate for span-wise rotating RB convection, next we will study the
transition from zonal flow to the convection roll states with increasing aspect ratio Γ,
similarly as we have already done for the 2D case. Ref. [82] studied span-wise rotating
RB convection for Ra = 107, P r = 0.71 with fixed Γ = 2π. They observe strong
zonal flow that is perpendicular to both rotation vector and gravity vector. Both the
cyclonic zonal flow and the anticyclonic one have been obtained using different ini-
tial conditions. These two kinds of zonal flow are symmetric for 2D, while they are
not in 3D with span-wise rotation, as the Coriolis force depends on the direction of
velocity and thus it breaks the symmetry between the two kinds of zonal flow, which
have an opposite flow direction. The main difference between the two kinds of zonal
flow is that intermittent bursts exist for anticyclonic zonal flow, similar to what is
observed in 2D cases with small Pr ≤ 2, while these bursts are absent for the cy-
clonic zonal flow [82]. We note that, as in Ref. [82], the dimensionless angular velocity
Ω′ = Ωτth is used to quantify the rotation velocity, where τth = H2/κ is thermal
diffusive time. The dimensionless angular velocity is related to the Rossby number by
Ro =

√
RaPr/(2Ω′) [198].

We performed simulations for Ra = 107, Pr = 0.71, Γ = 8 and 16 with 1/Ro =
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Figure 5.12: 3D RB convection with span-wise rotation (the rotating axis is
parallel to y axis): time evolution of Nu for Ra = 107, P r = 0.71, 1/Ro = 3.75
with three different initial conditions for (a) Γ = 8 and (b) Γ = 16. IC0 means
initial condition with zero velocity. ICc/ ICa denote cyclonic/anticyclonic shear
flow as initial condition. (c-h) Side view temperature snapshots at mid span-
wise length (y/H = Γ/2) at different times denoted by the dashed lines in (a)
and (b).
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3.75, which corresponds to 2Ω′ = 10000 in [82]. Three different initial conditions were
used to trigger different possible states, namely:

• IC0 with zero initial velocity,

• ICc with cyclonic shear flow u(z) = 2z − 1, v = 0, w = 0, to trigger possible
cyclonic zonal flow, and

• ICa with anticyclonic shear flow u(z) = 1−2z, v = 0, w = 0, to trigger possible
anticyclonic zonal flow.

We first report the results for Γ = 8: Figure 5.12(a) illustrates that for the initial
conditions IC0, the flow quickly develops into a two-roll state as indicated in figure
5.12(c). We note that the cyclonic circulation is again larger than the anticyclonic
one. For ICc as initial conditions, the cyclonic zonal flow shown in figure 5.12(d) can
statistically stably exist for more than 3000 free-fall time units. Finally, the initial
conditions ICa can trigger an anticyclonic zonal flow with burst phenomenon, which
is consistent with the findings of Ref. [82]. However, here this feature only lasts for
about 380 free-fall time units and then the system undergoes a transition to a two-roll
state. We thus conclude that for Γ = 8 the system can again display a bi-stability
behavior, in which both zonal flow and convection roll states are statistically stable.

We now come to the case of Γ = 16. From figure 5.12(b) we conclude that for
three different initial conditions, the flow eventually evolves to the very same final
state, namely the convection roll state. The cyclonic zonal flow initially seen for short
time for the initial conditions ICc quickly undergoes a transition to the convection roll
state. The snapshots in figure 5.12(b−d) reveal similar transition processes as we had
already observed in 2D. Again, the final two-roll state has a larger cyclonic circulation.
For the final convection state the horizontal scale of the flow reaches the domain size of
16, which is much larger than the typical horizontal scale of superstructures observed
in 3D RB convection with no-slip plates [215,216]. Such large-scale structures can not
be captured in small domains, which is the reason why for small domains only zonal
flow states can be realized [82].

To summarize our results from our 3D simulations with free-slip plates and span-
wise rotation (with fixed Ra = 107, Pr = 0.71, and relative strong rotation 1/Ro =
3.75): We have revealed a similar physical picture as we had done before for 2D RB
convection with free-slip plates:

(i) For small aspect ratio Γ = 2π, the flow is zonal [82].

(ii) With increasing Γ up to at least Γ = 8, the convection roll state and the zonal
flow state coexist in phase space and which one is taken depends on the initial
conditions.

(iii) For larger Γ = 16, we always obtain the convection roll state, independently on
of what kind of initial conditions were employed.
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5.5 Conclusions
In summary, we have studied 2D RB convection and span-wise rotating RB convection
with free-slip plates in horizontally periodic domains using direct numerical simula-
tions. Based on the present data, we find that the zonal flow, which was previously
observed in a Γ = 2 cell [81, 191], cannot be sustained and will undergo transitions
to convection roll states when the aspect ratio Γ is larger than a critical value, which
depends on the Rayleigh number Ra and Prandtl number Pr.

We reveal three regimes:
(i) For small Γ (typically Γ ≤ 1 − 3, depending on Ra and Pr), only zonal flow

can be observed.
(ii) With increasing Γ, we first find a bi-stable regime in which, depending on the

initial conditions, both zonal flow and convection roll states can be stable .
(iii) For even larger-aspect ratio systems, only convection roll states can be sus-

tained.
How many convection rolls develop in the convection roll states (in other words, what
is the mean aspect ratio Γr of an individual roll) depends on the initial conditions.
For instance, for Ra = 108 and Pr = 10 the horizontal extent of the stable convection
rolls varies between 16/11 and 64 times the height of the convection cell. A convection
roll with an as large aspect ratio of Γr = 64 or more generally already with Γr ≫ 10
can be seen as “localized” zonal flow.

The heat transfer in the system increases significantly when the horizontal extent
of the convection roll is reduced. It is found that the Prandtl number dependence
of the Nusselt number Nu(Pr) has very different trends for large and small Γr: For
large Γr (like Γr = 16 for a Γ = 32 cell), the flow behaves like a “localized” zonal
flow state, and Nu increases with increasing Pr, similarly as we found for the zonal
flow state. In contrast, for small Γr, the heat flux into the system is dominated by
the plume-impacting regions on the bottom plate, in which the local heat flux is very
high and increases with decreasing Pr, implying that the global heat flux Nu also
increases with decreasing Pr.

For span-wise rotating 3D RB convection, we find that with increasing rota-
tion rate 1/Ro, both the transport properties (like the Nusselt number Nu and the
Reynolds number Re) and the flow organization increasingly behave like in the cor-
responding 2D cases. In particular, just as in 2D, the zonal flow observed in a small
periodic cell with Γ = 2π [82], disappears in larger cells with Γ = 16. For intermediate
Γ = 8, bistability is observed, again similarly as observed in 2D RB convection.

Finally, an interesting but still open question is the final fate of the aspect ratio
dependence of the zonal flow for higher Ra, i.e., is there a finite Ra above which
zonal flow exists for all Γ? On the one hand, for fixed Ra within our explored range
Ra ≤ 3 × 108, zonal flow always seems to disappear when Γ is sufficiently large; on
the other hand, for fixed Γ, zonal flow always seems to stably exist when Ra is large
enough. We have to conclude that in spite of our efforts it still is an open question
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whether zonal flow can exist for all Γ for a large enough but finite Rayleigh number.
Due to the chaotic nature of the flow, mapping out the parameter regime where zonal
flow can be found is not easy, especially not for high Ra and large Γ.

From a broader perspective, our study underlines the importance of having large
enough aspect ratios in numerical simulations of wall-bounded turbulent flows, even
when one employs periodic boundary conditions. We had seen this before in 3D RB
convection with no-slip velocity boundary conditions at the plates [215–218], but
apparently this conclusion is much more general.
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5.6 Appendix

5.6.1 Simulation details

Ra Pr Γ Nx ×Nz n(i) n Γr Nu Re Rex Rez ttot tavg
107 10 16 4096× 256 2 2 8 25.67 413.19 405.27 80.52 7000 5000
107 10 16 4096× 256 4 4 4 30.95 448.47 427.38 135.91 7000 5000
107 10 16 4096× 256 6 6 2.67 40.84 493.15 453.37 194.05 7000 5000
107 10 16 4096× 256 8 8 2 41.94 474.28 417.81 224.44 7000 4000
107 10 16 4096× 256 10 10 1.6 48.53 488.77 409.76 266.45 7000 3000

3× 107 10 16 6144× 384 2 2 8 36.16 881.17 864.21 172.06 6500 4500
3× 107 10 16 6144× 384 4 4 4 46.15 956.10 910.58 291.51 6500 4500
3× 107 10 16 6144× 384 6 6 2.67 55.61 997.30 917.21 391.60 11500 5500
3× 107 10 16 6144× 384 8 8 2 64.98 1033.58 910.66 488.87 11500 7500
3× 107 10 16 6144× 384 10 10 1.6 69.43 1016.46 852.94 552.91 6500 4500

108 10 16 6144× 384 2 2 8 53.30 1995.38 1955.07 399.06 6000 4000
108 10 16 6144× 384 4 4 4 67.66 2112.39 2011.37 645.40 6000 4000
108 10 16 6144× 384 6 6 2.67 86.49 2296.92 2112.33 902.13 8000 6000
108 10 16 6144× 384 8 8 2 94.10 2281.70 2010.51 1078.91 6000 3000
108 10 16 6144× 384 10 10 1.6 96.27 2200.71 1846.23 1197.73 6000 3000
108 10 16 6144× 384 12 10 1.6 96.20 2198.65 1844.19 1197.09 6000 3000
108 10 16 6144× 384 14 10 1.6 96.81 2202.08 1846.89 1199.23 2456 1456
108 10 16 6144× 384 16 10 1.6 96.20 2200.23 1845.68 1197.70 12000 10000

3× 108 10 16 8192× 512 2 2 8 75.85 4154.56 4068.12 843.14 5500 3500
3× 108 10 16 8192× 512 4 4 4 92.95 4298.72 4092.94 1314.09 5500 3500
3× 108 10 16 8192× 512 6 6 2.67 121.79 4738.24 4357.01 1862.08 5500 3500
3× 108 10 16 8192× 512 8 8 2 129.09 4675.29 4121.31 2207.51 5500 3500
3× 108 10 16 8192× 512 10 10 1.6 134.00 4552.41 3821.76 2473.57 5500 3500

109 10 16 12288× 768 2 2 8 112.36 9258.76 9061.98 1898.78 1600 1100
109 10 16 12288× 768 4 4 4 137.80 9622.01 9160.21 2945.08 5300 1300
109 10 16 12288× 768 6 6 2.67 171.87 10380.02 9548.89 4069.56 5046 2046
109 10 16 12288× 768 8 8 2 186.55 10373.03 9148.56 4889.31 4742 2742
109 10 16 12288× 768 10 10 1.6 198.01 10135.10 8504.77 5512.29 3700 1700
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Ra Pr Γ Nx ×Nz n(i) n Γr Nu Re Rex Rez ttot tavg

Table 5.3: Simulation details for all cases shown in figure 5.7(a). The columns
from left to right indicate Ra, Pr, Γ, grid resolutions Nx × Nz, the number
of initial rolls n(i), the number of final convection rolls n, the mean aspect
ratio of the convection rolls Γr = Γ/n, the Nusselt number Nu, the Reynolds
number Re based on root-mean-square of the global velocity, the horizontal
Reynolds number Rex based on root-mean-square of the horizontal velocity,
the vertical Reynolds number Rez, the total simulation time ttot, and the time
tavg used to average Nu and Re.
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Ra Pr Γ Nx ×Nz n(i) n Γr Nu Re Rex Rez ttot tavg
108 1 16 6144× 384 2 2 8 55.04 20633.77 20190.00 4261.16 4000 s
108 1 16 6144× 384 4 4 4 81.63 24070.00 22920.00 7357.00 6000 s

108 3 16 6144× 384 2 2 8 52.18 6679.56 6536.21 1376.25 10000 2000
108 3 16 6144× 384 4 4 4 78.27 7822.00 7448.00 2391.00 5434 1434
108 3 16 6144× 384 6 6 2.67 93.06 8156.64 7502.60 3200.30 5345 2345
108 3 16 6144× 384 8 8 2 102.51 8188.54 7220.01 3863.14 4600 1600

108 30 16 6144× 384 2 2 8 56.69 646.20 634.14 124.28 6000 4000
108 30 16 6144× 384 4 4 4 64.17 670.83 639.73 201.89 6000 4000
108 30 16 6144× 384 6 6 2.67 77.54 697.39 641.45 273.67 4311 3311
108 30 16 6144× 384 8 8 2 84.60 688.69 606.92 325.50 6000 4000
108 30 16 6144× 384 10 10 1.6 89.96 673.49 565.05 366.48 6000 4000
108 30 16 6144× 384 12 10 1.6 90.13 674.42 565.86 366.94 3000 2000
108 30 16 6144× 384 14 10 1.6 89.99 673.58 565.10 366.58 4000 3000
108 30 16 6144× 384 16 10 1.6 89.94 673.42 565.20 366.13 4000 3000

108 100 16 6144× 384 2 2 8 57.98 163.70 160.24 33.45 5000 2000
108 100 16 6144× 384 4 4 4 62.53 179.11 171.18 52.71 6000 5000
108 100 16 6144× 384 6 6 2.67 68.65 187.57 172.86 72.82 6000 5000
108 100 16 6144× 384 8 8 2 74.72 184.90 163.07 87.16 6000 5000

108 1 32 12288× 384 2 2 16 35.69 16990.00 16820.00 2421.00 6000 s
108 1 32 12288× 384 4 4 8 55.06 20656.18 20210.0 4264.00 5000 s
108 1 32 12288× 384 6 6 5.33 69.79 22760.00 21989.82 5886.63 5278 s
108 1 32 12288× 384 8 8 4 81.62 24070.44 22918.82 7356.22 4177 s

108 3 32 12288× 384 2 2 16 44.84 6337.77 6274.55 892.89 6500 4500
108 3 32 12288× 384 4 4 8 51.70 6647.40 6504.83 1369.35 6500 4500
108 3 32 12288× 384 6 6 5.33 69.52 7526.00 7270.00 1947.00 3678 s
108 3 32 12288× 384 8 8 4 78.26 7820.16 7446.00 2390.36 4032 2032
108 3 32 12288× 384 10 10 3.2 84.72 7960.42 7456.85 2786.39 3440 1440
108 3 32 12288× 384 12 12 2.67 93.09 8154.74 7500.63 3200.02 5205 3205
108 3 32 12288× 384 14 14 2 99.91 8236.24 7422.50 3569.63 3738 1738

108 10 32 12288× 384 2 2 16 52.96 2037.02 2017.49 281.43 6000 4000
108 10 32 12288× 384 4 4 16 53.25 1994.84 1954.55 398.86 6000 4000
108 10 32 12288× 384 6 6 5.33 62.34 2090.82 2020.23 538.71 6000 4000
108 10 32 12288× 384 8 8 4 67.62 2111.59 2010.61 645.18 6000 4000
108 10 32 12288× 384 10 10 3.2 71.35 2121.42 1987.41 742.14 6000 4000
108 10 32 12288× 384 12 12 2.67 87.73 2313.32 2127.41 908.67 6000 4000
108 10 32 12288× 384 14 14 2.29 91.47 2307.20 2078.88 1000.70 6000 3000
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Ra Pr Γ Nx ×Nz n(i) n Γr Nu Re Rex Rez ttot tavg
108 10 32 12288× 384 16 16 2 95.01 2291.69 2019.13 1083.97 6000 3000
108 10 32 12288× 384 18 18 1.78 97.25 2261.39 1945.47 1152.82 6000 3000
108 10 32 12288× 384 20 20 1.6 96.13 2199.85 1845.37 1197.48 6000 3000
108 10 32 12288× 384 22 22 1.45 97.22 2155.22 1761.17 1242.27 6000 3000
108 10 32 12288× 384 24 22 1.45 97.53 2158.19 1763.30 1244.42 2587 1087

108 30 32 12288× 384 2 2 16 56.36 670.65 664.57 90.07 5800 4000
108 30 32 12288× 384 4 4 8 56.76 646.62 634.56 124.33 6000 4000
108 30 32 12288× 384 6 6 5.33 59.03 651.68 631.49 160.97 5800 4000
108 30 32 12288× 384 8 8 4 64.22 671.01 639.90 201.94 6000 4000
108 30 32 12288× 384 10 10 3.2 70.29 683.07 640.19 238.19 6000 4000
108 30 32 12288× 384 12 12 2.67 77.55 697.21 641.28 273.60 6000 4000
108 30 32 12288× 384 14 14 2.29 81.51 695.09 626.40 301.29 6000 4000
108 30 32 12288× 384 16 16 2 84.53 688.59 606.83 325.45 6000 4000
108 30 32 12288× 384 18 18 1.78 88.06 684.88 589.31 348.96 6000 4000
108 30 32 12288× 384 20 20 1.6 89.93 673.55 565.16 366.41 6000 4000

108 100 32 12288× 384 2 2 16 56.69 161.43 159.12 27.17 5500 3500
108 100 32 12288× 384 4 4 8 58.09 163.88 160.43 33.47 6000 4000
108 100 32 12288× 384 6 6 5.33 60.23 173.48 167.99 43.28 5800 4000
108 100 32 12288× 384 8 8 4 62.53 178.89 170.97 52.62 6000 4000
108 100 32 12288× 384 10 10 3.2 65.79 186.90 175.65 63.88 6000 4000
108 100 32 12288× 384 12 12 2.67 68.81 187.90 173.15 72.98 6000 4000
108 100 32 12288× 384 14 14 2.29 71.83 186.70 168.44 80.53 6000 4000

Table 5.4: Simulation details for the main cases in figure 5.7(b) for Γ = 16 and
32. The table head is the same as table 5.3. “s” denotes that the final flow
state is steady, which means that both Nu and Re are independent on time
once the final state is achieved.
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Ra Pr 1/Ro Γ Nx ×Ny ×Nz IC Nu Re Rex Rey Rez ttot tavg
107 0.71 3.75 8 1024× 1024× 128 IC0 22.32 2282.55 2052.21 641.90 765.78 950 550
107 0.71 3.75 8 1024× 1024× 128 ICc 10.32 1994.96 1929.91 424.65 273.82 3200 2700

107 0.71 0 16 2048× 2048× 128 IC0 25.39 1184.12 707.09 733.01 604.04 700 400
107 0.71 0.1 16 2048× 2048× 128 IC0 25.42 1180.84 702.13 728.91 608.35 500 300
107 0.71 0.3 16 2048× 2048× 128 IC0 25.66 1195.08 756.55 677.92 629.49 500 300
107 0.71 1 16 2048× 2048× 128 IC0 25.20 1409.11 1030.76 712.38 644.72 700 300
107 0.71 3.75 16 2048× 2048× 128 IC0 19.19 2395.52 2217.79 680.81 596.99 550 250
107 0.71 10 16 2048× 2048× 128 IC0 18.98 3357.81 3184.53 741.39 764.23 600 300
107 0.71 20 16 2048× 2048× 128 IC0 19.97 3713.41 3527.17 784.23 856.41 600 200
107 0.71 50 16 2048× 2048× 128 IC0 23.44 5436.73 5283.16 532.86 1167.17 1200 600

107 0.71 -(2D) 16 4096× 256 n(i) = 2 25.26 6270.74 6137.35 - 1286.55 3700 s
107 0.71 -(2D) 16 4096× 256 n(i) = 4 37.57 7326.16 6977.15 - 2234.26 3700 s
107 0.71 -(2D) 16 4096× 256 n(i) = 6 45.67 7702.85 7086.30 - 3019.64 3700 s
107 0.71 -(2D) 16 4096× 256 n(i) = 8 51.02 7726.20 6809.66 - 3650.03 3700 s

Table 5.5: Simulations details for 3D RB convection with span-wise rotation.
The corresponding 2D simulations are also included for comparison. The table
head is similar to that of table 5.3 and 5.4, apart from the inverse Rossby
number 1/Ro for the 3D cases. IC0 means initial conditions with zero velocity
and conductive temperature profile with random perturbations. ICc means
initial conditions with cyclonic shear flow u(z) = 2z − 1, v = 0, w = 0 and
conductive temperature profile with random perturbations.
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Figure 5.13: (a) Reynolds number ratio Rez/Rex as function of Γ for the zonal
flow state and (b) Reynolds number ratio Rez/Rex as function of Γr for the
convection roll state for Ra = 108 with different Pr. Solid symbols in (b) for
Γ = 16 and hollow symbols for Γ = 32. The solid symbols can hardly be seen
as they are mostly hidden by the hollow symbols. The data in (b) can be well
described by the effective scaling relation Rez/Rex = 0.86Γ−0.68

r .

5.6.2 Reynolds number ratio
Figure 5.13(a) shows the Reynolds number ratio Rez/Rex as function of Γ for the
zonal flow state. The ratio Rez/Rex increases with increasing Pr for Pr ≥ 10, which
has a similar trend as Nu discussed before. Figure 5.13(b) shows Reynolds number
ratio Rez/Rex as function of Γr for convection roll states for Ra = 108 with different
Pr. It is remarkable that Rez/Rex seems to have a universal dependence on Γr for
different Pr, despite that Nu has a different trend on Pr for large and small Γr. The
data can be well represented by the effective scaling relation Rez/Rex = 0.86Γ−0.68

r .
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Chapter 6

Flow reversals in
two-dimensional thermal
convection in tilted cells◦

The influence of tilt on flow reversals in two-dimensional (2D) thermal convection in
rectangular cells with two typical aspect ratios (Γ = width/height), i.e. Γ = 1, 2, are
investigated by means of direct numerical simulations (DNS). For Γ = 1, tilt tends to
suppress flow reversals. However, it is found that flow reversals characterized by two main
rolls are promoted by tilt for Γ = 2, which are even observed for some small Prandtl
numbers (Pr) and large tilt angles (β) cases. Different from level cases where the four
corner rolls all have opportunities to grow and trigger a flow reversal, the reversals in a
counterclockwise tilted cell with Γ = 2 are always led by the growth of the bottom-right or
the top-left corner roll. Tilt is favorable for the growth of the bottom-right or the top-left
corner roll and thus breaking the balance between the two main rolls and trigger a flow
reversal. The mode decomposition analysis shows that the appearance of the intermediate
single-roll mode is crucial for reversals, and flow reversals in a tilted cell with Γ = 2 can be
viewed as a mode competition process between single-roll mode and horizontally adjacent
double-roll mode. They can only occur in a limited range of β where the two modes have
the comparative strength. Furthermore, the Nusselt numbers at the hot plate Nuh and
at the cold plate Nuc behave differently during a flow reversal for Γ = 2 due to the
preference of single corner roll growth.

◦Based on: Qi Wang, Shu-Ning Xia, Bo-Fu Wang, De-Jun Sun, Quan Zhou, Zhen-Hua Wan,
Penetrative turbulent Rayleigh-Bénard convection in two and three dimensions, J. Fluid Mech.
870, 718-734 (2019).
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6.1 Introduction

Spontaneous reversal phenomena are common in many buoyancy driven fluid dy-
namical systems, including reversals of geomagnetic field of the Earth [4], the large
scale fluid motion in the sea and the atmosphere [235]. There also exist flow rever-
sals of the large scale circulation (LSC) in a model problem, i.e., Rayleigh-Bénard
convection (RBC) where a fluid layer is heated from the below and cooled from the
above (see Refs. [53,56,236] and references therein). The study of flow reversals in the
model system like RBC may enable us to gain more insights into the general reversal
phenomena in nature [237].

In cylindrical cells, there are two categories of flow reversals [238]: one is rotation-
led reversals, which are caused by incessant azimuthal meandering of the circulating
plane. The other is cessation-led reversals in which the LSC slows to a stop and restarts
in a random new orientation. Flow reversals in cylindrical cells have been studied
both experimentally [158, 238–243] and numerically [244]. Several models either of
stochastic ones [245, 246] or of deterministic ones [247] are proposed to account for
the flow reversals. The model proposed by Ref. [246] consists of two stochastic ordinary
differential equations, and it agrees well with many experimental results for the LSC
dynamics. A recent experimental work of Ref. [243] found that the second mode and
the remaining higher-order modes play important roles in the dynamical process of
the reversal and the Nusselt number Nu drops to its minimum during a flow reversal.
It is once thought that cessation-led reversals presumably would prevail in systems
where the rotational invariance is broken [238]. However, the cessations of the LSC
had not been observed in a cubic cell where the rotational invariance is broken [248].
It is still ambiguous why cessations are absent in a cubic cell.

Without complicated three-dimensional (3D) structures, flow reversals in two-
dimensional (2D) [79,114,144,220,249–254] or quasi-2D [237,255,256] square cavities
have attracted much attention in recent years. Ref. [114] studied flow reversals in a
square cavity with unit aspect ratio by means of 2D DNS combined with the exper-
iments performed in a quasi-2D cell, they found that the results of experiments and
simulations are in very good agreement. They also showed that the growth of corner
rolls both in kinetic energy and in size plays key roles in triggering flow reversals.
They concluded that flow reversals in a 2D/quasi 2D cell occur only in a limited
parameter space, that is to say the reversals do not exist for too large or too small
Pr as well as too large or too small Ra. Refs. [144, 220] used a mode decomposition
method to study flow reversals, they showed that flow reversals are caused by a vortex
reconnection of two attracting rolls and the appearance of (2, 2) mode is critical to
trigger flow reversals. Refs. [250,253] used proper orthogonal decomposition to study
flow reversals in a 2D square cell and proposed a 3D model which is based on the
interaction of the LSC, the quadrupolar flow and horizontal rolls. Ref. [252] found
that the reversal cycle is composed of three successive phases: acceleration, accumu-
lation and release including a rebound event. Ref. [256] experimentally found the
frequency of flow reversals increases drastically in smaller Γ cells. It should be noted
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that 2D/quasi-2D convection promotes reversals particularly for topological reasons.
In 3D cubic cells, reversals are very rare [248]. Previous works are almost restricted
to a unit aspect ratio cell where there exists only one LSC that spans the size of the
convection cell. It has already been realized by Ref. [114] that Γ has a strong effect
on the reversal dynamics. For a Γ = 2 cell, the flow is characterized by two main rolls
and flow reversals also exist [220, 251]. However, much less works have been devoted
to flow reversals in a Γ = 2 cell so far.

There are several differences between flow reversals in 2D/quasi-2D and 3D geome-
tries. Firstly, the mean time between successive reversals has a strong Ra dependence
in the former [114] while it has a weak Ra dependence in the latter [239,241]. Secondly,
flow reversals in 2D/quasi-2D cells occur in a limited parameter space, and there are
no reversals for Ra larger than 5 × 108(2D) or 1.6 × 109 (quasi-2D) [114]. However,
flow reversals in 3D cylindrical cells can occur at larger Ra (Ra > 1010) [238,239,243]
and high Pr (Pr = 19.4) [257]. Whether 2D reversals and cessation-led reversals
correspond to the same phenomenon is still an open question [252].

Almost all previous studies are conducted in a symmetrical system. However, flow
reversals in real world usually take place in an asymmetrical system. One example
is that the heat flux on the core-mantle boundary in earth is non-uniform [258] and
this has great influence on the frequency of geomagnetic reversals [5]. Another is
the solar convection zone that has both torsional oscillations and periodic reversals
[259]. Therefore, it is important to study the influence of symmetry breaking on flow
reversals. Refs. [239, 260] found that flow reversals in a Γ = 1 cylindrical container
are suppressed significantly even for very small tilt angles. Ref. [261] also found that
in a cylindrical container with Γ = 0.5, a minor tilt of 2◦ will lock the LSC in
the azimuthal plane along the tilted direction, and reversals are suppressed, similar
results were also found in a rectangular cell with Γ = 0.5 [104]. Ref. [79] studied non-
Oberbeck-Boussinesq (NOB) effects on flow reversals, they found interestingly, when
considering NOB effects, flow reversals can be observed for relatively small Pr = 0.71.
Ref. [237] studied the influence of thermal boundary conditions on flow reversals. They
claimed that the reversal of the LSC can be viewed as a process for the system to
restore its symmetry in a statistical way.

It is generally accepted that tilt will suppress flow reversals in a Γ = 1 cell.
However, how will cell tilt influence flow reversals in larger aspect ratio cells where
multiple convection rolls may exist is still an open question. In this chapter, we try to
fill this gap by studying the influence of cell tilt on flow reversals in a 2D rectangular
cell with Γ = 2 where two convection rolls may develop, the results are also compared
with those for Γ = 1 cases. The reason why we choose Γ = 2 is that it has been found
previously that flow reversals of double roll state exist in a Γ = 2 cell [220,251], while
whether flow reversals exist for Γ > 2 is still unknown. There are two advantages
on 2D DNS: (i) the numerical effort required for 2D simulations is much smaller and
thus we can study flow reversals in a considerable fraction of the Rayleigh number
Ra/Prandtl number Pr versus tilt angle β parameter space for different Γ. (ii) The
flow visualization is much easier, and detailed flow reversal scenario can be obtained.
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In recent years, 2D DNS has been used widely to study turbulent convection, e.g. it was
used to study turbulent heat transfer [121, 145, 159, 191, 262], to study the boundary
layer (BL) dynamics [122,204,263,264], to reveal the non-Oberbeck-Boussinesq effects
on the flow organization [99], to probe the effect of roughness on the heat transfer
[148,265–268], to investigate statistics of kinetic and thermal energy dissipation rates
in RBC [269] and more recently to explore the transition to the ultimate regime [183].

The reminder of this chapter is organized as follows. In §6.2, we introduce the
governing equations and numerical methods. The main results are presented in §6.3,
which is divided into three parts. Section 6.3.1 studies the influence of tilt on flow
reversals in Γ = 1 and Γ = 2 cells. In §6.3.2, we use a mode decomposition method
to reveal the inherent mechanism for the reversals in a tilted Γ = 2 cell. Section 6.3.3
discusses the heat transfer properties during the reversals. Finally, a short summary
is presented in §6.4.

6.2 Numerical settings

We studied flow reversals in a tilted cell with width Ŵ and height Ĥ (hatted quan-
tities are dimensional), the bottom plate has a constant high temperature T̂H while
the top plate has a constant low temperature T̂C . Here, with Oberbeck-Boussinesq
approximation the dimensionless governing equations read

∇ · u = 0, (6.1)
∂u

∂t
+ u · ∇u = −∇p+

√
Pr

Ra
∇2u+ T e⃗, (6.2)

∂T

∂t
+ u · ∇T =

1√
RaPr

∇2T, (6.3)

where u = (v, w) and x = (y, z) are the velocity components and coordinates in
the horizontal and vertical directions, p is the reduced kinetic pressure, T is the
temperature, e⃗ is a unit vector defined by e⃗ = (sin(β), cos(β)). β is the tilt angle which
is positive when the cell rotates counterclockwise. For non-dimensionalization, the
free fall velocity Û = (ĝα̂∆T̂ Ĥ)1/2 and the height of the container Ĥ are used, where
ĝ is the gravitational acceleration, α̂ is the isobaric thermal expansion coefficient,
∆T̂ = T̂H − T̂C is the temperature difference. the reference time is free-fall time
t̂f = Ĥ/Û , the dimensionless temperature is defined by T = (T̂ − T̂C)/∆T̂ . This
problem is governed by three dimensionless parameters, i.e., the Prandtl number Pr,
the Rayleigh number Ra and the aspect ratio Γ:

Pr =
ν̂

κ̂
, Ra =

ĝα̂∆T̂ Ĥ3

ν̂κ̂
,Γ =

Ŵ

Ĥ
, (6.4)

where κ̂ is the thermal diffusivity, and ν̂ the kinematic viscosity. No-slip and imper-
meability conditions are imposed at all walls and the sidewalls are insulated.
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The governing equations are solved numerically by a well-validated in-house code
lMn2d. All spatial terms are discretised using second-order central difference scheme.
A non-uniform grid with clustered grid points near walls is used to resolve small
scales inside boundary layers. Pressure and velocities are staggered in space in order
to avoid pressure-velocity decoupling. Time integration is accomplished by using the
Adams-Bashforth scheme for the nonlinear terms and Crank-Nicolson scheme for the
viscous and diffusion terms. Detailed numerical schemes and validations of this code
can be found in our previous work [79].

The simulation parameters of this chapter are listed in table 6.1. The initial field
for cases with β = 0◦ is conductive state with small perturbations added to the
temperature field, while for tilted cases we use the flow field of β = 0◦ as the initial
condition. In all cases, the simulations run for a long time to determine whether
flow reversals exist. Moreover, in order to obtain better statistics of the flow reversal
frequencies, the longest simulation is performed for 249,000 free-fall time units.

Γ Ra Pr β Nx ×Nz

1 [107, 108] 2 [0◦, 20◦] 256× 256
1 5× 107 [1.5, 5] [0◦, 20◦] 256× 256
2 107 [0.05,4.38] [0◦, 90◦] 512× 256
2 [107, 108] 0.3 [0◦, 60◦] 512× 256

Table 6.1: Simulation parameters. The columns from left to right indicate the
following: Γ, Ra, Pr, β and mesh resolutions.

6.3 Results and discussion

6.3.1 Flow reversals in two-dimensional tilted cells
We start by studying the influence of tilt on flow reversals for a typical aspect ratio
Γ = 1. Figure 6.1 shows snapshots of the temperature and velocity fields during one
of the reversals at Ra = 5× 107, Pr = 2 and β = 6◦. Although the symmetry of the
system is broken, it is found that the reversal process is similar to the level case [114].
The two corner rolls grow simultaneously in kinetic energy and also in size due to the
plume detachment from the boundary layers, until they merge as a new LSC with the
opposite direction, and a flow reversal happen. It is well known that flow reversals
occur in a certain Ra − Pr parameter space for Γ = 1. For a system with only one
main roll, the reversal process can be nicely indicated by a global quantity, i.e., the
net angular momentum:

L(t) = ⟨−(z − 1/2) v (x, t) + (y − 1/2)w (x, t)⟩V , (6.5)

where ⟨·⟩V represents averaging over the total area. Figure 6.2 shows time evolution
of L for the level case with β = 0◦ and the tilted case with β = 6◦ at Ra = 5 × 107



6.3. RESULTS AND DISCUSSION 121

Figure 6.1: Three snapshots of the temperature field superposed with velocity
vectors during one of flow reversals for Ra = 5 × 107, P r = 2, β = 6◦ at
different times. (a) t = 500. (b) t = 655. (c) t = 705.

and Pr = 2. A sign change of L can reveal a reversal, the frequent flow reversals
in a level cell can be observed in figure 6.2(a). From figure 6.2(b), it is evident that
the symmetry breaking induced by tilt greatly suppress flow reversals for Γ = 1.
One sees that the clockwise main roll with negative L stays for quite a short time
before reversing its orientation. This is because for the clockwise LSC, as shown in
figure 6.1(c), tilt introduces a horizontal buoyancy force along the y-direction so that
the hot plumes are more likely to move up to the right-bottom corner roll and the
cold plumes tend to move down to the left-top corner roll. The two corner rolls have
more opportunities to grow and trigger a reversal. Besides, the tilt may weaken the
clockwise LSC since along the hot and cold plate the horizontal buoyancy force is
in the opposite direction of the flow velocity of LSC. Thus the clockwise LSC is less
stable and is easier to reverse its orientation, and it always stays for a much shorter
time as shown in figure 6.2(b). Previous studies have shown that the main roll will
be locked in the plane along the tilted direction both in cylindrical cells [59,143,239]
and in rectangular cells [270, 271] with Γ = 1. Thus the suppression of flow reversals
by tilt for Γ = 1 is within expectation.

We then map out phase diagrams for Γ = 1 over β − Pr parameter space with
Ra = 5× 107 and over β −Ra parameter space with Pr = 2 in figure 6.3. We run at
least 5 000 large eddy turnover time tE to detect whether there exist flow reversals. tE
is defined by tE := 4π/ ⟨|ωc(t)|⟩, where ωc denotes vorticity in the center of the main
roll. For some cases (for example, Ra = 108, P r = 2,Γ = 1, β = 3◦), we even calculate
more than 10 000 tE to conclude there are indeed no reversals. As shown in figure
6.3(a), the critical angle βc displays a non-monotonic relation with Pr. For larger Pr,
the βc is smaller, for Pr = 5, a minor tilt of 1◦ will completely suppress flow reversals
due to the fact that the thickness of thermal boundary layer (BL) is much smaller
than the thickness of kinetic BL and thermal coupling between the corner roll and
the thermal BL is weakened, as stated in prior study [114]. For small Pr, the thermal
diffusion becomes dominant and suppresses the growth of the corner roll. Therefore,
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Figure 6.2: Time evolution of the angular momentum L for Γ = 1, Ra = 5×107,
and Pr = 2. (a) β = 0◦. (b) β = 6◦. The positive and negative signs indicate
counterclockwise and clockwise circulations, respectively.

flow reversals in the tilted cell are also easier to occur at intermediate Pr, and the
corresponding βc is also larger. In figure 6.3(b), the βc also displays a non-monotonic
relation with Ra. For intermediate Ra, the corresponding βc is larger. The reason
lies in the non-monotonic dependence of the flow reversal frequency on Ra. It can
be seen in figure 3 of [114] that flow reversals are most frequent for intermediate Ra
(about 7× 107 for Pr = 4.3), any increase or decrease of Ra will reduce flow reversal
frequency. For the Pr = 2 considered in our work, the reversals are most frequent
for Ra ∼ 4 × 107 thus the corresponding βc is larger, and any increase or decrease
of Ra will reduce βc. The reversals occur less and less frequently with increasing Ra
and reversals disappear when Ra ≥ 2× 108 for Pr = 2 [114]. Thus the main roll here
is more sensitive to tilt at larger Ra, and a minor tilt of the cell will suppress flow
reversals at relatively high Ra.

Compared with Γ = 1, there are less studies devoted to horizontally adjacent
double-roll reversals in a Γ = 2 cell [220,251]. Here, we first explore the flow reversals
in a Γ = 2 cell at a fixed Ra = 107, but varied Pr and β, as listed in table 6.1. The
Ra dependence for a fixed Pr = 0.3 is also studied. Figure 6.4 shows flow reversal
scenarios for a level case with Ra = 107, Pr = 0.71 and Γ = 2, it is seen that the
single corner roll growth leads to a flow reversal, which is qualitatively the same as
that of [251]. Due to the inherent symmetry of the system, the two bottom corner rolls
in figure 6.4(a) and the two top corner rolls in figure 6.4(f) all have opportunities to
grow and trigger flow reversals. However, when the symmetry of the system is broken
by tilt, the two corner rolls will no longer play equivalent roles.

Figure 6.5 shows snapshots for two successive flow reversals at Ra = 107, P r =
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Figure 6.3: (a) Phase diagrams in the β − Pr plane for Ra = 5 × 107,Γ = 1.
(b) Phase diagrams in the β−Ra plane for Pr = 2,Γ = 1. Red filled diamonds
(♦) correspond to detected flow reversals, green squares (■) to a single roll
state without reversals.

Figure 6.4: Six snapshots of the temperature field superposed with velocity
vectors during one of flow reversals for Ra = 107, P r = 0.71, β = 0◦ at different
times. (a) t = 12283. (b) t = 12338. (c) t = 12349. (d) t = 12354. (e) t = 12361.
(f ) t = 12377.
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Figure 6.5: Nine snapshots of the temperature field superposed with velocity
vectors during two of flow reversals for Ra = 107, P r = 0.71, β = 1◦ at different
times. (a) t = 1684.5. (b) t = 1701. (c) t = 1704. (d) t = 1710. (e) t = 1711.5.
(f ) t = 1725. (g) t = 2860.5. (h) t = 2869.5. (i) t = 2890.5.

0.71 and β = 1◦. As shown in figure 6.5(a), the flow field is characterized by two main
rolls and two bottom corner rolls. Since tilt will introduce a horizontal buoyancy force
along the y-direction, the hot plumes detached from the lower BL will bear a top-right
buoyancy force and be apt to feed the bottom-right corner roll. This is favorable for
the growth of the bottom-right corner roll as illustrated in figure 6.5(b). The bottom-
left corner roll, however, almost remains unchanged. The subsequent reversal process
shown in figure 6.5(c) - 6.5(f) is similar to that in a level case. Similarly, for the
next reversal cycle, due to the y− direction buoyancy force introduced by tilting the
cell, the cold plumes detached from the upper BL are more likely to enter the top-
left corner roll. Thus the top-left corner roll growth will lead to a flow reversal, as
shown in figure 6.5(g) - 6.5(i). It should also be noted that the horizontal buoyancy
force induced by tilt near the the top and bottom walls is always in the opposite
direction of the flow velocity of one of the two main rolls. Thus the effect of tilt on
the main rolls may always play some roles in flow reversals in a tilted Γ = 2 cell,
and the unstable clockwise main roll will always first reverse its direction. Due to the
symmetry breaking, only the bottom-right corner roll in figure 6.5(a) and the top-left
corner roll in figure 6.5(f) have opportunities to grow and lead to a flow reversal,
this is different from a level case where the four corner rolls all have opportunities to
grow and trigger a flow reversal. This argument can be quantitatively demonstrated
by investigating the long time evolution of L as shown in figure 6.6. Note the L is
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Figure 6.6: Time evolution of angular momentum L for Ra = 107, P r = 0.71
and Γ = 2. (a) β = 0◦. (b) β = 0.5◦. (c) β = 1◦
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 Γ = 1

 Γ = 2

Figure 6.7: Flow reversal frequency f as a function of β. Red circles (◦) for
Ra = 5× 107, P r = 2,Γ = 1, blue diamonds (♢) for Ra = 107, P r = 0.71,Γ =
2.

calculated with respect to the center point (1,0.5) here. The flow is dominated by the
double-roll mode with L ≃ 0 most of the time due to compensation of two main rolls.
When the flow reversal occurs, the clockwise/counterclockwise intermediate single-
roll mode appears (see figure 6.4(c) and figure 6.5(c)), thus large negative/positive
L will appear, indicated by sharp spikes in figure 6.6. The large positive L indicates
that it is the growth of the bottom-right corner roll shown in figure 6.5(a) or the
top-left corner roll shown in figure 6.5(f) that leads to flow reversals, while the large
negative L indicates that it is the growth of the bottom-left corner roll shown in figure
6.4(a) or the top-right corner roll shown in figure 6.4(f) that leads to a successful flow
reversal. It is seen that both positive and negative spikes exist for the level case while
only positive spikes exist for the tilted case. Thus only the growth of the bottom-right
corner roll or the top-left corner roll will lead to a flow reversal in a tilted cell. From
figure 6.6, we can also see that there are much more flow reversals in tilted cells,
demonstrating that tilt will promote flow reversals for Γ = 2. To further quantify the
promoting effect of cell tilt on the flow reversal, the reversal frequencies f defined by
reversal numbers per free-fall time unit are calculated, which are plotted in figure 6.7.
Clearly, for Γ = 1, f does not drop much for small β ≤ 2◦, while for β > 2◦, f drops
rapidly. On the contrary, f increases monotonically with β for Γ = 2, it even increases
more than an order from β = 0◦ to 1◦. Thus a minor tilt will greatly promote flow
reversals for Γ = 2.

Again we map out flow states in β − Pr space for Ra = 107 and Γ = 2 in figure
6.8(a). We run at least 4 000 tE to detect whether there exist flow reversals. As
the position of the center of the main roll changes after reversals (this is especially
evident for reversals with large β). The large eddy turnover time tE is better defined
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Figure 6.8: (a) Phase diagrams in the β − Pr plane for Ra = 107,Γ = 2. (b)
Phase diagrams in the β −Ra plane for Pr = 0.3,Γ = 2. Red filled diamonds
(♦) correspond to detected flow reversals, blue filled circles (•) denote double-
roll state without flow reversals, green squares (■) represent single-roll state
without flow reversals.

by tE := (W + 2H)/uLSC , where uLSC is the typical velocity of the LSC measured
at ∼ H/10 from the side walls and plates [255, 264]. Three different flow states are
identified, which are the double-roll state without flow reversals, the double-roll state
with flow reversals, and the single-roll state without flow reversals, respectively. One
sees that for Pr ≤ 0.5 and small β, the flow stays in the stable double-roll state
without flow reversals. When β is beyond a critical value, the double-roll state is
not stable anymore and flow reversals occur at intermediate range of β. However,
when β increases further, the flow becomes stable one-roll state and no reversals can
be observed anymore. For 0.71 ≤ Pr ≤ 4.38 , the flow transits directly from reversal
state to one-roll state. It is interesting that for relatively small Pr ≤ 0.5, flow reversals
can only occur in tilted cells. It is worth mentioning that the reversals even occur at
very small Pr and large β. For instance, there exist flow reversals for Pr = 0.05 and
β = 70◦, as seen in figure 6.8(a). This is in stark contrast to that in a Γ = 1 cell
where no reversals exist for Pr ≤ 0.71 [114]. As flow reversals in tilted cells with
Γ = 2 tend to occur for small Pr, thus the Ra dependence of flow reversals is studied
for a representative small Pr = 0.3. Figure 6.8(b) maps out flow states over the β−Ra
parameter space for fixed Pr = 0.3. It is obvious that flow reversals can only be found
in tilted cells, which even exist at Ra = 108. Based on the above findings, we show
that the symmetry breaking of the system induced by tilt has considerably broadened
the original Ra−Pr parameter space of flow reversals for Γ = 2. However, the crucial
question left in this section is that why reversals only occur in a limited range of β
for Γ = 2.
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6.3.2 Mode decomposition analysis
To find the answer to the question left in §6.3.1, a mode decomposition method is
employed. We project the velocity components v and w onto the following Fourier
basis:

v̂m,n =
√
2 sin(mπy/2) cos(nπz), (6.6)

ŵm,n = −
√
2 cos(mπy/2) sin(nπz). (6.7)

The velocity can be recovered by:

v(y, z, t) =
∑
m,n

Am,n
y (t)v̂m,n, (6.8)

w(y, z, t) =
∑
m,n

Am,n
z (t)ŵm,n. (6.9)

The projection is done component-wisely by a scalar product in the L2-space. The
corresponding time series Am,n

y (t) and Am,n
z (t) can be obtained by:

Am,n
y (t) =

∫ zmax

0

∫ ymax

0

v(y, z, t)v̂m,ndydz, (6.10)

Am,n
z (t) =

∫ zmax

0

∫ ymax

0

w(y, z, t)ŵm,ndydz. (6.11)

A value Mm,n(t) representing the contribution of different modes can be evaluated by
Mm,n(t) =

√
(Am,n

y (t)2 +Am,n
z (t)2). The mode (m,n) corresponds to a flow structure

with m rolls in the y direction and n rolls in the z direction. Although Fourier basis
functions do not satisfy the no-slip boundary conditions, it has been shown that
they capture the convective flow profiles well [144, 220, 249, 251]. The Fourier mode
decomposition method has been employed extensively to study 2D reversals [144,220,
249,251] and heat transfer in quasi 2D cells [118,147].

We quantitatively analyze the flow mode competition for a representative case
with Ra = 107, P r = 0.5 and Γ = 2 where flow reversals only happen in a limited
β range, i.e., 7◦ ≤ β ≤ 13◦. Figure 6.9 shows time evolution of the amplitudes of
dominated modes (2,1) and (1,1), and the vertical velocity at the center of the cell
wc for β = 8◦. A sign change of wc can nicely indicate a reversal. The flow near
the times t = 890 and 2110 which are denoted by vertical dash dotted lines can
be viewed as cessations in a Γ = 2 cell. The growth of corner rolls does not trigger
successful reversals near these two moments. In figure 6.9, it is found that the transient
M2,1(t) approaches zero during reversals, while M1,1(t) shows a spike. The vanishing
of (2,1) mode and the appearance of (1,1) mode correspond to the appearance of
the counterclockwise single roll structures during the reversal. So we conclude that
the appearance of single-roll mode (1,1) plays a critical role in triggering a reversal,
similar to that in a Γ = 1 cell where the (2,2) mode plays the dominant role.
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Figure 6.9: For Ra = 107, P r = 0.5 and β = 8◦, time evolution of (a) Flow
mode amplitude of M2,1(t) (red line) and M1,1(t)(black line). (b) Vertical
velocity component wc at the center location (1, 0.5).



130 CHAPTER 6. FLOW REVERSALS IN 2D TILTED CELLS

Figure 6.10: Time averaged flow mode amplitudes M1,1 and M2,1 as a function
of β for Ra = 107, P r = 0.5 and Γ = 2 , the grey area denotes the angle at
which flow reversals appear.

To understand why the flow reversals occur in a limited range of β. The bifurcation
diagram is further shown in figure 6.10. One sees that the flow is dominated by (2,1)
mode for 0◦ ≤ β ≤ 6◦ and the amplitude of (1, 1) mode approaches 0, which is
referred to as regime I. The M1,1 starts to grow rapidly beyond β = 7◦, then flow
reversals occur for 7◦ ≤ β ≤ 13◦, and we call this regime II. In this regime, the
flow is still dominated by (2, 1) mode, but the M2,1 and M1,1 are comparable. For
15◦ ≤ β ≤ 90◦, the flow is dominated by (1, 1) mode and the amplitude of (2, 1)
mode is close to 0, which is called regime III. It can be seen that the M1,1 decreases
monotonically with increasing β in this regime, this is because the flow strength which
is denoted by the Reynolds number Re decreases monotonically with increasing β in
this regime [59,270]. It is clear that the reversals tend to happen in the intermediate
β range where the (2, 1) mode and (1, 1) mode have the comparative strength. Based
on the mode decomposition analysis, we conclude that the flow reversals in tilted cells
for Γ = 2 can be viewed as a mode competition process between (2, 1) mode and (1, 1)
mode.

6.3.3 Heat transfer during flow reversals

Finally, we discuss the heat transfer properties during a flow reversal. It is well rec-
ognized that the heat transfer is closely connected to the mean flow structures both
in two dimensions [159] and three dimensions [115, 116, 158, 261, 272–274]. As shown
above, during a flow reversal, the flow structures change greatly, so the significant
change of heat transfer is expected. The Nusselt number (Nu), used to measure heat
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Figure 6.11: Time evolution of (a) vertical velocity at the cell center wc. (b)
Nusselt number at the hot wall Nuh. (c) Nusselt number at the cold wall Nuc.
for Ra = 107, P r = 0.71 and β = 1◦.

transport, is defined as

Nu(t) =
Q̂

k̂∆T̂/Ĥ
=

(⟨
ρ̂ĉpŵT̂

⟩
A
+
⟨
k̂∂zT̂

⟩
A

)
k̂∆T̂/Ĥ

(6.12)

where Q̂ is heat flux across any horizontal plane (3D)/line (2D). ⟨·⟩ denotes averaging
over any horizontal plane (3D)/line (2D). Here, the Nu averaged over the hot and
cold plate are denoted as Nuh and Nuc, respectively.

Figure 6.11 shows time evolution of the vertical velocity component at the cell
center wc, Nuh and Nuc for Ra = 107, P r = 0.71,Γ = 2 and β = 1◦. We distinguish
the two kinds of reversals by the sign change of wc, referred to as REV1 and REV2. For
REV1, the Nuh experiences a minor decrease, and then a overshoot, after relatively a
long time, it returns to its normal value. While the Nuc has a drastic decrease during
the reversal, after a overshoot, it return to its normal value quickly. For REV2, the
behaviour of Nuh is similar to that of Nuc in REV1 and the Nuc is similar to
that of Nuh in REV1. These phenomena are similar to that in a level case. The most
significant feature for Γ = 2 is that Nuh and Nuc behave differently during a reversal.

To better illustrate this point, the time evolution of ensemble-averaged Nuh and
Nuc are shown in figure 6.12. For Γ = 2, we first locate the data point where wc

becomes zero corresponding to the appearance of single-roll mode during reversals.
Then starting from this data point we go forward and backward for 500 free-fall time
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Figure 6.12: Time evolution of ensemble-averaged Nuc and Nuh during flow
reversals for (a,b) Ra = 107, Pr = 0.71, β = 1◦, and Γ = 2 and (c,d) Ra =
5 × 107, Pr = 2, β = 0◦, and Γ = 1. (a) REV1. (b) REV2. (c) The reversal
from the clockwise single roll mode to the counterclockwise single roll mode.
(d) The inverse process of (c).
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units. We averaged for 59/62 samples for REV1/REV2, and the results are plotted in
figure 6.12(a) and 6.12(b). Similar procedures were also used before [243, 252] and in
the study of statistical properties of geomagnetic field reversals [275]. One can see from
figure 6.12(a) that both Nuh and Nuc drop to their minima at t ≈ 0 corresponding
to the appearance of single roll mode during REV1. The Nuc has a more drastic
decrease than Nuh, due to apparent top-down asymmetric flow structures as shown
in figure 6.5(c). There is also a small overshoot for Nuh before reaching its local
minimum. After reaching their local minima, both Nuh and Nuc increase rapidly, the
Nuc experience some fluctuations around its local maximum, and then returns to its
normal value. While for Nuh, two local maxima are found, and it takes more time
for Nuh to return to its normal value. For REV2, the behaviors of Nuh and Nuc are
reversed compared to REV1, as shown in figure 6.12(b). For comparison, Nuh and
Nuc for Γ = 1 during two kinds of flow reversals are also plotted in figure 6.12(c) and
6.12(d). The time t = 0 is the time when the global angular momentum L becomes 0,
corresponding to the appearance of (2,2) mode during the reversal, which is top-down
symmetric. It is clear that Nuh and Nuc always have the same trend. It is interesting
that the overshoot phenomenon is observed which is similar to that in a cylindrical
cell [243]. In short, the heat transfer is directly connected with flow structures, the
different trend of Nuh and Nuc during a reversal in a Γ = 2 cell is due to preference
of single corner roll growth during a reversal. While for Γ = 1, two corner rolls grow
simultaneously, and flow structure is symmetrical about the horizontal centerline, thus
the Nuc and Nuh behave the same.

6.4 Conclusions
In this work, we investigate the effect of cell tilt on flow reversals in Γ = 1 and
2 cells by performing 2D DNS. It is found that flow reversals are suppressed by
tilt for Γ = 1, however, flow reversals characterized by two main rolls are greatly
promoted by tilt for Γ = 2. For Γ = 1, flow reversals in tilted cells are led by the
simultaneous growth of two corner rolls, which is qualitatively the same as those in
level cases. For Γ = 2, due to the introduction of horizontal buoyancy force by tilt,
flow reversals in a tilted cell are always led by the growth of the bottom-right or the
top-left corner roll, which is different from those in a level case where the four corner
rolls all have opportunities to grow and trigger a reversal. Tilt is favorable for the
thermal plumes to feed the bottom-right or the top-left corner roll, thus breaking
the balance between the two main rolls and leads to a reversal. As a result, the
reversals are promoted by tilt and are much more frequent than those in level cells.
Moreover, flow reversals in tilted cells with Γ = 2 tend to occur in small Pr. Tilt
broadens Ra-Pr parameter space for flow reversals to happen in a Γ = 2 cell. Our
study expands the flow reversals in a canonical system to small Pr which is relevant
to many geophysical and astrophysical flows [276, 277]. By exploiting the large-scale
mode decomposition analysis, we demonstrate that flow reversals in a tilted cell with
Γ = 2 can be viewed as a mode competition process between the single-roll mode and
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horizontally adjacent double roll mode. Reversals can only occur in an intermediate
range of β where M1,1 and M2,1 are comparable. Furthermore, we find that Nuh and
Nuc behave the same during a reversal for Γ = 1, however, they behave differently
for Γ = 2 due to preference of single corner roll growth during a reversal.

The present finding of more frequent flow reversals in a tilted Γ = 2 cell demon-
strates that the effect of symmetry breaking on flow reversals are system-dependent,
which should still be explored in asymmetrical systems to gain more physical insights
into the various reversal phenomena in nature.



Chapter 7

Flow organization and heat
transfer in two-dimensional
tilted convection with aspect
ratio 0.5◦

Thermal convection in a two-dimensional tilted cell with aspect ratio (Γ=width/hight)
1/2 is studied using direct numerical simulations (DNS). The considered tilt angle β
ranges from 0◦ to 90◦. The Prandtl number Pr dependence is first studied in the range
of 0.01 ≤ Pr ≤ 100 for a fixed Rayleigh number Ra = 107. The Ra dependence is also
investigated in the range of 106 ≤ Ra ≤ 109 for a fixed Pr = 0.71. Different flow states
are identified over the β-Pr parameter space. It is found that the flow tends to organize
itself in a stable vertically-stacked double-roll state (DRS) for small Pr and small β, while
this DRS becomes unstable and flow reversals happen with the increase of β . This finding
complements our previous study of flow reversals in tilted cells with Γ = 1 and 2 (Wang
et al., J. Fluid Mech., vol. 849, 2018, 355-372). For relatively larger Pr, the flow gives
way to stable triple-roll state or unstable triple-roll state for small β. Moreover, multiple
states in the turbulent regime are found for Ra ≥ 108, between which the flow can or
can not switch. In the latter case the Nu are different for the two states with the same
number of convection rolls but different orientations. It is found that the Nu(β)/Nu(0)
and Re(β)/Re(0) dependence is strongly influenced by a combination of Ra and Pr. In
the present system, we interestingly find that the earlier conclusion that Nu decreases
with increasing β close to β = 90◦ for Γ = 1 does not hold for the present Γ = 1/2 case
with small Pr.

◦Based on: Qi Wang, Zhen-Hua Wan, Rui Yan, De-Jun Sun, Flow organization and heat
transfer in two-dimensional tilted convection with aspect ratio 0.5, Phys. Fluids. 31, 025102
(2019).
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7.1 Introduction

Fluid motion driven by a temperature gradient is ubiquitous in nature and is also
important in many industrial processes. Two classical models are frequently used to
study thermal convection: one is Rayleigh-Bénard convection (RBC) [53–56] where a
fluid layer in a cavity is heated from the below and cooled from the above, the other
is vertical convection (VC) [57,58,109,149,278] where the cavity is heated and cooled
from the sides. In practice, the angle β between the gravity acceleration ĝ and the
inverse temperature gradient −∇T̂ often varies in the range of 0◦ ≤ β ≤ 90◦ (β = 0◦

corresponds to RBC while β = 90◦ denotes VC). A relevant example is the process of
crystal growth from melts in tilted ampoules with axial heating, larger mass transport
rates are typically obtained by slightly tilting the horizontal Bridgman configuration
[66]. In the same way, the heat transfer in heat exchangers and thermosiphons can be
enhanced by selecting an optimal tilt angle [66]. This has been confirmed in recent
experiments [279–282] and simulations [283] with low-Prandtl-number fluids, which
show that any tilt angle β would increase the Nusselt number Nu, compared to that
of RBC.

The influence of minor tilting on RBC has been investigated extensively over the
past decades [155,160,261,284–288]. For a convection cell with aspect ratio Γ = 1, Ref.
[284] experimentally found that the Nu did not change for Ra = 5×1010, P r = 3 with
β = 10◦. A similar conclusion was drawn by Ref. [285] for mercury with Pr ≈ 0.025,
where they found that the heat transfer is unchanged (by no more than 1% even
for a angle of 4◦). Ref. [287] found a very small reduction of Nu by about 0.5%
for β = 10◦, although the changes of amplitudes and dynamics of the large scale
circulation (LSC) were found to be substantial, and they discovered a much stronger
Reynolds number Re dependence on the tilt angle β, namely Re(β)/Re(0) ≈ 1 +
(1.85±0.21)|β|−(5.9±1.7)β2. These results are all performed with relatively small β.
In recent years, thermal convection in tilted cells with a wide range of β (0◦ ≤ β ≤ 90◦)
has also been investigated [59, 104, 106, 107, 270, 271, 282, 283, 289–291]. Ref. [270]
experimentally studied thermal convection in a tilted cavity for Ra ≈ 4.3 × 109 and
Pr ≈ 6.7, they found that the LSC is sensitive to the symmetry of the system and
the LSC changes gradually from oblique ellipse-like to square-like, they also found
that the Nu monotonically decreases with increasing β for 0◦ ≤ β ≤ 90◦. Ref. [59]
performed detailed direct numerical simulations (DNS) for 106 ≤ Ra ≤ 108 and
0.1 ≤ Pr ≤ 100 in a cylindrical cell with Γ = 1, they showed that Nu(β)/Nu(0)
dependence is not universal and is strongly influenced by a combination of Ra and
Pr, and the Nu(β)/Nu(0) dependence is a complicated, non-monotonic function of
β. Ref. [271] performed experimental study of the evolution and statistics of thermal
plumes in tilted convection using the shadowgraph technique. A recent experimental
work of Ref. [282] using liquid sodium with Prandtl number 0.0094 found that the
Nu is minimal at β = 0◦ and demonstrates a smooth increase with increasing β,
reaching a maximum at β = 70◦ and decreasing with a further increase of β. The
maximal value of Nu(β)/Nu(0) was 1.21. Ref. [107] studied the effect of cell tilting
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on the flow reversals of the large-scale circulation (LSC). They found interestingly
that tilting will promote flow reversals of the horizontal-adjacent double-roll state for
Γ = 2, which is different from Γ = 1 cases where flow reversals are greatly suppressed
by tilting. Ref. [291] studied tilted convection with large Prandtl number Pr ≈ 480
using a combination of experiments and 2D DNS. The general trends of Nu(β)/Nu(0)
as a function of β were found to agree with each other for quasi-2D experiments
and 2D DNS. The global heat transfer was found to be insensitive to the drastic
reduction of turbulent intensity. The maximum enhancement of Nu was about 20%
for Ra = 108 and 10% for 5×108. More recently, Ref. [106] reported multiple states for
tilted convection with large aspect ratios, they also found that Nu generally decreases
monotonically with increasing β for Γ ≥ 8.

Apart from Γ = 1, another well used aspect ratio in the studies of RBC is Γ = 1/2.
In fact, this geometry has been used in many experiments [292, 293] and simulations
[227,294–296] to achieve higher Ra. However, compared with unit aspect ratio, there
are less works devoted to tilted convection with Γ = 1/2. An experimental study by
Ref. [286] that uses water with Pr ≈ 2 in a Γ = 1/2 cylindrical cell found a decrease
of Nu up to 5% for tilt angles as small as 1.5◦, another measurements in a cylindrical
cell by Ref. [261](Γ = 1/2, P r = 5.3) also found a decrease of Nu by about 2% for
β = 2◦. Ref. [297] also found that for β = 3.6◦ the Nu was reduced by about 1.5% in
comparison with that for β = 1.3◦. However, Ref. [160] did not confirm these results
and instead they found a very small increase of the heat transport, they explained
this increase by a stabilization of the single-roll state of the LSC and a destabilization
of the double-roll state. It is still ambiguous how the Nu is modified by tilting the cell
for relatively high Ra with Γ = 1/2. A recent numerical work [104] indeed observed
an increase of Nu as the cell is minor tilted for Ra = 107, however, the Ra is much
lower than that in the previous experiments. Most of the available studies on tilted
convection in a Γ = 0.5 cell are performed for relatively small β close to 0◦, and are
restricted to a fluid with fixed Pr. Thus a systematic study of the Pr dependence is
still lacking, which motivates us to investigate tilted convection with Γ = 1/2 over a
wide range of both β-Pr and β−Ra parameter space. Another motivation of this study
is the flow reversals in a Γ = 1/2 cell. Flow reversals in a two-dimensional(2D)/quasi
2D cell with Γ = 1 [79, 114, 144, 220, 237, 251, 252, 255, 256] and Γ = 2 [107, 220, 251]
have been reported in previous studies. However, flow reversals in a 2D/quasi-2D cell
with Γ = 1/2 is largely unexplored and many questions remain open. For example,
do flow reversals exist in a 2D/quasi-2D cell with Γ = 1/2? Can the conclusion that
tilting promotes flow reversals in a Γ = 2 cell [107] be applied to a Γ = 1/2 cell?
These questions are still open but are important for building a unified view on flow
reversals in convection cells with different aspect ratios. We will also try to answer
these questions in the present work.

In this chapter, we aim to investigate tilted convection in a Γ = 1/2 cell by means
of 2D DNS. Two considerations promote us to use 2D geometry: (i) the numerical
cost is cheaper so that a we can study tilted convection over wide range of both β-Pr
and β − Ra parameter space; (ii) the flow visualization is much easier and we can
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Figure 7.1: (a) Sketch of two-dimensional tilted cavity with Γ = 1/2. (b) A
example of non-uniform grid used in our simulations for Ny ×Nz = 128× 256.
(c) A enlargement of (b) for 0 ≤ y ≤ 0.1 and 0.1 ≤ z ≤ 0.2

obtain a detailed scenario for flow reversals in a Γ = 1/2 cell. Due to the flexibility of
2D DNS, it has been extensively used to study turbulent thermal convection in recent
years [122, 148, 183, 204, 267–269, 298]. We show for the first time the flow reversal
scenario in a tilted cell with Γ = 1/2, and demonstrate that the finding that tilting
promotes flow reversals in a Γ = 2 cell [107] can also be applied to a Γ = 1/2 case.
Moreover, we report multiple states in the turbulent regime for small β, between which
the flow can or cannot switch. Another interesting finding is that the conclusion that
Nu decreases with increasing β close to β = 90◦ for a Γ = 1 cell [59, 270, 282, 283]
does not hold for the present Γ = 1/2 configuration for small-Pr cases.

The remainder of this chapter is organized as follows. In §7.2., we introduce the
governing equations and numerical methods. The main results are presented and
discussed in §7.3. Finally, we summarize our findings in §7.4.

7.2 Numerical settings

The considered problem is sketched in figure 7.1(a). The bottom plate has a high
temperature T̂H (quantities marked with a circumflex are dimensional) while the top
plate has a low temperature T̂C . The two side walls are insulated. The configuration
is counterclockwise tilted with an angle β relative to the RBC configuration. The
cavity has a width Ŵ and height Ĥ, and the aspect ratio Γ = Ŵ/Ĥ is fixed to 1/2.
The dimensionless incompressible Navier-Stokes equations in Cartesian coordinates
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within the Oberbeck-Boussinesq approximation read

∇ · u = 0, (7.1)
∂u

∂t
+ u · ∇u = −∇p+

√
Pr

Ra
∇2u+ T e⃗, (7.2)

∂T

∂t
+ u · ∇T =

1√
RaPr

∇2T, (7.3)

where u = (v, w) are the velocity components in the horizontal and vertical directions,
t is the time, p is the pressure, T is the temperature, e⃗ is a unit vector defined by
e⃗ = (sinβ, cosβ), and β is the tilt angle. The dimensionless control parameters are
the Rayleigh number Ra = ĝα̂∆T̂ Ĥ3/ν̂κ̂ and Prandtl number Pr = ν̂/κ̂, where α̂,
ν̂ and κ̂ denote the isobaric thermal expansion coefficient, kinematic viscosity and
thermal diffusivity of the fluid, ĝ is the gravitational acceleration, α̂ is the isobaric
thermal expansion coefficient, ∆T̂ = T̂H − T̂C is the temperature difference. For
non-dimensionalization, we choose the free-fall velocity Û =

√
ĝα̂∆T̂ Ĥ as reference

velocity and the height of the container Ĥ as reference length, the reference time is
free-fall time t̂f = Ĥ/Û , the temperature is non-dimensionlized by T = (T̂− T̂C)/∆T̂ .
The dimensionless pressure is defined as p = p̂/ρ̂0Û

2, where ρ̂0 is the density at the
reference temperature T̂0 = T̂C . No-slip and impermeability velocity conditions are
imposed at all solid walls. Two important response parameters are the Nusselt number
Nu and Reynolds number Re which are defined as:

Nu =
Q̂

k̂∆T̂/Ĥ
, Re =

√
⟨û · û⟩V,tĤ

ν̂
, (7.4)

where Q̂ is the time-averaged heat flux across the fluid layer subjected to an imposed
temperature difference ∆T̂ . The Nu used in this study is averaged over the bottom
plate with z = 0. û is the velocity vector. ⟨⟩V,t denotes average over the whole area
and time. The Nu and Re are averaged for at least 1000 free-fall time units for the
chaotic cases.

The governing equations together with proper boundary conditions are solved
by an in-house code lMn2d [79]. All spatial terms are discretized using the central
second-order finite difference method. Time integration is accomplished using the
Adams-Bashforth scheme for the nonlinear terms and Crank-Nicolson scheme for the
viscous and diffusion terms. A non-uniform grid with clustered points near walls is
adopted to ensure grid resolution in boundary layers. Specifically, the relation between
the physical grid y and the computation grid η is expressed as:

y =

{
tanh[(η/Ny − 0.5) ∗ Ag]

tanh[0.5 ∗ Ag] + 1

}
∗ 0.5 ∗ Ly, (7.5)
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where Ag is an adjustable parameter describing the grid stretching near walls, and Ag
is fixed to 2.5 in this study. Ly is dimensionless horizontal length which is 0.5 in this
study. Similar grid strategy is also used to z direction. Figure 7.1(b) shows an example
of the non-uniform grid with Ny × Nz = 128 × 256, and figure 7.1(c) is a zoom of
figure 7.1(b). The Poisson equation is solved using a multi-grid strategy to accelerate
convergence. The grid resolution has been chosen according to the requirement for
DNS [110]. The simulation parameters and grid resolutions of this chapter are listed
in Table 7.1.

Ra Pr β Nu(β⋆)
Nu(0) Ny ×Nz

106 0.71 [0◦, 90◦] 1.51 128× 256
107 [0.01,100] [0◦, 90◦] 2.37 128× 256
108 0.71 [0◦, 90◦] 1.68 128× 256
109 0.71 [0◦, 90◦] 1.73 256× 512

Table 7.1: Simulation parameters and grid resolutions. The columns from left
to right indicate: Rayleigh number Ra, Prandtl number Pr, tilt angle β, the
maximal normalized Nusselt number Nu(β⋆)

Nu(0) (β⋆ is the angle at which the Nu

is maximal) and grid resolutions Ny ×Nz.

7.3 Results and discussion

7.3.1 Prandtl number dependence
We first explore different flow organizations over the β-Pr parameter space for fixed
Ra = 107. Figure 7.2(a) and 7.2(b) show time evolution of vertical velocity at the
location (0.06, 0.5) for Ra = 107, P r = 0.71 with β = 0◦ and β = 9◦, respectively.
The instantaneous flow fields at different times denoted by vertical dashed lines in
figure 7.2(a) are shown in figure 7.2(c-f). It is seen that the flow constantly changes
between two triple-roll states (TRS) with different orientations of the rolls. The top
and bottom rolls in figure 7.2(c) grow until they collide with each other as shown in
figure 7.2(d), this will result in enhanced mixing and heat transport. This kind of flow
is referred to as unstable triple-roll state (UTRS). Figure 7.2(g) shows instantaneous
flow field at the time t = 100 for β = 9◦. The flow for β = 9◦ always stays in the
stable triple-roll state (STRS) as shown in figure 7.2(g), and the corresponding Nu is
lower than that of UTRS. Similar UTRS and STRS have also been reported in prior
2D DNS where the flow stays in STRS for Γ = 0.45 and UTRS for Γ = 0.55 with
Ra = 108, P r = 0.71 [159].

It is well known that large-scale circulation (LSC) may spontaneously reverse its
orientation for certain Ra and Pr. The reversals of LSC are led by the simultaneous
growth of the two corner rolls for Γ = 1 [114, 144, 220], while for Γ = 2, only single
corner roll growth leads to a reversal [107,251]. For a cylindrical cell with Γ = 1/2, it
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Figure 7.2: Time evolution of vertical velocity w at the location (0.06,0.5)
marked with the black circle for Ra = 107, P r = 0.71 with (a) β = 0◦. (b) β =
9◦. (c-f) Instantaneous temperature fields superimposed with velocity vectors
at different times denoted by vertical dashed lines in (a). (g) Instantaneous
temperature field superimposed with velocity vectors for β = 9◦ at t = 100.
The black arrow indicates the direction of gravity.
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Figure 7.3: (a) Time evolution of horizontal velocity component v at the center
point (y, z) = (0.25, 0.5) marked with the black circle for Ra = 107, P r =
0.021, β = 30◦. (b) Time evolution of three dominating modes M1,1, M1,2 and
M1,3. (c-h) Six snapshots of the temperature fields superimposed with velocity
vectors during the flow reversal shown in (a) at (c) t = 42.6. (d) t = 57.9. (e)
t = 65.1. (f) t = 68.3. (g) t = 88.6. (h) t = 104.5. The black arrow indicates
the direction of gravity. Colour scales as in figure 7.2
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was reported that flow mode transitions between single-roll state (SRS) and double-
roll state (DRS) exist [158]. For the present 2D configuration, we found that the
flow tends to organize in vertically-stacked DRS for low Pr with small β. When β
increases beyond a critical value, this DRS will no longer be stable and flow reversals
may occur. Figure 7.3(a) shows time evolution of horizontal velocity v at the center
point (0.25,0.5) for Pr = 0.021 with β = 30◦. A sign change of v at this point can
nicely reveal a reversal. Figure 7.3 (c-h) show six instantaneous flow fields at different
times denoted by vertical dashed lines in figure 7.3(a). It can be seen from figure 7.3(c)
that there are two main rolls that almost occupy the whole area of the convection
cell, and two small corner rolls appear in the bottom-right and top-right of the cell.
As tilting introduces a horizontal ‘gravity’ which points to the left, the hot fluid near
the bottom plate tends to move to the right and enters the bottom-right corner roll.
Thus the bottom-right corner roll grows and squeezes the lower main roll as shown in
figure 7.3(d). The TRS shown in figure 7.3(d) is not stable, the further growth of the
bottom roll in figure 7.3(d) will lead to collision with the top roll as shown in figure
7.3(e), which will cause mixing and enhanced heat transport as mentioned before. This
UTRS will continue for several rounds as shown in figure 7.3(f) and 7.3(g), and then
the flow gradually returns to DRS as displayed in figure 7.3(h) which has different
orientations of the the main rolls compared to figure 7.3(a). A reversal process thus
has been completed. For the next reversal cycle, the top-left corner roll shown in
figure 7.3(h) will grow due to the horizontal ‘gravity’ introduced by tilting the cell.
It is clear that the growth of the bottom-right corner roll shown in figure 7.3(a) or
top-left corner roll shown in figure 7.3(h) plays a critical role in triggering a reversal.
This is very similar to flow reversals in a tilted Γ = 2 cell [107]. The introduction of
tilting makes one of the corner rolls have more opportunities to grow, thus breaking
the balance between the main rolls and the corner rolls. As a result, flow reversals
are more easily to happen in tilted cells. Thus the conclusion that tilting promotes
flow reversals in a 2D cell with Γ = 2 [107] can also be generalized to a slimmer cell
with Γ = 1/2. We also used Fourier mode decomposition method [118, 144, 147, 220]
to quantitatively describe the behaviours of different modes during a reversal. The
velocity components v and w are projected onto the following Fourier basis:

v̂m,n = 2
√
2 sin(2mπy) cos(nπz), (7.6)

ŵm,n = −2
√
2 cos(2mπy) sin(nπz). (7.7)

The velocity can be recovered by:

v(y, z, t) =
∑
m,n

Am,n
y (t)v̂m,n, (7.8)

w(y, z, t) =
∑
m,n

Am,n
z (t)ŵm,n. (7.9)

The projection is done component-wisely by a scalar product in the L2-space. The
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Figure 7.4: (a) Time evolution of horizontal velocity component v at the center
point (y, z) = (0.25, 0.5) marked with the black circle for Ra = 107, P r =
0.71, β = 30◦. (b-g) temperature fields superimposed with velocity vectors at
different times shown in (a). (b) t = 96. (c) t = 229. (d) t = 405. (e) t = 592.
(f) t = 717. (g) t = 771. The black arrow indicates the direction of gravity.
Colour scales as in figure 7.2

corresponding time series Am,n
y (t) and Am,n

z (t) can be obtained by:

Am,n
y (t) =

∫ 1

0

∫ 0.5

0

v(y, z, t)v̂m,ndydz, (7.10)

Am,n
z (t) =

∫ 1

0

∫ 0.5

0

w(y, z, t)ŵm,ndydz. (7.11)

A value Mm,n(t) representing the contribution of different modes can be evaluated by
Mm,n(t) =

√
(Am,n

y (t)2 +Am,n
z (t)2). The mode (m,n) corresponds to a flow structure

with m rolls in the y direction and n rolls in the z direction. Figure 7.3(b) shows time
evolution of the three dominating modes M1,1,M1,2,M1,3. One can see that the (1,2)
mode decreases in strength during a reversal, while the (1,3) and (1,1) modes play
important roles during the reversal, corresponding to the appearance of UTRS during
the reversal.

For certain combinations of Pr and β, there also exists another different orga-
nization which we define as mixed state. Figure 7.4(a) shows time evolution of hori-
zontal velocity v at the center point (0.25,0.5) for Pr = 0.71, β = 30◦ where the flow



146 CHAPTER 7. 2D TILTED CONVECTION WITH Γ = 1/2

Figure 7.5: Phase diagrams in the β-Pr plane for Ra = 107. Blue hollow
diamonds (♢) denote stable vertically-stacked double-roll state without flow
reversals, red filled diamonds (♦) correspond to double-roll state with flow
reversals, green hollow triangles (△) correspond to stable triple-roll state, or-
ange filled triangles (▲) correspond to unstable triple-roll state, blue filled left
triangles (◀) denote mixed states, green filled circles (•) represent single-roll
state without flow reversals.

stays in a mixed state. Figure 7.4(b-g) display instantaneous flow fields at different
times shown in figure 7.4(a). One sees that the flow is very complicated, it constantly
changes among different flow states, the SRS, DRS, TRS and other more complicated
flow structures all can be identified at different times.

These findings led us to map out flow states over a considerable fraction of the
β-Pr parameter space in figure 7.5. For Γ = 1, there is only a main roll that spans
the whole size of the convection cell in the range of 0◦ ≤ β ≤ 90◦ for not too high
Pr [59, 270], while it is seen that the phase diagram in figure 7.5 is much more
complicated than the Γ = 1 case. The flow tends to stay in stable DRS without
flow reversals for small Pr and relatively small β. For larger β, the DRS is not stable
anymore and flow reversals exist. We perform long-time simulations for the cases near
the reversing/non-reversing boundaries. Figure 7.6 shows time evolution of horizontal
velocity at the center of the cell for β = 15◦ and 20◦ with Ra = 107, P r = 0.021.
One can see that the DRS is stable for very long time up to 70 000 free-fall time
units for 15◦, while many reversals are observed when β increases to 20◦. We still do
not know whether there are also flow reversals for β = 15◦ if we perform simulations
for much longer time. From figure 7.6(b), we can also find that the two DRSs seem
to remain equally probable, which is also quite different from Γ = 1 case where the
counterclockwise circulation is much more probable than the clockwise one when the
cell is tilted [107]. Since tilting favors counterclockwise circulation, and there is always
a counterclockwise and a clockwise roll for these two DRSs, they have similar stability
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Figure 7.6: Time evolution of horizontal velocity at the center of the cell for
Ra = 107, P r = 0.021. (a) β = 15◦, (b) β = 20◦.

properties and happen equally probable. We also find that the conditionally-averaged
Nu for the two DRSs seem to have no difference. For larger Pr, the flow organizes in
STRS or UTRS for small β.

The phase diagram in figure 7.5 has shown abundant flow organizations for a
tilted cell with Γ = 1/2. Figure 7.7 further shows instantaneous flow fields for different
combinations of Pr and β. We can see that the flow organizations sensitively depend
on the combination of Pr and β. For small Pr, the flow organizes in DRS within a
large range of β, and the thermal boundary layers are thicker, leading to inefficient
heat transport [299]. For Pr = 4.38, β = 10◦, the top and bottom rolls seem more like
‘corner rolls’, so we regarded this kind flow as single single-roll state.

We now turn to discussing the influence of cell tilting on the Nu and Re. The Nu
has been found to be closely connected to the mean flow structures both in two [159]
and three dimensions [115–117,119,158,161]. The abundant flow structures shown in
figure 7.5 imply that Nu may vary drastically in a tilted cell with Γ = 1/2 due to
the various flow organizations. Figure 7.8 shows absolute and normalized Nu and Re
as a function of β. From figure 7.8(a) one sees that the Nu is smaller with small Pr,
due to the enhanced thermal diffusion with thicker thermal boundary layers as seen
in figure 7.7. The lower Nu for small Pr has been reported in many previous works
[53,181,227,277] and is also predicted by the unify theory proposed by Grossmann and
Lohse [222,223]. Figure 7.8(b) shows that the Nu does not change much for small tilt
angle β ≤ 5◦ for the six representative Pr. However, the curves of Nu(β)/Nu(0) are
quite different for larger β with different Pr. For large Pr (Pr = 4.38, 100), the Nu
first increases with increasing β until β ≈ 80◦, where it reaches its global maximum,
and after that it decreases monotonically with increasing β. For Pr = 0.71, the
Nu experiences a sudden drop near β = 7◦, due to the fact that the flow changes
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Figure 7.7: Instantaneous temperature fields superimposed with velocity vec-
tors for different Pr and β. The black arrow indicates the direction of gravity.
Colour scales as in figure 7.2
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Pr = 100

Pr = 4.38

Pr = 0.71

Pr = 0.1

Pr = 0.021

Pr = 0.01

Figure 7.8: Absolute and normalized Nusselt and Reynolds numbers as a func-
tion of tilt angle β for fixed Ra = 107 and different Pr. (a) Absolute Nusselt
numbers Nu. (b) Normalized Nusselt numbers Nu(β)/Nu(0). (c) Absolute
Reynolds numbers Re. (d) Normalized Reynolds numbers Re(β)/Re(0).

Figure 7.9: Phase diagram in the Pr − β plane for fixed Ra = 107 for
(a)Nu(β)/Nu(0) and (b)Re(β)/Re(0).
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from UTRS to STRS, and UTRS transports heat more efficiently than STRS. After
reaching its local minimum at β ≈ 13◦, it increases monotonically with increasing
β until reaching its maximum at β ≈ 80◦, it then decreases with increasing β. For
Pr = 0.1, the Nu first decreases with increasing β until β ≈ 17◦ and then sharply
increases after β > 20◦. This corresponds to the flow changing from stale DRS (β =
20◦) to UTRS (β = 23◦) as shown in figure 7.5, and the Nu for UTRS is larger. After
reaching its local maximum at around β = 35◦, it then experiences a sudden decrease
after β = 35◦. This corresponds to the flow changing from UTRS (β = 35◦) to reversal
state of DRS (β = 40◦). The Nu continues to increase after β = 40◦ until 80◦, and
then decreases with increasing β when β > 80◦. For small Pr, the behaviour of Nu
is quite different. It decreases monotonically with increasing β until reaching its local
minimum at β ≈ 75◦ (Pr = 0.021) or β ≈ 80◦ (Pr ≈ 80◦), which corresponds to the
maximal β for the existence of DRS as shown in figure 7.5. With further increasing
β, the flow becomes SRS and the Nu increases monotonically until β = 90◦. In a
word, the Nu is directly connected with the complicated flow organization shown in
figure 7.5. It is clear that the Nu has a different trend near β = 90◦ for small Pr.
Previous works all showed that the Nu drops monotonically near β = 90◦ for a Γ = 1
cell [59, 270, 282, 283]. In the present system, we find that this conclusion does not
hold for a Γ = 1/2 cell with small Pr.

The absolute and normalized Reynolds number are presented in figure7.8(c) and
7.8(d). It is clear that the Re is an increase function of Pr. As seen from figure7.8(d),
the Re shows a similar trend for all Pr for β > 30◦, it decreases monotonically with
increasing β when β > 30◦ for all considered Pr, the similar trend was also found
in a Γ = 1 cell [59, 270]. However, the Re behaves quite differently for small β. For
large Pr (Pr = 4.38, 100), the Re first increases with increasing β, until reaching
its local maximum, then it decreases with increasing β. For Pr = 0.71 and 0.1, the
Re drops, increases, and then drops again. The local minimum corresponds to the
STRS(Pr = 0.71) or DRS(Pr = 0.1) which coincides with the local minimum for
Nu as shown in figure 7.8(b). While for small Pr (Pr = 0.021, 0.01), the Re drops
monotonically with increasing β. These complicated relationships demonstrate that
the normalized Re is also strongly influenced by Pr.

We further show contours of the Nu/(β)/Nu(0) and Re(β)/Re(0) over Pr − β
space in figure 7.9. From figure 7.9(a), we can see that the maximal enhancement of
Nu happens near Pr = 0.3 for relatively large β close to β = 80◦. The maximal value
of Nu(β)/Nu(0) is 2.37 corresponding to Pr = 0.3, β = 80◦. In figure 7.9(b), it is
readily seen that the enhancement of Re happens at large Pr and small β.

7.3.2 Rayleigh number dependence

In this section, we discuss the Ra dependence with a fixed Pr = 0.71 for 106 ≤
Ra ≤ 109. We first report multiple states in the turbulent regime found in the present
system. Previous studies have reported multiple states in transitional as well as fully
turbulent flow, e.g., in cylindrical RBC with Γ = 1/2 [158], in 2D RBC [159], in von
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Figure 7.10: (a,b) Time evolution of vertical velocity w at the location
(0.06, 0.5) and (c,d) the Nusselt number Nu for Ra = 108, P r = 0.71 with
different β. (a,c) β = 4◦. (b,d) β = 8◦.

Kármán swirling flow [167,169], in high-Reynolds number Taylor-Couette flow [163], in
spherical Couette flow [171], in turbulent plane Couette flow with spanwise rotation
[172]. Ref. [158] reported flow mode transitions between SRS and DRS. Recently,
Ref. [172] reported multiple states in turbulent plane Couette flow with spanwise
rotation, they found one state corresponds to two pairs of roll cells, and the other
shows three pairs. More recently, Ref. [161] reported an experimental observation
of a flow topology transition in turbulent RBC using an annulus convection cell,
they found that the flow jumps between the two states with four or two large-scale
rolls [163]. For Ra = 108 with small β, we also find flow mode transitions between
different turbulent states. Figure 7.10(a) shows time evolution of vertical velocity w
at the location (0.06,0.5) for Ra = 108 and β = 4◦. Figure 7.10(c) shows the time
evolution of the Nu for the same case. It is clearly seen that the flow constantly
transits between two states. For the interval marked with green, the flow is UTRS
with large fluctuations of w, and the corresponding Nu is also evidently larger, for
the time interval marked with blue, the flow stays in STRS, the fluctuations of w
are smaller and the Nu is also smaller. The conditionally averaged Nu of the UTRS
(Nu = 24.19) is larger than that of STRS (Nu = 15.93) by 52%. Further increasing β
will lead the flow to become STRS as shown in figure 7.10(b) and 7.10(d) for β = 8◦.
We perform a long-time simulation up to 40, 000 free-fall time units for this case, and
no flow mode transitions between UTRS and STRS are observed.

For Ra = 109 with small β, we also observe different turbulent states with the
same control parameters. When we use the conduction state as initial conditions, the
fully developed flow for β = 10◦ is STRS with only one counterclockwise roll (denoted
as STRS_1) as shown in figure 7.11(a). While for β = 20◦, the fully developed flow
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STRS_2 STRS_1

Figure 7.11: Temperature field superimposed with velocity vectors for two
different states obtained using different initial conditions for Ra = 109, β = 10◦

(a) Stable triple-roll state with one counterclockwise roll(STRS_1) (b) Stable
triple-roll state with two counterclockwise rolls(STRS_2). (c) Time evolution
of the Nusselt number Nu for STRS_2 and STRS_1 with Ra = 109, β = 10◦.
The black arrow indicates the direction of gravity. Colour scales as in figure
7.2

is STRS with two counterclockwise rolls (STRS_2). Using this state as the initial
condition for β = 10◦, it is found that STRS_2 can also be stable state for β = 10◦

as shown in figure 7.11(b). Figure 7.11(c) shows time evolution of the Nu for these
two states for β = 10◦. It is seen that the two states can be stable for a long time.
The time-averaged Nu for STRS_1 is 40.43, larger than that of STRS_2 (36.00) by
12%. The recent work showed that the Nu are different for flow states with different
numbers of large-scale convection rolls. [161] Here, it is found that the Nu can still be
different for different turbulent states with the same number of convection rolls but
with different orientations when the cell is tilted. As the two rolls near the bottom
and top plates are clockwise for STRS_1, the flow velocity near the bottom and top
plates are always in opposite direction to buoyancy direction, thus this state is less
stable compared with STRS_2, and we find that STRS_1 can be stable only for
0◦ ≤ β ≤ 15◦, when β increases to β = 16◦, this STRS_1 will transit to STRS_2.

Figure 7.12 shows instantaneous flow fields for different combinations of Ra and
β with Pr = 0.71. For Ra = 106, the flow is laminar with small β. For β = 0◦,
the flow is UTRS, when β increases to 9◦, the flow becomes stable DRS. With even
larger β ≥ 20◦, the flow becomes SRS. For Ra = 108, flow mode transitions between
UTRS and STRS are found for β < 8◦. At β = 8◦ and 10◦, the flow is STRS. Further
increasing β will lead the flow to become mixed state as seen from the flow fields with
β = 20◦ and 30◦. At larger β, the flow becomes SRS. For Ra = 109, both STRS_1
and STRS_2 can be stable state for 0◦ ≤ β ≤ 15◦, while only the STRS_2 exist for
16◦ ≤ β ≤ 20◦. Further increasing β to 30◦ leads the flow to become mixed state. At
larger β, the flow gives way to SRS.
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Figure 7.12: Instantaneous temperature field superposed with velocity vectors
for different different Ra and β. The black arrow indicates the direction of
gravity. Colour scales as in figure 7.2
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Ra = 10
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Ra = 10
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Figure 7.13: Absolute and normalized Nusselt and Reynolds numbers as a func-
tion of tilt angle β for fixed Pr = 0.71 and different Ra. (a) Absolute Nusselt
numbers Nu. (b) Normalized Nusselt numbers Nu(β)/Nu(0). (c) Absolute
Reynolds numbers Re. (d) Normalized Reynolds numbers Re(β)/Re(0).
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We further show absolute and normalized Nu and Re in figure 7.13. For 106 ≤
Ra ≤ 108, it is seen that the Nu generally decreases with increasing β until reaching
its local minimum, it then increases monotonically with increasing β, after reaching its
local maximum at around β = 80◦ it then decreases with increasing β. The flow states
correspond to the minimal Nu are DRS for Ra = 106 and STRS for Ra = 107 and 108.
For Ra = 109, there are two branches of Nu at small β, corresponding to STRS_1
and STRS_2. Both the Nu and Re are larger for less stable state STRS_1. The Nu
generally increases monotonically with increasing β until reaching its maximum at
around β = 80◦, it then decreases with increasing β. These results show the Nu is
directly connected to the flow organization, and Nu(/β)/Nu(0) is also a complicated
function of Ra. The Nu can either increase or decrease for small β when Ra is varied.

The absolute and normalized Re are shown in figure 7.13(c) and 7.13(d). It can
be seen that the Re all decrease with increasing β at large β ≥ 30◦ for different Ra,
while they show some variations for small β for different Ra. For 106 ≤ Ra ≤ 108,
similar to Nu, the Re also decreases with increasing β initially until reaching its local
minimum, after which it increases until its local maximum. For Ra = 109, the Re of
STRS_1 and STRS_2 behave differently, the Re of STRS_1 increases with increasing
β while STRS_2 decreases with increasing β. The complicated behaviours of Re at
small β are also directly connected with the flow organizations, and the Re(β)/Re(0)
dependence is also a complicated function of Ra at small β.

7.4 Conclusions
In summary, we have studied flow organizations and heat transfer in a two-dimensional
tilted cell with aspect ratio 1/2. Abundant flow structures are identified. It is found
that vertically-stacked double-roll state exists for small Pr with small β. When β
increases beyond a critical value, the double-roll state is not stable anymore and
flow reversals happen. The growth of the bottom-right or top-left corner rolls due to
horizonal buoyancy force introduced by tilting plays a key role in triggering a reversal.
This finding complements our previous study of flow reversals in tilted cells with
Γ = 1 and 2 [107], demonstrating the conclusion that tilting promotes flow reversals
in a Γ = 2 cell [107] can also be applied to a Γ = 1/2 case. Multiple states in the
turbulent regime are also reported, and the different states can (Ra = 108) or cannot
(Ra = 109) switch between each other. In the tilted cases, the Nu are different for the
two states with the same number of convection rolls but with different orientations.
These results enrich the studies on multiple states in turbulence. We further show
that Nu(β)/Nu(0) and Re/(β)/Re(0) are strongly influenced by a combination of
Ra and Pr, and are closely related to different flow organizations. In particular, the
earlier conclusion that the Nu decreases with increasing β close to β = 90◦ for a cell
with Γ = 1 [59, 270, 282, 283] does not hold for the present Γ = 1/2 case with small
Pr.
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Chapter 8

Multiple states and heat
transfer in two-dimensional
tilted convection with large
aspect ratios.◦

The coexistence of multiple turbulent states were reported in several recent studies in
different flows. We present in this work that multiple turbulent states also exist for ther-
mal convection in two-dimensional tilted cells with large aspect ratios (Γ=width/height)
through direct numerical simulations for the Rayleigh number Ra = 107 and the Prandtl
number Pr = 0.71. The considered Γ ranges from 1 to 16. The tilt angle β varies from
0◦ to 180◦. Multiple states are identified for small β with Γ ≥ 2, where the different flow
states are reflected in different numbers of convection rolls. The corresponding Nusselt
number Nu is generally higher for the flow state with more convection rolls. Moreover,
flow mode transitions between different roll states are observed for large Γ ≥ 8 when β
is larger than a critical value. The effect of cell tilting on the Nusselt number Nu and
Reynolds number Re are also investigated. It is found that for Γ ≤ 4, Nu first increases
with increasing β, and then declines after reaching its local maximum. However, the Nu
decreases monotonically with increasing β for Γ = 8, 12, and 16. This indicates that the
idea to enhance heat transfer by tilting the cell can be realized only for relatively small
Γ for the present system. It is also found that the previous finding that Re decreases
monotonically with increasing β for large β with Γ = 1 does not hold for large-Γ cases.

◦Based on: Qi Wang, Zhen-Hua Wan, Rui Yan, De-Jun Sun, Multiple states and heat transfer
in two-dimensional tilted convection with large aspect ratios, Phys. Rev. Fluids 3, 113503 (2018).
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8.1 Introduction

Turbulence is ubiquitous in flows in nature and engineering applications. For a flow
in turbulent state, to extrapolate laboratory data to a much higher Reynolds number
flow in nature, one needs to know whether there are transitions and whether mul-
tiple states can coexist in the high-Reynolds number flow. Over the past few years,
the community became aware of the possibility of the coexistence of different tur-
bulent states. Several studies have reported multiple states in transitional as well
as fully turbulent flow. Examples include different turbulent states in von Kármán
swirling flow [167–170,300], in high-Reynolds number Taylor-Couette flow [163,164],
in spherical Couette flow [171], in Rayleigh-Bénard convection [158, 159, 161], in ro-
tating Rayleigh-Bénard convection [301–303], and in turbulent plane Couette flow
with spanwise rotation [172]. Ref. [158] experimentally found flow mode transitions
between single-roll state and vertically-stacked double-roll state in Rayleigh-Bénard
convection in a Γ = 1/2 cylindrical cell. Ref. [163] experimentally found evidence for
different turbulent states in Taylor-Couette flow, the different turbulent states are
reflected in different numbers of Taylor rolls (three or four rolls in top half of the
system), the Nusselt number Nuω is larger for the state with more rolls. A recent
numerical work [172] reported multiple states in turbulent plane Couette flow with
spanwise rotation, with two different initial flow fields, they found one state corre-
sponds to two pairs of roll cells, and the other shows three pairs, however, it is still
unknown whether one state will change to the other at longer time duration. More
recently, Ref. [161] reported an experimental observation of a flow topology transition
in turbulent Rayleigh-Bénard convection using an annulus convection cell, they found
that the flow jumps between the two states with four or two large-scale rolls and the
Nusselt number Nu is higher for the four-roll state, this is similar to that in turbulent
Taylor-Couette flow [163].

Rayleigh-Bénard convection (RBC) where a fluid in a cavity heated from be-
low and cooled from above is an ideal model problem for the study of turbulent
convection, and it has been extensively investigated in the past years [53–56, 236].
In industrial processes, the heat transfer in heat exchangers can be enhanced by
selecting an optimum tilt angle β. The convection in a fluid layer tilted with re-
spect to gravity is of particular meteorological and oceanographic interest. This sys-
tem is well suited for the study of buoyancy- and shear flow-driven instabilities in
the Earth’s atmosphere and hydrosphere [66]. Due to its importance, thermal con-
vection in tilted containers has been studied extensively in recent years both with
small tilt angles [155, 160, 261, 286–288] and with relatively wide range of tilt angles
(0◦ < β < 90◦) [59,104,107,270,271,279–283,289–291]. For a convection cell with as-
pect ratio Γ = 1, Ref. [270] experimentally studied convection in a tilted cavity for the
Rayleigh number Ra ≈ 4.3× 109 and the Prandtl number Pr ≈ 6.7, they found that
the large-scale circulation (LSC) is sensitive to the symmetry of the system and the
LSC changes gradually from oblique ellipse-like to square-like, they also found that the
Nu monotonically decreases with increasing β for 0◦ ≤ β ≤ 90◦. Ref. [59] performed
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detailed direct numerical simulations (DNS) for 106 ≤ Ra ≤ 108 and 0.1 ≤ Pr ≤ 100
in a cylindrical cell of unit aspect ratio, they showed that Nu(β)/Nu(0) dependence
is not universal and is strongly influenced by a combination of Ra and Pr, and the
Nu(β)/Nu(0) dependence is a complicated, non-monotonic function of β. A recent
experimental work [282] using liquid sodium with Ra ≈ 1.47× 107 and Pr = 0.0094
found that the Nusselt number is minimal at β = 0◦ and demonstrates a smooth
growth with the increase of the tilt angle, reaching a maximum at angle β = 70◦ and
decreasing with a further increase of β. The maximal value of the normalized Nusselt
number Nu(β)/Nu(0) was 1.21. Several studies performed in convection cells with
Γ < 1 also reported that tilt can induce heat transport enhancement [279–281, 283].
Recently, Ref. [290] studied thermal convection in a tilted cylindrical cell with Γ = 1/5
for Pr = 0.1 and 1.0 using DNS. They determined the optimal tilt angle, which
provides the maximal global heat transport. They found that the formation of two
system-sized plume columns are related to a strong increase in the heat transport.

Most of the previous results were performed in a cell with Γ ≤ 1. In reality, the
aspect ratio of the convection problem can be varied greatly [55] and it is extremely
large in many natural instances of convection [215,216]. It is already known that Γ has
a great influence on the heat transport and flow organization for RBC both in two-
dimensions (2D) [145,159] and three-dimensions (3D) [115–117,119,147,272]. However,
there are less works devoted to the influence of Γ on tilted convection especially those
with large Γ which is of great interest in geophysical settings. In this paper, we try
to fill this gap by investigating thermal convection in tilted cells with widely varying
aspect ratios 1 ≤ Γ ≤ 16 using two-dimensional (2D) DNS. We report multiple stable
states found for large Γ (Γ ≥ 2) with small β. Moreover, flow mode transitions between
different roll states are observed when β is large than a critical value for Γ ≥ 8.
Another interesting finding is that the Nu decreases monotonically with increasing
β for large Γ ≥ 8 which is quite different from those of small-Γ cases where the Nu
reaches its local maximum at an intermediate angle. The reason why we choose 2D
DNS is that it is computationally cheaper so that we can study tilted convection over
broad Γ − β parameter space. Moreover, we can perform long-time simulations to
detect whether there are flow mode transitions. Furthermore, the flow visualizations
are much easier so that a direct connection between the flow organization and the
heat-transfer properties is possible. The 2D simulations are also found to reflect many
physics in the true three-dimensional (3D) system [181]. Due to its advantages, the
2D simulation has been utilized widely to study RBC in recent years [79,121,122,148,
183,204,262,267–269].

The remainder of this chapter is organized as follows. In §8.2, we describe the
governing equations and numerical methods. In §8.3, we first report the coexistence of
multiple states in tilted convection with large Γ. Furthermore, we discuss the influence
of cell tilting on the Nusselt number Nu and the Reynolds number Re. Finally, we
summarize our findings in §8.4.
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8.2 Numerical settings

The problem is described in figure 8.1. The rectangular cell has width Ŵ (hatted
quantities are dimensional) and height Ĥ. The bottom wall has constant high tem-
perature T̂H while the top wall has constant low temperature T̂C . The sidewalls are
insulated. The dimensionless governing equations with Oberbeck-Boussinesq (OB)
approximation read

∇ · u = 0, (8.1)
∂u

∂t
+ u · ∇u = −∇p+

√
Pr

Ra
∇2u+ T e⃗, (8.2)

∂T

∂t
+ u · ∇T =

1√
RaPr

∇2T, (8.3)

where u = (v, w) are the velocity components in the horizontal and vertical directions,
t is the time, p is the reduced kinetic pressure, T is the temperature, e⃗ is a unit vector
defined by e⃗ = (sinβ, cosβ). β is the tilt angle which is positive when the cell rotates
counterclockwisely. The dimensionless control parameters are the Rayleigh number
Ra = ĝα̂∆T̂ Ĥ3/ν̂κ̂ and Prandtl number Pr = ν̂/κ̂. where ĝ is the gravitational
acceleration, α̂ is the isobaric thermal expansion coefficient, ∆T̂ = T̂H − T̂C is the
temperature difference. κ̂ is the thermal diffusivity, and ν̂ is the kinematic viscosity.
The free fall velocity Û =

√
ĝα̂∆T̂ Ĥ and the height of the container Ĥ are used for

non-dimensionalization, the reference time is free-fall time t̂f = Ĥ/Û , the temperature
is made dimensionless by T = (T̂ − T̂C)/∆T̂ . No-slip and impermeability conditions
are imposed at all walls. Two important response parameters are the Nusselt number
Nu and the Reynolds number Re which are defined as:

Nu =
Q̂

k̂∆T̂/Ĥ
, Re =

√
⟨û · û⟩v,tĤ

ν̂
, (8.4)

where Q̂ is the time-averaged heat flux input into the system, The Nusselt number
used in this study is averaged over the hot plate(z = 0). û is the velocity vector. ⟨⟩v,t
denotes average over the whole area and time.

The governing equations along with proper boundary conditions are solved by
an in-house code lMn2d [79]. All spatial terms are discretized using central second-
order finite difference method. Time integration is accomplished using an Adams-
Bashforth scheme for the nonlinear terms and Crank-Nicolson scheme for the viscous
and diffusion terms. A non-uniform grid with clustered points near walls is adopted
to better resolve the thin boundary layers. The Poisson equation is solved using a
multi-grid strategy to accelerate the iteration process. The code has been validated
and described in our previous works [79,104,107,109].

The considered Ra is fixed to 107 and the Pr is 0.71. According to previous
studies [114, 159, 220], the flow is already turbulent for the considered Ra and Pr in
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Figure 8.1: Sketch of the two-dimensional tilted cavity

this study. The aspect ratios Γ = Ŵ/Ĥ ranges from 1 to 16. The grid resolution has
been chosen according to the requirement for DNS [110]. We set 128 grid points in
the vertical direction and the largest grid is 2048 × 128 for Γ = 16. This guarantees
that there are at least 9 grid points to resolve the thermal boundary layer (BL),
which fulfills the requirement that 3.9 or more grid points are needed to resolve the
BLs [110]. Different initial flow fields were used in our simulations. We first use the
conduction state with small perturbations added to the temperature as initial fields
for all β. After the flow is fully developed, we gradually decreases β using the single-
roll state obtained for large β as initial conditions. In this way, we can obtain different
flow states with different numbers of convection rolls for small β. We then use these
different roll states as initial conditions and change β so that we can obtain the β
range where a specific roll state can stably exist. It is known that time scales at which
LSC structures change can become very long [304–306]. Thus long-time simulations
are needed to conclude whether one state can stably exist or flow mode transitions
exist. We perform long-time simulations up to 20 000 t̂f for Γ = 12 and 16 cases,
while for Γ ≤ 8, we generally perform at least 40 000 t̂f .

8.3 Results and discussion

8.3.1 Multiple states in tilted convection with large Γ

We start by showing the influence of cell tilting on the flow organization. We partic-
ularly focus our attention on Γ ≥ 2 cases in this study. For Γ = 2, previous studies
showed that the flow organizes in horizontally-adjacent double-roll state (DRS) for
β = 0◦ as shown in figure 8.2(a), this DRS is not stable, it experiences spontaneous
flow reversals of the two main rolls [107,220,251]. Interestingly, it was recently found
that the reversals are much more frequent when the cell is tilted which is different
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Figure 8.2: Instantaneous temperature field superposed with velocity vectors
for different β and Γ = 2 (a) Double-roll state for β = 0◦. (b) Single-roll state
for β = 0◦. (c) β = 15◦. (d) β = 30◦. (e) β = 80◦. (f) β = 90◦. The black
arrows indicate the direction of gravity.
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Figure 8.3: Instantaneous temperature field superposed with velocity vectors
for different β with Γ = 4. (a) Four-roll state for β = 0◦. (b) Three-roll state
for β = 0◦. (c) Single-roll state for β = 0◦. (d) Single-roll state for β = 19◦.
The black arrows indicate the direction of gravity. Colour scale as in figure 8.2

from that in a Γ = 1 cell where flow reversals are suppressed by tilting the cell [107].
As β is further increased to 9◦, this DRS will transit to a stable single-roll state
(SRS), and the flow reversals are absent for this SRS [107]. Using this SRS as initial
conditions for β = 0◦, we found that the SRS can also be stable state for β = 0◦

as shown in figure 8.2(b), while this SRS at β = 0◦ was not reported in previous
studies [107,220,251]. The Nu of DRS is larger than that of SRS by 13% for β = 0◦.
Figure 8.2(c-f) show flow fields for β = 15◦, 30◦, 80◦ and 90◦, respectively. For clarity,
the cells are shown in a level manner. We can see that the upper-left and lower-right
corner rolls shown in figure 8.2(b) are squeezed when the cell is tilted as illustrated
in figure 8.2(c), and the LSC changes from ellipse-like to rectangular-like which is
similar to Γ = 1 cases [270]. As the cell is further tilted to 30◦, the high-velocity band
concentrates mainly near the walls, the velocity of the fluid in the bulk of the cell is
relatively small as illustrated in figure 8.2(d). For large β cases with β = 80◦ and 90◦

as shown in figure 8.2(e) and 8.2(f), the fluid motion concentrates mainly near the
two isothermal plates. The flow is stably-stratified in the bulk, and the fluid there is
almost motionless. This is the reason why we can hardly see the velocity field in the
bulk region.

For Γ = 4 we also observe multiple states for small β. Figure 8.3(a)-(c) display
three different flow states for β = 0◦. The four-roll state is stable for β ≤ 10◦, while
the three-roll state is stable up to β = 17◦. At larger β = 19◦, only SRS shown in
figure 8.3(d) can stably exist. This SRS is also more rectangular-like than that of
β = 0◦ shown in figure 8.3(c).

Multiple states are also observed for larger aspect ratios Γ = 8, 12 and 16. Figure
8.4 shows the temperature fields for Γ = 8 with different β. The initial fields used
in this figure all are conduction state superposed with a small perturbation added to
the temperature. It is also seen that the flow develops in multiple-roll states (MRS)
for small β. While the number of rolls decreases as β increases. There are 8, 7, 5
rolls for β = 0◦, 10◦, 20◦, respectively. These three different roll states all can be
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Figure 8.4: Instantaneous temperature field for Ra = 107, P r = 0.71,Γ = 8
for different β. Colour scale as in figure 8.2
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Figure 8.5: Instantaneous flow fields for different flow states obtained using
different initial conditions for Ra = 107,Γ = 8, β = 5◦. (a) Eight-roll state. (b)
Seven-roll state. (c) Five-roll state. (d) Three-roll state. (e) Time evolution of
the Nu for the four different roll states shown in (a-d), for clarity the Nu for
the seven-roll and eight-roll states are shifted upwards by a value of 3 and 7
respectively. The roll numbers decrease from top to bottom. The black arrows
indicate the direction of gravity. Colour scale as in figure 8.2
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Figure 8.6: Time evolution of the Nusselt number Nu for Γ = 8 and (a)
β = 23◦, (b) β = 25◦. (c) Instantaneous temperature fields at different times
in (b). The black arrows indicate the direction of gravity. Colour scale as in
figure 8.2
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 (deg.)

Figure 8.7: The phase diagram in the β − Γ plane. Red circles (•) correspond
to coexistence of multiple states, blue diamonds (♦) denote single-roll state,
green squares (■) stand for the state with flow mode transitions.

stable in a certain range of β. For larger β = 30◦, the MRS disappears and SRS
develops. For β ≥ 30◦, the hot/cold fluid occupies more area near the right/left
adiabatic wall with increasing β. As β increases beyond 90◦, there exists a stabilizing
temperature gradient along z direction, thus the fluid flow gradually becomes laminar.
At β = 180◦, we obtain conduction state. When we decrease β using SRS for β = 30◦

as initial conditions, a three-roll state can also be identified. Figure 8.5(a-d) show
instantaneous flow fields for four different states with β = 5◦. The time evolution
of the Nu for these four states are shown in figure 8.5(e), it is seen that these four
states can be stable for very long time up to 60 000 free-fall time units. Moreover, it
is clearly found that the Nu is larger for the state with more rolls. This is very similar
to RBC in an annulus cell where the Nu for the four-roll state is larger than that of
the two-roll state [161], and is also similar to Taylor-Couette flow where Nuω is larger
for the state with more Taylor rolls [163]. Actually, this point has been mentioned and
studied in a previous work in a 2D cell with large Γ [145]. When one state jumps to
another state with more convection rolls with increasing Γ, there is a sharp increase
of Nu (see figure 4 in Ref. [145]), which is just the same as present conclusion. The
reason is that, for the state with more rolls, there are more plume-ejected regions and
these regions are favourable for heat transport, leading to larger Nu [145]. However,
they did not report multiple states for a fixed large Γ. When considering possible
multiple states at fixed Γ, the situation in figure 4 of Ref. [145] will become more
complicated. We note that Ref. [272] also studied aspect ratio dependence of Nu,
their configurations are 3D cylindrical cells. They found that a minimum of Nu(Γ)
is found at Γ ≈ 2.5 and Γ ≈ 2.25 for Ra = 107 and Ra = 108, respectively. This
is the point where the LSC undergoes a transition from a single-roll to a double-roll
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pattern. It can be seen the conclusion in 3D cylindrical cells is opposite to that of the
2D ones [145]. However, the reasons are still unknown, and further work is needed to
clarify this.

We also find that flow mode transitions between different roll states exist for Γ ≥ 8
when β increases beyond a critical value. Figure 8.6(a) and 8.6(b) show time evolution
of Nu for Γ = 8 with β = 23◦ and 25◦ respectively. As mentioned before, the Nu are
different for different sates, thus the Nu changes sharply when flow mode transitions
happen. It is easily seen that flow mode transitions happen more frequently when
β increases from 23◦ to 25◦. Figure 8.6(c) show instantaneous temperature fields at
different times in figure 8.6(b). At t = 1000, the flow stays in three-roll state with
relatively low Nu. At t = 1310, flow mode transition happens and the flow reorganizes
itself until five-roll state appears at around t = 1470. Before the appearance of this
five-roll state, the six-roll state as shown at t = 1380 also appears as intermediate
flow state. The five-roll state last for a while and then transits to three-roll state
as illustrated at t = 1930. Before the appearance of three-roll state, there also exist
four-roll state as shown at t = 1720. At most of the time, the flow stays in three-roll
state. It is also found that the three-roll state does not always transits to a five-roll
state. For example, at t = 5660, there is a decrease of the Nu, and the three-roll state
transits to a state with a large-scale roll that occupies almost the whole size of the
convection cell as illustrated in temperature fields at t = 5663. It was found that flow
reversals happen when β is larger than a critical value for small Pr (see figure 8 in
Ref. [107]), this is similar to the present finding that flow mode transitions happen
when β is larger than a critical value for Γ ≥ 8.

These findings lead us to map out flow states over the β − Γ parameter space,
which is shown in figure 8.7. It is seen that multiple stable states can coexist for small
β for Γ ≥ 2. For relatively large Γ = 8, 12 and 16, flow mode transition happens
when β increase beyond a critical value. At large β = 30◦, the flow constantly jumps
between different roll states for Γ = 12, 16. With further increasing β. Multiple-roll
state disappears and we generally obtain single-roll state. As multiple-roll states are
stable for small β, while the flow develops in single-roll state for large β, thus the
flow mode transitions between different roll states at intermediate β can be viewed
as mode competition between these two different states.

8.3.2 Nusselt number and Reynolds number

Γ β(deg.) Nu/n Nu/n Nu/n Nu/n Nu/n
2 0 12.13/2 10.82/1
2 3 12.41/2 11.22/1
2 5 12.49/2 11.41/1
2 8 12.57/2 11.68/1
4 0 12.89/4 12.92/3 9.07/1
4 3 13.06/4 13.15/3 9.44/1
4 5 13.42/4 13.21/3 9.72/1
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Γ β(deg.) Nu/n Nu/n Nu/n Nu/n Nu/n
4 10 13.42/4 12.77/3 10.26/1
4 15 13.08/3 10.75/1
4 17 12.52/3 11.04/1
8 0 14.02/8 14.01/7 12.60/5
8 3 13.94/8 13.90/7 12.60/5
8 5 13.91/8 13.68/7 12.78/5 10.69/3
8 10 13.66/7 13.08/5 11.34/3
8 15 13.72/7 12.57/5 11.67/3
8 20 13.93/7 12.87/5 11.79/3
12 0 14.11/12 14.25/11 13.13/9 12.44/7
12 3 14.03/12 14.15/11 13.34/9 12.32/7
12 5 13.97/12 13.92/11 13.55/9 12.71/7
12 10 13.77/11 13.05/9 12.23/7
12 15 13.97/11 13.30/9 12.53/7
12 20 13.19/9 12.70/7
16 0 14.32/16 14.34/15 12.94/11 12.93/10
16 3 14.14/16 14.25/15 12.97/11 12.67/10 12.21/9
16 5 14.10/16 14.05/15 13.11/11 12.49/10 12.12/9
16 10 13.88/15 12.81/11 12.54/10 12.13/9
16 15 14.03/15 12.96/11 12.64/10 12.28/9
16 20 14.13/15 13.03/11 12.59/9

Table 8.1: The Nusselt number and corresponding roll number (n) for
different Γ and β where multiple stable states exist.

We then investigate the effect of cell tilting on the Nu and the Re. Table 8.1 lists the
Nu for different states with different numbers of convection rolls. It is even found that
five flow states are able to coexist with the same parameters for the largest aspect
ratio Γ = 16. The Nu is generally larger for the state with more convection rolls.
Figure 8.8(a) shows Nu as a function of β for different Γ. The Nu for different states
for Γ = 4, 8, 12 and 16 with small β has been listed in table 8.1, so for the MRS, we
only show Nu for the state with most convection rolls for a specific combination of
Γ and β. For Γ = 2 and 4, the two branches of Nu for small β correspond to SRS
(lower branch) and MRS (upper branch), respectively. It is also seen that the MRS
transport heat more efficiently than SRS. When MRS transits to SRS, the Nu has a
sudden drop. When β > 90◦, the Nu decreases monotonically with increasing β for all
considered Γ due to the fact that the stabilized temperature gradient along z direction
exists when β > 90◦. However, the trend of Nu in the range of 0◦ < β < 90◦ differs
greatly for different Γ. For relatively small aspect ratios Γ ≤ 4, the Nu first increases
with increasing β, and after reaching their maxima which are approximately located
at β = 80◦ for Γ = 1 and β = 70◦ for Γ = 2 and 4, they decrease monotonically with
increasing β. In prior results [59, 282], the maximal heat transport was also achieved
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Figure 8.8: Absolute and normalized Nusselt numbers Nu and Reynolds num-
bers Re as a function of β for fixed Ra = 107, P r = 0.71 with different aspect
ratios. (a) Absolute Nusselt numbers Nu. (b) Normalized Nusselt numbers
Nu(β)/Nu(0). (c) Absolute Reynolds numbers Re. (d) Normalized Reynolds
numbers Re(β)/Re(0). The normalization for Γ = 2 and 4 uses the corre-
sponding values for single-roll state for RBC (β = 0◦).

at an intermediate β in a cylindrical cell of unit aspect ratio, and neither vertical
convection (β = 90◦) nor RBC seems to be optimal state in terms of heat transport.
However, the behaviour of Nu as a function of β for large Γ is qualitatively different,
it is seen that the Nu generally decreases monotonically with increasing β for large
Γ = 8, 12 and 16, which is more evidently shown in the normalized Nusselt number
Nu(β)/Nu(0) in figure 8.8(b). When flow mode transitions happen with increasing
β, the Nu experiences a sudden drop around 20◦ < β < 30◦, it seems that the RBC
configuration transports heat most efficiently for large aspect ratios. Therefore, in the
present system, the idea to enhance heat transport by tilting the cell can be realized
only for relatively small Γ. Another feature is that the curves of Nu for the largest
Γ (Γ = 12, 16) collapse well with each other apart from the β range where flow mode
transitions exist. This imply that the influence of Γ on the heat transport decreases
with increasing Γ for all the considered β.
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Figure 8.8(c) shows the Re as a function of β for different Γ. We can see that
the Re of MRS is also higher than that of SRS. An apparent feature of Re is that it
does not change much for small β for all considered Γ. For Γ ≤ 4, the Re all decrease
with increasing β for large β (β ≥ 25◦). This trend was also found in a 3D cell with
unit aspect ratio [59, 270]. Interestingly, for larger aspect ratios Γ ≥ 8, the trend is
qualitatively different. When the Re reach their local minimum at around β ∼ 25◦,
they increase with increasing β until reaching their local maxima, after which they
again decrease with increasing β until β = 90◦.

8.4 Conclusions
In summary, we have studied the effect of cell tilting on thermal convection in two-
dimensional rectangular cells with widely varying aspect ratios 1 ≤ Γ ≤ 16 using DNS.
We found that multiple flow states can coexist for small β with large aspect ratios
(Γ ≥ 2). In some cases with Γ = 16, up to five different states are even found with the
same parameters. For Γ = 2, the stable single-roll state is identified for small β, which
was not reported in 2D RBC in previous works [107,220,251]. The multiple states at
small β are stable without flow mode transitions although we perform very long-time
simulations. However, when β increases beyond a critical value for Γ ≥ 8, flow mode
transitions between different roll states are observed. It is also found that Nu is higher
for the flow state with more convection rolls. The Nu as a function of β is found to
be highly dependent on the aspect ratio. For relatively small aspect ratios (Γ ≤ 4),
the Nu first increases with increasing β, and after reaching its local maximum, it
decreases with increasing β. However, the Nu generally decreases monotonically with
increasing β for larger aspect ratios (Γ ≥ 8). This finding demonstrates that the idea
to enhance heat transfer by tilting the cell can only be realized for relatively small Γ
in the present system.

The present results enrich the studies on multiple states in turbulence, and demon-
strate that special attention should further be paid when studying tilted convection
with large aspect ratios. The question of whether multiple states can coexist at much
higher Ra in tilted cells with large Γ is still an open question and demand further
investigations. Obviously, the Prandtl number Pr is another important control pa-
rameter, and the effect of Pr on the multiple states should also be explored in the
future.
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Chapter 9

Thermal convection in a
tilted rectangular cell with
aspect ratio 0.5.◦

Thermal convection in a three-dimensional tilted rectangular cell with aspect ratio 1/2 is
studied using direct numerical simulations (DNS) both within Oberbeck-Boussinesq (OB)
approximation and with strong non-Oberbeck-Boussinesq (NOB) effects. The considered
Rayleigh numbers Ra range from 105 to 107, the working fluid is air at 300K and the
corresponding Prandtl number Pr is 0.71. Within OB approximation, it is found there
exist multiple states for Ra = 105 and hysteresis for Ra = 106. For a relatively small tilt
angle β, the large-scale-circulation (LSC) can either orients along one of the the vertical
diagonal planes (denoted by Md mode) or orients parallel to the front wall (denoted by
Mp mode). Which of the two modes transports heat more efficiently is not definitive, and
it depends on Rayleigh number Ra. For Ra = 107, β = 0◦, the time-averaged flow field
contains four rolls in the upper half and lower half of the cell, respectively, the Md and Mp

modes only developing in tilted cells. By investigating NOB effects in tilted convection for
fixed Ra = 106, it is found the influence of NOB effects on Nusselt number Nu, Reynolds
number Re, and central temperature Tc is different for different β range. NOB effects
can either increase or decrease Nu, Re, and Tc when β is varied.

◦Baseed on: Qi Wang, Bo-Lun Xu, Shu-Ning Xia, Zhen-Hua Wan, De-Jun Sun, Thermal
convection in a tilted rectangular cell with aspect ratio 0.5, Chin. Phys. Lett. 34, 104401 (2017).
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9.1 Introduction
Thermal convection is ubiquitous in nature and is important in many industrial pro-
cesses. An important model to study thermal convection is Rayleigh-Bénard con-
vection (RBC) where a fluid layer in a box is heated from below and cooled from
above [53, 54, 56, 236]. In industrial process, the heat transfer in heat exchangers can
be enhanced by tilting the cell. The relation between the tilt angle and the Nusselt
number Nu has a direct interest for reducing the loss of energy in honeycomb solar
collector plates. In recent years, the effect of cell tilting on RBC has been studied both
numerically [59] and experimentally [270,271]. These results are all performed within
Oberbeck-Boussinesq (OB) approximation, and they are all restricted to a cell of unit
aspect ratio. Another typical aspect ratio in the studies of RBC is 1/2 [296, 307].
However, there are less work devoted to tilted convection in a cell with aspect ratio
1/2. In this work, we try to fill this gap by investigating thermal convection in a tilted
cell with aspect ratio 1/2 within OB approximation.

The OB approximation, being more mathematical than physical, assumes the
thermal properties of the working fluid to be constant and the density is constant
everywhere except within the buoyancy term. Obviously, this approximation is valid
only for small temperature differences. In many practical applications, such as thermal
insulation systems in nuclear reactors, the temperature differences can be as large as
several hundred degrees Kelvin. Thus, non-Oberbeck-Boussinesq (NOB) effects should
be taken into consideration and are worthy of in-depth study. The influence of NOB
effects on RBC has been studied extensively in recent years [79,95,96,100]. However,
there are less work devoted to NOB effects in tilted convection. As tilted convection
in the industrial process may be subjected to large temperature differences. In this
letter, we also study NOB effects in tilted convection.

9.2 Numerical settings
The problem is described in figure 9.1. The tilt angle β is such that β = 0 corresponds
to RBC. When the cell rotates counterclockwise about x axis, the tilt angle increases.
The considered Rayleigh numbers Ra range from 105 to 107. The working fluid is air
with reference temperature 300K and the corresponding Pr is 0.71. Both the length-
to-height aspect ratio and the width-to-height aspect ratio are fixed to 1/2. Two
important response parameters of the system are Nusselt number Nu and Reynolds
number Re which are defined by:

Nu =
Q

k∆T/H
,Re =

√
⟨u · u⟩H

ν
(9.1)

where Q is the heat flux across any horizontal plane, k the thermal conductivity of
the fluid, ∆T = TH − TC the temperature difference between the hot and cold plate,
H the height of the cell, ν the kinematic viscosity of the fluid, u the velocity vector.
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Figure 9.1: Sketch of a tilted rectangular cell with length L, width W and
height H.

The low-Mach-number equations [132] are adopted in order to study NOB effects.
The governing equations are solved by our in-house code lMn3d. All spatial terms are
discretized using second-order central difference scheme. Time integration is accom-
plished using an Adams-Bashforth scheme for the nonlinear terms and Crank-Nicolson
scheme for the viscous and diffusion terms. The two-dimensional version of the code
lMn2d which is directly developed from lMn3d has already been validated and de-
scribed in our previous work [79]. Computation grids of 48× 48× 96, 64× 64× 128,
96 × 96 × 192 are used for Ra = 105, Ra = 106 and Ra = 107, respectively. The
according time steps for these three grids are 0.01, 0.008, 0.003.

9.3 Results
We first discuss the influence of cell tilting on the flow organization. Figure 9.2
shows time-averaged velocity streamlines for different combinations of Ra and β, the
colour contour denotes the magnitude of the time-averaged vertical velocity which
is normalized by free-fall velocity w/Uf . Note the free-fall velocity is defined by:
Uf =

√
gα∆TH, where α is the thermal expansion coefficient, g is acceleration due

to gravity. For Ra = 105, we observe two different flow states by using different ini-
tial conditions. One contains a large-scale-circulation(LSC) oriented along one of the
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Figure 9.2: Time-averaged velocity streamlines for (a, d) Ra = 105. (b, e)
Ra = 106. (c, f ) Ra = 107. (a) Md mode for β = 0◦. (b) Md mode for β = 3◦.
(c) β = 0◦. (d) Mp mode for β = 0◦. (e) Mp mode for β = 3◦. (f ) Md mode
for β = 5◦. The colour coding denotes the magnitude of time-averaged vertical
velocity normalized by free-fall velocity w/Uf
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diagonal planes which is denoted by Md mode as shown in figure 9.2(a), this kind of
flow structure also prevails in a cubic cell even at much larger Ra. The other contains
a LSC oriented parallel to the front wall which is denoted by Mp mode as shown in
figure 9.2(d). For small β, both of these two modes can be stable, while only Mp mode
exists for β > 8◦. The Nu of Md mode is larger than that of Mp mode which may
be related to larger flow intensity denoted by Reynolds number Re as will be shown
later. For Ra = 106, these two modes can also both be stable at small β as shown
for β = 3◦ in figure 9.2(b) and 9.2(e). However, different from Ra = 105, the Nu of
Mp mode is larger than that of Md mode for Ra = 106. Therefore, which of the two
modes transports heat more efficiently is not definitive, and it depends on Ra. For
Ra = 107, the flow organization is qualitatively different for β = 0◦ as shown in figure
9.2(c). Four rolls develop in the upper half and lower half of the cell respectively, and
there is no apparent LSC. The Md mode only exists when the cell is tilted as shown
in figure 9.2(f) for β = 5◦. For even larger β, the flow will organize in Mp mode.

We then investigate the influence of cell tilting on Nu and Re. Figure 9.3(a) and
9.3(b) show absolute and normalized Nu as functions of β for different Ra. It should be
mentioned that for Ra = 105, the Nu of Mp mode for RBC is used for normalization,
while for Ra = 106 only Md mode exists for RBC, and we use the corresponding Nu
for normalization. Multiple states are found for Ra = 105 and hysteresis is found for
Ra = 106 for small β when β increases or decreases. The hysteresis of Ra = 106 is
more clearly shown in figure 9.5(a) and 9.5(b). From figure 9.3(b), it is seen at first
sight that the Nu(β)/Nu(0) is strongly influenced by Ra while no apparent regularity-
dependence on Ra can be found. For Ra = 105, the Nu of Mp mode first increases
as β increases until it reaches maximum value at about 50◦, it then decreases with
increasing β. While for Md mode, the Nu decreases monotonically with increasing
β. For Ra = 106, the behaviour of Nu(β)/Nu(0) is much more complicated, there
at least exist three maxima and two minima. For Ra = 107, the Nu experiences an
increase when the cell is minor tilted, which is different from that in a cylindrical cell
with aspect ratio 1/2 where Nu decreases in a tilted cell at higher Ra [261]. This
demonstrates that the Rayleigh number plays an important role in the influence of
tilting on Nu, which is also found in an aspect ratio 1 cell [59,270]. The Nu has two
maxima and one minimum, the first and second maximum locate near β = 30◦ and
β = 80◦ respectively.

Compared with Nusselt number Nu, the Reynolds number Re, however, shows a
much more regular dependence on β as shown in figure 9.3(c) and 9.3(d). The nor-
malization in figure 9.3(d) is the same as that of Nu. Normally, the Re first increases
with β, after reaching its maximum, it decreases monotonously with increasing β,
which is similar to the cases in a cylindrical cell of unity aspect ratio [59]. It is also
seen the Re of Md mode is higher than that of Mp mode for Ra = 105 which is in
contrary to that of Ra = 106. The same conclusion is also drawn for Nu as shown
before, this implies that the higher Nu may be related with faster fluid motion.

The above results are performed within strict OB approximation. We now inves-
tigate strong NOB effects on the flow organization, Nusselt number Nu, Reynolds
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Figure 9.3: Absolute and normalized Nusselt and Reynolds numbers in tilted
convection for Ra = 105 (squares), Ra = 106 (circles) and Ra = 107 (dia-
monds), as functions of tilt angle β. (a) Absolute Nusselt numbers Nu. (b)
Normalized Nusselt numbers Nu(β)/Nu(0). (c) Absolute Reynolds numbers
Re. (d) Normalized Reynolds numbers Re(β)/Re(0). The corresponding val-
ues for RBC (β = 0◦) are used for normalization. For Ra = 105 the Nu and
Re of Mp mode for RBC are used for normalization, while for Ra = 106, we
use the Nu and Re of Md mode.
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Figure 9.4: Time evolution of Nusselt number Nu for Ra = 106 with NOB
effects where temperature difference ∆T = 360K for (a) β = 1◦. (b) β = 2◦.
(c,d,e) Instantaneous streamlines at different times in (a). (c) t = 960tf . (d)
t = 5760tf . (e) t = 10560tf .
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Figure 9.5: (a) Nusselt number Nu as a function of tilt angle β within OB
approximation (green circles) and with NOB effects (red squares). (b) Reynolds
number Re as a function of tilt angle β within OB approximation (green
circles) and with NOB effects (red squares). (c) Central temperature deviation
Tc − Tm as a function of tilt angle for NOB cases.
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number Re, and central temperature Tc in tilted convection for fixed Ra = 106. The
temperature difference ∆T is 360K for the considered NOB effects, corresponding to
TH = 480K and TC = 120K. For β = 0◦ and β = 1◦, there exists flow mode transition
between single-roll mode(SRM) and double-roll mode(DRM) for the NOB cases. Fig-
ure 9.4(a) shows time evolution of Nu for β = 1◦ and figure 9.4(c-e) show the instan-
taneous streamlines at the time t = 960tf , t = 5760tf and t = 10560tf respectively.
It is seen the flow organizes in SRM at time t = 960tf and t = 5760tf with relatively
larger Nu, while the orientation of the LSC is different. At time t = 10560tf , the flow
organizes in DRM with smaller Nu. It is already experimentally found that the Nu
of SRM is larger than that of DRM at higher Ra within OB approximation [274]. The
flow mode transition is also observed in experiment within OB approximation [158].
Thus our numerical results confirm the phenomenon and show it also exists when
strong NOB effects exist. As the β increases to 2◦, the flow organizes in stable Md

mode similar to figure 9.4(d), the reorientation of LSC and flow mode transition is
suppressed. Figure 9.4(b) shows time evolution of Nu for β = 2◦, it is evident the Nu
of 2◦ is larger than that of 1◦.

Figure 9.5(a) and 9.5(b) show Nu and Re as functions of β for OB and NOB
cases. It is evident that the influence of NOB effects is different for different β range.
For β = 0◦ and 1◦, flow mode transition exists for NOB cases and both Nu and Re
are decreased compared to OB cases. For 2◦ ≤ β ≤ 23◦, the Nu and Re of both Md

and Mp modes are increased when considering NOB effects. While for larger β > 23◦,
the Nu and Re decrease compared to OB cases, and the influence of NOB effects on
Re at β ≥ 60◦ is very small. Quantitatively, the maximum reduction of Nu is 11% at
β = 0◦ which is due to changed flow modes, and the maximum enhancement of Nu is
7% at β = 5◦ in Mp mode. For Re, the maximum reduction is 4% at β = 0◦ and 30◦

while the maximum enhancement is 7% at β = 3◦ in Md mode. The present finding
demonstrates complicated influence of NOB effects on tilted convection at relatively
low Ra = 106. For higher Ra where the flow is in the fully turbulent state, we expect
this influence will be small as already found in turbulent RBC [95]. The influence of
NOB effects on tilted convection at higher Ra will be the goal of our future research.

A major influence of NOB effects on RBC is the breaking of top-down-symmetry,
this will cause the deviation of central temperature Tc from the arithmetic mean
temperature of hot and cold plates Tm = (TH + TC)/2. We show in figure 9.5(c) this
temperature deviation Tc − Tm as a function of β. It is seen at small β the central
temperature decreases compared to Tm, while at larger β the Tc is normally increased
except for β = 40◦ where Tc is minorly decreased. This demonstrates that for different
β, NOB effects have a varying influence on Tc.

9.4 Conclusions
In summary, the influence of cell tilting on thermal convection in a three-dimensional
rectangular cell with aspect ratio 1/2 is numerically studied both within OB approx-
imation and with strong NOB effects caused by large temperature differences. It is
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found there exist multiple states for Ra = 105 and hysteresis for Ra = 106. Both
Md and Mp modes can be stable at a specific β range. Which of the two modes
transports heat more efficiently is not definitive, and it depends on Ra number. For
Ra = 107, β = 0◦, the time-averaged flow field contains four rolls in the upper half and
lower half of the cell respectively. The Md and Mp modes only develop in tilted cells.
By investigating the influence of NOB effects on tilted convection for fixed Ra = 106,
it is found there exists flow mode transition between SRM and DRM for β = 0◦, 1◦.
The SRM is shown to transport heat more efficiently. In different β range, the influ-
ence of NOB effects on Nu, Re and Tc is different for considered Ra = 106. NOB
effects can either increase or decrease Nu, Re, Tc when β is varied.
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Chapter 10

Non-OberbeckBoussinesq
effects due to large
temperature differences in a
differentially heated square
cavity filled with air◦

We numerically investigate non-Oberbeck-Boussinesq (NOB) effects due to large tem-
perature differences in a two-dimensional differentially heated square cavity using low-
Mach-number equations. The working fluid is air and the Prandtl number Pr is 0.71 for
the reference state. The considered Rayleigh numbers Ra range from 105 to 109. Vari-
ous temperature differences ∆T̂ between the hot and cold plates are considered and the
maximum value is up to 360K. The critical Rayleigh number for the onset of unsteadiness
decrease with increasing temperature differences. The NOB effects on the temperature
and velocity fields are investigated. It is found that both the thermal and velocity boundary
layers become thicker near the hot plate while they get thinner near the cold plates under
NOB conditions. The central temperature is increased compared to Oberbeck-Boussinesq
(OB) cases considering NOB effects. The normalized center temperature θc roughly in-
creases linearly with increasing ϵ. The horizontal velocity near the top plate is normally
enhanced by NOB effects while it is generally decreased near the bottom plate under NOB
conditions. Despite these marked qualitative differences in the NOB flow relative to OB
flow, the overall integral quantities like the Nusselt number Nu and the Reynolds number

◦Based on: Qi Wang, Shu-Ning Xia, Rui Yan, De-Jun Sun, Zhen-Hua Wan, Non-
OberbeckBoussinesq effects due to large temperature differences in a differentially heated square
cavity filled with air, Int. J. Heat Mass Trans. 128, 479-491 (2018).
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Re are insensitive to NOB effects and retain their Ra-scaling exponents. The Nu has a
minor decrease under NOB conditions. The maximum decrease is only about 3% for the
temperature difference as large as 360K. Within OB approximation, the Nusselt number
Nu is found to scale as ∼ Ra0.27, and the inverse thermal boundary layer thickness λ−1

θ

also scale as ∼ Ra0.27. The scaling exponent does not change under NOB conditions.
The Reynolds number based on the root mean square (r.m.s) velocity Rerms increases
slightly for NOB cases. We also find Rerms ∼ Ra0.37, Rew ∼ Ra0.50, and Rev ∼ Ra0.45

for OB cases, where Rew/Rev are Reynolds number based on the maximum magnitude of
vertical/horizontal velocity over the whole cell. The NOB effects almost have no influence
on these scaling exponents. .
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10.1 Introduction

Thermal convection driven by temperature differences is important in many indus-
trial processes and is also ubiquitous in nature environments. Two important model
problems for the study of thermal convection are Rayleigh-Bénard convection (RBC)
[53–56] where a cavity is heated from the below and cooled from the above, and
convection in a differentially heated cavity (DHC) [308–310] where the cavity is
heated/cooled from the sides. The latter one is also known as vertical convection
[57–59,149,278,311]. The present work focuses on the DHC configuration. Examples
of typical applications for DHC include thermal insulation using double-pane windows
or double walls, ventilation of rooms, improvement of the efficiency of solar collectors,
nuclear reactors, fire within buildings and cooling of electronic devices. Apart from
its various applications in engineer processes, it is also served as a benchmark case
for the development of numerical algorithms and validation of codes [312–316].

Since the pioneering work of Batchelor [317], this problem has been investigated
extensively over the past years. For relatively low Ra (e.g. Ra < 103), the flow is weak
and heat is transferred mainly by thermal conduction. As Ra increases, the flow in the
cell is strengthened and stratified flow structures appear in the center [312,318,319],
however, the flow is still steady. As Ra increases further, the flow becomes unsteady
with periodical or quasi-periodical motion [310, 320] or chaotic [308]. Eventually, the
flow becomes turbulent at higher Ra [149,278,321–324]. Of particular research interest
in DHC is the relationship between the Nusselt number Nu and the Rayleigh number
Ra. Previous studies have shown a preference for the power-law form for fixed Pr,
i.e. Nu ∼ αRaβ . But the scaling exponent β is found to range anywhere between
1/3 and 1/4 [57, 58, 311, 325–327]. More efficient heat transfer is often desirable in
industrial applications, for instance, this can be achieved by mounting a fin on the
side wall [328]. The transient behaviour of DHC with a fin on the side wall has also
been investigated in recent years [329–332].

Thermal convection is usually investigated under the Oberbeck-Boussinesq (OB)
approximation. This approximation has four main assumptions. (i): The density is
constant everywhere except within the buoyancy term. (ii): In buoyancy term, the
density ρ is a linear function of temperature T . (iii): All material properties such as
thermal diffusivity κ, viscosity ν are assumed to be constant. (iv): Energy dissipation
due to viscosity is neglected in the temperature equation. Any deviations of these four
assumptions are commonly referred to as non-Oberbeck-Boussinesq (NOB) effects.
For most fluids under small temperature differences, OB approximation is found to
be sufficiently accurate. However, when the temperature difference is relatively large,
the material properties may depend strongly on the temperature and the density is
not a linear function of the temperature anymore, therefore the NOB effects should
be taken account. It is shown by Ref. [123] that the maximum temperature differences
for air/water for which OB approximation is applicable are 28.6K/1.25K. However,
large temperature differences are ubiquitous in industrial processes, examples include
thermal insulation systems in nuclear reactors where the typical temperature differ-
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ences are of the order of several hundred degrees Kelvin. This situation also takes
place in foundry processes and astrophysical flows. Therefore it is important to study
the influence of NOB effects on thermal convection.

The NOB effects in RBC have already been studied extensively [53,55], which can
serve as reference to understand NOB effects in DHC. Two paths can lead to NOB
effects [55]. One is compressibility, and this usually happens in gases especially those
in the vicinity of critical points [96]. The other is sensitive temperature dependence
of material properties which is usually found in liquids [95]. The NOB effects in RBC
for various fluids such as gaseous helium [97,124], gaseous ethane [96,127], SF6 [129],
water [95, 99, 101], glycerol [100, 125, 126] and air [79, 105] have been investigated
extensively. Ref. [94] confirmed experimentally that NOB effects will lead to a top-
down symmetry breaking, the thickness of top and bottom boundary will be different
and this will cause a shift of central temperature, the temperature in the center of
the cell is not the arithmetic average of the temperature at the top and bottom plate
i.e. T̂c ̸= (T̂b + T̂t)/2. For NOB effects in water, Ref. [95] experimentally found that
the Nusselt number Nu and Reynolds number Re are rather insensitive against NOB
effects. The Nu was found to be only slightly smaller (at most 1.4%) under NOB
conditions and the Re in the OB and NOB cases agree with each other within the
experimental resolution of about 2%. The central temperature is increased due to NOB
effects. While for gaseous ethane, Ref. [96] found a decrease of the central temperature
and an increase of the Nu which are of opposite and greater magnitude than those for
NOB effects in water. More recently, Ref. [131] performed experimental study of the
whole velocity field under NOB conditions. The accumulated knowledge shows that
the NOB effects depend very sensitively on the particular working fluid, particular
material parameters can dominate in one fluid, but are subdominant in another one
[98], and we are still far away from a complete understanding of this variety of NOB
effects [55]. The NOB effects are especially relevant to high-Ra convection where the
temperature difference is usually large, however, the NOB effects in various fluids at
high Ra is still poorly understood.

Compared with NOB effects in RBC, there are less works devoted to NOB effects
in DHC. Earlier results regarding NOB effects in DHC mainly focused on stability
analysis [320,333–337]. These results all show that for any finite temperature difference
between the walls the artificial symmetry of the flow obtained with OB approximation
is broken because of material property variations. Ref. [320] found that temperature
and velocity distributions are very sensitive to property variations and the critical Ra
for stationary and oscillatory instabilities are reduced with increasing temperature
differences. Ref. [335] examined linear stability of DHC in a tall enclosure considering
NOB effects, they investigated the dependence of the critical Ra on the temperature
difference, and showed that two different modes of instability are possible. Later,
Ref. [337] performed nonlinear analysis of convection flow in a tall vertical enclosure
considering NOB effects, they found that for small temperature differences the basic
flow bifurcates supercritically due to shear-driven disturbances, while this bifurcation
becomes subcritical for larger temperature differences. Recently, Ref. [315] proposed
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a new variation of smoothed particle hydrodynamics (SPH) method, and obtained
steady laminar natural solutions for a square cavity of Ra = 105. Ref. [338] accessed
the limits of OB approximation in a tall differentially heated cavity filled with water,
they found NOB effects are relevant especially beyond the temperature difference of
30◦C. More recently, Ref. [339] investigated effects of variable air properties on tran-
sient natural convection, showing that the effects of variable properties are especially
relevant along the flow development period, during which the average Nu can differ
up to roughly 10% with respect to the constant properties case.

In this paper, we aim at studying NOB effects in DHC due to large temperature
differences with the air as the working fluid by means of two dimensional (2D) direct
numerical simulations (DNS). The 2D DNS is numerically cheaper so that a good
resolution can be achieved, also the flow visualization is much easier. It is concluded by
Ref. [340] that for Pr ≥ 1 various properties observed in three dimensional (3D) DNS
are well reflected in the 2D DNS. Ref. [181] also found for higher Pr, the Nu ∼ Ra
scalings are very similar for 2D and 3D, differing only by a constant factor up to Ra =
1010. Ref. [99] also performed 2D DNS for RBC considering NOB effects, showing that
2D approach reflects well the dynamics of the boundary and the behaviour of central
temperature. Ref. [322] performed 2D and 3D simulations of DHC for Ra up to 1010,
and they found that 2D computations were in good agreement with 3D ones in terms
of time-averaged structures and overall Nusselt numbers. In view of the advantages of
the 2D simulations, they have been used widely to study thermal convection in recent
years [122, 148, 183, 204, 267–269]. The main purpose of this paper is to illustrate the
differences between OB and NOB cases in detail. The 2D results presented here can
also shed some light on NOB effects in true 3D DHC.

The remainder of this chapter is organized as follows. In §10.2 the problem is
briefly described, the governing equations and numerical methods are introduced.
The results are presented and analysed in §10.3, which is divided into three parts.
Section 10.3.1 studies NOB effects on the critical Rayleigh number for the onset of
unsteadiness, the temperature and velocity distributions. In §10.3.2, we investigate
NOB effects on the Nu. Section 10.3.3 discusses NOB effects on the Re. We finally
summarize our findings in §10.4.

10.2 Numerical settings

10.2.1 Governing equations

Consider a 2D cavity filled with air with width Ŵ (hatted quantities are dimensional)
and height Ĥ. The left and right walls are kept at temperatures of T̂H and T̂C ,
respectively, where T̂H > T̂C . The top and bottom walls are insulated. All walls
are assumed to be no-slip and the velocities are set to zero. The above problem is
illustrated in Figure 10.1. The low-Mach-number equations [132] capable of treating
NOB effects in air [320] are adopted. The dimensionless low-Mach-number equations
read
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Figure 10.1: Sketch of a differentially heated square cavity.
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p = ρT, (10.4)

where ui = (v, w) and xi = (y, z) are the velocity components and coordinates in
the horizontal and vertical directions. T is the temperature, ρ is the density, p is the
thermodynamic pressure which is uniform in space and is only a function of time.
π is the reduced pressure which accounts for the hydrostatic and dynamic effects.
ni = (0,−1) is the unit vector in the direction of gravity. τij is the viscous stress
tensor given by
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, (10.5)

where δij is the Kronecker delta function. γ = 1.4 is the ratio of specific heats and
Γ = (γ − 1)/γ is a measure of the resilience of the fluid. cp = 1 is the isobaric specific
heat and k is the thermal conductivity. ϵ is the temperature differential which will be
defined later. The low-Mach-number equations are non-dimensionlized by:
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xi = x̂/Ŵ , u = û/û0, t = t̂/t0, (10.6)
ρ = ρ̂/ρ0, p = p̂/p0, π = π̂/(ρ̂0û

2
0), T = T̂/T̂0, (10.7)

µ = µ̂/µ0, k = k̂/k0, cp = ĉp/ĉp0. (10.8)

The reference temperature T̂0 = (T̂H+T̂C)/2 is 300K, µ̂0, k̂0, ĉp0 are also measured
at the reference temperature. These reference quantities are not always independent,
e.g. p̂0 = ρ̂0R̂T̂0, with R̂ the gas constant 8.314JK−1mol−1. We choose û0 = (2ϵĝŴ )1/2

as the reference velocity with ϵ defined later, and the reference time t̂0 = Ŵ/û0. The
four dimensionless parameters controlling this problem are the temperature differen-
tial ϵ, Rayleigh number Ra, Prandtl number Pr and aspect ratio A defined by

ϵ =
∆T̂

2T̂0

, Ra =
2ϵĉp0ρ̂

2
0ĝŴ

3

µ̂0k̂0
, P r =

ĉp0µ̂0

k̂0
, A =

Ĥ

Ŵ
, (10.9)

where ∆T̂ = T̂H − T̂C is the temperature difference between the hot and cold walls.
Temperature differential ϵ is a measure of NOB effects, The larger ϵ is, the stronger
the NOB effects are. The reference Pr at 300K is 0.71 and the considered A is fixed to
1 in the present study. The dimensionless thermal conductivity and dynamic viscosity
are obtained by the Sutherland laws

k = T 1.5 1 + Sk

T + Sk
,

µ = T 1.5 1 + Sµ

T + Sµ
,

(10.10)

where Sk = 0.648 and Sµ = 0.368 for T̂0 = 300K. Since Sk ̸= Sµ, Pr is not a
global constant. Since Eq. (10.10) for air degrades rapidly above ϵ = 0.6, we set
0.005 ≤ ϵ ≤ 0.6. The dimensionless temperature at the left wall and right wall is 1+ ϵ
and 1− ϵ respectively. The dimensional temperature difference is ∆T̂ = 2ϵT̂0, note for
ϵ = 0.6, T̂H = 480K, T̂C = 120K, ∆T̂ = 360K. In the rest of the paper, we also use
normalized temperature which is defined by θ = (T − 1)/(2ϵ), and −0.5 ≤ θ ≤ 0.5.

For a closed system with zero velocities at the boundary, we can obtain divergency
of velocity by combining Eqs.(10.1), (10.3) and (10.4)

∂uj

∂xj
=

1

p

[
(Γ− 1)

dp

dt
+

1√
RaPr

∂

∂xj
k
∂T

∂xj

]
. (10.11)

Integrating over the flow domain V leads to the following relationship for the
thermodynamic pressure in a closed system

dp

dt
=

1

(1− Γ)V

1√
RaPr

∮
S

k
∂T

∂xj
njdS, (10.12)
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where S is the surface surrounding the flow domain. The total mass M in a closed
cavity is a constant over time. By integrating the equation of state over the whole
domain one obtains the following expression for the thermodynamic pressure

p = M

(∫
V

dV

T

)−1

. (10.13)

The solution (ρ, ui, p, π, T ) is completely described by Eqs(10.1)-(10.4) and (10.12)
[341]. In order to compare with OB cases, we set ϵ = 0.005, µ = k = p = 1, uj,j = 0
and ρ = 1 except in the buoyancy term ρ = 1

T = 1
1+δT ≈ 1 − δT = 2 − T , thus pure

OB approximation can also be realized in our code.
It is interesting to note that the results obtained here can be generalized to gases

other than air, although the temperature range may be somewhat different. For ex-
ample, hydrogen has a Pr of 0.7 for the reference temperature 260K, and Sk = 0.641,
Sk = 0.372, so the results should be approximately the same as those for air.

10.2.2 Numerical methods
The governing equations are solved numerically by a finite-difference method with the
in-house code lMn2d. All spatial terms are discretised using a second-order central dif-
ference scheme which intrinsically conserves energy. There are also several other codes
specialized for thermal convection using second-order finite-difference scheme [80]. A
recent work compared dedicated second-order finite-difference code and a specialized
fourth-order finite-volume code with a general purpose finite-volume approach and
a general purpose spectral-element code for DNS of RBC [182]. They found that
dedicated special purpose codes with second-order finite-difference schemes or higher-
order finite-volume schemes excel in efficiency. A non-uniform grid with clustered
points near walls is used. Scalar and vector variables are staggered in space in order
to avoid pressure-velocity decoupling. We used a fractional-step method to solve the
momentum equations [141], the pressure Poisson equation is solved using a multi-grid
strategy [142]. Time integration is accomplished using an Adams-Bashforth scheme
for the nonlinear terms and Crank-Nicolson scheme for the viscous and diffusion
terms. The descriptions and validations of the code can be found in our previous
works [79,104].

Ra Ny ×Nz Nu Re
OB ϵ = 0.2 ϵ = 0.4 ϵ = 0.6 OB ϵ = 0.2 ϵ = 0.4 ϵ = 0.6

105 128× 128 4.524 4.515 4.486 4.429 41.44 41.52 41.72 41.95
3× 105 128× 128 6.265 6.249 6.198 6.106 63.32 63.37 63.47 63.74
5× 105 128× 128 7.260 7.240 7.157 7.070 76.72 76.74 76.91 77.30
8× 105 128× 128 8.294 8.272 8.201 8.079 91.31 91.36 91.61 92.23
106 128× 128 8.830 8.806 8.732 8.602 99.11 99.19 99.53 100.26

3× 106 128× 128 11.949 11.918 11.817 11.628 148.10 148.49 149.53 151.14
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Ra Ny ×Nz Nu Re
5× 106 128× 128 13.723 13.688 13.571 13.354 178.35 178.90 180.34 182.61
8× 106 128× 128 15.571 15.530 15.394 15.152 211.70 212.34 214.18 217.19
107 256× 256 16.528 16.483 16.339 16.083 229.70 230.36 232.38 235.79

3× 107 256× 256 22.101 22.040 21.842 21.486 343.63 344.49 347.38 352.85
5× 107 256× 256 25.260 25.193 24.966 24.564 414.44 415.63 419.10 425.72
8× 107 256× 256 28.543 28.469 28.197 27.782 492.32 493.98 498.44 506.37
108 256× 256 30.242 30.164 29.884 29.445 534.23 536.97 541.98 550.7

3× 108 512× 512 40.097 39.982 39.636 38.980 804.52 808.59 816.10 829.20
5× 108 512× 512 45.717 45.584 45.162 44.416 980.08 982.66 991.67 1005.68
8× 108 512× 512 51.610 51.457 50.966 50.102 1173.88 1178.28 1186.65 1206.67
109 512× 512 54.691 54.514 53.979 53.069 1284.29 1287.96 1294.25 1314.68

Table 10.1: List of simulation parameters, grid resolutions, Nusselt numbers
Nu and Reynolds numbers Re. The Prandtl number is fixed to Pr = 0.71, the
Re is based on root mean square (r.m.s) velocity

The simulation parameters and grid resolutions are listed in Table 10.1. The
resolution is chosen to resolve the smallest scales of the problem, i.e. the Kolmogorov
scale ηK and the Batchelor scale ηB [110]. For all runs the maximum grid spacing
∆max < 0.81ηK and ∆max < 0.69ηB . The Nu of Ra = 108 with OB approximation
is 30.24, in agreement with the benchmark results 30.31 [342] to a precision about
0.2%. For chaotic cases, we waited 400 time units before collecting data to make sure
all transits have been dissipated, both Nu and Re are averaged for more than 800
free fall time units.

10.3 Results and discussion

10.3.1 Flow organization

Onset of unsteady motion
If a critical Rayleigh number Rac is reached, DHC becomes unsteady and for larger
Ra even chaotic or turbulent. The critical value for the onset of unsteadiness with
OB approximation has been studied widely. For a two dimensional square cavity
with unit aspect ratio, Paolucci & Chenoweth determined the critical number as
Rac = 1.93×108 [308], Henkes identified the critical number as Rac = 1.9×108 [343].
The Rac obtained in our study is 1.92 × 108, which is in excellent agreement with
these previous studies. We also studied the influence of NOB effects on the Rac, Table
10.2 lists Rac for the OB case and NOB cases with different ϵ. We can clearly see
that Rac monotonically decreases with increasing ϵ, suggesting that NOB effects play
a destabilizing effect on the flow.
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OB ϵ = 0.2 ϵ = 0.4 ϵ = 0.6
Rac (1.92± 0.02)× 108 (1.02± 0.01)× 108 (5.45± 0.05)× 107 (2.35± 0.05)× 107

Table 10.2: The critical Rayleigh number Rac for the onset of unsteadiness for
the OB case and NOB cases with different ϵ

Mean temperature profiles and central temperature

We then investigate NOB effects on the temperature field. Figure 10.2(a) and 10.2(d)
show the instantaneous temperature field of DHC for the OB cases with Ra = 105

and Ra = 109. For Ra = 105, the flow is steady with stratified temperature in the
bulk region. For Ra = 109, next to the heated wall, the boundary layer flow has a
laminar character in the lower part of cavity. This region is followed by a transition
and finally by a turbulent boundary in the downstream. The central region is stably
stratified with low-frequency, low-velocity oscillation, it is stirred by random buoyant
elements of finite energy which are discharged into it. Figure 10.2(b) and 10.2(e)
show the temperature field under strong NOB effects with ϵ = 0.6. It is seen that
the flow organization is qualitatively the same as that for OB cases. According to the
Sutherland laws, the thermal conductivity and dynamic viscosity of air increase with
increasing temperature, thus both thermal boundary layer and velocity boundary layer
are thicker near the hot plate. To quantitatively reflect how the local temperature is
influenced by strong NOB effects, we show the temperature difference θϵ=0.6 − θOB
in Figure 10.2(c) and 10.2(f). It is seen that the temperature near the two isothermal
plates is enhanced, while the temperature near the top and bottom plates is slightly
reduced under NOB conditions. The temperature in the central region is also enhanced
for the NOB cases.

Figure 10.3(a) and 10.3(b) show temperature profiles at the line with z = 0.5 for
Ra = 105 and 109 for OB cases and NOB cases with different ϵ. We can see the profiles
of ϵ = 0.005 using low-Mach-number equations collapse well with those of OB cases,
indicating that the low-Mach-number equations will recover to OB cases for small ϵ.
It is evident that the thermal boundary layer near the hot plate is thicker than that
near the cold plate, which will cause an increase of local temperature in the thermal
boundary layers when considering NOB effects. For OB cases, the temperature at
the center of the cell Tc equals to the arithmetic mean temperature of the hot and
cold plate Tm, thus θc = 0. As the symmetry is broken by NOB effects, Tc does not
equal to Tm anymore. From figure 10.3(a) and 10.3(b), we can see that the central
temperature is enhanced under NOB conditions. Figure 10.3(c) and 10.3(d) show
temperature profiles at the line with y = 0.5 for Ra = 105 and 109. It is clearly seen
that the temperature is enhanced in the central region for NOB cases, and the the
central region where the temperature is enhanced expands for large Ra = 109.

To quantitatively investigate the central temperature change due to NOB effects,
we plot normalized temperature at the center of the cell (θc) as a function of Ra for
various ϵ in Figure 10.4(a) and as a function of ϵ for various Ra in Figure 10.4(b).
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Figure 10.2: Instantaneous normalized temperature θ contours for (a,d) OB
cases and (b,e) strong NOB cases with ϵ = 0.6. (c,f) Contours of time-averaged
normalized temperature difference θϵ=0.6 − θOB. The top row for Ra = 105,
the bottom row for Ra = 109.
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Figure 10.3: Mean normalized temperature profiles at z = 0.5 (top row) and
y = 0.5 (bottom row) (a, c) Ra = 105. (b, d) Ra = 109.
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Figure 10.4: (a) Reduced central temperature θc as a function of Ra; (b)
Reduced central temperature θc as function of ϵ.

We can see in Figure 10.4(a) that θc increases with increasing Ra, and it increases
relatively more rapidly in the range 105 ≤ Ra ≤ 107. For fixed Ra, is is found that
the larger the ϵ, the larger the θc. From Figure 10.4(b), it is shown that θc roughly
increases linearly with ϵ for Ra ≥ 106. While the curve for Ra = 105 is lower than
those for higher Ra.

Velocity field
Apart from the temperature distribution and central temperature, NOB effects also
have a great influence on the velocity field which has already been investigated in
detail in RBC with the working fluid of water [99]. In this section, we are devoted to
investigating NOB effects on the velocity distribution and quantify the asymmetrical
velocity distribution due to NOB effects.

We first show the horizontal velocity v distribution for OB cases and strong NOB
cases with ϵ = 0.6 for Ra = 105 and Ra = 109 in Figure 10.5. For Ra = 105 where the
flow is steady, the magnitude of v is large near the top and bottom plates as shown
in Figure 10.5(a) for OB case and Figure 10.5(b) for NOB case. Figure 10.5(c) shows
the distribution of the change of the magnitude of v due to NOB effects, namely
|vϵ=0.6| − |vOB|. It is seen for a large portion near the top plate, the magnitude of
v increases due to NOB effects, while for a larger portion near the bottom late, the
magnitude of v decreases due to NOB effects. There is also a small portion in the
upper-left of the cell where |v| decreases and a small portion in the lower-right of
the cell where |v| increases due to NOB effects. For Ra = 109, the area where large
magnitude of v is found is located in the upper-left and lower-right of the cell as
shown in Figure 10.5(d) for the OB case and Figure 10.5(e) for the NOB case. For
NOB case, the largest v is about 0.1 in the upper-left which is very close to the OB
case, while the smallest v is about −0.13 in the lower-right, this may be caused by
smaller viscosity of the fluid in the lower-right of the cell. Figure 10.5(f) shows the
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distribution of |vϵ=0.6| − |vOB| for Ra = 109, we can see that there is a region in the
upper-left of the cell where |v| increases due to NOB effects, while in the lower-right
of the cell there is a region where |v| decreases due to NOB effects.

Figure 10.5: Time-averaged horizontal velocity v contours for (a, d)OB cases
and (b, e)strong NOB cases with ϵ = 0.6. (c, f) Contours of time-averaged
horizontal velocity difference |vϵ=0.6| − |vOB|. The top row for Ra = 105, the
bottom row for Ra = 109.

Figure 10.6 shows the vertical velocity w distribution for OB cases and strong
NOB cases with ϵ = 0.6 for Ra = 105 and Ra = 109. For Ra = 105, the vertical
motion of the fluid mainly concentrates near the two isothermal plate as shown in
Figure 10.6 (a) for the OB case and Figure 10.6 (b) for the NOB case. Figure 10.6
(c) shows the distribution of the change of the magnitude of w due to NOB effects,
namely |wϵ=0.6| − |wOB |. There is a region where |w| decreases due to NOB effects
near the hot plate, further away from the hot plate, there is a larger region where
w increases due to NOB effects. For Ra = 109, the vertical motion is restricted to
a much narrower region near the two isothermal plates as shown in Figure 10.6 (d)
and 10.6 (e). In Figure 10.6 (f), there is a small region near the hot plate where |w|
decreases due to NOB effects, further away from the hot plate is a region where |w|
increases due to NOB effects.

We now quantitatively demonstrate the NOB effects on the horizontal velocity v
profile at the location of y = 0.5 and vertical velocity w profile at the location z = 0.5
in Figure 10.7. Due to the inherent symmetry of the system, the maximum value of
velocity and the minimum value of the velocity are the same in magnitude for OB
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Figure 10.6: Time-averaged vertical velocity w contours for (a, d) OB ap-
proximation and (b, e)strong NOB cases with ϵ = 0.6. (c, f) Contours of
time-averaged vertical velocity difference |wϵ=0.6| − |wOB|. The top row for
Ra = 105, the bottom row for Ra = 109.
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Figure 10.7: Mean velocity profiles of v at y = 0.5 (top row) and w at z = 0.5
(bottom row) for (a, c) Ra = 105. (b, d) Ra = 109.

cases. It is seen that the curves for OB cases collapse well with those of low-Mach-
number cases with ϵ = 0.005, further suggesting that low-Mach-number model will
recover to OB approximation for small ϵ. We can see from Figure 10.7(a) and 10.7(b)
that the horizontal velocity near the top plate is larger than that near the bottom
plate for NOB cases. From Figure 10.7(c) and 10.7(d), it is found that the vertical
velocity peak moves to the right, indicating that the viscous boundary layer is thicker
near the hot plate, the vertical motion of the fluid mainly concentrates in the area
near the two isothermal plates, and the vertical velocity is almost zero in the central
region.

To quantify the NOB effects on velocity asymmetry, we also investigate NOB
effects on the absolute value of the ratio of horizonal maximum velocity vmax and
horizontal minimum velocity vmin, namely |vmax/vmin|, the influence of NOB effects
on |wmax/wmin| is also investigated. Figure 10.8(a) shows |vmax/vmin| as a function of
Ra for different ϵ. Within OB approximation, due to inherent symmetry of the system,
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Figure 10.8: (a) |vmax/vmin| versus Ra for NOB cases with different ϵ. (b)
|wmax/wmin| versus Ra for NOB cases with different ϵ. These two quantities
equal 1 for OB cases while deviate from 1 due to symmetry breaking by NOB
effects.

this value equals to 1, while it deviates from 1 considering NOB effects. It is shown
that |vmax/vmin| is a non-monotonic function of Ra, for most value of Ra, |vmax/vmin|
is smaller than one, suggesting that the maximum magnitude of horizontal velocity
in the lower-right of the cell is larger than that in the upper-left of the cell. Generally,
the larger the ϵ, the smaller the |vmax/vmin|. Figure 10.8 (b) shows |wmax/wmin| as
a function of Ra for different ϵ. We can see for different ϵ, |wmax/wmin| all increase
with increasing Ra for Ra ≤ 108, and it seems to be constant for 108 ≤ Ra ≤ 109.
This demonstrates that the vertical fluid motion near the hot plate is greater than
that near the cold plate.

10.3.2 Nusselt number
We now discuss the NOB effects on the heat transfer which is characterized by Nusselt
number Nu. The Nu in DHC is defined as

Nu =
Q̂

k̂0∆T̂/Ŵ
, (10.14)

where Q̂ is the heat flux across any vertical plane. Since the Nu averaged over any
vertical line should be the same, here the Nu is averaged over the hot plate. As stated
before, for fixed Pr, the relationship of Nu and Ra is usually expressed by power-law
scaling, i.e. Nu ∼ αRaβ . Figure 10.9(a) shows Nu as a function of Ra for the OB
case and NOB cases. For clarity, each data set for the NOB cases has been shifted
downwards from its upper neighbour by a factor of 0.6. The scaling exponents for
both the OB case and NOB cases are found to be 0.27, which lie between 1/4 [58,327]
and 1/3 [57, 311, 325] scalings. Figure 10.9(b) shows compensated Nu/Ra1/4 as a
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Figure 10.9: (a) Log-Log plot of Nu as a function of Ra for the OB case the
NOB cases with different ϵ. For clarity, each data set for the NOB cases has
been shifted downwards from its upper neighbour by a factor of 0.6. (b) Log-
Log plot of Nu/Ra1/4 as a function of Ra. (c) Log-Log plot of Nu/Ra1/3 as
a function of Ra.

function of Ra and Figure 10.9(c) shows compensated Nu/Ra1/3 as a function of Ra.
It can been seen that the Nu grows slightly faster for Ra ≤ 107. We list the obtained
scaling relations in different Ra range for OB case and NOB cases in Table 10.3. It
is seen that the NOB effects almost have no influence on the scaling exponents, it is
also shown that for 105 ≤ Ra ≤ 107 the scaling exponents are close to 0.28, while
the scaling exponents of 0.259 in the 107 ≤ Ra ≤ 109 range is smaller, and is in
good agreement with the theoretical predication of 0.25 [58]. A similar increase of the
scaling exponent for small Ra was also found in several previous works [57,58,325].

Ra range OB ϵ = 0.2 ϵ = 0.4 ϵ = 0.6
[105, 109] 0.2162Ra0.268 0.2158Ra0.268 0.2144Ra0.268 0.2124Ra0.267

[105, 107] 0.1836Ra0.280 0.1834Ra0.280 0.1823Ra0.279 0.1814Ra0.279

[107, 109] 0.2551Ra0.259 0.2549Ra0.259 0.2532Ra0.259 0.2503Ra0.259
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Table 10.3: Power law scalings of Nu and Ra for OB case and NOB cases with
different ϵ for different Ra range.

We now quantitatively investigate the NOB effects on the Nu. Figure 10.10(a)
shows the Nusselt number ratio NuNOB/NuOB as a function of Ra for different ϵ. It is
shown that the Nu is slightly reduced when considering NOB effects. The stronger the
NOB effects, the smaller the NuNOB/NuOB. Figure 10.10(b) shows NuNOB/NuOB
as a function of ϵ for different Ra. For different Ra, the NuNOB/NuOB decreases
monotonically with increasing ϵ. However, it can be seen that the maximum reduction
of Nu due to NOB effects is only about 3%, demonstrating that the Nu is insensitive
to NOB effects in DHC. For RBC, it is also found that the Nu is insensitive to NOB
effects for the working fluid of water [95,99] and glycerol [100].

We then discuss how the NOB effects influence the distribution of local Nusselt
number Nu(z) at the hot and cold plates. The Nu(z) is defined as:

Nu(z) =

∣∣∣∣k ∂θ∂y
∣∣∣∣
y=0,1

. (10.15)

The Nusselt number at the hot wall is obtained when y = 0 and y = 1 denotes
Nusselt number at the cold wall. Figure 10.11(a) and 10.11(b) show the distribution
of Nu at the hot plate and cold plate for OB case and NOB cases for Ra = 105 and
Ra = 109 respectively. It is seen that the Nu in the lower part of the hot plate is
enhanced while the Nu in the upper part of the hot plate is reduced under NOB
conditions. For the cold plate, the trend is the same, namely the Nu in the upper
part of the cold plate is reduced while the Nu in the lower part of the cold plate is
enhanced. From Figure 10.11(b), we can see that the peak value of Nu at the hot
plate is achieved quite close to the bottom plate. The Nu also increases in the lower
part of the plate while it decreases in the upper part of the plate for NOB cases.

We now investigate NOB effects on thermal boundary layer thickness, which is
directly related to Nu. As mentioned before, the thermal conductivity increases as
temperature increases, thus the thermal boundary layer near the hot plate will become
thicker with NOB effects. The thickness of thermal boundary layer near the two
isothermal plates are defined as [325]:

λhot
θ (z) = (θ(0.5,z) − θh)/(

∂θ

∂y
)(0,z), λ

cold
θ (z) = (θc − θ0.5,z)/(

∂θ

∂y
)(1,z). (10.16)

Figure 10.12 shows the mean inverse thermal boundary thickness computed as
λ−1
θ =

∫ 1

0
1/λθ(z)dz as a function of Ra. As the heat transfer near the side boundaries

is dominated by conduction, the growth of Nu should be roughly proportional to λ−1
θ .

The detailed power law scalings of λ−1
θ and Ra are listed in Table 10.4. We can see

λ−1
θ ∼ aRa0.27 (a is a constant) for almost all present cases. The scaling exponent
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Figure 10.10: (a) NuNOB/NuOB as a function of Ra for different ϵ. (b)
NuNOB/NuOB as a function of ϵ for different Ra. For all the data, the error
bar is smaller than the symbol size.

Figure 10.11: Local Nusselt number distribution at the hot (solid lines) and
cold walls (dashed lines), red lines for OB approximation, green lines for ϵ =
0.2, blue lines for ϵ = 0.4, grey lines for ϵ = 0.6. (a) Ra = 105. (b) Ra = 109.
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Figure 10.12: Log-log plot of λ−1
θ as a function of Ra for hot plate (solid lines)

and cold plate (dashed lines).

0.27 is the same as the scaling exponent of Nu and Ra. Thus the NOB effects only
modify the perfectors. The local Nu can be computed as Nu = kδθ/λθ, where δθ is
the temperature change in the thermal boundary layer, for the Nu on the hot wall,
δθ = θh − θ(0.5,z) while for the cold wall δθ = θ(0.5,z) − θc. As NOB effects only have
a minor influence on the Nu and the temperature change in the thermal boundary
layer, we expect the product of k and a should be approximately the same for the OB
and NOB cases. Table 10.5 confirms this argument where we can see the products of
a and k are all around 0.4.

OB ϵ = 0.2 ϵ = 0.4 ϵ = 0.6
hot 0.4304Ra0.273 0.3511Ra0.262 0.3048Ra0.269 0.2693Ra0.269

cold 0.4304Ra0.273 0.5099Ra0.268 0.6736Ra0.267 1.0189Ra0.266

Table 10.4: Power law scalings of λ−1
θ ∼ aRab for OB case and NOB cases

with different ϵ

OB ϵ = 0.2 ϵ = 0.4 ϵ = 0.6
hot 0.4304 0.4116 0.4062 0.3996
cold 0.4304 0.4152 0.4134 0.4053

Table 10.5: The product of thermal conductivity k and the perfectors a of
λ−1
θ ∼ aRab
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Figure 10.13: Log-Log plots of Re as function of Ra for OB approximation.
Rerms is Reynolds number based on r.m.s velocity, while Rew/Rev are based
on maximum magnitude of vertical/horizontal velocity over the whole cell.

10.3.3 Reynolds number
Apart from Nu, the other important response parameter of DHC is Reynolds number
Re. The Reynolds number is defined by:

Re =
ÛŴ

ν̂0
=

√
Ra/PrU, (10.17)

where Û/U are the dimensional/dimensionless characteristic velocity which can be
chosen in several ways. For fixed Pr, the relationship of Re with Ra is also expressed
as the power law scaling, i.e. Re ∼ α′Raβ

′ , this is also true for RBC. The Re in RBC
has been investigated extensively [53, 99, 122]. For 3D RBC, the scaling exponent is
found to be 0.42 ∼ 0.5 [53] while for 2D RBC, the scaling exponent is found to be
0.6 [99,122]. Compared with RBC, there are less studies devoted to the scaling of Re
in DHC. If the characteristic velocity is chosen to be the maximum vertical velocity
amplitude in the flow field, the scaling exponent is found to be 0.54 [325]. If the
characteristic velocity is chosen to be the maximal mean velocity along the heated
plate, the scaling exponent is found to be 0.5 [58].

In this study, we choose three different characteristic velocities, the first one is root
mean square (r.m.s)velocity of the flow field which is defined as Urms =

√
⟨u · u⟩V,t

were u is the velocity vector, ⟨⟩V,t denotes average over space and time. The other
two are the time-averaged maximum vertical/horizontal velocity magnitude over the
whole cell which are defined as Uw = max|w|/Uv = max|v|. The Reynolds numbers
based on these three characteristic velocities are denoted as Rerms, Rew and Rev,
respectively. The various Re as a function of Ra are displayed in Figure 10.13. It is
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Figure 10.14: ReNOB/ReOB versus Ra (a, c, e) or ϵ (b, d, f). (a,b) Re based on
rms velocity. (c, d) Re based on maximum vertical velocity (in magnitude).
(e, f) Re based on maximum horizontal velocity (in magnitude).
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found that Rew is always larger than Rev, implying that the vertical motion is greater
than horizontal motion in DHC. We note the scaling exponent for Rew obtained here
is 0.5, which is in excellent agreement with the theoretical predication of 0.5 [58],
further demonstrating the robustness of this scaling theory for DHC, it is also quite
close to previous simulations of 0.54 [325]. The scaling exponent for Rev is 0.45 which
is a little bit smaller than that of Rew. The scaling exponent of Rerms is only 0.37,
which is evidently smaller than 0.6 for two-dimensional RBC [99, 122]. Table 10.6
compares the scalings for different Reynolds number for OB cases with those of NOB
cases. Again we can find that NOB effects have a negligible influence on the scaling
exponents.

OB ϵ = 0.2 ϵ = 0.4 ϵ = 0.6
Rerms 0.5946Ra0.3697 0.5927Ra0.3701 0.5906Ra0.3707 0.5843Ra0.3721

Rew 0.2995Ra0.5025 0.3004Ra0.5032 0.3019Ra0.5038 0.3025Ra0.5046

Rev 0.3451Ra0.4544 0.3353Ra0.4571 0.3127Ra0.4626 0.2808Ra0.4705

Table 10.6: Power law scalings for the different Re with Ra for OB case and
NOB cases with different ϵ

To quantitatively investigate how the three Reynolds numbers are influenced by
NOB effects, we show the Reynold number ratio ReNOB/ReOB as functions of Ra
and ϵ in Figure 10.14. Figure 10.14(a) shows that Rerms

NOB/Rerms
OB is a non-monotonic

function of Ra for different ϵ, the Rerms increases with NOB effects. For fixed Ra,
the Rerms

NOB/Rerms
OB increases with increasing ϵ, as is shown in Figure 10.14 (b). The

NOB effects on Rerms is small which is also true for NOB effects in RBC with the
working fluid of water [99], and the maximum increase due to NOB effects is only
about 3%. From Figure 10.14(c), it can be seen that the Rew is also slightly increased
considering NOB effects, the RewNOB/RewOB is also a non-monotonic function of Ra for
different ϵ. Based on the present data, it increases with increasing Ra for Ra ≤ 108,
while it experiences a sudden decrease for Ra ≥ 108. The RewNOB/RewOB is monotonic
increasing function of ϵ as can be seen in Figure 10.14(d). In Figure 10.14(e), we
can see that the RevNOB/RevOB is also a non-monotonic function of Ra for different
ϵ. It firstly increases with increasing Ra, and then decreases with increasing Ra, for
Ra ≥ 3 × 107, it increases with increasing Ra again. For the largest Ra considered
in this work, we can see that the maximum enhancement of Rev is up to 30% for
ϵ = 0.6, as mentioned before, the maximum horizontal velocity magnitude is 0.13
which locates in the lower-right of the cell, and it is larger than the OB case of 0.1,
this may be due to smaller viscosity of the fluid in the lower-right of the cell.

10.4 Conclusions
In conclusion, we have studied NOB effects in a differentially-heated cavity with unit
aspect ratio by means of two-dimensional DNS using low-Mach-number equations over
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the Rayleigh number range 105 ≤ Ra ≤ 109. Extremely large temperature differences
up to 360K between the two isothermal plate are considered. As Sutherland law is
used, the results obtained in this work can be applied to gases other than air. The
main conclusions are drawn as follows:

(i) The critical Rayleigh number for the onset of unsteadiness decrease with in-
creasing temperature differences. Both the thermal and velocity boundary layers
become thicker near the hot plate while they get thinner near the cold plates
under NOB conditions. The central temperature is enhanced with NOB effects.
The normalized center temperature θc roughly increases linearly with increas-
ing ϵ. The horizontal velocity near the top plate is normally enhanced by NOB
effects while it is normally decreased near the bottom plate.

(ii) In spite of the marked qualitative differences in the NOB flow relative to OB
flow, the overall integral quantities like the Nu and Re are insensitive to NOB
effects and retain their Ra−scaling exponents. The Nu has a minor decrease
under NOB conditions. The maximum decrease is only about 3% for temperature
difference as large as 360K. The Nu ∼ Ra0.27 and λ−1

θ ∼ Ra0.27 scalings are
obtained for OB approximation. These scaling exponents does not change under
NOB conditions.

(iii) The Re based on three characteristic velocities all normally increase with NOB
effects. The influence of NOB effects on Rerms and Rew is small, while the Rev

can be enhanced up to 30% for Ra = 109, ϵ = 0.6. Different scalings for the
Re based on different characteristic velocities are identified: Rerms ∼ Ra0.37,
Rew ∼ Ra0.5, Rev ∼ Ra0.45. These scaling exponents are also quite robust to
NOB effects. The 0.37 scaling exponent for Rerms is evidently smaller than that
of 0.6 in RBC. The 0.5 scaling exponent for Rew is in perfect agreement with
recent theoretical predictions [58].

The present results can serve as reference to understand NOB effects in DHC for
higher Ra, which is relevant in industrial processes and many high-Ra experiments.



212 CHAPTER 10. NOB EFFECTS IN VERTICAL CONVECTION



Part IV

Conclusions and outlook

213





Chapter 11

Conclusions and outlook

In this thesis we have studied turbulent thermal convection by direct numerical sim-
ulations. We focused on three different model problems, i.e., (I) Rayleigh-Bénard
convection (RBC), (II) tilted convection, and (III) vertical convection (VC). Here,
tilted convection serves as a bridge to connect RBC where the tilt angle β = 0◦ and
VC where the tilt angle β = 90◦.

Below we provide the main conclusions for each part of this thesis. A outlook to
the future research on turbulent thermal convection is given at the end of this chapter.

11.1 Part I: Rayleigh-Bénard convection
It is known that Oberbeck-Boussinesq (OB) approximation works well for thermal
convection with small temperature difference. However, non-Oberbeck-Boussinesq
(NOB) effects can naturally arise whenever temperature differences are large or the
density has a nonlinear dependence on the temperature. It is thus of importance to
study the influence of NOB effects on thermal convection. We have studied NOB ef-
fects either due to the density maximum of cold water near 4◦C (§2) or due to large
temperature differences (§3) in turbulent Rayleigh-Bénard convection.

In §2, we studied penetrative turbulent RBC which depends on the density max-
imum of water near 4◦C using 2D and 3D DNS. The system is controlled by an im-
portant dimensionless parameter, namely the density inversion parameter θm. Several
universal properties were revealed in this system. We found that the ratio of the top
and bottom thermal boundary-layer thickness (Fλ = λθ

t /λ
θ
b) increases with increasing

θm, and the relationship between Fλ and θm seems to be independent of Ra. The
center temperature θc is enhanced compared to that of the OB cases, as θc is related
to Fλ with 1/θc = 1/Fλ+1, θc is also found to have a universal relationship with θm,
which is independent of Ra. Both the Nusselt number Nu and the Reynolds num-
ber Re decrease with increasing θm, the normalized Nusselt number Nu(θm)/Nu(0)
and Reynolds number Re(θm)/Re(0) also have universal relationships with θm, which

215



216 CHAPTER 11. CONCLUSIONS AND OUTLOOK

seem to be independent of both Ra and the aspect ratio Γ. The effective scaling ex-
ponents of Nu ∼ Raα and Re ∼ Raβ are found to be insensitive to θm despite the
remarkable change of the flow organizations.

In §3, we considered NOB effects due to large temperature differences. Perfect
air was chosen as the operating fluid. We found that due to top-down symmetry
breaking under NOB conditions, the center temperature Tc is enhanced compared to
the arithmetic mean temperature Tm of the top and bottom plates, and the shifts of Tc

are strongly dependent on Ra and temperature differential ϵ. The NOB effects on the
Nusselt number Nu are quite small (≲ 2%). The power-law scalings of Nu versus Ra
are robust against NOB effects, even for the extremely large temperature difference
240K, which has never been reached in previous experiments. The Reynolds numbers
Re, as well as the scalings of Re versus Ra, are also insensitive to NOB effects. It is
noteworthy that the influence of NOB effects on Nu and Re in 3D RB flow are weaker
than its 2D counterpart. Furthermore, the extended laminar boundary layer (BL)
equations were developed based on the low-Mach-number Navier-Stokes equations,
which qualitatively predict the NOB effects on velocity profiles. DNS results indicate
that the top and bottom thermal BLs can compensate each other much better than
the velocity BLs under NOB conditions, which contribute to the robustness of Nu.

Multistability and metastability are fascinating phenomena in turbulent flows.
Taking large-aspect ratio 2D turbulent RBC as the model problem, we shifted our
attention to these phenomena in §4 and §5.

In §4, we analyzed the multiple states in large-aspect ratio 2D RBC with no-slip
plates and horizontally periodic boundary conditions. We determined the number n of
convection rolls, their mean aspect ratios Γr = Γ/n, and the corresponding transport
propertie3D of the flow (i.e., the Nusselt number Nu), as function of the control
parameters Ra and Pr. The effective scaling exponent β in Nu ∼ Raβ is found to
depend on the realized state and thus Γr, with a larger value for the smaller Γr. By
making use of a generalized Friedrichs inequality, we showed that the elliptical shape
of the rolls and viscous damping determine the Γr-window for the realizable turbulent
states. The theoretical results are in excellent agreement with our numerical finding
2/3 ≤ Γr ≤ 4/3, where the lower threshold is approached for the larger Ra. Finally,
we showed that the theoretical approach to frame Γr also works for free-slip boundary
conditions.

In §5, we investigated RBC with free-slip plates and horizontally periodic bound-
ary conditions. Two configurations were considered, one is 2D RBC and the other one
3D RBC with a rotating axis parallel to the plate, which for strong rotation mimics
2D RBC. We showed that zonal flow, which was observed, for example, by Ref. [81]
for Γ = 2, is only stable when Γ is smaller than a critical value, which depends on Ra
and Pr. The regime in which only zonal zonal flow can exist is called the first regime
in this thesis. With increasing Γ, we find a second regime in which both zonal flow
and different convection roll states can be statistically stable. For even larger Γ, in a
third regime, only convection roll states are statistically stable and zonal flow is not
sustained. How many convection rolls form (or in other words, what the mean aspect
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ratio of an individual roll is), depends on the initial conditions and on Ra and Pr. For
instance, for Ra = 108 and Pr = 10, the aspect ratio Γr of an individual, statistically
stable convection roll can vary in a large range between 16/11 and 64. A convection
roll with an as large aspect ratio of Γr = 64 or more generally already with Γr ≫ 10
can be seen as “localized” zonal flow, and indeed carries over various properties of
the global zonal flow. For the 3D simulations, we fixed Ra = 107 and Pr = 0.71,
and compared the flow for Γ = 8 and Γ = 16. We first showed that with increasing
rotation rate both the flow structures and global quantities like the Nusselt number
Nu and the Reynolds number Re increasingly behave like in the 2D case. We then
demonstrated that with increasing aspect ratio Γ, zonal flow, which was observed for
small Γ = 2π by Ref. [82], completely disappears for Γ = 16. For such large Γ only
convection roll states are statistically stable. In between, here for medium aspect ratio
Γ = 8, the convection roll state and the zonal flow state are both statistically stable.
What state is taken depends on the initial conditions, similarly as we found for the
2D case.

11.2 Part II: Tilted convection
In this part, we have investigated the properties of large-scale convection roll struc-
tures and heat and momentum transport in tilted convection. We mainly focused on
2D geometries with different aspect ratios (§6-§8), but later we also examined the 3D
configuration with Γ = 1/2 (§9).

In §6, we focused on the influence of tilt on flow reversals in 2D thermal convection
for both Γ = 1 and Γ = 2. For Γ = 1, tilt tends to suppress flow reversals. However,
it is found that flow reversals characterized by two main rolls are promoted by tilt
for Γ = 2, which are even observed for some small Pr and large tilt angle (β) cases.
Different from level cases where the four corner rolls all have opportunities to grow
and trigger a flow reversal, the reversals in a counterclockwise tilted cell with Γ = 2
are always led by the growth of the bottom-right or the top-left corner roll. Tilt
is favorable for the growth of the bottom-right or the top-left corner roll and thus
breaking the balance between the two main rolls and trigger a flow reversal. The
mode decomposition analysis shows that the appearance of the intermediate single-
roll mode is crucial for reversals, and flow reversals in a tilted cell with Γ = 2 can
be viewed as a mode competition process between single-roll mode and horizontally
adjacent double-roll mode. They can only occur in a limited range of β where the
two modes have the comparative strength. Furthermore, the Nusselt numbers at the
hot plate Nuh and at the cold plate Nuc behave differently during a flow reversal for
Γ = 2 due to the preference of single corner roll growth.

One may wonder whether the finding in §6 that tilt promotes flow reversals in
a convection cell with Γ = 2 can also be generlized to slimmer cells. To address
this question, in §7, we tested a slender 2D tilted cell with Γ = 0.5. Different flow
states were identified over the β-Pr parameter space. We found that the flow tends
to organize itself in a stable vertically-stacked double-roll state (DRS) for small Pr
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and small β, while this DRS becomes unstable and flow reversals happen with the
increase of β . This finding thus complements our previous study of flow reversals
in tilted cells with Γ = 2 (§6). For relatively larger Pr, the flow gives way to stable
triple-roll state or unstable triple-roll state for small β. Moreover, multiple states in
the turbulent regime are found for Ra ≥ 108, between which the flow can or can not
switch. In the latter case the Nu are different for the two states with the same number
of convection rolls but different orientations. It is found that the Nu(β)/Nu(0) and
Re(β)/Re(0) dependence is strongly influenced by a combination of Ra and Pr. In the
present system, we interestingly found that the earlier conclusion that Nu decreases
with increasing β close to β = 90◦ for Γ = 1 does not hold for the present Γ = 0.5
case with small Pr.

In §8, we further extended the parameter space to much larger aspect ratios up
to Γ = 16 with fixed Ra = 107 and Pr = 0.71. Multiple states were identified for
small β with Γ ≥ 2, where the different flow states are reflected in different numbers
of convection rolls. Moreover, flow mode transitions between different roll states were
observed for large Γ ≥ 8 when β is larger than a critical value. The effect of cell tilting
on Nu and Re were also investigated. It is found that for Γ ≤ 4, Nu first increases
with increasing β, and then declines after reaching its local maximum. However, the
Nu decreases monotonically with increasing β for Γ = 8, 12, and 16. This indicates
that the idea to enhance heat transport by tilting the cell can be realized only for
relatively small Γ for the present system. It is also found that the previous finding
that Re decreases monotonically with increasing β for large β with Γ = 1 does not
hold for large-Γ cases.

In §9, we further explored 3D tilted convection with aspect ratio Γ = 0.5 both
for OB cases and considering NOB effects. Within OB approximation, it is found
that there exist different states for Ra = 105 and hysteresis for Ra = 106. For a
relatively small tilt angle β, the large-scale-circulation (LSC) can either orient along
one of the vertical diagonal planes (denoted by Md mode) or orient parallel to the
front wall (denoted by Mp mode). Which of the two modes transports heat more
efficiently depends on Ra. For Ra = 107, β = 0◦, the time-averaged flow field contains
four rolls in the upper half and lower half of the cell, respectively, the Md and Mp

modes only develop in tilted cells. By investigating NOB effects in tilted convection for
fixed Ra = 106, it is found that the influence of NOB effects on Nu, Re, and central
temperature Tc are different for different β range. NOB effects can either increase or
decrease Nu, Re, and Tc when β is varied.

11.3 Part III: Vertical convection
In §10, we focused on NOB effects in 2D VC. The working fluid is air and Pr is 0.71
for the reference state. We found that the critical Rayleigh number for the onset of
unsteadiness decreases with increasing temperature differences. We also investigated
NOB effects on the temperature and velocity fields. It is found that both the thermal
and velocity boundary layers become thicker near the hot plate while they get thinner
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near the cold plates under NOB conditions. The center temperature is increased when
considering NOB effects compared to OB cases. The normalized center temperature
θc roughly increases linearly with increasing ϵ. The horizontal velocity near the top
plate is normally enhanced by NOB effects while it is generally decreased near the
bottom plate under NOB conditions. Despite these marked qualitative differences in
the NOB flow relative to OB flow, the overall integral quantities like the Nusselt
number Nu and the Reynolds number Re are insensitive to NOB effects and retain
their Ra-scaling exponents. The Nu has a minor decrease under NOB conditions.
The maximum decrease is only about 3% for the temperature difference as large as
360K. Within OB approximation, Nu is found to scale as ∼ Ra0.27, and the inverse
thermal boundary layer thickness λ−1

θ also scales as ∼ Ra0.27. The scaling exponent
does not change under NOB conditions. The Reynolds number based on the root
mean square (r.m.s) velocity Rerms increases slightly for NOB cases. We also find
Rerms ∼ Ra0.37, Rew ∼ Ra0.50, and Rev ∼ Ra0.45 for OB cases, where Rew/Rev are
Reynolds number based on the maximum magnitude of vertical/horizontal velocity
over the whole cell. The NOB effects almost have no influence on these scaling expo-
nents.

In short, this thesis has addressed the importance of the direction of the temper-
ature gradient in relative to the gravity, which is denoted by the tilt angle β of the
convection cell, to the global flow organizations and transport properties in turbulent
thermal convection. The two extreme cases of RBC (β = 0◦) and VC (β = 90◦) are
particularly investigated. We have focused on several relevant important questions
as reviewed in Ref. [53]. These include global heat and momentum transport, NOB
effects, multistability and metastability phenomena in turbulent flows, flow reversals
of the large-scale circulation, and so on.

11.4 Future research directions
This thesis has addressed a number of topics related to the three classical model
problems for turbulent thermal convection, namely Rayleigh-Bénard convection, tilted
convection and vertical convection. Many issues still remain unexplored and open for
future research. Below, we list some directions which can be continued on this thesis.

11.4.1 Rayleigh-Bénard convection
In §2 we have considered penetrative convection in confined geometries with side-
walls. However, penetrative convection in astrophysical settings usually happens in
horizontally unbounded domains where the aspect ratio can be very large. Thus it
may become more relevant to address penetrative RBC using horizontally periodic
convection cells with large aspect ratios. In recent years, large-aspect ratio RBC has
been extensively studied [213–218, 232, 344–347]. For penetrative RBC it is known
that the top-bottom symmetry is broken, the flow structures near the bottom and
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top boundaries will be different and may have different sizes, it is thus of interest to
quantify the different structures near the top and bottom boundaries.

Furthermore, rotation also plays an important role in astrophysical penetrative
convection. It is therefore of great interest to study the influence of rotation on the
penetrative convection, a similar problem has recently been addressed in Ref. [348],
where they have focused on the generation of large-scale vortices. As the top-bottom
symmetry is broken, the Ekmann vortices [231] near the top and bottom plates also
have different behaviours. The density inversion parameter θm is sure to have signifi-
cant influence on the behaviour of Ekmann vortices, especially on those near the top
plate, which may develop from a upper stably stratified layer instead unstable convec-
tive layer near the bottom plate. At high rotation rate, Taylor column structures arise
and a recent study showed that the movement of these structures can be described on
the framework of Brownian particles where they move ballistically for the time shorter
than some critical timescales, and then move diffusively [203]. It is also interesting
to look at the movement of Taylor columns in such top-bottom symmetry-breaking
system.

In §5, we find surprisingly large-scale convection roll structures in 2D and spanwise
rotating 3D convection cells with free-slip plates, i.e., the mean aspect ratio of the
roll Γr = 64 in a 2D cell, and Γr = 8 in a 3D cell with spanwise rotation. Such large-
scale convection roll structures have never been reported before. An open question is
whether the convection roll size continues to grow or saturates to a finite value with
further increasing the aspect ratio Γ of the convection cell. The theoretical argument
in §4 has shown that the convection roll size is possible to have very large values. More
simulations with larger Γ are needed to further clarify this problem and to further
validate the theoretical argument.

11.4.2 Tilted convection
An important issue for tilted convection is to enhance heat transport by tilting the
cell with a suitable angle. For examples, various studies have shown that Nu can reach
a maximal value with an optimal tilt angle [59, 279, 282, 283, 290, 349]. Experiments
by [279] even observed that Nu is enhanced by more than 10 times for Ra = 2.4×106,
Pr = 0.0089, Γ = 1/20. As accurate measurements in experiments are challenging for
liquid metal with such small Pr, it is important to perform one-to-one simulations to
compare with the experiments and further address the physics behind such significant
heat transport enhancement.

Moreover, the tilted convection with large Ra ≥ 1010 has seldom been addressed.
A few early experiments were only restricted to small tilt angles and they sometimes
even gave contrary conclusions. For example, for a cylindrical cell with 109 ≤ Ra ≤
7 × 1010, Pr = 5.3, Γ = 1/2, Ref. [261] reported a decrease of Nu when the cell is
tilted by 2◦. However, under similar conditions (Ra = 7.2×108, Pr = 4.38, Γ = 1/2),
Ref. [160] observed a tiny increase of Nu when β < 7◦. Such discrepancy is still not
well understood, more simulations and experiments are needed to resolve this.
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11.4.3 Vertical convection
In comparison to RBC, there have been much less studies devoted to vertical con-
vection. Most of the early studies mainly focused on a limited parameter space with
Ra ≲ 1010 and Pr ∼ 1. What will happen for much larger Ra and much smaller Pr
is an interesting topic to explore in the future.

11.4.4 Other models for turbulent thermal convection
As already mentioned in §1.2. There are many other model problems to approxi-

mate various convection flows in geo- and astrophysical settings. Here, we particularly
mention internally heated convection.

The thermal driving in different convection flows can be due to the temperature
boundary conditions such as in Rayleigh–Bénard convection, tilted convection, verti-
cal convection and many others. However, the thermal driving can also be thanks to
internal heating, where the temperature field is driven by some forcing in the bulk.
In many cases in nature, both ways of driving play a role at the same time. E.g.,
this holds for the Earth’s mantle due to the driving through the hot inner core of the
Earth and an additional driving due to the decay of radioactive material inside the
core, producing heat [350–357]. Thus, in the Earth’s mantle, about 10–20% of the heat
is transferred from the core, while the rest occurs due to the internal heating [357].
The internal heating dominates also in the atmosphere of Venus [358, 359], which is
heated up due to the absorption of sun light. One more example is the formation of
Pluto’s polygonal terrain, which is caused not only by convection of Rayleigh–Bénard
type [22,360], but also by internally heated convection [44]. And, of course, internally
heated convection is relevant in many engineering applications, e.g., liquid-metal bat-
teries [361,362].

Recently, we offered a unifying theory for turbulent purely internally heated con-
vection, generalizing the unifying theories of Grossmann and Lohse [222, 223] for
Rayleigh–Bénard turbulence and of Shishkina, Grossmann and Lohse [68] for tur-
bulent horizontal convection [76]. We obtained the mean temperature of the system
and the Reynolds number as function of the control parameters, namely the inter-
nal thermal driving strength (called, when nondimensionalized, the Rayleigh–Roberts
number) and the Prandtl number. The results of the theory are consistent with our
direct numerical simulations.

Many questions remain open even for purely internally heated convection. What
will happen at very high internal thermal driving is poorly understood and much
more effort is needed to further explore the parameter space.

As one can see, even when we restrict ourself to single-phase turbulent convection,
there are lots of interesting open questions to explore. If we further consider more
complex physics, like including particles [363–367], bubbles [368–370], or modulation
[208, 210], the possibilities seem endless. One message we want to convey is that
despite centuries of study, thermal convection continues to yield new aspects and it
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will continue as a model of complexity for quite some time.
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Summary

Turbulent thermal convection widely exists in many geophysical and astrophysical
flows, and it also plays an important role in many industrial applications. In this thesis,
we have studied turbulent thermal convection with three classic model problems,
namely, Rayleigh-Bénard convection (Part I), tilted convection (Part II), and vertical
convection (Part III).

In Part I we studied non-Oberbeck-Boussinesq (NOB) effects and multistabil-
ity/metastability in turbulent RBC. In §2, we reported several universal properties
in penetrative turbulent RBC of cold water near 4◦C. We showed that the ratio of
the top and bottom thermal boundary layer thickness (Fλ = λθ

t /λ
θ
b), the dimen-

sionless center temperature θc, the normalized Nusselt number Nu(θm)/Nu(0), and
the normalized Reynolds number Re(θm)/Re(0) all have universal relationships with
the density inversion parameter θm, which seem to be independent of Ra. We then
focused on NOB effects due to a large temperature difference in air (§3). The cen-
ter temperature Tc is found to be increased compared to that of the OB case, and
the shifts of Tc are strongly dependent on Ra and temperature differential ϵ. We
also identified the insensitivity of Nu and Re towards NOB effects. Furthermore,
the extended laminar boundary layer equations were developed based on the low-
Mach-number Navier-Stokes equations, which qualitatively predicts the NOB effects
on velocity profiles. §4 and §5 are devoted to multistability/metastability in 2D tur-
bulent RBC with no-slip (§4) or free-slip (§5) boundary conditions. In §4, by making
use of a generalized Friedrichs inequality, we showed that the elliptical shape of the
rolls and viscous damping determine the mean convection roll size Γr-window for the
realizable turbulent states. The theoretical results are in excellent agreement with our
numerical finding 2/3 ≤ Γr ≤ 4/3, where the lower threshold is approached for the
larger Ra. We also showed that the theoretical approach to frame Γr also works for
free-slip boundary conditions. In §5, we found that zonal flow, which was observed
previously in 2D RBC and spanwise rotating 3D RBC, is only stable when the aspect
ratio Γ is smaller than a critical value. With increasing Γ, we first find a second regime
in which both zonal flow and different convection roll states can be statistically stable.
For even larger Γ, in a third regime, only convection roll states are statistically stable
and zonal flow is not sustained.

In Part II we investigated global flow organization and heat transport properties
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in tilted convection. §6-§8 explored two-dimensional tilted convection over a wide
parameter space spanned by (Ra, Pr, Γ, β). In §6, we have interestingly found that
for Γ = 2, flow reversals characterized by two main rolls are promoted by tilt, which is
quite different from the Γ = 1 case where flow reversals are significantly suppressed.
The mode decomposition analysis shows that the appearance of the intermediate
single-roll mode is crucial for reversals, and flow reversals in a tilted cell with Γ = 2 can
be viewed as a mode competition process between single-roll mode and horizontally
adjacent double-roll mode. Similar phenomenon was also found in a Γ = 1/2 cell (§7),
where we showed that for small Pr, flow reversals of the vertically stacked two-roll
state can happen when the tilt angle is larger than a critical value. Tilted convection
with much larger Γ was addressed in §8, where we reported multiple stable states
for small β with Γ ≥ 2. Moreover, flow mode transitions between different roll states
were observed for large Γ ≥ 8 when β is larger than a critical value. In §9, we studied
3D tilted convection with aspect ratio Γ = 1/2 both for OB cases and considering
NOB effects. We found that the influence of NOB effects on the Nusselt number Nu,
Reynolds number Re and central temperature Tc is different for different β ranges.
NOB effects can either increase or decrease Nu, Re, and Tc when β is varied.

In part III we focused on vertical convection and we particularly investigated
NOB effects in vertical convection in §10. We found that under NOB conditions,
similar to RBC, the center temperature is enhanced in comparison with the OB case.
We also demonstrated robustness of Nu and Re to NOB effects even for very large
temperature difference up to 360K.



Summary (Dutch)

Turbulente thermische convectie komt op grote schaal voor in veel geofysische en astro-
fysische stromen, en het speelt ook een belangrijke rol in veel industriële toepassingen.
In dit proefschrift hebben we turbulente thermische convectie bestudeerd met drie
klassieke modelproblemen, namelijk Rayleigh-Bénard convectie (deel I), gekantelde
convectie (deel II) en verticale convectie (deel III).

In deel I hebben we NOB-effecten en multistabiliteit/metastabiliteit in turbu-
lente RBC bestudeerd. In §2 rapporteerden we verschillende universele eigenschap-
pen in penetrerende turbulente RBC van koud water nabij 4◦C. We toonden aan
dat de verhouding van de bovenste en onderste thermische grenslaagdikte (Fλ =
λθ
t /λ

θ
b), de dimensieloze middentemperatuur θc, het genormaliseerde Nusseltgetal

Nu(θm)/Nu(0), en het genormaliseerde Reynoldsgetal Re(θm)/Re(0) allemaal uni-
versele relaties hebben met de dichtheidsinversieparameter θm, die onafhankelijk lijken
te zijn van Ra. Vervolgens hebben we ons gericht op NOB-effecten veroorzaakt door
een groot temperatuurverschil in de lucht (§3). De middelste temperatuur Tc blijkt
verhoogd te zijn in vergelijking met die van het OB-geval, en de verschuivingen van Tc

zijn sterk afhankelijk van Ra en temperatuurverschil ϵ. We hebben ook de ongevoe-
ligheid van Nu en Re voor NOB-effecten vastgesteld. Bovendien werden de uitge-
breide laminaire grenslaagvergelijkingen ontwikkeld op basis van de Navier-Stokes-
vergelijkingen met een laag Mach-nummer, die kwalitatief de NOB-effecten op snel-
heidsprofielen voorspellen. §4 en §5 zijn gewijd aan multistabiliteit/metastabiliteit in
2D turbulente RBC met antislip- (§4) of free-slip (§5) randvoorwaarden. In §4 hebben
we, door gebruik te maken van een gegeneraliseerde Friedrichs-ongelijkheid, aange-
toond dat de elliptische vorm van de rollen en de viskeuze demping de gemiddelde
convectie-rolmaat Γr-venster bepalen voor de realiseerbare turbulente toestanden.
De theoretische resultaten zijn in uitstekende overeenstemming met onze numerieke
bevinding 2/3 ≤ Γr ≤ 4/3, waarbij de lagere drempel wordt benaderd voor de grotere
Ra. We hebben ook laten zien dat de theoretische benadering van frame Γr ook werkt
voor free-slip randvoorwaarden. In §5 ontdekten we dat zonale stroming, die eerder
werd waargenomen in 2D RBC en spangewijs roterende 3D RBC, alleen stabiel is als
de hoogte-breedte verhouding Γ kleiner is dan een kritische waarde. Met toenemende
Γ vinden we eerst een tweede regime waarin zowel zonale stroming als verschillende
convectieroltoestanden statistisch stabiel kunnen zijn. Voor nog grotere Γ, in een
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derde regime, zijn alleen convectieroltoestanden statistisch stabiel en wordt de zonale
stroming niet ondersteund.

In deel II hebben we de globale stromingsorganisatie en warmtetransporteigen-
schappen bij gekantelde convectie onderzocht. §6-§8 onderzocht tweedimensionale
gekantelde convectie over een brede parameterruimte omspannen door (Ra, Pr, Γ, β).
In §6 hebben we op interessante wijze ontdekt dat voor Γ = 2 stroomomkeringen die
worden gekenmerkt door twee hoofdrollen, worden bevorderd door kanteling, wat no-
gal verschilt van het geval Γ = 1 waarin stroomomkeringen significant worden onder-
drukt. De analyse van de decompositie van de modus laat zien dat het uiterlijk van de
tussenliggende modus met enkele rol cruciaal is voor omkeringen, en stroomomkerin-
gen in een gekantelde cel met Γ = 2 kunnen worden gezien als een moduscompetitie
tussen de modus met enkele rol en horizontaal aangrenzende dubbele -rolmodus. Een
soortgelijk fenomeen werd ook gevonden in een Γ = 1/2 cel (§7), waar we aantoonden
dat voor kleine Pr stroomomkeringen van de verticaal gestapelde toestand met twee
rollen kunnen optreden wanneer de kantelhoek groter is dan een kritische waarde.
Gekantelde convectie met veel grotere Γ werd behandeld in §8, waar we meerdere
stabiele toestanden rapporteerden voor kleine β met Γ ≥ 2. Bovendien werden stro-
mingsmodusovergangen tussen verschillende roltoestanden waargenomen voor grote
Γ ≥ 8 wanneer β groter is dan een kritische waarde . In §9 hebben we gekantelde
3D-convectie met hoogte- breedteverhouding Γ = 1/2 onderzocht, zowel voor OB-
gevallen als rekening houdend met NOB-effecten. We ontdekten dat de invloed van
NOB-effecten op het Nusseltgetal Nu, Reynoldsgetal Re en centrale temperatuur Tc

verschillend is voor verschillende β bereiken. NOB-effecten kunnen Nu, Re en Tc

verhogen of verlagen wanneer β wordt gevarieerd.
In deel III concentreerden we ons op verticale convectie en onderzochten we in

het bijzonder NOB-effecten bij verticale convectie in §10. We ontdekten dat onder
NOB-omstandigheden, vergelijkbaar met RBC, de middelste temperatuur verhoogd
is in vergelijking met de OB-casus. We hebben ook de robuustheid van Nu en Re tot
NOB-effecten aangetoond, zelfs bij zeer grote temperatuurverschillen tot 360K.
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