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A B S T R A C T

New analytical and numerical optical models are proposed for the laser assisted tape winding (LATW) of
thermoplastic composites. The irradiation and reflection of the laser beam directly influence the heat flux and
temperature distribution during the consolidation, hence the laser optics must be described and understood well
for improved bonding quality. For the first time, a two-dimensional (2D) analytical solution is derived for the
laser light distribution and reflection by combining the principle of energy conversation with unpolarized
Fresnel equations. In the more comprehensive numerical model, a 3D ray tracing approach is incorporated in
which a novel non-specular reflection model is developed predicting the anisotropic reflective behaviour of the
composite. Heat flux distributions for the substrate and incoming tape are calculated. The analytical and nu-
merical model results are shown to correspond. The non-specular and scattering reflection yields in a larger
illuminated area with lower intensity for substrate and tape.

1. Introduction

Laser assisted tape winding (LATW) is an automated process to
produce tubular or tube-like continuous fibre-reinforced parts by
winding a tape around a mandrel or liner. A schematic view of the
process, which is very similar to laser assisted tape placement (LATP), is
depicted in Fig. 1. The thermoplastic tapes are deposited onto a sub-
strate (laminate) or tooling in an automated way using robotics. The
laser radiation is absorbed by the substrate and tape during the winding
process, melting the material before the nip point. In-situ consolidation
takes place at the nip point by a compaction roller. The in-situ con-
solidation is one of the main advantages of the LATW process, since it
eliminates the process step and additional energy consumption of au-
toclave post-consolidation [1].

LATW is a complex process, as there is a diverse interaction of the
involved physics such as optics, heat transfer, phase changes, polymer
interdiffusion during consolidation and solid mechanics. The tempera-
ture at the nip-point plays a key role for the polymer bonding during the
process. The optical phenomena involved in the laser heating needs to
be understood and defined well to be able to predict the laser irradia-
tion and reflection on the substrate and tape. The laser light that is
reflected, absorbed or transmitted depends on several factors such as
material properties, laser wavelength and fibre orientation [1]. The
temperature prior to the nip-point drops significantly due to the sha-
dows on the substrate and tape.

The absorption of the laser light is a function of optical character-
istics of the materials which can be defined by a complex refractive
index as studied in [2–4]. The interaction between a laser light and a
fiber reinforced composite was modelled using the complex refractive
index at micro-scale in [4] and it was shown that all the light was ab-
sorbed and reflected by the first few layers of the fibres near the surface.
Hence, the effective optical penetration depth can be considered as a
small fraction of the fiber reinforced thermoplastic tapes used in LATP
and LATW processes and therefore, it can be assumed that all the op-
tical phenomena take place at the surface which is consistent with the
studies in [1,5].

Several studies have been carried out to address the optical phe-
nomena that affect the incident heat flux distribution on the substrate
and tape. A two-dimensional (2D) ray tracing approach with specular
reflections was used for the optical model in [1] and subsequently
coupled with a 1D transient heat transfer model using a Lagrangian
frame for the LATP process. The non-specular reflection behaviour was
considered in [5,6] using a micro-half-cylinder approach to simulate
the laser irradiance scatter in 3D for flat substrate. This included the
actual laser power distribution and required a large number of rays. In
[7], the reflection of the laser light and shadowing were addressed for a
LATP process. It should be noted that the aforementioned optical
models deal with flat substrates only. Apart from employing an optical
model, several researchers assumed a uniform heat flux distribution
without considering the reflections of the laser light [8–10].
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The focus of this paper is particularly given to optical phenomena
taking place in the LATW process. The main aim is to develop a rea-
sonably fast optical model which enables in-depth understanding of
how laser irradiance and reflectance influence the heat flux, which is a
prerequisite to describe and predict temperature and bonding quality
for in-line process control of LATW processes. In the present work, a 3D
non-specular reflection model is developed using the bidirectional re-
flectance distribution function (BRDF) [11] which has not been con-
sidered up to now for he simulation of LATW and LATP processes. The
BRDF is formulated using microfacet theory employed with the ray
tracing approach. This proposed numerical model (Section 2) can deal
with any definition of the laser power distribution and 3D geometry for
the LATW process. In addition, a new analytical approach (Section 3) is
developed for the optical modelling of the LATW process, considering
certain assumptions and a slightly limited set of physical effects in the
process simulations. The non-uniform heat flux distributions are cal-
culated using both models for the substrate and tape. The main ad-
vantage of the analytical optical model is its very low computational
time, which is desired for developing in-line process control strategies

and process optimization [12].

2. Numerical model

The numerical model consists of two main parts. The macro-model
(Section 2.1) launches a set of collimated rays from the (virtual) posi-
tion of the laser. Then it calculates if and where this ray hits the geo-
metry (tape, substrate or roller). The interactions between this ray and
the tape and/or substrate are described by the micro-model (Section
2.2), which defines the reflection and absorption at the material sur-
face. The micro-model actually mimics the effect of fibre orientation on
the reflection behaviour of the anisotropic thermoplastic composite
substrate and tape. Reflected light is modelled by spawning one or more
new rays, which are sent back to the macro-model. This iterative pro-
cess is terminated after a set number of reflections. Since a reasonably
fast model is required for the in-line process control purpose, it is as-
sumed that all optical phenomena take place at the surface as afore-
mentioned in Section 1. Therefore, the imaginary part of the complex
refractive index is not considered in this study. The output of optical
model is a 2D laser irradiation field q x( ) that describes the heat flux
(laser power per unit area) applied to the tape and the substrate, as
function of surface coordinates in 3D. This information could be used in
a thermal model to calculate the temperature distribution at the in-
coming tape and substrate.

2.1. Optical macro-model

The optical macro-model is designed to work with a geometry de-
scribed by a triangular mesh. This formulation is completely generic,
meaning that it is straightforward to include other geometric effects
(e.g. roller deformation). The results presented here are obtained with
the relatively simple geometry shown (in idealized form) in Fig. 2, with
parameters listed in Table 1. The substrate is either singly curved with
radius Rs or flat ( → ∞Rs ). The curved surfaces are approximated using
a finite number of triangular mesh elements, each spanning an angle of
5° (tape and roller) or 2° (substrate). Phong normal-vector interpolation
[13] is used to ensure that the direction of the reflected light varies
continuously, even though the curved surface is approximated by a set
of flat segments [14].

Fig. 1. Schematic overview of the LATW process. (For interpretation of the references to
color in this figure legend, the reader is referred to the web version of this article.)

Fig. 2. Model geometry used. (For interpretation of the references to color in this figure legend, the reader is referred to the web version of this article.)
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Laser light hitting the thermoplastic composite (tape and substrate)
is modelled using the micro-model described in Section 2.2. For the
roller, a simpler specular reflection model is used, with the reflectivity
being a function of the angle of incidence according to the Fresnel
equations [15]. A roller with a polytetrafluoroethylene (PTFE) coating
is considered, having a refractive index of =n 1.4r [16]. All non-re-
flected light is considered to be absorbed. The light absorbed by the
tape and substrate is collected by square “bins” of 1mm2. The laser is
modelled by launching =N 16,3840 light rays from the (virtual) laser
position indicated in Fig. 2. These rays are generated using Sobol
sampling [17].

2.2. Optical micro-model

The reflective optical behaviour of the composite material is mod-
elled using a bidirectional reflectance distribution function (BRDF), a
concept first introduced in [18]. This BRDF is denoted as ρ k k( , )i r , i.e. it
is a scalar function of the incoming light direction ki and the reflected
light direction kr , which are both unit vectors. It is defined as the ratio
of reflected radiance exiting along kr to the irradiance incident on the
surface from direction ki. This definition may be understood by con-
sidering an incident light ray with energy Φi arriving from direction ki,
hitting a (macroscopic) surface patch δA with unit normal n, as is
shown in Fig. 3(a). The amount of energy reflected towards a small
solid angle δΩr around direction kr is given by Eq. (1). Integrating over
the unit sphere1 Ω yields the total reflected energy Φr (Eq. (2)). The
integral on the right-hand side should evaluate to at most unity (for all
incident directions ki) in order for energy to remain conserved, the
remainder is considered to be absorbed.

=δ ρ δk k k nΦ ( , ) ( · ) Φ Ωr i r r i r (1)

∫= ρ k k k nΦ Φ ( , ) ( · ) dΩr i i r r rΩ (2)

In the present work the BRDF-formulation presented by Ashikhmin
et al. [11] is implemented, which is based on microfacet theory. It
defines the half-vector h as the normalized mean of the incident and
reflected directions (ki and kr , respectively) as shown in Fig. 3(a). The
macroscopic surface is assumed to consist of a collection of small mir-
rors (microfacets) as shown in Fig. 3(b), whose orientation can be de-
scribed by a probability density function p h( ). The reflection from ki to
kr is governed by the number of microfacets with half-vector h, their
visibility and reflectivity.

The BRDF can then be expressed as given by Eq. (3). In the nu-
merator p h( ) represents the aforementioned probability density func-
tion. P k k h( , , )i r is the shadowing term that represents the microfacet
visibility, i.e. the probability that a microfacet with orientation h is
visible from both directions ki and kr . An expression for this was

derived in [11], based on the assumption there is no significant corre-
lation between the microfacet orientation and its position. Although
this assumption may not be fully valid for a material which consists of
cylinder-like fibres, it results in a relatively straightforward model that
yields results similar to experimental observations in [1,6]. Together,
p h( ) and P k k h( , , )i r determine the distribution of reflected light direc-
tions. The quantity of the reflected light (in each direction) depends on
the microfacet reflectivity, which is modelled using a Fresnel term
F k h( · )i with a refractive index =n 1.8 [1]. Finally, the terms in the
denominator take care of normalization and geometric foreshortening.
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The microfacet distribution assumed here is an anisotropic Gaussian
distribution according to Eq. (4), with the angles θ and ϕ as indicated in
Fig. 3(a). Here the vector f indicates the fibre orientation. The facet
distribution is controlled by the standard deviations σf in fibre and σt in
transverse direction. Unless mentioned otherwise, the values =σ 0.05f
and =σ 0.5t are used, an example of the reflective behaviour obtained
with these parameters is shown in Fig. 4. Fig. 4(a) shows a virtual laser
ray, hitting a piece of composite with fibres parallel to f , with the re-
flection (in blue) projected on the screen. Also indicated in this figure is
how the parameters σf and σt affect the distribution of the reflected
light. The underlying microfacet distribution p h( ) using Eq. (4) is
shown in Fig. 4(b). Fig. 4(c)–(e) illustrate how the reflection on the
screen varies as a function of the angle ϕi between the fibre direction
and the incident light. The predicted scattering pattern in Fig. 4(c)–(e)
agrees quite well with the experimental observations in [1] as well as
with the predictions in [5] in which the micro half cylinder model was
used.
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To illustrate the material behaviour modelled by the BRDF, Fig. 5
shows the hemispherical reflectance (Φ /Φr i according to Eq. (2)) as a
function of the angle of incidence, for fibre angles ϕi of 0°, 45° and 90°.
For = °ϕ 0i (incident light parallel to fibres), the total amount of re-
flected light matches a specular reflection model except at grazing an-
gles ( > °θ 75i ), where the small “spread” in fibre direction due to
parameter σf (see Fig. 4) starts to play a role. This observation matches
quite well with the experimental observations and model predictions in
[5], i.e. angular dependency of reflection. The predicted reflectance
with transverse fibres ( = °ϕ 90i ) is however much lower. This can be
understood as the incident light being perpendicular to the fibres. Even
as → °θ 90i , there are microfacets (representing the sides of the fibre)
roughly perpendicular to the incident light, absorbing considerable
amount of light.

Coupling the (continuous) BRDF with the macro-model based on
(discrete) ray tracing is done as follows. The BRDF is first integrated
over the hemisphere (Eq. (2)) to determine the total reflected energy Φr ,
with the remainder being absorbed. A number of reflected rays =N 5r

are then spawned. The directions of these reflected rays are determined
by considering the BRDF (or more accurately, Eq. (1)) to be a prob-
ability density function, from which the reflected directions are sam-
pled randomly. Since the BRDF already provides a complete description
of the reflection behaviour (including a Fresnel term), the reflected rays
are each assigned an equal amount of energy NΦ /r r .

2.3. Numerical-specular model

For the purposes of model validation a separate numerical-specular is
introduced and analyzed. This model combines the described numerical

Table 1
Geometric parameters.

Parameter Symbol Value

Roller width wr 50mm
Roller radius Rr 34mm
Laser spot width wl 12mm
Laser spot height hl 30mm
Laser angle αl 20 °
Laser y-position yl 300mm
Laser z-position zl 97mm
Substrate width ws 50mm
Substrate radius Rs 200mm
Tape width wt 6mm
Tape angle αt 90 °

1 The BRDF used in this paper has the property that =ρ k k( , ) 0i r if ⩽k n· 0i or
⩽k n· 0r , so integrating over the upper hemisphere is sufficient.
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macro-model with a basic specular reflection micro-model. This facil-
itates comparison with the analytical model in the next section.

3. Analytical model

Compared to the numerical model described in Section 2.1, the
analytical model is underpined by several additional assumptions. The
geometry is simplified to the 2D geometry shown in Fig. 6 (cf. Fig. 2).
u v, and w are used as coordinates on respectively the laser, tape and
substrate, with the other symbols listed in Table 1. Light is assumed to
reflect at most once, in a specular (mirror-like) fashion. The laser power
distribution is assumed to be uniform.

The analytical optical solution consists of four part-solutions. The
laser light falls directly onto the tape (1) and substrate (2).
Additionally, light is reflected from the substrate onto the tape (3) and

from the tape onto the substrate (4). The solution procedure will be
described here for (1) only, i.e. the direct light onto the tape. The
corresponding equations for the other cases can be found in Appendix
A.

3.1. Direct light onto tape

Let u be the coordinate along the laser spot ( =u 0 at its midpoint)
and v the coordinate along the tape ( =v 0 at the origin), see Fig. 6 for
reference. Based on geometrical arguments, a relation can now be de-
rived between u and v. This coordinate mapping relation =v f u( )uv is
given by Eq. (5).

⎜ ⎟⎜ ⎟= = + ⎛
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Fig. 3. Illustration of the principles behind the BRDF. (For interpretation of the references to color in this figure legend, the reader is referred to the web version of this article.)

Fig. 4. Illustration of reflective behaviour described by BRDF. (For interpretation of the references to color in this figure legend, the reader is referred to the web version of this article.)
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These equations are valid only in the shaded region shown in Fig. 6,
i.e. when both ∈ −u h h[ /2, /2]l l and ∈ +v α R α π R[ ,( ) ]l r l r . If the laser is
aimed sensibly (i.e. towards the nip point), common subset hereof is
given by Eq. (6), using Eq. (5) to express the constraint ⩽u h /2l in
terms of v.
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The irradiance (Et , incident flux per unit area) of the tape can now
be related to the radiosity (Jl, radiant flux per unit area) of the laser
spot, using the principle of energy conservation. The energy emitted by
the laser section ∈ +u u u δu[ , ]0 0 equals J u δu( )l 0 , assuming δu is in-
finitesimally small. All of this energy is received by the tape section

∈ +v v v δv[ , ]0 0 , resulting in Eq. (7) for the tape irradiance.

=E v δv J u δu( ) ( )t l0 0 (7)

The coordinates u and v are not independent, but directly related
through the coordinate mapping =v f u( )uv described previously.
Without presenting a formal derivation, it may be clear from Eq. (7)
that Et and Jl are related by the ratio δv δu/ . When taking the limit

→δu 0, this equals the derivative of f u( )uv . The resulting relation be-
tween Et and Jl may be written like Eq. (8), which is valid for the do-
main given by Eq. (6).
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This generic equation can now be applied to Eq. (5), using =J u( ) 1l
for the laser to obtain a normalized solution. Writing the result in terms
of v yields Eq. (9):

=
−( )
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α

( ) 1
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The angle of incidence θ at the receiving (tape) surface equals
+ −π α v R( /2 / )l r , as may be derived from geometric arguments. Let F(θ)

be the fraction of incident light that is reflected, according to the un-
polarized Fresnel equations [15]. Then the irradiance Et may be split in
two terms; a heat flux q v( )t that is absorbed by the tape (Eq. (10)) and a
reflected flux J v( )t (Eq. (11)). This reflected flux is later used as “source”
term when calculating the amount of reflected light.
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4. Results and discussions

4.1. Example results

An example solution is presented for both models. The used model
parameters have already been described in Sections 2 (numerical
model) and 3 (analytical model).

Numerical model results are shown in Fig. 7, normalized by the
laser flux density. In total 11.1% of the incoming energy is absorbed by
the tape, 72.7% is absorbed by the substrate, while the remainder is
absorbed by the roller (not shown in the figure) or otherwise “lost”.
Fig. 8 shows the separate contributions of the direct and reflected il-
lumination. The contribution of the reflected light is relatively small,
around 7.1% of the total laser energy. Nevertheless this contribution is
important, as (see Fig. 8(b)) the reflected light is mostly absorbed close
to the nip-point. Thus is has a significant influence on the surface
temperatures around the nip-point, which have previously been found

Fig. 5. Hemispherical reflectance for varying fibre angles ϕi with respect to the incident

light. (For interpretation of the references to color in this figure legend, the reader is
referred to the web version of this article.)

Fig. 6. Simplified 2D geometry for analytical model. (For interpretation of the references
to color in this figure legend, the reader is referred to the web version of this article.)

Fig. 7. Numerical model solution, showing normalized surface heat flux distribution. (For
interpretation of the references to color in this figure legend, the reader is referred to the
web version of this article.)
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to be a key process parameter [1].
It should be emphasized that having very accurate optical simula-

tion results is not the main goal in itself, rather it is a prerequisite for
thermal simulation of the LATW process. With a fairly low
( =N 16,3840 ) initial number of Sobol-sampled rays, the result shown in
Fig. 7 has a somewhat noisy appearance. Any subsequent thermal
modelling step will however act as an integrator, largely eliminating
any influence of high-frequency spatial noise due to sampling. Hence,
increasing the number of rays to get a “smooth” result would largely be
a waste of computation time. This has been verified by combining the
optical simulation results with a 1D (through-thickness) thermal model
with a Lagrangian framework as described in [1], even though this
model does not take in-plane heat conduction into account. An optical-
thermal convergence analysis in [14] showed that any increase beyond

=N 40960 initial rays yields only insignificant (0.1–0.2 K) changes in
predicted nip-point temperature. A full discussion hereof is however out
of the scope of this paper.

The analytical model results are shown in Fig. 9. To facilitate vi-
sualization and comparison with the numerical model, the 2D model
results are projected in 3D, i.e. the 2D analytical model is applied in the
x-direction to get the results in 3D by considering different objects (tape
and roller) in the x-direction. Naturally this solution is smooth
throughout (except at boundaries), because the underlying equations
are continuous. A darker spot is clearly visible on the substrate, caused

by reflections from the tape, which has a larger index of refraction than
the roller (1.8 and 1.4, respectively) and hence reflects more light. A
quantitative comparison of both model results will be made in the next
section.

4.2. Model comparison

To facilitate a model comparison, the model results are averaged
across the width of the tape, resulting in Fig. 10. It is visible that the
numerical and analytical models differ primarily on the tape,mostly due
to the different reflection models used. The analytical model in-
corporates specular (mirror-like) reflection, while the numerical micro-
model (Section 2.2) results in more diffuse and scattering reflections.
Consequently the latter results a larger section of the tape receiving
reflected light (coming off the substrate), but with a much lower in-
tensity. The total energy received is lower, which is mainly due to the
scattering effect of the micro-model, resulting in a significant portion of
the light reflecting away from the scene and not hitting either tape or
substrate. This also applies to the substrate, but to a much smaller ex-
tent.

Results obtained with the numerical-specular model (Section 2.3)
are included as a third line in Fig. 10. Both the numerical and numer-
ical-specular results show a “staircase” pattern on (predominantly) the
tape, which is caused by the resolution of the used mesh. Apart from
this minor geometry-induced error, the numerical-specular and analy-
tical model results match nearly exactly, which is expected since these
models incorporate similar assumptions.

4.3. Numerical micro-model

The influence of the numerical micro-model is now studied in gre-
ated detail. This sub-model predects a direction-dependent reflection,
so the assumed “fibre” direction of the material is of influence. Until
now, a fibre direction of 0° (parallel to the placement direction) was
assumed for both tape and substrate. Changing the substrate fibre angle
to 90° has a significant influence on the illumination of the tape, as is
shown in Fig. 11(a). The differences are mainly in the last section of
tape just before the nip-point, precisely where it has the most effect on
the eventual nip-point temperature. A substrate fibre angle of 90° re-
duces illumination in this section by around 50% with respect to the 0°
reference case.

The microfacet distribution parameters σf and σt (see Section 2.2)
are important parameters of the micro-model, which determine the
distribution of the reflected light as illustrated previously in Fig. 4. The
values for these parameters ( = =σ σ0.05, 0.5f t ) were only estimated, so
it is logical to assess the sensitivity to these parameters. Fig. 11(b)
shows the total fraction of incident light absorbed by the tape, with

Fig. 8. Numerical model solution, showing direct and reflected illumination separately. (For interpretation of the references to color in this figure legend, the reader is referred to the web
version of this article.)

Fig. 9. Analytical model solution, showing normalized surface heat flux distribution. (For
interpretation of the references to color in this figure legend, the reader is referred to the
web version of this article.)
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both parameters varied by a factor of 2 with respect to their initially
estimated values. One can see that the influence of σf is relatively
minor. For σt , varying between 0.25 and 1.0 makes a 9% difference,
which is quite significant because the reflected light affects (as dis-
cussed previously, see Fig. 11(a)) mostly the zone near the nip-point. A
good parameter estimate based on real-world measurements is there-
fore strongly advised.

To further illustrate the influence of the parameter σt , the reflection
is plotted like in Fig. 4, with different values for this parameter, with
the fibres parallel to the laser = °ϕ( 0 )i . The result is shown in Fig. 12.
This figure shows how for small values of σf and σt , the model starts to
approach a specular reflection model. For larger values of σt , the
“spread” of the reflected light increases. As aforementioned, these kind
of “crescent-shaped” reflections are similar to experimental results
found in e.g. [1,5] and 2D micro-model based simulations in [4].

4.4. Computation time

All simulations are run in MATLAB, on a quad-core 2.40 GHz laptop.
A single numerical model simulation takes around 90 s. The vast ma-
jority of time is spent on the micro-model, as a consequence the nu-
merical-specular model (which does not include this) only takes only
around 9 s, so 10% of this. The analytical model is however nearly in-
stant, requiring less than 0.1 s to produce a result. This makes the latter
particularly suitable for applications such as in-line process control.

5. Conclusions

Numerical and analytical optical models were developed for simu-
lation of the LATW process. The numerical optical model is based on
ray tracing and addresses the non-specular reflection of the laser light
in 3D using a BRDF-based micro-model. In addition an analytical pro-
cess model was proposed for the first time, incorporating specular re-
flection of the laser light and the heat transfer in tape and substrate.

Several aspects of the model results were presented and discussed.
The numerical (non-specular) optical micro-model predicts more scat-
tering of the laser light, resulting in lower incident heat flux than those
in the analytical model. If this effect is disregarded by incorporating
specular reflection within the numerical model instead, the numerical
and analytical model results are in good agreement. The parameters of
the numerical optical micro-model have significant influence on the
results, therefore it is strongly advised to choose these parameters based
on real-world measurements of material reflection behaviour. The nu-
merical model can yield accurate results within seconds, while the
analytical model needs only 0.1 s, making the latter particularly suitable
for in-line process control.
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Fig. 10. Comparison of numerical and analytical optical model results. (For interpretation of the references to color in this figure legend, the reader is referred to the web version of this
article.)

Fig. 11. Influence of micro-model on tape illumination. (For interpretation of the references to color in this figure legend, the reader is referred to the web version of this article.)
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Appendix A. Analytical optical model expressions

A.1. Direct light from the laser onto the substrate

This is generally a mirror case of the direct light on the substrate, which was discussed in the main text. The equations for the amount of absorbed
heat flux q w( )s (Eq. (A.1)) and reflected flux J w( )s (Eq. (A.2)) light are nearly equal to Eqs. (10) and (11), respectively, with the substitutions

→ →v w R R, r s and → −α α( )l l . F θ( ) again represents the Fresnel term.

=
− − −

+

( )
( )

q w
F α

α
( )

1

sin
s

π
l

w
R

w
R l

2 s

s (A.1)

=
− −

+

( )
( )

J w
F α

α
( )

sin
s

π
l

w
R

w
R l

2 s

s (A.2)

The coordinate limits on w are given by Eq. (A.3). The upper limit equals the “mirrored” equivalent of the upper limit on v from Eq. (6). The lower
limit is calculated using Fig. 6, constructing the light ray that just passes the tape tangentially and then hits the substrate.
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(A.3)

If the substrate is flat ( → ∞Rs ), Eq. (A.3) no longer yields a usable result, but an indeterminate form. Using L’Hôpital’s rule to evaluate the limit
yields Eq. (A.4) for this special case.

∈ ⎡
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− + − ⎤
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→ ∞w R α
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(A.4)

Fig. 12. Reflected light for different values of σt , with =σ 0.05f . (For interpretation of the references to color in this figure legend, the reader is referred to the web version of this article.)

Fig. A.13. Illustration of light reflecting from substrate onto tape, showing relevant parameters. (For interpretation of the references to color in this figure legend, the reader is referred to
the web version of this article.)
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A.2. Reflected light from the substrate onto the tape

The situation of light reflecting from the substrate onto the tape is shown in Fig. A.13. The fundamental approach remains the same as in the
previously discussed cases, but the geometry and equations are more complicated.

The reflected light flux (Eq. (A.2)) and the relevant coordinate limits (Eq. (A.3), labelled wmin and wmax in Fig. A.13) were already obtained
previously. The vector equation Eq. (A.5) relates y z( , ) coordinates on the substrate to those on the tape, assuming that these points are “connected”
by a light ray with length ℓ and angle ϕ with respect to the horizontal axis. Because the angle of incidence θs on the substrate equals the angle of
reflection, the angle ϕ can be calculated according to Eq. (A.6).

⎧

⎨
⎪

⎩⎪

−

−

⎫

⎬
⎪

⎭⎪
+ ⎧

⎨⎩
⎫
⎬⎭

=
⎧

⎨
⎪

⎩⎪

−

−

⎫

⎬
⎪

⎭⎪( ) ( )
( )

( )
( )
( )

R

R

ϕ
ϕ

R

R

sin

cos 1
ℓ

cos
sin

sin

1 cos

s
w
R

s
w
R

r
v

R

r
v

R

s

s

r

r (A.5)

= +ϕ α w
R

2l
s (A.6)

Combined, Eqs. (A.5) and (A.6) represent a system of three equations and three unknowns ( ϕℓ, and v), with w as the independent variable. This
system can be solved for the coordinate mapping function =v f w( )wv , yielding Eq. (A.7), where ϕ (Eq. (A.6)) has not been eliminated for the sake of
legibility.
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(A.7)

The Fresnel equations require the angle of incidence θt on the tape, as indicated in Fig. A.13. Eq. (A.8) can be derived from the problem geometry.
Combining this with Eqs. (A.6) and (A.7), and using the relation + =− −x x πsin ( ) cos ( ) /21 1 , Eq. (A.9) is obtained which expresses θt as a function of w
only.
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This function f w( )wv can also be used to obtain values for the limits vrefl min, and vrefl max, as indicated in Eq. Fig. A.13. There is however one caveat; it
should be checked that all of the reflected light actually hits the tape, which may not always be the case if the substrate has a small radius. This may
be checked by verifying that (A.9) yields a real solution throughout the domain and if not, restricting the domain accordingly.

Analogously to the procedure of Section 3.1, the derivative ′f w( )wv is required and equal to (A.10).
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A minor inconvenience is that the inverse mapping function = −w f v( )wv
1 cannot be expressed in closed form, so the tape heat flux caused by the

reflected light (Eq. (A.11)) is expressed in w (substrate coordinate) instead of v (tape coordinate). This is however not relevant for the common use-
case of evaluating the entire optical solution. A typical procedure is to start with a set of w-coordinates and use these to evaluate both the tape heat
flux qt refl, (using Eq. (A.11)) and the corresponding tape coordinates (v, using Eq. (A.7)).

= −
′

q F θ w
f w

1 ( ( ))
( )t refl
t

wv
,

(A.11)

Note that Eqs. (A.7), (A.9) and (A.10) do not apply to flat substrates ( → ∞Rs ). Eqs. (A.12)–(A.14) apply instead, these can be found by evaluating
the respective limits.
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A.3. Reflected light from the tape onto the substrate

This is the mirror image of the case discussed in Appendix A.2. Mirroring the solution requires the substitutions ↔ ↔v w R R, s r and → −α α( )l l .
The symbol ψ is used analogously to ϕ. This results in the following set of equivalent equations:

= −ψ v
R

α2
r

l (A.15)
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The limit case → ∞Rs requires some additional work. Evaluating the appropriate limit expressions yields equations as given by Eqs.
(A.20)–(A.22).
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