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A mechanics based model to describe the lateral positioning of a thin, tensioned, translating tape over a
tilted roller is introduced, based on the assumption that the transport velocity of the tape should match
the surface velocity of the roller when there is sufficient traction. It is shown that this condition requires
the slope of the neutral axis of the tape and the slope of the centerline of the tilted roller to be the same
over the wrapped segment. An extension of this model is discussed including the possibility of circum-
ferential and lateral sliding, depending on the velocity difference between the tape and the roller. The
new model is incorporated into a generalized model of a tape path that consists of numerous rollers as
well as the appropriate boundary conditions for the take-up and supply reel dynamics. The nonlinear
equation of motion is solved numerically, and the steady state solution is found by an implicit time step-
ping algorithm. An experimental setup with one tilting roller, two or three nearly ideally oriented rollers
and two reels is used for verification of the model. The effects of roller tilt angle, tape wrap angle, and the
lengths of the free-tape spans upstream and downstream of the tilted roller on the steady state lateral
tape position are investigated experimentally and by simulations. The experiments show that the circum-
ferential position of the wrap on the upstream side of a tilted roller has the strongest effect on pushing
the tape in the lateral direction. The total wrap angle around the roller has a smaller effect. It was also
shown that the tape segments upstream and downstream of the tilted roller interact, and the combined
effect results in a different overall lateral tape response in steady state.

� 2015 Elsevier Ltd. All rights reserved.
1. Introduction

Thin substrates used in various industries and manufacturing
processes ranging from magnetic tape for recording data, to food
wrap, to flexible electronics are collectively known as webs. In a
typical web handling process, a web travels between two reels
and is supported by a range of guiding elements such as fixed
guides, rollers, air reversers, coating nozzles, driers, etc. It is well
known that during processing the web unavoidably deviates from
its prescribed, linear path. In magnetic tape recording the lateral
tape motion (LTM) is a particular challenge that must be overcome
to continue scaling tape systems to higher data storage capacities
in the future. For example, the International Storage Industry
Consortium 2012 Tape Technology Roadmap predicts that the tol-
erance on the lateral positioning error will have to be reduced to
approximately 15 nm by the year 2022 (Anonymous, 2012). The
lateral tape/web motion can arise from roller tilt, web defects, reel
wobble and other factors. Lateral tape motion (LTM) can be sup-
pressed to a certain extent by using flanged rollers, but this could
damage the edge of the tape, and introduce high frequency low
amplitude lateral tape vibrations. On the other hand, use of flange-
less rollers could eliminate these issues, but can also amplify the
low frequency LTM (Pantazi et al., 2010). One of the key factors
in understanding the effects of imperfections on lateral tape/web
dynamics has been mechanistic modeling of the tape/web trans-
port process. In particular, mechanics of a translating tape/web
interacting with a roller has been the subject of several critical
works.

Shelton and Reid (SR) showed that the lateral web deflections
can be modeled using beam theory, and they described the
mechanics of a web as it comes into contact with a cylindrical
roller (Shelton and Reid, 1971a). Their work, which describes the
web dynamics in the free span between two rollers, was the first
to identify the boundary conditions between the web and the
downstream roller. Sievers extended this work to a system with
multiple rollers and used the Timoshenko beam theory (Sievers,
1987). Benson obtained the downstream boundary conditions by
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using the minimum total potential energy principle, and described
the mechanics of a spliced web by using the Timoshenko beam
theory (Benson, 2002). In the limit when Euler–Bernoulli and
Timoshenko beam models are identical, the boundary conditions
described by the SR and Benson models are identical. The afore-
mentioned works do not directly model the interaction of a web
with a roller. Mechanics of a string traveling over a cylindrical
roller was described by Ono (1979) and Moustafa (1975), and over
a general axisymmetric roller by Yang (1994). Raeymaekers et al.
extended Ono’s model by adding the effects of bending stiffness
(Raeymaekers and Talke, 2007). However, these models do not
consider systems with multiple rollers, and they do not take into
account roller misalignment. In Shelton’s work the effect of roller
misalignment on the free span web dynamics is introduced
through the boundary conditions. Eaton described the geometry
of the tape over a roller that has an arbitrary tilt with respect to
the drive base, but did not consider the tape’s flexure over the
roller. He described the reel-to-reel dynamics of the tape using
the tape geometry over the rollers as boundary conditions of mul-
tiply connected tape segments (Eaton, 1998). Brake, 2007; Brake
and Wickert, 2008 introduced a framework where various types
of guides on a tape path can be modeled by applying concentrated
forces and moments. Brake and Wickert (2010) added tape flexure
to Eaton’s description of the tape geometry over a tilted roller. The
present work introduces a new model for the tape-roller interac-
tions and implements this in a general approach for the lateral
dynamics of a tape/web traveling between two reels, supported
by multiple rollers.
2. Model

The tape mechanics is described with respect to a tape-based
coordinate system (x,z) that coincides with the neutral axis of the
idealized tape as shown in Fig. 1. The origin of the tape coordinate
system is located at the tape’s tangency point on the supply reel.
Fig. 1. Schematic depiction of the (a) ground based and (b) tape-based c
Fig. 1(b) shows the tape in a configuration that is unwrapped onto
a plane.

Each roller is assumed to have a set of roller coordinate axes des-
ignated as ðxr

1; x
r
2; x

r
3Þ. For the case where the roller is exactly per-

pendicular to the drive base, ðxr
1; x

r
2; x

r
3Þ are coincident with the

ground (or drive-base) coordinate system (x1,x2,x3). Otherwise, the
orientation of the roller coordinate axes is described with respect
to the ground system by using the tilt angle d and the orientation
angle a as shown in Fig. 2a. Note that the tilt angle d represents a
rotation about the x2 axis. The orientation angle a, which is a mea-
sure of the location of the xr

1 axis with respect to x1 axis, on the
ðx1; x2Þ plane as shown in Fig. 2, also represents a rotation about
the x3 axis. This notation was first used by Eaton (1998) and then
by Brake and Wickert (2010).

It is generally assumed that tape sticks on to the roller if there is
sufficient traction in the tape-roller interface (Shelton and Reid,
1971a). Therefore, it is useful to describe the position of a tilted
roller with respect to the tape coordinate system. Note that the cir-
cumferential centerline of the roller develops a height variation
hr(h) with respect to the ðx1; x2Þ plane for the case where the roller
axis is tilted (Eaton, 1998),

hrðhÞ ¼ �R sin d cos h ð1Þ

where R is the radius of the roller as shown in Fig. 2(c), and the cir-
cumferential position h is referred to the xr

1 axis as shown in
Fig. 2(b). Also note that the x-axis of the tape-based coordinate sys-
tem and the circumferential position are in general related as
dx ¼ Rdh. As a result, the slope of the centerline of the tilted roller
can be expressed in the tape based coordinate system as follows
(Eaton, 1998),

/rðxÞ ¼
dhr

dx
¼ sin d sin h ð2Þ

Eqs. (1) and (2) enable the position and slope of an imperfectly
oriented roller to be described with respect to the tape-based coor-
dinate system. The total wrap angle hw of the tape around a given
oordinate systems, and the relationship between the two systems.



Fig. 2. Definition of: (a) the tilt angle d, and the orientation angle ; (b) circumferential positions h; (c) the change of height hr(h) of the roller centerline with respect to the
ground base (x1,x2); and, (d) upstream and downstream wrap positions hupstream

i and hdownstream
i .

Table 1
Parameter values used in the experiments and simulations.

Tape properties

Substrate material Polyethylene naphthalate (PEN)
Total tape thickness, h 6.4 lm
Composite Young’s modulus, E 5.6 GPa
Loss modulus, g 13 kN s/m2

Tape density 1400 kg/m3

Tape width, b 12.7 � 10�3 m
Bending rigidity (EI) 5.2 � 10�3 N m2

Tape transport speed, V 1.6 m/s
Tape tension 0.73 N
Rollers
Guiding roller radii 6 � 10�2 m
Tilting roller radius 7 � 10�2 m
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roller is defined as hw ¼ jhdownstream � hupstreamj, where hup=downstream

indicates the circumferential positions of the tangency points that
define the wrap, as shown in Fig. 2(d).

Shelton’s normal entry law (Shelton, 1968) states that the tape
transport velocity and the roller velocity match in the absence of
slipping. Therefore, when the tape encounters a tilted roller, its
slope @w=@x will follow the slope of the roller /r , but it will settle
to an axially shifted equilibrium position. This assertion follows,
directly and naturally from Shelton’s law (Shelton, 1968), and
Benson’s (Benson, 2002) description of tape motion over a roller.

There is a need for a model that considers the effects of rollers
on the entire length of tape, considering that tape interacts with
multiple rollers as it travels between the two reels. Models of mul-
ti-roller tape spans based on the Shelton and Reid’s description
have been developed (Sievers, 1987; Sievers et al., 1988; Young
et al., 1989a,b). These models stitch together a collection of straight
beam segments with the velocity matching condition at the roller
positions, but eventually fail to capture the system level effects
that the rollers impart on the tape/web. This is because the velocity
matching condition does not allow effects such as slip to pass
through the roller.

The formulation introduced by Brake et al. (2010), in which
the effects of various guiding elements are introduced onto the
tape as concentrated forces and moments, is suitable for achiev-
ing the goal of properly modeling roller-to-tape interactions.
However, no guidance has been given to date on how to
Fig. 3. (a) Photograph and (b) schematic plot of the tape path for three rollers. The
hdownstream

2 = �90�. The total wrap angle over the tilting roller is hw2 = 90�. The upstream a
introduce this interaction on a continuous (non-stitched) tape-
path. Pieces of how to model this interaction have been intro-
duced by Eaton (1998), Ono (1979, 1997), Raeymaekers and
Talke (2007, 2009) and Brake and Wickert (2010). In particular,
Eaton (1998) and Brake and Wickert (2010) have made good pro-
gress toward incorporating frictional, but ‘‘non-rotating’’ guides
(posts) on the tape path. In this paper, we make two contribu-
tions. The first one of these is the introduction of a mathematical
formulation that incorporates the velocity matching rule of
Shelton and Reid (1971a,b) at the location of the rollers. This
tilting roller is located at position i* = 2. The wrap positions are hupstream
2 = �180�,

nd downstream free span lengths are L2 = L3 = 8 � 10�2 m.
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condition is imposed by matching tape slope to the slope of the
centerline of the tilted roller, by using a penalty formulation. This
allows the system to find the steady state deflected shape of the
tape along the tape path. Note that we impose this condition as a
continuous constraint applied on the entire segment of tape
wrapped over a roller, rather than a concentrated force/moment.
The second contribution allows modeling of the dynamic interac-
tions between a roller and a tape, and involves the possibility of
slip over the roller. Detailed derivations of the distributed slip
forces qf i

ðx; tÞ and moments mf i
ðx; tÞ over the ith roller are given

in Appendix A.1. The combined formulation allows for modeling
tape dynamics over a roller as a perturbation around the
deflected, steady state tape path.
Table 2
Wrap angle, tilt angle and supply and take-up pack radii used in the experiments.

Tilting roller
position, i⁄

Wrap angle
hwi� (�)

Tangency points

hupstream
i� ; hdownstream

i�

Tilt angle di� (mrad)

2 90 �180, �90 1.6, 2.5, 3.2, 3.7
3 60 �150, �90 1.9, 2.4, 2.8, 3.4
2 45 �135, �90 1.0, 1.8, 2.6, 3.6
2 30 �120, �90 1.0, 1.8, 2.7, 3.6

Fig. 4. Simulation results for the steady state lateral position of the tape over the entire t
(c) hw2 ¼ 45� and (d) hw2 ¼ 30� . Note that the tilt angle values are experimentally impo
Li⁄ = Li⁄+1 = 8 � 10�2 m.
The equation of motion (Brake et al., 2010) is modified to
include the roller-to-tape interactions described above and
becomes,

qA
D2w

Dt2 þ
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@x2 þ gI
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Dt

@2w
@x2

 !" #
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� �
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þ
XNg

i¼1
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T
Ri

cos /ri
ðxÞ sin di

� �
ð3Þ

where the subscript i refers to the roller number, w(x, t) is the lateral
deflection of the tape, t represents time, Hi is a windowing function
that is equal to 1 over a roller and 0 elsewhere, k is the penalty stiff-
ness used to impose the slope matching condition, /r is the roller
slope given by Eq. (2), qf i

and mf i
are the frictional forces and

moments acting on the tape over the rollers, q is the mass density,
A is the cross sectional area, E is the elastic modulus, g is the loss
modulus, T is the tension and I is the second moment of area of
the tape. The material time derivative is defined as
Dð�Þ=Dt ¼ @ð�Þ=@t þ V@ð�Þ=@x where V is the tape transport velocity.
Note that the rollers considered in this paper do not have any
flanges, and as a result no flange forces are included in Eq. (3).
The window-function Hi allows the distributed forces that represent
ape path for different wrap angles over the tilting roller: (a) hw2 ¼ 90� , (b) hw3 ¼ 60� ,
sed. The rollers span the distance between the circles at the marked locations and
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roller mechanics over the entire length of the wrap rather than a
single position on the tape.

The first three terms in Eq. (3) represent: the effects of inertial
forces; the internal shear force and bending moment resultants;
and the restoring force due to tape tension, respectively. The
effects of the rollers on the tape are represented by the fourth term
in Eq. (3). The first term of this square bracket represents a correc-
tive distributed moment of magnitude kð@w=@x� /ri

Þ, applied in
the case where the tape slope deviates from the slope of the roller.
This term becomes zero at steady state. The frictional forces and
moments that act on the roller in a distributed manner are derived
in Appendix A.1. These terms are expressed as follows,

qf i
¼ �lzi

T
Ri

sgn
@w
@t
þ V

@w
@x
þ /ri

� �� �
ðaÞ;

mf i
¼ lxi

Tb
12Ri

sgn
D
Dt

@w
@x

� �
ðbÞ ð4Þ

where lx and lz are the dynamic friction coefficients in the longitu-
dinal and lateral directions, respectively, and b is the width of the
tape. The last term of Eq. (3) represents the lateral component of
the distributed contact force which develops due to the roller tilt
(Eaton, 1998).

In the case where the supply pack axis is not perfectly aligned,
the position and slope of the tape coming off the supply reel are
given as follows,

at x ¼ 0 : w ¼ d0 þ R0w0s and
@w
@x
¼ w0s ð5Þ
Fig. 5. Comparison of experimental measurements and the corresponding simulations of
values and wrap angles, (a) hw2 ¼ 90� , (b) hw3 ¼ 60� , (c) hw2 ¼ 45� and (d) hw2 ¼ 30� . The
and Li⁄ = Li⁄+1 = 8 � 10�2 m.
where d0 is the linear offset of the axis, w0S is the tilt of the reel axis
described similarly to the roller imperfection, and R0 is the radius of
the web coming off the reel. On the take-up reel side, the tape lat-
eral velocity and slope match the take-up reel’s velocity and slope.
This is expressed as follows,

at x ¼ L :
Dw
Dt
¼ VwL and

D
Dt

@w
@x

� �
¼ V

dwL

dt
ð6Þ

where wL represents the misalignment angle of the take-up reel. In
this work d0, wos, wL, and dwL=dt are set to zero for perfect alignment
at both packs.

The initial conditions for the tape are specified as follows,

at t ¼ 0 : wðx;0Þ ¼ @w
@t
¼ 0 for 0 6 x 6 L ð7Þ

The steady state solution to Eqs. (3)-(7) is obtained numerically
(Appendix A.2). Spatial discretization is achieved by the finite ele-
ment method (Cook et al., 2002). Time integration is carried out by
Newmark’s method (Hughes, 2000). This work provides a system
level model to predict deflection of a translating tape due to mul-
tiple rollers placed on the tape path.

3. Experiments

An experimental, reconfigurable tape path was used to assess
the effects of a tilted roller on the lateral tape deflections. The tape
path was composed of two reels and several grooved rollers. One of
the rollers was designed so that its spin axis can be tilted as
the steady state lateral tape position over the tilting roller for different tilt angle di�

rollers span the distance between the vertical broken lines at the marked locations
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described by Pantazi et al. (2010). This roller was positioned on the
tape path base in such a way that only the tilt angle d was nonzero
(Fig. 3). The other rollers were manufactured with sufficiently high
tolerances that they could be considered normal to the tape path
base.

Four edge sensors, which have been previously described in
Pantazi et al. (2010), were used to measure the lateral tape deflec-
tion. The standard deviation of the noise floor of the sensors was
�50 nm in a 10 kHz bandwidth. Two sensors were placed on each
side of the tilting roller, and numbered from upstream to down-
stream as S1 to S4 (Fig. 3(a)). Sensors S2 and S3 were placed as close
as possible to the tangency points of the tape over the roller.
Moreover, Sensors S1 and S2 are located as close as possible to S3

and S4, respectively. The S1–S2 and S3–S4 distances were measured
carefully to enable assessment of the tape slope in addition to tape
deflection. The tape slopes at the upstream and downstream points
of the roller were found by using a finite difference approximation,
as follows,

hmeas
upstream ffi

wmeas
2 �wmeas

1

dupstream
and hmeas

downstream ffi
wmeas

4 �wmeas
3

ddownstream
ð8Þ

where, dup/downstream represent the S1�S2 and S3�S4 spacings,
respectively, and the wmeas

i represents the measured LTM values
on the sensors.

In this work, the effects of the tilt angle d, the tape wrap angle hw,
and the upstream and downstream free span lengths on the steady-
Fig. 6. Comparison of experimental measurements and the corresponding simulations
tangency points of the tilting roller for different tilt angle di� values and wrap a
Li⁄ = Li⁄+1 = 8 � 10�2 m.
state lateral tape position were investigated experimentally and
through simulations. The values of these three variables are
reported in Table 2 and in the respective figure captions. Tape
properties and roller dimensions are listed in Table 1.
4. Results

The tape path used in the experiments is shown in Fig. 3, where
the tilting roller is located at position i⁄ = 2. The effect of roller tilt
on the lateral tape position was tested for different wrap angle val-
ues for this configuration. The wrap angle was changed by chang-
ing the position of the upstream roller (i = i⁄ � 1). The roller tilt di�

is imposed while keeping the orientation angle ai� at zero. The tape
runs from the supply reel (pack-1) to the take-up reel (pack-2). The
tape lengths upstream and downstream of the roller-2 remain con-
stant during these tests at Li� ¼ Li�þ1 ¼ 8� 10�2 m. Four different
wrap angle values (hwi� ) of 30�, 45�, 60� and 90� were studied. In
Fig. 3, the tape wraps around the tilted roller by hw2 = 90�. The tape
path base coordinate system (x1; x2) is also shown in this figure.
Note that in order to provide sufficient traction, and to prevent slip
in the tape-roller interface, the wrap angles on the upstream and
downstream rollers with respect to the tilting roller had to be kept
larger than 15�. Therefore, one extra roller was added to the system
for the case of 60� wrap angle. As a result, the tilting roller is
located at position i⁄ = 3, for this case. Four roller tilt angle values
of the steady state lateral tape slope values near the upstream and downstream
ngles (a) hw2 ¼ 90� , (b) hw3 ¼ 60� , (c) hw2 ¼ 45� and (d) hw2 ¼ 30� . Note that
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were applied to each wrap as reported in Table 2. Due to the con-
struction of the setup it was not possible to apply the exact same
di� values.

Computed steady state tape profiles, spanning the range
between the two reels, are shown in Fig. 4. The tilted roller is pre-
dicted to cause significant lateral displacement of the tape. The lat-
eral displacement is clearly more significant on the downstream
side of the tilted roller. However, some lateral displacement spills
over to the upstream side as well. The rollers located upstream and
downstream from the tilted roller are perfectly aligned. Therefore,
the tape slope is nearly zero on these rollers. In other words, these
two rollers are able to ‘‘correct’’ the slope change caused by the
tilted roller. Nevertheless, a residual lateral tape shift remains in
the tape path. The shift on the downstream side, which is on the
order of 50–250 lm depending on the case, is dictated by the
take-up reel and is much larger than the shift on the upstream side.
The velocity matching boundary conditions given by Eq. (6) enable
the simulation of this lateral shift.

The steady state lateral tape deflections measured at the sensor
positions S1–S4 are plotted in Fig. 5 along with the simulation
results. The span of the tilted roller, located between sensors S2

and S3, is also marked. The slopes of the tape at the upstream
and downstream locations are computed from the measured posi-
tions, and compared to the computed values in Fig. 6. Note that the
average and the standard deviation of the test data are computed
based on 5 different measurements.
Fig. 7. Simulation results for the steady state lateral position of the tape over the entire ta
L3 = L4 = 8 cm; (b) L3 = 8 cm, L4 = 4 cm; (c) L3 = 4 cm, L4 = 8 cm; and, (d) L3 = L4 = 4 cm. Not
The wrap angle around the tilting roller is hw3 ¼ 60� .
Figs. 5 and 6 both show good agreement between the lateral
tape deflection/slope simulation results and the experimental
measurements, respectively. With this said, it is interesting to note
(Fig. 5) that the lateral shift of the tape decreases with wrap angle,
hwi� . In fact, this lateral shift is actually due to the location of the
upstream tangency point hupstream

i� with respect to the reference
position of h (x1-axis in these examples) where the hrðhÞ has its
maximum (Fig. 2(c) and (d)). Therefore, changing hupstream

i� from
�180� (Fig. 5(a)) to �120� in (Fig. 5(d)) forces the tape to make ini-
tial contact with the roller at a higher position, eventually resulting
in a larger lateral shift.

The length of the tape upstream and downstream of a roller
contributes to its stiffness, and therefore has an effect on the lateral
position/slope of the tape over the roller at steady state. In order to
investigate this effect, four different configurations of the upstream
and downstream span lengths were tested, for a fixed wrap angle
(hw3 = 60�) over the tilted roller. The computed tape deflection pro-
files at steady state are shown in Fig. 7, for upstream and down-
stream free span length (L3,L4) combinations of (8,8), (8,4) (4,8)
and (4,4) cm. As expected, the longer tape span is more compliant
and displays a larger lateral deflection (Fig. 7(a) and (d)). Moreover,
for a given upstream span length (e.g. L3 = 8 cm) the lateral shift wL

is reduced with decreasing downstream span length, as expected.
Fig. 8 shows that the measured and computed lateral tape deflec-
tions at steady state compare well.
pe path for different tape lengths upstream and downstream of the tilting roller: (a)
e that the tilt angle values are equal to the experimentally imposed tilt angle values.
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The tilted roller causes an accumulated lateral shift wL at the
tangency point of the tape (x = L) with the take-up reel as shown
in Figs. 4 and 7. The effects of the tilt angle di� , wrap angle hwi� and
upstream and downstream free span lengths Li� and Li�þ1 on the
total lateral shift wL are assessed by simulation and presented in
Fig. 8. Comparison of experimental measurements and the corresponding simulations o
values and tape spans: (a) L3 = L4 = 8 cm; (b) L3 = 8 cm, L4 = 4 cm; (c) L3 = 4 cm, L4 = 8 cm; a
at the marked locations and the wrap angle around the tilting roller is hw3 = 60�.

Fig. 9. Effects of tilt angle di*, wrap angle hwi* and upstream and downstream free span len
are reported in Table 1.
Fig. 9. It is interesting to note that wL is linearly proportional to
the tilt angle di� . As indicated before, the total tape shift is affected
by the initial position at which the tape is making contact, which is
governed by hupstream

i� . Thus in this tape path configuration the larger
wrap angle makes the initial contact position between the tape and
f the steady state lateral tape position over a tilting roller for different tilt angle di�

nd, (d) L3 = L4 = 4 cm. The rollers span the distance between the vertical broken lines

gths Li� and Li*+1 on the total lateral shift wL at reel-2, the take-up reel. Other variables



Fig. A1. Figure depicting the deflected position of a point P on the tape in relation to
friction force/moment calculations.
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the roller at a lower position and results in a smaller amount of lat-
eral shift. Also, as indicated, the length of the free span on the
downstream side Li�þ1 has significant effect on the total lateral
shift. A shorter Li�þ1 results in a higher lateral stiffness and there-
fore causes a lower lateral shift.

5. Summary and conclusions

A model for the interactions of a thin, tensioned, traveling tape
with a flangeless cylindrical roller is introduced. The model is based
on the expectation that the tape speed and the roller speed match for
tilted rollers, and thus obeys Shelton and Reid’s normal entry law
(Shelton and Reid, 1971a). This tape-roller interaction model is inte-
grated into a system level tape transport model which accommo-
dates simulating the dynamics of tape supported by multiple
rollers, between two reels (Brake, 2007). The steady state tape
deflections are found by solving the nonlinear governing equations
transiently with a numerical approach. Lateral tape deflection and
slope are measured upstream and downstream of a tilted roller on
an experimental, configurable tape-path as a function of the roller
tilt angle, the tape’s wrap angle over the roller and the lengths of free
tape span upstream and downstream of the tilted roller. Model pre-
dictions compare very favorably with experimental measurements.

This work showed that the most significant parameter that
affects the lateral shift of the tape over a tilted roller is the point
of contact of the tape with the roller. This point is determined by
the tape position on the upstream side of the tilted roller. This
work also demonstrated that the length of the free span of the tape
upstream and downstream of the tilted roller has a strong influ-
ence. For a fixed upstream span, increasing downstream span
length causes more lateral shift under similar conditions.
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Appendix A.

A.1

The tape will slip over the roller if the restoring forces and
moments in the tape become greater than the static frictional
forces and moments in the tape-roller interface. Assuming
Coulomb friction, the slip will result in dynamic frictional force
~f F and moment ~mF acting on the tape (Howe and Cutkosky, 1996),

~f F ¼ �
Z

A
lðx; zÞpc

~vD

j~vDj
dA and

~mF ¼ �
Z

A
lðx; zÞð~r �~vDÞ

pc

j~vDj
dA ðA1a;bÞ

where pc is the contact pressure, A is the contact area, l(x,z) is the
dynamic coefficient of friction (COF), and ~vD is the relative velocity
of the tape with respect to the roller. Both the friction force and fric-
tion moment are applied with respect to the friction weighted cen-
ter of pressure (COP) of the contact area (Howe and Cutkosky,
1996). Note that contact pressure pc is equal to the belt wrap pres-
sure T/Rb. It can be shown that the COP of the tape segment moves
from (x,0) to (x,w) upon deflection.Velocity of the neutral axis (NA)
of the tape has components due to tape transport velocity and
vibration,

~vNA ¼ Viþ Dw
Dt

k ðA2Þ

Velocity of a general point P on the tape (Fig. A1) can be shown
to be as follows,

~v t ¼ ~vNA þ~r �~_h ðA3Þ

where~r is the position vector of point P with respect to the center of

the deflected segment (z,w), and~_h is the rate of change of the slope.
The position vector of point P is expressed as follows,

~r ¼ zð� sin hiþ cos hkÞ ðA4Þ

Material time derivative is used to express the rate of change of
bending slope of the tape as follows,

~_h ¼ Dw:x

Dt
j ¼ Dh

Dt
j ðA5Þ

Substitution Eqs. (A2), (A4) and (A5) in Eq. (A3), gives the tape
velocity,

~v t ¼ V � z cos h
Dh
Dt

� �
iþ ðw;t þ Vw;xÞ � z sin h

Dh
Dt

� �
k ðA6Þ

Under ideal stick conditions the tape transport velocity V should
match roller surface velocity Rx, where R is the roller radius and x
is its rotational speed. The surface velocity of a tilted roller in the
tape coordinate system is then given as
~v r ¼ Rxðcos /rðxÞi� sin /rðxÞkÞ ðA7Þ

where /r is defined in Eq. (2).
Note that for small tape deflections (w	 b) and small tilt angles

(d	 1) the following approximations can be used
cos h 
 1; sinh 
 h and cos /r 
 1; sin/r 
 /r , respectively. In addi-
tion, at steady state the roller’s surface speed and the tape trans-
port speed are almost equal (V 
 Rx). With these
approximations, in the case where there is slip between the tape
and the roller, the relative velocity can be approximated as

~vD ¼ �zðh;t þ Vh;xÞiþ ½ðw;t þ Vðw;x þ /rÞÞ � zhðh;t þ Vh;xÞ�k ðA8Þ

Note that the second term in the square brackets will be small
compared to the first term, as it represents the projection of the
velocity component due to the rotation of the tape’s normal onto
the LTM (z-)direction. Thus the relative tape velocity is approxi-
mated as
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~vD ¼ �zðh;t þ Vh;xÞiþ ðw;t þ Vðw;x þ /rÞÞk ðA9Þ

As the z-axis is measured from the neutral axis of the tape, it is
seen that the slip velocity can have a positive or negative direction
along the x-axis depending on the location. Frictional force acting
over the tape segment bDx can be found from Eqs. (A1) and (A9)
as follows,
Fig. A2. Transient simulation of the tape deflection history to reach the steady
state. Note that the solid lines (�) indicate the transient solution at different
instances in time, whereas the open circles (s) indicate the steady state solution.
The following parameters were used for this simulation hw2 = 45�, L2 = L3 = 8 cm,
d2 = 3 mrad. The other variables are reported in Table 1.
~f F ¼ �
Z

A
lðx; zÞpc

~vD

j~vDj
dA

¼ �Dx
Z b

2

�b
2

pc
�lxzðh;t þ Vh;xÞiþ lzðw;t þ Vðw;x þ /rÞÞkffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

z2ðh;t þ Vh;xÞ2 þ ðw;t þ Vðw;x þ /rÞÞ
2

q dA ðA10Þ

where lx and lz are the friction coefficients in the longitudinal and
lateral directions, respectively. Distributed frictional force per unit
length is then found as follows,

~qF ¼ �
T

Rb

� � Z b
2

�b
2

�lxzðh;t þ Vh;xÞiþ lzðw;t þ Vðw;x þ /rÞÞkffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
z2ðh;t þ Vh;xÞ2 þ ðw;t þ Vðw;x þ /rÞÞ

2
q dz

0
B@

1
CA
ðA11Þ

If we neglect the effect of slip in the longitudinal direction by
noting that, jw;t þ Vðw;x þ /rÞj � jzðh;t þ Vh;xÞj, Eq. (11) simplifies
as follows,

~qF ¼ �lz
T
R

� �
ðw;t þ Vðw;x þ /rÞÞffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðw;t þ Vðw;x þ /rÞÞ

2
q k ðA12Þ

Similarly, the velocity mismatch makes a significant contribu-
tion to the frictional moment acting over the same tape segment,
~mf � ¼ �
Z

A
lðx;zÞð~r �~vDÞ

pc

j~vDj
dA ¼ �Dx

Z b
2

�b
2

pc
�lxz2ðh;t þ Vh;xÞffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

z2ðh;t þ Vh;xÞ2
q dzj

ðA13Þ

The distributed frictional moment ~mf becomes,
~mf ¼lx

Z b
2

�b
2

Tz
Rb

� �
ðh;tþVh;xÞffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðh;tþVh;xÞ2

q z
b

0
B@

1
CAdzj¼lx

Tb
12R

� �
ðh;tþVh;xÞffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðh;tþVh;xÞ2

q j

ðA14Þ

Eqs. (A12) and (A14) are used in the equation of motion (3) of
the tape.
A.2

The equation of motion, given by Eq. (3), subjected to the
boundary/initial conditions given by Eqs. (5)-(7), is solved numer-
ically. The spatial discretization is carried out by the finite element
formulation using C(1) continuous, Hermite basis functions, and the
temporal discretization is performed by Newmark’s method. The
steady state solution is found starting from the initial condition
given by Eq. (7) with a particular di� value. Fig. A2(a) shows that
the steady state, lateral tape deflection is obtained monotonically
in approximately 0.35 s. The transient variation of the correspond-
ing tape slope is shown in Fig. A2(b). The penalty formulation con-
strains the tape slope to the roller slope early on in the
computations, while the lateral equilibrium position is still
changing.
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