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1
Introduction

As the optimization of current semiconductor based computer chip tech-

nology reaches its limits, the focus shifts towards development of novel

techniques that have the potential to revolutionize the computer in-

dustry. Low-power electronics, high-density information storage and

quantum computing all require extensive research into suitable ma-

terials. In this thesis, I present fundamental research on the physical

properties of strongly correlated and topological materials, which are can-

didates to become the fundamental building blocks of a new generation of

electronics. This first chapter serves as a short introduction to the basic

concepts that are most prominent in this thesis.

1
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1.1 Motivation

1.1.1 Societal needs

Whether we are driving a car, watching tv, or writing a thesis, in this day and
age we continuously rely on computer chips. Integrated circuits have become
interwoven in our daily lives and their computational capabilities are more than
sufficient to not only assist us in relatively simple tasks, such as switching the tv
channel, but also to execute tasks that a human could not complete in a thousand
lifetimes. Nevertheless, there are numerous problems that are too complex even for
present day supercomputers and no amount of development of current intergrated
circuit technology is going to change this. For these problems, a new type of
computer is required; a quantum computer [1, 2].

The discovery of semiconductors has been a crucial step in the development of
current computer chip technology. It enabled the fabrication of small field effect
transistors that use gate electrodes to open or close a current path, thereby forming
a bit with a 0 and 1 state (see figure 1.1). If one makes these transistors as small as
possible, the amount of bits in an integrated circuit can be greatly increased. This
has been the way to go for the last 50 years, and the density of digital information
storage in present-day electronics would have been unimaginable decades ago, if
it was not for Gordon Moore. Simply put, Moore’s law [3] is the notion that the
number of transistors in integrated circuits doubles every two years and projects
this trend onto the future, which has proven to be a fairly accurate prediction.
Nowadays, this shrinking of transistors has gone to feature sizes on the scale of 10
nm, where some features of the device consist of only a few atoms. At this point,
the functionality provided by the interplay between many atoms breaks down,
providing a natural limit to the shrinking process.

In order to keep advancing computer technology, the fundamental design of
these bits has to be changed. The conventional transistor, which relies on whether
or not an electrical current is running, is essentially based on the electron charge.
However, electrons do not only carry an electric charge, but also have a well
defined spin angular momentum. This spin can be thought of as an electrical
charge spinning around its axis, creating a magnetic moment1. Utilization of
the spin property and its - sometimes very complex - relation to the electronic
properties opens up a whole new world of physics [4–6].

1.1.2 Personal motivation

Physics is fun. The tremendous puzzle of unraveling the mechanics behind ev-
erything that happens around us, down to the nanometer scale and beyond, is
quite rewarding in two aspects. The first is, of course, the potential technological
pay-off that I describe in the section above. The second is the satisfaction when

1 While essentially wrong, this simple idea does provide a more intuitive picture than the abstract
quantum mechanical description and captures the physical consequences to a large extent.
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Figure 1.1: The field-effect transistor.
(a) Schematic top view of a FET device. The gate electrode (light gray) switches the
semiconductor channel below it (yellow) to the conductive state, so that a current can flow
from source to drain (orange). (b) A side view of the same device as in (a).

you are finally able to describe the chaotic, puzzling monstrosity of a dataset that
came out of a measurement setup, using only a minimal, mathematical model that
seems way too simple. For the latter aspect, condensed matter physics - with its
highly periodic crystal lattices - has been an ideal playground during the entire
20th century, with the field effect transistor as the ultimate example of functional
output. With the relatively recent introduction of using the mathematical branch
of topology to describe electronic phases of condensed matter (which we shall
discuss later), a new, often simpler way of explaining exotic effects has been added
to the condensed matter physicist’s toolbox. Because in high energy physics these
topological properties have already been valued and used for ages, phenomena
from high energy physics now find their way to condensed matter physics, where
they can be explored in a periodic, well known environment. Wielding the physi-
cist’s toolbox, including a bag full of excitement and the new and shiny topological
multitool, we will tackle numerous interesting puzzles throughout this thesis,
maybe stumbling upon something useful as we go.

1.2 Two-dimensional electron systems in complex oxides

Conventional transistors are often labelled as field-effect devices, which refers
to the effect of the electric field from the gate electrode on the semiconductor
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Figure 1.2: Model of the LaAlO3/SrTiO3 interface.
Schematic illustration of the atomic structure at the LaAlO3/SrTiO3 interface. The bottom
layer represents the SrTiO3 substrate with Sr atoms in yellow, Ti atoms in purple and O
atoms in red. In the LaAlO3 layer on top the La atoms are orange and the Al atoms gray.

underneath. Figure 1.1 schematically illustrates the structure of such a device.
Attracted by the electric field, charge carriers accumulate at the interface between
the semiconductor and the insulating barrier - this barrier prevents currents from
running from the gate electrode into the semiconductor - to create a conducting
channel at this interface. Note that the functional part of the conventional transistor
is the two-dimensional plane of semiconductor that switches from insulating to
conducting. Such an interface is often labeled a two-dimensional electron system
(2DES) and the gate-dependent formation of conductive channels in these systems
is very well understood physically. This is partially because of the two-dimensional
character of the 2DESs, which simplifies a lot of physics and makes these systems
also into ideal playgrounds for studying complex physical effects, such as the
exotic spin-related physics we are after.

Complex oxides are a class of materials consisting of at least two other elements,
besides oxygen. Among these materials are a large number with extraordinary
electrical, magnetic and structural properties, sometimes even strongly interdepen-
dent. As the dimensions of the unit cells - the smallest, repeatable pattern of the
atoms that make up a crystal - of these complex oxides are all roughly the same,
they can be stacked on top of each other. This way, one can engineer functional
heterostructures, based on the interplay between materials with all these different
physical effects.

In part of this thesis, we focus on the LaAlO3/SrTiO3 system. Both materials are
complex oxide insulators, but stacked on top of each other the interface becomes
a conducting 2DES [7] with ferromagnetic [8–10] and superconducting [11, 12]
properties, a complex spin structure [13, 14] and a strong sensitivity to external
electric fields [15–17]. The exact mechanism that drives the interface between these
two insulators to become conducting is still under debate [18–20], but the resulting
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interface itself is physically interesting for further studies. To study the manifold
aspects of the LaAlO3/SrTiO3 interface, it is instructive to study their response to
external electric and magnetic fields.

The exotic effects at the LaAlO3/SrTiO3 2DES can generally be described by the
quantum mechanical wavefunctions of the electrons in this system. Every electron
has its own wavefunction ψ and a corresponding quantized energy E, depending
on its momentum, as described by the Schrödinger equation. The large amount of
possible momenta that an electron can have in a crystal lattice means that there are
also many, many energy states. All these states together form bands when plotted
against their momentum, forming a so-called band structure. This relation between
the energy and momentum is also known as the dispersion relation. The Fermi
energy EF, the energy of the state that the next added electron would occupy, tells
us which quantum mechanical states are the ones that contribute to the effects
observed in transport measurements, i.e. when sending a current through the
material. In other words: the exotic behavior of the system in electronic transport
measurements is described by the wavefunctions of the states that are close to the
Fermi energy. When we use a gate electrode to add more electrons to the system,
the Fermi level changes, and consequently, so do the other properties of the 2DES.
This way of controlling the many exotic properties of the LaAlO3/SrTiO3 interface
is potentially interesting for the study of the effects themselves, or even for the
development of functional devices.

1.3 Topological insulators

In semiconductors, the band structure has no states available at the Fermi energy.
As a result, a semiconductor only becomes conducting once a gate electrode
adds more electrons to the system until the Fermi level crosses energy bands.
If the Fermi level does cross energy bands, i.e. if there are states available for
conduction without the need of adding additional energy, the system is called
metallic. Topological insulators are a novel class of materials of which the inner
bulk is insulating, while the surfaces are conducting, resulting in a 2DES. In 2016,
D.J. Thouless, F.D.M. Haldane and J.M. Kosterlitz received the Nobel prize in
physics for their discovery of new exotic states of matter that can be described
using the mathematical theory of topology [21].

The study of topology focusses on the implications of continuously deforming
an object, without tearing or (re-)attaching it. One can assign classes and numbers
to geometries that can be transformed into each other through such deformations.
Famous examples are the cow that can be continuously deformed into a sphere,
and the coffee mug that is topologically equivalent to a donut. Transforming
a sphere into a donut on the other hand, requires the rigorous deformation of
punching a hole in the object. Thouless, Haldane and Kosterlitz [21] discovered that
similar numbers can be assigned to the order of the energy bands of a material, and
that transformations between materials of different topological classes, requires
gapless transition points.
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Figure 1.3: Inverted band structure of Bi2Se3.
Schematic of the different interactions in Bi2Se3 that drive the system into the topological
phase. In stage (I), the hybridization of the Bi and Se p-orbitals results in the P1+x,y,z and
P2−x,y,z bands to move close to the Fermi energy. In stage (II), the effect of the surrounding
crystal field is split of the P1+z and P2−z bands and push these even closer to each other.
Stage (III) indicates the effect of spin-orbit coupling and causes the eventual band inversion.
Reprinted with permission from Springer Nature [22].

For topological insulators (TIs), this gapless point is the interface between the
topological insulator (with nontrivial band order) and a normal insulator (with
trivial band order), where the energy bands invert and thereby cross the energy
gap. This unavoidable inversion of bands at the interface between topological and
non-topological materials ensures the presence of conducting surface states at the
Fermi level.

The source of the inverted band structure in topological materials is, in general,
spin-orbit coupling. The diagram in figure 1.3 illustrates how in Bi2Se3 the bands
P1+z and P2−z , originating from the hybridized Bi and Se p-orbitals, invert. Stage
(I) indicates the effect of the hybridization of Bi and Se orbitals, stage (II) the effect
of the surrounding crystal field on the different electron states, and stage (III)
shows how spin-orbit coupling causes the actual inversion. Note that ± indicates
the parity of the orbital and that after band inversion, the parity of the conduction
band is switched. It is exactly this inversion of bands of opposite parity that drives
the system into the topological phase [22].

The spin-orbit coupling that causes the band inversion, does so by adding a
large linear component to the dispersion relation. As a result the crossing point of
the energy bands is highly linear, forming a cone shape. Because the physics at
play around the topological cones is described by the Dirac equation [23], these
crossings are known as Dirac cones.
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Figure 1.4: Cones.
(a) A 1-dimensional Dirac cone, filled up to the Fermi energy. This is the kind of Dirac cone
that describes a topological edge state of a 2-dimensional TI. (b) A 2-dimensional Dirac
cone. These describe the surface states of a 3-dimensional TIs, where kx and ky describe
the momentum parallel to the surface.

Besides band inversion, the effect of spin-orbit coupling is to lock the direction
of the the electron spin to its momentum. For opposite surfaces of the topological
insulator, this alignment occurs parallel and anti-parallel to the momentum, and
is also known as the helicity of the Dirac cone2. The alignment of spin with
momentum is called spin-momentum locking and can lead to complex spin
structures with far-reaching consequences. For example, as a forward moving state
has the exact opposite spin of a backward moving electron, the probability of an
electron scattering fully backward is zero. This is because the electron can only
scatter between different states if the two wavefunctions have similar properties,
i.e. if these wavefunctions have some ”overlap”. As we will see later, this is an
essential property for the creation of qubits from topological superconductors.

1.4 Three-dimensional Dirac semimetals

Whereas TIs come in 2D and 3D forms, with 1D topological edge states and 2D
topological surface states respectively, 3D Dirac semimetals (DSMs) contain 3D
topological states in the bulk. There are different types of Dirac semimetals [24],
but here we focus on an accidental Dirac semimetal, which is relatively easy to
understand since it forms the basis for the 3D TI. To create an accidental Dirac
semimetal, one starts with an insulator (with opposite parities of the bands below
and above the Fermi level EF) and tunes a parameter, usually spin-orbit coupling,
such that the bands start to invert. For a topological insulator, the bands first
approach each other, then touch and exchange parity, and finally pull back, leaving
an inverted bulk band structure. However, if the inversion process stops at the

2 This (anti-)parallel spin-momentum alignment can also be tangential, which is the same for a 90◦

rotated spin coordinate system.
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Figure 1.5: Phase diagram of Bi1−xSbx.
Upon increasing the amount of Sb in Bi1−xSbx , the system goes through the accidental
Dirac semimetal phase at x ≈ 3% and enters the topological insulator phase at x ≈ 7%.
This figure is based on data from reference [27].

point where the bands touch in the bulk, driven by spin-orbit couling, then a 3D
linear band crossing/touching is formed.

In this thesis, we work with the Dirac semimetal Bi1−xSbx. In this material, the
atoms of a pure Bi lattice are occasionally replaced by a Sb atom, thereby increasing
the spin-orbit coupling strength of the energy bands at the L-point of the energy
band structure. A phase diagram of Bi1−xSbx is shown in figure 1.5. For x ≈ 0.03,
the bands touch at the L-point, forming a 3D Dirac cone [25]. Increasing the Sb
concentration beyond x ≈ 0.07, opens up the gap at the L-point again brings the
system into the topological insulator phase as the trivial hole energy band at the
T-point becomes fully depleted [26].

Just like in TIs, the cones in 3D DSMs exhibit exotic spin structures due to spin-
momentum locking and come in pairs with opposite spin alignment with respect to
momentum. However, while for TIs the cones of opposite helicity are located on the
surfaces, separated by the bulk, the cones in DSMs are superposed inside the bulk.
Curiously, taking into account all the possible states surrounding each individual
3D crossing point, it appears that these Dirac points act as a source and drain
of the momentum-space analogue of magnetic field, Berry curvature. Although
not to be confused with real-space magnetic monopoles, these momentum-space
analogues have consequences for the real-space response of DSMs to electric and
magnetic fields [25, 28–32].
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1.5 Majorana particles

The fundamental building blocks of all matter in the universe can be divided into
two categories: fermions and bosons. The former carry spin of 1/2, 3/2, 5/2, ...,
while the latter always carry integer spin 0, 1, 2, 3, .... Examples of fermions are
quarks, electrons and neutrinos, and well known bosons are the photon and the
Higgs boson. Qubits made from topological materials are based on interchanging
positions of states that behave as neither fermions or bosons, but as anyons [33].
When two fermions are exchanged, their combined wavefunction aquires a minus
sign, corresponding to a phase change of π, which follows from the Pauli exclusion
principle. Exchanging them twice would result in the initial state. Exchanging
bosons does nothing to the wavefunction (it causes a phase change of 2π, but
this is equal to a full rotation). Exchanging two anyons - the any in anyon should
be hint - can result in any phase change, depending on the type of anyon. This
moving around of multiple particles is called braiding, and the states obtained
through braiding anyons are highly stable [34]. While the stability makes this kind
of qubit very interesting, finding the anyons required to build them is not so easy.

First theoretically proposed by E. Majorana in 1937 [35], Majorana particles are
their own antiparticles and behave as non-abelian anyons when braided, meaning
that upon exchange of two identical particles the system does not only acquire a
phase, but rather transitions into a different ground state [6, 36]. As a consequence,
the results of braiding non-abelian anyons strongly depends on the order of
braiding, contrary to the case of bosons or fermions. Although during a brief
period neutrinos were believed to be Majorana particles, elementary Majorana
particles have never been found. But through the concept of quasiparticles, a
group of particles may be tuned to behave exactly as if the group was a Majorana
particle. In superconductors, materials in which charge can move around without
any resistance, particle-hole symmetry causes the existence of quasiparticles that
are half electron and half hole. Since electrons at energy +E are the anti-particles
of holes at energy −E, superconductors seem a good place to look for Majorana
states. However, only when these quasiparticles that are half electron, half hole
reside at energy E = 0 (and contain no spin degree of freedom), they are truly
their own anti(quasi)particles. In other words, we would like a superconductor
with electron/hole quasiparticles at E = 0.

1.6 Topological superconductivity

Conventional superconductors are described by the Bardeen-Cooper-Schrieffer
(BCS) microscopy theory for superconductivity [37]. The model assumes a small,
attractive potential between electrons - which usually originates from electron-
phonon coupling - which cause the electrons to form Cooper pairs at sufficiently
low temperatures. Like any interaction between electrons, Cooper pair forming
causes the energy bands to hybridize and open a gap of size 2∆ around EF,
which in superconductors is usually taken as E = 0. It is at the edge of this
superconducting gap, at energy E = ∆ that the electron and hole quasiparticles
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Figure 1.6: Order parameter symmetries.
Schematic illustration of (a) s-wave symmetry, (b) p-wave symmetry and (c) d-wave sym-
metry, with the sign of the superconducting phase indicated by ±. The radius indicates
the superconducting gap magnitude. Note that for pair potentials with s-wave and d-wave
symmetries, left and right moving quasiparticles carry the same phase, whereas for pair
potentials with p-wave symmetry the superconducting phase is opposite.

reside. Inside the gap of a conventional superconductor, there are no single-particle
states.

Conventional, s-wave, superconducting pairing occurs between electrons with
opposite momenta +k and −k and opposite spin. Because the opposite spins
pair in the singlet state ↑↓ − ↓↑, the Cooper pair has zero net momentum and
total spin angular momentum S = 0. The latter property makes Cooper pairs
bosonic particles, which all occupy the same quantum mechanical state at E = 0.
But spin pairing in the singlet state has another consequence. Because Fermionic
wavefunctions gain a minus sign upon exchange, their two-particle wavefunction
always has to be anti-symmetric. And as the spin part of an s-wave Cooper pair
is anti-symmetric, the orbital part has to be symmetric, ψ(−k) = ψ(+k), to obey
the Pauli exclusion principle. The symmetry of the orbital part of the s-wave
pairing potential is fully isotropic, with a constant phase and is shown in figure
1.6 (a). This s-wave pairing symmetry has orbital angular momentum L = 0
and the similarity with the atomic s-orbital is the reason for the s-wave label of
conventional superconductivity.

Unconventional superconductors are all superconductors which do not comply
with the BCS microscopic theory for superconductivity. One example of uncon-
ventional superconductors is the group of high-temperature superconductors that
were discovered in the 1980s: the cuprates. These superconductors are super-
conducting up to unusually high temperatures (Tc ∼ 90-140K) which can not be
explained by BCS theory. Cuprates are understood to be d-wave superconductors,
with the Cooper pairs having anti-symmetric spin pairing and orbital angular
momentum L = 2, corresponding to the symmetric d-orbital shown in figure 1.6
(c) [38].

The orbital symmetry that is most interesting for our purposes is p-wave sym-
metry, which is shown in figure 1.6 (b). Induced by spin-orbit coupling, the spin
part of the two-particle pairing wavefunction in topological supercondcutors, pairs
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the spins in a triplet configuration: ↑↑, ↓↓ or ↑↓ + ↓↑. These are all symmetric
spin configurations with total spin angular momentum S = 1 and require an
anti-symmetric orbital part with L = 1. Of this symmetric orbital part, the π phase
difference between states moving in opposite directions is of great interest.

At the interface between a superconductor and a normal metal, an electron at
energy E = +∆, traveling towards the superconductor (transfering 1e of charge
towards the superconductor) and a hole at energy E = −∆, moving away from the
superconductor (also transfering 1e of charge towards the superconductor), can
continue into the superconductor as a Cooper pair with charge 2e. This process
of an electron effectively reflecting off the interface as a hole, is called Andreev
reflection. When the wavefunctions of the forward traveling electron and backward
traveling hole are fully orthogonal and differ by a phase of exactly π, they form an
Andreev bound state (consisting of an electron and a hole) that resides at E = 0.
This state is its own antiparticle and is known as a Majorana bound state.

In principle, this zero energy state forms at every superconductor-normal metal
interface, but even the weakest disorder causes hybridization of the Andreev
bound state brances and opens up a gap. But in topological superconductors, these
surface ABSs are topologically protected and are always present.

1.7 Outline

In Chapter 2 I discuss our study on the effect of external electric fields on the
electronic structure of the LaAlO3/SrTiO3 interface. Using Schrödinger-Poisson
modeling, we can accurately describe the experimental data from magnetotransport
measurements and we find that the band structure of the LaAlO3/SrTiO3 interface
is not fixed, as previously understood, but non-rigid and depending on electron-
electron (e-e) correlations. This improves our understanding of the band structure
at this complex oxide interface and is an important step towards full understanding
of the gate-tunability of the exotic effects at the LaAlO3/SrTiO3 interface.

Chapter 3 is dedicated to the study of magnetoresistance effects in topolog-
ical materials. We use the Boltzmann transport equation to study the different
magnetoresistance effects that can be expected from the Dirac cones in topolog-
ical materials. In addition, using a Drude multiband model and the analysis of
Shubnikov-de Haas quantum oscillations, we are able to fully unravel the elec-
tronic structure of Dirac semimetal Bi0.97Sb0.03. Both chapters 2 and 3 illustrate how
magnetoresistance can be used to characterize a material’s electronic properties.

A novel type of magnetoresistance, originating from the chiral magnetic effect
(CME) is studied in Chapter 4. I first elaborate on the physical properties of Dirac
semimetals and how the CME arises in these materials. After this introduction, we
see that the negative magnetoresistance which results from the CME, is observable
in Bi0.97Sb0.03 Hall bar structures through a straighforward magnetotransport
measurement. In addition, I present non-local measurement data from which
we find that chirally polarized charge has a significantly longer lifetime than
the regular Drude transport lifetime. The results of this chapter highlight the



1.7 Outline 12

topological nature of Bi0.97Sb0.03 and pave the way for the use of Bi0.97Sb0.03 as an
accidental 3D DSM in topological devices.

In Chapter 5, we study proximity induced superconductivity in DSM Bi0.97Sb0.03.
Using superconducting (SC) Nb leads, a region of Bi0.97Sb0.03 flake is proximized,
creating a SC-DSM/DSM/SC-DSM Josephson junction. Through the inverse AC
Josephson effect, we measure an unusually high fraction of 4π-periodic Andreev
bound states, which is the signature of the presence of a Majorana bound state at
E = 0. We proceed by discussing the observability of Majorana bound states at
finite temperature and use the unusual response of the junction to magnetic fields
to confirm that the supercurrent is carried by the 3D Dirac cones. With this result,
we show that topological superconductivity with 4π-periodic Andreev bound
states can be induced in Dirac semimetals, opening a new route towards quantum
computation with topological qubits.

In Chapter 6 we study PdTe2, a material that has the potential to host intrinsic
topological superconductivity. I present experimental data on SC/(I)/N side-
junctions with varying barrier thickness and for comparison, I model the effect of
the possible different order parameters through the Blonder, Tinkham and Klapwijk
(BTK) formalism. While the low-resistance devices result in conductance spectra
that look like p-wave topological superconductivity, we use a BTK + Ic (critical
current) model to show that all these spectra can be explained by conventional
s-wave pairing and critical current effects at the interface. Even though one device
shows a small, anomalous zero energy feature at very low temperatures, it is clear
that the superconductivity in PdTe2 is dominated by conventional s-wave pairing.

Chapter 7 consists of overall conclusions regarding the work in this thesis and
their possible consequences. As an ending, I reflect on recurring themes in this
work and discuss their relevance to the future development of topological quantum
computers and condenced matter physics in general.



2
Gate-tunable multiband
magnetoresistance at the
LaAlO3/SrTiO3 interface

The two-dimensional electron system at the interface between the insu-

lating perovskites LaAlO3 and SrTiO3 is formed by the accumulation

of t2g electrons. The occupation of the different t2g orbitals causes an

interplay between electrons of different electrical mobilities, leading to

changes in the magnetoresistance. In this chapter, the magnetoresis-

tance induced by adding charge carriers through a top-gate is explained

using Schrödinger-Poisson modelling, highlighting the importance of

electron-electron interactions.

This chapter is the result of a close collaboration with Sander Smink and is published as: Smink, de Boer
et al.. Gate-Tunable Band Structure of the LaAlO3/SrTiO3 Interface. Phys. Rev. Lett. 118, 106401 (2017).
My contribution to this work has been (besides moral support during long measurement sessions)
magnetotransport data analysis and the development of a self-consistent Schrödinger-Poisson solver to
describe the non-rigid band structure.
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2.1 The LaAlO3/SrTiO3 system

The two-dimensional electron system (2DES) at the interface between the band
insulators LaAlO3 and SrTiO3 displays many intriguing phenomena, which may
one day be used for novel electronic devices [7, 39–42]. The discovery of supercon-
ductivity [11], magnetic signatures [8–10, 43], and their apparent coexistence [44]
sparked growing interest in this material system. These properties can be tuned
by varying parameters during growth [8, 41], as well as by an externally applied
electric field after growth [15]. Using this field effect, control of superconductivity
[12, 14, 16, 17, 45], of spin-momentum locking [13, 14, 46, 47] and of carrier mobility
[48, 49] has been reported. Progress on local control of superconductivity [17]
opened a route towards electrically controlled oxide Josephson junctions [50, 51],
providing new opportunities for superconducting electronic devices. Because these
phenomena are related to the interfacial band structure, a fundamental under-
standing of the band structure is vital for the understanding of these phenomena
and their exploitation in electronic devices.

(b)(a)

Ti 3d

eg

t2g

~2 eV

dxy dxz dyz

dx2-y2 d3z2-r2

E 
- E

C (
m

eV
)

k// (nm-1)

Figure 2.1: Electronic structure of bulk SrTiO3.
(a) 3d orbitals of the Ti atom. Crystal field splitting lifts the eg orbitals, dx2-y2 and d

3z2-r2 ,
up in energy by ∼ 2 eV. Hence, the t2g orbitals (dxy, dxz, dyz) form the conduction band
bottom. (b) Band dispersion at the conduction band bottom; the left-hand (right-hand) side
depicts the dispersion along ky (kx).

The interface band structure at the LaAlO3/SrTiO3 interface is originating from
the conduction band of SrTiO3, which is bent down at the interface and crosses the
Fermi level [52]. The origin of this band bending is still an open question [18–20],
but its presence creates a potential well, confining the charge carriers to a few
nanometers in the out-of-plane direction [53–56]. As crystal field splitting lifts
the eg energy levels by ∼ 2 eV, the effective band structure is formed by the Ti
t2g orbitals. In bare SrTiO3, the dxy orbital has a slightly higher energy than the
dxz,yz orbitals (∼ 3 meV) due to tetragonal distortion. The resulting band structure
for the surface of SrTiO3 is depicted in figure 2.1. For LaAlO3/SrTiO3 interfaces
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grown along the [001] direction, the in-plane oriented dxy bands usually have a
lower energy than the out-of-plane oriented dxz,yz bands due to the strong effect
of confinement on the latter, as measured using x-ray absorption [57]. As we will
see later, this relation between confinement energies and band order is not a trivial
one, but requires thorough modelling of the system.

2.2 Experimental data and analysis

Interestingly, the oxide top layer of the system, LaAlO3, functions as a proper
gate dielectric. Using a metallic gate contact on top of the LaAlO3, one can
apply an electric field over the insulating LaAlO3 layer, attracting electrons to
(or repelling electrons from, depending on the sign of the top-gate voltage VTG)
the LaAlO3/SrTiO3 interface. Figures 2.2 (a) and (b) show an optical microscopic
top-view and schematic side-view of such a top-gated LaAlO3/SrTiO3 system.
Though not visible in the optical image, the top gate electrode covers a channel of
the 2DES, which connects the metallic current source and drain contacts (I+ and
I−) of a Hall bar device.

(a)

(b)

(c)

(d)

Au topgate

AlOx hard mask

Crystalline LaAlO3

SrTiO3 substrate

Quasi-two-dimensional electron system

Vxx

VTG
Iex

B
Vxy

|I
TG

| 
(n

A
)

ρ x
x (
Ω
)

VTG (V)

Figure 2.2: Top-gated LaAlO3/SrTiO3 Hall bar structure.
(a) Annotated optical image of the Hall bar measurement setup. (b) Schematic of the
capped LaAlO3/SrTiO3 system with top-gate electrode. (c) Effect of the top-gate voltage
VTG on the device resistance ρxx. (d) Leakage current as a function of top gate voltage VTG.
The shaded areas mark top-gate voltages where the leakage current becomes too high, or
causes breakdown (see text).
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For this specific device, the LaAlO3 layer is capped with 1 unit cell of SrCuO2
and 2 unit cells. of SrTiO3 before sputter deposition of the 30 nm Au gate electrode.
The effect of the capping layer is to suppress the formation of oxygen vacancies
[58], while the dielectric properties of the total film remain. Figure 2.2 (d) shows
the leakage current through the top-gate as a function on gate voltage VTG. The
left shaded area marks the region where the leakage current reaches 1% of the
measurement current and the right shaded area indicates the onset of dielectric
breakdown, i.e. the upturn of IG at VTG = 1.7 V, where the corresponding electric
field is & 3.5 MV cm−1. The voltage range used for electronic transport measure-
ments is -0.5 V > VTG > 1.7 V and the nonlinear evolution of the device resistance
ρxx with gate voltage VTG is shown in figure 2.2 (c).

To shed light on the origin of this unusual gate dependence of the resistivity,
magnetoresistance measurements were performed in 100 mV gate voltage steps.
The results are depicted in figures 2.3 (a)-(c). Besides low-field signatures of weak
antilocalization [13], we observe the characteristic features attributed to a Lifshitz
transition in the band structure of the LaAlO3/SrTiO3 interface [59]: the emerging
positive magnetoresistance, nonlinear Hall signal and an upturn of the low-field
Hall slope. However, the characteristic changes all occur at different gate voltages.

To extract the carrier density as a function of gate voltage, we inverted the 2D
resistivity matrix and obtain the conductivity in longitudinal (σxx) and transverse
(σxy) direction as a function of magnetic field, plotted in figures 2.3 (d)-(e). For
every top-gate voltage, a two-band Drude model was used to fit these curves
simultaneously:

σxx = e ∑
i=1,2

niµi
1 + (µiB)2 σxy = eB ∑

i=1,2

niµ
2
i

1 + (µiB)2 , (2.1)

where ni is the carrier density and µi the mobility of the ith band and B = µ0H
is the perpendicular component of the magnetic field. While for conduction by a
single carrier type (in terms of effective mass and scattering time) these relations
would result in a magnetic field-independent ρxx and linear ρxy, tensor inversion
of conduction by multiple carrier types results in non-linear behavior of ρxx and
ρxy. The latter corresponds to what we observe experimentally. For fitting through
the Lifshitz transition, we assume continuity of n1 and n2. This corresponds
to requiring the Fermi surface area to be continuous as a function of chemical
potential. This condition can be met by assuming a lower limit for the mobility
of the second band, µ2, just above the transition. This avoids n2 to diverge as the
Lifshitz transition is approached from high gate voltages downwards. Figures 2.4
(a) and (b) present the extracted carrier densities and corresponding mobilities as
function of top-gate voltage, respectively.

Compared to previous studies on topgating of the interface [17, 47, 49, 60], we
can tune the carrier density to much higher values owing to the low gate leakage
current. In the range that overlaps with the tuning range of these previous studies,
i.e. n2D ≤ 2.5× 1013 cm−2, the resistance decreases with increasing carrier density.
In the extended range, we observe most notably the emergence of a second mobile
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Figure 2.3: Top-gate tuning of magnetotransport.
Displayed curves are (anti-)symmetrized raw data. T = 2 K. (a) Magnetoresistance (MR =

[ρxx(B)/ρxx(0)− 1]× 100) versus magnetic field, B, becoming positive for VTG ≥ +0.3 V.
The legend applies to all graphs. (b) Hall resistance, ρxy, versus field showing an emerging
slight nonlinearity around VTG ∼+1.2 V. The inset shows the zero-field slope, with an
upturn above VTG = +1.3 V. (c) Hall coefficient, −ρxy/B, versus field; the nonlinearity in the
Hall resistance is more visible as the signal starts turning downwards with field for higher
gate voltages. (d) Longitudinal and (e) Hall conductivity used for fitting the two-band
model described in the text.

carrier type around a carrier density of (2.9± 0.1)× 1013 cm−2. We interpret this
as the Lifshitz density nL of this LaAlO3/SrTiO3 sample. In the following, as only
dxy states are available below nL, we consider the experimentally found n1 to be
of dxy character and n2 to represent the dxz,yz states. Since this Lifshitz density is
almost twice the value of reference [59], the energy offset between the dxy and
dxz,yz bands is evidently larger. This means that the effective band structure in the
two cases must differ.

Moreover, we observe a decrease of dxy carrier density with increasing gate
voltage above the Lifshitz transition. Such a decrease is incompatible with a model
requiring a fixed electronic band structure, as raising the Fermi energy should
always increase the number of available conduction states up to the point where
the band is full. This is not the case here. Instead, it appears that the carriers
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єr

Figure 2.4: Top-gate tuning of transport properties.
(a) Carrier density versus top-gate voltage and T = 2 K, specified per carrier type by the
two-band fitting model described in the text. Red symbols denote n1, blue represents n2 and
black is the sum of the two contributions, n2D = n1 + n2. The black dashed line indicates
the Lifshitz carrier density. The red dashed line is the slope of the carrier density calculated
from a parallel-plate capacitor model with ε = 24 and d = 5 nm. (b) Corresponding values
for the carrier mobility, showing large error bars around the Lifshitz transition at VTG =

+0.5 V. The magnitude of these errors correlates with the ratio of conductivity between
band 1 and band 2.

redistribute to the dxz,yz bands. This indicates that the effective band structure is
not fixed, but evolves with gate voltage. In the following section, we reproduce
this effect by means of self-consistent, one-dimensional (1D) Schrödinger-Poisson
calculations [61].

2.3 The self-consistent 1D Schrödinger-Poisson solver

The potential landscape at the LaAlO3/SrTiO3 interface (here denoted as φ(z),
with z the depth into the SrTiO3 relative to the interface), is a direct consequence
of the dielectric constant of SrTiO3 and the charge distribution, ρ(z), as described
by Poisson’s equation. Considering that through the Schrödinger equation this
charge distribution depends on the band character and its sensitivity to the shape
of the potential well, it becomes clear that modelling of the potential well requires
this process to be solved self-consistently.

In integral form, Poisson’s equation reads:

φ(z) = −
∫ ∫

ρ(z)dz
ε0εr(E)

dz, (2.2)

where E is the electric-field, ε0 the permittivity of free space and εr(E) the relative,
material specific permittivity. The latter is in principle z-independent, but gains
z-dependence through its dependence on the electric field, E(z), which varies
strongly with distance z from the interface. From equation 2.2 it is clear that the
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Figure 2.5: Permittivity of quantum paraelectric SrTiO3.
Overview of empirical models [56, 62, 63] for the electric-field dependence of εr at T = 4.2
K. At low fields, the different models all collapse onto a single curve, but for high electric
fields they differ an order of magnitude.

permittivity of SrTiO3 plays an important role in the formation of the potential
landscape. In figure 2.5 three different emperical models for the electric-field
dependence of εr(E) are shown [56, 62, 63]. Despite the varying magnitudes of εr
at high fields, the global electric-field dependence is the same for all models. Since
E = −∇φ(z), φ(z) (implicitly) occurs at both left and right sides of equation 2.2
and solutions have to be found through multiple iterations.

If one assumes an initial trial charge distribution, a potential landscape φ(z) can
be found from equation 2.2 and used to solve the Schrödinger equation:

[
− h̄

2m∗
− e φ(z)

]
ψi(z) = Ei ψi(z). (2.3)

Here, m∗ is the charge carrier effective mass and Ei and ψi(z) the energies and
wavefunctions of the ith subband. For the Schrödinger-Poisson calculations, we
follow the methods of references [63] and [64] and use the effective mass and
envelope wave function approximations. To incorporate the orbital orientation, the
effective masses are taken as low along the orbital lobes and as high perpendicular
to them. So, for the dxy orbital, m∗ = ml in the x and y directions and m∗ = mh in
the z direction. The effective masses are here taken as ml = 0.7 me and mh = 14 me
[64, 65]. Note that this effective mass anisotropy lifts the bulk degeneracy of the
bands in a confined system [57].

Furthermore, we assume that the potential well is formed by the mobile carriers
nm = n0 + nTG, and a fixed background charge nBG spread homogeneously across
a thickness of 100 nm. Here, nBG originates from defect levels deep in the STO gap
and is therefore independent of the gate voltage, so that a gate voltage only tunes
nTG. In each iteration step, we evaluate the electric-field dependent permittivity εr
of SrTiO3, using the dependence formulated in reference [63] with ε∞ = 6 [62]. We
note that using different functions for εr(E) [56, 62], or different effective masses
[66, 67], does not affect the qualitative results, but only affecs the quantitative
outcomes.
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Figure 2.6: Schematic for self-consistent Schrödinger-Poisson calculations.
The Schrödinger and Poisson parts of the calculation are shaded red and yellow, respec-
tively. Input parameters and initial guesses for solutions are depicted in green. Connecting
arrows indicate a numeric coupling of quantities, which are evaluated by the formulas
inside the blocks.

Figure 2.6 presents a schematic overview of the Schrödinger-Poisson frame-
work as described in the above. We already discussed the influence of the input
parameters nm, nBG and the choice of εr(E) function. The other inputs are the
trial wave function, trial fixed charge en trial permittivity, which (for reasonable
initial guesses) we found to not influence the outcome of the solver. Later, we will
discuss the e-e interaction term at the top left of the schematic. Convergence of the
solver is defined as a stabilization of the potential landscape output. To stabilize
the solver and accelerate convergence, the over-relaxation method is used. Here,
the distribution function of the last iteration is linearly combined with the newly
found one.
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Fixed

Figure 2.7: Results of a self-consistent Schrödinger-Poisson calculation.
(a) Out-of-plane potential well, V(z) (V(∞) = 0), and bound states in the well |ψ|2 with
different orbital character as indicated in panel (b). The Fermi level is indicated by the
dashed line. (b) In-plane parabolic band dispersions corresponding to the bound states in
panel (a). (c) One-dimensional charge distribution away from the interface, corresponding
to the states depicted in (a). Calculation parameters are described in the text.
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Figure 2.8: Gate dependence of q-2DES parameters obtained by Schrödinger-Poisson cal-
culations.
Carrier densities obtained from two-band fits on experimental data (open circles) plotted
together with the results of the Schrödinger-Poisson model as described in section 2.3
(black dots, connected by solid lines).
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In figures 2.7 (a)-(c) we show typical outputs of the Schrödinger-Poisson solver
after convergence. Panel (a) illustrates how the distribution functions of the dxy and
dxz,yz (sub)bands arrange in the potential well formed by their own electric charge.
The lower energies of the states corresponding to the dxy orbitals, causes the order
of the dxy and dxz,yz bands in LaAlO3/SrTiO3 (figure 2.7 (b)) to be different from
that in bare SrTiO3, which was presented in figure 2.1 (b). The charge distributions
which - through complex interplay with the εr(E) function - lead to the potential
well of panel (a), are shown in figure 2.1 (c).

We vary nm and nBG to study the occupancy of the dxy and dxz,yz states. Impor-
tantly, a change in nBG influences the Lifshitz density as this alters the shape of
the potential well. By choosing nBG = 8.3× 1018 cm−3, the calculations reproduce
the experimentally found Lifshitz density. The results of the Schrödinger-Poisson
model are given by the black dots connected by solid lines in figure 2.8 and do not
reproduce the experimentally observed decrease of n1 (open circles). So, although
the experimental data at low carrier densities can be accurately followed by the
Schrödinger-Poisson model, the experimental data at high carrier densities can
not. It is clear that the redistribution of carriers to the dxz,yz bands can not be
explained by interaction of the potential well and the band structure alone, but
has to be mediated by an effect not yet included in the calculations.

2.4 The effect of e-e interactions

As recently reported by Maniv et al. [68], electronic correlations can mediate a
redistribution of carriers over bands coming from different orbitals. We model
these correlations as repulsive electron-electron interactions, with an interaction
term Ei

int = ∑n
j=1 U

(
1− δij/2

)
Nj, for each band i. Here, Nj is the 2D electron

density per unit cell of band j, δij is the Kronecker-delta, and U is the phenomeno-
logical screened Coulomb interaction strength between bands, which we take
equal for all bands for simplicity. The Kronecker-delta term is included to avoid
electrons from experiencing Coulomb repulsion by their own electric field. We
include the interaction term in the self-consistent band occupancy calculation in
the Schrödinger-Poisson model, as an occupation-dependent offset to the eigenen-
ergies.

The resulting evolution of the band structure with increasing carrier density is
highly nonlinear. As shown in figure 2.9 (a)-(b), until n = nL the bands linearly shift
below the Fermi level, albeit at different rates for bands with different effective
masses. For n > nL (figure 2.9 (c)), the dxy and dxz,yz (sub)bands experience
different Coulomb forces from each other as their occupation numbers are different.
The evolution of this occupation number per band with total carrier density
depends on their respective density of states (DOS). The net effect of this electron-
electron interaction is to shift bands with low DOS up in energy with respect to
the bands with high DOS, once the latter are occupied. Using U = 1.65 eV and
nb = 6.9× 1018 cm−3, the evolution of n1 and n2 is calculated as the solid lines in
figure 2.10, closely resembling the experimental data.
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Figure 2.9: The effect of e-e interactions.
Calculated band structures for (a) ntot � nL, (b) ntot = nL, and (c) ntot � nL. The horizontal
dashed line represents the Fermi energy and the color legend in (a) applies to all panels.
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Figure 2.10: Gate dependence of q-2DES parameters obtained by Schrödinger-Poisson
calculations with e-e interactions included.
Carrier densities obtained from two-band fits on experimental data (open circles) plotted
together with the results of the Schrödinger-Poisson model with e-e effects (black dots,
connected by solid lines). Here, the Coulomb repulsion term U = 1.65 eV.
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According to reference [64], the chemical potential µ decreases with increas-
ing gate voltages under specific conditions. This would lead to electronic phase
separation. However, phase separation alone is not enough to explain the ob-
served decrease of n1 with gating. Without electron-electron interaction, even in
the high-density puddles, the dxy density would never become smaller than the
dxz,yz density, as follows from figure 2.8.

2.5 Conclusions

In this chapter, we studied the magnetoresistance of the LaAlO3/SrTiO3 interface,
originating from the presence of multiple carrier types. The information extracted
through fits with a multiband magnetoresistance model, proved extremely useful
in the study of the complex LaAlO3/SrTiO3 electronic structure.

Modeling the system by a Schrödinger-Poisson solver showed that the interplay
between (external) electric fields and the band structure in the LaAlO3/SrTiO3
system, occurs through a complex dielectric function and is far from trivial.
Nevertheless, it is shown that the description of the system by the Schrödinger-
Poisson solver itself is insufficient to describe the experimentally observed decrease
of dxy-type carrier density with increasing gate voltage. Going beyond the single-
electron description, we showed that the inclusion of e-e Coulomb interactions
in the model is vital to describe the experimental observations. The net effect
of the e-e interactions is to redistribute the carriers over bands originating from
different orbitals. Therefore, the relative band offsets of the Ti t2g bands and the
carrier density of the Lifshitz transition, associated with the occupation of bands
of dxz,yz orbitals, should not be considered fixed, but rather as evolving with the
shape of the potential well. This improved understanding of the band structure at
complex oxide interfaces is an important step in the direction of a framework that
explains the unusual gate-dependence of carrier mobility, spin-orbit coupling and
superconductivity in these systems.



3
Characterization of topological
materials through
magnetoresistance

The class of topological materials is still relatively young and new materi-

als that are predicted to host topological physics pop up at high frequency.

Unfortunately, the electronic structure of these materials is usually much

more complicated than the theoretical models that predicted the material

to be topological. To find out how to harness the topological properties,

the electronic structure needs to be unraveled. In this chapter, we gain

insight in this matter through magnetoresistance experiments.
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3.1 Introduction to topological Bi-compounds

Bismuth itself has been recognized as a very interesting material since the 1700s
[69]. Later, in 1928, the extraordinarily large magnetoresistance, originating from
the bulk electrons and holes, was noticed [70] and the bulk electrons regained
interest in the sixties, because of their quasi-linear dispersion around the L point,
induced by interband coupling. Although the band gap is not fully closed, this
region can generally be described by the relativistic Dirac equation in three dimen-
sions, with the inclusion of a small gap [71]. Upon replacing more than 3% of the
Bi atoms by Sb, spin-orbit coupling closes the gap and drives the material into the
topological phase, with inverted bands at the L point [72]. Exactly at the inversion
point, the dispersion of the bulk at the L-point is fully linear and is known as a 3D
Dirac semimetal stemming from an accidental band touching [24]. At about a Sb
concentration of about 8%, the hole pocket at the T point is depleted, and the bulk
becomes completely insulating, leaving only topological surface states to cross the
Fermi level. While Bi0.92Sb0.08 was the first discovered 3D topological insulator
[26, 73], more popular Bi-based TIs such as Bi2Te3 and Bi2Se3 were predicted and
confirmed later [22]. The latter two materials, just as the different BiSbTeSe alloys
that were designed later [74–76], exhibit band inversion and resulting surface Dirac
cones at the Γ point, rather than the L point.

Close to the Dirac points, topological Bi compounds can be described using
the model Hamiltonian for topological insulators as developed by Liu et al. [77].
Assuming isotropic Fermi velocity and taking the gap size m→ 0, the linearized
Hamiltonian for a gapless system can be written as

HLiu = h̄vFσx(sxky − sykx) + h̄vFσys0kz, (3.1)

where vF is the Fermi velocity and σ and s are the Pauli matrices which denote the
orbital and spin degrees of freedom, respectively. This Hamiltonian can be used
to study the effects of the topological nature on the response to applied electric
and magnetic fields. Depending on the microscopic details of the system, or the
details of the effect to be studied, one may apply unitary transformations to the
Hamiltonian. This can sometimes make mathematical operations easier to follow,
while the physical properties of the Hamiltonian are conserved.

Teo et al. [78] described the Dirac physics around a single L-point in Bi0.97Sb0.03
in great detail using a modified form of this Hamiltonian, which can be obtained
through the unitary transformation HTFK = U†

RHLiuUR with UR = (s0− isx − isy−
isz)/2 (a −2π/3 rotation along the [111]-axis in spin space) and taking vx → −vx:

HTFK = h̄vFσx(sxkx + szky) + h̄vFσys0 kz. (3.2)

The corresponding dispersion relation is straightforward to find and reads E(k) =
±h̄vF|k|, where ± indicates the conduction and valence band sides of the Dirac
cone. Like a Dirac cone, this dispersion is clearly linear in |k|, but to pinpoint
the topological nature we need to find the topological invariant (the property
that distinguishes Dirac semimetals from topologically trivial materials) which is
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hidden inside the wavefunction. The spinor part of the two wavefunctions for the
conduction band side of the Dirac cone (EC,± = +h̄vF|k|) can be written as

ψC,+(k) =
1√
2

[
cos ϕ/2,−eiθ sin ϕ/2, eiθ sin ϕ/2, cos ϕ/2

]T

ψC,−(k) =
1√
2

[
sin ϕ/2, eiθ cos ϕ/2, eiθ cos ϕ/2,− sin ϕ/2

]T .
(3.3)

Here, we switched to a spherical coordinate system with θ the aximuthal angle in
the kx,y-plane, with kx = k cos θ and ϕ the polar angle angle measured from the
kz-axis. Note that both wavefunctions describe the conduction band side of the
Dirac cone and that ± now indicates the helicities of the two wavefunctions. These
wavefunctions describe the two degenerate Weyl cones that make up a single Dirac
cone.

To find the topological properties of these Weyl cones, we first need to find
the Berry connection A = i〈ψ(k)|∇kψ(k)〉. Because in spherical coordinates ∇k =
∂
∂k k̂ + 1

k
∂

∂ϕ ϕ̂ + 1
k sin ϕ

∂
∂θ θ̂, we get

A± = ± sin φ/2
2k cos φ/2

θ̂. (3.4)

The Berry connection can be seen as analogous to the magnetic vector potential
and its curl results in another physical quantity, the Berry curvature,

Ω± = ∇× A± =
1

k sin ϕ

∂

∂ϕ
(A± sin ϕ)k̂ = ± k

2k3 . (3.5)

This Berry curvature can be seen as a magnetic field in k-space and indicates the
monopole character of the node. The flux coming from each node gives us, once
normalized by 2π, the “chirality” or “Chern number” of the node:

χ± =
1

2π

∫ 2π

0

∫ π

0
Ω± k2 sin ϕ dϕ dθ = ±1. (3.6)

This nonzero Chern number is the topological invariant that makes a system
described by ψTFK different from its trivial surroundings. We also see that the two
different Weyl cones have opposite chiralities, which we come back to in chapter 4.
Note that the unitary transformation UR can be used to transform ψTFK into ψLiu,
so that the topological properties of HLiu are the same as those found for HTFK.
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3.2 Magnetoresistance in 3D Dirac semimetal Bi0.97Sb0.03

The electronic structure of bismuth-antimony alloys has been thoroughly studied
in the 1960s and 70s and later regained attention when Bi1−xSbx was discovered
to be a topological material [26]. This DSM is labeled as accidental because there
are no symmetries in this system that ensure the presence of Dirac cones, the
conduction and valence band just happen to touch at a specific Sb concentration
[24, 25]. Bi0.97Sb0.03 belongs to the point group D3D and contains three 3D Dirac
cones, separated by 120◦, following the 3-fold rotation symmetry, shown as blue
electron pockets in figure 3.1.

While the model Hamiltonians from the previous section accurately describe the
topological properties of the material, the actual electronic structure of Bi0.97Sb0.03
is much more complicated. Since the model Hamiltonians only describe the physics
close to the Dirac point, it is of vital importance that the Fermi energy in Bi0.97Sb0.03
is not too far away from the Dirac point. Another issue is that the Dirac cones in
Bi0.97Sb0.03 are not the only pockets in the Brillouin zone, but are accompanied by a
larger trivial hole pocket at the T-point. In addition, the surface of Bi0.97Sb0.03 hosts
multiple surface states with relatively high carrier densities, as we shall see later
in this chapter. Alltogether, we could say that the electrons from the topological
pockets in Bi0.97Sb0.03 are heavily obscured by other - trivial - states. Bi0.97Sb0.03 is
not alone in this respect as for other Bi-based topological materials it is also difficult
to map model Hamiltonians to the experimental data. For Bi-based topological
materials it requires careful study to find information about the topological states
and in the remainder of this chapter we will do just that.1

3.2.1 Crystal growth and ARPES

Bi0.97Sb0.03 single crystals are grown using a modified Bridgman method2. High-
purity Bi ingots (99.999%) and Sb ingots (99.9999%) were packed in a cone-shaped
quartz tube and sealed under vacuum (4× 10−7 mbar). The tube was first put in a
box furnace and heated up to 600 ◦C for 12 hours. The tube was shaken several
times in order to obtain a homogeneous mixture of Bi and Sb. Then the tube was
quickly cooled to room temperature and hung vertically in a mirror furnace for
crystal growth. The tube was heated to 300-400 ◦C, starting from the cone-shaped
bottom, and the molten zone was translated up with a rate of 1 mm/hour. Flat
crystals up to 1 cm in length were obtained by cleaving the crystal boule.

To get an idea of what the band structure of these crystals looks like, Angle
Resolved Photoemission Spectroscopy (ARPES) measurements were carried out at
the I05 beamline of Diamond Light Source Ltd.. Crystals of Bi1−xSbx (x = 0.03 and
0.04) were cleaved in ultrahigh vacuum at a temperature of 30 K, and the ARPES

1 This section has been published as a part of: Chuan Li, de Boer et al.. 4π-periodic Andreev bound states
in a Dirac semimetal. Nat. Mater. 17, 875-880 (2018). I have been involved in all aspects of the work
described in this section.

2 Growth of the Bi0.97Sb0.03 single crystals was performed by Yingkai Huang from the University of
Amsterdam and the ARPES experiments were carried out by Shyama V. Ramankutty, Erik van Heumen
and Mark S. Golden, also from the University of Amsterdam.
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Figure 3.1: The Bi0.97Sb0.03 electronic structure.
Schematic of the bulk Fermi surfaces of Bi0.97Sb0.03. Three electron pockets (blue) and one
hole pocket (red) are located at the L and T points of the bulk Brillouin zone, respectively.
The projection onto the surface Brillouin zone is also shown, including illustrative ARPES
data from the [111] cleavage surface, taken from figure 3.2.

data were recorded at a temperature of 10 K in the low 10−10 mbar pressure range,
with an overall energy resolution of 15 meV and k resolution of 0.015 Å−1. The
ARPES data from x = 0.03 and x = 0.04 crystals were very similar, both showing
three features: an electron pocket e1 around Γ̄; a hole pocket ’petal’ h1 and a second
electron pocket petal e2, as expected theoretically [78]. h1 and e2 are located on a
line between Γ̄ and M̄.

The surface state features were the sharpest and clearest for the x = 0.04 data,
and thus these were used for the quantification of the Fermi wavenumber(kF)
values of each of the three features. Figure 3.2 shows a comparison of the Fermi
surface map from the x = 0.03 (left) and x = 0.04 (right) samples. It is evident
that the Fermi surfaces of the surface states do not differ within the experimental
uncertainty. Figure 3.2 shows the principle k-space cuts used to assess the area of
the 2D Fermi surfaces of the surface state features e1, h1, and e2. Table 3.1 contains
the kF values for the long and short axes of each of the surface state charge carrier
pockets, derived from the cuts through the ARPES data as shown in figure 3.2.
These are used for the simulation of the magnetoresistance data, whereby each
Fermi surface contributes a 2D carrier density given by n2D = kF1kF2/4π per spin
direction. The degeneracy per pocket is indicated in table 3.1 as well.



3.2 Magnetoresistance in 3D Dirac semimetal Bi0.97Sb0.03 30

Figure 3.2: ARPES data from [111] cleavage surfaces of Bi1−xSbx.
(a) Comparison of Fermi surface maps for the two dopings, recorded with 60 eV photons
at 10 K. (b) Principle k-cuts on x = 0.04 samples, from which the areas of the surfaces
state Fermi surfaces were determined. For cut 1, along the Γ̄M̄ direction, the kF values are
indicated.

Table 3.1: Estimation of the size of the surface state electron pocket (e1) at Γ̄ and the hole
pockets (h1) and electron pocket (e2) along Γ̄− M̄. The last column represents the
degeneracy in terms of spin, the number of pockets in the Brillouin zone and the
two surfaces.

pocket 2kF1 2kF2 n2D spin × pocket
(108 m−1) (108 m−1) (1016 m−2) × surface

e1 8.8 8.8 1.5 1× 1× 2
h1 3.6 21.0 1.5 1× 6× 2
e2 3.8 22.0 1.7 1× 6× 2
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3.2.2 Device fabrication and experimental methods

To characterize the electronic structure of Bi0.97Sb0.03, electronic transport experi-
ments were performed and analyzed. Small, single-crystal flakes were obtained
from the cm-sized crystals through mechanical exfoliation onto a SiO2/Si++ sub-
strate. These flakes are typically only a few micron large and about 300 nm thick.
Through a standard photolithograpy proces, a mask was structured into 2 current
leads and 4 voltage probes in Hall-bar configuration. After deposition of a thin, Ti
adhesion layer, 80 nm thick Au contacts were deposited. After liftoff, the devices
are wirebonded and transfered to a cryostat. The presented magnetoresistance
measurements were performed at 2 K in a He-4 flow cryostat and at temperatures
down to 15 mK in a dilution refrigerator. Finally, the response to a low frequency,
AC excitation current was measured using a lock-in amplifier in varying magnetic
fields to obtain the magnetotransport data.

3.2.3 Shubnikov-de Haas analysis

Figure 3.3 shows the (anti-)symmetrized data of a typical magnetoresistance
measurement result. Most prominent in the figure is the nonlinearity of the Hall
signal, which we observed for all our flakes. Another noticable feature is the
presence of Shubnikov-de Haas oscillations, both in Rxx and Rxy, which is very
common for Bi-based materials.

Landau levels are quantized energies due to the orbital magnetic field interaction,
which drives the electrons into harmonic oscillators, oscillating at multiples of the
characteristic cyclotron frequency ωc = eB/mc, where mc is the effective cyclotron
mass. Shubnikov-de Haas oscillations arise when Landau levels are shifted in
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Figure 3.3: Typical magneto-transport data.
Symmetrized longitudinal magnetoresistance Rxx , shown in black, and Hall resistance Rxy,
shown in blue, measured on Bi0.97Sb0.03 single crystal flakes in Hall bar configuration.
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energy by the magnetic field and pushed above the Fermi energy. Every time such
a Landau level is close to depletion, more states are available for scattering at the
Fermi energy, and as a consequence, the conductivity is lowered. The resulting
oscillating behavior of the resistivity with 1/B can be used to extract information
about the electronic structure of the system. The cyclotron frequency tells us about
the circumference of the orbit perpendicular to the magnetic field direction and
can be used to determine the shape of the electron or hole pockets. The decay of
the oscillation strength with increased temperature indicates how the cyclotron
energy compares to the thermal energy and the decay of the oscillation strength
with decreasing magnetic field depends on the amount of times an electron can
oscillate before it scatters and loses its phase information.

To extract the Shubnikov-de Haas oscillations from the magnetoresistance mea-
surements, a background was subtracted from the data. Because the magnetoresis-
tance curves have a rather complex form, we resorted to using heavily smoothed
versions of the data. Figure 3.4 shows the result of such a background subtraction
for different temperatures, from which we find an oscillation frequency of F⊥ = 5.1
T. The method we used for background subtraction becomes inaccurate for higher
fields, so the amplitudes of the lowest Landau levels (those left of the dashed line
in figure 3.4) were excluded from further analysis.

The period of the Shubnikov-de Haas oscillations varies with the angle between
the magnetic field and the current. An example of this angle dependence is shown
in figure 3.5. The angle dependence of the oscillation frequency fits to that of
an ellipsoidal Fermi surface, with an anisotropy factor of 3 and the long axis
parallel to the c-axis of the crystal. This corresponds to the bulk hole pocket,
which is located at the T-point (see figure 3.1). From nh

b = 8π
3 3
√

2eF⊥/h̄3/(2π)3,
we then find a bulk hole carrier density of nh

b = 1.5× 1023 m−3. Considering a
flake thickness of 300 nm, we find a sheet carrier density of nh

b = 4.5× 1016 m−2.
The amplitude of the Shubnikov-de Haas oscillations scales with magnetic field

and temperature as described by the Lifshitz-Kosevich formula

∆Rxx ∝ A0
2π2kBT/En

sinh(2π2kBT/En)
exp

(
−πh̄/Enτq

)
, (3.7)

where the cyclotron energy En = h̄eB/m∗, A0 the amplitude, kBT the thermal
energy and τq the quantum scattering time. We fitted the temperature and magnetic
field dependences separately by keeping the other variable fixed. Figure 3.6 shows
the dependence of the ∆Rxx amplitudes on temperature, for six fixed magnetic
fields, corresponding to either integer or half integer Landau levels. From a
global fit on all six datasets at once, we found the cyclotron mass of the bulk
holes to be mh ≈ 0.061 m0. To find the quantum scattering time, τq, we used the
cyclotron mass and fitted the magnetic field dependence of the amplitude for
constant temperature, see figure 3.7. Finally, a global fit on all six datasets at once
yields τq ≈ 4.32× 10−13 s. If we take the cyclotron mass of the bulk holes to be
mh = (m∗xm∗ym∗z )1/3 (with an anisotropy factor of 3), we find m∗x ≈ 0.042m0, which
indicates a hole mobility of µh ≈ 1.76 m2/V s.
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Figure 3.4: Temperature dependence of Shubnikov-de Haas oscillations.
Oscillations in Rxx, after background subtraction, for different temperatures. The data on
the left of the dashed line are not taken into account for analysis, because of the more
complicated background subtraction in this range.
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Figure 3.5: Angle dependence of the Shubnikov-de Haas frequency.

For different angles between the magnetic and the electric field, the Shubnikov-de Haas
frequencies are plotted. The angle dependence of the frequencies fits to an ellipsoidal Fermi
surface with an anisotropy factor 3.



3.2 Magnetoresistance in 3D Dirac semimetal Bi0.97Sb0.03 34

0 3 6 9
0.0

0.1

0.2

0.3

0 3 6 9
0.0

0.1

0.2

0.3

0 3 6 9
0.0

0.1

0.2

0.3

0 3 6 9-0.3

-0.2

-0.1

0.0

0 3 6 9
-0.3

-0.2

-0.1

0.0

0 3 6 9
-0.3

-0.2

-0.1

0.0

A
m

pl
itu

de
(Ω

)
n = 2 n = 3 n = 4

n = 4.5n = 3.5n = 2.5

m* = 0.061 me

A
m

pl
itu

de
(Ω

)

T (K) T (K) T (K)

Figure 3.6: Lifshitz-Kosevich analysis.
For six (half) integer Landau levels, the amplitudes of ∆Rxx as a function of temperature
are fitted with the Lifshitz-Kosevich equation. From this, we find the cyclotron mass of the
bulk hole carriers to be mh ≈ 0.061 m0.
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Figure 3.7: Dingle analysis.
For six fixed temperatures, the amplitudes of ∆Rxx as a function of inverse magnetic field
are fitted with the Dingle equation. We find the scattering time of the bulk hole carriers to
be τq ≈ 4.32× 10−13 s.
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3.2.4 Multiband magnetoresistance in Bi0.97Sb0.03

From the ARPES data and Shubnikov-de Haas analysis, we obtained several
properties of three different types of carriers. Including the bulk electron pockets,
we conclude that electronic transport in Bi0.97Sb0.03 is mediated by four different
conduction channels. With this information, we can perform a four-band fit to the
magnetoresistance data presented in figure 3.3. We resort to the same method as in
section 2.2, where we utilize the Drude model for conductivity and thereby assume
fully isotropic bands with at least a hint of band curvature, which is required for
the effective mass approximation. While one may argue that not all criteria are
met for these assumptions, a more detailed description would overparametrize
the model and we stick to a four-band Drude model for now:

Gxx =
e (ne

s + nh
s ) µs

1 + (µs B)2 +
e ne

B µe
B

1 + (µe
B B)2 +

e nh
B µh

B

1 + (µh
B B)2

(3.8)

and

Gxy =
e (−ne

s + nh
s ) µ2

s B
1 + (µs B)2 −

e ne
B
(
µe

B
)2 B

1 + (µe
B B)2 +

e nh
B

(
µh

B

)2
B

1 + (µh
B B)2

. (3.9)

The parameters that we have estimates for are ne
s, nh

s , nh
B and µh

B. We also know that,
since we do not see any quantum oscillations from the surface states, the surface
state mobilities should be low and we assumed them equal for the electron and hole
pockets. Using the estimates as fixed input parameters, we first performed an initial
fit. Then we optimized the fit without any fixed parameters, although we kept
all parameters within reasonable bounds. The best fits on Gxx = Rxx/(R2

xx + R2
xy)
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Figure 3.8: Multiband fit on the conductance.
Longitudinal and Hall conductance, calculated from the measured Rxx and Rxy and fitted
with the 4-band model from equations 3.8 and 3.9. The parameters obtained from the fit
are listed in the figure.
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and Gxy = Rxy/(R2
xx + R2

xy) are shown in figure 3.8, along with the resulting
parameters. The obtained surface carrier densities are higher than the estimates
from the ARPES data. We attribute this to the fact that, contrary to the crystal
measured in ARPES, the measured Hall bars were exposed to air, which affected
the surface states. While the surface mobilities were assumed equal, the equality
of the surface carrier densities is a result from the fit. The physical consequences
are charge neutrality on the surfaces and a surface contribution to the longitudinal
conductance, without any significant effect on the Hall conductance. The extracted
bulk electron mobility is lower than reported for pure Bi, because it is the average
of the anisotropic electron mobilities. The carrier densities of the bulk carriers are
lower than in pure Bi due to the Sb doping, see figure 1.5.

From the extracted sheet electron density of the bulk of 1.8 × 1016 m−2 we
divided by the flake thickness of 300 nm to obtain a bulk carrier density of
0.6× 1023 m−3, which is only ne = 0.2× 1023 m−3 per Dirac cone. For an ellipsoidal
Fermi surface with extremal Fermi velocities v1 = 0.8× 105 m/s and v2 = 10× 105

(see reference [26]), we obtained a Fermi energy of EF = h̄
(
π2nev1v2

2
)1/3

= 16
meV with respect to the Dirac point. This indicates that, while there are plenty of
contributions to transport by trivial states, part of the current is carried by states
that are close enough to the Dirac point to be described accurately as 3D Dirac
states.

3.3 Magnetoresistance in Bi-based topological insulators

In the previous section, we have seen how well-known magnetoresistance effects
such as Shubnikov-de Haas quantum oscillations and Drude multiband mag-
netoresistance can be used to gather detailed information about the electronic
structure of a material. However, these effects do not always fully describe the
physics at hand and magnetoresistance may arise through other mechanisms.
For instance, there are many reports of large magnetoresistance in Bi-based and
Heusler topological insulators [79–85], which are difficult to explain using the
simplified Drude model and require one to look into different sources of large
magnetoresistance. In 1969, Abrikosov derived the occurence of large, linear mag-
netoresistance for cases where only the lowest Landau level is filled [86, 87]. To
observe this effect, the system needs to be in the quantum limit: EF, kBT � δELL,
where δELL is the energy difference between two successive Landau levels. This
can usually only be fulfilled at extremely low carrier densities and high electron
mobilities, as is the case for Bi [70] and n-type doped InSb [88]. Because of the lower
mobilities in Bi-based topological insulators, quantum linear magnetoresistance
seems unlikely to occur in these systems, and the large magnetoresistance has to
originate from another mechanism. Here, we will discuss the magnetoresistance
that is already embedded inside the model Hamiltonians that describe Bi-based
topological materials.
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3.3.1 Helical magnetoresistance in surface Dirac cones

The approximations within the Drude model do not only make life easier, they also
neglect effects that may be very useful for characterizing the electronic structure.
For example, the charge carrier mobility µ = eτm−1 does not have to be constant
with field and ρxx = m/(ne2τ) can aquire a magnetic field dependence through
the scattering rate Γ(B) = τ(B)−1. In the following, we will investigate how the
magnetic field dependence of the scattering time influences the magnetoresistance
of TIs and related systems with strong spin-orbit coupling.

Ignoring the orbital effect of a magnetic field (p′ = p + eA), topological sur-
face states of the 3D topological insulator Bi2Te3 can be modeled using the 2D
Hamiltonian by Liu et al. [77]:

HTSS = h̄vF(σ × k) + gµB σzBz, (3.10)

where µB is the Bohr magneton and g is the effective magnetic moment. Note that
the spin-orbit interaction part of the Hamiltonian is essentially the Rashba Hamil-
tonian HSO = α

h̄ (σ × p) · ez, with α indicating the spin-orbit coupling strength.
Due to this spin-orbit interaction, the degenerate energy bands have opposite
helicities, which are denoted by the ± indices in the following. The Zeeman effect,
arising trom a magnetic field in the z-direction, is captured by a Hamiltonian of
the simple form HZ = gµB σ · B, which describes the alignment of the spins in the
magnetic field direction.
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Figure 3.9: Helical magnetoresistance.
(a) 3D TI surface Dirac cones (black lines) in the absence (left panel) and presence (right
panel) of a magnetic field perpendicular to the 2DEG. Horizontal lines of the same color
indicate how the Fermi energy changes with magnetic field, keeping the carrier density
n2D = k2

F/(2π) constant. (b) Helical magnetoresistance as a function of Zeeman energy for
different initial Fermi energies, i.e. different spin-orbit energies.
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Writing |k| = k, the dispersion relation of the conduction band side of the
system is given by

EC =
√

h̄2v2
Fk2 + (gµBBz)2 (3.11)

with the corresponding spinors

ψC,± =
1√
2EC

(
ie−iθ√EC + gµBBz
±
√

EC − gµBBz

)
(3.12)

for different surfaces. Within a simple Boltzmann picture, the scattering rate
ΓB = τ−1

B is given by τ−1
B ∝

∫
S(1− cos θ)dθ, where the scattering factor S is

determined using Fermi’s golden rule, S± = | 〈ψ′± |ψ±〉 |2, for scattering from |ψ〉
at zero angle to |ψ′〉 at angle θ. For scattering within a single Dirac cone we find

S+ = S− =
1
2 (1 + cos θ)h̄2v2

Fk2 + (gµBBz)2

h̄2v2
Fk2 + (gµBBz)2

. (3.13)

This expression reduces to 1
2 (1 + cos θ) for B → 0, which describes the well

known suppressed backscattering in TIs [89], induced by the helical spin ordering.
Through 〈ψC,±|σz|ψC,±〉, we find the out-of-plane component of the spin to be
Sz = h̄

2 (EZ/EC), where we used EZ = gµBBz. For nonzero magnetic field, the
helical order is broken as all spins are tilted along the magnetic field direction,
creating a finite overlap between states in every momentum-space direction, which
allows backscattering. A compact expression for the dependence of the scattering
rate on the magnetic field (and therefore for the magnetoresistance) is found by
multiplying the scattering factor S± with the Boltzmann factor (1− cos θ) and
integrating the result over all angles θ. We find for the magnetoresistance:

MRHelical = 100%× R(B)− R(0)
R(0)

∝ 100%× 3x2

1 + x2 , (3.14)

where x is given by x(B) = EZ(B)/ESO and can be seen as a competition between
the Zeeman energy EZ = gµBB and the spin-orbit energy at the Fermi level
ESO = h̄vFkF. The difference between the zero field limit and the large field limit
results in a magnetoresistance of 300%3.

Figure 3.9 illustrates the effect of the Zeeman energy on the band structure
and magnetoresistance. Figure 3.9 (a) shows the evolution of the Fermi level with
increasing Zeeman energy. Because we assume the carrier density n2D = k2

F/(2π)
to be constant, the spin-orbit energy ESO = h̄vFkF remains unaffected by the
magnetic field.4 In figure 3.9 (b) the Zeeman energy and thereby the ratio x(B) =
EZ(B)/ESO is varied for different spin-orbit energies. From this figure, we see that

3 This factor 4 difference in transport scattering time between the cases of spin-momentum locked spins
and fully aligned spins, was first pointed out by Wu et al. [90].

4 Note that the opening of a gap with magnetic field is not an additional effect, but a direct consequence
of the enhanced scattering probability.
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especially for Fermi levels close to the Dirac point, the magnetoresistance through
broken spin helicity quickly reaches its saturation value of 300%.

For a realistic g-factor of 25 [77] and a magnetic field of 10 T, we can substitute
E2

SO = E2
Z − E2

F into equation 3.14 and find that to reach a 100% helical MR,
the Fermi level needs to be within ∼ 10 meV with respect to the Dirac point.
While this effect is strong enough to survive thermal broadening at liquid Helium
temperatures, inhomogeneities in the electronic structure of the Bi-based TIs may
smear out the effect over a larger energy range.

3.3.2 Helical magnetoresistance in Rashba-type surface states

In the previous section we have seen that in non-degenerate, surface Dirac cones,
described by a Hamiltonian that is dominated by Rashba-type spin-orbit coupling,
large MR up to ∼ 300% can arise. In this section, we study the response of Rashba-
type surface states to a magnetic field. Apart from a large parabolic contribution
to the band structure, the system is described by spin-orbit coupling that causes
spin-momentum locking in a similar fashion as in the 2D TI surface Dirac cone.
So to model Rashba surface states, we use a similar model Hamiltonian as in the
previous section, but here the Rashba and magnetic field parts act as corrections
to a dominant parabolic term:

HRSS =
h̄2k2

2m∗
+ h̄vF(σ × k) + gµB σzBz. (3.15)

Here, the resulting dispersion relations

EC,± =
h̄2k2

2m∗
±
√

h̄2v2
Fk2 + (gµBBz)2 (3.16)

both correspond to conduction band states on the same surface, but with opposite
helicities. The spinors of these two conduction bands are:

ψC,± =
1√

2EC,± − h̄2k2

2m∗

(
ie−iθ√EC,± + gµBBz
±
√

EC,± − gµBBz

)
, (3.17)

which is very similar to the Dirac cone spinors of equation 3.12. The apparently
small, but very important difference, is the use of different energy disperions
EC,± for the two spinors. In this case, the out-of-plane component of the spin
Sz = h̄

2 EZ/[EC,± − h̄2k2/(2m)], which tells us that in high magnetic fields, the
spins of the two helicities align in opposite directions along the kz-axis.

For the Rashba 2DEG, the total amount of available states to scatter to, dou-
bles with respect to the single Dirac cone and the scattering factor becomes
S± = |〈ψ′+|ψ±〉|2 + |〈ψ′−|ψ±〉|2. Because of interband scattering, we find for zero
field: S± = 1

2 (1 + cos θ) + 1
2 (1 − cos θ) = 1. In the high field limit, intraband

scattering becomes possible at all angles θ and |〈ψ′+|ψ±〉|2 → 1. However, be-
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cause of the opposite magnetic field response of the two helicities in the Rashba
system, interband scattering becomes strongly suppressed in the high field limit
(|〈ψ′−|ψ±〉|2 → 0), so that S± → 1, which is the exact same result as for zero field.
We conclude that in contrast to the single Dirac-type surface state, the set of two
Rashba-type surface states results in zero net helical magnetoresistance.

3.3.3 Magnetotransport through the Boltzmann Transport Equation

Since both the 2D surface Dirac cones in Bi2Te3 and the 2D Rashba-type surface
states can be described by a relatively simple model Hamiltonian, we can actually
live without the approximations of the Drude model and will use the Boltzmann
Transport Equation (BTE) instead. This equation semi-clasically describes the
distribution function f (k) and how it depends on electric and magnetic fields. Of
course, we are mainly interested in the deviation from the equilibrium situation
δ f (k) = f (k)− f0(k) and will start by using the BTE to obtain an expression for
this quantity.

In Einstein notation, the BTE can be written as

e v · E ∂ f0

∂Ek
= − e

h̄
εαβγvαBβ ∂δ f µ(k)

∂kγ
+

δ f µ(k)
τk

, (3.18)

where εαβγ is the 3-dimensional Levi-Civita symbol and f0 the Fermi-Dirac dis-
tribution function. The last term follows from the relaxation time approximation
∂ f (k)/∂t → δ f (k)/τk, where we assume a characteristic scattering rate τ−1

k . As-
suming a linear response to electric fields, we can solve the BTE for δ f (k) and
find

δ f (k) = eEαkβ
∂ f0

∂Ek

[
e
h̄

εαβγBγ +
kβvα

|v|2τk
δαβ

]−1

. (3.19)

The 2D conductivity, intuitively depending on the deviation of the distribution
function from its equilibrium in response to an electric field, can be expressed as

σij = −e
∫

k

1
(2π)2 vi δ fk

Ej
, (3.20)

which leads to

σxx = e2
∫

k

1
(2π)2 vxvxτ

(
− ∂ f0

∂Ek

) 1

1 + v2τ2

k2
e2

h̄2 B2
z

(3.21)

σxy = −e2
∫

k

1
(2π)2 vxkx

(
− ∂ f0

∂Ek

) v2τ2

k2
e
h̄ Bz

1 + v2τ2

k2
e2

h̄2 B2
z

. (3.22)

In the limit of zero temperature, (−∂ f0/∂Ek) becomes a sharply peaked function
around EF, or, using v = (∂E/∂k)/h̄, a sharply peaked function around kF: δ(k−
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kF). Furthermore, because the model Hamiltonian we use is isotropic, |v|, |k| and
τ do not depend on θ, we can change to polar coordinates and get

σxx =
e2

(2π)2

∫ ∞

0

∫ 2π

0

vτ

h̄
1

1 + v2τ2

k2
e2

h̄2 B2
z

cos2 θ δ(k− kF) k dθdk

=
k2

F
4π

e
eτ

h̄kF/vF

1

1 +
(

eτ
h̄kF/vF

)2
B2

z

. (3.23)

σxy = − e2

(2π)2

∫ ∞

0

∫ 2π

0

kτ

h̄

v2τ2

k2
e
h̄ Bz

1 + v2τ2

k2
e2

h̄2 B2
z

cos2 θ δ(k− kF) k dθdk

= −
k2

F
4π

e
(

eτ

h̄kF/vF

)2
B

1

1 +
(

eτ
h̄kF/vF

)2
B2

z

. (3.24)

Through tensor inversion we find for the resistivities of spin non-degenerate bands
with arbitrary, but isotropic dispersion:

ρxx =
4π

k2
F

h̄kF/vF

e2τ
(3.25)

ρxy =
4π

k2
F

B
e

(3.26)

from which the Drude model is recovered by assuming the free electron dispersion
where m∗ = h̄k/v. From equation 3.25, we see that the longitudinal resistance is
not only sensitive to the magnetic field dependence of the scattering time τ, as we
discussed in the previous section, but also to any magnetic field dependence of
the Fermi wave number kF and the Fermi velocity vF. Since we consider a system
with conserved carrier density n2D ∼ k2

F, the wave number in surface Dirac cones
is magnetic field independent, but the Fermi velocity does not have to be.

3.3.4 Zeeman-shift magnetoresistance in surface Dirac cones

Considering the model Hamiltonian for 2D Dirac surface states (equation 3.10),
the Fermi velocity changes with magnetic field as

vF(B) =
1
h̄

∂

∂k

√
h̄2v2

Fk2 + (gµBBz)2 =
vFESO√
E2

SO + E2
Z

, (3.27)
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so that ρxx ∝
√

E2
SO + E2

Z/ESO. Then we find an additional magnetoresistance
originating from a change in Fermi velocity as the bands aquire a Zeeman-shift:

MRvF = 100%× (
√

1 + x2 − 1), (3.28)

where we still use x(B) = EZ(B)/ESO. We see that the decrease of Fermi velocity
with increasing magnetic field causes a non-saturating magnetoresistance, which
becomes linear in B in the high-field limit EZ(B)� ESO. Including the magnetic
field dependencies of both the scattering time and Fermi velocity, we obtain an
expression for the Zeeman-induced magnetoresistance in 2D Dirac surface states:

MRvF ,Helical = 100%×
[(

1 +
3x2

1 + x2

)√
1 + x2 − 1

]
. (3.29)

Through this model, enormous magnetoresistance values can be reached for low
carrier densities (i.e. Fermi energies close to the Dirac point).

3.3.5 Zeeman-shift magnetoresistance in Rashba-type surface states

For the Rashba-type surface states described by equation 3.15, the Fermi velocity
dependence on the magnetic field should be significantly less dramatic as in this
case the dispersion relation is dominated by the parabolic term. Following the
same procedure as above (and assuming a fixed kF for simplicity), we find for the
magnetoresistance due to the Fermi velocity change:

MRvF = 100%×
√

1 + x2 − 1

1± 2Ep
ESO

√
1 + x2

, (3.30)

where Ep = h̄2k2/(2m∗) is the parabolic contribution to the dispersion. It is
instructive to consider this result in a few limits. In the high field limit EZ � ESO
(x � 1), we can further explore the limits Ep � ESO and Ep � ESO:

MRvF = 100%× x− 1

1± 2Ep
ESO

x
(3.31)

→
{

Saturation at ± ESO
2Ep

for Ep � ESO

Linear MR for Ep � ESO
. (3.32)

Note that in the limit Ep � ESO, the MR contributions from the two individual
EC,± bands are opposite. Without correctly summing the conductivity, this already
hints at cancelling contributions that result in zero net effect.
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Figure 3.10: Rashba 2DEG model in a perpendicular magnetic field.
(a) The Rashba 2DEG dispersion without magnetic field. (b) Dispersion in a 30T magnetic
field. (c) Evolution of the wave number k with applied magnetic field. (d) Evolution of
the Fermi velocity with magnetic field. (e) Intra- and interband wavefunction overlap of
ψ(θ = 0) with other states on the Fermi surface, for B = 0T and B = 30T. The radius
indicates the wavefunction overlap and the forward directed state marks an overlap of 1.
(f) Magnetoresistance (black line) and Hall resistivity (red line) arising from the response
of the Fermi wave vectors, Fermi velocities and scattering times to a perpendicular,
external magnetic field.

Because of the complexity that arises when the conductivity contributions from
both bands are summed and matrix-inverted to resistivity, we resort to numerical
methods from here on. In the numerical model we use the following parameters:
EF = 75 meV, h̄vF = 0.17 eV Å, h̄2/(2m) = 45 eV Å2 and g = 12, which do not
represent a specific material, but are comparable to the Rashba-like states in Bi2Te3
[77]. In figure 3.10, we present several results from the model. Figures 3.10 (a) and
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(b) illustrate the band structures without and with magnetic field respectively.
Most apparent from these figures is the splitting of the two bands due to the
magnetic field, which changes the carrier densities for the different helicities. The
latter is also clear from figure 3.10 (c), where we see that the total carrier density is
conserved. From figure 3.10 (d), we see that the simplification from earlier, that
kF ≈ constant, caused us to miss a change in total Fermi velocity with magnetic
field. Despite the constant average scattering time (see panel 3.10 (e)), this small
increase of vF results in a small, negative magnetoresistance MR ≈ −3% as shown
in figure 3.10 (f)5. From this, we can conclude that in 2D Rashba surface states,
no noteworthy magnetoresistance arises through the magnetic field dependent
scattering time, Fermi velocity or even a combination of the two.

3.3.6 Magnetotransport through the bulk

In the Bi-based TI family, there are only few examples of alloys that are true bulk
insulators and the majority, including Bi2Te3, exhibits a bulk shunt [91, 92]. To
describe the bulk states, we once more utilize the work horse bulk Hamiltonian
from Liu et al. [77]. Up to O(k2), rotated around the y-axis in orbital space (σx ↔ σz)
and around the z-axis in spin space (θ → θ + π) it reads:

HLiu = E0
k σ0s0 + Mk σxs0 + h̄v// σz(sykx − sxky) + h̄vzkz σys0 + gµBBz σ0sz, (3.33)

where E0
k and Mk are polynomials in k// and kz. In principle, equation 3.33 describes

two Rashba systems of opposite sign, coupled by Mk and h̄vzkz. As in these
materials the dispersion in the z-direction is allmost negligible, vz is much smaller
than v// [77]. Mk however, is not necessarily small and we continue with the 4× 4
Hamiltonian, where we neglect h̄vzkz and the parabolic E0

k term for simplicity.
Taking ESO = h̄vFkF and EZ = gµBB, we find for the conduction band two
dispersions,

EC,± =
√

E2
SO + (Mk ± EZ)2, (3.34)

with the spinors

ψC,± =
1

2
√

EC,±(EC,± ∓Mk − EZ)


ESO

(EC,± ∓Mk − EZ) ieiθ

±ESO
∓(EC,± ∓Mk − EZ) ieiθ

 . (3.35)

5 As a sanity check for the numerical model: the slope of the Hall resitivity roughly corresponds to
1/(en2D), with n2D = 2.62 · 1012 cm−2, which matches the input EF .
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These two spinors are orthogonal for every angle in momentum-space, so that inter-
band scattering is forbidden in the bulk conduction band. Using S± = |〈ψ′±|ψ±〉|2,
we find for the helical magnetoresistance

MRH,± ∝ 100%×
3 E2

SOEZ(EZ ± 2M)

(E2
SO + 4M2)(E2

SO + (EZ ±M)2)
, (3.36)

where M = M0 is the momentum-independent part of Mk = M0 + M1k2
//+ M2k2

z
and represents the gap size. The ± sign indicates that the mass term acts as an
offset to the magnetic field term. In figure 3.11, it is shown that the offset due
to finite M significantly reduces the effect of magnetic fields that are small with
respect to M (as is the case for Bi2Te3). Moreover, the opposite response of the two
helicities to the magnetic field causes the MR from the separate bands to cancel. So
while interband scattering is forbidden in the TI bulk (which suppressed helical
MR in Rashba surface states), it is the gap M that makes the helical MR effect
small.

Similar to the 2D Rashba system, the Zeeman-shift works in opposite ways for
the Fermi velocities of the two helicities,

vF(B) =
1
h̄

∂

∂k

√
h̄2v2

Fk2 + (gµBBz)2 ∝
αESO

E2
SO + (M± EZ)2

. (3.37)

As a consequence, also the correction to the Fermi velocity by the Zeeman-shift
does not cause any magnetoresistance in the in Bi2Te3 bulk.
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Figure 3.11: Dependence of the normalized scattering rate on the mass term M.
The black line represents the magnetic field dependence of the scattering rate for M→ 0
and shows the recovery of the factor 4 from the surface Dirac cone. The normalized
scattering rate corresponds to the normalized wavefunction overlap. The solid(dashed)
red line indicates the scattering rate of the +(−) helicity for nonzero mass term M. The
mass term acts as an offset to the Zeeman term, but in opposite directions for the different
helicities.
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In the limit M→ 0, equation 3.33 describes an accidental DSM, with two linear,
orthogonal Dirac cones. Because of the 3D character, we should also take the
kz-dependence into account and use

HDSM
Liu = h̄v// σz(sykx − sxky) + h̄vzkz σys0 + gµBBz σ0sz. (3.38)

In spherical coordinates and in terms of ESO// = h̄v//k//, ESO⊥ = h̄vzkz and EZ =
gµBBz, the dispersion of the conduction band

EC,± =
√

E2
SO// sin ϕ2 + (ESO⊥ cos ϕ± EZ)2 (3.39)

and the spinor parts of the wavefunctions become

ψC,± =
1√
A±


eiθ sin ϕ ESO//

i(EZ ± cos ϕ ESO⊥ − EC,±)
eiθ sin ϕ ESO//

±EZ + cos ϕ ESO⊥ ∓ EC,±

 , (3.40)

with the normalization factor A± = 2 sin ϕ2 E2
SO//+ 2(±EZ + cos ϕ ESO⊥ ∓ EC,±)

2.
As was the case for the bulk Bi2Te3 spinors of the last section, the two spinors
for the conduction band side of HDSM

Liu are completely orthogonal. Note that for
ϕ = π/2, we recover a two-fold degenerate version of the 2D surface Dirac cone
system from section 3.3.1, which indicates that large, helical magnetoresistance
may be present in this system. However, the 3D character of the DSM allows
the magnetic field term to be just absorbed into k′z = kz ± gµBB/(h̄vF) and the
Dirac system simply splits into two, ungapped Weyl cones. Not only does the
absence of a gap discard the effect of the Zeeman-shift on the Fermi velocity, it
also means that the branches are not hybridized and that even in high magnetic
fields, direct backscattering is still not possible within this model. Therefore,
3D Dirac semimetals should be free of both helical and Zeeman-shift induced
magnetoresistance.

3.4 Conclusions

In this chapter, we studied magnetotransport in topological materials to character-
ize the, sometimes very complex, electronic structure in which the topological part
is hidden.

The bulk electrons from the Dirac cones in the 3D DSM Bi0.97Sb0.03 are difficult
to analyze in transport measurements due to the shunts by the bulk hole pocket,
surface electron pockets and surface hole pocket. The experimental magnetore-
sistance data is highly non-linear and decorated with quantum oscillations. By
combining ARPES data on the surface states, information about the bulk holes
from Shubnikov-de Haas analysis and the combined transverse and longitudi-
nal magnetoconductivities, we found that the latter could only be fitted with a
multiband model when a bulk electron pocket with specific carrier density and
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mobility was included. From this, we found that the bulk Dirac cone in Bi0.97Sb0.03
is indeed occupied, with the Fermi level only E ≈ 16 meV above the Dirac point,
and that these bulk electrons have a significant contribution to electronic transport.

Later in this chapter, we found that the experimentally observed large magne-
toresistance in the 3D topological insulator Bi2Te3 [79–84] can partially be explained
by detailed effects incorporated in the model Hamiltonians. While we found no
significant contributions to the magnetoresistance by topological bulk or surface
Rashba states (apart from possibly causing multiband magnetoresistance), surface
Dirac cones can cause large, non-saturating, linear magnetoresistance through
both broken spin helicity and a correction to the Fermi velocity by means of a
Zeeman-shift. As these effects are the largest when the Zeeman energy is of the
same order as the spin-orbit energy, a large, non-saturating magnetoresistance
may be a telltale sign of a Fermi level very close to the Dirac point.



4
The chiral magnetic effect in 3D
Dirac semimetal Bi0.97Sb0.03

Three-dimensional Dirac semimetals, which exhibit robust topological

states in the bulk, have recently become the center of attention within

the field of topological materials science. However, the absence of char-

acteristic surface states in accidental Dirac semimetals (DSM) makes

it difficult to experimentally verify claims about the topological nature

using surface-sensitive techniques. The chiral magnetic effect (CME),

which originates from the Weyl nodes, causes an E · B-dependent chiral

charge polarization, which manifests itself as negative magnetoresistance.

In this chapter, we exploit the extended lifetime of the chirally polarized

charge and study the CME through both local and nonlocal measure-

ments in Hall bar structures fabricated from single crystalline flakes of

the DSM Bi0.97Sb0.03.

The results of this chapter have been published as: de Boer & Wielens et al.. Nonlocal signatures of the
chiral magnetic effect in the Dirac semimetal Bi0.97Sb0.03. Phys. Rev. B 99, 085124 (2019).
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4.1 Introduction

In chapter 3, we already had a close encounter with topological materials and
the exotic properties that they exhibit. We discussed quantities such as the Berry
connection and Berry curvature, and noted that these behave as the momentum
space counterparts of the magnetic vector potential and magnetic field, respectively.
Upon taking these quantities into account in the equations of motion, it turns out
that in the presence of an electric field, they cause a so-called ‘chiral imbalance’ in
the system. This chiral imbalance then couples to the real space magnetic field to
give rise to an anomalous charge current, which is known as the chiral magnetic
effect (CME) [28, 30]. The CME is observable as negative magnetoresitance when
the magnetic field is parallel to the electric field [25, 29, 31, 32].

Needless to say, a popular method to characterize the topological nature of
potential DSMs is through the detection of this CME in electronic transport
measurements. However, these signals are often obscured by the presence of
parallel, non-topological conduction channels and are, more importantly, difficult
to distinguish from other effects that may cause negative magnetoresistance, such
as current jetting [93] or through the Zeeman effect [85]. Parameswaran et al.
[94] proposed to measure the CME nonlocally, using the extended lifetime of
chirally polarized charge. For the Dirac semimetal Cd3As2, where two sets of Dirac
cones with opposite chirality are separated in momentum space and protected
by inversion symmetry, this measurement technique has been succesfully used to
measure the CME [95]. In this chapter, we present evidence for the presence of the
chiral magnetic effect in the accidental Dirac semimetal Bi0.97Sb0.03, based on local
and nonlocal magnetotransport results.

4.2 The origin of the chiral magnetic effect in Dirac semimetals

To describe the origin of the CME in Bi0.97Sb0.03 , we will start with a linearized
form of the model Hamiltonian proposed by Liu et al. [77], HLiu, to describe the 2
Weyl cones that make up a single Dirac cone at an L-point. Then, we derive the
formation of Landau levels and their properties following the methods described
by Zyuzin and Burkov [28] and Nielsen and Ninomiya [96].



4.2 The origin of the chiral magnetic effect in Dirac semimetals 50

4.2.1 Linear Landau levels for B = BZ

For a magnetic field along the c-axis we use HLiu, with the spin space rotated by
90◦ along the sz-axis, so that, in the basis {|σ1 ↑〉, |σ1 ↓〉, |σ2 ↑〉, |σ2 ↓〉}, the effective
Hamiltonian takes the form:

H′Liu = h̄vFσx(sxkx + syky) + h̄vFσys0 kz

= h̄vF


0 0 −ikz kx − iky
0 0 kx + iky −ikz

ikz kx − iky 0 0
kx + iky ikz 0 0

 .
(4.1)

If the orbital shift due to the vector potential is included as π = p + eA, we
can write the Hamiltonian in terms of the creation and annihilation operators
a = (πx − iπy)/

√
2h̄eB and a† = (πx + iπy)/

√
2h̄eB and the raising and lowering

matrices s± = σx(sx ± isy)/2:

H = h̄ω(s+a + s−a†) + h̄vFσys0 kz, (4.2)

where h̄ω = v
√

2h̄eB. For the trial wavefunction ψn = (u1
n|n− 1〉, v1

n|n〉, u2
n|n−

1〉, v2
n|n〉)T , we can find the dispersion relations by solving

det


−En 0 −ih̄vFkz h̄ω

√
n

0 −En h̄ω
√

n −ih̄vFkz
ih̄vFkz h̄ω

√
n −En 0

h̄ω
√

n ih̄vFkz 0 −En

 = 0. (4.3)

The dispersion relation becomes En = ±h̄ω
√

n + (vFkz/ω)2, where± corresponds
to the chirality of the accompanying wavefunction. For n = 0, this gives us the
dispersion of the zeroth Landau level: E0 = ±h̄vFkz, which describes a linear
dispersion with a Fermi velocity parallel or anti-parallel to B = Bz, depending on
the chirality of the Weyl node. In the appendix of this chapter, we show that for
other directions of the magnetic field with respect to the crystal, the same linear
zeroth Landau levels are expected.

4.2.2 Anomalous charge pumping and the CME

In 1983, Nielsen and Ninomiya [96] have shown through a relatively simple
procedure that in materials with linear zeroth Landau levels, the chirality of the
charge carriers is not conserved, but varies for parallel electric and magnetic
fields. Figure 4.1 shows the dispersion relation of the lowest Landau levels in
Bi0.97Sb0.03. When E and B are applied in the same direction, all states will move
as h̄∂k/∂t = −eE . In our 3D case, we focus on the zeroth Landau levels with the
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Figure 4.1: Linear zeroth Landau level.
Schematic of the dispersion relation of the lowest Landau levels in a Dirac semimetal
subject to a magnetic field. Following Nielsen and Ninomiya [96], the linear dispersion
of the zeroth Landau level in combination with an electric field causes a chiral charge
polarization.

dispersions E = ±vF h̄kz. Combining these equations results in a change in energy
in response to an applied electric field:

∂E
∂t

= ∓evFEz. (4.4)

Because of the linearity of the zeroth Landau level, this change in energy corre-
sponds to electrons disappearing from some right-moving states and appearing
at left-moving states, as shown in figure 4.1. Since the two cones exhibit opposite
chiralities, this also means creation of right-handed particles and annihilation of
left-handed particles (or vice versa). The creation rate per unit time and length is
determined by a change of the chemical potential in each Weyl cone µL,R. For a
quantization length L and a density of states per unit volume D = L3eBz/4π2h̄,
we find for the right-handed particles:

∂NR

∂t
=

D
L3

∂kz

∂t
= − e2EzBz

4π2h̄2 . (4.5)

Through a similar routine, we find the annihilation rate of left-handed particles
to be ∂NL/∂t = −∂NR/∂t, so that the rate at which the chiral charge polarization
occurs is

∂NC/∂t =
∂NR

∂t
− ∂NL

∂t
= ± e2EzBz

2π2h̄2 , (4.6)

where ± represents the direction of B: parallel or anti-parallel to E . This chiral
charge pumping between the Weyl cones of opposite chirality is known as the
Adler-Bell-Jackiw (chiral) anomaly [97]. Depending on the characteristic lifetime
of the chiral charge that is being pumped from one Weyl cone to the other, τCME,
the system equilibrates at a chiral chemical potential µ5 ≡ (µL − µR) ∝ EzBzτCME.
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Nielsen and Ninomiya consider the energy required to build up this chiral chemical
potential µ5 at a rate ∂NC/∂t and conclude that this energy is taken from the electric
field by an additional, anomalous current JCME [96]. This current of particles that
are moving along the electric field, lowers the energy of the system and balances
the energy required to generate µ5:

Ez JCME =
e2EzBz

2π2h̄2 µ5. (4.7)

So apart from the regular Drude response to the electric field, an additional current
JCME ∝ (E · B) B τCME is induced, known as the chiral magnetic effect.

Since this Landau level approach by Nielsen and Ninomiya in 1983, Zyuzin
and Burkov [28], Son and Spivak [29], and Fukushima et al. [30], among others,
have shown that the consideration of Landau levels is not required and that the
CME can also be directly derived from the chiral character of the system through
both semi-classical and quantum field theory methods. In all derivations, E and
B create a chiral chemical potential µ5 that couples to the magnetic field to cause
an additional charge current. While in local magnetoresistance measurements
µ5 is created in the same location as where its coupling to the magnetic field is
measured, one may also measure far away from the chiral charge polarization
source, where µ5 has decayed according to its lifetime τCME.

4.2.3 Different relaxation times and their consequences

Weyl nodes always come in pairs of opposite chirality and, when the degeneracy
of the Weyl cones is lifted, they are connected in momentum space by a surface
state known as a Fermi arc. In mirror symmetry-protected Dirac systems, such as
Cd3As2, different pairs of Weyl nodes can also be connected by Fermi arcs, which
has been experimentally observed [98]. As we have seen in previous chapters,
Bi0.97Sb0.03 contains accidental Dirac points at the 3 L-points [25]. The crossings at
these Dirac points are not protected by any symmetry, and the 3 valleys should not
be connected by Fermi arcs. However, upon breaking time reversal symmetry with
an external magnetic field, the Dirac cones split into two Weyl cones of opposite
chirality, in which case Bi0.97Sb0.03 behaves similarly to Cd3As2.

For both Cd3As2 and Bi0.97Sb0.03, it has been shown that the CME arises and
can be measured in local magnetoresistance measurements [25, 95]. A major
difference between the two, is the means by which the chiral charge polarization
relaxes back to the zero-field state. Zhang et al. found that for Cd3As2, intervalley
scattering is the main relaxation mechanism [95], which is not surprising as the
Weyl cones are in principle orthogonal and the 2 Dirac valleys in Cd3As2 are
located relatively close in momentum space. In Bi0.97Sb0.03, the 3 Dirac valleys are
located at the edges of the Brillouin zone, so that inelastic scattering processes
between the orthogonal Weyl cones (inter-cone scattering) seems more likely.
For both materials, whether relaxation occurs through inter-valley or inter-cone
scattering, the chiral charge lifetime τCME is longer than the transport scattering
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(a) (b)

CME

C C
C

Figure 4.2: Dirac semimetals and the chiral magnetic effect.
(a) Two superposed Weyl cones in a Dirac semimetal. In an external electric field, the
electrons on a shifted Fermi surface relax to their equilibrium state with characteristic time
τC. (b) In parallel external electric and magnetic fields, the two Weyl cones are separated in
momentum space and exhibit different chemical potentials. Inter-cone relaxation of chirally
polarized electrons occurs with characteristic time τCME.

time used in the Drude model, τC. Figure 4.2 (a) illustrates the case of a degenerate
Dirac cone, subject to an electric field, but without magnetic field. Here the Fermi
surfaces is shifted by the electric field, causing Drude-type electronic transport
with relaxation time τC. In figure 4.2 (b), the Dirac cones are split by the magnetic
field through a Zeeman shift and the electric field shifts both Fermi surfaces to
facilitate Drude transport. In addition, the chiral anomaly induces a size difference
between the left-handed and right-handed Fermi surfaces, which is expected to
relax through inter-cone scattering in Bi0.97Sb0.03.

4.3 Characterization through local magnetotransport measurements

To characterize the structured Bi0.97Sb0.03 crystals (which are grown as described in
chapter 3), several devices with contacts in a Hall bar configuration were fabricated.
For all devices in this work, flakes of Bi0.97Sb0.03 were exfoliated from single crystals
onto SiO2/Si++ substrates. Contact leads were defined using standard e-beam
lithography, followed by sputter deposition of 120 nm Nb with a few nm of Pd
as capping layer and lift-off. Then, the flakes themselves were structured using
another e-beam lithography step, now followed by Ar+ milling. Magnetotransport
measurements were conducted at 10 K in He-4 cryostats.

The inset of figure 4.3 (a) shows a schematic overview of the measurement setup
as used for local magnetotransport measurements. A current is sourced through the
outer contacts and voltages are measured at the contacts in between. As observed
earlier by Kim et al. [25], the magnetoresistance of Bi0.97Sb0.03, shown in figure 4.3
(a), exhibits negative magnetoresistance for parallel electric and magnetic fields.
This negative magnetoresistance is considered to be an indication of the CME [25,
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Figure 4.3: Local magnetoresistance.
(a) Local longitudinal magnetoresistance for perpendicular and parallel electric and mag-
netic fields. For parallel fields, the MR is strongly negative due to the chiral magnetic effect.
Inset: schematic illustration of the device used for local transport. (b) Results of the Hall
measurement for perpendicular electric and magnetic fields. (c) Drude multi-band fit on
the conductance. The conductances have been obtained from the measured resistances Rxx

and Rxy in panel (b) through tensor inversion. We attribute the difference in resistance
between the data in panels (a) and (b) to a slight change in surface characteristics during
the 9 months between these measurements.

31, 32, 99]. While the CME in Bi0.97Sb0.03 originates from the bulk electrons, the
magnetoresistance data shows no Shubnikov-de Haas oscillations corresponding
to the bulk electron pockets, despite the low effective mass and high mobility of
these electrons [100].

Figure 4.3 (b) shows the results of a Hall-type measurement. By tensor inversion
of the measured longitudinal and Hall resistances, the longitudinal and transverse
conductances were obtained. In figure 4.3 (c), the conductances are fitted using
a multi-band model, which takes two surface and two bulk conduction channels
into account as in chapter 3. For the bulk electrons, we obtain a bulk electron
density of ne

B = 3.0 · 1022 m−3, where we have used a flake thickness of 200 nm.
For anisotropic Fermi velocities of v1 = 0.8 · 105 m/s and v2 = 10 · 105 m/s,
this would indicate that the Fermi energy lies only EF = h̄(π2ne

Bev1v2/3)1/3 =
13 meV above the Dirac point. The bulk charge carrier mobilities as obtained
from the multi-band fit are lower than those found in unstructured devices from
chapter 3. This is in line with the absence of Shubnikov-de Haas oscillations in
this measurement, which can be attributed to the device dimensions being of the
same order as the cyclotron radius. The consequential broadening of the Landau
levels does not hamper the presence of the CME [95]. For the same conservative
effective mass of me,h = 0.05 m0 as used in chapter 3, the bulk electron and hole
mobilities of µ = 0.65 m2/Vs give us an estimate of the momentum relaxation
time: τc = µm/e ≈ 1.8 · 10−13 s.
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4.4 nonlocal detection of the chiral magnetic effect

4.4.1 Experimental methods

The nonlocal measurement setup is designed such that we can measure the
coupling between the polarization of chirality and an external magnetic field
at different distances from the polarization source, and is shown in figure 4.4
(a). A current is sourced from contact 8 to 1, as indicated by the blue arrow. By
applying a magnetic field parallel to the current, a chiral charge imbalance is
induced. As the charge diffuses away from the polarizing source, the polarization
becomes weaker and so does the measurable voltage of the polarized charge in
the external magnetic field. We measure the voltages locally (VL ≡ V81 = V8 −V1)
and nonlocally (V1 ≡ V72, V2 ≡ V63 and V3 ≡ V54). To be able to distinguish the
Ohmic (i.e. normal diffusion) and CME signals, the voltage terminals are located
at distances similar to both the expected Ohmic and chiral relaxation lengths.

Figure 4.4 (b) shows the raw data, i.e. when we measure the voltages by applying
a constant current. We clearly observe that the local voltage (shown in the inset) is
not constant with respect to the magnetic field. When studying the CME in the
ideal case, one measures the nonlocal response of the chiral anomaly as a function
of the applied magnetic field only, i.e. keeping the applied electric field at the
source contacts constant. However, due to the low resistance of our sample, we can
not voltage bias our sample and must resort to a current source, thereby causing
the current to be constant as a function of the applied magnetic field. Sweeping
the magnetic field changes the strengths of both B and E (in response to a source
current), as follows directly from the chiral magnetic effect [31].

In order to obtain a data set with a constant electric field at the source contacts,
we measured the local and nonlocal voltages as a function of both the applied
current and magnetic field. The dependence of the local voltage on both parameters
can be seen in figure 4.4 (c). From this map, we can find a curve for which VL(Is, B)
is constant. This curve is plotted on top of the map. By retracing the same line on
the nonlocal voltage maps, we can extract the nonlocal voltages that correspond to
the same constant local electric field and study the magnetic field dependence. To
increase the accuracy of the maps - we measured the field dependent data for 51
different values of the excitation current - we linearly interpolated our data as a
function of Is

1. Figure 4.4 (d) shows the data when we follow this procedure. The
local voltage is now constant as a function of the magnetic field and the large dips
that were present in figure 4.4 (b) are less pronounced in figure 4.4(d).

1 Although recent work on Bi1−xSbx suggests that Ohm’s law is violated in this system [101], our
generated electric field is outside this non-linear regime.
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Figure 4.4: Nonlocal measurement setup and methods.
(a) Schematic illustration of the device used for nonlocal transport measurements (gray
represents the Bi0.97Sb0.03 flake and yellow the metallic contacts). Current is sourced parallel
to the external magnetic field, through 2 contacts on the side, and the chiral polarization
that diffuses into the central channel, is measured at the contacts further along this channel.
(b) Measured nonlocal voltages when a constant current is applied at the source contacts
and the local voltage changes with magnetic field as shown in the inset. (c) Local voltage
measured as a function of applied current and magnetic field. The red curve corresponds
to a constant local voltage for varying applied magnetic fields. (d) The extracted nonlocal
data after following our method of retracing the red curve of panel (c) over each of the
nonlocal voltage maps, thereby keeping the source voltage constant, as shown in the inset.

4.4.2 Results and analysis

Figure 4.5 (a) shows the symmetrized nonlocal voltages measured at different
distances as a function of the applied magnetic field. Here, the electric field at the
source side is kept constant through the method described in the previous section.
At zero magnetic field, the measured voltages drop with increasing distance
from the source. Furthermore, at all distances we observe a decreasing voltage
with increasing magnetic field, which we attribute to the CME. The CME is not
dominant for the entire magnetic field range as both at low and high fields, the
voltage increases slightly with magnetic field. Kim et al. attribute the low field
MR to weak anti-localization [25]. High field deviations from the CME signal may
originate from higher order terms, which are not taken into account here. We fitted
the intermediate field data between 2 T and 5.5 T with a model that subtracts the
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Figure 4.5: Nonlocal signals.
(a) Symmetrized nonlocal voltages, measured at distances 1.5, 3 and 4.5 µm. The data
shown here is the result of keeping the source voltage constant while sweeping the magnetic
field. The dark, solid lines are fits with equation (4.8) to extract the characteristic length
of the CME strength. (b) Upper panel: Atomic force microscopy image of a Bi0.97Sb0.03

single crystal flake, structured into a device for nonlocal measurements and contacted
with Nb leads. Lower panel: Normalized strength of the Ohmic (zero field) and CME
(from fit) contributions to the signals measured at the voltage probes. The CME strength
persists over longer distances than the Ohmic signal. (c) Temperature dependence of the
magnetoresistance at the closest nonlocal voltage probe.

constant Ohmic contribution, and extracts the diffusion of the chiral charge as
given by Parameswaran et al. [94]:

VNL(x) = −
(

B
γ + B

)2
e−|x|/LCME + VOhmic. (4.8)

Here x is the distance between the source and the nonlocal probes, γ is proportional
to the conductance at the metal contact and LCME is the diffusion length of the
chiral charge polarization. The fit agrees well with the data for intermediate
magnetic fields and it gives a diffusion length of 1.07 µm. Using LCME =

√
D τCME

and D = (1/3) vF lm, with lm = vF τCME, we find a chiral polarization lifetime of
τCME ≈ 3.7 · 10−12 s, which is over one order of magnitude longer than the Drude
transport lifetime τc ≈ 1.4 · 10−13 s.

The dependence of the normalized Ohmic and CME contributions to the mea-
sured voltages is presented in figure 4.5 (b), along with an atomic force microscopy
(AFM) image of the device. Here, the amplitudes of the best fits are used to
represent the CME strength. The measured Ohmic (zero-field) contribution at all
voltage terminals is shown for comparison. The Ohmic contribution of the device
is also modeled numerically, where the shown solid curve is a line cut along the
horizontal part of the device. The simulated Ohmic contributions fit very well to
the measured data, emphasizing the good homogeneity of the flake. The most
notable feature of figure 4.5 (b) is that the chiral polarization of the charge carriers
has a significantly longer relaxation length than the Drude transport lifetime.

Figure 4.5 (c) shows the temperature dependence of the CME at the nonlocal
voltage probe that is the closest to the chiral polarization source. We observe a
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Figure 4.6: Temperature dependence of the CME in a second device.
(a) Atomic force microscopy image of the device used for nonlocal measurements of the
CME on a Bi0.97Sb0.03 flake at different temperatures. (b) Temperature dependence of the
voltage at the nonlocal contact closest to the source. (c) Temperature dependence of the
chiral charge diffusion length LCME and the chiral polarization lifetime τCME as extracted
through equation (4.8).

decreasing strength of the anomaly with increasing temperature. The observed
positive MR maximum appears to drift to higher magnetic fields with temperature.
Moreover, for temperatures above 100 K, we do not observe negative magnetore-
sistance. In a second device, the temperature dependence is easier to fit due to the
absence of the positive MR. This device has contacts spaced 1.5 µm apart, with
twice this spacing in the middle, so that the nonlocal contacts VNL1,2 are located
at 3.0 µm and 7.5 µm respectively, as can be seen in the AFM image of the device
in figure 4.6 (a). One of the contacts on this device was broken so that only two
nonlocal voltages were measured. Note that the measurements for this device
were performed using a single, constant current. Because of the linearity of the
measured voltage as a function of the applied current, we can still extrapolate the
data by using the recorded data point and the fact that VL(Is = 0) = 0 V. Then, the
procedure as outlined in the previous section was followed to convert the mapped
data into data for which the local electric field is effectively constant.

Figure 4.6 (b) shows the measured voltages at the nonlocal contacts closest to
the source, which present the most striking features. It is apparent that for all
temperatures displayed in this figure, the magnetoresistance is strongly negative
and that this nonlocal voltage decreases as temperature increases. Through the
same fitting procedure described above, the chiral charge polarizarion diffusion
length is extracted for each temperature and shown in figure 4.6 (c). In contrast
to what has been found for Cd3As2 [95], the chiral diffusion length in Bi0.97Sb0.03
does not seem to be constant with increasing temperature, but rather decreases
linearly. The increasing relaxation rate τ−1

CME with increasing temperature, indicates
that inelastic processes are responsible for the relaxation of the chiral polarization
in Bi0.97Sb0.03.



4.5 Conclusions 59

4.5 Conclusions

In this chapter, we studied the chiral magnetic effect in Bi0.97Sb0.03 through trans-
port measurements in local and nonlocal configurations. First, we characterized
the exfoliated crystalline Bi0.97Sb0.03 flakes using a Hall-type measurement on the
device fabricated for nonlocal measurements. Here, we identified contributions
from two bulk bands, one of them corresponding to the electron pockets with
a linear dispersion and a Fermi level close to the Dirac point, as we found for
the non-structured devices in chapter 3. When subjected to parallel electric and
magnetic fields, local measurements on our Bi0.97Sb0.03 devices show a pronounced
negative magnetoresistance, an indication of the chiral magnetic effect.

In a nonlocal configuration, we measured voltages that strongly decrease with
increasing magnetic field, which we attribute to the chiral magnetic effect. As volt-
age contacts are located further away from the polarization source, the measured
chiral magnetic effect weakens. This weakening occurs at a much lower rate than
the decay of the Ohmic signal, which is a consequence of the long lifetime of the
chiral polarization τCME. Furthermore, measurements at different temperatures
show that the chiral charge diffusion length decreases with increasing temperature,
emphasizing the role of inelastic scattering in the chiral charge relaxation process
in Bi0.97Sb0.03. Both local and nonlocal measurements provide strong evidence of
the presence of the chiral magnetic effect in the three-dimensional Dirac semimetal
Bi0.97Sb0.03.
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Appendix: Linear Landau levels for B = Bx,y

H′Liu = h̄vFσx(sxkx + syky) + h̄vFσys0 kz has a clear difference between the spin-
momentum locking in the in-plane kx and ky directions, and the kz direction, so
a different response to magnetic field from different directions can be expected.
To study the effect of a magnetic field along the kx-axis (Bx), we first perform a
rotation along the [111]-axis in spin space (UR = (s0 − isx − isy − isz)/2) to get:

H′′Liu = URH′LiuU†
R

= h̄vFσx(sykx + szky) + h̄vFσys0 kz

= h̄vF


0 0 ky− ikz −ikx
0 0 ikx −(ky + ikz)

ky + ikz −ikx 0 0
ikx −(ky− ikz) 0 0

 ,

(4.9)

which makes the following operations easier. With the modified raising and
lowering matrices s± = σxsz ± iσys0 and the operators a = (πy − iπz)/

√
2h̄eB and

a† = (πy + iπz)/
√

2h̄eB, we can rewrite H′′Liu into

H′′Liu =


0 0 h̄ωa −ih̄vFkx
0 0 ih̄vFkx −h̄ωa†

h̄ωa† −ih̄vFkx 0 0
ih̄vFkx −h̄ωa 0 0

 . (4.10)

With ψn = (u1
n|n− 1〉, v1

n|n〉, v2
n|n〉, u2

n|n− 1〉)T , we find from

det


−En 0 h̄ω

√
n −ih̄vFkx

0 −En ih̄vFkx −h̄ω
√

n
h̄ω
√

n −ih̄vFkx −En 0
ih̄vFkx −h̄ω

√
n 0 −En

 = 0, (4.11)

that the zeroth Landau level disperses as E0 = ±h̄vFkx, which is same linear
dispersion as for the Bz field.

For a magnetic field in the ky-direction (By), we can rotate HLiu around the
[111]-axis in spin space in the different direction to get

H′′′Liu = U†
RH′LiuUR = h̄vFσx(szkx + sxky) + h̄vFσys0 kz, (4.12)

which gives a result analogous to the Bx case: E0 = ±h̄vFky. This shows that the
chiral zeroth Landau levels, and therefore also the CME, are expected to occur in
every direction in Bi0.97Sb0.03.



5
Proximity-induced 4π periodic
supercurrent in Bi0.97Sb0.03
Josephson junctions

In the previous chapters we have identified Bi0.97Sb0.03 as a Dirac

semimetal with topological properties. In this chapter, we induce su-

perconductivity in Bi0.97Sb0.03 through the proximity effect and study

the combination of the properties of a topological material with those of

a superconductor. The possibility of establishing topological supercon-

ductivity in the bulk of a Dirac semimetal could provide a new, stable

platform for the creation of topological qubits.

The results described in this chapter have been published as: Chuan Li et al.. 4π-periodic Andreev
bound states in a Dirac semimetal. Nat. Mater. 17, 875-880 (2018). I have been involved in all aspects of
this work. My main contribution has been the analysis and interpretation of transport data.
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5.1 Introduction

A topological material can be combined with a superconductor so as to give
topological superconductivity [92]. The interest in topological superconductors is
largely given by the wish to combine the inherent electron-hole symmetry of the
excitations in a superconductor with the helical nature of the electronic states in
topological materials so as to form Majorana zero-energy states [33]. The expected
non-abelian statistics displayed by these zero modes should provide a way of
performing topological quantum computation by braiding [102]. Platforms in
which (signatures of) Majorana modes have been observed are semiconductors
with Rashba spin-orbit interaction [103–105], ferromagnetic atom chains [106] and
topological insulators [107, 108], all driven into the superconducting state through
the proximity effect.

The first signatures of superconductivity in Dirac semimetals have been reported,
e.g. by applying pressure [109] or by using point contacts [110, 111], but topological
aspects of Dirac semimetal superconductivity have not been studied. In this chapter,
we focus on inducing superconductivity in an accidental Dirac semimetal through
the proximity effect in an attempt to realize topological superconductivity.

5.2 Andreev bound states in a 3D DSM

To understand what topological superconductivity looks like in a Josephson
junction of superconducting Dirac semimetal - Dirac semimetal (SDSM-DSM)
interfaces, we shall first model the two SDSM-DSM interfaces separately through
the Blonder-Tinkham-Klapwijk (BTK) formalism [112]. After this, we utilize the
procedure by Kulik [113] to translate the transmission and reflection coefficients on
both interfaces into the bound state that governs the Josephson junction. Let us first
introduce the models used for both the different layers of the SDSM-DSM-SDSM
Josephon junction. A generic Hamiltonian for a three-dimensional Dirac semimetal
[24] is:

HD =

(
Ĥ0 − µ̂ 0

0 −Ĥ0 − µ̂

)
, (5.1)

where Ĥ0 = h̄v
(
kxσx + kyσy + kzσz

)
and µ̂ = µσ0. The wave vector k =

(
kx, ky, kz

)
is measured with respect to the Dirac point (in the case of Bi0.97Sb0.03 this is the
crystallographic L point in momentum space), and −µ is the energy of the Dirac
point with respect to the Fermi energy (E = 0). In spherical coordinates we can
write

Ĥ0 = h̄vk
(

cosϕ e−iθsinϕ

eiθsinϕ −cosϕ

)
, (5.2)

where k =
√

k2
x + k2

y + k2
z, θ = arctan ky

kx
, and ϕ = arccos kz

k .
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Figure 5.1: Schematic illustration of the BdG formalism in a DSM.
Left: Linear dispersion of a Dirac semimetal. The solid line represents the electron de-
scription of a Dirac cone, whereas the dashed line is the hole representation. Right: the
dispersion relation of the electronlike and holelike Bogoliubov quasiparticles in a supercon-
ducting Dirac semimetal. Note that all drawn dispersion relations are doubly degenerate
as two Weyl cones exist with opposite chirality. Also indicated are the reflection and
transmission processes for an electron in a Dirac semimetal (no pairing, so ∆ = 0) travelling
to the right towards an interface with the superconducting Dirac semimetal (∆ 6= 0).

Equation (5.1) is a 4× 4 Hamiltonian in the basis spanned by spin (↑↓) and
orbital/parity (1,2) elements, i.e.

(
u1↑, u1↓, u2↑, u2↓

)T . The Hamiltonian can be
straightforwardly generalized to take anisotropy (v taking different values in the
three directions) or mass terms into account.

For energies above the Dirac point (E > −µ), equation 5.1 provides two electron
Fermi surfaces with a linear dispersion in three directions, where E = −µ + h̄vk.
The spinor part of the wave functions of these two cones are orthogonal, ψ1,2

D =
1√
2
(cos ϕ

2 , eiθsin ϕ
2 ,±sin ϕ

2 ,∓eiθcos ϕ
2 )

T , which reduces to ψ1,2
D = 1

2 (1, eiθ ,±1,∓eiθ)T

for kz = 0. It was elegantly shown by Parameswaran et al. [94] that the cones are
only orthogonal in the absence of off-diagonal coupling terms in equation 5.1.
However, the condition for the presence of off-diagonal terms was also shown to
coincide with deviations from linear dispersion [94]. Our low Fermi energy with
respect to the Dirac point warrants the linearity of the dispersion.

We include the holes v = u† to form a Nambu basis for the wave functions(
u1↑, u1↓, u2↑, u2↓, v1↑, v1↓, v2↑, v2↓

)T . In principle, exotic order parameters can be
expected when inter-orbital pairing is considered [114], but here we assume
the most simple proximity induced intra-orbital s-wave singlet superconducting
pairing ∆ = ∆̂0σ0, where

∆̂0 =

(
0 ∆Seiφ

−∆Seiφ 0

)
, (5.3)
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with φ being the superconducting phase of the condensate. The 8× 8 Bogoliubov-
de Gennes Hamiltonian is then given by

HBdG =

(
HD(k) ∆
−∆∗ −H∗D(−k)

)
. (5.4)

The reversal of the vector k is provided by taking ϕ→ ϕ + π, so that

−Ĥ∗0 (−k) = h̄vk
(

cosϕ eiθsinϕ

e−iθsinϕ −cosϕ

)
. (5.5)

For ∆S = 0, the electron and hole parts of HBdG decouple and one can define a
basis where the spinors of the electron quasiparticle are

ψe1,2 =
1√
2

(
cos

ϕ

2
, eiθsin

ϕ

2
,±sin

ϕ

2
,∓eiθcos

ϕ

2
, 0, 0, 0, 0

)T
, (5.6)

in analogy with ψD, with E = −µ+ h̄vke, and the spinors of the hole quasiparticles,

ψh1,2 =
1√
2

(
0, 0, 0, 0, sin

ϕ

2
,−e−iθcos

ϕ

2
,∓cos

ϕ

2
,∓e−iθsin

ϕ

2

)T
, (5.7)

with E = µ − h̄vkh. We assume that µ � ∆S, so that we can make the usual
Andreev approximation, in which ke ≈ kh, and we take the same θ and ϕ in the
electron and hole branches.

HBdG describes the induced superconductivity inside a Dirac semimetal, such as
below the Nb electrodes of the devices under study. For example, for 0 < E < µ,
the dispersion is given by E =

√
(µ− h̄vk)2 + ∆2, with corresponding spinors

ψ1,2
S =

χ

2
√

∆

(
eiφcos

ϕ

2
, eiφeiθsin

ϕ

2
,±eiφsin

ϕ

2
,∓eiφeiθcos

ϕ

2
,

− ∆
χ2 eiθsin

ϕ

2
,

∆
χ2 cos

ϕ

2
,± ∆

χ2 eiθcos
ϕ

2
,± ∆

χ2 sin
ϕ

2
)T , (5.8)

with χ =
√

E− µ + h̄vk. At energy E, two electronlike and two holelike Bogoliubov
quasiparticles exist for each of the two superconducting condensates, see figure
5.1. The corresponding wave vectors are given by h̄vkSe,h = µ ±

√
E2 − ∆2, so

that the coefficient χ is different for the electronlike and holelike quasiparticles,
χe,h =

√
E±
√

E2 − ∆2. This also provides different corresponding wave functions,
ψ1,2

Se,h. Note, that the coefficients χe,h have an imaginary component for the energies
of interest here (E < ∆). This gives rise to complex wave numbers, kSe,h, where the
real parts represent plane waves and the imaginary part evanescent waves.

At the interface between a DSM and a (proximity induced) SDSM, the reflection,
transmission and Andreev reflection coefficients can be obtained by the continuity
condition of the wave functions at the two sides of the interface, following the same
formalism as developed for the normal metal - superconductor interface [112]. For
example, an electron in cone 1 approaching the interface on its right at an angle θ
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can reflect as an electron in cone 1 with coeffcient ree, as an electron in cone 2 (r′ee),
as a hole in cone 1 (reh), and as a hole in cone 2 (r′eh). Into the superconductor the
electron can transmit as an electronlike quasiparticle in the condensate of cone 1
(tee) and cone 2 (t′ee), and as a holelike quasiparticle into cone 1 (teh) and cone 2 (t′eh).
We assume translational invariance along the y and z coordinates, which dictates
the conservation of parallel momentum, ky and kz (see figure 5.3 for the coordinate
geometry). For electron reflection only kx changes sign, which can be captured
by taking θ → π − θ. Upon Andreev reflection, all k-components are conserved.
If we allow the chemical potential in the superconductor, µS, to differ from the
potential in the Dirac semimetal, then the angle of the transmitted particles is given
by θS = arcsin( µ

µS

sinϕ
sinϕS

sinθ), where ϕS = arccos( µ
µS

cosϕ) because of the assumed
conservation of momentum parallel to the interface. Transmission can occur as
an electronlike and as a holelike quasiparticle. For the holelike quasiparticle, kx is
reversed (see figure 5.1), which is provided by the angle π − θS. The continuity
equation then reads

ψe1(θ) + reeψe1(π − θ) + r′eeψe2(π − θ) + rehψh1(θ) + r′ehψh2(θ)

= teeψSe1(θS) + t′eeψSe2(θS) + tehψSh1(π − θS) + t′ehψSh2(π − θS), (5.9)

which provides 8 equations with 8 unknowns. In a similar way, the coefficients for
an incoming hole in one of the cones can be calculated. For example, for cone 1:

ψh1(π − θ) + rhhψh1(θ) + r′hhψh2(θ) + rheψe1(π − θ) + r′heψe2(π − θ)

= theψSe1(θS) + t′heψSe2(θS) + thhψSh1(π − θS) + t′hhψSh2(π − θS). (5.10)

This procedure can be repeated for particles directed towards a second interface
with another superconductor (different phase factor φ).

In the case of transport in the lateral plane of the junction (kz = 0) and for
an angle of incidence of θ = 0, most of the coefficients are found to be zero. In
fact, we then obtain ree = r′ee = r′eh = teh = t′eh = 0. In this case, the vanishing
reflection coefficient for scattering from one cone to the other, r′ee = 0 is physically
explained by the orthogonality of the wave functions. Within one cone the reflection
coefficient, ree, is 0 due to the ortogonality of the wave functions for θ = 0 and
θ = π. The remaining Andreev coefficients are derived to be rl

eh = ∆e−iφl /(E +√
E2 − ∆2) and rr

he = (E−
√

E2 − ∆2)eiφr /∆, where the indices l and r refer to the
left and right interfaces respectively.

Once all the (Andreev) reflection and transmission coefficients are known, the
Andreev bound state can be calculated. Here, we generalize the procedure by
Kulik [113] and write the wave function in the DSM between two SDSMs as

ψ = a1ψ+
e1 + a2ψ+

e2 + b1ψ+
h1 + b2ψ+

h2 + c1ψ−e1 + c2ψ−e2 + d1ψ−h1 + d2ψ−h2, (5.11)

where +(−) indices refer to right(left) propagating waves for electrons, and vice
versa for holes, and where the coefficients a1 to d2 are given by 8 continuity
equations, such as c1e−ike L = rr

eea1eike L + rr
hed1e−ikh L + r′reea2eike L + r′rhed2e−ikh L. Here,
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Figure 5.2: Josephson effect in a Dirac semimetal junction.
(a) Sketch of a DSM Josephson junction, where Andreev bound states carry supercurrent
from one superconducting lead to the other. In the DSM interlayer, the rightgoing electron
(blue, moving right in one of the Dirac cones) can be Andreev reflected at the right interface
as a hole (orange, moving left) in the same Dirac cone. The hole can be reflected at the
left interface into an electron. When the electron cannot backscatter (crossed out electron
reflection process) and when the second Dirac cone (shown shifted and dashed for clarity)
is also quantum mechanically orthogonal to the first, the Andreev bound states can become
Majorana zero modes. (b) Numerically obtained Andreev bound state energy spectrum as
a function of the superconducting phase difference across a DSM-based Josephson junction
for different values of the parallel momentum. For perpendicular modes (ky = kz = 0), the
gap (Egap) at φ = π is closed. These Andreev bound states give a 4π-periodic contribution
to the current-phase relation. Inelastic relaxation from the upper to the lower branch is
suppressed by parity conservation.

L = l
2 cosθsinϕ, where the interfaces are assumed to be at x = ± l

2 . The electron
and hole wave vectors are given by h̄vke,h =

√
µ∓ E. In the end, solving the

8 equations provides the energy of the bound state as a function of the phase
difference between the superconductors. If we now look at the case where kz = 0
and θ = 0 again, the bound state condition becomes rl

ehrr
he = 1 in the limit of

ke,hL� 1, which then gives E± = ±∆cos( φl−φr
2 ). This Andreev bound state has a

4π periodicity.
A schematic of the S-DSM-S Josephson junction if shown in figure 5.2 (a). In order

to have the bound state actually crossing zero energy (as a Majorana mode does),
100% probability of Andreev reflection is required. This seemingly unattainable
condition is, as we have seen, guaranteed by the prohibited backscattering in the
DSM interlayer material. The electron cannot scatter back from the superconductor
as an electron since these opposite-moving electron states in the Dirac cone are
quantum mechanically orthogonal. The Dirac cone in the DSM is degenerate, but
despite this, the electron still cannot scatter between cones due to orthogonality
[94]. However, the protected back scattering picture described above breaks down
when scattering under a finite angle is considered [33], leading to a gap (Egap)
opening up around E = 0 in the bound state spectrum. An example of numerically
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calculated Andreev bound states for modes with a finite momentum parallel to
the interface (nonzero kz and/or ky) is given in figure 5.2 (b)1. This result is similar
to what one would obtain for the surface states of a 3D topological insulator
[115]. However, in the case of a DSM-based Josephson junction the entire 4π
periodic spectrum is two-fold degenerate, reflecting the nature of the hosting
DSM that consists of two, orthogonal Weyl cones. Note that Majorana zero modes
can only be detected by their tell-tale 4π periodic current-phase relation as long
as the measurement is faster than the inelastic relaxation between the Andreev
bound states [116]. In the next section, we will therefore use experiments at radio
frequencies to probe the energy-phase relation of DSM-based Josephson junctions.

5.3 Characterization of Bi0.97Sb0.03-based Josephson junctions

Josephson junctions of varying width and Nb electrode separation length were
fabricated from exfoliated Bi0.97Sb0.03 flakes. A typical device is shown in figure
5.3, with the Bi0.97Sb0.03 flake color coded in magenta and the Nb leads in blue.
All junctions show a supercurrent as a clear manifestation of proximity-induced
superconductivity in the Dirac semimetal samples. The proximity effect only
extends to approximately the coherence length beneath the superconducting
electrodes, making the proximity induced superconducting sheet effectively two-
dimensional. In Chapter 3, we have already seen that the electrons from the bulk
Dirac cones provide a significant contribution to conduction in Bi0.97Sb0.03. For
Josephson junctions, the bulk dominance of the supercurrent will be even stronger,
as the mean free path of the electrons in the bulk Dirac cone is large enough to
provide ballistic transport with a large coherence length. The conduction by the
surface carriers and the bulk holes is diffusive, providing much shorter coherence
lengths, strongly reducing these contributions to the Josephson supercurrent.

The length of the Josephson junctions varies between 500 nm and 1 µm. From
Chapter 3 we know that both bulk electrons and holes exhibit mobilities µ of order
of 2 m2V−1s−1 and that the bulk holes have an effective mass of 0.042 m0 and a
Fermi velocity [117] of 1.4× 105 m/s. Using these values, we extract an elastic
mean free path, le = µmvF/e, of about 66 nm, which is shorter than the junction
length. However, for the bulk electrons with linear dispersion, the effective mass
is given by m∗vF = h̄k [118], which is substantially higher along the long axis of
the ellipsoidal electron Fermi surface than for the holes, giving a mean free path
of the order of the length of the devices, suggesting that the shortest junctions
could show ballistic transport. To confirm the ballistic or diffusive behavior of the
junctions, the critical current as a function of temperature, Ic(T), was measured
for all devices, shown in figure 5.4. For the shortest junctions, the Ic(T) function
is concave (figure 5.4 (a)), which is an indication of ballistic transport in the
interlayer. We therefore fitted Ic(T) with the clean limit Eilenberger equations,
using the model of Galaktionov and Zaikin [119]. This model includes barriers

1 The derivation of the bound states can easily be generalized to junctions with arbitrary electrode
spacing, L, by keeping the separate expressions for ke and kh.
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Figure 5.3: SEM image of a DSM-based Josephson junstion.
False color scanning electron microscopy image of a Josephson junction with supercon-
ducting Nb electrodes on top of an exfoliated flake of the DSM Bi0.97Sb0.03. The Bi0.97Sb0.03

exfoliated flake is shown in magenta and the superconducting Nb leads in blue. The
coordinate system displayed here is maintained throughout this chapter.

with arbitrary transparencies between the interlayer and the superconductors,
which appear in the fit as the point where the exponential increase of Ic transitions
into a plateau. We assumed a symmetric situation with equal transparencies on
both sides of the interlayer. The input parameters of the model are Tc = 3.1
K, as determined from the criterion that Ic = 0 (hence ∆ = 0.5 meV), and the
device length L = 500 nm. The model fits the data accurately for an interface
transparency, D, of 0.9 and a normal coherence length of ξ = h̄vF/(π∆) = 185 nm,
giving an average vF = 5× 105 m/s. Note that the Ic(T) of sample S1 in figure
5.4 (a) was measured after several cooldowns and shows a slight reduction in the
critical current with respect to the first measurements as presented in table 5.1 and
figure 5.4 (b). The overall shape, however, did not change. The reduced junction Tc
with respect to the critical temperature of the Nb electrodes, as well as the high
interface transparency, suggest that a proximity induced superconducting gap is
induced in the Bi0.97Sb0.03 below the Nb electrodes. The Josephson junction is then
formed laterally where the proximized regions act as superconducting electrodes.
The experimentally observed deviation from a fully transparent interface may
be explained by a modest Fermi velocity mismatch (induced by the different
workfunction of the Nb electrodes).

For the longer junctions, the Ic(T) dependence is qualitatively different (see
figure 5.4 (b)) and can only be fitted using the Usadel equations for diffusive
transport [120]. We conclude that by varying the length of the junctions, samples
can be placed in different junction limit regimes. The diffusive junctions naturally
have lower RN Ic values. We list all junction parameters of the different devices in
table 5.1.



5.4 4π periodic signals in the inverse AC Josephson effect 69

(a) (b)
I C

 (n
A

)

I C
 (n

A
)

T (K) T (K)
0   1     2      3 0      0.4    0.8  1.2 

100

1000

10

1

S1
S2
L1
L2
L3

Junction S1
L/ξS = 2.7, D = 0.9, TC = 3.1 K

800

600

400

200

0

Figure 5.4: Critical current temperature dependence
(a) Temperature dependence of critical current of sample S1 (data points). The temperature
dependence of the critical current can be fitted by the theoretical model of ballistic Josephson
junctions [119]. The parameters are shown in the figure. (b) Temperature dependence of
junctions of different length, see also table 5.1. While the short junctions (S1,S2) can be
fitted with ballistic transport models, the longer junctions are in the diffusive limit.

Table 5.1: Parameters of all junctions, corresponding to the data shown in Figure 5.4.
L1 S1 S2 L2 L3

L (nm) 800 500 500 800 1000
W (µm) 3 3 2 2 2
RN (Ω) 18.7 17.3 23 40 27
Ic (nA) 160 1220 970 55 48

RN Ic (µV) 3 21.1 22.3 2.2 1.3

5.4 4π periodic signals in the inverse AC Josephson effect

When irradiated with microwaves of frequency f , Shapiro steps are observed in
the dc current-voltage curve at voltages n h

2e f due to the ac Josephson effect, see
figure 5.5. The shortest junctions miss the n = 1 steps in their Shapiro spectra.
This fractional Josephson effect was predicted as a detection method for the 4π-
periodic current-phase relation, underlying the Majorana zero mode [121]. Whereas
the disappearence of odd Shapiro steps have been measured occasionally [122],
experiments often just reveal the n = 1 step to be missing [104, 108], which has
been theoretically explained to be due to capacitive effects [123].

A clear missing (figure 5.5 (b)) or reduced (figure 5.5 (d)) n = 1 step is observed
at different radio frequencies. The missing n = 1 step does appear when the
frequency is increased (figure 5.5 (e)). In models for resistively shunted junctions
(RSJ) with simultaneous 2π and 4π components in the current-phase relation
[108], this crossover frequency represents the point at which the contribution of
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Figure 5.5: Shapiro steps in the inverse AC Josephson effect.
(a) Current-voltage characteristics of device S1 at T = 12 mK under microwave irradiation
at frequency f = 0.90 GHz and a power of -1.0 dB, where 0 dB refers to the first minimum
in Ic. Right panel: Binning map of the Shapiro step size. The number of datapoints in the
current-voltage characteristic is binned per bias voltage interval and gives a clear picture of
the present Shapiro steps. (b) Shapiro step size as a function of DC voltage and RF power
as derived from the binning maps. The n = 1 step is completely suppressed in the whole
range of applied microwave power. (c) Cross-sections of panel (b) to reflect the power
dependence of the Shapiro step sizes. For clarity, the curves are offset by 0.5 µA. I0, the
step size at V = 0, is defined here as 2Ic. (d) Shapiro step size as a function of RF power at
frequency f = 1.25 GHz. The n = 1 step appears at high power only. (e) Shapiro step size
as a function of RF power at frequency f = 6.40 GHz. For this high frequency, all Shapiro
steps are present. (f) The ratio between the n = 1 and n = 2 step size, Q12, as a function of
radio frequency. The critical frequency where Q12 = 1 is extracted to be about 2 GHz.
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the 4π-periodic bound states is no longer visible, although these bound states
are still present. In figure 5.5 (f), we plot the ratio between the width of the first
Shapiro step and the width of the second step, Q12, as a function of the irradiation
frequency and we estimate the transition frequency, fc, to be about 2 GHz. We
define the width of each step as the largest value it attains in their power profile.
In the RSJ model, fc =

2e
h RN I4π

c gives an estimate of the 4π-periodic contribution
to the critical current of about I4π

c = 0.2 µA, which is about 20% of the total critical
current Ic.

In non-topological ballistic and transparant Josephson junctions a 4π-periodicity
has never been observed at low frequencies. The inelastic relaxation between
the upper and lower Andreev bound states in a low-dimensional topological
Josephson junction is suppressed because of the protected parity of the states [124,
125], thereby strongly enhancing the lifetime of the 4π-periodic Andreev bound
states. Whether a similar protection can be active in our higher-dimensional case
needs to be theoretically investigated. In this respect it is important to note that
higher-dimensional Josephson junctions (e.g. even in 3D) have been classified as
topological, once the classification scheme is extended to include pumping cycle
variables (such as the junction phase difference) [126]. While relaxation between
bound states can still occur in the presence of additional quasiparticles and by
coupling to the continuum states outside the gap [124, 127–129], the high frequency
of the measurements allows us to resolve the 4π-periodicity of the bound states
with a lifetime of the order of nanoseconds or longer.

5.5 Magnetic field dependence

To test our expectation that the supercurrent is carried by the electrons in the bulk
Dirac cone, we study the supercurrent in a parallel magnetic field. When a magnetic
field is applied in the direction of the current, B = Bx, the electron pockets are
expected to shift in k-space. Owing to the large g-factor of about 1000 for the bulk
Dirac cone electrons in a magnetic field along the binary or bisectrix axes [117], the
Zeeman effect has significant consequences and results in a shift of the Dirac cone
in the kx direction of ∆kx = gµBBx

h̄vF
. The proximity induced Cooper pairs then obtain

a finite momentum, as shown in figure 5.6. At zero magnetic field, the Cooper pairs
do not have a finite momentum as pairing occurs between electrons with opposite
momenta at L and -L, without both being Zeeman shifted. Finite momentum
pairing is known to occur in Josephson junctions with ferromagnets [130–132] and,
more recently, semiconductors with spin-orbit coupling [133]. Finite momentum
pairing is expected to lead to a spatially oscillating order parameter and we observe
this as an oscillating critical supercurrent as a function of the parallel magnetic
field, see figure 5.7 (a). The periodicity of the these oscillations is very different
from the well known Fraunhofer pattern for perpendicular magnetic fields, ruling
out contamination with perpendicular field components. Furthermore, the data
can be well described using a complex coherence length, which contains both the
oscillations and the decay, as expected in the finite momentum pairing scenario
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Figure 5.6: Finite momentum pairing in Bi0.97Sb0.03.
A cross-section of the Bi0.97Sb0.03 Brillouin zone with the hole pocket shown in pink and
the electron pockets shown in blue. Due to the Zeeman shift, the Cooper pairs from the
electron pockets obtain a finite momentum.

[134]. Such a simulation of the data (red line in figure 5.7 (a)), yields critical current
oscillations with a period that is set by L∆kx = π, where L is the length of the
junction. From fitting this model to the data with an average Fermi velocity of
5× 105 m/s, a g factor of 800 is obtained, consistent with literature [117]. The
junction is tuned into the π-state for a parallel magnetic field between 12 and 38
mT. When this tunable π-junction is incorporated in a superconducting loop with
a standard junction, indeed π-SQUID behavior is observed [135].

In figure 5.7 (b) we show the sensitivity of the 4π-periodic Andreev bound
states to the applied magnetic field. The parallel field geometry is a convenient
platform for this. For perpendicular field, the orbital contribution of the field
provides a modulation of the critical current on a small field scale, which decreases
the visibility of the 4π-periodic Andreev bound state (lowered Ic) before the 4π-
periodicity itself is actually suppressed. In the parallel field orientation, we observe
a reappearance of the n = 1 Shapiro step at Bc = 20 mT for a 500 nm junction,
signalling a suppression of the 4π-periodicity, well before Ic is suppressed by the
finite momentum pairing (see the finite step size at V = 0 of the same junction
(black line) in the lower panel of figure 5.7 (b)). We speculate that the suppression
of the 4π contribution in a parallel field is due to the shift of the Dirac cones in
the ky direction, caused by the orbital contribution of the field, ∆ky = e

h̄ Bxz. This
shift is much smaller than the Zeeman shift but it does give the Andreev bound
states considerable momentum parallel to the interface, changing the angles at
which transmission resonances occur. By taking z = 300 nm as the thickness of
our flake, we extract a parallel momentum of the order of 107 m−1 at Bc = 20 mT,
which indeed is significant with respect to the forward electron momentum of
3× 107 m−1.
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Figure 5.7: Magnetic field dependence.
(a) Differential resistance of an 800 nm long junction as a function of B, applied parallel
to the current, at T= 12 mK. The critical current can be fitted (solid line) by considering
finite momentum pairing induced by a Zeeman shift of the Dirac cone in the direction of
B, as illustrated in the inset. (b) Top: Shapiro step size as a function of voltage and applied
parallel magnetic field for a 500 nm long junction under RF irradiation (P = −20 dBm,
f = 0.995 GHz). Bottom: Cross sections of the top panel to reflect the onset of the n = 1
Shapiro step at Bc, possibly due to the finite ky induced by the orbital effect of B (inset top
panel).

5.6 Observability of 4π periodic supercurrent

In (semi-)metallic heterostructures, such as the Josephson junctions under study,
the Fermi wavelength (λF) will likely be shorter than the interlayer length (L). For
ballistic transport, this can give rise to Fabry-Perot type resonances in the interlayer
region. Just like in an optical system, the normal state transmission through the
structure is maximal when kxL = nπ, where kx = kFcos(θ) is the momentum in the
direction perpendicular to the interfaces. In the case of superconducting electrodes,
the supercurrent is carried by Andreev bound states, which can fully contribute to
the supercurrent whenever the Andreev bound state energy lies within a normal
state resonance. The electrons and holes of an Andreev bound state within the
resonance can stay coherent, whereas outside the normal state resonance they
quickly dephase. Coherence effects from overlapping normal state resonances
and Andreev bound states were, for example, shown for ballistic double-barrier
Josephson junctions with a metallic interlayer [136]. In that case, a normal state
resonance is narrow in energy, its width given by γh̄vF/L, where γ is the angle
averaged single barrier transparency. As a consequence, the transport is carried
only by modes at angles very close to resonant conditions.

When we now consider superconducting electrodes, the Andreev bound state
spectrum is calculated as outlined in section 5.2. It was described that the perpen-
dicular Andreev bound state is 4π periodic, which still holds for longer junctions
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Figure 5.8: Transmission resonances and Andreev bound states.
(a) The energy gap between Andreev bound states at a phase difference of π as a function
of the angle (θ) between the propagation direction and the normal to the interface. At
angles for which Egap is smaller than other energy scales, such as temperature (kBT), the
Andreev bound states cannot be distinguished experimentally from 4π-periodic bound
states (gray area). For this example kF L = 10 and µel = 2µint. (b) Percentage of angles for
which Egap <kBT as a function of the cut-off energy (kBT). Here, kF L = 157 and µel = 2µint

have been determined from the experimental parameters of the junctions.

with multiple normal state resonances. Moving away from the perpendicular
direction, a gap Egap is opened in the Andreev bound state spectrum as shown
in figure 5.2 (b). However, this gap closes again for every angle that has a normal
state resonance (as was noticed before in the context of 3D topological insulators
[115]), making these Andreev bound states 4π periodic again. An example of Egap
(measured at φ = π) is given in figure 5.8 (a).

In order to estimate the ratio of 4π- and 2π-periodic bound states in the spectrum
one should realize that 2π-periodic Andreev bound states with very small gaps
can not experimentally be distinguished from 4π-periodic Andreev bound states
if Egap is smaller than other relevant energy scales such as kBT (giving thermal
noise broadening of the levels) or eVbias (providing a probability for Landau-Zener
tunneling between Andreev levels across the gap). In practice, to estimate the
fraction of the observable fraction of the 4π contribution to the supercurrent, we
can define an energy cut-off, e.g. kBT, as shown by the gray area in figure 5.8 (b)
and count the fraction of Andreev bound states with Egap < kBT. Because of the
broad normal state transmission resonances of topological systems (especially for
the forward direction), this fraction can be quite large. It is not always possible to
enhance the relative 4π contribution by increasing the temperature because the
critical current strongly decays with temperature, which limits the observability of
the 4π contribution in itself.

For the DSM-based Josephson junctions described here, we can make an es-
timation of the number of transmission resonances by taking EF = 16 meV in
the interlayer. Since E2 = (h̄vxkx)2 + (h̄vyky)2 + (h̄vzkz)2, we obtain a maximal
kmax

x = EF/(h̄vx) = 3.2× 108 m−1 for vx = 8× 104 m/s. The number of reso-
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nances, kmax
x L/π is then about 50 for a junction length of 500 nm. Note that we

treat the transverse momenta ky and kz as continuous, whereas these are quan-
tized in practice due to quantum confinement. However, the number of modes
in the y-direction can be estimated for a width of 3 µm and vy = 106 m/s as
kmax

y W/π = 25, which is still reasonably large. For these parameters, the observ-
able fraction of 4π Andreev bound states is depicted in figure 5.8 (b) as a function
of the measurement temperature. In order to match the experimentally observed
fraction of about 20%, kBT/∆ needs to be about 0.03. For a proximity induced
∆ of about 0.5 meV, this would correspond to a temperature of about 0.17 K.
This seems to be somewhat larger than the actual measurement temperature, but
one should take into account that this is only a qualitative estimate with quite
some uncertainty in the values of the parameters. For example, for a ratio of the
chemical potentials closer to 1, 20% of 4π contribution would be reached at lower
temperatures already.

5.7 Conclusions

Our observation of proximity induced superconductivity in a Dirac semimetal
provides a platform to investigate whether topological superconductors generated
in this manner have an unconventional order parameter symmetry and opens up a
new possible avenue towards topological quantum computation. Our observations
indicate that 4π-periodic Andreev bound states can originate from bulk Dirac
electrons and not necessarily point to surface states or Fermi arcs [137, 138]. The
degeneracy in the Dirac cone and the presence of multiple Dirac cones allows
for multiple Majorana zero modes. It will be intriguing to see whether multiple
Majoranas can be employed in quantum algorithms. Technologically, the use of
the topological bulk properties of a semimetal rather than a topological surface,
renders devices less sensitive to disorder and environmentally-induced surface
degredation.



6
Characterization of the pairing
symmetry in PdTe2 through
side-junction spectroscopy

In chapter 5 we have seen how superconductors and topological materials

can be combined into devices that potentially host majorana states. In

this chapter, we will focus on a Dirac semimetal that exhibits intrinsic

superconductivity: PdTe2. Through conductance spectroscopy on side-

junctions and comparison with theoretical models, we study the in-plane

order parameter symmetry to see whether the superconductivity in PdTe2

is unconventional or not.

The results described in this chapter have been published as: Voerman & de Boer et al.. Dominant
s-wave superconducting gap in PdTe2 observed by tunneling spectroscopy on side junctions. Phys. Rev.
B 99, 014510 (2019). I have been involved in all aspects of this work, except for device fabrication.
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6.1 Introduction

The search for the elusive Majorana particle has brought physicists to the area of
topological superconductivity. The mixture of Dirac physics and superconductivity
is seen as a promising way of creating Majorana quasiparticles [33]. Experimental
research has focused on the interface effects of superconductors coupled to either
semiconductors with strong spin-orbit coupling [103, 104] or topological matter
[107, 108, 115], as we have also seen in the previous chapter. Topological super-
conductors, for example CuxBi2Se3, are also studied in the context of Majorana
physics [139, 140]. The transition metal dichalcogenide PdTe2 belongs to the P3̄m1
space group and is known to be a superconductor [141–143]. Recent experiments
have shown that this material is also topological as it possesses a type-II Dirac
cone [144–146], highlighting it as an extraordinary material, that could host un-
conventional superconductivity intrinsically [147]. Notably, Teknowijoyo et al. have
narrowed the possible order parameter symmetries down to three candidates: A1g
(conventional s-wave) pairing, A1u (helical p-wave) pairing, or Eu(1,0) (nematic
p+ f -wave) pairing, by showing that the order parameter of PdTe2 is nodeless
[148]. The latter two pairings are nontrivial. Experiments investigating the nature
of the superconductivity in PdTe2 have so far found no indication of unconven-
tional superconductivity [142]. In this chapter, we present tunneling spectroscopy
measurements performed on PdTe2-normal metal side-junctions, to shed light on
the in-plane properties of the order parameter and distinguish between the three
possible order parameters that Teknowijoyo et al. have singled out.

6.2 Modeling the S-N interface through the BTK formalism

In similar fashion as we did for the superconducting Dirac semimetal - Dirac
semimetal (SDSM-DSM) interfaces of the previous chapter, we model the PdTe2-
Pd interfaces through a ballistic Blonder-Tinkham-Klapwijk (BTK) model [112].
Because typical PdTe2 exfoliated flakes are thinner than 100 nm, which is less
than the reported superconducting coherence length [141, 148], we resort to a BTK
model [112] in two dimensions for studying the different order parameters. In
the Bogoliubov-de Gennes basis {↑, ↓, ↑†, ↓†}, the electron like branches (denoted
by ↑, ↓) and hole like branches (the conjugate transpose of the electron branches,
denoted by ↑†, ↓†) can be coupled using a 2× 2 matrix

∆ = i(∆sσ0 + ∆p, f d · σ)σy, (6.1)

where d is the d-vector that describes the total spin of the Cooper pair. Note
that for conventional s-wave pairing, ∆p, f = 0, there is no d-vector required to
describe the system as the Cooper pair has a net spin of 0. For the unconventional
p-wave and f -wave superconductivity, the net spin of the Cooper pair is finite
and the d-vector can act as a spin-momentum locking term. For example, chiral
p-wave can be described as dch.p = 0 x̂ + 0 ŷ + (kx + iky)ẑ, where the total spin of
the Cooper pair spin is locked to its momentum in a chiral structure. Just like in
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chapter 5, where the spin-momentum locking from the normal state DSM provided
protection against backscattering at S-N interfaces, spin momentum locking of
the Cooper pairs can enhance the probability of Andreev reflection processes and
cause bounds states crossing zero energy.

Teknowijoyo et al. [148] have experimentally determined the order parameter in
PdTe2 to be nodeless, which, together with crystal symmetry constraints, leaves
us with three different pair potentials: A1g (conventional s-wave), A1u (helical p-
wave), and Eu(1,0) (nematic p+ f -wave). The latter two correspond to the d-vectors
dA1u = kx x̂ + kyŷ + kz ẑ and dEu(1,0)

= kx(k2
x − 3k2

y)x̂ + kzŷ + ky ẑ. We assume the
normal state energy bands to be parabolic since the Fermi energy is much larger
than the energy where the type-II Dirac points reside [144], which also means
that in principle, there is no spin-momentum locking term in our normal state
model of PdTe2. Moreover, the chemical potential mismatch, µsc/µn, is set to 1 for
simplicity, so that Z = Hme/h̄2ksc, with H the height of the δ-shaped barrier, is
the only barrier parameter.

To get an impression of the consequences of the three order parameters, we
show several features that arise in the 2D BTK-model. Figures 6.1 (a)-(c) show the
angle dependence of the superconducting gap magnitude. It is obvious from these
plots that all three are nodeless. The order parameters of the s-wave, (a), and A1u
pairing, (b), differ in the angle-dependence of their phase, rather than their gap
magnitude. Figures 6.1 (d)-(f) show the normalized, angle-resolved conductance
spectra for a barrier strength Z = 4. Here 0◦ corresponds to the interface normal,
and brighter colors indicate a higher conductance. For a high barrier strength
such as used here, the conductance spectra correspond to the quasiparticle density
of states. Both the A1u and the Eu(1,0) pair potentials lead to helical edge states
that cross zero energy within the superconducting gap. The panels labeled (g)-(i),
show the calculated, angle-averaged conductance spectra for dimensionless barrier
strengths Z = 0, 0.5, 1, and 4. The legend is included in figure 6.1 (i).

It should be noted that no signs of unconventional superconductivity have been
found in differential conductance measurements along the c-axis, which rules out
3D isotropic A1u pairing [142, 146], but leaves room for an anisotropic variant. The
other nodeless pairing symmetry, Eu(1,0), consists of components that are linear
in k and cubic in k, i.e. p-wave + f -wave symmetry. This can behave like a fully
gapped system only when the k3 component is sufficiently strong compared to the
linear term. Although the Eu(1,0) nematic p+ f -wave state is unlikely to occur in
nature, recent reports on the topological superconductor CuxBi2Se3 have found
indications of Eu pairing symmetry [149–151].
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Figure 6.1: A BTK model to illustrate the different possible order parameter symmetries.
The BTK-model for conventional s-wave symmetry, A1u, and Eu(1,0) pairing. (a)-(c) show
the angle dependence of the gap, ∆, indicating the shape of the OP and the fact that it is
nodeless. (d)-(f) show the angle dependent conductance at different energies calculated
for barrier strength Z = 4. The colorscale reflects the conductance, where brighter colors
indicate higher conductance. Both A1u (e) and Eu(1,0) (f) have helical edge states at zero
energy. Note that due to the anisotropy of the Eu(1,0) pair potential, some of the states with
large ky components on the normal metal side have no superconducting equivalent at the
same energy and result in zero conductivity. (g)-(i) are the conductance spectra obtained
for different dimensionless barrier strengths, Z, in the BTK-model. They are the result of
averaging the conductance over angles between -90 and +90 degrees, taking into account a
cos θ-depence for their contribution to conductivity across the interface. The legend in (i)
shows which line represents which Z and is valid for (g) and (h) as well.
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6.3 Experimental methods

We have fabricated our superconductor-(insulator-)normal metal (S(I)N) junctions
out of exfoliated flakes of a PdTe2 crystal. The crystal has a preferred cleavage
plane, which orientates all flakes with the c-axis out of plane. The single crystal
of PdTe2 was grown by a modified Bridgman method. High purity Pd (99.99%)
and Te (99.9999%) were used as starting materials. The desired components were
sealed in an evacuated cone-ended quartz ampoule. The ampoule was heated up
to 800 ◦C, kept for 48 hours and then cooled down to 500 ◦C at a rate of 3 ◦C per
hour, followed by furnace cooling1.

All devices are prepared by Ar+ milling through the flake prior to the deposition
of a barrier and normal metal, in order to create a side-contact, allowing us to probe
the in-plane properties of the superconducting order parameter. All patterning
for these steps was done using standard electron-beam lithography. The devices
differ in their interfaces between the PdTe2 and the normal metal. The first type of
devices was made without a specific barrier and is a 500 nm wide SN interface
between PdTe2 and gold, with a normal state resistance (RN) of about 30 Ω at 15
mK. The second type of devices was made by transferring the argon milled flakes
to a sputter machine where they were cleaned of contaminations by low RF power
plasma etching. On the cleaned surface, 1 nm of Al was sputter deposited, followed
by oxidiation in 10 mbar of oxygen for one hour to form an Al2O3 oxide barrier.
To finalize the devices, a normal metal layer of palladium was sputter deposited
on the aluminium oxide without breaking the vacuum. The RN was about 200 Ω
at 15 mK. Of the third type of devices only one was fabricated. This device was
transferred to an atomic layer deposition apparatus after argon milling, where a
1.2 nm thick Al2O3 layer was grown at 100 ◦C, followed by ex-situ deposition of
40 nm of gold by sputter deposition. These SIN junctions have an RN of about
2 kΩ at 15 mK. Although many junctions were made, one SIN junction had this
resistance value at base temperature, whereas the other showed R > 1 MΩ. Several
of our similarly fabricated SIS-junctions did show an RN of 2 kΩ at 15 mK, but
are not included in this work on SIN junctions. For each of the three S(I)N types,
measurements on one representative device are presented in this work.

6.4 Results and analysis

We drive a direct current (DC) bias with a small alternating current (AC) excitation
through the junctions while measuring both the DC and AC response across the
junction to probe the differential resistance. The measured differential resistance is
numerically inverted to differential conductance and plotted against the measured
DC bias voltage. The results of these measurements at the lowest temperature
reached (T < 100 mK) are shown as grey circles in figure 6.2. Comparing the
three graphs we see a clear evolution of the main feature around zero bias. In
figure 6.2 (a) we see a dented plateau around zero bias, accompanied by sharp

1 The crystals used in this work were grown by Yingkai Huang from the University of Amsterdam
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Figure 6.2: Experimentally obtained conductance spectra.
dI/dV spectra of three PdTe2 junctions with different resistances measured at base temper-
ature (grey circles). The red line is our best fit to the data. All relevant fitting parameters, as
well as RN , are included in the panel. (a) dI/dV measurements and fit of a BTK-model with
very transparent PdTe2/Au interface (RN = 30 Ω) and critical current effects. (b) dI/dV
measurements and fit of a BTK-model with slightly less transparent PdTe2/Al2O3/Pd
interface (RN = 167 Ω). (c) dI/dV measurements and fit of a BTK-model with an opaque
PdTe2/Al2O3/Au interface (Rn = 2.16 kΩ).

dips in conductance at ±0.5 mV. Figure 6.2 (b) shows a quite different shape.
The dented plateau around zero has been replaced by an Andreev like spectrum
with coherence peaks surrounding clear dip. The final device, whose differential
conductance is shown in figure 6.2 (c), has the highest normal state resistance. Just
as the data in figure 6.2 (b), the measured dI/dV spectrum in 6.2 (c) looks like a
clear Andreev spectrum. Around zero bias a small zero bias conductance peak
(ZBCP) is visible.

Comparing our model to the differential conductance curves displayed in figure
6.2, it appears that only conventional s-wave pairing can not adequately explain
all our findings. Although the data obtained on the two high resistance devices
can be nicely replicated using s-wave pairing with some degree of broadening,
the sharp dips and elevated plateau of the lower resistance device are absent in
figure 6.1 (g), which shows the resulting differential conductance of the s-wave
BTK-model. The helical p-wave dI/dV, figure 6.1(h), does exhibit sharp dips and a
rising plateau, albeit far more rounded than the experimental data. Unconventional
superconductivity, as long as it is nodeless [148], is not unimaginable in PdTe2 as
the unique spin (or pseudo spin) structure of a Dirac semimetal (DSM) can stabilize
unconventional pairing mechanisms [139, 147]. However, using the ballistic BTK
model with conventional s-wave or helical p-wave pairing, we were unable to
accurately model the data of figure 6.2 (a), i.e. the most transparent junction. The
differential conductance of the two most resistive junctions, on the other hand,
can be fitted well using the conventional s-wave pairing model with a Dynes
broadening parameter Γ. The result of this fitting procedure is shown as a red
line in figures 6.2 (b) and (c). Every part, except for the ZBCP in figure 6.2 (c) is
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Figure 6.3: A schematical illustration of the interface in this model.
The left side represents the metal side, which is described by parallel ballistic and diffusive
channels, and the right represents the superconductor side of the interface.

described by the BTK-model, using a dimensionless barrier strength Z ≈ 0.7. We
will leave the ZBCP for now and turn our attention to the lower RN junctions.

6.5 A minimal model for low resistivity N(I)S devices

To explain the origin of the sharp dips and dented plateau of figure 6.2 (a), we
extend our BTK-model by taking into account the influence of the interfacial
critical current on the obtained dI/dV spectra [152–156]. The BTK-model assumes
ballistic transport through the junction at all bias voltages, but in the case of very
low resistance junctions, the junction may leave the ballistic regime and enter the
thermal regime. When current-biasing low resistance devices, one often needs to
send relatively high currents to reach voltages of the order of the gap magnitude.
In the case of a disordered N-S interface, the critical current of the superconductor
near the interface can be reached before eVbias ≈ ∆ and the resulting dI/dV
spectrum is no longer well described by the ballistic BTK model. Note that this
critical current does not refer to the typical bulk Ic of a superconductor, but
rather to a reduced critical current in the disordered surface of the PdTe2 close
to the interface. In figure 6.3, a typical low resistance N(I)S interface is described
as a metal side, which has a diffusive and a ballistic channel, in series with a
superonducting side, which we assume to be ballistic in the normal state for this
minimal model. The ballistic and diffusive contributions of the metal are modeled
as F and 1− F respectively, with F a fitting parameter between 0 and 1.

The I-V characteristic of a diffusive metal can in principle be easily described as
a linear dependence Vdm = IRm. This diffusive contribution causes heating at the
interface as T2

e f f = T2
bath + V2

bias/4L, with L the Lorentz number [157]. Because of
the small temperature dependence R(T) of metals at low temperatures, we assume
the metal resistance to be constant. The ballistic I-V characteristic of the metal is
also taken into account as Vbm = IRm, but without the aforementioned heating
effect. The I-V-characteristic of a superconductor can generally be described as
VSC = sgn(I)<(

√
I2 − I2

c )RSC, which holds below and above Ic.
For I < Ic, when the resistance contribution of the superconductor drops to

zero, the resistance of the interface is entirely governed by the diffusive metal,
which behaves again as Vdm = IRm, and the ballistic metal which in this case is
described by the BTK model: Vbm = IRBTK [112]. The resulting I-V characteristics
are shown in figure 6.4 (a).
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Figure 6.4: BTK + Ic model.
(a) I-V characteristics of the separate parts of the interface, plotted against the voltage
over this separate part. The total is modeled assuming a current bias setup. (b) The dI/dV
conductance spectra corresponding to the I-V characteristics in panel (a).

The resulting total conductance spectrum will follow BTK behavior as long as
I < Ic, damped by a parallel, diffusive contribution, and will jump at I = Ic to
saturate at a constant value that corresponds to the total metal and normal state
PdTe2 resistances. The effective temperature Te f f at the interface causes thermal
smearing of the total I-V characteristic. In the BTK picture, this thermal smearing
is taken into account as a broadening of the bias voltage. For the critical current
features however, thermal smearing should be taken into account in the V-I curve
by broadening the bias current IThermal ∼ VThermal/Rtotal . This makes the amount
of rounding of the critical current strongly dependent on the total resistance of the
device. Figure 6.4 (b) shows the total dI/dV conductance spectra, together with
the conductance spectra of the isolated parts of the interface.

One of the lowest resistance N(I)S devices fabricated for this work, has a re-
sistance of 11.3 Ω. The measured conductance spectrum is shown in figure 6.5
and exhibits a pronounced dome at zero bias, along with a parabolic background
that is associated with Joule heating effects [153]. This spectrum perfectly matches
what one would expect for a helical-p superconductor with a high barrier (see
figure 6.1 (h)).

Figure 6.5 (b) shows the excellent correspondence between the measured data
and a numerical model for an A1u order parameter with ∆A1u = 0.085 meV, a
dimensionless barrier strength Z = 2.1, and a small chemical potential mismatch
µsc/µn = 1.15. Despite the good fit to the data, the fitting parameters do not seem
very appropriate for the device. Following the BCS model, the gap magnitude
indicates Tc ≈ 560 mK, which does not match well to the temperature dependence
in panel 6.5 (a). The dimensionless barrier strength of Z = 2.1 is very high for a
device with a normal state resistance of 11.3 Ω. Contrary to the other datasets
presented here, interpreted as p-wave this spectrum shows no sign of an additional
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Figure 6.5: Resemblances between a p-wave spectrum and s-wave with critical current
features.
(a) Temperature dependent dI/dV spectra for an Rn = 11.3 Ω N(I)S device. The curves,
except for 15 mK, are offset for clarity. (b) A 2D, A1u BTK model fitted to the 15 mK data.
(c) The s-wave + Ic model, fitted to the 15 mK data.

s-wave order parameter, which is another indication that these measurements
should not be interpreted as fully described by the BTK formalism. In figure 6.5
(c), the critical current model is fitted to the data. The fit parameters indicate
70% ballistic transport in the metal side of the barrier and a critical current Ic =
9.2 µA. Instead of fitting the BTK parameters to the data, we assumed the same
values as found from fits in the main text because the influence of the s-wave BTK
contribution is rather small. This s-wave + Ic model matches just as well to the data
as the p-wave model does, but in this case with much more realistic fit parameters.

The red line in figures 6.2 (a) shows the striking agreement of an s-wave BTK-
model with our data, when the effect of Ic is taken into account. The BTK pa-
rameters, as well as Ic, are reported inside the graph. We stress that this fitting is
performed using only conventional s-wave pairing, like in figure 6.2 (c). The device
with the largest barrier is apparently in the ballistic regime for all applied currents,
whereas this does not hold for the most transparent device. The dI/dV features,
occasionally ascribed to unconventional superconductivity, arise in our case from
high transparency of the junction in combination with a disordered interface. This
high transparency can be due to the design of the device, or an accidental feature,
such as a pinhole or otherwise broken barrier.

The experimental data and theoretical fits presented in this section illustrate
neatly the difficulties of studying the superconducting order parameter with a
low resistance, point-contact like setup. To make hard statements about the nature
of the superconducting order parameter, one preferably uses devices with thick
barriers without pinholes, so that the resulting tunneling spectrum accurately
corresponds to the density of states of the superconductor.
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Figure 6.6: Additional measurements and analysis on the highest resistance sample.
(a) dI/dV of the 2.16 kΩ sample for different temperatures measured over a large range
of bias voltage. For clarity, all the curves except for the 15 mK curve have been given a
constant offset. (b) s-wave BTK fits (colored lines) to the measured dI/dV of the 2.16 kΩ
junction (grey circles) at different temperatures. Again, all the curves except for the 15 mK
curve have been given a constant offset. The temperature and fitted gap ∆ are indicated
next to the line. Z and Γ are shared across the curves and are indicated in the top-right
corner of the graph. (c) The height of the ZBCP as a function of temperature. (d) The
superconducting gap from the BTK fits as a function of temperature (black circles) and
the position of the shallow dip versus temperature (red circles). Dashed lines show the
standard temperature dependence from BCS theory for a Tc of 1.7 K.
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6.6 Unusual features in the conductance spectra

So far we have found that the main features of all three measured devices can be
understood with the same s-wave order parameter symmetry, even though their
differential conductance spectra differ greatly. The high resistance device is our
best candidate for a more extensive conductance spectroscopy study, as it exhibits
ballistic transport for up to 8 mV. We have measured the dI/dV spectrum of this
device at different temperatures and for a much larger range of bias currents. The
experimental data is presented in figure 6.6 (a). Figure 6.6 (b) serves as a zoomed
in version of this graph around zero bias and shows, as solid lines, the curves
obtained from a conventional s-wave BTK-model. The theoretically obtained curves
describe the data very well. A shallow dip-feature presents itself in figure 6.6 (a) at
bias voltages greater than 5 mV, far beyond the superconducting gap (∼ 300 µV).
The dip differs from the dips earlier attributed to the critical current. Such dips
are quite sharp, since they relate to an instant increase in voltage, whereas this
feature is shallow and stretched wide in voltage. Furthermore, we have plotted
the position of this dip as a function of temperature in red circles in figure 6.6
(d). They are accompanied by the superconducting gap ∆ as extracted from the
BTK fit on the low-bias part of this dataset. Both temperature dependences can be
described using standard BCS theory. The two dashed lines show this standard
BCS behavior, scaled to the voltage value at the lowest temperature. Over the past
decades there have been numerous experiments in which dips such as presented
in figure 6.6 (a) have been observed [158–160]. A possible origin of this dip is that
weak spots in the barrier are responsible for the crossover into the thermal regime
at larger currents, similar to our Ic-model [159, 160].

The final feature we discuss is the aforementioned ZBCP. This peak can clearly
be distinguished in low bias region of the low transparency device at sufficiently
low temperatures. We have subtracted the BTK fits shown in figure 6.6 (b) from the
respective data and tracked the height of this peak as a function of temperature.
The extracted peak heights are shown in figure 6.6 (c). We see that the temperature
dependence of the ZBCP is linear and the temperature at which the peak appears is
much lower than the reported critical temperature of PdTe2. At these temperatures
the thermal energy, kBT, is smaller than the width of the ZBCP, which hints that
we are probing a different characteristic energy scale here. Recent studies of the
superconductivity of PdTe2 have confirmed the existence of multiple supercon-
ducting channels, related to parallel bulk and surface superconductivity [141].2

Although a more intensive study is required to be able to make definite claims,
we are able to fit the ZBCP by combining our s-wave BTK fit with a small (4%)
A1u (helical p-wave) contribution, shown in figure 6.7. The different contributions
are modeled as two seperate and parallel conduction channels. Our obtained gap
magnitude, ∆A1u for the unconvential part relates to a Tc of 400 mK when we take

2 Because only one device of the third type was fabricated, it is unclear whether the ZBCP arises from
intrinsic superconducting properties or from interface effects inside this specific device. Neverthe-
less, since this study is about the order parameter symmetry, we consider the possibility that an
unconventional pairing symmetry may be the source of the ZBCP, for the sake of completeness.
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Figure 6.7: Combined s-wave and p-wave fit to the data.
BTK fit (red line) to the experimentally obtained dI/dV of the highest resistance sample
at 50 mK (grey circles). The model is a linear combination of 96% s-wave pairing and 4%
helical p-wave pairing. The indicated fitting parameters, including the two gap magnitudes
∆ are included in the topright corner of the panel.

2∆ = 3.52 kBTc. Although this relation does not necessarily hold for unconvential
superconductivity it is a fair estimate of the critical temperature of this phase and
corresponds reasonably well with the experimental findings in figure 6.6 (d).

6.7 Conclusions

In short, we have fabricated three PdTe2/Normal metal side-junctions with dif-
ferent transparencies. The shape of the conductance spectra heavily depends on
the normal state resistance of the junction and can make conventional supercon-
ductivity look unconventional. One should exert caution in analyzing the data of
low resistance SN junctions and confirm that the junction is solely in the ballistic
limit, or include the effect of the critical current on the dI/dV spectrum in one’s
model. Taking these critical current effects into account in the data analysis, the
conductance spectroscopy measurements on our devices indicate that the order
parameter in PdTe2 is dominated by conventional s-wave pairing.



7
Conclusions and perspectives

Throughout this thesis we studied different electronic systems and inves-

tigated different effects in each of them. In this chapter, I will briefly look

back on all the research described in the previous chapters and reflect on

the methods, results and relevance of the materials.
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7.1 Magnetoresistance

With the many discovered magnetoresistance effects that are now very well de-
scribed, condensed matter phycisists have a powerful tool for characterizing the
electronic structure of interesting materials. In chapter 2, we used a two-band
Drude model to unravel the electronic structure of the LaAlO3/SrTiO3 interface.
From the two-band Drude fits, densities of different charge carrier types were
extracted and their dependence on the gate electric field could only be explained by
modeling the interface with a Schrödinger-Poisson model which included electron-
electron Coulomb repulsion. So indirectly, a two-band Drude model could be
used to unveil the role of electron-electron correlations in the non-rigid electronic
structure of the LaAlO3/SrTiO3 interface.

In chapter 3 we demonstrated that, while the Drude model is a powerful
tool to describe magnetotransport in metallic systems, one should not overlook
the assumptions used by Drude to arrive at his famous model for electronic
transport in isotropic systems with parabolic despersion relations. Especially
the physical quantities included in the electron mobility can be magnetic field
dependent themselves. We found that through broken spin helicity, both the
scattering time and Fermi velocity contain a significant magnetic field dependence
in topological surface states. While the bulk states of 3D Dirac semimetals possess
similar properties, magnetoresistance from broken spin helicity is completely
absent in these systems because of their 3D nature.

Besides the work horse that is the Drude model, there are of course plenty
of other effects that can dominate the magnetoresistance through for example
the Zeeman effect in combination with disorder [85, 161, 162] or the orbital
magnetic effect [87]. Another topological source of magnetoresistance is the chiral
magnetic effect (CME), which appears as longitudinal, negative magnetoresistance.
In four-probe measurements, it can be hard to distinguish the CME from the
conventional current jetting that follows from the standard Drude model [163,
164]. As longitudinal, negative magnetoresistance became an accepted tool to
confirm the Diracness of materials, numerous publications elaborated on how
to identify the two different effects in local transport measurements [93, 165,
166]. In chapter 4, we followed the procedure described by Parameswaran et al.
[94] to chirally polarize the charge carriers in 3D Dirac semimetal Bi0.97Sb0.03
locally and measure the resulting CME nonlocally. From this, we could measure
the chiral diffusion length and confirm that the observed longitudinal, negative
magnetoresistance in Bi0.97Sb0.03, indeed originates from the CME, without the
interference of current jetting or other local negative MR effects.

7.2 Topological superconductivity

It has already been predicted [33, 92] and experimentally confirmed to some extent
[103–105, 107, 108] that topological superconductivity can be artificially designed
through the superconducting proximity effect. In this thesis, we observed evidence
of 4π periodic bound states originating from the 3D bulk Dirac cones of Bi0.97Sb0.03.
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From the observation of the chiral magnetic effect in Bi0.97Sb0.03 we know that
a large part of the current is carried by topological bulk electrons, which are
predicted to lead to Majorana zero modes [33] and appear as 4π periodic signals.
Furthermore, we use the microwave frequency dependence to rule out Landau-
Zener tunneling and we use the magnetic field dependence of the supercurrent to
identify the Dirac electrons as the main contributors to the supercurrent. In this
work we only observe the first double step, which is attributed to capacitive effects
in the circuit [123], and we note that, due to finite temperature, we may miss out
on the smallest gaps in the Andreev bound state spectrum. To further prove that
indeed Majorana zero modes are present in superconducting Bi0.97Sb0.03, it would
be interesting to conduct other experiments on this system, such as tunneling
spectrocopy for example.

However, the detection of topological superconductivity through tunneling spec-
troscopy (or point contact Andreev spectroscopy) is another research area where
it can be deceiving to interpret experimental data without considering the estab-
lished, conventional effects. In chapter 6, we have seen how otherwise convincing
p-wave like spectra can be created through purely conventional superconductiv-
ity, which has been studied extensively during the past century. In general, the
enormous amount of research that has already been conducted on conventional
S-N junctions must be able to provide a conventional alternative for almost every
sign of unconventional superconductivity, and these should not be ignored. This
underlines the importance of studying potential unconventional superconductors
through a multitude of different experiments, which all should point to the same
result. Looking back at the discovery of d-wave superconductivity, phase-sensitive
transport measurements may be good candidates to provide strong evidence of
unconventional pairing. In the case of PdTe2, many different experiments have
been performed so far [145, 148], some with surprising results [141, 142, 146].
However, despite the presence of both type I and type II Dirac cones in the bulk
[144], non of the experiments show convincing evidence of topological super-
conductivity in PdTe2, providing a foundation for concluding that there either is
none, or that it is obscured by dominant s-wave superconductivity. Despite this
somewhat disappointing result, finding true intrinsic topological superconductors
would be so groundbreaking that it seems worth the effort to continue the search
for them.

7.3 Perspectives

Amidst all the other materials that exhibit topological properties, the LaAlO3/SrTiO3
system may seem a bit of an outsider. However, in chapter 2 we met with only
a few of the interesting aspects of the LaAlO3/SrTiO3 interface as we observed
how an external electric field can be used to tune the material through a Lifshitz
transition and to non-linearly alter the band structure. In addition, by cooling
down below Tc ∼ 400 mK, LaAlO3/SrTiO3 can be made superconducting [11], by
changing the growth parameters the material can gain magnetic properties [8–10,
43] and by top and back gate tuning the Rashba spin-orbit coupling strength can
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be adjusted [13, 14, 46, 47]. So even if LaAlO3/SrTiO3 is not going to be used in
future electronics for any reason, it certainly provides an experimental platform
for studying the relations between many interesting phenomena. The conclusion of
chapter 2 that the electronic structure of the LaAlO3/SrTiO3 interface is influenced
by e-e correlations, may provide new insights in the nature of these relations.

Despite all the results from the previous chapters that correspond reasonably
well to the expectations based on theory, Bi0.97Sb0.03 is a rather complicated Dirac
semimetal to work with, even in an experimental setting. Because of the high
mobility of the Dirac electrons in the exfoliated flakes, the presence of most
perturbations to a pure 3D Dirac semimetal can be dealt with. This, in addition to
the rest of this thesis, emphasizes the importance of high quality materials that
can be well described by model Hamiltonians. Any perturbations to the system
make it increasingly more difficult to characterize these materials, not to mention
using them for functional devices. So, while for industrial device fabrication
purposes exfoliated, single-crystal flakes are highly unpractical, for fundamental
proof-of-principle applications they are indispensable.

To make the transition from measuring signs of a Majorana mode in a single
device, to braiding them in a quantum computing circuit, high-quality topological
materials need to be fabricated and structured at larger scales. At this time, an
enormous, worldwide effort is being made to create high quality, Bi-based 3D TI
films through thin film technology. But according to Alicea and Stern [5], Majorana
modes are not suitable for fully decoherence-free quantum computing. Therefore,
more complicated devices are required and it seems that another (maybe even
larger) challenge lies ahead of us, before fully functional quantum computers can
be fabricated from topological materials.

The larger goal to create a functional, decoherence-free quantum computer from
topological materials, is of course very interesting in itself. But as this is essentially
engineering within the realm of science, many interesting phenomena will be
stumbled upon on our way to a working device and these may even lead to more
important discoveries. To this end, it is worth remembering that science is not
driven by milestones or quarterly reports, but by curiosity.



Summary

Solids have always been a powerful platform for the study of interesting phenom-
ena due to the periodicities that allow for the use of simple models in describing
the governing physics. Now that topology has been added as an extra dimension
to the modeling toolkit, new ways of characterizing materials opened up. In this
thesis, I used magnetotransport, nonlocal transport and conductance spectroscopy
to characterize strongly correlated and topological materials.

We started off by studying the electronic band structure of the LaAlO3/SrTiO3
interface using magnetotransport measurements and analysis. We found parabolic
magnetoresistance and nonlinear Hall signals as indications of contributions to
transport by multiple carrier types. Using a Drude two-band fit, we were able to
identify the two types to be of dxy and dxz,yz character and to find that their top-
gate voltage dependencies show highly unusual behavior; the dxy carrier density
appears to decrease with increasing top-gate voltage. We modelled the band
structure of the interface using a self-consistent Schrödinger-Poisson solver. Only
when electron-electron interactions are included, which cause a redistribution
of the charge carriers as soon as the dxz,yz band becomes populated, can we
accurately reproduce the unusual gate-voltage dependence of the carrier density.
Because the band structure itself is dependent on the charge carrier distribution, it
becomes clear that the band structure is gate-tunable. This highlights the influence
of electron-electron interactions on the electronic structure of the LaAlO3/SrTiO3
interface.

Another material with interesting electronic properties, is Bi0.97Sb0.03. Bi0.97Sb0.03
has previously been suggested to exhibit 3D Dirac semimetallic properties, but the
3D Dirac cone is obscured by numerous other electronic states. In this work, I per-
formed magnetotransport measurements, Shubnikov-de Haas analysis, extracted
surface carrier densities from angle-resolved photoemission spectroscopy data and
combined the results with a Drude multiband fit to unravel the electronic structure
of Bi0.97Sb0.03. Through this analysis it becomes clear that the 3D Dirac electron
pockets are occupied by high-mobility electrons, with the Fermi level EF ≈ 16 meV
above the Dirac point. These Dirac electrons are shunted by a high-mobility bulk
hole pocket and by low-mobility surface electron and hole states. Nevertheless, we
found that the Dirac electrons contribute significantly to electronic transport, as
models without a bulk electron component do not fit to the data.

In order to study the detailed effects of magnetic fields on topological materials,
we focus on the effects of adding a Zeeman term to the model Hamiltonian. To
this end, I re-evaluated some simplifications made in the derivations of the Drude
model and pinpointed the scattering time and Fermi velocity as Zeeman-term
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dependent factors in the conductivity tensor. The driving mechanisms here are the
aligment of spins, which allows for backscattering, and a significant change to the
Fermi velocity by the opening of a hybridization gap. After considering 2D and
3D Dirac states, as well as 2D Rashba surface states and the quasi-2D bulk states
of 3D topological insulators, I found that only the 2D Dirac states on the surfaces
of 3D topological insulators produce considerable magnetoresistance effects to
be noticable in experiments. As this effect is only pronounced at energies (with
respect to the Dirac point) comparable to the Zeeman energy, this effect may be
used as an indication of the Fermi level being in the vicinity of the Dirac point.

A tell-tale sign of topological Dirac semimetals is the chiral magnetic effect
(CME), which shows up as negative magnetoresistance in parallel electric and
magnetic fields. In this work, we measured negative longitudinal magnetoresis-
tance (LMR) in accidental 3D Dirac semimetal Bi0.97Sb0.03 in a local measurement
setup. This negative LMR may originate from the CME, but also from other effects
such as current jetting. To provide conclusive evidence for the topological nature
of Bi0.97Sb0.03, we measured the CME nonlocally in nanostructured Bi0.97Sb0.03
exfoliated flakes. In the setup, we locally applied parallel electric and magnetic
fields to one side of the structure, where we chirally polarized the material, and
measured the diffused chiral polarization at multiple distances from the source
channel, where it coupled to the parallel magnetic field to build up a measurable
potential difference. From the dependence of the CME strength on the distance
from the source channel, we extracted a chiral charge diffusion length of 1.07 µm.
The temperature dependence of this chiral charge diffusion length indicates that
chiral charge relaxation mainly occurs through inelastic processes, as is expected
for a Dirac semimetal with Dirac cones widely separated in momentum space,
such as Bi0.97Sb0.03.

Next, we combined the 3D Dirac semimetallic nature of Bi0.97Sb0.03 with in-
duced superconductivity to artificially establish topological superconductivity in
a Josephson junction. First, we followed a straighforward procedure of matching
wavefunctions at the interfaces to model the Josephson junction and showed that
4π-periodic Andreev bound states are expected to arise as a signal of topological
superconductivity. Then, through the inverse AC-Josephson effect, we measured a
distinct Shapiro-step pattern with a missing first step, which is a consequence of
the presence of 4π-periodic bound states. The junction critical current, subjected to
a magnetic field parallel to the current, shows oscillating behavior with varying
magnetic field strength, associated with finite momentum pairing. The Zeeman
shift in momentum space corresponds to a large g-factor of g = 800, confirming
that a large part of the supercurrent is carried by Dirac electrons. In addition, we
showed that the unusually large 4π-periodic component that we observe in the
supercurrent, can be understood by considering Fabry-Perot type resonances that
allow 4π-periodic modes non-perpendicular to the interface, in combination with a
finite temperature that provides a cut-off energy for the observability of an opened
spectral gap.

While artificially induced topological superconductivity may be stable enough
to be harnessed as the functional part of qubits, there is no law of physics that
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prevents materials from hosting intrinsic topological superconductivity. Here we
investigated PdTe2, a 3D Dirac semimetal that becomes superconducting below
TC ≈ 1.6 K, by means of in-plane conductance spectroscopy on normal metal -
insulator - superconductor nanostructures to look for possible signs of topologi-
cal p-wave superconductivity. Devices of varying resistance were measured and
some datasets were tempting to wrongfully interpret as signs of p-wave supercon-
ductivity. Here, the culprit was current biasing low-resistance devices that likely
contain pinholes or weak spots in the barrier, which showed up as critical current
effects, mimicking p-wave like conductance spectra. Taking this into account and
focussing on the devices with larger barrier resistances, the overal trend in the
measured conductance spectra pointed towards s-wave superconductivity being
the dominant pairing mechanism in PdTe2.

Based on all these results, several conclusions come to light. First of all, while
the LaAlO3/SrTiO3 system may not be used as the functional part of future
electronics, the results of this thesis demonstrate that the material is undoubtedly
highly interesting and serves as an interesting platform for fundamental research
into the interplay of intriguing phenomena. The use of nanometer-scale exfoliated
DSM flakes can be viewed in a similar way: while flakes may not be suitable for
use in functional applications, they are indispensable for fundamental research.
This is because of the high quality materials that can be obtained with relative ease.
To make the transition from fundamental proof-of-principle applications (such
as described in this work) to functional electronics, as seen from an engineering
perspective, high quality thin films are required.



Samenvatting

Vastestoffysica is al sinds jaar en dag een uitermate geschikte tak van natuurkunde
voor het bestuderen van interessante fenomenen. Dit komt door de hoge mate van
periodiciteit die vaste stoffen herbergen, welke het weer mogelijk maakt om op
het oog ingewikkelde effecten te beschrijven met relatief eenvoudige modellen.
Nu topologie is toegevoegd aan de methoden die fysici ter beschikking hebben
om materialen te beschrijven, zijn er ook nieuwe manieren aan het licht gekomen
om materialen te karakteriseren. In dit proefschrift maak ik gebruik van magneto-
transport, niet-lokaal transport en geleidingsspectroscopie om sterk gecorreleerde
en topologische materialen te bestuderen.

We beginnen met het bestuderen van de elektronische bandenstructuur van
het LaAlO3/SrTiO3 raakvlak door middel van magnetotransport en analyse. We
zien dat de gemeten magnetoweerstand een parabolisch karakter heeft en de
Hall-weerstand niet-lineair is, wat wijst op meerdere typen ladingsdragers die
aan de geleiding bijdragen. Door een Drude twee-banden model te vergelijken
met de meetdata, komen we erachter dat de twee typen ladingsdragers van de
dxy en dxz,yz orbitalen afkomstig zijn en stuiten op een bijzondere reactie van
deze ladingsdragers op een extern aangelegd elektrisch veld; de dichtheid van
de ladingsdragers met dxy karakter neemt af met toenemende sterkte van het
elektrisch veld. We verklaren dit gedrag aan de hand van een zelfconsistent
model dat de Schrödinger en Poisson vergelijkingen aan elkaar koppelt en zo de
bandenstructuur van het LaAlO3/SrTiO3 raakvlak berekent. Alleen door elektron-
elektron-interacties mee te nemen in het model, kunnen wij de gemeten data
verklaren. Deze interacties zorgen voor een herverdeling van de ladingsdragers
over de bandenstructuur vanaf het moment dat de dxz,yz toestanden worden
gevuld. Doordat de bandenstructuur zelf weer via de Schrödinger en Poisson
vergelijkingen afhangt van de ladingdragersverdeling, wordt duidelijk dat de
bandenstructuur ook te veranderen is via het elektrisch veldeffect. Dit laatste
onderstreept de invloed van elektron-elektron interacties op de elektronische
structuur van het LaAlO3/SrTiO3 raakvlak.

Een ander materiaal met interessante elektronische eigenschappen is Bi0.97Sb0.03.
Dit materiaal zou 3D Dirac semimetaal (DSM) eigenschappen moeten herber-
gen, maar de relevante elektronische toestanden zijn vergezeld door meerdere
andere toestanden die analyse van de 3D Dirac toestanden vermoeilijken. Om de
elektronische structuur van Bi0.97Sb0.03 te ontravelen, maak ik gebruik van mag-
netotransport metingen, Shubnikov-de Haas analyse en een meerbandig Drude
model. Gecombineerd met de ladingsdragersdichtheden die ik gedestilleerd heb
uit hoekafhankelijke fotoëmissiespectroscopie resultaten, wordt duidelijk dat de
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3D Dirac toestanden bezet worden door elektronen met hoge mobiliteit en dat
het Ferminiveau EF ≈ 16 meV boven het Diracpunt ligt. Hoewel deze elektro-
nen parallel geschakeld zijn door bulk gaten met hoge mobiliteit en oppervlakte
toestanden van zowel elektronen- als gatenkarakter, dragen de Dirac elektronen
dermate veel bij aan elektronisch transport dat de data niet te verklaren is met
modellen zonder bijdrage van bulk elektronen.

Om de gedetailleerde effecten van een magneetveld op topologische materialen
te bestuderen, voeg ik een Zeeman term toe aan de model Hamiltoniaan. Na
evaluatie van de benaderingen die gedaan zijn in de afleiding van het Drude
model, wordt duidelijk dat de verstrooiingstijd en de Fermisnelheid factoren in de
geleidingstensor zijn die een intrinsieke magneetveldafhankelijkheid herbergen
welke doorgaans niet wordt meegenomen in het Drude model. De werkende
mechanismen achter de resulterende magnetoweerstand zijn de polarisatie van
de elektronspins, wat achterwaartse verstrooiing toestaat, en het vormen van een
hybridisatiekloof, wat een significant effect heeft op de Fermi snelheid. Na het
bestuderen van de effecten van een magneetveld op 2D en 3D Dirac toestanden,
de quasi-2D toestanden van een 3D topologische isolator en ook op 2D Rashba
toestanden, wordt duidelijk dat alleen de 2D Dirac toestanden resulteren in een
dermate grote magnetoweerstand dat deze meetbaar zou moeten zijn in een
experiment. Omdat dit effect het sterkst is voor EZeeman ∼ EF, kan het fungeren
als een indicatie dat het Fermi niveau dicht bij het Diracpunt ligt.

Een duidelijk signaal van topologische Dirac semimetalen, is het Chiraal Mag-
netische Effect (CME), dat zichtbaar is als negatieve magnetoweerstand voor
parallelle electrische en magnetische velden. In deze thesis meten we negatieve
longitudinale magnetoweerstand (LMR) in 3D Dirac semimetaal Bi0.97Sb0.03 in
een lokale meting. Deze negatieve LMR kan het gevolg zijn van het CME, maar
ook van andere effecten zoals stroomstralen. Om onomstootbaar bewijs te leveren
voor de topologische eigenschappen van Bi0.97Sb0.03, hebben we de CME niet-
lokaal gemeten in nanostructuren van geëxfolieerde Bi0.97Sb0.03 vlokken. In deze
opstelling brengen we aan 1 kant parallelle elektrische en magnetische velden
aan, waar we de ladingsdragers chiraal polariseren, en meten de gediffundeerde
chirale polarisatie op meerdere afstanden vanaf de polarisatiebron, waar het kop-
pelt aan het magneetveld en dit zichtbaar wordt als een potentiaalverschil. Uit
de afstandsafhankelijkheid van de CME sterkte halen we een chirale ladings-
diffussielengte van 1.07 µm. De temperatuurafhankelijkheid van deze chirale
ladings diffussielengte geeft aan dat verval van de chirale ladingspolarisatie voor-
namelijk plaatsvindt via inelastische processen, zoals te verwachten is voor een
DSM waar de Dirac toestanden wijd verspreid zijn over de Brillouin zone, zoals
Bi0.97Sb0.03.

Vervolgens combineren we het 3D semimetaal karakter van Bi0.97Sb0.03 met
geı̈nduceerde supergeleiding om kunstmatig een topologische supergeleider te
realiseren in een Josephson verbinding. Eerst volgen we een procedure van het
gelijkstellen van golffuncties aan de raakvlakken om de Josephson verbinding
te modelleren en laten zien dat 4π-periodieke Andreev gebonden toestanden te
verwachten zijn als teken van topologische supergeleiding. Daarna hebben we in
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het AC-Josephson effect een Shapiro-stappenpatroon gemeten waarin de eerste
stap duidelijk ontbreekt, wat een gevolg is van de aanwezigheid van 4π-periodieke
gebonden toestanden in de junctie. De kritische stroom van de Josephson verbind-
ing laat een oscillerend patroon zien wanneer de junctie blootgesteld wordt aan
een magneetveld dat parallel aan de stroomrichting gericht is. Dit oscillerende
gedrag wordt geassocieerd met eindige-impuls paring en deze eindige impuls
komt overeen met de Zeeman energie voor een g-factor van g = 800. Deze bijzon-
der hoge g-factor duidt erop dat de superstroom inderdaad hoofdzakelijk gedragen
wordt door Dirac elektronen. Daarbij laten we zien dat de ongebruikelijk grote
gemeten fractie 4π-periodieke superstroom begrepen kan worden door Fabry-
Perot achtige resonanties mee te nemen die toestanden met slechts een minimale
hybridisatie toestaan voor andere richtingen dan loodrecht op de raakvlakken. In
combinatie met de eindige temperatuur die fungeert als een bovengrens voor de
meetbaarheid van spectrale variaties, wordt duidelijk dat een aanzienlijke fractie
4π-periodieke superstroom gemeten kan worden in realistische meetopstellingen.

Hoewel kunstmatig geı̈nduceerde topologische supergeleiding al stabiel genoeg
kan zijn om te worden gebruikt als functioneel onderdeel van qubits, is er geen
natuurwet die zegt dat materialen met intrinsieke topologische supergeleiding niet
bestaan. Hier bestuderen wij PdTe2, een 3D DSM dat supergeleidend wordt voor
temperaturen onder TC ≈ 1.6 K. We doen geleidingsspectroscopie aan normaal
metaal - isolator - supergeleider nanostructuren om zo te zoeken naar tekenen
van topologische p-golf supergeleiding. We hebben structuren met variërende
barrièreweerstanden gemeten en van de resulterende geleidingsspectra zijn er een
aantal verleidelijk om foutief te interpreteren als tekenen van p-golf supergeleiding.
Hier bleken de boosdoeners kleine zwakke punten in de lage-weerstands barrières
te zijn, welke zorgen voor gereduceerde kritische stroomeffecten die lastig te
onderscheiden zijn van p-golf geleidingsspectra. Deze effecten meenemend en
voornamelijk kijkend naar de structuren met hoge-weerstands barrières, wordt
duidelijk dat de triviale s-golf paring het dominante paringsmechanisme is in
PdTe2.

Gebaseerd op al deze resultaten, komt er een aantal conclusies bovendrijven. Ten
eerste: hoewel het LaAlO3/SrTiO3 systeem misschien niet gebruikt kan worden
als functioneel deel van toekomstige elektronica, geven de resultaten uit deze
thesis aan dat LaAlO3/SrTiO3 zonder twijfel een interessant materiaal genoemd
mag worden en kan dienen als platform voor fundamenteel onderzoek naar het
samenspel van meerdere intrigerende fenomenen. Het gebruik van nanometers
grote, geëxfolieerde vlokken van DSMs kan worden gezien in hetzelfde daglicht:
hoewel deze vlokken wellicht niet bruikbaar zijn in toekomstige elektronica, zijn
ze onmisbaar voor fundamenteel onderzoek naar de topologische eigenschap-
pen van DSMs. Dit komt vooral door de hoge kwaliteit van het atoomrooster
in deze vlokken, terwijl vlokken redelijk eenvoudig te verkrijgen zijn. Om de
omschakeling te kunnen maken van fundamentele bewijs-van-principe toepassin-
gen (zoals beschreven in dit werk) naar functionele elektronica, gezien vanuit
ingenieursoogpunt, zijn dunne lagen topologisch materiaal van hoge kwaliteit
nodig.
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Na het schrijven van het gehele voorgaande boekwerk, ben ik hier toegekomen
aan het lastigst te schrijven stukje dat doorgaans ook het leukst om te lezen is.
Velen van jullie ben ik dankbaar voor de bijdrage die jullie op je eigen manier
hebben geleverd aan de voor mij onvergetelijke afgelopen 4 jaar en omdat ik dat
doorgaans niet hardop zeg, is dit de uitgelezen gelegenheid dat eens wel te doen.

Allereerst wil ik Alexander bedanken, niet alleen voor de mogelijkheid om 4
jaar lang onderzoek te doen, maar vooral voor de open en luchtige samenwerking
daarin. Ik denk niet dat velen met eenzelfde stelligheid durven te beweren dat
chiral-d paring zeker een goede kandidaat is voor de supergeleiding in PdTe2, om
vervolgens lachend te bekennen eigenlijk geen idee te hebben hoe die chiral-d er
dan uitziet, waar die vandaan komt en waarom die dan wel zo goed in PdTe2 zou
passen. Wie denkt dat er niks grappigs is aan kwantummechanica en topologische
materialen heeft nog nooit bij onze werkbesprekingen gezeten.

Then my favorite co-supervisor Chuan. Chuan, I would like to thank you for
the effortless collaboration on our cool Dirac semimetal projects, for introducing
me to your no-nonsense “it’s fine”-way of doing physics, for all the hands-on and
lab skills you introduced me to, for the times you showed me how to aim 100%
of all attempts through the office-hoop, for thoroughly reading my entire thesis
after an understandable amount of trying to escape this time-consuming chore
and for all the times you walked away while shaking your head in disapproval
after another one of my failed attempts at speaking Chinese. Thank you for being
a really nice supervisor, co-worker and office friend.

De eerste publicatie met mijn naam erop, een experimenteel werk waarvan de
analyses en conclusies ondersteund werden door een theoretisch model, is denk ik
tevens mijn favoriete publicatie. Dit komt deels door de kwaliteit van het werk,
maar toch vooral door de geniale samenwerking met m’n grote maat Sander.
Als twee beginnende promovendi hebben wij samen die eerste publicatiehorde
genomen, zijn samen door het zuiden van de VS getrokken - onder andere om
onze resultaten te presenteren - en slaan ons nu ook samen door die promoties
heen. Sander, ouwe reus, bedankt dat je er 4 jaar was voor het delen van alles wat
we in en om de UT meemaakten, maar vooral voor het vele plezier dat we samen
hebben gehad.

Joris, jou ben ik veel dank verschuldigd voor het aanhoren van mijn oeverloze
geouwehoer over voetbal, FIFA, Pierre van Hooijdonk’s matige wedstrijdanalyses,
surfdrive en eigenlijk alles wat er goed en mis is met de wereld. Natuurlijk hebben
wij prima samengewerkt en kwamen daar best leuke resultaten uit, maar wat
toch overheerste was de stortvloed aan humor van erg laag niveau. Als ik een
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chagrijnige dag had, maakte jij het altijd eerst even erger - omdat iedereen behalve
ik dat nou eenmaal grappig vond - om daarna met jouw gevoel voor humor ook
mijn dag weer goed te maken. Om dan nog even Alexanders gestreep door jouw
thesis goed te maken: Brinkman-bestendige bonificatie, voor de fan van alliteratie.
Niveau om te janken, toch wil ik je bedanken, want met jou samenwerken is
sensatie.

Aan buurman Bob hoef ik mij niet te verontschuldigen voor mijn gezeik op alles
wat los en vast zit, omdat hij er zelf net zo hard aan mee deed. De Bob en Jorrit
afzeikservice B.V. floreerde wanneer er manuscripts en theses voorzien moesten
worden van commentaar. Chinees-Nederlands-Engelse natuurkunde omschrijven
naar een leesbaar Engels geheel is normaal gesproken een vervelend klusje, maar
was met Bob hoogst vermakelijk.

Zo terugkijkend op de afgelopen 4 jaar ben ik best tevreden over mijn periode
als promovendus. Maar als ik één ding aan zou moeten wijzen wat ik jammer vind,
is het dat ik nooit met Pim aan een project heb gewerkt. Pim, buiten dat er volgens
mij een hele goede natuurkundige in jou schuilt, ben je een enorm fijne gozer en
heb je mijn soms onnavolgbare gedachtegangen vaak al door zonder uitleg, alsof
je mij je hele leven al kent. Bedankt dat je, om een wijs (en licht aangeschoten)
man maar te citeren, “onderdeel bent van het hart van de groep, wat het tot een
heel vertrouwde omgeving maakt”. We kunnen er lacherig om doen, maar da es
wel gewoon zo.

Uiteraard ben ik ook onze opvolgploeg dankbaar voor de samenwerkingen en
leuke momenten. Daanius, we hebben tijdens ons aardig langlopende project, dat
ook uitmondde in een uitgebreid artikel, een uitstekende balans gehanteerd tussen
hard doorwerken, veel nadenken en reflecteren en prima avondjes in de kroeg die
ik altijd erg gezellig vond. Bedankt daarvoor! Dat de avondjes soms de andere
twee in de weg lagen de volgende ochtend kan gebeuren natuurlijk. De enige die
na dergelijke lange avonden ’s ochtends nog in een vrolijk zomerjurkje zonnig
liep te zijn was natuurlijk onze kroegtijger, onze duizendpoot en ons boegbeeld
Luca. Luc, thanks dat je altijd jezelf bent, ook wanneer je jezelf daarmee lekker
voor schut zet, en thanks voor fungeren als de groepsdiesel die alsmaar door blijft
gaan met energie geven aan alles om haar heen. Maar de opvolgploeg bezit naast
de vrolijke diesel ook een venijnig turbomotortje die de sfeer altijd verbetert met
haar aanstekelijke giechellach. Liesbeth, bedankt voor je tomeloze inzet, je energie
en voor het lachend incasseren van al mijn veel te makkelijke grapjes met jouw
geringe lengte als onderwerp. Sorry sorry sorry.

Ook Linde wil ik bedanken voor de leuke samenwerking en het lief teruglachen
om, of negeren van, mijn flauwe en quasi-grappige opmerkingen, ook al ging het
negeren vaak onbewust. Ik voel me nog steeds vereerd dat je mij in staat achtte tot
het stellen van veel te ingewikkelde vragen bij je afstuderen en je je moeder, die
vlak achter mij zat, opdracht had gegeven mij uit te schakelen wanneer ik een vin
zou verroeren. Bedankt voor alle leuke en vermakelijk ongemakkelijke momenten!

Guussie, dat je een bijzonder aardige gozer bent wist ik al lang, maar ik heb
je onderhand ook leren kennen als een zeer bekwame fysicus waar ik al veel
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interessante discussies mee heb gehad. Thanks voor alle leuke gesprekken zowel
voor het whiteboard als aan de bar!

I am also very happy to have met my friends Tatsuki and Shu during my PhD
time. Shu, I am still amazed by the pace at which you adapted to the Dutch culture
and ate boterhammen met ham and krentebollen for lunch. But not everything
was according to Dutch culture... At the beginning of my PhD I could never have
imagined that two years later, I would be playing soccer with a Japanese friend
who was dressed as a dinosaur and made flying karate kicks at the ball. Thank you
for these unreal moments and good discussions on physics. Tatsuki, you did not
only introduce me to a higher level of having to catch ’em all, but also enormously
improved my theoretical understanding of unconventional superconductivity. You
have been very patient and helpfull, for which I want to thank you. On top of
that, I would like to thank you for the amazing time full of physics and beautiful
scenery I had in Kyoto.

Het beste dat de ICE groep ooit is overkomen, is natuurlijk het fenomeen
Frankie en Dickie. Je kunt simpelweg niet verwachten dat de heren meteen
zonder gemopper in de houding springen bij het eerste defecte stukje labwerk,
maar afgezien van een klein beetje gemopper is dat wel hoe ik Frank en Dick heb
ervaren. Overigens zijn ze er niet alleen als de kippen bij als de boel weer stuk is,
maar ook wanneer er studenten uitgelachen kunnen worden of wanneer er taart
is, want het moet wel leuk blijven. Heren, bedankt voor jullie eindeloze inzet en
slapeloze nachten, vooral wanneer de Triton goed stuk was of wanneer de aanschaf
van een tonnen kostend MBE systeem een knagend moreel vraagstuk was. Ik heb
jullie erg hoog zitten en heb genoten van het geouwehoer aan de koffietafel.

Hans, Jaap, Sybolt, Sasha, Ans, Martijn, Prosper, Martin, Ankur, Denise,
Abhi, Nicola, Jeroen, Hop, Daling, Sébastian, Fenna, Ruben, Bandenstructuur-
Daan, Imre, Timóthy, Kit, Nico, Omar, Jaime, Zhen, Pieter, Sergi, Dimas, Bas,
Martina, André, Tess, Ben, Tom, Tobias and Bart, thank you all for making my
time at the ICE group so enjoyable! Also outside the research group I had lots
of fun with my futsal friends Adil, Edwin, Aram, Maikel, Maurits, Ruben and
Chris, for which I am grateful.

Another futsal friend who I owe special thanks is Bijoy, who regularly takes me
along to London to see some the worlds best soccer players live on the pitch. You
and Mihaela have been great friends to us and I hope we can see each other more
often.

Bennie, Jan en Karin, voor al het plezier buiten werk om, kon ik altijd bij jullie
terecht. Ookal delen we veel interesses voor al het coole dat de wetenschap te
bieden heeft en discussieerden we daar graag over, eindigde menig avond toch in
tranen van het lachen om de grootste onzin. Ik ben jullie zeer dankbaar voor alle
gezellige momenten.

M’n maatjes “thuis”, Jochem, Rowan, Sander en Danny, zie ik ook veel te
weinig. Echter, de wetenschap dat bij een zeldzaam weerzien met jullie alles
in no-time weer als vanouds is, is me veel waard. Ooit ga ik Jochem er weer
uitsprinten met voetbal, Sander z’n gekko’s aan het werk zetten, Rowan verslaan
met tafelvoetbal en van Danny horen hoe zijn langverwachte Japan reis dan was.
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Mijn andere maatjes thuis, Pap, mam en Jeroen, ben ik erg dankbaar voor de
interesse die ze altijd hebben getoond, de welkome thuiskomsten, de oppik- en
wegbrengritjes van en naar de trein, de zorg voor ook mijn hond Bunker, het
samen mopperen op Ajax, het samen genieten van Ajax, het samen genieten van
de prachtige tuin en het samen klussen waar ik meestal erg veel plezier aan beleef.

Al mijn opa’s en oma’s, hier en in het hiernamaals, ben ik voor veel dankbaar,
maar vooral voor wat ze allen op hun eigen manier aan mij mee hebben gegeven:
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complex, zicht- en tastbaar of heel abstract - dat in de natuur plaatsvindt. Zonder
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Mijn andere familie, de Oordjes, kennen mij inmiddels ook erg goed. Dat kan
ook niet anders, want ik voelde me in hun gezelschap al snel - misschien iets te
snel - dermate op mijn gemak dat ik mijn ongeremde zelf kon zijn. Vrij om alles te
delen wat ik kwijt wilde, heb ik me bij jullie altijd begrepen en prettig gevoeld.

Een speciaal bedankje gaat uit naar Lisette, voor het zo mooi weergeven van
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blij dat ik het als cover van mij boekje mag gebruiken.

Mijn grootste steun en toeverlaat, die al mijn nukken accepteert en er onvoor-
waardelijk voor mij is, is mijn lieve Charlot. Samen met jou heb ik de afgelopen
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V. Sunko, J. M. Riley, W. Meevasana, J. Fujii, I. Vobornik, T. K. Kim, M. Hoesch,
T. Sasagawa, P. Wahl, M. S. Bahramy, and P. D. C. King, Physical Review Letters
120, 156401 (2018).

147M. Sato and Y. Ando, Reports on Progress in Physics 80, 076501 (2017).
148S. Teknowijoyo, N. H. Jo, M. S. Scheurer, M. A. Tanatar, K. Cho, S. L. Bud’ko,

P. P. Orth, P. C. Canfield, and R. Prozorov, Physical Review B 98, 024508 (2018).
149K. Matano, M. Kriener, K. Segawa, Y. Ando, and G.-q. Zheng, Nature Physics

12, 852–854 (2016).
150T. Hashimoto, K. Yada, A. Yamakage, M. Sato, and Y. Tanaka, Journal of the

Physical Society of Japan 82, 044704 (2013).
151S. Yonezawa, K. Tajiri, S. Nakata, Y. Nagai, Z. Wang, K. Segawa, Y. Ando, and

Y. Maeno, Nature Physics 13, 123–126 (2017).
152G. Sheet, S. Mukhopadhyay, and P. Raychaudhuri, Physical Review B 69, 134507

(2004).
153V. Baltz, A. D. Naylor, K. M. Seemann, W. Elder, S. Sheen, K. Westerholt,

H. Zabel, G. Burnell, C. H. Marrows, and B. J. Hickey, Journal of Physics:
Condensed Matter 21, 095701 (2009).

154D. Daghero and R. S. Gonnelli, Superconductor Science and Technology 23,
043001 (2010).

155Y. G. Naidyuk and K. Gloos, Low Temperature Physics 44, 257–268 (2018).
156R. Taboryski, T. Clausen, J. B. Hansen, J. L. Skov, J. Kutchinsky, C. B. So/rensen,

and P. E. Lindelof, Applied Physics Letters 69, 656–658 (1996).
157B. I. Verkin, I. K. Yanson, I. O. Kulik, O. I. Shklyarevski, A. A. Lysykh, and

Y. G. Naydyuk, Solid State Communications 30, 215–218 (1979).
158C. Nguyen, H. Kroemer, and E. L. Hu, Physical Review Letters 69, 2847–2850

(1992).

https://doi.org/10.1103/PhysRevLett.107.217001
https://doi.org/10.1103/PhysRevB.96.220506
https://doi.org/10.1103/PhysRevB.96.220506
https://doi.org/10.1103/PhysRevB.97.014523
https://doi.org/10.1103/PhysRevB.97.014523
https://doi.org/10.1103/PhysRevB.97.054515
https://doi.org/10.1088/1674-1056/24/6/067401
https://doi.org/10.1103/PhysRevLett.119.016401
https://doi.org/10.1103/PhysRevLett.119.016401
https://doi.org/10.1103/PhysRevLett.120.156401
https://doi.org/10.1103/PhysRevLett.120.156401
https://doi.org/10.1088/1361-6633/aa6ac7
https://doi.org/10.1103/PhysRevB.98.024508
https://doi.org/10.1038/nphys3781
https://doi.org/10.1038/nphys3781
https://doi.org/10.7566/JPSJ.82.044704
https://doi.org/10.7566/JPSJ.82.044704
https://doi.org/10.1038/nphys3907
https://doi.org/10.1103/PhysRevB.69.134507
https://doi.org/10.1103/PhysRevB.69.134507
https://doi.org/10.1088/0953-8984/21/9/095701
https://doi.org/10.1088/0953-8984/21/9/095701
https://doi.org/10.1088/0953-2048/23/4/043001
https://doi.org/10.1088/0953-2048/23/4/043001
https://doi.org/10.1063/1.5030447
https://doi.org/10.1063/1.117796
https://doi.org/10.1016/0038-1098(79)90337-5
https://doi.org/10.1103/PhysRevLett.69.2847
https://doi.org/10.1103/PhysRevLett.69.2847


Bibliography 110

159P. Raychaudhuri, D. Jaiswal-Nagar, G. Sheet, S. Ramakrishnan, and H. Takeya,
Physical Review Letters 93, 156802 (2004).

160D. L. Bashlakov, Y. G. Naidyuk, I. K. Yanson, S. C. Wimbush, B. Holzapfel,
G. Fuchs, and S.-L. Drechsler, Superconductor Science and Technology 18, 1094–
1099 (2005).

161D. Rhodes, S. Das, Q. R. Zhang, B. Zeng, N. R. Pradhan, N. Kikugawa, E.
Manousakis, and L. Balicas, Physical Review B 92, 125152 (2015).

162Y. Wang, K. Wang, J. Reutt-Robey, J. Paglione, and M. S. Fuhrer, Physical Review
B 93, 121108 (2016).

163Y. Ueda and T. Kino, Journal of the Physical Society of Japan 48, 1601–1606

(1980).
164A. Pippard (Cambridge University Press, Cambridge, 1989).
165Y. Li, Z. Wang, P. Li, X. Yang, Z. Shen, F. Sheng, X. Li, Y. Lu, Y. Zheng, and

Z.-A. Xu, Frontiers of Physics 12, 127205 (2017).
166R. D. d. Reis, M. O. Ajeesh, N. Kumar, F. Arnold, C. Shekhar, M. Naumann,

M. Schmidt, M. Nicklas, and E. Hassinger, New Journal of Physics 18, 085006

(2016).

https://doi.org/10.1103/PhysRevLett.93.156802
https://doi.org/10.1088/0953-2048/18/8/012
https://doi.org/10.1088/0953-2048/18/8/012
https://doi.org/10.1103/PhysRevB.92.125152
https://doi.org/10.1103/PhysRevB.93.121108
https://doi.org/10.1103/PhysRevB.93.121108
https://doi.org/10.1143/JPSJ.48.1601
https://doi.org/10.1143/JPSJ.48.1601
https://doi.org/10.1007/s11467-016-0636-8
https://doi.org/10.1088/1367-2630/18/8/085006
https://doi.org/10.1088/1367-2630/18/8/085006


List of publications

Publications presented in this thesis:

Gate-tunable band structure of the LaAlO3 -SrTiO3 interface
A.E.M. Smink, J.C. de Boer, M.P. Stehno, A. Brinkman, W.G. van der Wiel, and H.
Hilgenkamp
Physical Review Letters 118, 106401 (2017)

4π-periodic Andreev bound states in a Dirac semimetal
Chuan Li, J.C. de Boer, B. de Ronde, S.V. Ramankutty, E. van Heumen, Y. Huang,
A. de Visser, A.A. Golubov, M.S. Golden, and A. Brinkman
Nature Materials 17, 875-880 (2018)

Dominant s-wave superconducting gap in PdTe2 observed by tunneling spec-
troscopy on side-junctions
J.A. Voerman∗, J.C. de Boer∗, T. Hashimonto, Y. Huang, M.S. Golden, Chuan Li,
and A. Brinkman
Physical Review B 99, 014510 (2019)

Non-local signatures of the chiral magnetic effect in Dirac semimetal Bi0.97Sb0.03
J.C. de Boer∗, D.H. Wielens∗, J.A. Voerman, B. de Ronde, Y. Huang, Chuan Li, and
A. Brinkman
Physical Review B 99, 085124 (2019)

Magnetoresistance from time-reversal symmetry breaking
J.C. de Boer, D.P. Leusink and A. Brinkman
Submitted for publication

∗ These authors contributed equally.

111



List of publications 112

Other publications:

Correlation between superconductivity, band filling, and electron confinement
at the LaAlO3 /SrTiO3 interface
A.E.M. Smink, M.P. Stehno, J.C. de Boer, A. Brinkman, W.G. van der Wiel, and H.
Hilgenkamp
Physical Review B 97, 245113 (2018)

Zeeman effect induced 0-π transitions in ballistic Dirac semimetal Josephson
junctions
Chuan Li, B. de Ronde, J.C. de Boer, J. Ridderbos, F. Zwanenburg, Y. Huang, A.A.
Golubov, and A. Brinkman
Accepted for publication in Physical Review Letters

Origin of the butterfly magnetoresistance in ZrSiS
J.A. Voerman, L. Mulder, J.C. de Boer, L. Schoop, Y. Huang, Chuan Li, and A.
Brinkman
Submitted for publication




	Introduction
	Motivation
	Two-dimensional electron systems in complex oxides
	Topological insulators
	Three-dimensional Dirac semimetals
	Majorana particles
	Topological superconductivity
	Outline

	Gate-tunable multiband magnetoresistance at the LaAlO3/SrTiO3 interface
	The LaAlO3/SrTiO3 system
	Experimental data and analysis
	The self-consistent 1D Schrödinger-Poisson solver
	The effect of e-e interactions
	Conclusions

	Characterization of topological materials through magnetoresistance
	Introduction to topological Bi-compounds
	Magnetoresistance in 3D Dirac semimetal Bi0.97Sb0.03 
	Magnetoresistance in Bi-based topological insulators
	Conclusions

	The chiral magnetic effect in 3D Dirac semimetal Bi0.97Sb0.03
	Introduction
	The origin of the chiral magnetic effect in Dirac semimetals
	Characterization through local magnetotransport measurements
	nonlocal detection of the chiral magnetic effect
	Conclusions

	Proximity-induced 4 periodic supercurrent in Bi0.97Sb0.03 Josephson junctions
	Introduction
	Andreev bound states in a 3D DSM
	Characterization of Bi0.97Sb0.03-based Josephson junctions
	4 periodic signals in the inverse AC Josephson effect
	Magnetic field dependence
	Observability of 4 periodic supercurrent
	Conclusions

	Characterization of the pairing symmetry in PdTe2 through side-junction spectroscopy
	Introduction
	Modeling the S-N interface through the BTK formalism
	Experimental methods
	Results and analysis
	A minimal model for low resistivity N(I)S devices
	Unusual features in the conductance spectra
	Conclusions

	Conclusions and perspectives
	Magnetoresistance
	Topological superconductivity
	Perspectives

	Summary
	Samenvatting

	Samenvatting
	Dankwoord

	Dankwoord
	Bibliography
	Publications

	Publications

