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SUPERSTARS WITHOUT TALENT? THE YULE DISTRIBUTION CONTROVERSY

Laura Spierdijk and Mark Voorneveld*

Abstract—Chung and Cox (1994) provided an intuitively appealing sto-
chastic model indicating that superstars may exist regardless of talent,
giving rise to the Yule distribution. We adopt a different empirical
approach and test its goodness of fit using a parametric bootstrap and
several powerful test statistics. Just like the discrete Pareto distribution, it
is overwhelmingly rejected: it is a fairly accurate approximation of the
lower quantiles of the superstar distribution but overestimates the snow-
ball effect that makes consumers purchase records of the most successful
artists. In other words, the Yule distribution captures stardom, but not
superstardom. A generalization of the Yule distribution provides an excel-
lent fit in two of the three data sets.

I. Introduction

The superstar phenomenon refers to a situation where relatively
small numbers of people earn enormous amounts of money and

dominate the field in which they are active (e.g., art, sport, media).
Adler (2006) provides an overview of the economic literature on
superstars, which contains a natural dichotomy. Some authors, fol-
lowing Rosen (1981), ascribe the phenomenon to differences in talent.
Others, starting from Adler (1985), indicate that superstars may exist
regardless of talent, simply because enjoying, say, music has an
important social aspect and people tend to follow the crowd, thus
creating a snowball effect.

Chung and Cox (1994) conduct a test of the latter variety. They
adopt an intuitively appealing stochastic process by Nobel laureate
Herbert Simon (1955), who in his turn was inspired by Yule (1924).
Their data concern the number of Gold Records earned by performers
in the American popular music industry, and the process is based on
two assumptions about the purchasing behavior of consumers.
Roughly speaking (see Simon, 1955, pp. 426–433 for details), con-
sumers make consecutive purchases, such that:

Assumption 1: The probability that consumer n � 1 buys a record
already, chosen by exactly k of the previous n consumers is propor-
tional to k.

Assumption 2: There is a constant probability � � (0, 1) that
consumer n � 1 buys a record that was not previously chosen.

Assumption 1 models the snowball effect, whereas assumption 2
makes the process nontrivial: it causes the support of the probability
distribution to consist of the positive integers. For later reference (see
comment 1), notice that this is not the case if � � 0: everybody would
buy the same record as the first consumer, creating a single, infinitely

successful artist. Under stationarity, Simon (1955) shows that assump-
tions 1 and 2 lead to the Yule distribution, a one-parameter (say, �)
distribution with probability mass function

pk � �B�k, � � 1� �k � 1, 2, . . .�, (1)

where B(�,�) denotes the standard beta function and � is related to � in
assumption 2 by

� � 1/�1 � ��. (2)

There are contradictory conclusions as to whether the Yule distribu-
tion provides a good description of stardom in the American popular
music industry. Chung and Cox (1994) claim that it provides “an
excellent description” but base this statement on the fit of an approx-
imation, not the Yule distribution itself (see comment 3). Giles’s
(2006) analysis of recordings reaching the number 1 position on the
Billboard Hot 100 chart follows their approach and leads to the
opposite conclusion: rejection of the Yule distribution as a suitable
description of the data. So the Yule controversy remains: Does this
distribution provide a good description of superstar data?

Our way of testing the goodness of fit of the Yule distribution
differs significantly from Chung and Cox (1994). We provide three
short comments on their analysis. Based on Simon (1955), they adopt
the specific parameter value � � 1. This is part of our first comment:

Comment 1: The authors do not test whether the Yule distribution
in general fits the data, only whether a single example of it does. But
the suggested parameter value � � 1 is implausible for economic and
mathematical reasons.

Indeed, using (2), � � 1 implies that � � 0, so that assumption 2,
required in Simon’s derivation of the Yule distribution, is violated:
nobody would ever buy a previously unchosen record. Moreover, the
Yule distribution with � � 1 has infinite expectation, which is
unrealistic for a measure of success or stardom. We therefore assess
the goodness of fit for two intuitive parameter choices: the maximum
likelihood (ML) estimator and a method-of-moment (MM) estimator.

Even if one were to accept the value � � 1 as a reasonable
candidate, the two tests of Chung and Cox (1994) to assess the
goodness of fit are subject to critique.

Comment 2: The first test, a chi square goodness-of-fit test, is not
a suitable test for the superstar phenomenon.

Indeed, the chi square goodness-of-fit test is an omnibus test, with
little power (Moore, 1986) and the asymptotic distribution of the test
statistic is chi square only when the expected number of observations
in each group is at least five. But the predicted number of performers
with a large number of Gold Records, the real superstars, is low. Such
extreme observations must then be grouped together or ignored.
Chung and Cox (1994) do the latter. However, neither option is very
elegant, since it essentially ignores exactly that part of the data set
where the superstars are located.

Received for publication May 22, 2007. Revision accepted for publica-
tion February 21, 2008.

*Spierdijk: Department of Economics and Econometrics, University of
Groningen; Voorneveld: Department of Economics, Stockholm School of
Economics, and Department of Econometrics and Operations Research,
Tilburg University.

We thank Daron Acemoglu for advice, and two anonymous referees,
Moshe Adler, Kee Chung, David Giles, Antonello Scorcu, and several
audiences for comments. We also thank David Giles for permission to
reproduce his data sets. Financial support of the Netherlands Foundation
for Scientific Research and the Wallander/Hedelius Foundation is grate-
fully acknowledged.

The Review of Economics and Statistics, August 2009, 91(3): 648–652
© 2009 by the President and Fellows of Harvard College and the Massachusetts Institute of Technology



Therefore, it would be better to consider statistical tests that have
more power and attach more value to the tail of the distribution where
the genuine superstars are located.

Since the asymptotic distribution of goodness-of-fit tests is often
known only when based on continuous data with fixed (rather than
estimated) parameters, a parametric bootstrap can be used to obtain
critical values in the current situation where we have a discrete
distribution with estimated parameters:

Comment 3: The second test is a test of the fit not of the Yule
distribution but of an approximation, namely a power law.

Indeed, Chung and Cox (1994, formula (9)) use that �(k)/�(k � c) �
1/kc as long as k is much greater than c to approximate the Yule
distribution by a power law. Taking c � � � 1, k must be much
greater than 2 for this approximation to be reliable when � � 1.
However, two-thirds of the data have k � 1 or k � 2. The fit of the
power law is then tested by linear regression. Modern computers are
sufficiently fast for computations with the gamma function, making
approximations unnecessary: our statistical analysis is conducted for
the Yule distribution, not for an approximation.

We briefly relate the Yule distribution to the more widely known
Pareto distribution: the discrete Pareto distribution with parameter
� 	 0 has probability mass function qk � k
�/�(�), for k � 1,
2, . . . , where � (�) is the zeta function. For large k, writing �(k)/
�(k � c) � 1/kc in (1) gives

pk � �B�k, � � 1� � ��k�/��k � � � 1� � k
���1�, (3)

that is, the tail of the Yule distribution resembles a Pareto distribution.
Despite similar tails, the Yule and Pareto distributions are distinct, and
it is impossible to express probabilities of one of them as functions or
limiting values of the other. Consul (1991) gives a more detailed
comparison. Log-log rank size plots of the superstar data are not
remotely linear, and the hypothesis that a Pareto distribution fits the
data is easily rejected by our formal tests.

There is a two-parameter variant of the Yule distribution (hence-
forth, the generalized Yule distribution) with probability mass func-
tion rk � �(1 
 �)
1B1
(k, � � 1) for k � 1, 2, . . . , where
B1
(a, b) � �0

1
xa
1(1 
 x)b
1dx is the incomplete beta function,
� 	 0, and  � (0, 1).1

In section II, we test the goodness of fit of the Yule distribution
using a parametric bootstrap and powerful test statistics that are not
subject to our critique. We do so in three data sets—the one of Chung
and Cox (1994) and the two of Giles (2006)—both for the parameter
� � 1 chosen by the earlier authors, and two intuitive parameter
choices: the maximum likelihood estimator and a moment estimator.
The results overwhelmingly reject the Yule distribution. In fact, most
p-values are so close to zero that the distribution is rejected at any
reasonable significance level. Simple QQ plots point out where it goes
wrong: the Yule distribution seems a fairly accurate approximation of
the lower quantiles of the empirical distribution but puts too much
weight in the right tail of the distribution. Consequently, the Yule
distribution captures stardom but not superstardom. On the bright
side, the generalized Yule distribution with moment estimators for �
and  provides an excellent fit in two out of three data sets.

II. Empirical Results

A. Data

Due to space constraints on a note in this REVIEW, the data description
is kept brief. Readers are referred to the original articles for details.

1 It was briefly alluded to by Yule (1924, section III) and Simon (1955,
section I), but not derived formally. This can be done using a pure birth
process with linear birth rates observed at a random time drawn from some
finite horizon. Linearity retains the main idea of the snowball effect in
assumption 1: success breeds success in a proportional way. This deriva-
tion differs from the one in Chung and Cox (1994), and the parameters
have different meanings. In particular, in the generalized Yule distribution,
the constraint that � must exceed 1 as dictated by (2), is absent. We refer
to Spierdijk and Voorneveld (2007) for details.

TABLE 1.—FREQUENCY DISTRIBUTION OF WEEKS AND HITS DATA

Weeks Hits

Number of
Weeks

Number of
Observations Frequency

Number of
Hits

Number of
Observations Frequency

1 337 0.349 1 116 0.473
2 249 0.258 2 57 0.233
3 139 0.144 3 30 0.122
4 93 0.096 4 13 0.053
5 47 0.049 5 10 0.041
6 35 0.036 6 4 0.016
7 21 0.022 7 1 0.004
8 13 0.013 8 1 0.004
9 9 0.009 9 4 0.016

10 8 0.008 10 2 0.008
11 5 0.005 11 1 0.004
12 2 0.002 12 2 0.008
13 2 0.002 13 1 0.004
14 4 0.004 15 1 0.004
16 1 0.001 17 1 0.004

20 1 0.004

Total 965 Total 245

Note: The Weeks data measure for all recordings reaching the number 1 position of the Billboard Hot 100 chart between 1955 and 2003, their number of (not necessarily consecutive) weeks as a number 1 hit.
The Hits data measure success by the number of number 1 hits by an artist during the same period. It refers, for all artists scoring a number 1 hit who released at least 13 recordings into the charts during this period,
their number of number 1 hits.

Source: Giles (2006).
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The data sets of Giles (2006) are not contained in his article and
therefore are provided, with his permission, in table 1.

Our first data set is the one that Chung and Cox (1994) use for their
analysis. Their table I (p. 773) contains, for all Gold Record awardees
between 1958 and 1989, the frequency distribution of performers by
their number of Gold Records.

The second data set, used in Giles (2006), measures stardom in
terms of the life length of recordings on the top of the Billboard Hot
100 chart. Table 1 contains, for all recordings reaching the number 1
position on the chart between 1955 and 2003, the frequency distribu-
tion of recordings by their number of (not necessarily consecutive)
weeks as a number 1 hit.

The third data set, also from Giles (2006), measures success by the
number of number 1 hits of an artist during the same 1955 to 2003
period. Table 1 contains, for all artists scoring a number 1 hit who
released at least 13 recordings into the charts during this period, the
frequency distribution of artists by their number of number 1 hits.

B. Analysis

For each data set, we test the statistical validity of (i) the discrete
Pareto distribution for two parameters: � � 2—as it according to (3)
has the same tail behavior as the Yule distribution with � � 1 used by
the earlier authors—and the ML estimator; (ii) the Yule distribution
for three parameters: � � 1, the ML estimator �ML, and a method-of-
moment estimator �MM obtained by equating the sample mean m 	 1
with the expectation �/(� 
 1) and solving for �; (iii) the generalized
Yule distribution with MM estimators �MM and MM obtained by
equating the sample’s first and second moments with their theoretical
counterparts and numerically solving for � and .2

Apart from the discrete Kolmogorov-Smirnov test, we use the
discrete Anderson-Darling test, which attaches more weight to the
right tail of the distribution, where the genuine superstars are located.

These are powerful tests of the supremum and quadratic form,
respectively (see Pettitt & Stephens, 1977, and Choulakian, Lockhart,
& Stephens, 1994, for a more detailed discussion). Rather than relying
on tabulated values, we obtain, for each test, p-values by means of a
parametric bootstrap with 2,000 bootstrap replications. Consequently,
we do not have to worry about the accuracy of asymptotic approxi-
mations of finite sample distributions.

Log-log rank size plots of the data sets (see figure 1 for the Gold
Records data set) are decidedly nonlinear, and the goodness-of-fit tests
reject the discrete Pareto distribution.3 Table 2a shows that virtually
all tests also reject the Yule distribution for the three parameters. Only
for the Hits data, the two tests do not reject the Yule distribution with
� � 1, although their p-values are small (around 0.10) and would
therefore lead to rejection at slightly higher significance levels. In the
other cases, most p-values are so close to zero that the Yule distribu-
tion is rejected at any reasonable significance level.4 The test results in

2 ML estimators are not provided due to numerical problems in the
optimization involving the incomplete beta function.

3 Due to space constraints, an overview of these test results and the ones
mentioned in footnotes 4 and 5 is contained in Spierdijk and Voorneveld
(2007).

4 Also the G-test (or likelihood ratio (LR) test), the nominal Kolmogorov-
Smirnov test, the discrete Cramér–von Mises test, and the discrete Watson
test are generally more powerful than the chi square test. For a discussion
of all these tests, see Pettitt and Stephens (1977) and Choulakian et al.
(1994). These additional tests support our findings: only the G-test and the
discrete Watson test cannot reject the Yule distribution with � � 1 for the
Gold Record data at a 5% significance level (the latter does at a 10%
significance level). Similarly, the G-test and the discrete Cramér–von
Mises test do not reject the Yule distribution with � � 1 for the Hits data
at a 5% significance level (the former does at a 10% significance level). In
the remaining cases, most p-values are so close to 0 that the Yule
distribution is rejected at any reasonable significance level. The chi square
test has a notable lack of power in comparison with the other tests: it does
not reject the Yule distribution with � � 1 or � � �ML in the Gold Records
data and the Hits data at a 5% significance level.

FIGURE 1—GRAPHS TO EVALUATE THE FIT OF CANDIDATE DISTRIBUTIONS IN THE GOLD RECORDS DATA SET
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Note: (Left) Log-log rank-size plot. (Middle) A QQ plot of the empirical quantiles based on the Yule distribution with � � �ML as a function of the theoretical ones. The diagonal is also given. (Right) The empirical
distribution function, as well as the cumulative distribution functions of the generalized Yule distribution with its moment estimators and the Yule distribution with � � �ML.
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table 2b show that the generalized Yule distribution provides an
excellent fit to the Gold Record and Hits data.5

Although the ML estimator is consistent, efficient, and asymptot-
ically normally distributed, it might suffer from finite sample biases.
Therefore, table 2a also provides the MM estimator for the Yule
distribution. Moreover, as an additional robustness check in connec-
tion with finite sample biases, it provides two standard errors for the
ML and MM estimates. The first is the conventional one based on the
asymptotic normality of the estimator. The second is based on a
bootstrap with 2,000 runs, each time drawing a new sample of the
same size with replacement from the original data and obtaining
the corresponding estimate for �. The bootstrapped standard error is
the sample standard error corresponding to these 2,000 estimates and
is slightly smaller than the asymptotic standard error (ML) or of the
same magnitude (MM). The standard errors for the moment estimates
in table 2b are bootstrapped standard errors and were obtained
analogously.

We visualize in two ways why the Yule distribution provides a bad
fit to the data. First, the QQ plot in figure 1 for the ML estimate of �
in the Gold Record data set shows that the right tail of the Yule
distribution is too heavy to fit the data well; QQ plots for the other
parameters and data sets exhibit the same and are therefore omitted. In
particular, the Yule distribution starts to fail at the 94% quantile in
case of the Gold Records data. For the Weeks and the Hits data, the fit

for � � �ML becomes bad at the 90% and 93% quantiles, respectively.
Second, the third graph in figure 1 clearly illustrates the goodness of
fit of the generalized Yule distribution: its cumulative distribution
function is very close to the empirical distribution function (EDF).
The Yule distribution allocates too much weight to high observations
and lies below the empirical distribution in the right tail (which is
even more dramatically displayed in the QQ plot). Hence, the Yule
distribution can capture stardom but fails to model superstardom.

As a more general insight, our analysis shows that the standard chi
squared test is not always appropriate due to its “omnibus” character
and lack of power (Moore, 1986), and bootstrapping is a good method
of obtaining the p-values for statistical tests: one no longer needs to
rely on possibly bad asymptotic approximations of finite sample
distributions.

III. Summary and Concluding Remarks

Due to the social dimension6 of enjoying cultural goods like music,
using snowball effects as a cause of superstardom is intuitively
appealing. Our paper concerns the literature using the Yule distribu-
tion, which implements a snowball effect via assumption 1.

We provided three comments to the traditional analysis of the Yule
distribution for superstar data. In section II, we tested the goodness of
fit of the Yule distribution using a parametric bootstrap and powerful

5 Again, the additional tests mentioned in footnote 4 support these
findings.

6 See, for instance, Stigler and Becker (1977) or the French sociologist
Bourdieu (1989).

TABLE 2.—GOODNESS-OF-FIT TESTS FOR THE YULE AND GENERALIZED YULE DISTRIBUTION

(a) Yule Distribution

� � 1 ML Estimate MM Estimate

Gold records
� 1.000 1.138 (0.040, 0.032) 1.454 (0.023, 0.023)
Discrete Anderson-Darling 0.01 0.00 0.00
Discrete Kolmogorov-Smirnov 0.02 0.00 0.00

Weeks
� 1.000 1.137 (0.048, 0.030) 1.570 (0.023, 0.023)
Discrete Anderson-Darling 0.00 0.00 0.00
Discrete Kolmogorov-Smirnov 0.00 0.00 0.00

Hits
� 1.000 1.347 (0.118, 0.091) 1.659 (0.075, 0.079)
Discrete Anderson-Darling 0.11 0.00 0.00
Discrete Kolmogorov-Smirnov 0.10 0.00 0.00

(b) Generalized Yule Distribution

MM Estimate

Gold records
� 0.532 (0.015)
 0.095 (0.007)
Discrete Anderson-Darling test 0.66
Discrete Kolmogorov-Smirnov test 0.45

Weeks
� 0.0001 (0.012)
 0.198 (0.008)
Discrete Anderson-Darling test 0.00
Discrete Kolmogorov-Smirnov test 0.00

Hits
� 0.367 (0.017)
 0.169 (0.022)
Discrete Anderson-Darling test 0.31
Discrete Kolmogorov-Smirnov test 0.30

Note: The p-values of the discrete Anderson-Darling and discrete Kolmogorov-Smirnov tests for the three data sets under consideration. These p-values are based on a parametric bootstrap from the null distribution.
As a robustness check, two standard errors (in parentheses) are given for the ML and MM estimates of the Yule distribution: first, the conventional one based on the asymptotic normality of the estimator, and then
a bootstrapped one.
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test statistics that are not subject to our comments. The tests over-
whelmingly reject the Yule distribution: it is a fairly accurate approx-
imation of the lower quantiles of the empirical distribution but
overestimates the snowball effect that makes consumers purchase
records of the most successful artists. In other words, the Yule
distribution captures stardom but not superstardom. The generalized
Yule distribution, however, provides an excellent fit to two of the three
data sets.

We leave to future research whether a different model of the
snowball effect results in a good fit for all three data sets.
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GAS PRICES, TRAFFIC, AND FREEWAY SPEEDS IN LOS ANGELES

Nicholas E. Burger and Daniel T. Kaffine*

Abstract—Using detailed data on traffic speeds for 12 Los Angeles
freeway routes from 2001 to 2006, we investigate aggregate behavioral
response to gasoline prices. If traffic is free flowing, drivers should slow
to more fuel-efficient speeds as the price of gasoline rises. However, we
find little evidence that drivers respond to increased fuel costs by slowing
down. When congestion constrains traffic flow, freeway speeds should rise
with gasoline price, and we find a $1.00 increase in price raises average
freeway speeds by approximately 7% during rush-hour periods. Finally,
we introduce a novel method to calculate the short-run vehicle miles
traveled demand elasticity during rush hour.

I. Introduction

In light of the nearly threefold increase in gasoline prices since the
year 2001, we ask: What is the impact of gasoline prices on freeway

speeds and congestion? Economists have long studied how fuel costs
affect gasoline demand, yet the relationship between price and traffic
conditions has received less attention.1 We test consumer response to

gasoline prices using weekly freeway speeds for 12 major routes in
Los Angeles County from 2001 to 2006. The speed data comprise
real-time observations taken at five-minute intervals by sensors em-
bedded in the freeways at 1 to 2 mile intervals. These data provide a
unique opportunity to investigate actual road conditions over an
extensive time period and across several major freeways.

Higher gasoline prices raise the cost of driving at fuel-inefficient
speeds, and both economic theory and consumer surveys suggest that
drivers respond by slowing down.2 In an earlier effort to estimate the
effect of gasoline price on driving speed, Dahl (1979) finds a negative
correlation of price with rural road speed of 
0.354.

Higher prices ease congestion by reducing travel demand, which
could increase speeds. When traffic volume is sufficiently high, slow
speeds impose significant time costs. In 2003, each driver in Los
Angeles lost an average of 93 hours due to congestion (Schrank &
Lomax, 2005). If people respond to rising gasoline prices by driving
less, traffic will move faster and the amount of time lost due to
congestion will fall.3
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1 The energy crisis in the early 1970s spurred interest in how gasoline
prices affect fuel demand (Houthakker, Verleger, & Sheehan, 1974),

leading to dozens of studies estimating the demand elasticity of gasoline
with respect to price and income. Dahl and Sterner (1991) provide a
review of the early literature. See Goodwin et al. (2004) for a survey of
price and income elasticities since 1990. They find a short-run (long-run)
elasticity with respect to price of approximately 
0.25 (
0.64).

2 Every 5 miles per hour (mph) that a driver exceeds 60 mph is roughly
equivalent to paying an additional $0.20 per gallon for gasoline (from
http://www.fueleconomy.gov/feg/driveHabits.shtml, assumes $2.91/gl).
Driving slower than 55 mph also increases fuel consumption. In May 2006
the Consumer Reports Car Buying Survey, a nationally representative
survey of 2,400 adults, finds 38% of respondents claim they will reduce
their driving speed in response to rising gasoline prices.

3 Research suggests that an increase in fuel prices will cause drivers to
reduce the number of miles they drive (Haughton & Sarkar, 1996),
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