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Abstract
Free-electron lasers (FELs) can emit light with different optical polarizations including linear, elliptic
and circular polarizations corresponding to the characteristics of the undulators used. X-ray FELs
depend upon long undulator lines consisting of a sequence of short undulators. Linearly polarized
undulators aremost commonly used; hence the optical output is linearly polarized. Alternately,
APPLE-II, Delta undulator designs, or a sequence of linearly polarized undulators with alternating
orientations can be used to produce undulatingmagnetic fields with arbitrary polarizations.We
present a three-dimensional, time-dependent formulation that self-consistently includes two optical
orientations and, therefore, treats any given sequence or combination of undulator including
undulator imperfections and degradation There are two principal characteristics of the formulation
that underpin this capability. First, particles are tracked using the fullNewton–Lorentz force equations
with analyticmodels of the undulators fields. This permits an accuratemodel of the interaction of the
electronswith a large variety of undulator fields and orientations. Second, the electrons can couple
simultaneously to two independent electromagnetic polarizations and, therefore, the optical
polarization evolves self-consistently along the undulator line.We present the numericalmodel and
give some examples using prevailing undulator configurations.

1. Introduction

X-ray free-electron lasers (FELs) are an active area of research and development [1–5], resulting in a variety of
configurations that generate ever shorter wavelengths. In particular, there is interest in the generation of a variety
of different optical polarizations. These FELs use long sequences of relatively short undulators separated by gaps
thatmay contain focusingmagnets (typically quadrupoles), phase shifters (dipoles) and various diagnostics. The
most common undulator type in use is linearly polarized and thismeans that the optical output from this
configuration is also linearly polarized. However, undulator imperfections and possible undulator degradation
may result in a polarization state different from the purely linear. Furthermore, there is interest in generating a
variety of different polarizations. Themost straightforwardway to accomplish this is to use a line of linearly
polarized undulators where the orientations of the undulatormagnetic fields vary in some fashion along the
undulator line. For example, the undulator linemight be configured consisting of afirst stagewith a given
undulator polarization followed by a second stagewith a different undulator polarization that functions as an
afterburner [6–9]. Since the interaction is close to saturation in the first stage, the electron beam is pre-
conditioned for strong excitation in the afterburner and this can generate elliptically polarized output. A
configuration like this has been implemented on the Linac Coherent Light Source (LCLS) using the so-called
Delta undulator [10] as an afterburner [11]. Alternately, theAPPLE-II [12] undulator design is configurable to
produce any type of undulatorfield from linearly polarized through elliptic polarization to a helically polarized
field and this can be used for the complete undulator line [13] or as an afterburner. In view of the growing
interest in novel undulator configurations, it is important to develop a numerical formulation that can self-
consistentlymodel the evolution of the polarization of the light through an arbitrary sequence of undulators.
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The bulk of existent FEL codes rely on the slowly-varying envelope approximation (SVEA) [14–20] and use
fieldmodels withfixed polarizations to describe the interactionwith undulators with linear, helical or elliptical
polarizations. An exception to this is the particle-in cell code PUFFINwhich can treat arbitrary
polarizations [21].

Here, we describe a time dependent, three-dimensional nonlinear formulation that is also based on the
SVEA andwhich self-consistentlymodels arbitrary optical polarizations due to varying undulator
configurations, imperfections in themagnetic field, possible undulator degradation, or any combination of
these effects.We apply this formulation to the study of variable polarizations produced by anAPPLE-II
undulator line. The full Lorentz force equations are used to propagate the electrons through the optical and
magnetostatic fields without applying thewiggler-orbit approximation. The description of themagnetostatic
fields includes three-dimensionalmodels for linear, helical, and elliptical undulators and includes the fringing
fields associatedwith entry and exit tapers. Analyticmodels for quadrupoles and dipoles are also included. This
permits the treatment of particle dynamics in the nativefields of any arbitrary configuration. The formulation
uses a superposition ofGaussianmodes tomodel the electromagnetic field, which typically starts fromnoise,
followed by an exponential growth before reaching a nonlinear post-saturation state.

As such, the present formulation follows that described previously for themagnetostatic fields and particle
tracking [17, 18]. The difference comes inwith the treatment of the electromagnetic field. Instead of prescribing
afixed phasor polarization for the opticalfield, the new formulation introduces two perpendicular field
components (x, y)with the z-direction along the axis of symmetry of the undulator line, that simultaneously
interacts with the electrons. The formulation allows the polarization of the light to dynamically evolve upon
propagation along the undulator line. Both formulations use the SVEAwhere the dynamic equations for the
opticalfield are time-averaged to remove the rapid field oscillations such that these equations reduce to
equations for the slowly-varying amplitude and phase. In the new formulation there are now twice asmany field
equations to be integrated as previously. Fortunately, this presents a relatively small additional computation load
onmodern computers where vectorization andmultiple processors can be employed.

The organization of the paper is as follows. The formulation is described in section 2. Examples are given in
section 3. A summary and discussion is given in section 4.

2. The numerical formulation

To summarize, both the old [18, 19] and new formulations are time-dependent and use three independent
spatial dimensions to describe the particles and fields. As before, we still useMINERVA as the name for the new
formulation.Magnetic field elements are used to create a transport line and can be placed in any arbitrary
sequence and typically contain single ormultiple undulator segments. To create a FODO lattice, quadrupoles
can be placed at any location and are allowed to overlapwith undulator segments. In addition, formodeling
high-gain harmonic generation (HGHG), optical klystron configurations or phase shifters, dipole chicanes can
be placed between undulator segments. Themagnetic fieldmodels and a statement of the dynamical orbit
equations have been described previously [18, 19].

In the earlier formulation [18, 19], the opticalfieldwas decomposed intoGauss-Hermitemodes when using
planar undulators, while Gauss-Laguerremodeswere used for helical or elliptical undulators. The presentmodel
uses only theGauss-Hermitemodes; however, comparison of helical wiggler simulationswith both
formulations shows near-identical results using the twoGaussianmode representations; hence, there is no loss
of generality using only theGauss-Hermitemodes. As the opticalfield is included in theNewton–Lorentz force
equation, harmonics are included self-consistently.

A fourth-order Runge–Kutta integrator is used for all parts of the transport line, i.e., within the undulator(s)
aswell as in the gaps, dipoles, and quadrupoles. As such, the optical phase is determined self-consistently for all
parts of the transport line. Likewise, the slippage between opticalfield and electrons is also included self-
consistently along the transport line.

The representation of theGauss-Hermitemodes in present use are given by
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whereωb is the beamplasma frequency,<(K)> denotes an average over the initial particle distribution [17, 18]
and υj ( =j x y, ) are the components of the electron velocity.

In the old formulation therewas one spot size and one curvature associatedwith the fixed polarization
phasor. In the new formulation, there is a separate spot size and curvature associatedwith each polarization
direction and the SDE equations are
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The number of equations in the simulation isNequations=Nslices[6Nparticles+4(Nmodes+Nharmonics)], where
Nslices is the number of slices in the simulation, andNparticles is the number of particles in each slice,Nmodes is the
total number of opticalmodes in all the harmonics, andNharmonics is the number of harmonics. Note, the
number ofmodes is not necessarily the same for each of the harmonics. The Runge–Kutta algorithm allows the
step size to change so different steps can be used in eachmagnetic element or in the drift spaces so this imposes
no limitation on the placement of components along the electron beampath.

It should be remarked that the particle trajectories are integrated using the complete, three-dimensional
Lorentz force equations using the complete field representations for the electromagnetic andmagnetostatic
fields. Hence, harmonic interactions are implicitly and self-consistently included in the formulation.

We rely on the Stokes parameters (s0, s1, s2, s3) to characterize the polarization of the opticalfield [23].
Further, we determine the eccentricity of the polarization ellipse aswell as the orientation of the semi-major axis
of the ellipse with respect to the x-axis [23] in case of elliptically polarized light, as illustrated infigure 1. If we
denote the angle between the semi-major axis of the ellipse and the x-axis as θ, then this angle is determined by
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The eccentricity of a purely circularly polarized opticalfield is zerowhile that for a purely linearly polarized
opticalfield is unity. Elliptical polarizations are characterized by eccentricities between these extrema.
Measurements of the polarization in FELs have been characterized by the Stokes parameters [24].

At the present time, we have implemented a preliminary diagnostic for the Stokes parameters and the
eccentricity based upon the on-axis field of the fundamental TEM00mode. Amore complete diagnostic is under
development. Furthermore, since the opticalfield is composed ofmultiple temporal slices each of whichmay
behave differently, we provide the on-axis eccentricity ε and angle θ as a power-weighted average over the slices.

3.Numerical simulations

In this sectionwe consider three different configurations. Thefirst is a comparisonwith the SPARC experiment
which is a planar undulator-based SASE FEL [25] andwhich serves as validation of the numerical formulation.
This experiment has been amply studiedwith a variety of simulation codes [18, 19, 25, 26]. The fundamental
parameters of the SPARC experiment are used for all the subsequent configurations, butwith variations. The
planar undulators and the quadrupole focusing lattice used in the experiment are replaced by a helical undulator
in the second configuration. In this case, the electrons arematched into theweak focusing helical undulator.
Herewe compare the new formulationwithGuass-Hermitemodes and the dynamic evolution of the

Figure 1. Illustration of the ellipse formed by the polarization of the optical field.
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polarizationwith the old formulation that uses a prescribed circular polatizationwithGauss-Laguerremodes. In
the third configuration, we replace the planar undulators used in the experiment withAPPLE-II undulators
which allows us to vary the polarization of the undulator line. Again, we compare the new formulationwith the
old formulationwhich uses afixed elliptical polarizationwithGauss-Laguerremodes.

3.1. The SPARC experiment
In this section, simulations using the old and new formulations are compared using the parameters of the
SPARC experiment forwhich there are experimentalmeasurements to anchor the two formulations. The
experimental parameters are summarized in table 1. It was observed that the bunch chargewas insufficient to
reach saturation. In the simulation, the electron bunchwasmodeled using a parabolic profile with a peak current
of 53A and awidth of 12.67 ps at the base. It was assumed in simulation that each undulator segment had one
period entrance and exit taper and that the electron beamwasmatched to the undulator line. The simulation
timewindow consists of 1600 temporal slices. For the parameters of table 1, the resonant wavelength is at
491.5 nm.

Table 1.Best estimates for the parameters of
the SPARCFEL experiment.

ElectronBeam

Energy 151.9MeV

BunchCharge 450 pC

BunchDuration (rms) 2.83 ps

x-Emittance 2.5mm-mrad

y-Emittance 2.9mm-mrad

rms Energy Spread 0.02%

rms Size (x) 132microns

αx 0.938

rms Size (y) 75microns

αy −0.705

Undulators 6 segments

Period 2.8 cm

Length 77 Periods

Amplitude 7.8796 kG

Krms 1.457

Gap Length 0.40m

Quadrupoles Centered inGaps

Length 5.3 cm

FieldGradient 0.9 kG cm−1

Figure 2.Measured (red squares) and simulated pulse energies versus propagation distance for the new (blue line) and old (black exes)
[17, 18] formulation. The average 3rd harmonic results from the experiment and simulation are shown by the red triangles and blue
circle respectively where the error bars indicate the range of variation. Experimental data courtesy of L. Giannessi.
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As a first validation, we used the experimental data to comparewith both formulations. For this case, both
formulations are essentially identical except that old formulation has a prescribed optical polarization and the
new formulation allows self-consistent evolution of the optical polarizationwhen the electron bunch propagates
through the undulator line. A comparison of the simulated pulse energy as found in the old (shownby black
exes) and the new (blue) formulations and from the experiment (redmarkers) is shown infigure 2, where the
simulation results are averages taken over a total of 20 simulation runs, eachwith a different noise seed. This
yields convergence to better than 5%. The experimental data is courtesy of L. Giannessi. Agreement between the
two formulations is very good, although not identical, and agreement between the simulations and themeasured
performance is excellent. Energy conservation in both the old and new formulations ismaintained towithin
better than one part in 103.

Measurements of the 3rd harmonic radiation at the exit from the undulator linewere also reported [25]. The
measured pulse energy (red triangles) is shown infigure 2 alongwith the average pulse energy (blue circle) found
over 20 simulation runswith different noise seeds. The error bars denote the range offluctuations from shot-to-
shot or run-to-run.Note thatwhile themeasurements and simulations correspond to the pulse energy after
15meters of the undulator line, we have offset the data points by+/− 20 centimeters respectively to facilitate
the comparison. The substantial overlap in the 3rd harmonic pulse energies found in the experiment and in
simulation indicate substantial agreement with the experiment was obtained using the new formulation.

It should be remarked that the large range offluctuations in the 3rd harmonic pulse energies arise because
the undulator linewas too short to achieve saturation in either the fundamental or 3rd harmonic. Since the 3rd
harmonic is generated through the nonlinear harmonic generation [17]mechanismwhich depends upon high
intensities at the fundamental and the growth rate is three times that of the fundamental, small changes in the
fundamental intensity can result in relatively larger fluctuations in the 3rd harmonic pulse energy prior to
saturation.

The variation of the relative linewidthwith propagation distance as determined from simulations with the
old formulation (black exes), the new formulation (blue) and bymeasurement (red squares, data courtesy of
L. Giannessi) is shown infigure 3, where the two results of the two formulations are very close.We observe that
the simulated relative bandwidths are in excellent agreement with each other and that themeasured linewidth is
in substantial agreementwith the simulations (towithin 35%at a propagation distance of 15m).

The planar undulators used in the simulationwere oriented in such away that thewiggle-motionwas aligned
with the x-axis. As such, we expect that the opticalfield generated in simulationwill be linearly polarized along
the x-axis as well. For this case, the old formulation assumes the light to be polarized in the x-direction. In
contrast, the polarization of the opticalfieldwill evolve self-consistently in the new formulation and the on-axis
Stokes parameters at the end of the undulator line yield θ=0with an eccentricity ε=1 as expected.

3.2.Helical undulator simulation
The second casewe consider is a bifilar helical undulator. For this case, the old formulation usesGauss-Laguerre
modeswith a prescribed circular optical polarization. In contrast, the new formulation usesGauss-Hermite
modes and an undefined initial polarization. Since both theGauss-Laguerre andGauss-Hermitemodes

Figure 3.Measured (red squares) and simulated relative linewidth versus propagation distance for the new (blue line) and old (black
exes) [17, 18] formulation. Experimental data courtesy of L. Giannessi.
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constitute complete sets, this difference should not be important as long as a sufficient number ofmodes is
included.

For the simulations, we employ the same electron beamparameters used for the simulation of the SPARC
experiment but replace the undulator/quadrupole linewith a long undulator with the same period as used in the
SPARC experiment that produces afieldwith afixed helical polarization [27]. In order to preserve the resonance
at 491.5 nm, the peak on-axisfield of the helical undulator is reduced to 5.717 kG. In addition, the Twiss
parameters are chosen tomatch the beam into theweak-focusing helical undulator [18, 19]. As in the case of the

Figure 4.Pulse energy versus propagation distance using the new (blue line) and old (red exes) formulations [17, 18].

Figure 5. Spectra found at the undulator exit using the old (a) and new (b) formulations.
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SPARC experiment, we simulate SASE for this configuration but only use a single (and identical)noise seed for
both formulations whichmeans that the initial phase spaces in each simulationwill be identical.

Since there is no experiment whichwe can use to validate the formulation, we compare the present
formulationwith the results of simulationwith the precedingmodel used inMINERVA [18, 19], andwe remark
that the earlier formulation used a circularly polarized opticalfield representation based upon a superposition of
Gauss-Laguerremodes in conjunctionwith a helical undulator. In contrast, the present formulation allows for
the polarization of the opticalfield to vary based upon the electronmotion induced by the undulator and is based
upon a superposition ofGauss-Hermitemodes. Since both theGauss-Laguerre andGauss-Hermitemodes
constitute complete sets, this difference should not be important as long as a sufficient number ofmodes is
included.

Simulations of this configuration have been conductedwith the earlier (old) formulation using 15Gauss-
Laguerremodes andwith the present formulation using 12Gauss-Hermitemodes with 1600 temporal slices in
each case. The growth of the pulse energywith propagation distance is shown infigure 4, andwe observe that
excellent agreement is found between the two simulations. As in the simulations for the SPARC experiment,
energy conservation ismaintained towithin better than one part in 103.

The spectra produced by the two formulations is also in good agreement. This is evident in figure 5wherewe
plot the spectra at the undulator exit as found by the old (a) and new (b) formulations.

These results show that, as long as sufficientmodes are included, either Gauss-Hermite orGauss-Laguerre
modes can be used tomodel the interaction of the electronswith the optical field. Furthermore, the polarization
evolved self-consistently within the new formulation into a circular polarized state with the handiness
corresponding to the helical undulator used in the simulation.

3.3. TheAPPLE-II undulator
The third andfinal case we consider here is the APPLE-II undulator [12] that can be described using an analytic
undulatormodel [18, 19] andwhich consists of the superposition of twoflat-pole-faced planar undulators
oriented perpendicularly to each other and can be displacedwith respect to each other. This configuration allows
for adjustable polarization of themagnetic field, which is characterized by an ellipticity parameter ue [18]
ranging from linear ( )=u 0e via elliptical ( < <u0 1e ) to helical configurations ( =u 1e ). Note that the APPLE-
II undulatormodel [27] in the helical configuration differs from the pure helical undulatormodel in its off-axis
field. TheAPPLE-II undulator consists in the superposition of two planar undulators which are shifted in
relative phase. Hence, the field approximates the purely (bifilar)helical undulator only near the axis of symmetry
and diverges from the pure helical undulator due to the different dependence on transverse coordinates of the
twofieldmodels. Formost high energy electron beams generated using radio frequency linacs, the cross-
sectional area of the beams is relatively small and this is usually not an issue.

In the simulationswe replaced the planar undulators in the SPARC experiment with APPLE-II undulators of
the same lengths and periods, and consider five different choices for the ellipticity: ue=0.00, 0.25, 0.50, 0.75,
and 1.00. In order to ensure that the resonance remains at 491.5 nm, the on-axis field amplitudes for these cases
were found to be 7.8796 kG, 7.6600 kG, 7.0577 kG, 6.3150 kG, and 5.5817 kG respectively as shown infigure 6
and as determined byHenderson et al [28].

Figure 6.Variation in the on-axis undulator field for various degrees of ellipticity, ue, required for resonance at 491.5 nm.
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In order to study the interactions out to saturation, and since the bunch chargewas insufficient to reach
saturation after 15meters of undulators, we extend the undulator line to reach 28meters in total length.We also
note that the quadrupole positions andfield gradients were heldfixed as well as the initial Twiss parameters of
the electron beam. Thismeans that optimal focusing of the electrons through the undulator linemay not be
achieved in all three cases; however, the transmission of the electron beam is sufficient to illustrate the variations
in the polarizations of the opticalfield.

We consider SASE using a single, identical noise seed for each of these five choices for the ellipticity. This
ensures that the injected electron phase space is also identical for each of these cases. Furthermore, the
simulation used 1600 temporal slices and the opticalfieldwas described using 15Gauss-Hermitemodes in the

Figure 7.Pulse energy versus propagation distance for three choices of the ellipticity as seen in the new formulation.

Table 2.Comparison between the gain lengths found in
simulation (new and old formulations) and theory.

Ellipticity LG (new) LG (old) LG (theory)

0.00 0.80m 0.88m 0.75m

0.25 0.79m 0.74m 0.72m

0.50 0.69m 0.67m 0.67m

0.75 0.60m 0.66m 0.64m

1.00 0.58m 0.69m 0.63m

Figure 8.The power-weighted average of the on-axis optical eccentricity for the Apple-II undulator line (blue line andmarkers). The
prescribed eccentricity used in the old formulationwith fixed phasor representation is shown in the red line.
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new formulation and 15Gauss-Laguerremodes for the old formulation (N.B.: Gauss-Hermitemodeswere used
in the old formulation for plane-polarized undulators) respectively.

The growth of the ensemble average of the pulse energies with propagation distance as found using the new
formulation is shown infigure 7 for three choices of the ellipticity: ue=0.0, 0.50, and 1.00.Observe that the
saturation distance increases (i.e., the growth rate decreases) as the ellipticity decreases fromunity
(corresponding to a circularly polarized undulator) to zero (corresponding to a linearly polarized undulator).
This follows the decrease in the coupling coefficient associatedwith the increase in the oscillation in the
magnitude of the transverse velocity. This is described by the generalized JJ-factor [28]. As in the cases for the
planar and helical undulators, energy conservation ismaintained towithin better than one part in 103.

An important validationmeasure is a comparison between the exponentiation (gain) length (LG) found in
both the old and new formulations with a theoretical estimate. A theoretical expression for the exponentiation
length for elliptic undulators was given in [28] as a generalization of the parameterization described byMingXie
[29, 30]using the generalized JJ-factor. Using this generalization, a comparison between the gain lengths found
in both simulations and theory for the five ellipticities under consideration is shown in table 2which shows good
agreement.

Using this present diagnostic for the Stokes parameters, the variation in the optical eccentricity versus the
ellipticity of the undulatorfield is shown infigure 8 in bluewhile the prescribed polarization used in the fixed-
phasor representation in the old formulation is indicated by the red line. Since the optical field is composed of
multiple temporal slices, each of whichmay behave somewhat differently, the average ellipticity shown in the
figure is aweighted average over the power in each slice. As is evident in thefigure, the eccentricity is unity and θ
corresponds to the direction of wiggle-motionwhen the Apple-II undulator is configured for linear polarization,
as expected, and decreases approximately linearly with increasing ellipticity butmore slowly thanwould be
expected from thefixed-phasor representation.We do not find that the eccentricity is zerowhen theApple-II
undulator is configured for an ellipticity of unity which is close to that of a helicalfield. It is important to remark
here that the Apple-II undulatormodel is not the same as the helical undulatorfield used in Sec. III.B and, in
general, diverges from the helical field slowly away from the axis of symmetry. Thus, itmay not be possible to
achieve pure circular polarizationwith anApple-II undulator. The seeded FEL at Fermi Light Source in Trieste
uses APPLE-II undulators and, while thismay be due in part to the optical beam transport line from the end of
the undulator line, they have indeed observed that the optical polarization is not purely circular [13] at the
location ofmeasurement when the ellipticity of the undulators is set to unity.

As in the aforementioned cases, this undulator line presents afixed polarization over the entire distance;
hence, afixed phasor representation of the optical fieldmay be appropriate. In order to test this, we consider a
single polarization corresponding to a helical undulatorwith an ellipticity of unity. In addition, we consider a
single noise seedwhich generates identical initial phase spaces for both formulations.

A comparison plot showing the pulse energy over the course of the undulator line obtained from the old and
new formulations is shown infigure 9. The rms discrepancy over the entire undulator line is only about 9%. In
addition, the rms spot size found using the two formulations shows a discrepancy of only about 0.8%. The
polarization used in the old formulation is purely circular and, while these discrepancies are not large, these
comparisons reveal the limitations of afixed phasor representationwhen simulating APPLE-II undulators
which diverge from a purely helical undulator off the axis of symmetry.

Figure 9.Comparison of the old and new formulations for theAPPLE-II undulator linewith an ellipticity of unity.
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4. Summary and conclusion

Our purpose in this paper is twofold. First to present a numerical formalism that allows, for the first time among
FEL simulation codes based upon the slowly-varying envelope approximation, for the self-consistent evolution
of the optical polarizationwhen the electrons propagate through an arbitrary undulator line. This formalismnot
only allows for the simulation of arbitrary combinations/sequences of undulators with varyingmagnetic
polarizations, but also for the simulation of how imperfections in themagnetic orientation affect the FEL
interaction; particularly on the purity of the polarization state when appropriatemodels for such imperfections
are implemented. This can also be extended to study the effects ofmagnet degradation thatmay occur over time
for permanentmagnet-based undulators. Second, to study the utility of the concept and the functionality of the
formalism. To this end, we described validations of the formalismby comparisonwith the experimental results
of the SPARC experiment which employed planar undulators and by comparisonwith an earlier formalism for a
helical undulator configuration, and found excellent agreement for both of these cases.We found good to
excellent agreement for various properties of the optical field, such as pulse energy, gain length, andmode size
and spectrum,when comparedwith the old formulationwith prescribed optical polarizations.We also showed
that energy conservationwasmaintained towithin better than one part in 103.However, we found that, with the
new formulation, the polarization state starts to deviate from the fixed-phasor expectationwhen the ellipticity of
the APPLE-II undulator increases from zero to one, i.e., the light is not circularly polarizedwhen the ellipticity is
unity.

We conclude that this formulation is able to faithfully simulate the control of the polarization of the output
opticalfield for a variety of undulator combinations/sequences.

We have not addressed harmonic generation in this paper; however, thismay be an important feature for
many future light sources. In this regard, theMINERVA formulation includes both linear and nonlinear
harmonic generation self-consistently because the electron trajectories are integrated using the complete
Lorentz force equations including the transverse opticalfield elements; hence, harmonic generation is treated
implicitly. Analytical treatments of harmonic generation in elliptical undulators have appeared in the literature
[31–35]. Harmonic simulations withMINERVA are underway, which are complementary to the analytical
models, andwill be reported in a future paper.
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