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Simple and Fast Method for Computing Induced
Currents in Superconductors Using Freely Available

Solvers for Ordinary Differential Equations
Simon Otten and Francesco Grilli

Abstract—The current distribution in a superconductor is com-
monly calculated by solving the Maxwell’s equations in differential
form. An alternative method based on an integral form of Maxwell’s
equations was proposed by E. H. Brandt. Since the integral formu-
lation needs to be solved in the conductor volume only, this method
can be easily implemented in a programming language such as
MATLAB. Brandt’s approach has been used by several authors
over the years, but no ready-to-use implementations are available.
In this article, we present a step-by-step derivation of the method
for a thin strip, a rectangular bar, and a cylindrical bulk. The results
are validated using a comparison with exact solutions of the critical
state model and a finite element solution of the H-formulation.

Index Terms—superconductors, Maxwell’s equations, numerical
analysis.

I. INTRODUCTION

CONDUCTORS in superconducting devices are generally
subjected to time-dependent magnetic fields that lead to

ac loss. For simple geometries, the ac loss can be analytically
calculated using the critical state model, which assumes that
the E(J) characteristic at the critical current is infinitely steep.
Commonly used expressions are those for ac loss of tapes with
elliptical or infinitely thin rectangular cross section [1], [2].
More details on cases that can be handled analytically can be
found in a work from Mikitik et al. [3]. Numerical methods
are needed if the geometry is more complicated, or if more
realistic superconductor properties need to be considered, such
as the temperature and magnetic field dependency of the critical
current [4]. Besides well-known formulations using differential
forms of Maxwell’s equation, an alternative method using an
integral formulation was developed by E. H. Brandt in 1994 [5],
[6]. In short, Brandt’s methods uses Maxwell’s equations to find
an integral equation for the time derivative of the current density.
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By spatial discretization, the integral is converted into a matrix
multiplication. The resulting system of ordinary differential
equations (ODEs) is numerically integrated in time in order
to find the current density. An advantage of this approach is
that, unlike in a differential formulation, no boundary conditions
are needed. The equation, thus, has to be solved only in the
superconductor volume. This greatly reduces the number of
unknowns. Second, the ODE system can be more easily solved
in MATLAB or free alternatives. Brandt’s method has been
used for computation of ac losses in Bi-2223 tapes [7]–[10]
and multitape cables [11], and the ac susceptibility of YBaCuO
disks [12]. Bouzo et al. proposed an extension of the approach
for three-dimensional (3-D) problems [13]. Recently, Elbaa et al.
computed the magnetization of an high-temperature supercon-
ductor (HTS) bulk using Brandt’s method [14].

Unfortunately, these publications provide no or only a very
condensed description of the implementation of the method,
hampering the use by other authors. A user who wanted to
use Brandt’s model would have to rederive the equations and
reimplement them once again, resulting in work duplication. At
the level of the HTS modeling community, work duplication
constitutes an obstacle, or at least a retarding factor, for the
advances in the field. In addition, as pointed out in [15], the lack
of access to models is one of the reasons why the modeling of
HTS devices remains a specialized topic mostly accessible to
graduate students or researchers, and HTS devices remain an
obscure object for most manufacturers and power utilities.

In this article, we provide a step-by-step derivation of the
ODE system for three geometries: the thin strip, the rectangular
wire, and the cylindrical bulk. The results obtained using this
system are compared to results from the critical state model
and finite element analysis using the H-formulation. Addition-
ally, a comparison of computation times with several different
ODE solvers is made. MATLAB codes for simulating the three
geometries were published online on the website of the HTS
Modelling Workgroup [16].

II. GENERAL APPROACH

Unlike in Brandt’s publication [6], we will assume a discrete
geometry right from the beginning. In this way, the handling of
integral equations is avoided.

The conductor is divided in N elements numbered i =
1, 2, . . . , N , each carrying a uniform current density Ji. The
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Fig. 1. Thin strip, rectangular bar, and cylindrical geometries. The coordinates of the elements are given by ai, bi, ci, and di with i = 1, . . . ,N .

magnetic vector potential at the center of element i can then be
expressed as a linear combination of element currents Ji and an
external contribution Aext

Ai = Aext,i +
μ0

2π

N∑

j=1

KijJj . (1)

Here, K is an N ×N matrix that depends on the geometry. The
contribution from the external magnetic fieldAext is chosen such
that ∇×Aext = Bext. Closed-form expressions for K and Aext

will be derived in Section III for several cases. From Maxwell’s
equations follows that

∂A

∂t
= −E−∇φ (2)

where φ is the electric scalar potential. By differentiating (1)
with respect to time, the vector potential A can be eliminated

∂Aext,i

∂t
+

μ0

2π

N∑

j=1

Kij
∂Jj

∂t
= −Ei − (∇φ)i. (3)

By rearranging the terms, this can be rewritten in the formKJ̇ =
f(t, J), where J is the column vector of the element values

N∑

j=1

Kij
∂Jj

∂t
= −2π

μ0

(
Ei +

∂Aext,i

∂t
+ (∇φ)i

)
. (4)

The equation in this form can be numerically integrated using
one of many available ODE solvers.

III. EQUATIONS FOR SEVERAL GEOMETRIES

Before (4) can be numerically integrated, the matrix K needs
to be found. As seen from (1),Kij is essentially a proportionality
constant between the current density in element j and the vector
potential in element i. To find the values ofK, a relation between
current distribution and the vector potential is needed.

In the Coulomb gauge (∇ ·A = 0), the current density and
the vector potential are related by Poisson’s equation

∇2A = −μ0J. (5)

Poisson’s equation can be solved by integrating its fundamental
solution over space, which is −ln(|r− r′|)/2π in the two-
dimensional (2-D) and 1/4π|r− r′| in the three-dimensional
(3-D) case. The vector potential can, thus, be calculated from
the current distribution as follows:

A(r) = −μ0

2π

∫
J(r′) ln |r− r′|d2r′ (2-D) (6)

A(r) =
μ0

4π

∫
J(r′)
|r − r′|d

3r′ (3-D). (7)

In the following part, this integration will be carried out to find
K for three different geometries: the thin strip, the rectangular
bar, and the cylinder.

A. Thin Strip

Consider a thin strip of width w that lies in the xy-plane (see
Fig. 1). The strip is divided into N elements for which ai < y <
bi and z = ci. Each element carries a sheet current density Ji
in the x-direction. The vector potential at (y, z) resulting from
a single element is given by

Ax(y, z) = −μ0

2π
J

∫ b

a

ln
(√

(y − y′)2 + (z − c)2
)
dy′. (8)

This expression is evaluated by substituting u = y − y′ and then
integrating by parts

Ax(y, z) =
μ0J

4π

∫ y−b

y−a

ln
(
u2 + (z − c)2

)
du (9)

=
μ0J

4π

[
u ln

(
u2 + (z − c)2

)− 2u

+ 2(z − c) tan−1

(
u

z − c

)]y−b

u=y−a

. (10)

In the special case z = c, the last term becomes zero because
limx→0 x tan

−1( 1x ) = 0. From (1), one sees that Kij is the
proportionality constant between the vector potential at (yi, zi)
and the current density of element j with coordinates aj , bj , and
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cj . In case of the thin strip geometry, the entries can, thus, be
computed as follows:

Kij =

⎧
⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎩

[
u

(
1

2
ln
(
u2 + (zi − cj)

2
)− 1

)

+ (zi − cj) tan
−1
(

u
zi−cj

)]yi−bj

u=yi−aj

zi �= cj

[u (ln |u| − 1)]
yi−bj
u=yi−aj

zi = cj .

(11)

The vector potential is evaluated at the center of each element,
so that yi = (ai + bi)/2 and zi = ci.

B. Rectangular Bar

We now consider an infinitely long rectangular bar. The bar
is divided in N elements, which are also rectangular in cross-
section. An element is defined by a < y < b and c < z < d and
carries a homogeneous current density J in the x-direction. To
find the vector potential, the following double integral must be
evaluated

Ax(y, z) = −μ0

2π
J

∫ d

c

∫ b

a

ln
(√

(y − y′)2 + (z − z′)2
)
dy′dz′.

(12)

This can be done by substituting u = y − y′ and v = z − z′ and
then repeatedly integrating by parts

Ax(y, z) = −μ0J

4π

∫ z−d

z−c

∫ y−b

y−a

ln
(
u2 + v2

)
dudv (13)

= −μ0J

4π

[[
uv
(
ln
(
u2 + v2

)− 3
)
+ u2 tan−1

( v
u

)

+ v2 tan−1
(u
v

)]y−b

u=y−a

]z−d

v=z−c

. (14)

The values of the K matrix are, thus, given by

Kij = − 1

2

[[
uv
(
ln
(
u2 + v2

)− 3
)
+ u2 tan−1

( v
u

)

+ v2 tan−1
(u
v

)]yi−bj

u=yi−aj

]zi−dj

v=zi−cj

. (15)

The vector potential is evaluated at the center of each element
given by the coordinates yi = (ai + bi)/2 and zi = (ci + di)/2.

C. Cylinder in Axial Field

For the cylindrical geometry, it is assumed that the current
flows in the azimuthal direction only, and that the solution does
not depend on the azimuthal angle θ. This reduces the 3-D
geometry to a 2-D axisymmetric problem. A consequence is
that only current induced by axial and radial magnetic fields can
be calculated.

The cylinder has a radius R and a height h (see Fig. 1). It is
divided in elements numbered 1, 2, . . . , N , which are shaped
as rings with rectangular cross sections. Each element carries
a homogeneous current density in the azimuthal direction: J =
Jj θ̂. Consider an element of the cylindrical bulk bounded by

a < r < b and c < z < d. The vector potential due to the current
in this filament is

A(r) =
μ0

4π

∫ 2π

0

∫ d

c

∫ b

a

Jj θ̂
′

|r− r′|r
′dr′dz′dθ′. (16)

Since the problem is axisymmetric, it suffices to calculate the
vector potential in the xz-plane for which x = r, y = 0, x′ =
r′ cos(θ′), and y′ = r′ cos(θ′). The denominator in (16) then
becomes

|r− r′| =
√

(x− x′)2 + (y − y′)2 + (z − z′)2 (17)

=

√
(r − r′ cos(θ′))2 + r′2 sin2(θ′) + (z − z′) (18)

=
√
r2 + r′2 − 2rr′ cos(θ′) + (z − z′)2. (19)

Noting that the unit vector in the azimuthal direction is θ̂′ =
cos(θ′)x̂+ sin(θ′)ŷ, the vector potential is

A(r, z) =
μ0Jj
4π

∫ 2π

0

∫ d

c

∫ b

a

× cos(θ′)x̂+sin(θ′)ŷ√
r2+r′2−2rr′ cos(θ′)+(z − z′)2

r′dr′dz′dθ′.

(20)

The sin(θ′) term vanishes when the integral is evaluated,
and therefore, the vector potential in the xz-plane is in the
y-direction. Because of the axial symmetry, it must be in the
azimuthal direction everywhere

Aθ(r, z) =
μ0Jj
2π

∫ π

0

∫ d

c

∫ b

a

× cos(θ′)r′dr′dz′dθ′√
r2 + r′2 − 2rr′ cos(θ′) + (z − z′)2

. (21)

The elements of the K-matrix are, thus, given by

Kij =

∫ π

0

∫ dj

cj

∫ bj

aj

cos(θ′)r′dr′dz′dθ′√
r2i + r′2 − 2rir′ cos(θ′) + (zi − z′)2

.

(22)

Here, aj < r < bj , cj < z < dj defines an element j with the
source current and (ri, zi) is a point in element i where the
differential equation is to be solved. The expression can be
reduced to a double integral by evaluating the integral with
respect to z′

Kij =

∫ π

0

∫ bj

aj

× ln

(
zi − cj +

√
r2i + r′2 − 2rir′ cos(θ′) + (zi − cj)2

zi − dj +
√
r2i + r′2 − 2rir′ cos(θ′) + (zi − dj)2

)

× cos(θ′)r′dr′dθ′. (23)

This expression is evaluated numerically at the center of each
element ri = (ai + bi)/2 and zi = (ci + di)/2.
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IV. BENCHMARKS

To check the validity of the derived equations, the calcula-
tion method is compared to analytical results from the criti-
cal state model and numerical finite element results using the
H-formulation [17].

The current distribution is found by numerical time-
integration of (4). In the simulations in this section, the inte-
gration was carried out using MATLAB’s built-in ODE solver
ode15s [18]. This solver automatically adjusts the time step to
meet an error criterion. A relative error tolerance of 10−6 and
an absolute tolerance of 10−3Jc was used for all calculations.
Rather than computing the inverse of K, the ODE system is
solved in the linearly implicit form of (4) by providing K as
a mass matrix. This considerably speeds up integration if the
Jacobian matrix of f is sparse.

The electric field E, which appears in the right-hand side of
(4), is calculated using a power law

E(J) = Ec
J

|J |
∣∣∣∣
J

Jc

∣∣∣∣
n

. (24)

In this equation,Jc is the critical current density,Ec = 10−4 V/m
is the electric field if J = Jc, and n is nonlinearity index typ-
ically in the range 20–40. The external potentials Aext and φ
depend on the condition to be simulated.

A. Thin Strip

REBCO coated conductors usually contain a single supercon-
ducting filament of typically 1 μm thickness but up to 40 mm
width. The magnetization ac losses in such a tape are dominated
by currents induced by the magnetic field perpendicular to the
tape surface. Therefore, one-dimensional (1-D) thin strip models
are often used to calculate ac losses in such a conductor.

To simulate a thin tape in a perpendicular field carrying
zero transport current, the external vector potential is chosen
to be Aext = −yB0 sin(ωt)x̂ so that the external field is Bext =
∇×Aext = B0 sin(ωt)ẑ. Since Aext and its contribution to the
electric field −∂Aext/∂t are odd functions of y, the condition of
zero transport current is automatically satisfied, and the gradient
of the electric potential ∇φ can be set to zero. The Jacobian
matrix becomes a diagonal matrix with the following elements:

∂fi
∂Ji

= −2π

μ0

∂Ei

∂Ji
= −2π

μ0

Ecn

Jc

∣∣∣∣
Ji
Jc

∣∣∣∣
n−1

. (25)

This expression can be evaluated quickly even for a large number
of elements. If Jc and n are constant, it is an exact expression.
Otherwise it provides an approximation of the Jacobian.

The current distribution is computed for two cycles of the
magnetic field. The ac loss per cycle Q is computed by integrat-
ing the power over the second cycle

Q =

∫ 2/f

1/f

N∑

i=1

wiJi(t)E(Ji(t))dt. (26)

Here, wi = bi − ai is the width of element i. In Fig. 2, the
calculated ac loss is shown for a 12-mm-wide thin strip with

Fig. 2. Magnetization ac loss for a thin stip with differentn-values. The ac loss
of an ideally superconducting strip calculated using the Halse–Brandt formula
[see (27)] is shown for comparison.

a critical current density of 25 A/mm. The calculation was done
for different values of the nonlinearity index n. For comparison,
the ac loss of a “hard” superconductor described by the critical
state model is shown (n → ∞). For this, an exact expression was
derived by Halse [19] and later by Brandt [20] and Zeldov [21]

Q =
2μ0J

2
c w2

π

{
ln

(
cosh

(
πB0

μ0Jc

))

− πB0

2μ0Jc
tanh

(
πB0

μ0Jc

)}
. (27)

With increasing n-value, the numerical result approaches this
exact expression.

A nonzero transport current can be applied by manipulating
the gradient of the electric potential ∇φ on the right side of
(4). This term acts as a voltage source connected to the su-
perconducting sample. It can be argued as follows that ∇φ is
homogeneous of the strip cross section: Consider a rectangle
within the superconducting strip, with two sides parallel to the
x-axis and the other two parallel to the y-axis. No current flows
in the y-direction, thus ∇φ in this direction is zero. Since any
closed line integral of a gradient is zero, ∇φ along the other two
sides must be equal. This counts for any such rectangle within
the superconducting strip, and therefore, ∇φ is homogeneous
over its entire cross section.

A current source can be simulated by operating the voltage
source in a closed-loop mode

∇φ = γ (Iset(t)− I(t)) x̂. (28)

Here, γ is a feedback constant, Iset(t) is the desired current, and
I(t) is the actual current given by

∑
j wjJj , where wj is the

element width bj − aj . The feedback constant should be chosen
such that the current error Iset(t)− I(t) is sufficiently small.
Experience shows a value of γ = 100 V/Am results in an error
less than 0.1% of the amplitude of Iset.
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Fig. 3. Transport ac loss per cycle for a thin strip with different n-values. The
result from Norris [see (30)] is shown for comparison.

The Jacobian matrix gains an additional term ∂(∇φ)i/∂Jj =
γwj and becomes

∂fi
∂Jj

= −2π

μ0

{
Ecn
Jc

|Jj

Jc
|n−1 + γwj , i = j

γwj , i �= j.
(29)

Unlike in the case of zero transport current, the Jacobian matrix
is dense. The off-diagonal elements, however, are constant.

Fig. 3 shows the calculated ac loss per cycle with a trans-
port current of Iset(t) = I0 sin(ωt). With increasing n-value the
computed loss approaches the result for a hard superconductor
derived by Norris [2]

Q =
μ0I

2
c

π

{(
1− I0

Ic

)
ln

(
1− I0

Ic

)
+

(
1 +

I0
Ic

)

× ln

(
1 +

I0
Ic

)
−
(
I0
Ic

)2
}
. (30)

Equation (11) can provide an ODE system not only for ele-
ments in the same plane, but also for elements that are vertically
shifted. It can, therefore, also be used for arrangements of mul-
tiple strips such as stacks and cables. Fig. 4 shows the calculated
ac loss of a Roebel cable, which in a 2-D approximation can be
modeled as two parallel stacks of coated conductors [22]. The
calculated ac loss are compared to experimental data [23] and
another calculation using theH-formulation [22]. The examined
cable sample had 14 strands of 2 mm width and a critical current
of 465 A at 77 K in self-field. The magnetization loss was
measured using a calibration-free method [24]. Both calculation
methods assume that the strands are fully coupled, which means
that an induced current does not need to form a closed loop
within a single strand. Also, the magnetic field dependence of
the cable is neglected. Even with these crude assumptions, there
is a reasonable agreement with experimental data except for the
lowest field amplitudes.

Fig. 4. Magnetization ac loss for a Roebel cable computed using the inte-
gral formulation and the H-formulation, compared to experimental data from
Terzieva et al. [23].

Fig. 5. AC loss of a rectangular wire in an applied magnetic field.

B. Rectangular Bar

Fig. 5 shows the computed dissipation in a rectangular su-
perconducting bar when it is exposed to an external field. The
simulated bar is 10 mm high, 12.5 mm wide, has a critical density
of 300 A/mm2 and an n-value of 30. The external magnetic field
in the z-direction is increased to 1 T at a rate of 0.2 T/s, kept
stable for 5 s, and then ramped down to 0 T at the same rate.
This can be expressed in the potentials as Aext = −yBext(t)x̂
and∇φ = 0. Because the geometry is symmetric in thexz-plane
and Aext is an odd function of y, this satisfies the zero transport
current condition. The result is compared to the a finite element
calculation based on the H-formulation [17], and there is no
substantial difference.

In Fig. 6, the dissipation in a bar exposed to a simultaneous
external magnetic field and applied current can be seen. Both the
field and current are sine waves of 1 Hz, and have amplitudes of
1 T and 0.5 Ic, respectively. The transport current is controlled
by manipulation of ∇φ in the same way as in the case of the
thin strip. Again, the computed ac loss shows no substantial
difference with the H-formulation.



8202008 IEEE TRANSACTIONS ON APPLIED SUPERCONDUCTIVITY, VOL. 29, NO. 8, DECEMBER 2019

Fig. 6. AC loss of a rectangular wire in an applied magnetic field with applied
transport current.

C. Cylinder in Axial Field

Superconducting bulk magnets are often cylindrically shaped,
and need to be magnetized using an external field. The dissipa-
tion during magnetization and the final current distribution can
be predicted using the proposed method.

The vector potential of the applied axial field can be written
as

Aext =
r

2
Bext(t)θ̂ (31)

so that

Bext = ∇×Aext =
1

r

∂

∂r
rAext,θẑ = Bext(t)ẑ. (32)

In the axisymmetric case, the gradient of the electric poten-
tial ∇φ cannot have a component in the θ-direction because
∂φ/∂θ = 0. By inserting (31) into (4) followed by numerical
integration, the current distribution in the cylindrical bulk can
be found. The total power of the cylinder is computed from the
solution as follows:

P (t) =

N∑

i=1

ViJi(t)E(Ji(t)). (33)

Here, Vi is the volume of element i given by Vi = π(b2i −
a2i )(di − ci).

Fig. 7 shows the dissipation in an external magnetic field that
is ramped to 1 T at a rate of 0.2 T/s, kept stable for 5 s, and then
ramped down to 0 T at the same rate. The simulated cylinder
is 10 mm high, has a radius of 12.5 mm, a critical density of
300 A/mm2 and an n-value of 30. These parameters correspond
to benchmark #4 of the HTS Modelling Workgroup [16].

The magnetic moment of the cylinder can be computed from
the solution by

m(t) =

N∑

i=1

πr2i siJi(t) (34)

where ri = (bi − ai) is the average radius of element i and si =
(bi − ai)(di − ci) is its cross-sectional area. The result from this
calculation is shown in Fig. 8. When the external magnetic field

Fig. 7. AC loss of a cylindrical bulk in an applied magnetic field.

Fig. 8. Magnetic moment of a cylindrical bulk in an applied magnetic field.

is applied, the cylinder magnetizes in the opposite direction.
This diamagnetic behavior is typical for a superconductor. After
reverting the field, the cylinder has a remanent magnetic moment
of 1.88 Am2. Due to the finite n-value, some relaxation takes
place and the magnetic moment decreases to 1.73 Am2 at
t = 20 s.

Both the calculations of ac loss and the magnetic moment
show a good agreement with the H-formulation.

In Fig. 9, the current distribution within the cylinder can
be seen in more detail. After ramping the external field, a
screening current of J ≈ −Jc flows in the outer region of the
cylinder, while the center of the bulk remains free from current
and magnetic flux. When the external field is ramped back to
zero, a screening current of J ≈ +Jc enters from the outside
of the bulk. The positive screening current penetrates only half
as far because the change in current density is twice as large.
Since the positive screening current is farther away from the
cylinder axis, it produces a larger magnetic moment than the
negative screening current. As a result, the bulk retains a nonzero
magnetic moment even after the external field is shut down.

D. Computation Times

The simulations in the previous section were all done using
ode15 s, a built-in ODE solver in MATLAB. The same results,
however, can be obtained using one of many freely available
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Fig. 9. Azimuthal current density with magnetic field lines in the cylindrical bulk at t = 10 s and t = 20 s.

TABLE I
COMPUTATION TIME IN SECONDS USING DIFFERENT ODE SOLVERS

ODE solvers. The tested solvers include ones using Rosenbrock
methods (Rodas3 [25], ROS3P [26], and rodas [25]), implicit
Runge–Kutta methods (radau, radau5 [25]) and backward dif-
ferentiation formulas (CVODE [27]). All solvers were called
using DifferentialEquations.jl, a package for the programming
language Julia [28].

Table I lists computation times for different solvers. The
“strip” benchmark computes the current distribution of a thin
strip in a sinusoidal perpendicular field for two cycles. The
listed value is the mean computation time per point for a sweep
from 0.001 to 1 T amplitude (as in Fig. 2). The rectangular
bar benchmark is a 20 s simulation of a rectangular bar in a
pulsed magnetic field (as in Fig. 5). The computation times were
measured on a computer with an Intel Core i5-6500 CPU and
8 GB of DDR4-2133 RAM.

The lowest computation times are achieved using ROS3P, a
third-order Rosenbrock solver designed for solving nonlinear
parabolic problems [26]. It is closely followed by ode15 s and
CVODE.

V. CONCLUSION

Brandt’s method for calculating current distributions can be
an interesting alternative to differential methods, as long as the
geometrical complexity is not too high. The resulting system of
ODEs is conveniently solved in MATLAB or free alternatives
such as Julia. In this article, the method was applied to a thin
strip, a rectangular bar, and a cylinder. The validity of the

results was demonstrated by a comparison with the critical state
model and a finite element solution of the H-formulation. The
equations were derived step-by-step and the computer codes are
now publicly available on the HTS Modelling website. With
the same approach Brandt’s method may be extended to round
wires, multiwire cables, and pancake or racetrack coils.
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