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Abstract 

In today’s business environment, the trend towards more product variety and customization is unbroken. Due to this development, the need of 
agile and reconfigurable production systems emerged to cope with various products and product families. To design and optimize production
systems as well as to choose the optimal product matches, product analysis methods are needed. Indeed, most of the known methods aim to 
analyze a product or one product family on the physical level. Different product families, however, may differ largely in terms of the number and 
nature of components. This fact impedes an efficient comparison and choice of appropriate product family combinations for the production
system. A new methodology is proposed to analyze existing products in view of their functional and physical architecture. The aim is to cluster
these products in new assembly oriented product families for the optimization of existing assembly lines and the creation of future reconfigurable 
assembly systems. Based on Datum Flow Chain, the physical structure of the products is analyzed. Functional subassemblies are identified, and 
a functional analysis is performed. Moreover, a hybrid functional and physical architecture graph (HyFPAG) is the output which depicts the 
similarity between product families by providing design support to both, production system planners and product designers. An illustrative
example of a nail-clipper is used to explain the proposed methodology. An industrial case study on two product families of steering columns of 
thyssenkrupp Presta France is then carried out to give a first industrial evaluation of the proposed approach. 
© 2017 The Authors. Published by Elsevier B.V. 
Peer-review under responsibility of the scientific committee of the 28th CIRP Design Conference 2018. 
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1. Introduction 

Due to the fast development in the domain of 
communication and an ongoing trend of digitization and
digitalization, manufacturing enterprises are facing important
challenges in today’s market environments: a continuing
tendency towards reduction of product development times and
shortened product lifecycles. In addition, there is an increasing
demand of customization, being at the same time in a global 
competition with competitors all over the world. This trend, 
which is inducing the development from macro to micro 
markets, results in diminished lot sizes due to augmenting
product varieties (high-volume to low-volume production) [1]. 
To cope with this augmenting variety as well as to be able to
identify possible optimization potentials in the existing
production system, it is important to have a precise knowledge

of the product range and characteristics manufactured and/or 
assembled in this system. In this context, the main challenge in
modelling and analysis is now not only to cope with single 
products, a limited product range or existing product families,
but also to be able to analyze and to compare products to define
new product families. It can be observed that classical existing
product families are regrouped in function of clients or features.
However, assembly oriented product families are hardly to find. 

On the product family level, products differ mainly in two
main characteristics: (i) the number of components and (ii) the
type of components (e.g. mechanical, electrical, electronical). 

Classical methodologies considering mainly single products 
or solitary, already existing product families analyze the
product structure on a physical level (components level) which 
causes difficulties regarding an efficient definition and
comparison of different product families. Addressing this 
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Abstract

Conceptualizing a sound mechanical system exposed to dynamic loading conditions throughout its lifetime is a challenging task ill-supported by 
current design tooling. Current approaches typically use a Shock Response Spectrum (SRS) as design specification that describes the maximum 
dynamic response of a single subsystem component due to a given loading condition. However, for complex systems during the early stages of 
the design, there is a need to gain quick insights into the impact of dynamic loading conditions applied to system level as well as to subsystem 
and component levels simultaneously. Hereto, in this study, a coupled multi-level model has been developed that describes all essential elements 
of a system. The advantage of this approach is that rather than one single SRS, now upon each element an SRS can be prescribed. Multi-level 
shock response spectra can be computed in a time-efficient manner and, for the first time, peak acceleration and displacement for various 
combinations of natural frequencies may be displayed. Hence, effectively translating how subsystems and components within a multi-level 
dynamic system may be mounted or suspended constructively. Subsystem components and the system as a whole can be analysed simultaneously, 
and the sensitivity of subsystem conceptual design choices can be examined. This allows design engineers to get detailed overviews of 
(sub)system-level responses due to (critical) dynamic loading conditions and multi-level loading scenarios. Design insights can be evaluated 
within minutes aiding to find potential configurations that match the design requirements. Moreover, the developed design tool aids in both 
dealing with uncertainty of requirements during the project definition phase and designing a robust system against late-stage requirement updates.
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1. Introduction

Amidst the fourth industrial revolution, systems and
industry equipment are getting more digitized and connected 
[1]. As a consequence, the amount of electronics inside 
mechanical systems is increasing [2, 3]. The reliability of 
electronic components is however heavily influenced by the 
dynamic loading conditions they are exposed to [4]. Hence, 
during the design phase adequate measures must be taken to 
ensure a system’s operational lifetime. In this paper, the focus 
is on predicting the impact of dynamic loading conditions that 
may propagate through a mechanical system already in early 
stages of the design process.

System-level requirements typically describe load cases to 
which systems must be designed. Naturally the system, 
including its subsystems and components, should withstand the 
required loading conditions throughout its lifetime. How these 
loads propagate through the system towards component levels 
depends on the (structural) design of the system itself. 

1.1. Goal and outline

In early stages of the design process, there is a need to gain 
quick insights into the impact of dynamic loading conditions 
applied to system level as well as to subsystem and component 
levels simultaneously; especially for multidisciplinary product 
development since system dynamics transcend disciplinary 
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boundaries. Moreover, loading scenarios occurring at various 
(sub)system levels may have conflicting responses elsewhere 
for which a robust system architecture must be found.  

The goal of this study is therefore to develop a design tool 
that aids in making first-time-right decisions regarding the 
design of a mechanical system exposed to dynamic loading 
conditions. Hereto, a Multi-Degrees-Of-Freedom (MDOF) 
approach is needed that enables the application of multi-level 
loading conditions and the presentation of response spectra for 
all subsystems and the system as a whole simultaneously. 

The current state of the art and a background on shock 
response spectra are discussed in Chapter 2. The developed 
design tool and underlying mathematical algorithms are 
discussed in Chapter 3. Thereafter, Chapters 4 and 5 discuss the 
application of the developed design tool for investigating 
multi-level dynamic loading scenarios and the design of a 
robust system architecture, respectively. Finally, in Chapter 6 
conclusions are drawn. 

2. State of the art 

Current design approaches typically use a Shock Response 
Spectrum (SRS) describing the maximum dynamic response of 
a certain part of the system due to a given loading condition [5]. 
Hereto, the system is typically modelled as an array of damped 
linear spring masses with the element under design as a Single 
Degree Of Freedom (SDOF). The SRS of this element is then 
computed and analysed. This is illustrated in Fig. 1 in which 
the response at the component level (m3) is presented for a 
given upstream system configuration (m1 and m2) in response 
to a dynamic loading condition applied to the base of the 
system, a0(t), see figure inset. Important to realize is that the 
SRS curve is not a continuous function, but rather a curve of 
connected points. For each natural (eigen)frequency of m3, the 
full dynamic response is computed numerically and each 
corresponding peak value is represented individually in the 
curve [6]. In this case, peak responses are given in acceleration 
(i.e. number of g-force); however, also peak displacement 
values may be reported. 

 

 

Fig. 1. Typical shock response spectra for component-level design, assuming 
a 1g 30 Hz continuous sine wave impulse, 5% damping and a known 
propagation through the system and subsystem levels. 

To compute the SRS of Fig. 1, the natural frequency of the 
system and subsystem levels must be known a priori including 
damping ratios. Three scenarios for the design of m1 and m2 are 

shown; in each case a natural frequency is shifted 20%. The 
figure illustrates that minor adjustments to m1 and m2 may have 
a pronounced impact on the response of m3 across the entire 
spectrum. Also, the final propagation level at higher 
frequencies fluctuates for each scenario. Traditionally, as 
design requirement one SRS (i.e. one line of Fig. 1) would be 
specified for a downstream component, leaving the design team 
with a decoupled system and hence little design freedom. In 
that perspective, Fig. 1 already delivers a more systematic 
approach by showing the system-level impact and predicting 
component sensitivity to upstream design choices.  

2.1. Shock response spectra in design 

During the design of the component level, the SRS of Fig. 1 
is particularly useful in predicting peak responses that 
(electronic) components at this location will be exposed to. E.g. 
when assuming a limiting 4g acceleration on the component 
level, the designer may determine possible ranges for the 
natural frequency (i.e. areas where the SRS curve is below the 
dashed, black line) and adjust the mechanical design 
accordingly; e.g. by considering rigid vs. (semi)suspended 
interfaces between subsystems. According to Fig. 1, when 
selecting (i.e. designing for) a natural frequency of m3 above 
170 Hz, the upstream design becomes irrelevant. Under these 
boundary conditions, the design of m3 may be considered 
modular, as indicated in the graph. Conversely, in a more 
complex case in which e.g. excessive rigidity must be avoided 
or is simply impossible, less freedom is available and the 
design team must maintain a system’s perspective (i.e. follow 
an integrated design approach [7]).  

Illustrative of this latter example is that (minor) design 
changes upstream may have a profound effect at the component 
level. The impact of these changes is however not intuitive, 
even for expert designers, and already rely on numerical 
analysis. Also, in current design practices this approach is 
uncommon and not addressed in literature. 

Shock response spectra are used across many industry 
fields, in which dynamic loading conditions play an important 
role. E.g. in manufacturing: sheet metal blanking [8], high-
speed machining [9], bolted and bearing joints [10]. In spindle 
rotor design, radial displacement and vibrations are analysed 
using an SRS [11]. Likewise, for engine design [12]. Spacecraft 
and launch vehicle components, encountering dynamic loading 
conditions from a variety of sources, are analysed by means of 
an SRS [5]. To understand how automotive electronics respond 
to actual road conditions, vibration-induced failures are 
modelled using an SRS [13]. In biomechanics, the ability of the 
human musculoskeletal system to attenuate the mechanical 
stresses resulting from the fatigue effect is analysed by an SRS 
[14]. Moreover, also in condition monitoring systems, changes 
to a measured SRS over time may indicate health attributes of 
a system [15]. Interesting finding is that in above cases the SRS 
is used as analysis tool for an SDOF subsystem, usually the 
component level. Hence, similar to Fig. 1, most design 
parameters must be known a priori, which is incompatible with 
conceptual design tasks at (sub)system levels. Moreover, for 
each possible configuration a new SRS must be computed, 
which is a time-consuming task and elusive. 

4g acceleration level 
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3. Design tool for dynamic loading conditions 

3.1. Numerical approach and modelling 

Conventionally, an SRS is generated by varying the natural 
frequency of an SDOF subsystem [16]. In this study however, 
rather than observing an SDOF subsystem, an MDOF model is 
developed that may observe any number of SDOF subsystems 
within a finite array, as illustrated in Fig. 2. Hence, compared 
to Fig. 1, now loading conditions may be prescribed to each 
element rather than only a base input motion, a0(t). Hence, this 
modelling approach can be classified as Multiple-Input 
Multiple-Output (MIMO) [17]. 

 

 

Fig. 2. MDOF system of n SDOF subsystems coupled in series. 

Current practice for handling MDOF models is to decouple 
the system by assuming the motion of each subsystem relative 
to the base motion rather than absolute [18]. Eigenvectors are 
determined and superposition of modal coordinates is used to 
estimate absolute maxima. Finally, since subsystems usually do 
not move in phase, an average is computed to estimate the peak 
response of a certain subsystem. The advantage of decoupling 
is that from the homogeneous equation of motion a general 
solution can be found with limited computation effort. 
However, major drawback of this approach is that the influence 
of neighbouring subsystems is lost. Especially when up- or 
downstream subsystems are of equal order of mass or when 
loading conditions become critical, this becomes a crucial 
shortcoming for multi-level design purposes. Hence, in this 
study, a mathematical algorithm was developed that solves the 
coupled MDOF system in a time-efficient manner. 

Taking advantage of the recursive property of the MDOF 
model, the ith element of Fig. 2 can be expressed as: 

𝑚𝑚𝑖𝑖�̈�𝑥𝑖𝑖 = (�̇�𝑥𝑖𝑖−1 − �̇�𝑥𝑖𝑖)𝑐𝑐𝑖𝑖 + (�̇�𝑥𝑖𝑖+1 − �̇�𝑥𝑖𝑖)𝑐𝑐𝑖𝑖+1 + (𝑥𝑥𝑖𝑖−1 − 𝑥𝑥𝑖𝑖)𝑘𝑘𝑖𝑖 +
 (𝑥𝑥𝑖𝑖+1 − 𝑥𝑥𝑖𝑖)𝑘𝑘𝑖𝑖+1 + 𝐹𝐹𝑖𝑖(𝑡𝑡) (1) 

where, m, c and k are mass, damping and stiffness coefficients, 
respectively. The base motion, having no external force but 
only an initial excitation, and nth element, having no further 
upstream elements, are special cases: 

�̈�𝑥0 = 𝑎𝑎0(𝑡𝑡) (2) 
𝑚𝑚𝑛𝑛�̈�𝑥𝑛𝑛 = (�̇�𝑥𝑛𝑛−1 − �̇�𝑥𝑛𝑛)𝑐𝑐𝑛𝑛 + (𝑥𝑥𝑛𝑛−1 − 𝑥𝑥𝑛𝑛)𝑘𝑘𝑛𝑛 + 𝐹𝐹𝑛𝑛(𝑡𝑡) (3) 

where, a0(t) prescribes the initial base excitation imposed on 
the system as an acceleration time-history. Depending on the 
domain of interest, a0(t) can e.g. be a measured earthquake 
accelerogram for building design, tyre-road vibration signal for 
automobile design, pyrotechnic shock for defence and launch 
vehicle design or any other (random) base excitation. 
Typically, dynamic loading conditions are modelled as half 
sine, full sine or sine wave of which the amplitude and rise time 
are characteristic parameters.  

Following engineering practice, Eq. (1) is rewritten as: 

�̈�𝑥𝑖𝑖 = (�̇�𝑥𝑖𝑖−1 − �̇�𝑥𝑖𝑖)2𝜁𝜁𝑖𝑖𝜔𝜔𝑖𝑖 + (�̇�𝑥𝑖𝑖+1 − �̇�𝑥𝑖𝑖)𝑐𝑐𝑖𝑖+1
𝑚𝑚𝑖𝑖

+ (𝑥𝑥𝑖𝑖−1 −
𝑥𝑥𝑖𝑖)𝜔𝜔𝑖𝑖

2 + (𝑥𝑥𝑖𝑖+1 − 𝑥𝑥𝑖𝑖)𝑘𝑘𝑖𝑖+1
𝑚𝑚𝑖𝑖

+ 𝐹𝐹𝑖𝑖(𝑡𝑡)
𝑚𝑚𝑖𝑖

 (4) 

by introducing: 

• Natural frequency: 𝜔𝜔𝑖𝑖 = √ 𝑘𝑘𝑖𝑖
𝑚𝑚𝑖𝑖

 

• Damping ratio: 𝜁𝜁𝑖𝑖 = 𝑐𝑐𝑖𝑖
2𝜔𝜔𝑖𝑖𝑚𝑚𝑖𝑖

  

• Coupling terms: 𝑐𝑐𝑖𝑖+1
𝑚𝑚𝑖𝑖

 and 𝑘𝑘𝑖𝑖+1
𝑚𝑚𝑖𝑖

 

In Eq. (4), the coupling terms refer to neighbouring 
elements. By ignoring these, mass and stiffness become 
independently irrelevant; their ratio remains however related to 
ω and near instant results may be computed. For the multi-level 
model, the coupled system of equations is parameterized 
according to the natural frequencies of the elements of interest, 
which is a designer’s choice. For each frequency of interest, a 
vector of vectors is constructed of which the size depends on 
the total number of frequencies of interest. E.g. assuming that 
crucial (electronical) components are housed at the end of the 
MDOF system and the two neighbouring upstream elements 
are also of interest to the designer, natural frequencies may be 
expressed backwards from the nth element; i.e.: 

• 𝜔𝜔𝑛𝑛(𝑖𝑖, 𝑗𝑗, 𝑘𝑘) = 𝑖𝑖 
• 𝜔𝜔𝑛𝑛−1(𝑖𝑖, 𝑗𝑗, 𝑘𝑘) = 𝑗𝑗 

• 𝜔𝜔𝑛𝑛−2(𝑖𝑖, 𝑗𝑗, 𝑘𝑘) = 𝑘𝑘 

In fact, any number less than or equal to n may be selected 
as independent variable. In this case, the corresponding mass 
parameters are frequency independent and constant; stiffness 
and damping parameters are frequency dependent. 

The sets of equation are solved numerically for all potential 
combinations of independent natural frequencies i, j, k, etc., and 
peak acceleration and displacement values are recorded 
according to the corresponding combination. An iterative, 
explicit numerical method, Runge-Kutta-based, was used. 
Time-efficiency is gained by first solving the decoupled 
equation near instantly. The resulting absolute maxima are then 
used to preselect frequency ranges of interest and appropriate 
step sizes. The computational time required for solving the 
coupled system can hence be predicted and tuned, which allows 
users of the design tool to set the appropriate conditions 
depending on design tasks at hand. On a standalone PC, typical 
computational times are in the order of minutes for three 
independent frequencies. 

3.2. Design tool’s graphical user interface 

The developed numerical model was implemented into a 
design tool using Matlab. The functional architecture of the 
design tool is presented in Fig. 3. User inputs are a conceptual 
definition of the system in terms of the number of subsystem 
(components) and a description of the subsystems themselves 
(i.e. mass, stiffness and damping parameters). Loading 
conditions may be prescribed to each subsystem as well as to 
the system as a whole. Finally, the subsystems of interest to the 
designer are to be indicated. 
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boundaries. Moreover, loading scenarios occurring at various 
(sub)system levels may have conflicting responses elsewhere 
for which a robust system architecture must be found.  

The goal of this study is therefore to develop a design tool 
that aids in making first-time-right decisions regarding the 
design of a mechanical system exposed to dynamic loading 
conditions. Hereto, a Multi-Degrees-Of-Freedom (MDOF) 
approach is needed that enables the application of multi-level 
loading conditions and the presentation of response spectra for 
all subsystems and the system as a whole simultaneously. 

The current state of the art and a background on shock 
response spectra are discussed in Chapter 2. The developed 
design tool and underlying mathematical algorithms are 
discussed in Chapter 3. Thereafter, Chapters 4 and 5 discuss the 
application of the developed design tool for investigating 
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conclusions are drawn. 
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Current design approaches typically use a Shock Response 
Spectrum (SRS) describing the maximum dynamic response of 
a certain part of the system due to a given loading condition [5]. 
Hereto, the system is typically modelled as an array of damped 
linear spring masses with the element under design as a Single 
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computed and analysed. This is illustrated in Fig. 1 in which 
the response at the component level (m3) is presented for a 
given upstream system configuration (m1 and m2) in response 
to a dynamic loading condition applied to the base of the 
system, a0(t), see figure inset. Important to realize is that the 
SRS curve is not a continuous function, but rather a curve of 
connected points. For each natural (eigen)frequency of m3, the 
full dynamic response is computed numerically and each 
corresponding peak value is represented individually in the 
curve [6]. In this case, peak responses are given in acceleration 
(i.e. number of g-force); however, also peak displacement 
values may be reported. 
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natural frequency (i.e. areas where the SRS curve is below the 
dashed, black line) and adjust the mechanical design 
accordingly; e.g. by considering rigid vs. (semi)suspended 
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modular, as indicated in the graph. Conversely, in a more 
complex case in which e.g. excessive rigidity must be avoided 
or is simply impossible, less freedom is available and the 
design team must maintain a system’s perspective (i.e. follow 
an integrated design approach [7]).  

Illustrative of this latter example is that (minor) design 
changes upstream may have a profound effect at the component 
level. The impact of these changes is however not intuitive, 
even for expert designers, and already rely on numerical 
analysis. Also, in current design practices this approach is 
uncommon and not addressed in literature. 

Shock response spectra are used across many industry 
fields, in which dynamic loading conditions play an important 
role. E.g. in manufacturing: sheet metal blanking [8], high-
speed machining [9], bolted and bearing joints [10]. In spindle 
rotor design, radial displacement and vibrations are analysed 
using an SRS [11]. Likewise, for engine design [12]. Spacecraft 
and launch vehicle components, encountering dynamic loading 
conditions from a variety of sources, are analysed by means of 
an SRS [5]. To understand how automotive electronics respond 
to actual road conditions, vibration-induced failures are 
modelled using an SRS [13]. In biomechanics, the ability of the 
human musculoskeletal system to attenuate the mechanical 
stresses resulting from the fatigue effect is analysed by an SRS 
[14]. Moreover, also in condition monitoring systems, changes 
to a measured SRS over time may indicate health attributes of 
a system [15]. Interesting finding is that in above cases the SRS 
is used as analysis tool for an SDOF subsystem, usually the 
component level. Hence, similar to Fig. 1, most design 
parameters must be known a priori, which is incompatible with 
conceptual design tasks at (sub)system levels. Moreover, for 
each possible configuration a new SRS must be computed, 
which is a time-consuming task and elusive. 
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3. Design tool for dynamic loading conditions 

3.1. Numerical approach and modelling 

Conventionally, an SRS is generated by varying the natural 
frequency of an SDOF subsystem [16]. In this study however, 
rather than observing an SDOF subsystem, an MDOF model is 
developed that may observe any number of SDOF subsystems 
within a finite array, as illustrated in Fig. 2. Hence, compared 
to Fig. 1, now loading conditions may be prescribed to each 
element rather than only a base input motion, a0(t). Hence, this 
modelling approach can be classified as Multiple-Input 
Multiple-Output (MIMO) [17]. 

 

 

Fig. 2. MDOF system of n SDOF subsystems coupled in series. 

Current practice for handling MDOF models is to decouple 
the system by assuming the motion of each subsystem relative 
to the base motion rather than absolute [18]. Eigenvectors are 
determined and superposition of modal coordinates is used to 
estimate absolute maxima. Finally, since subsystems usually do 
not move in phase, an average is computed to estimate the peak 
response of a certain subsystem. The advantage of decoupling 
is that from the homogeneous equation of motion a general 
solution can be found with limited computation effort. 
However, major drawback of this approach is that the influence 
of neighbouring subsystems is lost. Especially when up- or 
downstream subsystems are of equal order of mass or when 
loading conditions become critical, this becomes a crucial 
shortcoming for multi-level design purposes. Hence, in this 
study, a mathematical algorithm was developed that solves the 
coupled MDOF system in a time-efficient manner. 

Taking advantage of the recursive property of the MDOF 
model, the ith element of Fig. 2 can be expressed as: 

𝑚𝑚𝑖𝑖�̈�𝑥𝑖𝑖 = (�̇�𝑥𝑖𝑖−1 − �̇�𝑥𝑖𝑖)𝑐𝑐𝑖𝑖 + (�̇�𝑥𝑖𝑖+1 − �̇�𝑥𝑖𝑖)𝑐𝑐𝑖𝑖+1 + (𝑥𝑥𝑖𝑖−1 − 𝑥𝑥𝑖𝑖)𝑘𝑘𝑖𝑖 +
 (𝑥𝑥𝑖𝑖+1 − 𝑥𝑥𝑖𝑖)𝑘𝑘𝑖𝑖+1 + 𝐹𝐹𝑖𝑖(𝑡𝑡) (1) 

where, m, c and k are mass, damping and stiffness coefficients, 
respectively. The base motion, having no external force but 
only an initial excitation, and nth element, having no further 
upstream elements, are special cases: 

�̈�𝑥0 = 𝑎𝑎0(𝑡𝑡) (2) 
𝑚𝑚𝑛𝑛�̈�𝑥𝑛𝑛 = (�̇�𝑥𝑛𝑛−1 − �̇�𝑥𝑛𝑛)𝑐𝑐𝑛𝑛 + (𝑥𝑥𝑛𝑛−1 − 𝑥𝑥𝑛𝑛)𝑘𝑘𝑛𝑛 + 𝐹𝐹𝑛𝑛(𝑡𝑡) (3) 

where, a0(t) prescribes the initial base excitation imposed on 
the system as an acceleration time-history. Depending on the 
domain of interest, a0(t) can e.g. be a measured earthquake 
accelerogram for building design, tyre-road vibration signal for 
automobile design, pyrotechnic shock for defence and launch 
vehicle design or any other (random) base excitation. 
Typically, dynamic loading conditions are modelled as half 
sine, full sine or sine wave of which the amplitude and rise time 
are characteristic parameters.  

Following engineering practice, Eq. (1) is rewritten as: 

�̈�𝑥𝑖𝑖 = (�̇�𝑥𝑖𝑖−1 − �̇�𝑥𝑖𝑖)2𝜁𝜁𝑖𝑖𝜔𝜔𝑖𝑖 + (�̇�𝑥𝑖𝑖+1 − �̇�𝑥𝑖𝑖)𝑐𝑐𝑖𝑖+1
𝑚𝑚𝑖𝑖

+ (𝑥𝑥𝑖𝑖−1 −
𝑥𝑥𝑖𝑖)𝜔𝜔𝑖𝑖

2 + (𝑥𝑥𝑖𝑖+1 − 𝑥𝑥𝑖𝑖)𝑘𝑘𝑖𝑖+1
𝑚𝑚𝑖𝑖

+ 𝐹𝐹𝑖𝑖(𝑡𝑡)
𝑚𝑚𝑖𝑖

 (4) 

by introducing: 

• Natural frequency: 𝜔𝜔𝑖𝑖 = √ 𝑘𝑘𝑖𝑖
𝑚𝑚𝑖𝑖

 

• Damping ratio: 𝜁𝜁𝑖𝑖 = 𝑐𝑐𝑖𝑖
2𝜔𝜔𝑖𝑖𝑚𝑚𝑖𝑖

  

• Coupling terms: 𝑐𝑐𝑖𝑖+1
𝑚𝑚𝑖𝑖

 and 𝑘𝑘𝑖𝑖+1
𝑚𝑚𝑖𝑖

 

In Eq. (4), the coupling terms refer to neighbouring 
elements. By ignoring these, mass and stiffness become 
independently irrelevant; their ratio remains however related to 
ω and near instant results may be computed. For the multi-level 
model, the coupled system of equations is parameterized 
according to the natural frequencies of the elements of interest, 
which is a designer’s choice. For each frequency of interest, a 
vector of vectors is constructed of which the size depends on 
the total number of frequencies of interest. E.g. assuming that 
crucial (electronical) components are housed at the end of the 
MDOF system and the two neighbouring upstream elements 
are also of interest to the designer, natural frequencies may be 
expressed backwards from the nth element; i.e.: 

• 𝜔𝜔𝑛𝑛(𝑖𝑖, 𝑗𝑗, 𝑘𝑘) = 𝑖𝑖 
• 𝜔𝜔𝑛𝑛−1(𝑖𝑖, 𝑗𝑗, 𝑘𝑘) = 𝑗𝑗 

• 𝜔𝜔𝑛𝑛−2(𝑖𝑖, 𝑗𝑗, 𝑘𝑘) = 𝑘𝑘 

In fact, any number less than or equal to n may be selected 
as independent variable. In this case, the corresponding mass 
parameters are frequency independent and constant; stiffness 
and damping parameters are frequency dependent. 

The sets of equation are solved numerically for all potential 
combinations of independent natural frequencies i, j, k, etc., and 
peak acceleration and displacement values are recorded 
according to the corresponding combination. An iterative, 
explicit numerical method, Runge-Kutta-based, was used. 
Time-efficiency is gained by first solving the decoupled 
equation near instantly. The resulting absolute maxima are then 
used to preselect frequency ranges of interest and appropriate 
step sizes. The computational time required for solving the 
coupled system can hence be predicted and tuned, which allows 
users of the design tool to set the appropriate conditions 
depending on design tasks at hand. On a standalone PC, typical 
computational times are in the order of minutes for three 
independent frequencies. 

3.2. Design tool’s graphical user interface 

The developed numerical model was implemented into a 
design tool using Matlab. The functional architecture of the 
design tool is presented in Fig. 3. User inputs are a conceptual 
definition of the system in terms of the number of subsystem 
(components) and a description of the subsystems themselves 
(i.e. mass, stiffness and damping parameters). Loading 
conditions may be prescribed to each subsystem as well as to 
the system as a whole. Finally, the subsystems of interest to the 
designer are to be indicated. 
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Fig. 3. Design tool’s functional architecture. 

In usage, the designer may utilize a number of numerical 
settings. As mentioned, a decoupled analysis can be performed 
initially giving a quick initial overview near instantly. 
Thereafter, based on global maxima, frequency ranges of 
interest and step sizes are predetermined, and fully coupled 
system responses may be computed. Depending on the 
designer’s level of influence, best- or worst-case conditions 
may be analyzed aiding in understand the system’s robustness. 

Computational results of the numerical model are presented 
as multi-level shock response spectra in a three-dimensional 
view, see Fig. 4. Peak acceleration and displacement values 
may be presented for the selected subsystems of interest. Also, 
a number of post-processing options are available that aid in 
analyzing the results, such as inserting threshold planes 
indicating limiting acceleration or displacement values, 
overlaying peak acceleration and displacement in one graph, or 
superimposing results of multiple loading conditions. 

 

 

Fig. 4. Design tool’s graphical user interface. 

4. Multi-level dynamic loading conditions 

In general, designers strive to lower the peak acceleration of 
system components, especially those that house electronic 
components. In this chapter, the developed design tool is used 
for the conceptual design of subsystems near and including the 
component level. In this case, challenging system engineering 
aspects lay in the fact that upstream (sub)system elements and 
the interface with the environment are prescribed. Typical 
cases of this may be tooling design on equipment, expansion 
on a building, electronic modules in a car, or in the case of the 
author team, a radar system in the mast of a ship. Upstream 
elements may be existing or developed simultaneously by other 
parties. However, as they play an imminent role in the design 
at downstream levels, the designer has to take this into account. 

Distinct advantage of the design tool is that the concept solution 
landscape for the (sub)system elements under design can be 
evaluated quickly for multi-level dynamic loading scenarios. 

To demonstrate the working principle, a five-level (n = 5) 
model is assumed of which the last component level ω5 and 
upstream subsystem ω4 are frequencies of interest. To increase 
design complexity, the loading scenario is not a single source 
impulse, but rather a base impulse a0(t) and an impulse at the 
second element a2(t) are to be analysed. In both cases, as input 
a 1g 30 Hz continuous sine wave is specified. The assumed 
masses are quartered for each element starting at 1024 kg for 
m1 and ending with m5 = 4 kg. Natural frequencies for the first 
three elements are set to 60, 120 and 250 Hz. The model is able 
to predict peak acceleration and peak displacement values as a 
function of the corresponding natural frequencies of m4 and m5. 
This is visualized for the base excitation a0(t) in Fig. 5(a) and 
for the m2 excitation a2(t) in Fig. 5(b). 

Fig. 5(a) illustrates a challenging design task: although the 
base excitation may only be 1g, due to its propagation through 
the system much higher responses may arise at subsystem 
levels. Excessively high acceleration forces up to 50g are 
predicted for both m4 and m5 if their natural frequency is 
carelessly selected near the excitation frequency. Also, other 
resonance peaks appear in certain regions of the spectrum. For 
higher natural frequencies, i.e. more rigid interfaces between 
subsystems, lower peak accelerations can be found depending 
on a selected combination of ω4 and ω5. Based on a limiting 
acceleration level, the designer may consider a suitable 
combination of natural frequencies. 

Next to peak acceleration, peak displacement values can 
also be observed. Depending on the amount of energy present 
near the peak acceleration frequencies, a substantial amount of 
displacement may be predicted. In this particular case, the 
response curve indicates that the selection of ω3 is more 
sensitive than the selection of ω4. Hence, this could suggest 
where the focus of the design team should lie. 

Fig. 5(b) shows the results for the second loading condition. 
Similar responses are present; however, due to propagation 
effects through the system, alternative regions with low and 
high peak acceleration values appear. The sharp resonance 
mode of m5 shifts upwards in frequency and becomes a broader 
peak. A similar response happens for m4 although less 
pronounced. Finally, important to notice is also the fact that for 
highly rigid systems the response plateau is higher when the 
system is loaded at m2 rather than at the base. 

For peak displacement similar responses are predicted as 
well. By moving the input impulse closer to m4 and m5, the 
high-peak ridge becomes narrower into a single ripple and 
hence less sensitive to ω3. Although, the plateau for highly rigid 
systems shows higher peak acceleration, peak displacement 
responses are insensitive to the shift in loading scenario. 

By comparing the results of both figures or superimposing 
them, the designer is able to select the right combination of 
frequencies for the multi-level loading scenario; i.e. designing 
the appropriate interfaces between subsystem levels. 
Moreover, peak acceleration and peak displacement response 
curves can be combined as well. Furthermore, the design tool 
may overlay limiting values based on system requirements onto 
the SRS landscape. As limits are typically natural frequency 
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independent, they can be visualized as threshold planes. This is 
shown in Fig. 6(a) for the second loading scenario in which a 
limiting 15g acceleration and 1 mm displacement is analysed.  

By aligning the threshold planes in terms of acceleration and 
displacement, the third dimension becomes irrelevant and a top 
view, as shown in Fig. 6(b), may visualize the limits for both 
responses. From this top view, the designer can get a quick 
overview of system level responses in terms of acceleration (in 
blue) and displacement (in brown) for natural frequencies of m4 
and m5. In this case, the uncoloured areas in the figure are 
possible configurations where system requirements are met.  

Compared to a conventional SRS in which only an SDOF 
model is considered, the developed design tool allows for 
identifying promising combinations in terms of peak 
acceleration and displacement considering multi-level loading 
scenarios as well. Moreover, the dependence and sensitivity of 
system-level configurations are also addressed. This shows the 
added value of using a coupled multi-level MDOF model. 

5. Robust system architecture 

The developed design tool can also be used for setting up a 
robust system architecture in early stages of the design process. 

This may in particular be needed if the interface with the 
environment is unknown or ill-defined. In some cases, the 
designer may have direct influence on the interface of the base 
mass; i.e. the first natural frequency of the system. In such a 
case, the designer would be interested in finding configurations 
for which peak acceleration and peak displacement values are 
the lowest, or configurations which have a low sensitivity. Such 
an analysis is depicted in Fig. 7 in which the design tool has 
computed the lowest possible peak accelerations. To enhance 
graphical interpretation here a three-level model is assumed of 
which all natural frequencies are independent. Again, a 1g 
30 Hz continuous sine wave is prescribed as base excitation. ω2 
and ω3 are varied along the horizontal axes and the colour scale 
indicates ω1 varying from 100 to 300 Hz. 

The figure presents that, as maybe expected, for both ω2 and 
ω3 near the excitation frequency excessively high acceleration 
forces will be experienced. As the lowest peak values are 
presented, the designer may propose a best-case configuration. 
E.g. for ω2 and ω3 above 150 Hz, the purple plateau indicates 
that peak acceleration will here be limited to 5g, if ω1 is 
selected near 100 Hz. Moreover, since the plateau is relatively 
flat, the designer is also guaranteed of a robust concept system 
solution. 

  

  
a) 1g 30 Hz continuous sine wave as base excitation, a0(t) b) 1g 30 Hz continuous sine wave as m2 excitation, a2(t) 

Fig. 5. Multi-level Shock Response Spectrum (SRS) in relation to natural frequencies of m4 and m5.  

 

  
a) Superimposing peak acceleration and peak displacement responses, and 

setting acceleration and displacement threshold planes (the white band) 
b) Top view of peak acceleration (in blue) and peak displacement (in 

brown) responses above both threshold planes, respectively. 

Fig. 6. Superimposing and setting threshold planes of 15g and 1 mm for the loading scenario in which m2 is excited. 
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Fig. 3. Design tool’s functional architecture. 

In usage, the designer may utilize a number of numerical 
settings. As mentioned, a decoupled analysis can be performed 
initially giving a quick initial overview near instantly. 
Thereafter, based on global maxima, frequency ranges of 
interest and step sizes are predetermined, and fully coupled 
system responses may be computed. Depending on the 
designer’s level of influence, best- or worst-case conditions 
may be analyzed aiding in understand the system’s robustness. 

Computational results of the numerical model are presented 
as multi-level shock response spectra in a three-dimensional 
view, see Fig. 4. Peak acceleration and displacement values 
may be presented for the selected subsystems of interest. Also, 
a number of post-processing options are available that aid in 
analyzing the results, such as inserting threshold planes 
indicating limiting acceleration or displacement values, 
overlaying peak acceleration and displacement in one graph, or 
superimposing results of multiple loading conditions. 

 

 

Fig. 4. Design tool’s graphical user interface. 

4. Multi-level dynamic loading conditions 

In general, designers strive to lower the peak acceleration of 
system components, especially those that house electronic 
components. In this chapter, the developed design tool is used 
for the conceptual design of subsystems near and including the 
component level. In this case, challenging system engineering 
aspects lay in the fact that upstream (sub)system elements and 
the interface with the environment are prescribed. Typical 
cases of this may be tooling design on equipment, expansion 
on a building, electronic modules in a car, or in the case of the 
author team, a radar system in the mast of a ship. Upstream 
elements may be existing or developed simultaneously by other 
parties. However, as they play an imminent role in the design 
at downstream levels, the designer has to take this into account. 

Distinct advantage of the design tool is that the concept solution 
landscape for the (sub)system elements under design can be 
evaluated quickly for multi-level dynamic loading scenarios. 

To demonstrate the working principle, a five-level (n = 5) 
model is assumed of which the last component level ω5 and 
upstream subsystem ω4 are frequencies of interest. To increase 
design complexity, the loading scenario is not a single source 
impulse, but rather a base impulse a0(t) and an impulse at the 
second element a2(t) are to be analysed. In both cases, as input 
a 1g 30 Hz continuous sine wave is specified. The assumed 
masses are quartered for each element starting at 1024 kg for 
m1 and ending with m5 = 4 kg. Natural frequencies for the first 
three elements are set to 60, 120 and 250 Hz. The model is able 
to predict peak acceleration and peak displacement values as a 
function of the corresponding natural frequencies of m4 and m5. 
This is visualized for the base excitation a0(t) in Fig. 5(a) and 
for the m2 excitation a2(t) in Fig. 5(b). 

Fig. 5(a) illustrates a challenging design task: although the 
base excitation may only be 1g, due to its propagation through 
the system much higher responses may arise at subsystem 
levels. Excessively high acceleration forces up to 50g are 
predicted for both m4 and m5 if their natural frequency is 
carelessly selected near the excitation frequency. Also, other 
resonance peaks appear in certain regions of the spectrum. For 
higher natural frequencies, i.e. more rigid interfaces between 
subsystems, lower peak accelerations can be found depending 
on a selected combination of ω4 and ω5. Based on a limiting 
acceleration level, the designer may consider a suitable 
combination of natural frequencies. 

Next to peak acceleration, peak displacement values can 
also be observed. Depending on the amount of energy present 
near the peak acceleration frequencies, a substantial amount of 
displacement may be predicted. In this particular case, the 
response curve indicates that the selection of ω3 is more 
sensitive than the selection of ω4. Hence, this could suggest 
where the focus of the design team should lie. 

Fig. 5(b) shows the results for the second loading condition. 
Similar responses are present; however, due to propagation 
effects through the system, alternative regions with low and 
high peak acceleration values appear. The sharp resonance 
mode of m5 shifts upwards in frequency and becomes a broader 
peak. A similar response happens for m4 although less 
pronounced. Finally, important to notice is also the fact that for 
highly rigid systems the response plateau is higher when the 
system is loaded at m2 rather than at the base. 

For peak displacement similar responses are predicted as 
well. By moving the input impulse closer to m4 and m5, the 
high-peak ridge becomes narrower into a single ripple and 
hence less sensitive to ω3. Although, the plateau for highly rigid 
systems shows higher peak acceleration, peak displacement 
responses are insensitive to the shift in loading scenario. 

By comparing the results of both figures or superimposing 
them, the designer is able to select the right combination of 
frequencies for the multi-level loading scenario; i.e. designing 
the appropriate interfaces between subsystem levels. 
Moreover, peak acceleration and peak displacement response 
curves can be combined as well. Furthermore, the design tool 
may overlay limiting values based on system requirements onto 
the SRS landscape. As limits are typically natural frequency 
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independent, they can be visualized as threshold planes. This is 
shown in Fig. 6(a) for the second loading scenario in which a 
limiting 15g acceleration and 1 mm displacement is analysed.  

By aligning the threshold planes in terms of acceleration and 
displacement, the third dimension becomes irrelevant and a top 
view, as shown in Fig. 6(b), may visualize the limits for both 
responses. From this top view, the designer can get a quick 
overview of system level responses in terms of acceleration (in 
blue) and displacement (in brown) for natural frequencies of m4 
and m5. In this case, the uncoloured areas in the figure are 
possible configurations where system requirements are met.  

Compared to a conventional SRS in which only an SDOF 
model is considered, the developed design tool allows for 
identifying promising combinations in terms of peak 
acceleration and displacement considering multi-level loading 
scenarios as well. Moreover, the dependence and sensitivity of 
system-level configurations are also addressed. This shows the 
added value of using a coupled multi-level MDOF model. 

5. Robust system architecture 

The developed design tool can also be used for setting up a 
robust system architecture in early stages of the design process. 

This may in particular be needed if the interface with the 
environment is unknown or ill-defined. In some cases, the 
designer may have direct influence on the interface of the base 
mass; i.e. the first natural frequency of the system. In such a 
case, the designer would be interested in finding configurations 
for which peak acceleration and peak displacement values are 
the lowest, or configurations which have a low sensitivity. Such 
an analysis is depicted in Fig. 7 in which the design tool has 
computed the lowest possible peak accelerations. To enhance 
graphical interpretation here a three-level model is assumed of 
which all natural frequencies are independent. Again, a 1g 
30 Hz continuous sine wave is prescribed as base excitation. ω2 
and ω3 are varied along the horizontal axes and the colour scale 
indicates ω1 varying from 100 to 300 Hz. 

The figure presents that, as maybe expected, for both ω2 and 
ω3 near the excitation frequency excessively high acceleration 
forces will be experienced. As the lowest peak values are 
presented, the designer may propose a best-case configuration. 
E.g. for ω2 and ω3 above 150 Hz, the purple plateau indicates 
that peak acceleration will here be limited to 5g, if ω1 is 
selected near 100 Hz. Moreover, since the plateau is relatively 
flat, the designer is also guaranteed of a robust concept system 
solution. 

  

  
a) 1g 30 Hz continuous sine wave as base excitation, a0(t) b) 1g 30 Hz continuous sine wave as m2 excitation, a2(t) 

Fig. 5. Multi-level Shock Response Spectrum (SRS) in relation to natural frequencies of m4 and m5.  

 

  
a) Superimposing peak acceleration and peak displacement responses, and 

setting acceleration and displacement threshold planes (the white band) 
b) Top view of peak acceleration (in blue) and peak displacement (in 

brown) responses above both threshold planes, respectively. 

Fig. 6. Superimposing and setting threshold planes of 15g and 1 mm for the loading scenario in which m2 is excited. 
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Fig. 7. Multi-level SRS showing the lowest peak acceleration in relation to 
natural frequencies of all system components; i.e. best-case configuration. 

Conversely, in other design cases, influence on the base 
mass and frequency may be outside the scope of the system 
under design. In cases the designer has little influence, if 
uncertainty plays a role or if a bandwidth of potential natural 
frequencies is specified for the base frequency, the design tool 
can support the designer by understanding the impact of worst-
case upstream natural frequencies. This is depicted in Fig. 8, 
showing the analysis results of the same system compared to 
Fig. 7; however, in this case, the highest peak acceleration 
values are computed by the design tool. 

 
Fig. 8. Multi-level SRS showing the highest peak acceleration in relation to 
natural frequencies of all system components; i.e. worst-case configuration. 

Again, the figure shows excessive acceleration forces near 
the impulse frequency; however, in this case, also the designer 
is already informed that when designing ω2 above 150 Hz and 
ω3 above 200 Hz, peak acceleration may exceed 15g. Hence, 
local (electronic) components must be able to withstand this. 
From this perspective, designing ω3 near 100 Hz and ω2 above 
100 Hz seems much more sensible, as acceleration forces here 
may be limited to 8g. Since the spectrum does not show a flat 
region, the final design will always be sensitive to ω1. As this 
parameter is outside the designer’s scope, a concept solution 
that allows tuning of natural frequencies in a late-stage process 
or after installation might also be worthwhile to consider.  

Again, compared to a conventional SRS, the developed 
design tool and presented approach give designers a much 
better understanding and starting position for their design task 
aiding to a robust system architecture. 

6. Conclusions 

A new design tool for analysing dynamic loading conditions 
is presented. Rather than computing the SRS of an SDOF 
system, this study presents an approach in which a coupled 

MDOF model enables designers to evaluate (sub)system-level 
responses due to both (critical) dynamic loading conditions and 
multi-level loading scenarios. Multi-level shock response 
spectra can be computed in a time-efficient manner displaying 
peak acceleration and peak displacement values for various 
combinations of natural frequencies. This allows designers to 
find potential configurations that match their design 
requirements. The design tool may give designers quick 
insights into best-case and worst-case configurations 
depending on their level of influence and/or design uncertainty 
across (sub)system levels of their choice. Finally, the design 
team is aided with a better understanding of the impact dynamic 
loading conditions may have on the design challenge at hand. 

Moreover, fast graphical interpretation aids in supporting all 
engineering disciplines within the design team. The presented 
design tool may have merit across multiple industry fields 
where dynamic loading conditions are relevant. First-time-right 
decisions regarding the architecture of a system can be better 
supported. The design tool aids in dealing with uncertainty of 
requirements during the project definition phase and designing 
a robust system against late-stage requirement updates.  
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