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A B S T R A C T   

An analytical model has been developed to study the effect of asperity geometry on the abrasive wear behaviour 
of an ellipsoidal asperity sliding through a plastically deforming substrate. The model computes the penetration 
depth and wear profile of the substrate as a function of the applied load and asperity geometry, i.e. asperity’s 
axes sizes and orientation relative to the sliding direction. Also using the wear profile obtained from the 
numerical-material point method (MPM) simulations, the area of the worn track is computed as a function of the 
asperity geometry. Sliding experiments are performed on a lubricated steel substrate to characterize the wear 
volume as a function of the asperity geometry and applied load, the degree of wear parameterized based on the 
degree of penetration and curve-fitted to be implemented in the developed analytical model. The MPM model is 
used along with the analytical model to study the transition between the abrasive wear modes. The analytical 
wear volume is compared with the experimental wear volume and found to be in good agreement.   

1. Introduction 

Loading and sliding of two bodies relative to each other can result in 
removal of material from the surface of the softer body, termed as 
abrasive wear. The geometry of a rigid asperity sliding through a softer 
substrate plays a significant role in determining the abrasive wear of the 
substrate. In this regard, different asperity geometries ranging from two 
dimensional (infinite-length) wedges and cylinders [1,2] to pyramids 
(with square and hexagonal bases) and spheres have been studied [3,4]. 
Mathematical models have helped a great deal in understanding the 
effect of asperity geometry on friction and wear during sliding of an 
asperity. Both analytical and numerical models have been used to study 
and model the sliding of a rigid-asperity through a substrate. Friction 
and wear, in a two-body system in relative motion, are shown to be 
interdependent and affected by plastic deformation of the bodies and 
shearing of the contact interface [5]. 

Some of the earliest work on wear in the sliding between two con-
tacting asperities was done by Challen and Oxley [1] where they cate-
gorized abrasive wear mechanisms to ‘rubbing’, ‘wear’ and ‘cutting’ 
modes. A steady state solution for coefficient of friction and wear rate 
was proposed based on plane strain slip-line field theory given in 
Ref. [6] and applied to deformation of wedge-shaped asperities [1]. The 
wear rates, defined as the ratio of the volume of material removed over a 

given sliding distance to the applied normal load, were computed for the 
unsteady ‘wear’ mode and the steady-state ‘cutting’ mode. The wear rate 
and forces for the steady state, single-asperity cutting model were 
computed by slip-line field assumptions of orthogonal metal cutting by 
Lee and Shaffer [7]. The product of wear rate and the shear flow stress 
was obtained as a function of the attack angle of the rigid asperity and 
the ratio between shear strength of the interfacial film and softer 
asperity. Challen and Oxley further extended the slip-line model to rigid 
cylinders where a chord approximation of contacting surfaces was used 
to construct the slip-line fields for modelling plastic deformation [2]. 
The friction predictions and the strain patterns from the chord model [2] 
have been compared with experiments and numerical simulations in 
Ref. [8]. 

The transition between the wear modes has been studied to derive a 
critical attack angle for abrasive cutting wear by taking surface rough-
ness and strain hardening into account [9]. The expressions for coeffi-
cient of friction and critical attack angle for transition in wear modes 
were adapted for experiments with rigid spherical asperities ploughing 
through metallic substrates by Hokkirigawa and Kato [3]. They mapped 
the abrasive wear modes into ‘ploughing’, ‘wedging’ and ‘cutting’ on a 
wear mode diagram as a function of degree of penetration of the asperity 
and the interfacial shear strength ratio. The degree of penetration which 
translates into attack angle for two dimensional asperities is defined as 
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the ratio between the penetration depth and contact length while the 
interfacial shear strength ratio is defined as the ratio of the shear 
strength of the interface to the shear strength of the bulk (substrate). 
Ploughing is defined as displacing the substrate material from the sliding 
path of the asperity, cutting as removing the substrate material as chips 
and wedging as transfer of the substrate material as lumps in front the 
asperity tip. 

Abrasive wear was quantified by Kayaba et al. and Zum Gahr using 
‘degree of wear’, defined as the relative amount of material removed 
from the groove as wear debris and not displaced into peripheral ridges 
of the wear track [10,13]. The degree of wear was expressed as a 
function of strain and hardness of the worn and wearing surfaces and 
extended to both ductile and brittle materials in Refs. [11,12]. The de-
gree of wear obtained from the scratch experiments on dry and lubri-
cated, coated and uncoated work hardened steel and alloys was 
expressed as a function of the degree of penetration and fitted into an 
S-shaped curve based on a low cycle fatigue wear mechanism [10,14, 
15]. The degree of wear was related to the ‘ploughing’, ‘wedging’ wear 
modes, including ‘flaking’ and ‘chipping’ type cutting wear in Refs. [4, 
10]. These methods to model abrasion were classified into deformation 
models, orthogonal cutting models, energy methods and abrasive 
shape-based models [16]. Existing abrasive wear models have clearly 
shown the effect of asperity geometry on the degree of penetration and 
hence on the predicted wear mode and on wear rate [1,3]. 

For rough surfaces, the asperities are better described by elliptical 
geometries instead of spheres with the contact patches being mapped as 
ellipses [17,18]. Hence to compute wear using multi-asperity models 
[19–21], it is important to model asperities as ellipsoids and elliptic 
paraboloids. Consequently, Masen et al. adapted the relationship be-
tween the degree of wear and degree of penetration [14,15] to elliptic 
paraboloid shaped asperities and showed a clear dependence of sliding 
wear volume and wear mode on applied load and asperity geometry, i.e. 
ellipticity ratio, orientation relative to the sliding direction [4]. The 
contact model for an elliptical asperity was further used to calculate the 
wear volume due to sliding of multiple asperities through perfectly 
elastic, perfectly plastic and elastic-plastic substrates [22]. An analytical 
model to compute (wear) material transfer and forces acting on an 
elliptical asperity sliding through a substrate was done by scaling a 
hexagonal pyramid to an elliptic-paraboloid shape in Refs. [23–25]. 
Also, the components of the forces acting on an asperity and the 
deformation in the substrate was computed by Mishra et al. for 
ploughing of an ellipsoidal and elliptic paraboloid shaped asperity [26]. 
Both the forces on the asperity and deformation of the substrate were 
shown to be dependent on the applied load, ellipsoidal asperity’s axes 
size and orientation relative to sliding direction [24,26]. 

Analytical methods cannot be applied to real materials due to their 
complex deformation, shear and damage behaviour. Numerical model-
ling of wear in sliding of single asperity is restricted by large scale local 
plastic deformation and the usage of complex material behaviour and 
friction models challenging their physical validation. Finite element 
(FE) simulations have been typically used to model wear by deletion of 
elements with strain exceeding the equivalent failure strain [27,28]. To 
tackle excessive deformation and stress concentrations, arbitrary 
Lagrangian and Eulerian (ALE) methods with re-meshing are used to 
model wear [29]. On the other hand, particle-based methods such as 
smooth-particle hydrodynamics (SPH) have been used to simulate wear 
mechanisms in scratching and machining processes [30,31] due to its 
ability to handle large deformations by formulating physical relations in 
terms of integral equations. The effect of material hardening parameters, 
damage criteria and particle density on wear behaviour has been studied 
by SPH simulations. Recently, combining particle and mesh methods, 
the particle finite element method (PFEM) [32] and the material point 
method (MPM) [33–36], have also been used to study wear and forces in 
cutting, grinding and milling processes. MPM has recently been used to 
model (spherical) single-asperity scratching and has experimentally 
been validated in Refs. [37,38]. Modelling of ploughing by elliptical 

asperities was also done using MPM [39]. The results of the models were 
compared with other simpler analytical models [24,26] and ploughing 
experiments respectively and were shown to be in close agreement [39]. 

An analytical model to compute the wear in sliding of an elliptical 
asperity through a metallic substrate is not available in the literature 
according to the knowledge of the authors. Likewise, experimental 
studies on the effect of asperity geometry on the wear behaviour using 
elliptical shaped indenters are not available to the best of the authors 
knowledge. Therefore, a recently developed analytical model to 
compute the ploughed substrate’s profile for an elliptical asperity 
ploughing through a plastically deforming substrate [26,39], is 
extended to model abrasive wear (cutting) in this study. The analytical 
wear model uses empirical relations for ploughing depth and degree of 
wear derived using the numerical MPM-based ploughing model and 
scratching experiments respectively to successfully estimate the wear 
mode and wear volume for ellipsoidal asperities sliding through a steel 
substrate. A schematic of the methodology used in developing and 
validating the analytical wear model is shown in Fig. 1 and is further 
explained below. 

The analytical model uses fitting factors obtained from the numerical 
MPM-based ploughing model [38] to account for the asymmetry in 
plastic flow of the substrate around ellipsoidal asperities and calculate 
the ploughing depth of the wear track [39] in section 2.1. Based on the 
computed ploughing depth, the analytical model maps the wear mode in 
section 2.2 and calculates the wear volume in section 2.3. The MPM 
model and the experimental setups and specimens are explained in 
sections 3.1 and 3.2 respectively. The predicted wear mode is compared 
and validated with that obtained from the MPM model in section 4.1. 
Further the effect of asperity geometry (size and orientation) and 
applied load on the transition between the (ploughing and cutting) wear 
modes, is also discussed. The relation between the degree of wear and 
the degree of penetration is obtained by fitting the results from scratch 
experiments on a lubricated steel sheet [4] and implemented in the 
analytical wear model as explained in section 2.3 and 4.2.1. Finally, 
scratch experiments are performed on lubricated steel sheets using pins 
with elliptical tips. The resulting wear volume is shown to be a function 
of applied load, asperity size and orientation relative to the sliding di-
rection in section 4.2.2. 

The following assumptions and choices have been made in devel-
oping the analytical wear model for the sake of simplicity, clarity and to 
highlight the range over which the model results can be applied:  

• The analytical model mainly focuses on the abrasive (cutting) 
behaviour of rigid elliptical asperities represented by (blunt) ellip-
soids with low angularity/sharpness mapped on the surface of metal 
forming tools like rolls and punches with anisotropic surface 
roughness. Sharp and angular asperity (angularity) characterized 
using different geometrical fitting parameters and mapped as pyra-
mids, hyperboloids, polyhedrons, spherical tipped cones mainly in 
erosion and grinding applications [40–44] have not been studied in 
this paper.  

• Typically in rough surfaces undergoing sliding the wear tracks 
interact with neighbouring and previously formed wear tracks over 
longer sliding distances resulting in side wall stripping and parallel 
groove generation. This results in transition to cutting wear at lower 
attack angles compared to that with independent wear tracks as 
mentioned in Refs. [45,46]. This paper studies abrasive wear for 
asperities which interact independently with the substrate as a result 
of which each wear track is formed on the undeformed substrate 
isolated and independently.  

• An analytical model is developed for different cases of single asperity 
geometries for its ease of implementation in a multi-asperity wear 
model for rough contact as compared to a numerical model with high 
computational cost. The analytical model assumes rigid-plastic ma-
terial behaviour of the substrate and ploughing and cutting wear 
mechanisms in lubricated contacts. Fitting factors derived from the 
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numerical ploughing model and experimental characterization are 
implemented in the analytical wear model for improving its accuracy 
compared to experimental wear calculations. 

2. Calculating the wear volume 

A simple analytical wear model to compute the volume of material 
removed from the substrate due to sliding of an ellipsoidal asperity is 
explained in this section. The model initially computes the depth profile 
of the groove formed by the material removed from the wear track by 
balancing the applied load with the stress under the sliding asperity. The 

groove depth is then modified using the fitting factors taking the 
asymmetry in the plastic flow of the substrate around the asperity into 
account. The material removed from the groove piles up around the 
indenter and is eventually removed. In this study, the ploughing depth d 
is given as the sum of the groove depth dg and pile-up height hpu (see 
Fig. 3). Using the ploughing depth and the contact length, the ‘attack 
angle’ and the ‘degree of penetration’ is calculated for asperities with 
different geometrical properties. The degree of penetration is related to 
the degree of wear and substrate hardness by fitting experimental results 
with empirical expressions. The model initially checks for the wear 
regime, i.e. cutting or ploughing from the computed attack angle. 
Finally, the model formulates expressions to calculate the wear volume 
per unit sliding length of the ellipsoidal asperity. 

The contact boundaries for an ellipsoidal asperity ploughing through 
a plastically deforming substrate have been calculated by bounding the 
elliptic patch of the asperity-substrate contact in the sliding plane by a 
bounding box as shown in Fig. 2. The dimensions of the bounding box is 
given by the projection of the major axis of the elliptic contact patch in 
the x and y axis respectively. The plastic flow/contact ends at points N 
and while the plastic flow begins and is separated into + y and –y axis at 
point M on the elliptic contact patch [24,26]. The coordinates of the 
points N and S, on the intersection of the bounding box and the elliptic 
contact patch, where the slope is zero and of point M, where slope is 

infinite, is given in equation (1.1). The coordinates are given in terms of 
the axes size of the contact patch ax and ay and the angle of orientation 
relative to the sliding direction β. The coordinates of the bounds of the 
contact/plastic flow i.e. points S,N,M and L are given in equation (1.2) 
in the spherical coordinate system using the coordinates in the Cartesian 
coordinates system for easier mathematical analysis. The polar angle θ 
and the azimuthal angle φ of S,N,M and L are given in terms of the el-
lipsoid’s reference radius c, its axes sizes a and b and ploughing depths 
dS, dN and dM at S, N and M.   

2.1. Calculating the scratched substrate’s wear profile 

As the asperity is loaded and moved across the substrate, the contact 
area of the asperity with the substrate changes. The contact area while 
loading of the asperity termed as the static contact area occurs over the 
whole ellipsoidal cap, shown in Fig. 2. This contact area is projected as 
an elliptic patch in the sliding plane. As the asperity slides through the 
substrate the shape of the contact patch in the sliding plane changes 
depending on the deformation behaviour of the substrate. For a perfectly 
elastic substrate, the contact patch retains its original elliptic shape 
during sliding. As the substrate deforms plastically the area under 
asperity reduces and the contact is retained only in the frontal half of the 
elliptic patch for a perfectly plastic substrate as shown by the line-filled 
region in Fig. 2b. The applied load F is expressed as the product of 
contact pressure equal to the hardness of the substrate H and contact 
area A of the semi-elliptic contact patch, given in terms of contact 
lengths ax and ay (ellipticity ratios ex and ey and reference length az) in 
equation (2.1). The ploughing depth d is given in terms of reference 
radius r, F, H, ex and ey in equation (2.2). 

F =HA; A = πaxay
/

2 = πexeya2
z

/
2 (2.1) 

Fig. 1. Schematic of development and validation of an analytical abrasive wear model.  
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/
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√

(2.2) 

The material removed from the groove is displaced into the pile-up 
around the asperity in its front and along its side ridges. Hence the 
applied load is carried by the material in the pile-up and the groove. 
Consequently the total penetration depth d of the contact is the sum of 

the pile-up height hpu and the groove depth dg. Eventually as the sliding 
of the asperity continues, the pile-up increases, the strain exceeds the 
failure strain and the substrate material is detached and removed as 
chips. In order to map and measure the abrasive wear, the variation in 
the worn substrate profile with asperity size and orientation during 
sliding is explained using results from the MPM-based ploughing model 
(see Fig. 3a–d) which will be further explained in section 3.1. The 

Fig. 3. Projections in the yz plane of an ellipsoidal asperity sliding through a substrate along x axis at orientation angles β of (a-A) 0◦, (b-B) 30◦, (c-C) 60◦ and (d-D) 
90◦ relative to x axis, plotting the pile up and groove profiles at periphery and in front of the asperity from the MPM simulations (particle size: 5 μm). 

Fig. 2. (a) Forces acting on an ellipsoidal asperity ploughing through plastically deforming substrate at an orientation β relative to x axis [26] and (b) projection of 
the asperity-substrate contact region on the xy-plane. Horizontal lines filled region show plastic flow in the − y axis and vertical lines filled region show plastic flow in 
the +y axis. The bounding box/lines with zero and infinite slope contains the contact patch. 

T. Mishra et al.                                                                                                                                                                                                                                  



Wear 470-471 (2021) 203615

5

ploughing depth d derived in equation 2 is modified using factors p and q 
considering the variation in the plastic flow around the ellipsoidal 
asperity as a function of the asperity size and orientation [39]. 

For an asperity sliding in the x direction, with increase in the 
orientation angle β, the contact length in the y axis, ly = 2yN (yN is the y- 
coordinate of point N) increases, see Figs. 2 and 3B. This increases the 
projected contact area in the yz plane and hence resistance to plastic 
flow perpendicular to the sliding direction resulting in an increased pile- 
up height. The plastic deformation and flow is also resisted by the 
decrease in the sharpness of the asperity along the sliding direction due 
to decrease in projected length along the x axis lx = 2xM (xM is the x- 
coordinate of point M) with increase in angle β. The pile-up height in 
front of the sliding asperity hc

pu is given as the ratio of ly and lx fitted to 
power k in equation (3.1) (Fig. 3D) [39]. The groove depth reduces with 
an increase in pile-up height to balance the applied load, which is mainly 
shared by the deformed (pile up and groove) substrate. Hence the mean 
groove depth is computed as the ratio of the lx and ly fitted to the power n 
as shown in equation (3.2). As the piled-up substrate is removed along as 
chips, the load is fully carried by the substrate material under the 
groove. This leads to a transient increase in groove depth until material 
piles up on side of the sliding asperity with height hs

pu, which reduces 
slightly with angle β, see Fig. 3A, D. So sliding of a rigid asperity through 
a substrate, resulting in material removal is a dynamic process where the 
ploughing depth changes with time and space. 

hc
pu = d

(
ly

lx

)k

= d
(

yN

xM

)k

∀k ∈ (0, 1) (3.1)  

dg = d
(

lx

ly

)n

= d
(

xM

yN

)n

∀n ∈ (0, 1) (3.2)  

d
′

= hs
pu + dg = d

(
lx

ly

)p

=

(
xM

yN

)p

∀p( − 1, 1) (3.3) 

For an asperity oriented at an angle β ∈ (0◦,90◦) with respect to the 
sliding direction in x axis (see Fig. 2b), the distribution of plastic flow 
around the periphery of the asperity-substrate contact is asymmetric. 
The distribution of the deformed (piled-up/grooved) substrate around 
the sliding asperity depends on the asymmetry in plastic flow and 
therefore the orientation angle β of the asperity. It can be seen from 
Fig. 3 that the shape of the piled up substrate projected in the yz plane 
resembles that of a section of a sinusoidal wave with its wavelength 
proportional to the contact length in the y direction ly, and amplitude 
that equals the frontal pile-up height hc

pu. With change in asperity 
orientation β ∈ [0◦,90◦], the pile-up height of the points on the contact 
profile can be mapped to shift along the sinusoidal wave as shown in 
Fig. 3A-D and 4a. The profile of the piled up material from the side to 
front of the asperity is thus given as a function of the polar angle θ co-
ordinate, pile up heights hc

pu and hs
pu, (projected) contact lengths ay and ly 

and factor w (wε(0, 2)) in equation (4.1). The plastic strain of the 
deformed substrate is proportional to pile-up profile height and de-
termines the substrate’s wear profile, further explained in section 4.2.2 
(Fig. 12). The groove depth follows the profile of the ellipsoidal asperity 
as shown in Fig. 4b. Assuming volume conservation in separation of 
plastic flow, the total ploughing depths at bounds of contact S and N are 
given in equations (4.2) and (4.3) respectively using factor q, typically 
qε(0.5,2). This is further explained and derived in Ref. [39]. 

hpu(θ) = hc
pu sin

(
ay

ly

(

θ+
3π
2

)

− 2β
)

+ whs
pu (4.1)  

dS =

(

1+ q
xN

ax

)

d
′ (4.2)  

dN =

(

1 − q
xN

ax

)

d
′ (4.3) 

The average depth of the worn profile is the sum of the groove depth 
and the pileup height at the periphery of the groove, given as the ratio of 
ly and lx fitted to power p in equation (3.3). Typically in abrasive (cutting 
wear) the piled-up substrate material in front of the asperity is removed 
as chips instead of accumulating on the peripheral ridges (in ploughing) 
resulting in the average depth of the worn profile mainly given by the 
groove depth as a result of which p > 0. For measuring the average 
depth of the wear profile including the pileup in front of the asperity, p <

0 is taken (relevant for attack angle measurements, see section 2.2). 
Based on observations from the MPM ploughing model, the factor p 
increases with penetration of the asperity, which increases with the 
applied load, sharpness (ellipticity ratio ex/ey) of the asperity and de-
creases with size of the asperity. In Mishra et al. factor p has been varied 
to compare the ploughing depths obtained from the analytical and the 
MPM-based ploughing model to good agreement [38]. Factor q will be 
kept constant at q = 1 for the analytical wear model. Only factor p will 
be varied to fit the analytical wear mode and wear volume with the 
numerical wear mode and experimental wear volume in section 4. 

2.2. Calculating the attack angle and the degree of penetration 

The parameters traditionally chosen to characterize the frictional 
forces acting on an asperity, the wear regime and the wear volume of the 
substrate are ‘degree of penetration’ and ‘attack angle’. While ‘attack 
angle’ has been used for two-dimensional asperity geometries like 
wedges, ‘degree of penetration’ has been used with three-dimensional 
geometries like spheres. The degree of penetration Dp is defined as the 
ratio between the ploughing depth d and the contact length along the 
sliding direction ac. The contact radius for a spherical asperity is given as 
ac =

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
d(2r − d)

√
while that for a paraboloid asperity is given as ac =

̅̅̅̅̅
rd

√
. The degree of penetration for a spherical asperity Ds

p with a radius r 

Fig. 4. Variation in (a) pile-up height profile and (b) groove depth profile for various orientation angles as obtained from the ploughed profile of the substrate in the 
MPM simulations (particle size of 5 μm). 
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is given in equation (5.1) Consequently, the degree of penetration for an 
ellipsoidal asperity, De

p with an elliptic contact patch of axes size ax and 
ay, sliding at an angle β relative to x-axis is given in equation (5.2). 
Taking reference radius r and reference contact radius ac, the axes size of 
the elliptic contact patch are given as ax = exac and ay = eyac. 

Ds
p =

d
ac

=

̅̅̅̅̅̅̅̅̅̅̅̅̅
d

2r − d

√

≈

̅̅̅̅̅
d
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√

∀ d≪r (5.1)  

De
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d
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̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
[(

cos β
ex

)2

+

(
sin β

ey

)2]
√

(5.2) 

The ‘attack angle’ γ is the angle corresponding to the slope at the 
point of initial contact of the substrate with the asperity with respect to 
the sliding direction. For a conical or a wedge shaped asperity, the attack 
angle is constant throughout the height of the asperity and equals the 
degree of penetration. For a wedge shape asperity, the tangent of the 
attack angle given in equation (6.1), which equals its degree of pene-
tration. For a spherical asperity, the attack angle at the first contact point 
is given by equation (6.2). For an ellipsoidal asperity, the attack angle is 
given as the tangent of slope at the contact point G (Fig. 2b) in equation 
(6.3). 

tan γw =
d
ac

= Dw
p (6.1)  

tan γs =
ac

r − d
=

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
d(2r − d)

√

r − d
(6.2)  

tan γe =
1

e2
xx

axx

r − d
=

1
e2

xx

ac

r − d

[(
cos β

ex

)2

+

(
sin β

ey

)2]− 1
2

(6.3) 

The attack angle is used to characterize the transition between the 
different abrasive wear regimes in the sliding of 2D wedge shaped as-
perities [1]. The attack angle γcu

pl, wd resulting in a transition between 
cutting and the other wear modes for an asperity sliding through a 

substrate is given as a function of the interfacial friction factor fhk, 
defined as the ratio between the shear stress of the interface τb and shear 
stress of the bulk substrate κ, in equation (7.1) [47]. For a spherical 
asperity, the degree of penetration is related to the attack angle by 
equation (7.2) [3]. Hokkirigawa and Kato [3] corrected the 2D degree of 
penetration in 3D using an experimentally determined shape factor of 
0.8. Fig. 5a shows the wear modes as a function of the degree of pene-
tration (attack angle) and interfacial friction factor using equations (7.1) 
and (7.2). The degree of penetration for transition to cutting wear for 
ellipsoidal asperities is obtained by combining equations (5.1), (5.2) and 
(7.2) for varying orientation angle and asperity sizes in Fig. 5b and c 
respectively. 

γcu
pl, wd = γT = (π − arccos fhk)

/
4 (7.1)  

Ds
p = 0.8(1 − cos γs)

/
sin γs (7.2)  

2.3. Calculation of the wear volume 

The wear volume per unit sliding distance is computed from the 
projected area of the wear groove. The material displaced or removed 
during the process of sliding of a single asperity through the substrate is 
computed from the area of the material piled up in front and on side of 
the asperity while ploughing. To calculate the contact area of the groove 
due to removal of the substrate material by an ellipsoidal asperity, the 
depth and the width of the worn profile (ploughing depth at both the 
ridges, N and S) is obtained from equation 4.4 and 4.5. The groove area 
can also be calculated from the projected contact area in the yz plane 
(see Figs. 3 and 4). The elemental projected contact area dAyz is given as 
a function m(θ,φ) of the spherical coordinates θ and φ in equation (8.1). 
The term dAyz is integrated over the coordinates of contact bounds L, S 
and N to obtain an expression for groove depth area Ag in equation (8.2) 
(see Fig. 2). 

dAyz =m(θ,φ)dθdφ; m(θ,φ)= c(a sin θ sin β − b cos θ cos β)sin 2 φ (8.1) 

Fig. 5. Wear mode diagram [3] for (a) spherical and (b) ellipsoidal asperities for varying orientation angle β relative to sliding and (c) ellipticity ratios e = ex/ ey such 
that exey = 1 based on equations 5, 6 and 7. 
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Ag =Ayz=

∫φN

0

∫θS

θN

dAyzdθdφ=

∫φN

0

∫θS

θN

|m(θ,φ)|dθdφ+
1
2

∫φS

φN

∫θS

θN

|m(θ,φ)|dθdφ

= −
1
2

c(φS − cos φN sin φN +φN − cos φS sin φS)(a cos θN sin β+b sin θN cos β)

(8.2) 

The amount of wear for a rigid asperity sliding through a plastically 
deforming substrate is characterized by the ‘degree of wear’ ξ, defined 
by Zum Gahr as the amount of material actually removed from the 
groove and is indicative of the efficiency of the material removal process 
in abrasive wear [11,15]. Mathematically it is expressed as the ratio of 
the difference in the area of the wear groove Ag and the area of the ridges 
As to the area of the wear groove in equation (9.1). The degree of wear is 
expressed as a function of the degree of penetration in equation (9.2) 
using a function for a hyperbolic tangent which best describes the 
S-shaped curves for degree of wear obtained for dry, lubricated S45C 
steel and uncoated, duplex coated nodular cast iron in Refs. [3,4,15] and 
shown in Fig. 6. The coefficients C1,C2,C3 and C4 used are obtained by 
fitting the experimental results to the curve obtained from equation 
(9.2). The wear volume per unit sliding length is given as the material 

removed over a cross-section of the wear track in equation (9.3). 

ξ=
(
Ag − As

) /
Ag (9.1)  

ξ=C1 tanh
(
C2Dp − C3

)
+ C4 (9.2)  

Φ= ξAg (9.3)  

3. Model and experimental set up 

The simulation of an ellipsoidal asperity ploughing through the 
substrate was done using the MPM-based ploughing model introduced in 
Ref. [38] and used to model ellipsoidal asperities in Ref. [39]. A scratch 
tester has been used to slide pins with spherical and ellipsoidal tips of 
various sizes, ellipticity ratios and orientations through a lubricated 
steel substrate for hardness and wear characterization. 

3.1. Computational method 

The sliding of an ellipsoidal asperity through a rigid-plastic substrate 
is modelled using the MPM-based ploughing model introduced in 
Ref. [38] see Fig. 7. The ploughing model is developed using the 
user-SMD (Smooth Mach Dynamics) package of an open source standard 
molecular dynamics code, namely LAMMPS [48] and visualized using 
the OVITO software [49]. The properties of the substrate, assigned as 
MPM particles evolve as per the ‘MPM linear-pair style’ algorithm (see 
Ref. [38] for further details on the MPM model). In the current study a 
linear equation of state is used to compute the total stress σ from the sum 
of the hydrostatic stress, the product of the bulk modulus K and the 1st 
strain invariant I, and the deviatoric stress, the product of shear modulus 
G and deviatoric strain εd (see equation (10.1)). The deviatoric stress is 
updated from the yield stress increment in each time step [38]. A con-
stant yield stress σy is used for the rigid-plastic substrate behaviour 
modelled in the current MPM simulations for reasons of simplicity. In 
FEM models for abrasive wear, a plastic strain ε of 2 is typically used as a 
failure criterion [28,50]. Recent MPM-based numerical study on wear 
particle formation at single-asperity contact [37] reports plastic strain at 
failure between 2 and 7 which is in the range reported in scratch and 
abrasion tests on ductile metals [51,52]. 

The rigid asperity/indenter is modelled using triangular mesh which 
has no self-interaction. However, the indenter interacts with the sub-
strate based ‘triangle-MPM contact pair style’ algorithm (see Ref. [38] 
for more details on the contact model). The frictional force F between 
indenter and the substrate due to interfacial shear is modelled from the 
interfacial shear strength τb = fhkκ and contact area A = 4r2

p between a 
triangle and a particle cell of size 2rp (see equation (10.2)). The inter-
facial shear strength τb is given as a fraction fhk of the bulk (substrate) 
shear strength κ = σy/√3 for a rigid-plastic substrate with hardness H =

3σy [53]. 

σ=KI + Gεd (10.1)  

Fig. 6. Degree of wear vs degree of penetration for dry and lubricated S45C 
steel in various abrasive wear regimes [3,10] and for uncoated and duplex 
coated nodular cast iron (NCI), curve-fit using equation (9.2), shown as solid 
and dash lines respectively [4,11,15]. 

Fig. 7. MPM model of an ellipsoidal asperity with axis sizes a = 1 mm, b = 0.25 
mm and c = 0.5 mm sliding across a substrate oriented at β = 30◦ relative to 
sliding direction showing plastic strain ε in OVITO. 

Table 1 
MPM-ploughing model parameters.  

Parameters Symbol Values 

Reference radius of sphere/ellipsoid Ri  0.2 mm 
Semi-cylindrical substrate radius Rs  0.25 mm 
Sliding distance of indenter l  0.6 mm 
Semi-cylindrical substrate length ls  1 mm 
Substrate’s MPM particle cell size rp  5, 10 and 20 μm 
Indenter’s triangulated mesh element size rt  5, 10 and 20 μm 
Sliding velocity of indenter vs  0.1 m/s 
Mass scaling factor ms  1e6  
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F = τbA= 4(fhkκ)r2
p (10.2) 

The parameters for the MPM simulations and material model are 
listed in Tables 1 and 2. The size of the ellipsoidal asperity was varied 
following three different cases. In the first two cases the size of the 
ellipsoid was increased in the sliding direction such that the ellipticity 
ratios ex or ey were 1/4, 2/7, 1/3, 2/5, 1/2, 2/3, 4/5, 1, 5/4, 3/2, 2, 5/2, 
3, 7/2, 4 while value of ey or ex was unity respectively. The final case 
changed ex such that ex = 1/ey. The ellipsoids were oriented at angles β 
between 0◦ to 90◦ with an interval of 7.5◦. Ploughing simulations were 
done with different sizes and orientations to study the effect of asperity 
geometry on the transition between the cutting and ploughing wear 
regimes, results shown in section 4.1. 

3.2. Experimental procedure 

Ploughing experiments were performed using ellipsoidal pins of 
varying sizes and orientations on steel sheets lubricated with a forming 
lubricant. The experiments were done at high loads resulting in a sig-
nificant degree of wear. Then, the wear volume was measured using 
confocal microscopy. The section below elaborates on the test set-up and 
material specimen used in the experiments. 

3.2.1. Test set-up 
The UMT-2 tribometer from Bruker has been adapted to be used for 

performing scratch experiments. The test set up with the ellipsoidal pins 
has been shown in Fig. 8. The test configuration consisted of a carriage 

to apply load in the z-direction, a slider for ploughing in x-direction and 
a stage for motion in y-direction. All the stages are controlled by a drive 
motor for motion in all three directions. The ATI-3D load sensor mea-
sures the applied load in z-axis and friction forces in x and y direction. 
The sensor is mounted on a suspension block to avoid any possible 
sudden changes in load and is connected to the pin/indenter using a pin 
holder and mount. The y-stage is used to mount the sheet specimen using 
clamping bolts. Load controlled tests are performed at loads of 4, 7, 11, 
16, 22, 29, 37 and 46 N. The wear track dimensions are measured under 
a ‘Sensofar’ confocal microscope with the lateral resolutions of 0.26 and 
0.64μm/pixel for 3400 × 2560 pixels, and height scans of 0.2 and 
0.5μm/step at 50x and 20× magnifications respectively. 

3.2.2. Test specimen 
11 types of ellipsoidal pins were designed to study the effect of 

indenter/pin size and orientation on wear volume. The lengths of the 
axes for eight of the pins were 0.25, 0.333, 0.417, 0.5, 0.6, 0.75, 1 and 2 
mm in one direction and 0.5 mm in the perpendicular direction. The 
lengths of the axes for three other pins were 0.25, 0.3 and 0.375 mm in 
one direction and 1, 0.833 and 0.667 mm in the perpendicular direction. 
The ellipsoidal pins were marked for orientation angle β with intervals of 
15◦ between the marking for the two axes (Fig. 8a). The manufacturing 
tolerance in the axes lengths were 0.025–0.05 mm. The average surface 
roughness Ra of the pins varied from 0.5 to 1 μm. The ellipsoidal pins 
were manufactured by high precision milling and grinding of D2 tool 
steel DIN1.2379. Prior to the experiments, heat treatment of the pins 
was done to obtain a hardness of 62 ± 2 HRC (7.316 GPa). Spherical 
chrome steel balls ISO 3290 grade 100 were mounted on tip of pin 
holders used for scratch test characterization of the degree of wear as a 
function of the degree of penetration as mentioned in section 2.2. The 
diameters of the spherical balls were 0.3, 0.4, 0.5, 0.6, 0.7, 0.8 and 3 
mm. Conical pins also made up of D2 tool steel DIN1.2379 were hard-
ened and then finished with a spherical tip by grinding and polishing to 
obtain even smaller diameters of 0.1 and 0.2 mm. The spherical tips had 
average surface roughness of 0.1 μm DX56 steel sheets were mirror 
polished to an average surface roughness of 0.01 μm using fine grit 
diamond suspension in an automatic lapping machine. The DX56 steel 
sheets were lubricated with ‘Quaker Ferrocoat N136’ oil prior to the 
scratch tests. 

Table 2 
MPM material model (rigid-plastic) parameters for steel used in analytical 
validation.  

Parameters Symbol Values 

Substrate and indenter material density ρ  7900 kg/m3 

Substrate and indenter specific heat capacity cp  502 J/(kg K) 
Substrate and indenter thermal conductivity κ  502 W/(m K) 
Young’s Modulus of substrate E  210 GPa 
Poisson’s ratio of the substrate ν  0.3 
Initial yield stress of the substrate σy  150 MPa 
Interfacial friction factor fhk  0, 0.45  

Fig. 8. The image of the (a) ellipsoidal pins and (b) in sliding contact with lubricated steel sheet mounted on a (c) UMT-2 tribometer used as a scratch test-set up with 
its (d) corresponding schematic diagram. 
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4. Results and discussion 

This section characterizes the degree of wear for the lubricated steel 
substrate. Comparison of the analytical model results of wear regime 
and wear volume is also done with the results obtained from simulations 
and experiments respectively. The theoretical transition from ploughing 
to cutting wear based on equations (7.1) and (7.2) is compared with that 
obtained from the MPM ploughing simulations on a rigid-plastic sub-
strate. The wear volumes obtained for the scratch experiments have 
been plotted as a function of applied load, ellipticity ratio and orienta-
tion relative to the sliding direction. Fitting factor p (q = 1 is constant) is 
varied for different loads, asperity sizes and orientations to compute the 
wear profile, wear volume and wear mode. 

4.1. Transition from ploughing to cutting wear mode 

As the asperity slides over the substrate particles, depending on the 
geometry and attack angle of the asperity with respect to the deformed 
(piled-up) substrate, there is either ploughing or cutting. In ploughing, 
the substrate particles piles-up in front/around the asperity and then 
suppressed into the groove/ridge as the asperity slides through the 
substrate. This displacement of the piled-up particles in the wear 
groove/ridge without being removed from the sliding track is repre-
sentative of the ploughing wear mode. On the other hand, cutting wear 
mode is represented when the pile-up height keeps increasing as the 
piled-up particles keep accumulating in front of the asperity to form 
continuous chips and are removed from the wear track, see Fig. 9a. The 
particles are removed as chips from the ridge in the cross-section as 
shown in Fig. 9b. 

The attack angles for spherical and ellipsoidal asperities are calcu-
lated using equations (6.2) and (6.3) respectively for the analytical and 
the MPM models from average ploughing depth d′and the corresponding 
contact length axx at contact point G along the xaxis (Fig. 2b). Here, the 
average ploughing depth d′

p of the substrate is calculated as the sum of 
the frontal pile-up height hc

pu and the groove depth dg (Fig. 3D) using 
equation 2.3 (taking factor p < 0). Theoretically, the transition between 
ploughing and cutting wear modes occurs at an attack angle of 
γcu

pl = γT = 22.5◦ as calculated from equation (7.1) for fhk = 0, inde-
pendent of load and asperity geometry. The attack angles obtained from 
the analytical model and the MPM model are plotted in Fig. 10 as a 
function of the applied load (for a spherical asperity), ellipsoidal 
asperity’s size and orientation, highlighting the transitional attack angle 
and the corresponding wear modes. 

The theoretical transitional attack angle γT = 22.5◦ corresponds to 
the penetration depth for applied load FT = 4.1N  for spherical asperity, 
ellipticity ratios of eT

x = 0.77 and eT
y = 0.48 for ellipsoidal asperities with 

reference radius c = 0.2mm, and orientation angle β = 0◦ and orienta-
tion angle βT = 36◦ for an ellipsoidal asperity with c = 0.2mm, ex = 2.5 

and ey = 1/ex at an applied load of 1 N as shown in Fig. 10a, b, 10c and 
10d respectively. The increase in load and the decrease in ellipticity 
ratio and hence the asperity size increases its penetration depth 
following equation 2 resulting in higher attack angle and cutting wear 
mode as shown in Fig. 10a, b and 10c. If the ellipticity ratio ex (axis size) 
of the asperity decreases in the sliding direction, the decrease in contact 
length axx and hence the increase in attack angle is more compared to 
the decrease in ey following equation (6.3) (β = 0◦). Hence eT

x is higher 
than eT

y as shown in Fig. 10b and c. In Fig. 10d, the attack angle increases 
with increase in orientation angle β due to the decrease in the contact 
length along the sliding direction, x-axis (see axxin Fig. 2 and equation 
(6.3)). 

The ploughing depths and hence the attack angles obtained from 
MPM simulation γMPM follows those obtained from the analytical model 
for most values of applied loads, ellipticity ratios and orientation angle 
as shown in Fig. 10a–d. However, the onset of cutting in the MPM 
simulation is marked by the formation of chips as shown in Fig. 9 where 
the total ploughing depth drastically increases due to the increase in 
pile-up height of the chip. This drastic increase in total ploughing depth 
and hence the attack angle in MPM simulations in cutting is well above 
the attack angle in cutting as calculated by the analytical model as seen 
in Fig. 10b, d. Hence the onset of cutting in MPM simulations occurs 
above the transitional attack angle γT

MPM̃37◦, which is more than the 
theoretical γT, as shown in Fig. 10. Both the transitional attack angles 
γTand γT

MPM for ellipsoidal and spherical asperities independently sliding 
on rigid-plastic, undeformed substrate is higher than that observed in 
erosion and abrasion with much angular/sharp asperities, with inter-
acting wear grooves, with work hardening materials and grinding ap-
plications [40–46]. 

4.2. Experimental wear results 

Ploughing experiments were done (repeated three times) using both 
spherical indenters and ellipsoidal indenters on lubricated steel sheets 
for characterizing the degree of wear and the cutting wear volume 
respectively. The expression (equation (11.1)) for the experimentally 
characterized degree of wear was implemented in the analytical model 
given in section 2 and the wear volume obtained from the analytical 
wear model was compared with the results obtained from the sliding 
experiments done using elliptical indenters. The hardness H of the DX56 
steel substrate was measured by nano-indentation to be 1.2 GPa. The 
superscript ‘E’ and ‘A’ corresponds to experimental and analytical re-
sults respectively in section 4.2.2. 

4.2.1. Relationship between degree of wear and degree of penetration 
Ploughing experiments were done using pins with spherical balls 

mounted at the tip. By varying the radius of the spherical ball, applied 
load and hence the penetration depth, the degree of penetration varied 

Fig. 9. Transition to cutting wear mode obtained from the MPM simulation marked by chip formation as shown in cross sections with (a) sliding x direction, xz plane 
and (b) the profile of the wear track, yz plane. 
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from 0.01 to 0.6. The subsequent wear tracks were studied under a 
confocal microscope to compute the degree of wear from the measured 
areas of the worn groove and the piled-up peripheral ridges (equation 
(9.1)). The degree of wear is plotted against the degree of penetration in 
Fig. 11. The degree of wear ξ for the DX56 steel sheet shows unstable 
behaviour at degree of penetration Dp higher than 0.3 (Fig. 11) as also 
observed with nodular cast iron (Fig. 6). The large fluctuations and 
underestimation of the ξ in cutting wear mode is explained due to 
adhesion of chips resulting in continuous chip formation as opposed to 
the more stable formation of small flakes removed from the surface at 
low Dp observed in the scratch experiments with in-situ scanning elec-
tron microscope setup in Refs. [4,15]. The plotted points in Fig. 11 were 
fitted with equation (9.2) for the stable wear region to obtain parameters 
C1 = 0.26,C2 = 13.9,C3 = 2.5 and C4 = 0.3. 

The degree of penetration for the tests done using spherical pins on 
lubricated DX56 steel sheets has been calculated from the contact length 
and ploughing depth using equation (5.1). The coefficients for the 
relationship between the degree of wear and the degree of penetration is 
fitted into equation (9.2) to obtain 11.1. Using the measured hardness H 
and elastic modulus E of the steel, the maximum degree of penetration 
ξm is calculated using equation (11.2) [15]. 

ξ= 0.26 tanh
(
13.9Dp − 2.5

)
+ 0.3 (11.1)  

ξm = 8.8
H
E
+ 0.65 = 0.701 (11.2)  

4.2.2. Effect of asperity geometry on wear volume 
The worn steel surface is observed using the confocal microscope, 

explained in section 3.2.1, at 20x (figure 12d) to 50x (Fig. 12a–c) 
magnification. The height of the ploughed surface is shown in Fig. 12a–d 
for angle of orientation β = 0◦, 30◦,60◦ and 90◦ relative to sliding di-
rection of an indenter with an ellipsoidal tip of size a = 1mm, b =

0.25mm and c = 0.5mm (see Figs. 7, 8a and 8b). The groove depth of 
the wear track is shown to decrease while the width of the wear track 
increases with the increase of angle β (equation (3.2)). The material 
removed from the groove is detached as chips and also partially accu-
mulated at its periphery on the ridges in the wear track resulting in a 
ridge area smaller than the groove area, as shown in Fig. 12e for a wear 
track cross-section. The measured wear volume is averaged over 3 such 
cross-sections. 

As shown in Fig. 12, the pile-up in front of the asperity increases with 
the increase in angle of orientation relative to sliding direction β from 0◦

to 90◦ (equation (3.1)). The increase in pile-up corresponds to the in-
crease in the projection of the contact area perpendicular to the sliding 
direction which resists the plastic flow of the ploughed substrate. For 
angle β ∈ (0◦,90◦), the pile-up in front of the sliding asperity is asym-
metric due to the asymmetry in plastic flow on either side of the asperity 
as shown in Fig. 4a and expressed using equations (3.1) and (4.1) 
(section 2.1). The pile-up in front of the sliding asperity is related to the 

Fig. 10. Effect of (a) load, (b) asperity size in x-axis, (c) y-axis, (d) orientation relative to sliding at 1 N on the attack angle and the resulting wear mode as obtained 
using analytical model with factor p = − 0.125 and MPM-based ploughing model for asperity size c = 0.2mm (a) ex, ey = 1 and (d) ex = 2.5, ey = 0.4. 

Fig. 11. Degree of wear vs degree of penetration for sliding spherical tip pins of 
varying sizes on Quaker oil lubricated DX65 steel surface obtained by fitting 
experimental results (* marks) with equation (9.2). 
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plastic strain (displacement) of the ploughed substrate. The increase in 
the strain in the pile-up substrate beyond the failure plastic strain results 
in wear of the ploughed asperity as the pile-up substrate is removed/ 
detached from the substrate as chips. An asymmetric pile-up on the 
periphery of the asperity for β ∈ (0◦, 90◦) results in the initiation of wear 
of the substrate material as substrate material is removed from one side 
of the ploughed track. As the orientation of the asperity changes from 0◦

to 90◦, the wear in the substrate extends and propagates to the other side 
of the ploughed track resulting in material removal from the entire 
ploughed track. The wear follows from the change in pile-up height 
profile and the subsequent plastic strain in the substrate material with 

orientation angle as shown in Fig. 4a. The increase in the material 
removal region of the ploughed track with orientation angle β can be 
seen in its height profile in Fig. 12a–d. The area of the groove Ag and side 
ridges As in worn cross-section is shown in Fig. 12e. 

The increase in the region of the ploughed track contributing to 
material removal with increase in angle of orientation β results in an 
increase in wear volume (per unit sliding length) Φ with angle β for the 
ellipsoidal asperity with axes a = 1mm and b = 0.25mm sliding through 
steel sheet under loads of 16 N and 22 N as shown in Fig. 13. The in-
crease in wear volume with the angle β follows the increase in the area of 
the cross-section of the groove with angle β as also evident from 

Fig. 12. Confocal image of the ploughed track showing surface height distribution of a substrate ploughed by 22N load using an ellipsoidal asperity of axes size a =

1mm, b = 0.25mm and c = 0.5mm orientated at angle with respect to sliding direction (a) β = 0◦, (b) β = 30◦ (c) β = 60◦ at 50x and (d) β = 90◦ at 20× magni-
fication. (e) Calculation of wear volume from a given cross-section of the wear track for β = 60◦. 

Fig. 13. Wear volume per unit sliding distance ob-
tained from the analytical model and experiments 
done with ellipsoidal asperities under applied loads of 
16 N and 22 N as a function of (a) angle of orientation 
β relative to sliding (x− )direction for asperity size a =

1mm, b = 0.25mm and c = 0.5mm (see Figs. 7 and 
8a) fitting factors p = 0.0417 and p = 0.0625; and as 
a function of (b) ellipticity ratio ex with c = b =

0.5mm fitting factors p = 0.5 and p = 0.25, respec-
tively in the analytical model for 16 N and 22 N loads.   
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equations 8 and 9. Likewise the wear volume increases with decrease in 
the ellipticity ratio ex. The penetration depth increases with a decrease 
in the size and ellipticity ratio of the sliding pin. Although the contact 
length decreases for the same penetration depth with varying ex, the 
groove depth and the degree of penetration increases, resulting in an 
increase in the degree of penetration and hence the wear volume. The 
difference in wear volume for applied loads of 16 N and 22 N increases 
with increase in angle β and decrease in ellipticity ratio ex. This is 
because the groove depth and the degree of penetration increases further 
for higher penetration (loads) in an ellipsoidal asperity. 

Ellipsoidal pins with varying ellipticity ratios ex/ey were also slid on 
the lubricated steel sheet at orientation relative to the sliding direction β 
varying from 0◦ to 90◦. The wear volume for all the ellipticity ratios of 
the pins increased with increase in angle β. However, the wear volume 
for pins with higher ellipticity ratio (ex/ey = 4) is lower compared to the 
wear volume for pins with lower ellipticity ratio (ex/ ey = 1.8) for β =

0◦. The difference in the wear volume for the ellipsoidal pins decreases 
with increase in the angle β until 22.5◦. For β > 22.5◦, the difference in 
wear volume increases with β with the wear volume, with the pin with 
higher ellipticity ratio (ex/ey = 4) is higher than the wear volume with 
the pin with lower ellipticity ratio (ex/ey = 16/9). The variation in wear 
volume follows the variation in the degree of penetration for the ellip-
soidal pins sliding through the steel sheet. For highly elliptic pins sliding 
at an orientation β = 00, the degree of penetration is minimum 
compared to pins with low ellipticity. As the orientation increases to-
wards β = 90◦, the degree of penetration for pins with high ellipticity is 
maximized compared to pins with lower ellipticity due to the decrease in 
contact length along sliding direction and the increased pile-up height 
due to the increase in the contact area (length) perpendicular to sliding 
direction. From Fig. 14 it can be seen that the developed analytical wear 
model predicts the wear volume in close agreement with the wear vol-
ume obtained from independently performed scratch experiments with 
varying ellipticity ratio and orientation relative to the sliding direction 
of the elliptical pins. 

Fig. 15 shows the variation in measured wear volume as a function of 
the asperity size given in terms of the ellipticity ratios (ex, ey). The 
ellipticity ratio along sliding direction ex is varied, keeping ey constant 
and the ellipticity ratio ey is varied keeping ex constant for scratch ex-
periments and the analytical wear model. It can be seen that for ellip-
ticity ratios smaller than unity the wear volume increases more for 
ellipsoidal pins with decrease in ex as compared to ey. This is because the 

degree of penetration for ellipsoidal pins with a given ex < 1 is lower 
than the ellipsoidal pin with the same given ey < 1. The pile-up height is 
higher for ellipsoidal pins with ex < 1 than ey < 1as the projected con-
tact length Ly is higher (ey = 1) (see Fig. 2 and equation (3.1)). Hence 
material removed from the groove has higher plastic strain resulting in 
formation of chips. Likewise, for ellipticity ratios greater than unity, the 
wear volume is higher for ellipsoidal pins with ey > 1 as compared to 
ellipsoidal pins with ex > 1 as the projected contact length perpendic-
ular to sliding direction Ly is higher for cases with ey > 1 causing higher 
pile-up and wear. 

The wear volume increases with the applied load as shown in Fig. 16. 
The wear volume has been measured for ellipsoidal pins with ellipticity 
ratios of ex = 0.67 and ex = 0.83. It can be seen that a higher wear 
volume is obtained for the smaller ellipsoidal pin tip (ex = 0.67)
resulting from the higher penetration depths at the given load. A higher 
penetration depth and a smaller contact length along the sliding direc-
tion results in a higher degree of penetration and hence a higher wear 

Fig. 14. Wear volume per unit sliding distance for an applied load of 22 N as a 
function of orientation angle β relative to sliding direction of the ellipsoidal 
asperity with reference radius c = 0.5mm, ellipticity ratios exy = ex/ ey such 
that ex = 1/ey, ey = 0.75, 0.6 and 0.5 (exy ≈ 1.8, 2.8 and 4) obtained from the 
analytical wear model fitting p = 0.083, p = 0.0625 and p = 0.05respectively 
and from the experiments. 

Fig. 15. Wear volume per unit sliding distance for an applied load of 22 N as a 
function of ellipticity ratio ex with ey = 1and a function of ey with ex = 1 with 
c = 0.5mm obtained experimentally and from the analytical wear model fitting 
p = 0.25 and p = 0.167 respectively for cases of varying ex and ey. 

Fig. 16. Wear volume per unit sliding distance as a function of load Fn for 
ellipsoidal asperities with c = 0.5mm and a = 0.83mm (ex = 5/3) and a =

0.67mm (ex = 4/3) obtained experimentally and from the analytical wear 
model fitting p = 0.125 and p = 0.5 respectively for both asperity sizes/ellip-
ticity ratios. 
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volume for the pin with ex = 0.67. At higher loads the analytical model 
predicts a higher wear volume compared to the average wear volume 
obtained from the ploughing experiments. This difference could be 
explained due to the work hardening of the steel substrate during sliding 
of the asperity which is not considered in the analytical model. The work 
hardening results in lowering the plastic strain and therefore the damage 
and formation of worn material. The instability in the experimental wear 
volume at high loads (degree of penetration) seen in Figs. 13–16 is also 
shown in Figs. 6 and 11 and explained due to unstable continuous 
chipping observed in Refs. [4,15]. 

The developed analytical model can be used as a simplistic tool to 
compute material removed in cutting wear. The MPM model which has 
been developed to simulate ploughing also is shown to model material 
removal in form of continuous chips. Therefore, the MPM based 
ploughing model can predict the transition from ploughing to cutting 
wear fairly accurately (see Fig. 9). However, modelling of complete 
material removal as detached chips using the MPM model to be able to 
calculate wear volume requires a comprehensive damage modelling. As 
of now the analytical model using an experimental fit in combination 
with the MPM based ploughing model is in agreement with lines of the 
wear mode diagram [3] and can be used to predict wear regime and 
compute wear volume for cutting wear regimes in uncoated, lubricated 
metallic substrates ploughed by ellipsoidal asperity. The transition be-
tween the ploughing and cutting wear regimes for an ellipsoidal asperity 
can be expressed using equation (12.1) derived from equations (6.3) and 
(7.1). Likewise, the abrasive cutting wear volume for an ellipsoidal 
asperity for an ellipsoidal asperity sliding on a Quaker N136 lubricated, 
DX56 steel substrate can be expressed using equation (12.2) by 
combining equations (8.2), (9.3) and (11.1) in section 2.3 and 4.2.1 
(coefficients of degree of wear from equation (11.1)). 

γe ≥ γcu
pl, wd for cutting wear (12.1)  

where γcu
pl, wd =

(π− arccos fhk)
4 and γe = tan− 1
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cos β

ex

)2
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(
sin β
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1
2

c( + cos φN sin φN + cos φS sin φS − φS − φN)(a cos θN sin β

+ b sin θN cos β)
(
0.26 tanh

(
13.9Dp − 2.5

)
+ 0.3

) (12.2)  

5. Conclusion 

An analytical model has been developed to compute the abrasive 
wear volume due to material removed in cutting during sliding of an 
ellipsoidal pin on a lubricated steel substrate. The analytical model in-
cludes the function between the degree of wear and degree of penetra-
tion experimentally characterized using spherical pins with different 
radii slid on lubricated steel sheets under varying loads. Further a MPM 
based ploughing model is used to validate the transition between 
ploughing and cutting wear regimes given by the analytical model. The 
wear volume obtained by the analytical model is also validated using 
experimentally obtained results of wear volume for ellipsoidal pins 
sliding through a lubricated steel substrate with varying ellipticity ra-
tios, orientation relative to sliding velocity and applied normal loads. 
The analytical wear model shows fairly good agreement with the 
experimental results. 
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