
Jorine Adinda Vermeulen

Diagnostic Mathematics Assessment

in the Third Grade





565914-L-sub01-bw-Vermeulen565914-L-sub01-bw-Vermeulen565914-L-sub01-bw-Vermeulen565914-L-sub01-bw-Vermeulen
Processed on: 7-9-2021Processed on: 7-9-2021Processed on: 7-9-2021Processed on: 7-9-2021 PDF page: 1PDF page: 1PDF page: 1PDF page: 1

 

 

Diagnostic Mathematics Assessment 
in the Third Grade 

 

Jorine Adinda Vermeulen 
 



565914-L-sub01-bw-Vermeulen565914-L-sub01-bw-Vermeulen565914-L-sub01-bw-Vermeulen565914-L-sub01-bw-Vermeulen
Processed on: 7-9-2021Processed on: 7-9-2021Processed on: 7-9-2021Processed on: 7-9-2021 PDF page: 2PDF page: 2PDF page: 2PDF page: 2

 

 
  

 

 

 

DIAGNOSTIC MATHEMATICS ASSESSMENT IN THE THIRD 
GRADE 

DISSERTATION 

to obtain 

the degree of doctor at the Universiteit Twente, 

on the authority of the rector magnificus, 

prof. dr. ir. A. Veldkamp, 

on account of the decision of the Doctorate Board 

to be publicly defended 

on Wednesday 6 October 2021 at 12.45 hours 

by 

Jorine Adinda Vermeulen 

born on the 12th of October, 1986 

in Tilburg, The Netherlands 

 



565914-L-sub01-bw-Vermeulen565914-L-sub01-bw-Vermeulen565914-L-sub01-bw-Vermeulen565914-L-sub01-bw-Vermeulen
Processed on: 7-9-2021Processed on: 7-9-2021Processed on: 7-9-2021Processed on: 7-9-2021 PDF page: 3PDF page: 3PDF page: 3PDF page: 3

 

 
  

 

 

 

DIAGNOSTIC MATHEMATICS ASSESSMENT IN THE THIRD 
GRADE 

DISSERTATION 

to obtain 

the degree of doctor at the Universiteit Twente, 

on the authority of the rector magnificus, 

prof. dr. ir. A. Veldkamp, 

on account of the decision of the Doctorate Board 

to be publicly defended 

on Wednesday 6 October 2021 at 12.45 hours 

by 

Jorine Adinda Vermeulen 

born on the 12th of October, 1986 

in Tilburg, The Netherlands 

 



565914-L-sub01-bw-Vermeulen565914-L-sub01-bw-Vermeulen565914-L-sub01-bw-Vermeulen565914-L-sub01-bw-Vermeulen
Processed on: 7-9-2021Processed on: 7-9-2021Processed on: 7-9-2021Processed on: 7-9-2021 PDF page: 4PDF page: 4PDF page: 4PDF page: 4

 

 

This dissertation has been approved by: 

Supervisor 

prof. dr. ir. T.J.H.M. Eggen  

 

Co-supervisor 

dr. A. Béguin  

 

This dissertation was supported by a grant from the Netherlands 
Organisation for Scientific Research  
(NWO MaGW/PROO: Project 411-10-750). 

Cover-design Jorine A. Vermeulen 

Lay-out Jorine A. Vermeulen 

Printed by Ipskamp 

ISBN 978-90-365-5229-5 

DOI 10.3990/1.9789036552295 

  

©Jorine Vermeulen, 2021. All rights reserved. No parts of this thesis may 
be reproduced, stored in a retrieval system, or transmitted in any form 
or by any means without permission of the author.  

  
 

 

GRADUATION COMMITTEE 

Chair/ secretary: prof. dr. T.A.J. Toonen 

Supervisor prof. dr. ir. T.J.H.M. Eggen 

Co-supervisor dr. A.A. Béguin 

Members prof. dr. ir. B.P. Veldkamp, University of Twente 

 prof. dr. K. Schildkamp, University of Twente 

 prof. dr. P. Drijvers, Utrecht University 

 
prof. dr. M.A.H.M. Van den Heuvel-Panhuizen, 
Nord University Norway 

 dr. M. Hickendorff, Leiden University 

 dr. S. Wools, Cito 

 

 

 



565914-L-sub01-bw-Vermeulen565914-L-sub01-bw-Vermeulen565914-L-sub01-bw-Vermeulen565914-L-sub01-bw-Vermeulen
Processed on: 7-9-2021Processed on: 7-9-2021Processed on: 7-9-2021Processed on: 7-9-2021 PDF page: 5PDF page: 5PDF page: 5PDF page: 5

 

 

This dissertation has been approved by: 

Supervisor 

prof. dr. ir. T.J.H.M. Eggen  

 

Co-supervisor 

dr. A. Béguin  

 

This dissertation was supported by a grant from the Netherlands 
Organisation for Scientific Research  
(NWO MaGW/PROO: Project 411-10-750). 

Cover-design Jorine A. Vermeulen 

Lay-out Jorine A. Vermeulen 

Printed by Ipskamp 

ISBN 978-90-365-5229-5 

DOI 10.3990/1.9789036552295 

  

©Jorine Vermeulen, 2021. All rights reserved. No parts of this thesis may 
be reproduced, stored in a retrieval system, or transmitted in any form 
or by any means without permission of the author.  

  
 

 

GRADUATION COMMITTEE 

Chair/ secretary: prof. dr. T.A.J. Toonen 

Supervisor prof. dr. ir. T.J.H.M. Eggen 

Co-supervisor dr. A.A. Béguin 

Members prof. dr. ir. B.P. Veldkamp, University of Twente 

 prof. dr. K. Schildkamp, University of Twente 

 prof. dr. P. Drijvers, Utrecht University 

 
prof. dr. M.A.H.M. Van den Heuvel-Panhuizen, 
Nord University Norway 

 dr. M. Hickendorff, Leiden University 

 dr. S. Wools, Cito 

 

 

 



565914-L-sub01-bw-Vermeulen565914-L-sub01-bw-Vermeulen565914-L-sub01-bw-Vermeulen565914-L-sub01-bw-Vermeulen
Processed on: 7-9-2021Processed on: 7-9-2021Processed on: 7-9-2021Processed on: 7-9-2021 PDF page: 6PDF page: 6PDF page: 6PDF page: 6

 

 

  

 

 

  

““WWhheenn  mmaakkiinngg  aa  jjoouurrnneeyy  wwee  mmaayy  ssttaarrtt  oouutt  wwiitthh  
aa  wweellll--ccoonnssiiddeerreedd  ttrraavveell  ppllaann..  NNeevveerrtthheelleessss,,  oouurr  
aaccttuuaall  jjoouurrnneeyy  wwiillll  ddiiffffeerr  ffrroomm  tthhiiss  ppllaann  bbeeccaauussee  

cciirrccuummssttaanncceess  tthhaatt  wwee  mmeeeett  dduurriinngg  oouurr  
jjoouurrnneeyy..””  

(Gravemeijer, Bowers, & Stephan, 2003, p. 55).
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Chapter 1 

Introduction 
The use of diagnostic assessment in mainstream education originates 

from its use in special education. Originally diagnostic assessment was 
used to identify special educational needs (Bejar, 1984; Crisp, 2012; Meijer, 
2003; Stobart, 2008). Diagnostic assessment was used in a cyclic process 
in which learning difficulties were observed, hypotheses were formulated, 
and subsequently tested with diagnostic instruments (de Bruyn, 
Ruijssenaars, Pameijer, & van Aarle, 2003). Educational policies concerning 
inclusive education stimulated teachers in mainstream schools to adjust 
their teaching to the educational needs of all their students (Meijer, 2003). 
Currently, diagnostic assessment is being used in mainstream education to 
resolve temporary learning difficulties caused by misalignment between the 
learning goals of the curriculum and student learning (van Groenestijn, 
Borghouts, & Janssen, 2011). In the Netherlands, this diagnostic teaching 
approach is called handelingsgericht werken, which involves a cyclic 
process of observing, understanding students’ educational needs, planning, 
and evaluating instructional adjustments.  

Internationally, various terms are used for using assessment data to 
make instructional adjustments aimed at resolving misalignment between 
learning goals and students’ actual learning. Most frequently used terms 
are assessment for learning, data-based decision making, and diagnostic 
assessment (Black & Wiliam, 1998; 2009; Keeley & Tobey, 2011; van der 
Kleij, Vermeulen, Schildkamp, & Eggen 2015; Stobart, 2008; Wiliam, 2011). 
Recently, new terms such as responsive teaching have been introduced 
(Fletcher-Wood, 2018). All these terms can be viewed as an approach to 
formative assessment (Bennett, 2015; van der Kleij et al., 2015). 
Approaches like assessment for learning and data-based decision making 
differ from diagnostic assessment in terms of the type of formative decisions 
being made and the characteristics of assessment data being used (van der 
Kleij et al., 2015). Due to its origin in special education, diagnostic 
assessment is often focused at assessing very domain-specific educational 
needs of individual students, while other approaches focus more on 
classroom or school level decisions.  

Formative use of educational assessment is often contrasted with 
summative use of assessment. Summative use of assessment data includes 
making pass/fail or mastery decisions, which are usually part of selection, 
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classification, and certification processes. Formative decisions are often 
part of short and frequent feedback cycles aimed at closing the gap between 
observed and intended learning (Heritage, 2007 in Haghi, 2015; see 
Figure 1.1), while summative decisions regard long term decisions 
(Sanders, 2011; van der Kleij et al., 2015). Note that, the assessment 
instruments are not regarded formative or summative, the distinction 
between formative and summative refers to how the assessment data are 
being used (Bennett, 2011; 2015; van der Kleij et al., 2015). Nevertheless, 
assessments can be designed for a specific purpose, resulting in data that 
are better tailored to support either formative or summative decisions.  

In this dissertation, the focus is on designing cognitive diagnostic 
assessment (CDA) tasks for formative use. CDA aims to understand and 
promote students’ thinking, cognitive strengths, and weaknesses (Keeley & 
Tobey, 2011; Leighton & Gierl, 2007b; Nichols, 1994; Nichols, Chipman, & 
Brennan, 1995). Students’ thinking cannot be observed directly. Tasks need 
to be specifically designed so that the collected response behaviour is 
indicative of students’ thinking (Leighton & Gierl, 2007a; 2007b). This 
means that the emphasis is on assessing how students use their knowledge 
while solving tasks. Figure 1.1 illustrates that diagnostic tasks aim to be 
used to elicit evidence of student learning. Diagnostic tasks and frameworks 
are used to test diagnostic hypotheses and gather information about 
students’ specific educational needs. In this context learning is defined as 
changes in students’ thinking. To interpret students’ response behaviour in 
terms of their thinking diagnostic frameworks are needed to analyse the 
assessment data (Leighton & Gierl, 2007a; Rupp, Gustha, Mislevy, & 
Shaffer, 2010). When a teacher observes misalignment between expected 
and actual learning, specific diagnostic hypotheses can be created based on 
assessment data available from non-diagnostic assessments. CDA can be 
seen as a cyclic process within the formative cycle in which the teacher 
gathers more and more specific data to explain and resolve the learning gap.   
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1. The Need for Diagnostic Mathematics Assessment 

The general need for diagnostic assessment stems from its benefits in 
comparison to the characteristics of existing assessment methods. 
Although teachers have access to various types of assessment data, the 
Dutch Inspectorate of Education found that teachers rarely change their 
teaching based on the data available from tests and classroom assessments 
(Ledoux et al., 2009; Timminga & Swanborn, 2010). Literature on formative 
use of assessment, frequently mentions two explanations for why teachers 
rarely use assessment data to alter instruction. Firstly, available 
assessment instruments – such as standardised norm-referenced tests – do 
not result in diagnostic information that is required to make effective 
formative decisions (Huff & Goodman, 2007; Leighton, Gokiert, Cor, & 
Heffernan, 2010). Secondly, it has been found that many teachers lack the 
required assessment literacy (Carless, 2007; Schildkamp & Teddlie, 2008; 
van der Kleij et al., 2014). Teachers struggle mostly with the interpretation 
and translation of data into formative actions (Scheerens, Glas, & Thomas, 
2003; Van der Kleij & Eggen, 2013; Riccomini, 2005; Wayman, 2005). 
Similarily, Bennett (2015) argues that teachers need support in asking the 
right diagnostic questions:  

“Without thoughtful instrumentation - that is, well-informed 
domain-based questions and guidance as to how to interpret 
student responses - the formative process too easily devolves into 
a substantively empty exercise (e.g. asking superficial questions, 
and giving uninformed feedback)” (Bennett, 2015, p.378).  

Diagnostic assessment in mathematics focuses on collecting data about 
students’ mathematical thinking (Wiliam, 2005). Mathematical thinking is 
defined as the collection of cognitive processes active while solving a 
mathematical task (Breen & O’Shea, 2010). In these cognitive processes 
students use procedural, conceptual, and declarative mathematical 
knowledge to solve tasks (Rittle-Johnson, 2017; Voutsina, 2011). Because 
students’ mathematical thinking cannot be observed directly it must be 
inferred from their response behaviour when solving tasks (Leighton & 
Gierl, 2007a; 2007b; Rupp, Gushta et al., 2010). This means that the design 
of diagnostic assessment requires mathematical tasks that result in 
response behaviour that can be interpreted in terms of the mathematical 
knowledge being used.  

Regarding mathematics education there are two arguments for the need 
of diagnostic assessment. Firstly, in 2009, KNAW concluded that 
mathematical proficiency of Dutch students in all domains needs to 
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increase. To achieve this increase, they recommended focusing on teacher 
professionalisation so that teachers’ interaction with students improves. 
Interaction is one of the key instructional components of mathematics 
teaching (KNAW, 2009; Rittle-Johnson, 2017). It is argued that students’ 
mathematical thinking will improve by verbalising strategy use, and 
reasoning about the effectiveness of solution strategies in certain contexts 
(van Groenestijn et al., 2011). Because diagnostic assessment aims to 
assess students’ mathematical thinking it has the potential to improve 
teacher-student interaction, and thereby it might improve students’ 
proficiency. 

Secondly, diagnostic mathematical assessment can help teachers to 
differentiate their teaching based on individual differences in mathematical 
thinking. Several international studies found differences in strategy use 
between students at different mathematical ability levels (e.g. Baroody & 
Dowker, 2003; Beishuizen, 1993; Dowker, 2005; Geary, Hoard, Nugent & 
Byrd-Craven, 2008; Hop, Janssen, Hemker, van Weerden, & van Til, 2012; 
Kraemer, 2009; 2011). For example, derived-facts strategies –like 
subtraction by addition– are more frequently used by highly skilled 
students (Baroody & Dowker, 2003; Dowker, 2014). Strategy use does not, 
however, solely differ between students, but also differ between individual 
students’ trials (Dowker, 2005; Siegler, 1996). In other words, teachers need 
diagnostic assessment data on individual differences and a framework to 
interpret these data in terms of students’ mathematical development. 
Diagnostic assessment is designed in such a way that tasks and 
assessment data are embedded in a domain-specific learning trajectory 
supported by empirical evidence (Leighton & Gierl, 2007a; 2007b; Rupp, 
Gushta et al., 2010). Therefore, diagnostic data inform teachers about 
students’ educational needs in such a way that it helps teachers to 
differentiate their instruction based on individual differences in 
mathematical thinking.  

2. Improving Classroom Assessment  

This PhD-project is part of the Improvement Classroom Assessment (ICA) 
project. Classroom assessment is a term used for teacher-designed 
assessments, which are often associated with assessment for learning 
practices. When using classroom assessment, teachers decide when, how, 
and what is being assessed (Veldhuis & van den Heuvel-Panhuizen, 2019). 
As part of the ICA-project, a survey study into teachers’ mathematical 
assessment practice in Dutch primary schools was done (Veldhuis, van den 
Heuvel-Panhuizen, Vermeulen, & Eggen, 2013). Teachers reported to use a 
variety of assessment methods, but mostly used textbook tests and large-
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increase. To achieve this increase, they recommended focusing on teacher 
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and what is being assessed (Veldhuis & van den Heuvel-Panhuizen, 2019). 
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scale norm-referenced pupil monitoring tests (leerlingvolgsysteem toetsen). 
Additionally, most teachers reported to use diagnostic assessment on a 
weekly basis to investigate error causes (Veldhuis et al., 2013). In this 
study, however, no specific data was collected about teachers’ formative use 
of diagnostic instruments. For example, teachers reported to adapt 
instruction, but it is unknown if and how they used their investigation of 
error causes to adapt their instruction. 

Furthermore, Veldhuis (2015) studied the design and use of assessment 
techniques in third grade mathematics. Classroom assessment techniques 
include asking questions, quizzes, and written assignments. Veldhuis 
(2015) aimed to contribute to improving classroom assessment by training 
teachers in the design and use of classroom assessment techniques. This 
PhD-project aims to contribute to classroom assessment by designing and 
evaluating diagnostic tasks in third grade multi-digit addition and 
subtraction. More specifically, the studies in this dissertation aim to 
contribute to the research questions below. In Sections 3 and 4 the focus 
of this PhD-project is specified.  

Research questions 

1. What kind of response behaviour is considered diagnostically relevant 

for formative decision making in third grade mathematics? 

2. What features should diagnostic tasks have to obtain response 

behaviour that is considered relevant for teachers’ formative decision 

making in third grade mathematics? 

3. Response Behaviour and Mathematical Thinking 

Response behaviour is more than students’ written or oral numerical 
answer to a mathematical task (Rupp et al., 2010). Although the numerical 
answer is often the outcome of a solution process, diagnostic information 
can be found in data about the process that leads to that solution. This 
means that response behaviour can also include observations of students’ 
interaction with mathematical materials and models, their use of scrap 
paper, and their thoughts during the solutions process. Even response 
times and eye movements can be viewed as response behaviour that may 
be indicative of students’ mathematical thinking. In diagnostic 
assessments, students’ responses to tasks are not solely scored right or 
wrong (Nichols, 1994; Rupp et al., 2010). Instead, students’ response 
behaviour is analysed in terms of identifying the cognitive processes being 
active during the task. Based on the model of learning underpinning a 
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diagnostic instrument, both outcome and process data from mathematics 
tasks can be analysed and coded in terms of students’ cognitive strengths 
and weaknesses.  

In practise, teachers have limited time and access to instruments to 
observe students’ response behaviour in more detail than just evaluating 
the correctness of an answer. Nevertheless, there are assessment 
techniques teachers can use to assess students’ mathematical thinking and 
subsequently adapt their teaching (Veldhuis, 2015; Fletcher-Wood, 2018). 
For example, during instruction teachers could ask students to explain 
their thought process rather than searching for a student who knows the 
answer. As mentioned above, sharing solution strategies in classroom 
interaction is an important teaching tool in mathematics learning. However, 
students require the language skills to verbalise their strategies. Not all 
students, especially in lower grades, can explain their solution process 
because they are not always aware of the steps they take and might not 
have the language skills to explain their process (Kirk & Ashcraft, 2001; 
Leighton, 2004; Robinson, 2001). Leading a discussion about strategy use 
is a very complex teaching skill. It requires teachers to know their students’ 
abilities and know when to give a student the turn to explain their solution 
(Bell, 1993a; 1993b). Often, there is no time to let all students explain their 
thinking. Novel assessment techniques have been introduced to include all 
students. For example, individual white boards can be used to collect short 
answers from the whole classroom (Keeley & Tobey, 2011; Veldhuis, 2015). 
When the right question is being asked (Bennett, 2015; Wiliam, 2005), the 
teacher gains – in one glance – an overview of students’ understanding. 
Subsequently, based on the information gathered in that moment the 
teacher can make a better-informed decision about which students should 
get the turn to explain their thinking. Knowing the right question to ask is 
what makes this a complex teaching skill (Wiliam, 2005). By studying the 
design of diagnostic instruments, this PhD-project aimed to contribute to 
scientific knowledge about what questions in third grade multi-digit 
addition and subtraction might be the right questions to ask to gain 
information about students’ educational needs.  
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4. Third Grade Addition and Subtraction  

Most Dutch third-grade students use a variation of the jumping strategy 
to solve addition and subtraction problems (Hop et al., 2012; Kraemer, 
2009; 2011). Jumping is a sequential strategy in which students partition 
the addend or subtrahend to add or subtract smaller numbers. For 
example, 83 - 57 =, 83 - 50 = 33, 33 - 3 = 30, 30 - 4 = 26. Besides jumping, 
higher achieving students use decomposition strategies more frequently 
compared to average and low achieving students. In decomposition both 
addends or the subtrahend and minuend are partitioned in units, tens (and 
hundreds) and added or subtracted separately. For example, 83 - 57 =, 
80 - 50 = 30, 3 - 7 = 4 short, 30 - 4 = 26. There are several variations on 
the examples of jumping and decomposition showed above (cf. Kraemer, 
2009; 2011). Furthermore, it was found that decomposition strategies are 
more prone to (systematic) errors than jumping strategies, especially for 
subtraction problems (Hop et al., 2012; Kraemer, 2009; 2011). Based on 
the Dutch Periodic National Assessment (PPON) studies described above, it 
can be assumed that diagnostic assessment data about students’ strategy 
use, errors, and misconceptions have the potential to support classroom 
interaction. In this dissertation, we focused on two types of written response 
behaviour in third grade addition and subtraction: Students’ strategy use 
on the empty number line (ENL) and students’ bridging errors in 
subtraction. Below it is explained why these two lines of research were 
considered relevant. 

4.1 Diagnosing strategy use with the empty number line 

Students’ procedural knowledge progresses from context-related 
informal strategies to abstract formal strategies (Bunck et al., 2017; 
Clements & Sarama, 2004; 2011; Gravemeijer, Bowers, & Stephan, 2003; 
Murphy, 2011; van den Heuvel-Panhuizen, 2003; van Groenenstijn et al., 
2011). It is emphasized that learning to mathematize informal experience 
stimulates the progression to more formal abstract strategies (e.g. Bunck et 
al., 2017; Clements & Sarama, 2011; Gravemeijer et al., 2003; van den 
Heuvel-Panhuizen, 2003; van den Heuvel-Panhuizen & Drijvers, 2014). It is 
argued that this progression to formal strategies is promoted by activities 
in which mathematical experience is visualised (Arcavi, 2003). The ENL is 
a didactical model that is frequently used for promoting mathematisation 
(Murphy, 2011; van Groenenstijn et al., 2011). The ENL is specifically useful 
for visualising jumping strategies. Dutch students are expected to be 
capable of solving multi-digit addition and subtraction problems in the 
number domain up to 1000 at the end of the third grade, possibly, with the 
support of the ENL (van den Heuvel-Panhuizen & Wijers, 2005). Because of 
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the ability of the ENL to capture students’ solution process, it is worthwhile 
to investigate the opportunities for a diagnostic ENL task. This was the 
focus of the first design experiment (see Section 5). 

4.2 Diagnosing bridging errors in subtraction 

Most Dutch third-grade students make the transition from sequential 
jumping strategies to place-value based decomposition strategies (Blöte, 
Klein, & Beishuizen, 2000; Hop et al., 2012; Kraemer, 2009; 2011). When 
students become more fluent in sequential strategies, and once they start 
to grasp the decimal structure of numbers, they are likely to discover 
decomposition strategies (Beishuizen, van Putten, & van Mulken, 1997). As 
mentioned in Section 4.1, decomposition has been found to be more prone 
to systematic subtraction errors, such as the smaller-from-larger error 
(Brown & Burton, 1978). Although the analysis of systematic subtraction 
errors is not a novel research area, research into the design of diagnostic 
items to elicit specific errors in subtraction is relatively new. Understanding 
the item characteristics leading to bridging errors will inform the design of 
diagnostic subtraction items. In the second design experiment, we designed 
and evaluated subtraction items that could elicit three types of bridging 
errors: 

e.g. 43 – 17 = 

1. Smaller from larger. 40 – 10 = 30, 7 – 3 (instead of 3 – 7)= 4, 

30 + 4 = 34. 

2. Smaller from larger and decrementing the tens (or hundreds): 

40 – 10 = 30, notices 3 – 7 requires decrementing the tens: 30 – 10 = 20, 

applying 7 – 3 (instead of 3 – 7) = 4, 20 + 4 = 24. 

3. Forgetting to decrement the tens (or hundreds) after borrowing. 

40 – 10 = 30, (1)3 – 7 = 6, 30 + 6 = 36. 

5. Structure of this Dissertation 

This dissertation reports the results of three empirical studies: One pilot 
study (Chapter 2) and two design experiments (Chapters 3 through 6). As 
explained in Section 4, two lines of research were explored to contribute to 
the two research questions presented in Section 1. Chapters 2 through 4 
focus on using the ENL to diagnose students’ strategy use and Chapters 5 
and 6 focus on diagnosing bridging errors in subtraction. Each study 
focused on gathering different types of response behaviour and diagnosing 
different aspects of mathematical thinking in subtraction and/or addition. 
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Table 1.1 

Structure of This Dissertation by Chapter 

Chapter Research questions Description 
diagnostic tasks 
and response 
behaviour 

2. A diagnostic 
framework for multi-
digit subtraction on 
the empty number 
line 

2.1 What do ENL solutions 
reveal about students’ 
mathematical thinking and their 
educational needs? 

Subtraction items 
and mandatory use 
of the ENL.  

3. Cognitive 
Diagnostic 
Assessment: A 
Comparison between 
a Tablet and a Paper 
Task for Subtraction 
and Addition 

3.1 To what extent is students’ 
strategy use on the ENL affected 
by the two presentation models 
(i.e. paper and tablet)? 

Subtraction and 
addition tablet task 
and paper-and-
pencil task with 
voluntary ENL use. 

4. Task Beliefs and 
the Voluntary use of 
the Empty Number 
Line in Third Grade 
Subtraction and 
Addition 

4.1 To what extent is students’ 
voluntary ENL use predicted by 
students’ mathematical ability, 
gender, and task beliefs about 
the ENL? 

4.2 To what extent are task 
beliefs about the ENL predicted 
by students’ mathematical 
ability? 

4.3 To what extent are task 
beliefs about the ENL predicted 
by students’ gender? 

Subtraction and 
addition tablet task 
and paper-and-
pencil task with 
voluntary ENL use. 
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The specific research questions for each chapter are shown in Table 1.1 The 
explorative study and first design experiment focused on procedural 
knowledge by using the ENL to capture students’ strategy use in 
subtraction and addition. The second design experiment focused on 
conceptual knowledge by diagnosing misconceptions about multi-digit 
numbers by capturing students’ bridging errors. 

The first study was a pilot study at two primary schools. The purpose of 
this study was to explore the diagnostic value of capturing students’ 
strategy use (cq. mathematical thinking) with the ENL. The results of the 
pilot study led to the idea of developing an addition and subtraction tablet 
task that would automatically capture students’ response behaviour on the 
ENL. This application was evaluated in nine third grade classes of six 
schools. Because the use of a tablet could affect students’ response 
behaviour on the ENL, this design experiment focused on comparing 
students’ strategy use on paper and on tablet (see Chapter 3). Based on the 
pilot study it was hypothesized that a diagnostic ENL task with mandatory 
ENL use was not suitable for every student. Therefore, the first design 
experiment also focused on students’ task beliefs about the ENL. The 
results of this second evaluation are presented in Chapter 4. The results of 
Chapters 3 and 4 inspired the design of a diagnostic framework for 
analysing students’ ENL solutions, which is presented in Chapter 2. In 
sum, Chapters 2 and 4 mainly contribute to the first research question 
regarding the relevance of diagnosing students’ strategy use with the ENL. 
Chapter 3 mainly contributes to the second research question regarding the 
task features that are suitable for diagnosing students’ strategy use on the 
ENL.  

Furthermore, the second design experiment focused on diagnosing 
students’ bridging errors. Two prototypes of a diagnostic subtraction task 
were evaluated at 25 schools in 35 third-grade classes. The results of the 
second design experiment are presented in Chapters 5 and 6. Chapter 5 
focuses on the evaluation of various item features, such as open-ended and 
multiple-choice, bare number and context problems as well as several 
number characteristics. So, Chapter 5 primarily contributes to the second 
research question regarding the suitability of task features. Chapter 6 
evaluates how students’ bridging errors are related to their mathematical 
proficiency, which aimed to contribute to the first research question. 
Finally, Chapter 7 summarizes the contributions made to the two research 
questions and presents directions for further design research into 
diagnostic mathematics assessment.  
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ENL. This application was evaluated in nine third grade classes of six 
schools. Because the use of a tablet could affect students’ response 
behaviour on the ENL, this design experiment focused on comparing 
students’ strategy use on paper and on tablet (see Chapter 3). Based on the 
pilot study it was hypothesized that a diagnostic ENL task with mandatory 
ENL use was not suitable for every student. Therefore, the first design 
experiment also focused on students’ task beliefs about the ENL. The 
results of this second evaluation are presented in Chapter 4. The results of 
Chapters 3 and 4 inspired the design of a diagnostic framework for 
analysing students’ ENL solutions, which is presented in Chapter 2. In 
sum, Chapters 2 and 4 mainly contribute to the first research question 
regarding the relevance of diagnosing students’ strategy use with the ENL. 
Chapter 3 mainly contributes to the second research question regarding the 
task features that are suitable for diagnosing students’ strategy use on the 
ENL.  

Furthermore, the second design experiment focused on diagnosing 
students’ bridging errors. Two prototypes of a diagnostic subtraction task 
were evaluated at 25 schools in 35 third-grade classes. The results of the 
second design experiment are presented in Chapters 5 and 6. Chapter 5 
focuses on the evaluation of various item features, such as open-ended and 
multiple-choice, bare number and context problems as well as several 
number characteristics. So, Chapter 5 primarily contributes to the second 
research question regarding the suitability of task features. Chapter 6 
evaluates how students’ bridging errors are related to their mathematical 
proficiency, which aimed to contribute to the first research question. 
Finally, Chapter 7 summarizes the contributions made to the two research 
questions and presents directions for further design research into 
diagnostic mathematics assessment.  
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Table 1.1 (continued) 

Structure of This Dissertation by Chapter 

Chapter Research questions Description 
diagnostic tasks 
and response 
behaviour 

5. Evaluating the 
Characteristics of 
Diagnostic Items for 
Bridging Errors in 
Multi-digit 
Subtraction 

5.1 To what extent is the 
diagnostic capacity of 
subtraction items related to the 
item difficulty and how does this 
relation differ for the item 
characteristics?  

5.2 To what extent can the 
differences in the diagnostic 
capacity of the subtraction items 
be explained by their 
characteristics (i.e., item format, 
answering format, and number 
features)? 

Adaptive subtraction 
task aimed at 
diagnosing bridging 
errors (prototype 1). 

6. Diagnostic 
Assessment in 
Third-Grade 
Subtraction: The 
relation between 
Bridging Errors, 
Number of errors 
and Mathematical 
Ability 

6.1 To what extent are third-
grade students’ number of 
bridging errors (BE) related to 
their mathematical ability? 

6.2 How does this relationship 
differ from the relationship 
between students’ mathematical 
ability and the number of errors 
in general (NE)?  

6.3 How is the relationship 
between BE and mathematical 
ability perceived by third-grade 
teachers? 

Subtraction task 
aimed at diagnosing 
bridging errors 
(prototype 2). 
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Chapter 2 
A Diagnostic Framework for Multi-

digit Subtraction on the Empty 
Number Line 

Abstract 
This study presents a diagnostic framework for multi-digit subtraction 

with the Empty Number Line (ENL). The diagnostic framework focuses on 
different perspectives for analysing ENL solutions and provides suggestions 
for classroom and individual interventions. A literature review resulted in 
three perspectives to analyse ENL solutions: 1. Procedural and conceptual 
knowledge of subtraction; 2. Errors, misconceptions, and self-regulation, 
and 3. Conceptual knowledge of the ENL. Subsequently, the diagnostic 
framework was further refined through the analysis of 600 ENL solutions 
obtained from 30 third grade students and the consultation of two teachers. 
The results showed that the diagnostic framework offers guidelines to 
interpret diagnostic information and plan formative interventions. The ENL 
is in particularly effective for diagnosing self-regulatory errors, but less 
useful for diagnosing systematic errors that are caused by buggy 
algorithms. Possible directions for further research are being discussed.  
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1. Introduction 

In their daily practice, teachers have access to various sources of 
assessment data about students’ problem-solving behaviour. Teachers are 
expected to be able to use these assessment data to diagnose students’ 
individual educational needs and adapt their teaching accordingly (Daro, 
Mosher, & Cocoran, 2011; Gravemeijer et al., 2003; Riccomini, 2005; 
Wiliam, 2005). Although teachers are expected to be able to analyse 
students’ problem-solving behaviour, it has been found that their ability to 
make valid and reliable data-based inferences varies across teachers 
(Carless, 2007; Leighton, Gokiert, Cor, & Heffernan, 2010). The field of 
cognitive diagnostic assessment (CDA) focuses on developing domain-
specific diagnostic frameworks that can be used to make inferences about 
students’ educational needs based on their problem-solving behaviour 
(Leighton & Gierl, 2007a, 2007b; Nichols, 1994; Nichols, Chipman, & 
Brennan, 1995). Empirical research from different fields, like cognitive and 
developmental psychology, and educational assessment are combined with 
contemporary theories about instruction into a framework that can be used 
to score or code students’ response behaviour in meaningful ways.  

According to Keeley and Tobey (2011), diagnostic assessment aims to 
identify types of problem-solving and reasoning, errors, and learning 
difficulties. When these data are used to provide feedback to students or to 
adapt instruction, its purpose becomes formative (Keeley & Tobey, 2011). 
Besides formative assessment, other terms have been used to describe 
using assessment data to promote learning, such as data-based decision 
making, assessment for learning, and diagnostic assessment (Bennett, 
2011; Keeley & Tobey, 2011; Schildkamp & Kuiper, 2010; Stobart, 2008; 
van der Kleij, Vermeulen, Schildkamp, & Eggen, 2015). For a discussion on 
the terminology associated with formative, and diagnostic assessment, we 
refer to papers by Bennett (2011) and van der Kleij et al. (2015).  

The present study focuses on the design of a diagnostic framework for 
formative purposes that uses the empty number line (ENL) to capture 
students’ response behaviour in multi-digit subtraction. The ENL is 
primarily known as a didactical model used in The Netherlands, but it is 
currently also being used in countries such as England and Australia 
(Bobis, 2007; Bobis & Bobis, 2005; Diezmann & Lowrie, 2006; Gravemeijer, 
2004; Murphy, 2011; van den Heuvel-Panhuizen, 2008). Therefore, it is 
expected that the diagnostic framework described in this study is suitable 
for various educational contexts across countries.  

One of the advantage of the ENL – in comparison to thinking-out-loud 
protocols and verbal reports – is that it is a non-verbal method of visualising 
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students’ solution process (Vermeulen, Scheltens & Eggen, 2015). The 
validity of verbal reports relies heavily on students’ language skills to 
explain their solution process (Ashcraft & Kirk, 2001; Leighton, 2004; 
Robinson, 2001). Additionally, the validity of verbal reports also depends on 
teachers’ ability to ask valid questions to diagnose students’ thinking. 
Although the non-verbal aspect of the ENL is a great advantage, the ENL 
has its own limitations. For example, several studies have pointed out that 
the interpretation of ENL solutions is not self-evident and univocal, because 
there are several ways to analyse and interpret students’ problem-solving 
behaviour (Gravemeijer, 2004; Strickland et al., 2005; Teppo & van den 
Heuvel-Panhuizen, 2013). What way works best, depends on the goal of the 
analysis, and the purpose of the decision being made. For that reason, we 
advocate that using the ENL for CDA requires a diagnostic framework. 
Furthermore, the ENL may only visualise parts of students’ solution 
process, because students may choose to do one or more steps mentally 
rather than on the ENL (Bobis & Bobis, 2005).  

The research question being answered in this Chapter is: What do ENL 
solutions reveal about students’ mathematical thinking and their educational 
needs? International literature on multi-digit subtraction and the ENL was 
used to construct a framework to analyse students’ response behaviour on 
the ENL (see Section 2). Subsequently, empirical data was gathered to 
evaluate and update the diagnostic framework by designing formative 
interventions (see Section 4).  

2. Theoretical Framework 

2.1 Multi-digit subtraction with the ENL 

In the Netherlands, students should be able to add and subtract up to 
1000 using a jumping strategy – if necessary, with support of the empty 
number line – at the end of the third grade (Treffers et al., 2000; van den 
Heuvel-Panhuizen & Wijers, 2005). To achieve this goal, it is argued that 
students need to add and subtract up to 100 with conceptual 
understanding. Due to its high association with systematic errors, such as 
the smaller-from-larger error (e.g. 83 - 57 = via 80 - 50 = 30 and 7 - 3 = 4 
(instead of 3 - 7 is 4 short); 30 + 4 = 34), subtraction is viewed as one of the 
most difficult basic operations in primary school education (Kraemer, 2009, 
2011; Riccomini, 2005). For this reason, the present study focuses on 
designing a diagnostic framework for multi-digit subtraction in the number 
domain up to 100.  

It is argued that students’ problem-solving behaviour progresses from 
context-related informal strategies to the use of abstract formal strategies 
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(Bunck et al., 2017; Clements & Sarama, 2004; 2011; Gravemeijer, Bowers, 
& Stephan, 2003; Murphy, 2011; Notten, 2019; van den Heuvel-Panhuizen, 
2003; van Groenenstijn et al., 2011; van Zanten, 2011). Multiple 
researchers have emphasized the importance of learning to mathematise 
informal experience to promote the progression to more formal abstract 
strategies (e.g. Bunck et al., 2017; Clements & Sarama, 2011; Gravemeijer 
et al., 2003; van den Heuvel-Panhuizen, 2003). Mathematisation can be 
practiced by activities that involve abstracting, representing, and 
elaborating experiences and contexts mathematically. It is argued that 
activities in which mathematical experience is visualised promote the 
transition from context-related informal strategies, to formal (abstract and 
symbolic) strategies (Arcavi, 2003). The ENL is frequently used for 
promoting mathematisation (Murphy, 2011; Treffers et al., 2000; van den 
Heuvel-Panhuizen, 2008). The ENL is specifically useful for visualising 
jumping strategies. Jumping is the most frequently observed solution 
strategy in Dutch third grade across all achievement levels (Hop, Janssen, 
Hemker, van Weerden, & van Til, 2012; Kraemer, 2011). Jumping is a 
sequential strategy in which students partition the subtrahend into smaller 
numbers and subtract these parts from the minuend. For example, 
83 - 57 =; 83 - 50 = 33; 33 - 3 = 30; 30 - 4 = 26.  

2.2. A diagnostic framework for multi-digit subtraction  

To construct the diagnostic framework, literature regarding students’ 
strategy development and the ENL in multi-digit subtraction was reviewed. 
The review focused on literature regarding classification systems used to 
analyse strategy use and/or response behaviour on the ENL. Because we 
aimed at linking the perspectives to mathematics instruction and 
interventions, we also looked for literature about the use of the ENL for 
teaching jumping strategies. Each perspective is aimed at a different aspect 
of mathematical reasoning or cognitive processing. Information about 
performance on these aspects can be used for prevention and/or 
remediation of learning difficulties in multi-digit subtraction. The analysis 
of the literature resulted in three perspectives to analyse students’ solutions 
on the ENL: 1) Procedural and conceptual knowledge of subtraction; 2 
Errors, misconceptions, and self-regulation, and 3 Conceptual 
understanding of the ENL as a model (see Table 2.2).  

2.2.1 Perspective 1: Procedural and conceptual knowledge of subtraction 

The development of procedural knowledge cannot be viewed separately 
from the development of conceptual knowledge (Rittle-Johnson, 2017; 
Siegler, 2003; Wu, 1999). Individual differences in students’ strategy use 
reflect their differences in mathematical understanding of the concepts 
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underpinning those strategies (Siegler, 2003). It is being argued that 
procedural development starts with informal self-invented strategies 
connected to contexts that become more abstract and formal over time 
(Gravemeijer et al., 2003; van Groenestijn et al., 2011; van den Heuvel-
Panhuizen, 2003; van den Heuvel-Panhuizen, & Wijers, 2005). The 
progression to more efficient and more abstract strategies is referred to as 
vertical mathematisation (van den Heuvel-Panhuizen, 2003). The aim of the 
first perspective is to classify students’ strategy use in terms of vertical 
mathematisation. By analysing students’ strategy use in relation to problem 
characteristics teachers gain information about students’ conceptual 
understanding, problem representation, efficiency, and flexibility. It might 
also show to what extent students’ need the visual support from the ENL. 
For example, some students might omit writing down parts of their solution.  

Existing coding schemes for multi-digit subtraction from Beishuizen 
(1993), Hop et al. (2012); Klein et al. (1998), and Kraemer (2011) were 
combined into a coding scheme that can be used to classify students’ 
procedural knowledge of subtraction on the ENL (see Table 2.2). It is 
noteworthy that, Kraemer (2011, p.128) describes eight levels of 
developmental milestones for jumping strategies that cover the whole range 
from informal, context related reasoning to standardized formal reasoning. 
Because the current study focuses on the ENL, only the levels that are 
applicable on the ENL are shown in the table.  

Additionally, when students become more fluent in using jumping 
strategies, such as jumping via multiples of ten (see Table 2.1), they might 
invent more advanced jumping procedures like subtraction by addition and 
compensation (Blöte et al., 2000; Selter et al., 2012; Torbeyns et al., 2009; 
van den Heuvel-Panhuizen & Treffers, 2009). Subtraction by addition 
involves solving 62 - 58 = via 58 + ? = 62. Compensation entails rounding 
at least one of the numbers up or down to the nearest multiple of ten and 
compensating for rounding the number(s) in the following step(s). For 
example, 83 - 57 = is solved via 83 - 60 = 23, 23 + 3 = 26. These procedures 
are called derived-facts strategies and are based on conceptual knowledge 
and number facts (Dowker, 2014; Fuson et al., 1997; Kraemer, 2011; 
Torbeyns et al., 2009). Note that, there is no empirical evidence suggesting 
a hierarchical order in which students develop the derived facts strategies. 
These strategies were included in the diagnostic framework because of they 
imply students’ understanding the inverse relation between subtraction 
and addition.  
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Table 2.1  

Classifying Strategies on the ENL (Based on Kraemer, 2011, p.128). 
Developmental Milestones 
1 Jumping via multiples of ten: 70, 60, 50…etc. (83 - 57 =) 
 

 
2 Jumping directly with multiples of ten: 73, 63, 53…etc. (83 - 57 =) 
  

3 Jumping with non-decimal partitioned numbersa (83 - 57 =) 
 

 
Derived-facts strategies 
A Subtraction by addition (62 - 58 =) 
 

 
B Compensation 
 

 
a. This strategy is only applicable for items that require borrowing (e.g. 83 - 57 =) 
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The first perspective describes how students’ subtraction strategies 
progress and become more abstract and efficient. By using this perspective 
to analyse students’ correct ENL solutions, teachers can learn to look 
beyond the correct response and make decisions about what shortened, 
more advanced strategies and underlying mathematical reasoning to teach 
next. This diagnostic information can supporte formative decisions about 
whether students are ready for new and unfamiliar tasks that require novel 
mathematical reasoning (Boesen, Lithner, & Palm, 2010; Breen & O’Shea, 
2010).  

2.2.2 Perspective 2: errors, misconceptions, and self-regulation 

In literature on subtraction errors, it has been discussed how best to 
classify errors (Brown & Burton, 1978; Hennessy, 1993; Resnick, 1984; 
VanLehn, 1990; Young & O’Shea, 1981). For example, a distinction has 
been made between systematic errors and slips (Hennessy, 1993). 
Systematic errors occur in multiple problems during multiple occasions and 
are caused by a conceptual or procedural misconception. Systematic errors 
and underlying misconceptions in subtraction are often the result of 
overgeneralizing conceptual and procedural knowledge from addition 
(Ashlock, 2006; Smith et al., 1994). Slips are errors that occur to a single 
problem that occur when students are unable to retrieve relevant factual, 
conceptual and procedural knowledge from their memory and retain that 
knowledge in their working-memory. Students can use the ENL regulate 
their solution process, and thereby reduce the cognitive load on their 
working memory (van den Heuvel-Panhuizen & Peltenburg, 2011). For 
example, it was found that students in special education scored higher on 
a mathematics achievement test when supported by the ENL (Peltenburg et 
al., 2010). Furthermore, slips can be unrelated individual errors, but can 
also be caused by a students’ lack of self-regulatory skills necessary to 
monitor and execute the problem correctly. 

The purpose of this second perspective is to identify what step(s) in the 
solution process might be the cause of the subtraction errors. The solution 
process can be broken down into three parts: Planning, monitoring, 
evaluating. In Dutch this is known as the drieslagmodel (van Groenestijn et 
al., 2011). Planning involves mathematically representing the problem and 
choosing how the problem should be solved. Monitoring involves the 
excution of the planned calculations during which the student monitors 
their steps. Finally, when evaluating students reflect on their answer by 
going back to the original question and context of the mathematical 
problem. Systematic errors most likely originate from mistakes during the 
planning and monitoring phase. Slips on the other hand probably happen 



565914-L-sub01-bw-Vermeulen565914-L-sub01-bw-Vermeulen565914-L-sub01-bw-Vermeulen565914-L-sub01-bw-Vermeulen
Processed on: 7-9-2021Processed on: 7-9-2021Processed on: 7-9-2021Processed on: 7-9-2021 PDF page: 35PDF page: 35PDF page: 35PDF page: 35

22

Chapter 2 

24 

Table 2.1  

Classifying Strategies on the ENL (Based on Kraemer, 2011, p.128). 
Developmental Milestones 
1 Jumping via multiples of ten: 70, 60, 50…etc. (83 - 57 =) 
 

 
2 Jumping directly with multiples of ten: 73, 63, 53…etc. (83 - 57 =) 
  

3 Jumping with non-decimal partitioned numbersa (83 - 57 =) 
 

 
Derived-facts strategies 
A Subtraction by addition (62 - 58 =) 
 

 
B Compensation 
 

 
a. This strategy is only applicable for items that require borrowing (e.g. 83 - 57 =) 

 

Diagnostic Framework Subtraction 

 

25 

The first perspective describes how students’ subtraction strategies 
progress and become more abstract and efficient. By using this perspective 
to analyse students’ correct ENL solutions, teachers can learn to look 
beyond the correct response and make decisions about what shortened, 
more advanced strategies and underlying mathematical reasoning to teach 
next. This diagnostic information can supporte formative decisions about 
whether students are ready for new and unfamiliar tasks that require novel 
mathematical reasoning (Boesen, Lithner, & Palm, 2010; Breen & O’Shea, 
2010).  

2.2.2 Perspective 2: errors, misconceptions, and self-regulation 

In literature on subtraction errors, it has been discussed how best to 
classify errors (Brown & Burton, 1978; Hennessy, 1993; Resnick, 1984; 
VanLehn, 1990; Young & O’Shea, 1981). For example, a distinction has 
been made between systematic errors and slips (Hennessy, 1993). 
Systematic errors occur in multiple problems during multiple occasions and 
are caused by a conceptual or procedural misconception. Systematic errors 
and underlying misconceptions in subtraction are often the result of 
overgeneralizing conceptual and procedural knowledge from addition 
(Ashlock, 2006; Smith et al., 1994). Slips are errors that occur to a single 
problem that occur when students are unable to retrieve relevant factual, 
conceptual and procedural knowledge from their memory and retain that 
knowledge in their working-memory. Students can use the ENL regulate 
their solution process, and thereby reduce the cognitive load on their 
working memory (van den Heuvel-Panhuizen & Peltenburg, 2011). For 
example, it was found that students in special education scored higher on 
a mathematics achievement test when supported by the ENL (Peltenburg et 
al., 2010). Furthermore, slips can be unrelated individual errors, but can 
also be caused by a students’ lack of self-regulatory skills necessary to 
monitor and execute the problem correctly. 

The purpose of this second perspective is to identify what step(s) in the 
solution process might be the cause of the subtraction errors. The solution 
process can be broken down into three parts: Planning, monitoring, 
evaluating. In Dutch this is known as the drieslagmodel (van Groenestijn et 
al., 2011). Planning involves mathematically representing the problem and 
choosing how the problem should be solved. Monitoring involves the 
excution of the planned calculations during which the student monitors 
their steps. Finally, when evaluating students reflect on their answer by 
going back to the original question and context of the mathematical 
problem. Systematic errors most likely originate from mistakes during the 
planning and monitoring phase. Slips on the other hand probably happen 



565914-L-sub01-bw-Vermeulen565914-L-sub01-bw-Vermeulen565914-L-sub01-bw-Vermeulen565914-L-sub01-bw-Vermeulen
Processed on: 7-9-2021Processed on: 7-9-2021Processed on: 7-9-2021Processed on: 7-9-2021 PDF page: 36PDF page: 36PDF page: 36PDF page: 36

Chapter 2 

26 

during the monitoring phase, and could be repaired by the student in the 
evaluation phase. By classifying systematic and self-regulatory errors, 
teachers can formulate hypotheses for further diagnostic assessment and 
plan interventions to remediate the different errors. Hence, systematic 
errors underpinned by misconceptions would require different interventions 
than slips caused by a lack of self-regulatory skills. Based on the empirical 
data obtained in the pilot study, the types of errors that can be captured 
with the ENL has been further specified in Section 4.  

2.2.3 Perspective 3: conceptual knowledge of the ENL  

The mathe-didactical analysis of the ENL made by Teppo and Van den 
Heuvel-Panhuizen (2013, p. 57) was used to determine the mathematical 
concepts underpinning the use of the ENL. As described by Teppo and Van 
den Heuvel-Panhuizen (2013), the ENL is a model that is based on 
understanding numbers in relation to their numerical order. Students’ 
might be very proficient in correctly using subtraction procedures, but 
violate the numerical order of the ENL. One could argue that when students 
violate the mathematical properties of the ENL, but still get to the right 
solution no intervention is needed. However, promoting students to 
persevere the numerical order on the ENL helps them to discover the 
relation between subtraction and addition (Teppo & van den Heuvel-
Panhuizen, 2013). The ENL can be used to teach students that adding two 
numbers results in a sum greater than both numbers. Furthermore, 
subtraction results in a difference between two numbers that is less than 
the minuend. When the numerical order on the ENL is persevered, this 
representation of subtraction will help students to reflect on their answer. 
Reflecting on the plausibility of the answer is part of students’ self-
regulatory skills (perspective 2).  

Correct representation of mathematical problems on the ENL is part of 
teaching the mathematics underpinning those problems (Bunck et al., 
2017; van den Heuvel-Panhuizen, 2003). Correct representation is 
operationalised as preservering the numerical order on the number line 
from small to large. Teaching the correct representation is part of promoting 
the transition from informal context-based strategies to abstract strategies. 
Treffers (1978, 1987 in Van den Heuvel-Panhuizen, 2003) used the term 
horizontal mathematisation to describe the process of representing a 
context-based situation in abstract mathematical language (Planning phase 
in the drieslagmodel, van Groenenstijn et al., 2011). The ENL is an abstract 
way of representing subtraction and addition. The analysis in this 
perspective focuses on the ENL solutions in which the numerical order is 
violated. This can include both correct and incorrect solutions. By 
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combining the analysis in this third perspective with the diagnostic data 
from the other perspective, teachers can create hypotheses about students’ 
conceptual and procedural understanding of subtraction. These hypotheses 
can be used to plan diagnostic interviews to better understand students’ 
edcuational needs and to design formative interventions. 

3. Method 

3.1 Participants and research design 

A total of 30 Dutch third grade students from two schools received 
parental permission to participate in this pilot study. The teachers from 
these schools (Anna1, third grade and Henry, third and fourth grade 
combined in one class) were consulted in the design of the diagnostic 
framework. Twenty third grade students from Anna’s class and ten students 
from Henry’s class participated.  

Students’ ENL solutions were collected on two different occasions. On 
the first occasion a bare number task was used and on the second occasion 
a context task was used (see Section 3.2). Students were asked to solve a 
subtraction item with a strategy of their choosing (Trial 1). In this first trial 
they were allowed to use scrap paper. Secondly, they were asked to solve 
that same item on the ENL (Trial 2). This alternating process of Trial 1 (free 
choice) and Trial 2 (ENL) was repeated until the student completed all 10 
items in the task. Solutions from the first trial were used to determine 
students’ preference for the ENL and to evaluate the difficulty of the items.  

Subsequently, students’ ENL solutions were discussed with their 
teachers during a semi-structured interview. Because the diagnostic 
framework is specifically intended for formative decision making, teachers’ 
beliefs about and use of the ENL were regarded relevant. Teachers were 
asked to provide feedback on the tasks used in this study and to share their 
opinion about using the ENL for diagnostic assessment. Questions like: ‘In 
what ways is the ENL used within your classroom?’ and ‘How can the ENL 
be used in diagnostic assessment of subtraction?’ were asked. Both 
interviews lasted about 45 minutes. 

 
1 No real names of participants were used.  
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3.2 Subtraction items and tasks 

Because of the small exploratory nature of this study we did not aim to 
compare any of the task characteristics. Instead, the tasks were designed 
to be familiar to students, and be informative for further design research. 
On each assessment occasion students solved ten subtraction items (see 
Table 2.3). Items varied in the use of a multiple of ten as the subtrahend or 
minuend, in whether borrowing from the tens was required, and the size of 
the difference was either larger or smaller than ten. The number 
characteristics of the items were the same in the context and bare number 
tasks. The context used for all items in the context task is shown in 
Figure 2.1 The ten subtraction items used in both tasks were selected from 
two existing assessment instruments. The first instrument was the Pupil 
Monitoring Test (LOVS) for Mathematics in Grade 3 (Janssen et al., 2006), 
which is a standardised norm-referenced test. Secondly, items were selected 
from the fourth and fifth Dutch Periodic National Assessment (PPON) study 
halfway the third grade (Hop et al., 2012; Kraemer, 2009). Selecting items 
from the LOVS third grade test and the PPON study made it possible to use 
historical data about the item difficulty as a selection criterion. Item 
difficulty is defined as the proportion of students in the testing sample who 
answered the item correctly (p-value). To ensure that the items were not too 
difficult for third grade students, items with p-values between .5 and .9 
were selected.  

Figure 2.1. Contexts used for all items on the second assessment occasion. 
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Table 2.3  

Subtraction items selected from LOVS and PPON. 
 Item 
A1 75 – 25 = 
A2 52 – 40 = 
A3 71 – 11 = 
A4 79 – 50 = 
A5 95 – 20 = 
B1 70 – 35 = 
B2 80 – 43 = 
B3 83 – 57 = 
B4 62 – 58 = 
B5 60 – 35 = 

3.3 Analyses 

The primary purpose of the analyses was to refine the diagnostic 
framework for interpreting students’ ENL solutions in terms of their 
mathematical thinking and associated educational needs. The secondary 
purpose of the analysis is to identify implications for the task and 
administration design of CDA instruments based on the diagnostic 
framework. Because of the small scale of this exploratory study, it should 
be emphasized that the results are not intended to be generalized beyond 
the context of this study. Rather, the results intend to direct further 
research. 

Combining the two assessment occasions, a total of 600 ENL solutions 
were collected in the second trial, of which 154 solutions included only one 
jump on the ENL. These single-jump solutions do not provide enough data 
about students’ mathematical thinking. Therefore, the analyses were done 
on the 446 solutions with more than one jump. For the first perspective 338 
correct solutions were coded using Table 2.1. For the second perspective, 
only the 58 incorrect ENL solutions were analysed. In the error analysis 
systematic errors and slips were identified and labelled. Finally, it was 
coded whether students violated the numerical order for all 446 solutions.  

3.3.2 Interviews 

The interviews of the two teachers were analysed using conventional 
content analysis (Hsieh & Shannon, 2005). In general, the purpose of 
content analysis is to ascribe meaning to text data so that hypotheses for 
further research can be created. Conventional content analysis is used 
when literature on the topic is limited, and therefore does not provide 
enough information to design a coding scheme in advance (Hsieh & 
Shannon, 2005). Since literature on teachers’ beliefs about the ENL and its 
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diagnostic values is, to our knowledge, scarce, the conventional content 
analysis is adequate for the present study. The process of this analysis 
starts with transcribing and repeated word-for-word reading of the 
interviews. The aim of this first step is to create an initial coding scheme. 
In the second step, transcripts are reread, and the researcher applies – and 
if needed adapts – the codes (i.e., labels), writes down notes, and highlights 
relevant text. Next, the notes are combined to create an anecdote that 
represents the story of the interviewee.  

Applying conventional content analysis in the present study, resulted in 
the coding process shown in Figure 2.2 The first step of the coding process 
was to select all relevant teaching and assessment quote and labelling them 
as a belief or an action. Teachers’ beliefs concern their explanation of why 
they do something a certain way and what they believe students’ learning 
trajectory looks like. Teachers’ actions concern their self-reported 
behaviour. For example, collecting information by observing and 
interpreting students’ behaviour, or describing their instruction and 
remediation practices. Secondly, the last three labels were chosen based on 
the diagnostic perspectives to interpret ENL solutions as we identified in 
the literature study. 

Figure 2.2. Coding process of the teacher interviews. 

4. Results and Discussion 

The present study had two purposes: 1) refine the diagnostic framework 
by applying it to students’ ENL solutions, and 2) evaluate to what extent 
the diagnostic framework is compatible with teachers’ use of and beliefs 
about the ENL in teaching and assessment. After presenting the results and 
discussing their implications for each perspective, the paper ends with a 
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general discussion of the methodological limitations and recommendations 
for further research.  

4.1 Descriptive results 

To determine students’ preference for the ENL, their scrap paper use in 
Trial 1 was analysed. In total, 15 students (50%) used the scrap paper in 
one or both tasks. Only six students (20%, N = 30) used the ENL during the 
first trial, five students (16.67%) drew an ENL on their scrap paper in both 
tasks and one student (3.33%) drew an ENL during the second occasion in 
the context task. It is noteworthy that, all students who drew an ENL were 
in Anna’s class. From Henry’s class, only three students used scrap paper, 
and none of them drew an ENL. Additionally, it was found that for some 
students in Henry’s class the mandatory use of the ENL during Trial 2 led 
to confusion. Seven of the students in Henry’s class needed instruction on 
how to solve subtraction problems on the ENL.  

Overall, the items were relatively easy: 60 to 97% of the students 
answered the items correctly. Items 8 (83 - 57 =) and 9 (62 - 58 =) were the 
most difficult (see Figure 2.3). Based on these results it was decided that 
the analysis in perspective 1 of the diagnostic framework should focus only 
the 80 correct ENL solutions with more than one jump of items 8 and 9 the 
two tasks. Note that, for perspectives 2 and 3 all other tasks were included 
in the analyses.  

 

Figure 2.3. Error percentages based on the first trial (occasion 1: bare number 
task and occasion 2: context task). 

4.2 Diagnostic framework: analysing diagnostic data  

4.2.1 Perspective 1: Procedural Development of subtraction  

In this analysis, 338 correct ENL solutions were coded. Table 2.4 shows 
that the third strategy, jumping with non-decimal partitioned numbers, was 
observed most frequently. However, comparing the observed strategies in 
Anna’s classroom to the strategies observed in Henry’s classroom it was 
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found that strategy one (jumping via multiples of ten: 80, 70, 60) and 
strategy two (jumping directly with multiples of ten 83, 73, 63) are observed 
more frequently in Anna’s classroom. These strategy differences appear to 
be related to the differences between the teachers’ use of the ENL in their 
teaching. During the interview Anna shows a positive attitude towards the 
ENL that originates from her belief that all students who struggle with 
mental arithmetic should use the ENL. Anna describes that, for the first two 
weeks of the third grade, students practice daily with the ENL. In particular, 
she enforces students to jump via the multiples of ten. For example, 
72 - 48 =, 72 - 40 = 32, 32 - 2 =30, 30 – 6 = 24. In both strategies (jumping 
via multiples of ten and jumping directly with multiples of ten), students cross 
the tens by jumping via the multiples of ten to deal with the shortages in 
units: 2 - 8 = 6 short. Not surprisingly, these two strategies were observed 
most frequently among Anna’s students (see Table 2.4). Henry, on the other 
hand, explained during the interview that he does not enforce the use of 
any jumping strategies on the ENL. According to Henry, the ENL is primarily 
used in second grade for the development of conceptual understanding of 
numbers. He believes it to be important that third grade students let go of 
the ENL before they transfer to fourth grade. 

Table 2.4  

Observed Strategy Frequencies for the Correct Solutions to 83 – 57 = and 
62 – 58 = 

Strategya 
Anna Henry 83-57 = 62-58 = Total 

f % f % f % f % f % 

1. Jumping via 
multiples of ten 

5 8.2 0 0 3 7.5 2 4.9 5 6.2 

2. Jumping directly 
with multiples of ten 

28 45.9 5 25.0 15 37.5 18 43.9 33 40.7 

3. Jumping with non-
decimal partitioned 
numbers 

27 44.3 12 63.2 20 51.3 19 46.3 39 48.8 

Derived-facts strategy           

A. Subtraction by 
addition 

1 1.6 2 10.0 1 2.5 2 4.9 2 2.5 

B. Compensation 0 0 0 0 0 0 0 0 0 0 

Total 61 100 20 100 40 100 41 100 81 100 
a. See Table 2.1 for a full description of each strategy. 
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In contrast to Anne, Henry believes that the transition from the number 
domain up to 100, 1000 and 10,000 is relatively small. Henry uses the ENL 
occasionally in his instruction when the focus on positioning numbers on 
the empty or structured number line. Consistent with our findings in the 
first trial, Henry has never observed students’ drawing an ENL on their 
scrap paper. During the interview, however, he showed that in the 
mathematics textbook for the third grade the ENL is often used to practice 
the 10- and 100-jump. Thus, although the ENL is part of the third-grade 
curriculum, Henry does not promote its use over the use of other strategies 
and models, unlike Anne. 

Furthermore, when comparing the two items, it is found that for the 
item 62 – 58 = the strategies jumping directly with multiples of ten 
(Milestone 2) and jumping with non-decimal particioned numbers 
(Milestone 3) are observed almost equally. Whereas for the item 83 - 57 =, 
strategy three is by far the most frequently observed strategy. The derived-
facts strategy Subtraction by addition was only observed once for the 
item  83 - 57 = and twice for the item 62 – 58 =. Among the correct 
solutions, compensation was never used for these two items. The difference 
between the strategies observed for the two items ( 83 - 57 = and 
item 62 – 58 =) implicate that Milestone 3, jumping with non-decimal 
numbers is easier when the distance between the minuend and subtrahend 
is relatively small. This may be because 12 - 8 = 4 is automated or 
memorised before 33 - 7 = 26 (Treffers et al., 2000).  

4.2.2 Perspective 2: errors, misconceptions, self-regulation 

The aim of the second perspective is to identify students’ errors, 
misconceptions, and self-regulation skills. Out of the 446 analysed 
solutions, 58 (9.3%) were coded as incorrect. Ten students who made a 
single error and nine students who made multiple errors were analysed. 
The 58 incorrect ENL solutions and diagnosed errors are included in 
Appendix 2A. Firstly, the incorrect ENL solutions of the single error cases 
(n = 10) are described. Secondly, the cases (n = 9) with multiple errors are 
described.  

The first analysis resulted in the identification of 3 error types: a) think-
away-the-units error (f = 3), b) subtrahend error (f = 3), and c) fact-retrieval 
error (f = 4). Examples of each error are shown in Figure 2.4 A think-away-
the-units error indicates that students have not fully automated Milestone 2 
– jumping directly with multiples of ten (83, 73, 63, 53). These students seem 
to use Milestone 1 – jumping via multiples of ten (80, 70, 60, 50), – by 
temporary storing the units of the minuend into working memory. The 
think-away-the-units error occurs when they forget to merge these units 
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after subtracting the multiples of ten. When this error occurs only once it 
should be regarded as a slip, making it less urgent for teachers to intervene. 
Nevertheless, Kraemer (2011) found that some students with low and 
average mathematical achievement scores systematically make this error. 
Given that this error is likely to occur during the transition from Milestone 1 
to Milestone 2, it seems a relevant error for teachers to be aware of.  

Figure 2.4 Think away the units (a), subtrahend errors (b), and fact retrieval 
error (c).  

Furthermore, the subtrahend error was used as a label for all errors that 
included subtracting an amount different from the subtrahend 
– for example –  subtraction 40 instead of 50 (See Figure 2.4b). This error 
is only applicable when students use direct subtraction, as most students 
in this study did. Hence, the sum of the jumps does not add up to the 
subtrahend. Finally, errors were labelled as fact-retrieval errors when the 
steps on the ENL were correct but the (intermediate) answer shown on the 
ENL was incorrect. For example, one student wrote: 62 - 50 = 12, 
12 - 8 = 8. For the students who made a single error, it is expected that 
such a fact-retrieval error is just a slip due to a temporary lack of self-
regulation. Teachers should be aware that when a student makes frequent 
errors in fact retrieval it might indicate that this student has issues with 
recalling knowledge. Additionally, this error could also imply that the 
student has not stored and automated subtraction and addition up to 20. 
Both subtrahend and fact-retrieval errors were observed several times 
among the students who made multiple errors, while the think-away-the-
units error was not observed among students who made multiple errors.  

The second analysis focused on students who made multiple errors (n = 
9). For teachers’ formative decision making, it would be preferable to report 
students’ systematic errors casewise, with the possibility to generate a 
classroom level report. The latter is based on the idea that students with 
similar systematic error patterns most likely benefit from similar 
interventions. However, reporting students’ error patterns is beyond the 
scope of the present study. Instead, we focused on the results that helped 
to refine the analysis of perspective 2 by focusing on the different error types 
and possible misconceptions underlying those errors.  
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Prior to the analysis, it was expected that this perspective would be 
particularly useful for diagnosing students’ systematic errors and 
misconceptions in subtraction. However, the analysis of the errors only 
showed one student (student A) with systematic errors that could be related 
to a misconception about subtraction. Student A made what we named the 
subtract-all-units error. In the bare number task, student A added the units 
of the minuend and subtrahend and subtracted that number from the 
difference between the tens of the minuend and subtrahend (see 
Figure 2.5). Similarly, in the context task she also subtracted the units of 
both the minuend and the subtrahend, but she did so in two separated 
steps. This error implies that this student might have a procedural and/or 
conceptual misconception about subtraction.  

Figure 2.5. Subtract all units, systematic error Student A. 

The subtract-all-units error might be the result of overgeneralisation of 
an addition strategy (Ashlock, 2006). Hence, when using a decomposition 
strategy for addition it is correct to add the tens and units separately, and 
then merge the two sums into the total sum. As shown in Figure 2.5b 
and 2.6c, for the item 62 – 58 =, student A ends up with the result of zero. 
Students with high self-regulatory skills will be able to reflect on their 
answer and might note that subtracting two numbers that are not equal 
cannot result in a difference of zero.  

The remaining eight students who made multiple errors had difficulties 
with the correct representation of the subtraction problem on the number 
line, with fact retrieval, or with monitoring the process (i.e., subtrahend 
error). Although these errors may appear to be random unrelated slips, they 
indicate a systematic lack of self-regulatory skills that warrants 
intervention. Depending on the type of self-regulatory error teachers could 
focus on practicing representing subtraction problems on the ENL with a 
specific focus on: Writing down the intermediate answers after each jump; 
monitoring the steps of the solutions process (subtrahend error); and 
reflecting on the answers to each step (fact-retrieval error). It should be 
noted that two students who made one or more fact-retrieval errors, made 
a smaller-from-larger error: 12 - 8 = 16 in which they reversed the units to 
smaller-from-larger 8 - 2 = 6, 10 + 6 = 16 for the item 62 – 58 =, which 
could indicate a misconception about subtraction. Furthermore, for fact-
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retrieval errors a follow-up assessment can be used to exclude possible 
misconceptions about subtraction and to diagnose whether the student has 
automated single-digit subtraction problems up to 20. 

In comparison to the subtract-all-units error, self-regulatory errors are 
more difficult to diagnose without the ENL solution because of their 
individuality. Hence, it is not possible to predict what a student is going to 
answer when retrieving the wrong fact, or how they are going to 
misrepresent the solution on the ENL. On the other hand, systematic errors 
such as the think-away-the-units error or the subtract-all-units error are the 
result of one buggy algorithm that can be predicted based on the number 
features of the item. Additionally, those systematic errors can only occur 
for items like 83 - 57 = and 62 - 58 = that require borrowing due a shortage 
of units in the minuend. Self-regulatory errors can, on the other hand, 
occur regardless of the number features of the item. Thus, the ENL appears 
to be more suitable for diagnosing students’ self-regulatory errors than for 
diagnosing systematic errors caused by a buggy algorithm.  

4.2.3 Perspective 3: conceptual understanding of the ENL 

Out of the 446 ENL solutions with more than one jump, it was found 
that in 151 ENL solutions (33.9%) the numerical order was violated. Most 
of these solutions (128, 84.8%) resulted in a correct answer to the 
subtraction problem. Table 2.5 shows that of the 30 students that 
participated in this study ten students (33.3%) violated the principle of 
numerical order. The Table shows that most students (n = 7, 70%) who 
worked in the wrong direction did so consistently (i.e., for more than 70% 
of the solutions). For these students, the diagnostic framework recommends 
to further assess students’ conceptual understanding of the ENL, for 
example in relation to a beaded chain. Additionally, when many students 
within one class violate the numerical order of the ENL, it is recommended 
to discuss the representation of subtraction and addition on the ENL with 
the whole class. Students who do not violate the numerical order can 
contribute to the discussion by explaining their mathematical reasoning. 
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Table 2.5  

Frequency of ENL Solutions in Which Students Violated the Numerical Order 
(VNO) 

Teacher Student f VNO (%) f Correct (%) f Incorrect (%) 

Anna 1 14 (70) 14 (100) 0 

2 7 (35) 1 (14) 6 (86) 

3 10 (5) 7 (70) 3 (30) 

4 20 (100) 16 (80) 4 (20) 

5 20 (100) 19 (95) 1 (5) 

6 20 (100) 19 (95) 1 (5) 

7 20 (100) 19 (95) 1 (5) 

Henry 8 19 (95) 15 (79) 4 (21) 

9 18 (90) 16 (89) 2 (11) 

10 3 (15) 2 (67) 1 (33) 

4.3 Diagnostic framework: formative interventions 

Having information about how students think mathematically does not 
automatically inform teachers on what to do next. The diagnostic framework 
aims to help teachers to think beyond the correctness of students’ answers. 
It stimulates teachers to diagnose individual differences in mathematical 
thinking. Because the diagnostic framework is built upon empirical 
knowledge on how students’ mathematical thinking progresses, it can 
support teachers to adjust their teaching by comparing students’ current 
thinking to the desired progression in relation to the curriculum goals. 
Hence, not every error or strategy warrants formative intervention. 
Sometimes diagnostic assessment verifies a student is on the right learning 
track. 

Both teachers in the present study were already making formative 
decisions. For example, Anna explained that she chose to reteach the use 
of the ENL and focus on the strategy of jumping via multiples of ten. In part, 
she made this decision based on her experience in the third grade that 
students forget what they learned in second grade. Furthermore, she 
argued that students need to be able to use the ENL when the math 
problems become more difficult during the transition from the number 
domain up to 100 to 1000 and higher. Similarly, Henry was able to 
substantiate the choices he made based on his experiences with the context 
in which he was teaching (combined third and fourth grade). Both teachers 
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appear to use previous experiences and current observations to construct 
a hypothetical learning trajectory and make formative decisions. 
Eventhough their hypothetical learning trajectories differed, their decisions 
might still be valid given the differences between the students they taught. 
Nevertheless, using previous experiences to warrant instructional decisions 
could result in invalid decisions due to a confirmation bias. Analysing 
students’ response behaviour on the ENL with a detailed diagnostic 
framework may help teachers to make more valid empirically supported 
decisions. Below, specific suggestions are being made for the design of 
formative interventions based on the use of the diagnostic framework. 

When teaching mathematics, it may be tempting to drill and practice 
strategies and focus on getting correct answers. As was found by Riccomini 
(2005) teachers are often able to diagnose students’ errors, but do not know 
how to remediate those errors. Durkin et al. (2017) and Rittle-Johnson 
(2017) describe two teaching methods that could be helpful for promoting 
mathematical thinking: Comparing and Self-Explaining. Comparing of pairs 
of correct ENL solutions to the same problem prompts students to reflect 
on them (Durkin et al., 2017; Rittle-Johnson, 2017). Alternatively, 
comparison can also be used to compare different problem types (Durkin et 
al., 2017). This intervention might be helpful for promoting vertical 
mathematisation (perspective 1). Additionally, comparing correct and 
incorrect strategies might help students to discover their mistake 
(perspective 2). The diagnostic data obtained by implementing the 
diagnostic framework provides teachers with input on what strategies to 
compare in small groups of students or with the whole class. 

Self-explaining is the second teaching method suggested by Durkin et al. 
(2017) and Rittle-Johnson (2017). It can be used as an intervention by 
prompting students to make up explanations for why particular ENL 
solutions are correct or incorrect. This intervention can, for example, help 
students discover the relation between subtraction and addition. This 
intervention is suggested for students who violate the numerical order of 
the ENL (perspective 3). By focusing on the explanations, students are 
forced to compare the features of the problems, which promotes the transfer 
of procedural knowledge to similar problems (Rittle-Johnson, 2017). Self-
explaining is focused on verbalising the solution process in relation to the 
characteristics of the problem, thereby self-explaining can also be used as 
an intervention focused on self-regulatory skills. Students’ self-explaining 
can also be seen as an assessment for learning strategy that informs 
teachers about how the complexity of tasks increases in the curriculum. 
Hence, students’ self-explaining provides information about what 
characteristics make a problem challenging in comparison to tasks with 
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different characteristics. This information is important to evaluate 
assumptions about expected learning trajectories.  

Classroom and individual interventions that focus on self-regulatory 
skills (perspective 2) include modelling the solution process by visualising 
and verbalising steps (Baten et al., 2017). The teacher and students’ peers 
serve as role models in showing how to plan, monitor, and evaluate 
(perspective 2). Note that, the strategy of self-explaining can be part of the 
modelling process. Teachers might further stimulate self-regulatory skills 
by asking questions aimed at the three steps involved in the solution 
process (Schraw, 1998; van Groenestijn et al., 2011). For example: Where 
should you start on the number line, and why?; How do you know how much 
you subtracted?; Where on the ENL do I see the answer to the subtraction 
problem? (Borghouts, 2017). In guiding the discourse on these questions 
teachers should address that the answers can vary with the strategy being 
chosen. For example, each subtraction problem can be represented in 
taking away an amount and determining the difference between two 
amounts (Selter et al., 2012). Hence, what number goes where is different 
for subtraction by addition than for compensation. Finally, teachers can 
scaffold these skills by offering students a self-regulation checklist with 
questions students can ask themselves during the different steps in the 
solution process (Baten et al., 2017; Schraw, 1998). Lastly, these 
interventions can also be used to prevent misrepresentation of the 
mathematical principles underlying the ENL and should not only be used 
for remediation. 
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5. General Discussion 

The purpose of this study was to design and evaluate a diagnostic 
framework for diagnosing students’ mathematical thinking with the ENL. 
The diagnostic framework illustrates how students’ solution behaviour can 
be analysed in meaningful ways. The diagnostic framework provides 
suggestions for classroom and individual interventions aimed at preventing 
and remediating learning difficulties in subtraction, therefore it has the 
potential to improve teachers’ formative decision making. The results and 
discussion show how the diagnostic framework can be applied to students’ 
ENL solutions to diagnose their mathematical thinking and associated 
educational needs. The results show that the framework can be used to 
diagnose and promote vertical mathematisation of the jumping strategy 
(perspective 1) and its related linear conceptual understanding of multi-
digit numbers (perspective 3). Additionally, the results of perspective 2 
show that the framework is especially suitable for diagnosing different types 
of self-regulation errors that cannot be diagnosed solely based on students’ 
answers to subtraction problems.  

Moreover, only two teachers were interviewed, which means that these 
results cannot be generalised to other teachers. Nevertheless, the interview 
results show that these two teachers have very different beliefs about the 
use of the ENL in the third grade for teaching and assessment purposes. 
These differences between teachers’ beliefs and didactics have implications 
for the implementation of the diagnostic framework. Teachers’ beliefs are 
built through their experience, which resulted in a hypothetical learning 
trajectory of mathematical development. Such beliefs are not changed easily 
(Guskey, 2002). Implementing the diagnostic framework may require 
training in which teachers’ beliefs are explored and challenged. 
Furthermore, teachers’ beliefs about the ENL might affect students’ beliefs 
about the ENL as well as their response behaviour (Grootenboer & 
Marshman, 2016). Therefore, it is recommended to investigate the 
relationships between teachers’ and students’ beliefs about the ENL, and 
students’ response behaviour on the ENL.  

5.1 Methodological limitations 

The research design has two methodological limitations that could have 
impacted students’ response behaviour on the ENL. Firstly, the students 
had to solve each item twice in a row (without and with ENL). Thus, 
students’ mathematical thinking in the first trial may have influenced their 
use of the ENL in the second trial. This may explain why so many students 
used only one jump on the ENL. Hence, they solved the problem without 
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the ENL in the first trial and did not need the ENL to calculate the answer 
to the problem in the second trial. 

The second limitation concerns the design of the items and tasks. The 
results showed that most items were relatively easy. This means that it is 
likely that the low item difficulty has made the use of the ENL redundant. 
Also, because bare number and context tasks can convey different 
meanings of subtraction (Hop et al., 2012), it is plausible that students’ 
response behaviour on the ENL to context and bare number tasks is 
different. Regardless of the limitations mentioned above, the results 
illustrate the possibilities for using the diagnostic framework to interpret 
students’ response behaviour captured with the ENL in terms of their 
mathematical thinking.  

5.2 Research recommendations 

One of the purposes of this exploratory study was to generate ideas for 
further research into the design and implementation of the diagnostic 
framework. The results of this study have generated two recommendations 
for further research. Firstly, the diagnostic framework presented in this 
paper is intended to be used on curriculum and textbook tasks already 
being used by teachers and students. Therefore, the diagnostic framework 
does not include the use or design of specific subtraction tasks. As was 
shown by the results of this study, however, its implementation and 
usability might vary across subtraction tasks. For this reason, it is 
recommendable to further study the suitability of the diagnostic framework 
for curriculum tasks in which the ENL is being used.  

In conclusion, analysing students’ ENL solutions can be very time 
consuming, which might be a reason that teachers find it unfeasible to 
implement the framework in their daily practice. Given the advancements 
of digital assessment design to capture students’ response behaviour in real 
time (Rupp et al., 2010; Shute & Ke, 2012), it is worthwhile to investigate 
the extent to which the analysis of ENL solutions can be automated. For 
example, a digital ENL tool was used by Peltenburg et al. (2010) in which 
each ENL solution was captured with tablet technology and saved as a 
video. Another advantage of capturing students’ response behaviour in real 
time with tablet technology, is that it could result in additional data that 
cannot be captured with a traditional paper and pencil ENL. For example, 
tablet technology makes it possible obtain more fine-grained data of 
students’ self-regulatory behaviour by capturing if and when students erase 
steps and correct mistakes during the solution process.  
 



565914-L-sub01-bw-Vermeulen565914-L-sub01-bw-Vermeulen565914-L-sub01-bw-Vermeulen565914-L-sub01-bw-Vermeulen
Processed on: 7-9-2021Processed on: 7-9-2021Processed on: 7-9-2021Processed on: 7-9-2021 PDF page: 53PDF page: 53PDF page: 53PDF page: 53

22

Chapter 2 

42 

5. General Discussion 

The purpose of this study was to design and evaluate a diagnostic 
framework for diagnosing students’ mathematical thinking with the ENL. 
The diagnostic framework illustrates how students’ solution behaviour can 
be analysed in meaningful ways. The diagnostic framework provides 
suggestions for classroom and individual interventions aimed at preventing 
and remediating learning difficulties in subtraction, therefore it has the 
potential to improve teachers’ formative decision making. The results and 
discussion show how the diagnostic framework can be applied to students’ 
ENL solutions to diagnose their mathematical thinking and associated 
educational needs. The results show that the framework can be used to 
diagnose and promote vertical mathematisation of the jumping strategy 
(perspective 1) and its related linear conceptual understanding of multi-
digit numbers (perspective 3). Additionally, the results of perspective 2 
show that the framework is especially suitable for diagnosing different types 
of self-regulation errors that cannot be diagnosed solely based on students’ 
answers to subtraction problems.  

Moreover, only two teachers were interviewed, which means that these 
results cannot be generalised to other teachers. Nevertheless, the interview 
results show that these two teachers have very different beliefs about the 
use of the ENL in the third grade for teaching and assessment purposes. 
These differences between teachers’ beliefs and didactics have implications 
for the implementation of the diagnostic framework. Teachers’ beliefs are 
built through their experience, which resulted in a hypothetical learning 
trajectory of mathematical development. Such beliefs are not changed easily 
(Guskey, 2002). Implementing the diagnostic framework may require 
training in which teachers’ beliefs are explored and challenged. 
Furthermore, teachers’ beliefs about the ENL might affect students’ beliefs 
about the ENL as well as their response behaviour (Grootenboer & 
Marshman, 2016). Therefore, it is recommended to investigate the 
relationships between teachers’ and students’ beliefs about the ENL, and 
students’ response behaviour on the ENL.  

5.1 Methodological limitations 

The research design has two methodological limitations that could have 
impacted students’ response behaviour on the ENL. Firstly, the students 
had to solve each item twice in a row (without and with ENL). Thus, 
students’ mathematical thinking in the first trial may have influenced their 
use of the ENL in the second trial. This may explain why so many students 
used only one jump on the ENL. Hence, they solved the problem without 
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the ENL in the first trial and did not need the ENL to calculate the answer 
to the problem in the second trial. 

The second limitation concerns the design of the items and tasks. The 
results showed that most items were relatively easy. This means that it is 
likely that the low item difficulty has made the use of the ENL redundant. 
Also, because bare number and context tasks can convey different 
meanings of subtraction (Hop et al., 2012), it is plausible that students’ 
response behaviour on the ENL to context and bare number tasks is 
different. Regardless of the limitations mentioned above, the results 
illustrate the possibilities for using the diagnostic framework to interpret 
students’ response behaviour captured with the ENL in terms of their 
mathematical thinking.  

5.2 Research recommendations 

One of the purposes of this exploratory study was to generate ideas for 
further research into the design and implementation of the diagnostic 
framework. The results of this study have generated two recommendations 
for further research. Firstly, the diagnostic framework presented in this 
paper is intended to be used on curriculum and textbook tasks already 
being used by teachers and students. Therefore, the diagnostic framework 
does not include the use or design of specific subtraction tasks. As was 
shown by the results of this study, however, its implementation and 
usability might vary across subtraction tasks. For this reason, it is 
recommendable to further study the suitability of the diagnostic framework 
for curriculum tasks in which the ENL is being used.  

In conclusion, analysing students’ ENL solutions can be very time 
consuming, which might be a reason that teachers find it unfeasible to 
implement the framework in their daily practice. Given the advancements 
of digital assessment design to capture students’ response behaviour in real 
time (Rupp et al., 2010; Shute & Ke, 2012), it is worthwhile to investigate 
the extent to which the analysis of ENL solutions can be automated. For 
example, a digital ENL tool was used by Peltenburg et al. (2010) in which 
each ENL solution was captured with tablet technology and saved as a 
video. Another advantage of capturing students’ response behaviour in real 
time with tablet technology, is that it could result in additional data that 
cannot be captured with a traditional paper and pencil ENL. For example, 
tablet technology makes it possible obtain more fine-grained data of 
students’ self-regulatory behaviour by capturing if and when students erase 
steps and correct mistakes during the solution process.  
 



565914-L-sub01-bw-Vermeulen565914-L-sub01-bw-Vermeulen565914-L-sub01-bw-Vermeulen565914-L-sub01-bw-Vermeulen
Processed on: 7-9-2021Processed on: 7-9-2021Processed on: 7-9-2021Processed on: 7-9-2021 PDF page: 54PDF page: 54PDF page: 54PDF page: 54

Chapter 2 

44 

References 

Arcavi, A. (2003). The role of visual representations in the learning of 
mathematics. Educational Studies in Mathematics, 52(3), 215–241. 
https://doi.org/10.1023/A:1024312321077 

Ashcraft, M. H., & Kirk, E. P. (2001). The relationships among working memory, 
math anxiety, and performance. Journal of Experimental Psychology: General, 
130(2), 224–237. https://doi.org/10.1037//0096-3445.130.2.224 

Ashlock, R. B. (2006). Error patterns in computation. Using error patterns to improve 
instruction. Pearson.  

Baten, E., Praet, M., & Desoete, A. (2017). The relevance and efficacy of 
metacognition for instructional design in the domain of mathematics. ZDM - 
Mathematics Education, 49(4), 613–623. https://doi.org/10.1007/s11858-
017-0851-y 

Beishuizen, M. (1993). Mental Strategies and Materials or Models for Addition and 
Subtraction up to 100 in Dutch Second Grades. Journal for Research in 
Mathematics Education, 24(4), 294. https://doi.org/10.2307/749464 

Bennett, R. E. (2011). Formative assessment: a critical review. Assessment in 
Education: Principles, Policy & Practice, 18(1), 5–25. 
https://doi.org/10.1080/0969594X.2010.513678 

Blöte, A. W., Klein, A. S., & Beishuizen, M. (2000). Mental computation and 
conceptual understanding. Learning and Instruction, 10(3), 221–247. 
https://doi.org/10.1016/S0959-4752(99)00028-6 

Bobis, J. (2007). The Empty Number Line: A Useful Tool or Just Another 
Procedure? Teaching Children Mathematics, 13(8), 410–413. 
http://www.jstor.org/stable/41198983 

Bobis, J., & Bobis, E. (2005). The empty number line: Making children’s thinking 
visible. In M. Coupland, J. Anderson, & T. Spencer (Eds.), Proceedings of the 
Twentieth Biennial Conference of The Australian Association of Mathematics 
Teachers (Issue 08, pp. 66–72). The Australian Association of Mathematics 
Teachers. 
http://aamt.dbinformatics.com.au/index.php/content/download/19063/25
2036/file/mm-vital.pdf#page=72 

Boesen, J., Lithner, J., & Palm, T. (2010). The relation between types of 
assessment tasks and the mathematical reasoning students use. Educational 
Studies in Mathematics, 75(1), 89–105. https://doi.org/10.1007/s10649-
010-9242-9 

Borghouts, C. (2017). De Vertaalcirkel [The translation circle]. Volgens Bartjens, 
37(1), 22–27. https://www.volgens-bartjens.nl/art/50-3631_De-
vertaalcirkel-13-veelgestelde-vragen 

Breen, S., & O’Shea, A. (2010). Mathematical thinking and task design. Bulletin of 
the Irish Mathematical Society, 66, 39–49. 
http://mural.maynoothuniversity.ie/5455/1/AO-Task-Design.pdf 

Brown, J., & Burton, R. (1978). Diagnostic models for procedural bugs in basic 
mathematical skills. Cognitive Science, 2(2), 155–192. 
https://doi.org/10.1016/S0364-0213(78)80004-4 

Diagnostic Framework Subtraction 

45 

Bunck, M. J. A., Terlien, E., van Groenestijn, M., Toll, S. W. M., & van Luit, J. E. 
H. (2017). Observing and analysing children’s mathematical development, 
based on action theory. Educational Studies in Mathematics, 96(3), 289–304. 
https://doi.org/10.1007/s10649-017-9763-6 

Carless, D. (2007). Conceptualizing pre‐emptive formative assessment. Assessment 
in Education: Principles, Policy & Practice, 14(2), 171–184. 
https://doi.org/10.1080/09695940701478412 

Clements, D. H., & Sarama, J. (2004). Learning Trajectories in Mathematics 
Education. Mathematical Thinking and Learning, 6(2), 81–89. 
https://doi.org/10.1207/s15327833mtl0602_1 

Clements, D. H., & Sarama, J. (2011). Early childhood mathematics intervention. 
Science, 333(6045), 968–970. https://doi.org/10.1126/science.1204537 

Diezmann, C., & Lowrie, T. (2006). Primary students’ knowledge of and errors on 
number lines. Proceedings 29th Annual Conference of the Mathematics 
Education Research Group of Australasia, 1964, 171–178. 
http://eprints.qut.edu.au/5302/ 

Dowker, A. (2014). Young children’s use of derived fact strategies for addition and 
subtraction. Frontiers in Human Neuroscience, 7(January), 924. 
https://doi.org/10.3389/fnhum.2013.00924 

Durkin, K., Star, J. R., & Rittle-Johnson, B. (2017). Using comparison of multiple 
strategies in the mathematics classroom: lessons learned and next steps. 
ZDM - Mathematics Education, 49(4), 585–597. 
https://doi.org/10.1007/s11858-017-0853-9 

Fuson, K. C., Wearne, D., Hiebert, J. C., Murray, H. G., Human, P. G., Olivier, A. 
I., Carpenter, T. P., & Fennema, E. (1997). Children’s conceptual structures 
for multi-digit numbers and methods of multi-digit addition and subtraction. 
Journal for Research in Mathematics Education, 28(2), 130–162. 
http://www.jstor.org/stable/10.2307/749759 

Gravemeijer, K. (2004). Local Instruction Theories as Means of Support for 
Teachers in Reform Mathematics Education. Mathematical Thinking and 
Learning, 6(2), 105–128. https://doi.org/10.1207/s15327833mtl0602_3 

Gravemeijer, K., Bowers, J., & Stephan, M. (2003). Chapter 4: A hypothetical 
Learning Trajectory on Measurment and Flexible Arithmetic. Journal for 
Research in Mathematics Education, 12, 51–66. 
http://www.jstor.org/stable/30037721 

Grootenboer, P., & Marshman, M. (2016). Mathematics, affect and learning: Middle 
school students’ beliefs and attitudes about mathematics education. In 
Mathematics, Affect and Learning: Middle School Students’ Beliefs and 
Attitudes About Mathematics Education. Springer Singapore. 
https://doi.org/10.1007/978-981-287-679-9 

Guskey, T. (2002). Professional Development and Teacher Change. Teachers and 
Teaching: Theory and Practice, 8(3), 381–391. 
https://doi.org/10.1080/135406002100000512 

Hennessy, S. (1993). The stability of children’s mathematical behaviour: When is a 
bug really a bug? Learning and Instruction, 3(4), 315–338. 
https://doi.org/10.1016/0959-4752(93)90022-R 

https://doi.org/10.1023/A
https://doi.org/10.1037//0096-3445.130.2.224
https://doi.org/10.1007/s11858-
https://doi.org/10.2307/749464
https://doi.org/10.1080/0969594X.2010.513678
https://doi.org/10.1016/S0959-4752
http://www.jstor.org/stable/41198983
http://aamt.dbinformatics.com.au/index.php/content/download/19063/25
https://doi.org/10.1007/s10649-
https://www.volgens-bartjens.nl/art/50-3631_De-
http://mural.maynoothuniversity.ie/5455/1/AO-Task-Design.pdf
https://doi.org/10.1016/S0364-0213


565914-L-sub01-bw-Vermeulen565914-L-sub01-bw-Vermeulen565914-L-sub01-bw-Vermeulen565914-L-sub01-bw-Vermeulen
Processed on: 7-9-2021Processed on: 7-9-2021Processed on: 7-9-2021Processed on: 7-9-2021 PDF page: 55PDF page: 55PDF page: 55PDF page: 55

22

Chapter 2 

44 

References 

Arcavi, A. (2003). The role of visual representations in the learning of 
mathematics. Educational Studies in Mathematics, 52(3), 215–241. 
https://doi.org/10.1023/A:1024312321077 

Ashcraft, M. H., & Kirk, E. P. (2001). The relationships among working memory, 
math anxiety, and performance. Journal of Experimental Psychology: General, 
130(2), 224–237. https://doi.org/10.1037//0096-3445.130.2.224 

Ashlock, R. B. (2006). Error patterns in computation. Using error patterns to improve 
instruction. Pearson.  

Baten, E., Praet, M., & Desoete, A. (2017). The relevance and efficacy of 
metacognition for instructional design in the domain of mathematics. ZDM - 
Mathematics Education, 49(4), 613–623. https://doi.org/10.1007/s11858-
017-0851-y 

Beishuizen, M. (1993). Mental Strategies and Materials or Models for Addition and 
Subtraction up to 100 in Dutch Second Grades. Journal for Research in 
Mathematics Education, 24(4), 294. https://doi.org/10.2307/749464 

Bennett, R. E. (2011). Formative assessment: a critical review. Assessment in 
Education: Principles, Policy & Practice, 18(1), 5–25. 
https://doi.org/10.1080/0969594X.2010.513678 

Blöte, A. W., Klein, A. S., & Beishuizen, M. (2000). Mental computation and 
conceptual understanding. Learning and Instruction, 10(3), 221–247. 
https://doi.org/10.1016/S0959-4752(99)00028-6 

Bobis, J. (2007). The Empty Number Line: A Useful Tool or Just Another 
Procedure? Teaching Children Mathematics, 13(8), 410–413. 
http://www.jstor.org/stable/41198983 

Bobis, J., & Bobis, E. (2005). The empty number line: Making children’s thinking 
visible. In M. Coupland, J. Anderson, & T. Spencer (Eds.), Proceedings of the 
Twentieth Biennial Conference of The Australian Association of Mathematics 
Teachers (Issue 08, pp. 66–72). The Australian Association of Mathematics 
Teachers. 
http://aamt.dbinformatics.com.au/index.php/content/download/19063/25
2036/file/mm-vital.pdf#page=72 

Boesen, J., Lithner, J., & Palm, T. (2010). The relation between types of 
assessment tasks and the mathematical reasoning students use. Educational 
Studies in Mathematics, 75(1), 89–105. https://doi.org/10.1007/s10649-
010-9242-9 

Borghouts, C. (2017). De Vertaalcirkel [The translation circle]. Volgens Bartjens, 
37(1), 22–27. https://www.volgens-bartjens.nl/art/50-3631_De-
vertaalcirkel-13-veelgestelde-vragen 

Breen, S., & O’Shea, A. (2010). Mathematical thinking and task design. Bulletin of 
the Irish Mathematical Society, 66, 39–49. 
http://mural.maynoothuniversity.ie/5455/1/AO-Task-Design.pdf 

Brown, J., & Burton, R. (1978). Diagnostic models for procedural bugs in basic 
mathematical skills. Cognitive Science, 2(2), 155–192. 
https://doi.org/10.1016/S0364-0213(78)80004-4 

Diagnostic Framework Subtraction 

45 

Bunck, M. J. A., Terlien, E., van Groenestijn, M., Toll, S. W. M., & van Luit, J. E. 
H. (2017). Observing and analysing children’s mathematical development, 
based on action theory. Educational Studies in Mathematics, 96(3), 289–304. 
https://doi.org/10.1007/s10649-017-9763-6 

Carless, D. (2007). Conceptualizing pre‐emptive formative assessment. Assessment 
in Education: Principles, Policy & Practice, 14(2), 171–184. 
https://doi.org/10.1080/09695940701478412 

Clements, D. H., & Sarama, J. (2004). Learning Trajectories in Mathematics 
Education. Mathematical Thinking and Learning, 6(2), 81–89. 
https://doi.org/10.1207/s15327833mtl0602_1 

Clements, D. H., & Sarama, J. (2011). Early childhood mathematics intervention. 
Science, 333(6045), 968–970. https://doi.org/10.1126/science.1204537 

Diezmann, C., & Lowrie, T. (2006). Primary students’ knowledge of and errors on 
number lines. Proceedings 29th Annual Conference of the Mathematics 
Education Research Group of Australasia, 1964, 171–178. 
http://eprints.qut.edu.au/5302/ 

Dowker, A. (2014). Young children’s use of derived fact strategies for addition and 
subtraction. Frontiers in Human Neuroscience, 7(January), 924. 
https://doi.org/10.3389/fnhum.2013.00924 

Durkin, K., Star, J. R., & Rittle-Johnson, B. (2017). Using comparison of multiple 
strategies in the mathematics classroom: lessons learned and next steps. 
ZDM - Mathematics Education, 49(4), 585–597. 
https://doi.org/10.1007/s11858-017-0853-9 

Fuson, K. C., Wearne, D., Hiebert, J. C., Murray, H. G., Human, P. G., Olivier, A. 
I., Carpenter, T. P., & Fennema, E. (1997). Children’s conceptual structures 
for multi-digit numbers and methods of multi-digit addition and subtraction. 
Journal for Research in Mathematics Education, 28(2), 130–162. 
http://www.jstor.org/stable/10.2307/749759 

Gravemeijer, K. (2004). Local Instruction Theories as Means of Support for 
Teachers in Reform Mathematics Education. Mathematical Thinking and 
Learning, 6(2), 105–128. https://doi.org/10.1207/s15327833mtl0602_3 

Gravemeijer, K., Bowers, J., & Stephan, M. (2003). Chapter 4: A hypothetical 
Learning Trajectory on Measurment and Flexible Arithmetic. Journal for 
Research in Mathematics Education, 12, 51–66. 
http://www.jstor.org/stable/30037721 

Grootenboer, P., & Marshman, M. (2016). Mathematics, affect and learning: Middle 
school students’ beliefs and attitudes about mathematics education. In 
Mathematics, Affect and Learning: Middle School Students’ Beliefs and 
Attitudes About Mathematics Education. Springer Singapore. 
https://doi.org/10.1007/978-981-287-679-9 

Guskey, T. (2002). Professional Development and Teacher Change. Teachers and 
Teaching: Theory and Practice, 8(3), 381–391. 
https://doi.org/10.1080/135406002100000512 

Hennessy, S. (1993). The stability of children’s mathematical behaviour: When is a 
bug really a bug? Learning and Instruction, 3(4), 315–338. 
https://doi.org/10.1016/0959-4752(93)90022-R 

https://doi.org/10.1007/s10649-017-9763-6
https://doi.org/10.1080/09695940701478412
https://doi.org/10.1207/s15327833mtl0602_1
https://doi.org/10.1126/science.1204537
http://eprints.qut.edu.au/5302/
https://doi.org/10.3389/fnhum.2013.00924
https://doi.org/10.1007/s11858-017-0853-9
http://www.jstor.org/stable/10.2307/749759
https://doi.org/10.1207/s15327833mtl0602_3
http://www.jstor.org/stable/30037721
https://doi.org/10.1007/978-981-287-679-9
https://doi.org/10.1080/135406002100000512
https://doi.org/10.1016/0959-4752


565914-L-sub01-bw-Vermeulen565914-L-sub01-bw-Vermeulen565914-L-sub01-bw-Vermeulen565914-L-sub01-bw-Vermeulen
Processed on: 7-9-2021Processed on: 7-9-2021Processed on: 7-9-2021Processed on: 7-9-2021 PDF page: 56PDF page: 56PDF page: 56PDF page: 56

Chapter 2 

46 

Hop, M., Janssen, J., Hemker, B., van Weerden, J., J., & van Til, A. (2012). Balans 
van het rekenwiskundeonderwijs halverwege de basisschool 5 [Fifth 
assessment of mathematics education halfway primary school]. (Vol. 47 
PPON-series). Cito. 
http://www.cito.nl/~/media/cito_nl/files/onderzoek%20en%20wetenschap/
ppon/cito_ppon_balans_47.ashx?la=nl 

Hsieh, H. F., & Shannon, S. E. (2005). Three approaches to qualitative content 
analysis. Qualitative Health Research, 15(9), 1277–1288. 
https://doi.org/10.1177/1049732305276687 

Janssen, J., Scheltens, F., & Kraemer, J. M. (2006). Primair onderwijs. Leerling- en 
onderwijsvolgsysteem. Rekenen-wiskunde groep 5 [Primary education. Pupil 
and educational monitoring system. Mathematics grade 3]. Cito. 

Keeley, P., & Tobey, C. R. (2011). Mathematics Formative Assessment- 75 Practical 
Strategies for Linking Assessment, Instruction, and Learning. Corwin Press. 

Klein, A. S., Beishuizen, M., & Treffers, A. (1998). The Empty Number Line in 
Dutch Second Grades: Realistic versus Gradual Program Design. Journal for 
Research in Mathematics Education, 29(4), 443. 
https://doi.org/10.2307/749861 

Kraemer, J. M. (2009). Balans (40) over de strategieën en procedures bij het 
hoofdrekenen halverwege de basisschool. [Periodical assessment of strategies 
and procedures in mental arithmetic mid primary school]. (PPON Report No. 
40). Cito, Institute for Educational Measurement. https://www.cito.nl/-
/media/files/kennis-en-innovatie-
onderzoek/ppon/cito_ppon_balans_40.pdf?la=nl-nl 

Kraemer, J. M. (2011). Oplossingsmethoden voor aftrekken tot 100 [solution 
methods for subtraction up to 100] [Doctoral dissertation, Technical University 
Eindhoven]. https://doi.org/10.6100/IR721544 

Leighton, J. P. (2004). Avoiding Misconception, Misuse, and Missed Opportunities: 
The Collection of Verbal Reports in Educational Achievement Testing. 
Educational Measurement: Issues and Practice, 23(4), 6–15. 
https://doi.org/10.1111/j.1745-3992.2004.tb00164.x 

Leighton, J. P., & Gierl, M. J. (2007a). Defining and Evaluating Models of 
Cognition Used in Educational Measurement to Make Inferences About 
Examinees ’ Thinking Processes. Educational Measurement: Issues and 
Practice, 26(2), 3–16. https://doi.org/10.1111/j.1745-3992.2007.00090.x 

Leighton, J. P., & Gierl, M. J. (2007b). Why Cognitive Diagnostic Assessment. In 
Jacqueline P. Leighton & M. J. Gierl (Eds.), Cognitive Diagnostic Assessment 
for Education: Theory and Applications (pp. 3–18). Cambridge University 
Press. 

Leighton, J. P., Gokiert, R. J., Cor, M. ., & Heffernan, C. (2010). Teacher beliefs 
about the cognitive diagnostic information of classroom versus large scale 
tests: Implications for assessment literacy. Assessment in Education: 
Principles, Policy & Practice, 17(1), 7–21. 
https://doi.org/10.1080/09695940903565362 

Diagnostic Framework Subtraction 

47 

Murphy, C. (2011). Comparing the use of the empty number line in England and 
the Netherlands. British Educational Research Journal, 37(1), 147–161. 
https://doi.org/10.1080/01411920903447423 

Nichols, P. D. (1994). A Framework for Developing Cognitively Diagnostic 
Assessments. In Review of Educational Research (Vol. 64, Issue 4, pp. 575–
603). https://doi.org/10.3102/00346543064004575 

Nichols, P. D., Chipman, S. F., & Brennan, R. L. (Eds). (1995). Cognitively 
diagnostic assessment. Lawrence Erlbaum Associates. 

Notten, C. (2019). Leren rekenen. Werken met de modellen uit het Protocol ERWD 
[learning mathematics. Teaching with the models from the protocol (severe) 
mathematical difficulties and dyscalculia] (2nd ed.). Koninklijke Van Gorcum. 

Peltenburg, M., van den Heuvel Panhuizen, M., & Robitzsch, A. (2010). ICT‐based 
dynamic assessment to reveal special education students’ potential in 
mathematics. Research Papers in Education, 25(3), 319–334. 
https://doi.org/10.1080/02671522.2010.498148 

Resnick, L. B. (1984). Beyond Error Analysis: The Role of Understanding in 
Elementary School Arithmetic. 
http://eric.ed.gov/ERICWebPortal/recordDetail?accno=ED248099 

Riccomini, P. J. (2005). Identification and Remediation of Systematic Error 
Patterns in Subtraction. Learning Disability Quarterly, 28(3), 233–242. 
http://www.jstor.org/stable/10.2307/1593661 

Rittle-Johnson, B. (2017). Developing Mathematics Knowledge. Child Development 
Perspectives, 11(3), 184–190. https://doi.org/10.1111/cdep.12229 

Robinson, K. M. (2001). The validity of verbal reports in children’s subtraction. 
Journal of Educational Psychology, 93(1), 211–222. 
https://doi.org/10.1037/0022-0663.93.1.211 

Rupp, A. A., Gushta, M., Mislevy, R. J., & Shaffer, D. W. (2010). Evidence-centered 
design of epistemic games: Measurement principles for complex learning 
environments. Journal Of Technology Learning And Assessment, 8(4), 1–45. 
http://napoleon.bc.edu/ojs/index.php/jtla/article/viewFile/1623/1467 

Schildkamp, K., & Kuiper, W. (2010). Data-informed curriculum reform: Which 
data, what purposes, and promoting and hindering factors. Teaching and 
Teacher Education, 26(3), 482–496. 
https://doi.org/10.1016/j.tate.2009.06.007 

Schraw, G. (1998). Promoting general metacognitive awareness. Instructional 
Science, 26(1–2), 113–125. https://doi.org/10.1007/978-94-017-2243-8_1 

Selter, C., Prediger, S., Nührenbörger, M., & Hußmann, S. (2012). Taking away 
and determining the difference-a longitudinal perspective on two models of 
subtraction and the inverse relation to addition. Educational Studies in 
Mathematics, 79(3), 389–408. https://doi.org/10.1007/s10649-011-9305-6 

Shute, V. J., & Ke, F. (2012). Games, Learning, and Assessment. In D. Ifenthaler, 
D. Eseryel, & X. Ge (Eds.), Assessment in Game-Based Learning (pp. 43–58). 
Springer New York. https://doi.org/10.1007/978-1-4614-3546-4 

Siegler, R. S., & Lemaire, P. (1997). Older and younger adults’ strategy choices in 
multiplication: testing predictions of ASCM using the choice/no-choice 

http://www.cito.nl/~/media/cito_nl/files/onderzoek%20en%20wetenschap/
https://doi.org/10.1177/1049732305276687
https://doi.org/10.2307/749861
https://www.cito.nl/-
https://doi.org/10.6100/IR721544
https://doi.org/10.1111/j.1745-3992.2004.tb00164.x
https://doi.org/10.1111/j.1745-3992.2007.00090.x
https://doi.org/10.1080/09695940903565362


565914-L-sub01-bw-Vermeulen565914-L-sub01-bw-Vermeulen565914-L-sub01-bw-Vermeulen565914-L-sub01-bw-Vermeulen
Processed on: 7-9-2021Processed on: 7-9-2021Processed on: 7-9-2021Processed on: 7-9-2021 PDF page: 57PDF page: 57PDF page: 57PDF page: 57

22

Chapter 2 

46 

Hop, M., Janssen, J., Hemker, B., van Weerden, J., J., & van Til, A. (2012). Balans 
van het rekenwiskundeonderwijs halverwege de basisschool 5 [Fifth 
assessment of mathematics education halfway primary school]. (Vol. 47 
PPON-series). Cito. 
http://www.cito.nl/~/media/cito_nl/files/onderzoek%20en%20wetenschap/
ppon/cito_ppon_balans_47.ashx?la=nl 

Hsieh, H. F., & Shannon, S. E. (2005). Three approaches to qualitative content 
analysis. Qualitative Health Research, 15(9), 1277–1288. 
https://doi.org/10.1177/1049732305276687 

Janssen, J., Scheltens, F., & Kraemer, J. M. (2006). Primair onderwijs. Leerling- en 
onderwijsvolgsysteem. Rekenen-wiskunde groep 5 [Primary education. Pupil 
and educational monitoring system. Mathematics grade 3]. Cito. 

Keeley, P., & Tobey, C. R. (2011). Mathematics Formative Assessment- 75 Practical 
Strategies for Linking Assessment, Instruction, and Learning. Corwin Press. 

Klein, A. S., Beishuizen, M., & Treffers, A. (1998). The Empty Number Line in 
Dutch Second Grades: Realistic versus Gradual Program Design. Journal for 
Research in Mathematics Education, 29(4), 443. 
https://doi.org/10.2307/749861 

Kraemer, J. M. (2009). Balans (40) over de strategieën en procedures bij het 
hoofdrekenen halverwege de basisschool. [Periodical assessment of strategies 
and procedures in mental arithmetic mid primary school]. (PPON Report No. 
40). Cito, Institute for Educational Measurement. https://www.cito.nl/-
/media/files/kennis-en-innovatie-
onderzoek/ppon/cito_ppon_balans_40.pdf?la=nl-nl 

Kraemer, J. M. (2011). Oplossingsmethoden voor aftrekken tot 100 [solution 
methods for subtraction up to 100] [Doctoral dissertation, Technical University 
Eindhoven]. https://doi.org/10.6100/IR721544 

Leighton, J. P. (2004). Avoiding Misconception, Misuse, and Missed Opportunities: 
The Collection of Verbal Reports in Educational Achievement Testing. 
Educational Measurement: Issues and Practice, 23(4), 6–15. 
https://doi.org/10.1111/j.1745-3992.2004.tb00164.x 

Leighton, J. P., & Gierl, M. J. (2007a). Defining and Evaluating Models of 
Cognition Used in Educational Measurement to Make Inferences About 
Examinees ’ Thinking Processes. Educational Measurement: Issues and 
Practice, 26(2), 3–16. https://doi.org/10.1111/j.1745-3992.2007.00090.x 

Leighton, J. P., & Gierl, M. J. (2007b). Why Cognitive Diagnostic Assessment. In 
Jacqueline P. Leighton & M. J. Gierl (Eds.), Cognitive Diagnostic Assessment 
for Education: Theory and Applications (pp. 3–18). Cambridge University 
Press. 

Leighton, J. P., Gokiert, R. J., Cor, M. ., & Heffernan, C. (2010). Teacher beliefs 
about the cognitive diagnostic information of classroom versus large scale 
tests: Implications for assessment literacy. Assessment in Education: 
Principles, Policy & Practice, 17(1), 7–21. 
https://doi.org/10.1080/09695940903565362 

Diagnostic Framework Subtraction 

47 

Murphy, C. (2011). Comparing the use of the empty number line in England and 
the Netherlands. British Educational Research Journal, 37(1), 147–161. 
https://doi.org/10.1080/01411920903447423 

Nichols, P. D. (1994). A Framework for Developing Cognitively Diagnostic 
Assessments. In Review of Educational Research (Vol. 64, Issue 4, pp. 575–
603). https://doi.org/10.3102/00346543064004575 

Nichols, P. D., Chipman, S. F., & Brennan, R. L. (Eds). (1995). Cognitively 
diagnostic assessment. Lawrence Erlbaum Associates. 

Notten, C. (2019). Leren rekenen. Werken met de modellen uit het Protocol ERWD 
[learning mathematics. Teaching with the models from the protocol (severe) 
mathematical difficulties and dyscalculia] (2nd ed.). Koninklijke Van Gorcum. 

Peltenburg, M., van den Heuvel Panhuizen, M., & Robitzsch, A. (2010). ICT‐based 
dynamic assessment to reveal special education students’ potential in 
mathematics. Research Papers in Education, 25(3), 319–334. 
https://doi.org/10.1080/02671522.2010.498148 

Resnick, L. B. (1984). Beyond Error Analysis: The Role of Understanding in 
Elementary School Arithmetic. 
http://eric.ed.gov/ERICWebPortal/recordDetail?accno=ED248099 

Riccomini, P. J. (2005). Identification and Remediation of Systematic Error 
Patterns in Subtraction. Learning Disability Quarterly, 28(3), 233–242. 
http://www.jstor.org/stable/10.2307/1593661 

Rittle-Johnson, B. (2017). Developing Mathematics Knowledge. Child Development 
Perspectives, 11(3), 184–190. https://doi.org/10.1111/cdep.12229 

Robinson, K. M. (2001). The validity of verbal reports in children’s subtraction. 
Journal of Educational Psychology, 93(1), 211–222. 
https://doi.org/10.1037/0022-0663.93.1.211 

Rupp, A. A., Gushta, M., Mislevy, R. J., & Shaffer, D. W. (2010). Evidence-centered 
design of epistemic games: Measurement principles for complex learning 
environments. Journal Of Technology Learning And Assessment, 8(4), 1–45. 
http://napoleon.bc.edu/ojs/index.php/jtla/article/viewFile/1623/1467 

Schildkamp, K., & Kuiper, W. (2010). Data-informed curriculum reform: Which 
data, what purposes, and promoting and hindering factors. Teaching and 
Teacher Education, 26(3), 482–496. 
https://doi.org/10.1016/j.tate.2009.06.007 

Schraw, G. (1998). Promoting general metacognitive awareness. Instructional 
Science, 26(1–2), 113–125. https://doi.org/10.1007/978-94-017-2243-8_1 

Selter, C., Prediger, S., Nührenbörger, M., & Hußmann, S. (2012). Taking away 
and determining the difference-a longitudinal perspective on two models of 
subtraction and the inverse relation to addition. Educational Studies in 
Mathematics, 79(3), 389–408. https://doi.org/10.1007/s10649-011-9305-6 

Shute, V. J., & Ke, F. (2012). Games, Learning, and Assessment. In D. Ifenthaler, 
D. Eseryel, & X. Ge (Eds.), Assessment in Game-Based Learning (pp. 43–58). 
Springer New York. https://doi.org/10.1007/978-1-4614-3546-4 

Siegler, R. S., & Lemaire, P. (1997). Older and younger adults’ strategy choices in 
multiplication: testing predictions of ASCM using the choice/no-choice 

https://doi.org/10.1080/01411920903447423
https://doi.org/10.3102/00346543064004575
https://doi.org/10.1080/02671522.2010.498148
http://eric.ed.gov/ERICWebPortal/recordDetail?accno=ED248099
http://www.jstor.org/stable/10.2307/1593661
https://doi.org/10.1111/cdep.12229
https://doi.org/10.1037/0022-0663.93.1.211
http://napoleon.bc.edu/ojs/index.php/jtla/article/viewFile/1623/1467
https://doi.org/10.1016/j.tate.2009.06.007
https://doi.org/10.1007/978-94-017-2243-8_1
https://doi.org/10.1007/s10649-011-9305-6
https://doi.org/10.1007/978-1-4614-3546-4


565914-L-sub01-bw-Vermeulen565914-L-sub01-bw-Vermeulen565914-L-sub01-bw-Vermeulen565914-L-sub01-bw-Vermeulen
Processed on: 7-9-2021Processed on: 7-9-2021Processed on: 7-9-2021Processed on: 7-9-2021 PDF page: 58PDF page: 58PDF page: 58PDF page: 58

Chapter 2 

48 

method. Journal of Experimental Psychology. General, 126(1), 71–92. 
http://www.ncbi.nlm.nih.gov/pubmed/9090145 

Smith, J. P., DiSessa, A. A., & Roschelle, J. (1994). Misconceptions Reconceived: A 
Constructivist Analysis of Knowledge in Transition. Journal of the Learning 
Sciences, 3(2), 115–163. https://doi.org/10.1207/s15327809jls0302_1 

Stobart, G. (2008). Testing times: The uses and abuses of assessment. Routledge. 
Strickland, S., Wood, M., & Parks, A. (2005). Number lines: Students across grade 

levels making meaning through metaphor. In G. M. Lloyd, M. Wilson, J. L. M. 
Wilkins, & S. L. Behm (Eds.), Proceedings of the 27th Annual Meeting of the 
North American Chapter of the International Group for the Psychology of 
Mathematics Education (pp. 375–376). Virginia Polytechnic Institute and 
State University. http://www.pmena.org/pmenaproceedings/PMENA 27 
2005 Proceedings.pdf 

Teppo, A., & Heuvel-Panhuizen, M. (2013). Visual representations as objects of 
analysis: the number line as an example. Zdm, 46(1), 45–58. 
https://doi.org/10.1007/s11858-013-0518-2 

Torbeyns, J., De Smedt, B., Stassens, N., Ghesquière, P., & Verschaffel, L. (2009). 
Solving Subtraction Problems by Means of Indirect Addition. Mathematical 
Thinking and Learning, 11(1–2), 79–91. 
https://doi.org/10.1080/10986060802583998 

Torbeyns, J., & Verschaffel, L. (2016). Mental computation or standard algorithm? 
Children’s strategy choices on multi-digit subtractions. European Journal of 
Psychology of Education, 31(2), 99–116. https://doi.org/10.1007/s10212-
015-0255-8 

Treffers, A., van den Heuvel-Panhuizen, M., & Buys, K. (2000). Jonge kinderen 
leren rekenen. Tussendoelen annex leerlijnen. Hele getallen onderbouw 
basisschool [Young children learn mathematics. Intermediate goals annex 
learning trajectories. Whole numbers in lower grades of primary school]. 
Wolters-Noordhoff. 

van den Heuvel-Panhuizen, M. (2003). The Didactical Use of Models in Realistic 
Mathematics Education: An Example From a Longitudinal Trajectory on 
Percentage. Educational Studies in Mathematics, 54, 9–35. 

van den Heuvel-Panhuizen, M. (2008). Learning from “Didactikids”: An impetus for 
revisiting the empty number line. Mathematics Education Research Journal, 
20(3), 6–31. http://www.springerlink.com/index/R3212763N95PL0V0.pdf 

van den Heuvel-Panhuizen, M., & Peltenburg, M. (2011). A Secondary Analysis 
from a Cognitive Load Perspective to Understand Why an ICT-based 
Assessment Environment Helps Special Education Students to Solve 
Mathematical Problems. Research in Mathematics Education, 10(1–2), 23–41. 

van den Heuvel-Panhuizen, M., & Treffers, A. (2009). Mathe-Didactical Reflections 
on Young Children’s Understanding and Application of Subtraction-Related 
Principles. Mathematical Thinking and Learning, 11(1–2), 102–112. 
https://doi.org/10.1080/10986060802584046 

van den Heuvel-Panhuizen, M, & Wijers, M. (2005). Mathematics standards and 
curricula in the Netherlands. ZDM, 37(4), 287–307. 
https://doi.org/10.1007/BF02655816 

Diagnostic Framework Subtraction 

49 

van der Kleij, F. M., Vermeulen, J. A., Schildkamp, K., & Eggen, T. J. H. M. (2015). 
Integrating data-based decision making, Assessment for Learning and 
diagnostic testing in formative assessment. Assessment in Education: 
Principles, Policy & Practice, 22(3), 324–343. 
https://doi.org/10.1080/0969594X.2014.999024 

van Groenestijn, M., Borghouts, C., Janssen, C., van Groenenstijn, M., Borghouts, 
C., & Janssen, C. (2011). Protocol Ernstige RekenWiskunde-Problemen en 
Dyscalculie [Protocol severe mathematical problems and dyscalculia]. Van 
Gorcum. https://erwd.nl/_downloads/protocol-ernstige-reken-
wiskundeproblemen-en-dyscalculie/basisonderwijs/protocol-erwd-po-bso-
so.pdf 

van Zanten, M. (2011). Rekenen-wiskunde op de basisschool. Reken-
wiskundedidactiek [Mathematics in primary school. Didactics of mathematics]. 
ThiemeMeulenhoff. 

VanLehn, K. (1990). Mind Bugs. The origins of procedural misconceptions. MIT 
Press. 

Vermeulen, J. A., Scheltens, F., Eggen, T. J. H. M. (2015). Strategie-identificatie 
met de lege getallenlijn: een vergelijking tussen tablet en papier [Strategy-
identification with the empty number line: A comparison between tablet and 
paper]. Pedagogische Studiën, 92 (1), 39–54. 

Wiliam, D. (2005). Keeping learning on track: Formative assessment and the 
regulation of learning. In J. A. M. Coupland T. Spencer (Ed.), Making 
mathematics vital: Proceedings of the twentieth biennial conference of the 
Australian Association of Mathematics Teachers (pp. 26–40). 

Young, R. M., & O’Shea, T. (1981). Errors in children’s subtraction. Cognitive 
Science, 5(2), 177–153.  

http://www.ncbi.nlm.nih.gov/pubmed/9090145
https://doi.org/10.1207/s15327809jls0302_1
http://www.pmena.org/pmenaproceedings/PMENA
https://doi.org/10.1007/s11858-013-0518-2
https://doi.org/10.1080/10986060802583998
https://doi.org/10.1007/s10212-
http://www.springerlink.com/index/R3212763N95PL0V0.pdf
https://doi.org/10.1080/10986060802584046
https://doi.org/10.1007/BF02655816


565914-L-sub01-bw-Vermeulen565914-L-sub01-bw-Vermeulen565914-L-sub01-bw-Vermeulen565914-L-sub01-bw-Vermeulen
Processed on: 7-9-2021Processed on: 7-9-2021Processed on: 7-9-2021Processed on: 7-9-2021 PDF page: 59PDF page: 59PDF page: 59PDF page: 59

22

Chapter 2 

48 

method. Journal of Experimental Psychology. General, 126(1), 71–92. 
http://www.ncbi.nlm.nih.gov/pubmed/9090145 

Smith, J. P., DiSessa, A. A., & Roschelle, J. (1994). Misconceptions Reconceived: A 
Constructivist Analysis of Knowledge in Transition. Journal of the Learning 
Sciences, 3(2), 115–163. https://doi.org/10.1207/s15327809jls0302_1 

Stobart, G. (2008). Testing times: The uses and abuses of assessment. Routledge. 
Strickland, S., Wood, M., & Parks, A. (2005). Number lines: Students across grade 

levels making meaning through metaphor. In G. M. Lloyd, M. Wilson, J. L. M. 
Wilkins, & S. L. Behm (Eds.), Proceedings of the 27th Annual Meeting of the 
North American Chapter of the International Group for the Psychology of 
Mathematics Education (pp. 375–376). Virginia Polytechnic Institute and 
State University. http://www.pmena.org/pmenaproceedings/PMENA 27 
2005 Proceedings.pdf 

Teppo, A., & Heuvel-Panhuizen, M. (2013). Visual representations as objects of 
analysis: the number line as an example. Zdm, 46(1), 45–58. 
https://doi.org/10.1007/s11858-013-0518-2 

Torbeyns, J., De Smedt, B., Stassens, N., Ghesquière, P., & Verschaffel, L. (2009). 
Solving Subtraction Problems by Means of Indirect Addition. Mathematical 
Thinking and Learning, 11(1–2), 79–91. 
https://doi.org/10.1080/10986060802583998 

Torbeyns, J., & Verschaffel, L. (2016). Mental computation or standard algorithm? 
Children’s strategy choices on multi-digit subtractions. European Journal of 
Psychology of Education, 31(2), 99–116. https://doi.org/10.1007/s10212-
015-0255-8 

Treffers, A., van den Heuvel-Panhuizen, M., & Buys, K. (2000). Jonge kinderen 
leren rekenen. Tussendoelen annex leerlijnen. Hele getallen onderbouw 
basisschool [Young children learn mathematics. Intermediate goals annex 
learning trajectories. Whole numbers in lower grades of primary school]. 
Wolters-Noordhoff. 

van den Heuvel-Panhuizen, M. (2003). The Didactical Use of Models in Realistic 
Mathematics Education: An Example From a Longitudinal Trajectory on 
Percentage. Educational Studies in Mathematics, 54, 9–35. 

van den Heuvel-Panhuizen, M. (2008). Learning from “Didactikids”: An impetus for 
revisiting the empty number line. Mathematics Education Research Journal, 
20(3), 6–31. http://www.springerlink.com/index/R3212763N95PL0V0.pdf 

van den Heuvel-Panhuizen, M., & Peltenburg, M. (2011). A Secondary Analysis 
from a Cognitive Load Perspective to Understand Why an ICT-based 
Assessment Environment Helps Special Education Students to Solve 
Mathematical Problems. Research in Mathematics Education, 10(1–2), 23–41. 

van den Heuvel-Panhuizen, M., & Treffers, A. (2009). Mathe-Didactical Reflections 
on Young Children’s Understanding and Application of Subtraction-Related 
Principles. Mathematical Thinking and Learning, 11(1–2), 102–112. 
https://doi.org/10.1080/10986060802584046 

van den Heuvel-Panhuizen, M, & Wijers, M. (2005). Mathematics standards and 
curricula in the Netherlands. ZDM, 37(4), 287–307. 
https://doi.org/10.1007/BF02655816 

Diagnostic Framework Subtraction 

49 

van der Kleij, F. M., Vermeulen, J. A., Schildkamp, K., & Eggen, T. J. H. M. (2015). 
Integrating data-based decision making, Assessment for Learning and 
diagnostic testing in formative assessment. Assessment in Education: 
Principles, Policy & Practice, 22(3), 324–343. 
https://doi.org/10.1080/0969594X.2014.999024 

van Groenestijn, M., Borghouts, C., Janssen, C., van Groenenstijn, M., Borghouts, 
C., & Janssen, C. (2011). Protocol Ernstige RekenWiskunde-Problemen en 
Dyscalculie [Protocol severe mathematical problems and dyscalculia]. Van 
Gorcum. https://erwd.nl/_downloads/protocol-ernstige-reken-
wiskundeproblemen-en-dyscalculie/basisonderwijs/protocol-erwd-po-bso-
so.pdf 

van Zanten, M. (2011). Rekenen-wiskunde op de basisschool. Reken-
wiskundedidactiek [Mathematics in primary school. Didactics of mathematics]. 
ThiemeMeulenhoff. 

VanLehn, K. (1990). Mind Bugs. The origins of procedural misconceptions. MIT 
Press. 

Vermeulen, J. A., Scheltens, F., Eggen, T. J. H. M. (2015). Strategie-identificatie 
met de lege getallenlijn: een vergelijking tussen tablet en papier [Strategy-
identification with the empty number line: A comparison between tablet and 
paper]. Pedagogische Studiën, 92 (1), 39–54. 

Wiliam, D. (2005). Keeping learning on track: Formative assessment and the 
regulation of learning. In J. A. M. Coupland T. Spencer (Ed.), Making 
mathematics vital: Proceedings of the twentieth biennial conference of the 
Australian Association of Mathematics Teachers (pp. 26–40). 

Young, R. M., & O’Shea, T. (1981). Errors in children’s subtraction. Cognitive 
Science, 5(2), 177–153.  

https://doi.org/10.1080/0969594X.2014.999024
https://erwd.nl/_downloads/protocol-ernstige-reken-


565914-L-sub01-bw-Vermeulen565914-L-sub01-bw-Vermeulen565914-L-sub01-bw-Vermeulen565914-L-sub01-bw-Vermeulen
Processed on: 7-9-2021Processed on: 7-9-2021Processed on: 7-9-2021Processed on: 7-9-2021 PDF page: 60PDF page: 60PDF page: 60PDF page: 60

Chapter 2 

50 

Appendix 2A 
 

 
Figure 2A1. Cases with single errors. 
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Figure 2A2. Cases with multiple errors student A. 
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Figure 2A2. Cases with multiple errors student A. 
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Figure 2a3. Cases with multiple errors student B 

 

Figure 2A4. Cases with multiple errors student C. 
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Figure 2A5. Cases with multiple errors student D. 

Figure 2A6. Cases with multiple errors student E. 

 

Figure 2A7. Cases with multiple errors student F. 
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Figure 2A6. Cases with multiple errors student E. 

 

Figure 2A7. Cases with multiple errors student F. 
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Figure 2A8. Cases with multiple errors student G. 
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Figure 2a9. Cases with multiple errors student H 

 

Figure 2A10. Cases with multiple errors student I. 
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Figure 2A8. Cases with multiple errors student G. 
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Figure 2a9. Cases with multiple errors student H 

 

Figure 2A10. Cases with multiple errors student I. 
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Chapter 3 
Diagnostic Assessment with the 

Empty Number Line: A Comparison 
Between Tablet and Paper  

Abstract 
Cognitive diagnostic assessment (CDA) aims to collect response 

behaviour that is indicative of students’ mathematical thinking. Tablet 
technology has several benefits for collecting and analysing response 
behaviour compared to paper-and-pencil tasks. For example, in vivo 
tracking of the solution process and automated coding of the collected 
response behaviour. Tablet technology might alter students’ response 
behaviour which has consequences for inferences made about students’ 
mathematical thinking. On two occasions 123 Dutch third graders were 
assessed with either a paper or tablet task in which the Empty Number Line 
(ENL) could be used voluntarily. A between group ANCOVA showed no 
significant differences between tablet and paper for the ENL frequency and 
for task score. Nevertheless, students in the tablet condition used 
abbreviated mental strategies more often than students in the paper 
condition. A within group ANCOVA showed that students who made the 
paper-pencil-task on the first occasion used the ENL less frequently on the 
tablet on the second occasion. Additionally, on the first occasion, no 
significant difference in students’ scores were found, while on the second 
occasion students who made the paper task first scored significantly lower 
than students who made the tablet task first. The discussion focuses on the 
use of tablet technology, voluntary use of the ENL, and the design of CDA 
instruments.  

Parts of this chapter have been published in Dutch as 

Vermeulen, J. A., Scheltens, F., Eggen, T. J. H. M. (2015). Strategie-
identificatie met de lege getallenlijn: een vergelijking tussen tablet en 

papier [Strategy-identification with the empty number line: A comparison 
between tablet and paper]. Pedagogische Studiën, 92 (1), 39–54. 
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identificatie met de lege getallenlijn: een vergelijking tussen tablet en 

papier [Strategy-identification with the empty number line: A comparison 
between tablet and paper]. Pedagogische Studiën, 92 (1), 39–54. 
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1. Introduction 

Educational assessments can be designed to collect process-oriented 
data. Rupp, Gushta, Mislevy, and Shaffer (2010) defined process data as 
data concerning students’ cognitive processes (i.e., thinking and reasoning) 
that are being collected while students solve assessment tasks. Not only the 
task solution or outcome of the thinking process is considered assessment 
data, but all recorded steps of the thinking process that led to a particular 
solution are considered assessment data. In the present study, students’ 
strategy use on the empty number line (ENL) is collected to assess students’ 
mathematical thinking in subtraction and addition.  

The ENL is a visual didactical model (see Figure 3.1a) that is used in 
mathematics education in many countries to support procedural and 
conceptual development in subtraction and addition (Bobis, 2007; Bobis & 
Bobis, 2005; Diezmann & Lowrie, 2006; Gravemeijer, Bowers, & Stephan, 
2003; Murphy, 2011; van den Heuvel-Panhuizen, 2008). The process data 
collected with the ENL are made up by the different elements (i.e., jumps, 
tick marks, and landing numbers) shown in Figure 3.1b. Figure 3.1c shows 
the solution of Figure 3.1b schematically. Between the [ ] the starting and 
landing numbers are shown. Additionally, an arc symbol with a plus or 
minus symbol and a number represents the size and direction of a jump 
(e.g. ∩-30).  

 

Figure 3.1. The ENL (a); terminology used with the ENL (b); schematic 
representation of the solution shown in b (c). 

1.1. Rationale 

Due to technological advancements in educational assessment (Bennett, 
2015), a significant amount of research focuses on the design of computer-
based assessments, learning environments, and educational games in 
which process data can be recorded (e.g. Shute & Ke, 2012) and how these 
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process data can be analysed (e.g. Kerr & Chung, 2012). This increase of 
design-based research contributes to the validity of the instruments that 
are being developed. Tablet technology has several benefits for collecting 
and analysing response behaviour compared to paper-and-pencil tasks. For 
example, a tablet allows for in vivo tracking of the solution process and 
automated coding of the collected response behaviour. Although tablet 
technology has great advantages for collecting process data, it is not self-
evident that a tablet application will elicit the same strategy use as a paper 
and pencil task (Rupp et al., 2010; Leighton & Gierl, 2007b). Because tablet 
technology might alter students’ response behaviour, the use of tablets 
instead of paper may have consequences for inferences made about 
students’ mathematical thinking. With the present study, we aspire to 
contribute to the development of cognitive diagnostic assessment (CDA) 
instruments by comparing students’ response behaviour on a tablet and 
paper-and-pencil ENL task.  

1.2. Design framework for CDA instruments 

In CDA, instruments are designed in such a way that the assessment 
data can be used to diagnose students’ cognitive strengths and weaknesses 
based on their response behaviour (Gorin, 2007; Leighton & Gierl, 2007a, 
2007b; Rupp, Henson, & Templin, 2010; Rupp & Mislevy, 2007). CDA 
instruments are potentially more useful for obtaining diagnostic 
information that can be used formatively because the assessment data is 
more specific (Huff & Goodman, 2007; Leighton & Gierl, 2007b). Formative 
use of assessment data entails making instructional decisions to optimise 
student learning (Black & Wiliam, 1998; 2009; Stobart, 2008; van der Kleij, 
Vermeulen, Schildkamp, & Eggen 2015; Wiliam, 2011).  

To ensure the rigor of the CDA design process, the evidence centred 
design (ECD) framework was used to design the paper-and-pencil and tablet 
ENL tasks (Rupp, Gushta et al., 2010). The principles of the ECD framework 
are equivalent to Nichols’ (1994) steps for the development of 
psychologically based assessments. In the first step, empirical research on 
cognitive processes in a specific domain is used to develop hypotheses 
about the strategies students will use in response to the assessment tasks. 
Within the ECD framework, these hypotheses are called the student model 
(Rupp, Gushta et al., 2010). The student model for our CDA tool is described 
in Section 1.3. In the second step, the tasks are created, also referred to as 
the task model (ibid). Thirdly, the method of administration of the 
assessment is chosen and described in the presentation model. Note, in the 
present study we compare two different presentation models: A paper-and-
pencil task and a tablet task. In the fourth step, an evidence model is 
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created that describes how each response is coded. The evidence model 
uses the student model to link students’ response behaviour to their 
thinking (Rupp et al., 2010). The diagnostic framework presented in 
Chapter 2 of this dissertation can be considered an evidence model for a 
CDA ENL instrument. As a result of the interdependence of all the models 
within the ECD framework, the design of CDA instruments is an iterative 
process. This leads to the fifth step: redesigning the CDA instrument based 
on the collected evidence (Nichols, 1994; Leighton & Gierl, 2007). Section 
1.3. describes the student model that underpins the ENL task in the present 
study.  

1.3. Mathematics learning and teaching 

In mathematics learning, three types of knowledge are considered 
important; factual knowledge, procedural knowledge, and conceptual 
knowledge (Baroody & Dowker, 2003; Ritlle-Johnson, 2017; Rittle-Johnson 
& Alibali, 1999; Voutsina, 2011). Factual knowledge is arithmetic facts that 
are recalled from memory, such as 7 + 3 = 10 and 4 x 7 = 28. Knowing how 
to solve mathematics problems is procedural knowledge. It regards 
knowledge about the steps needed to solve specific problems. This means 
that procedural knowledge is situational and connected to the 
characteristics of problems (Voutsina, 2011). Conceptual knowledge on the 
other hand can be generalised across situations and problems and include 
understanding of mathematical concepts like place value and the inverse 
relationship between addition and subtraction (Rittle-Johnson, 2017; 
Rittle-Johnson & Alibali, 1999; Voutsina, 2011). This includes 
understanding why a procedure can be applied to solve the task (Voutsina, 
2011).  

Due to the open-ended character of the ENL its use in mathematics 
teaching is especially useful for the development of conceptual knowledge 
(Beishuizen, 1993; Blöte, Klein, & Beishuizen, 2000; Teppo & Van den 
Heuvel-Panhuizen, 2013). Students’ have been found to change their 
strategy use in relation to the new concepts they learn (Alibali, Phillips, & 
Fischer, 2009; Rittle-Johnson & Alibali, 1999). Simultaneously, the 
procedures students use on the ENL have been found to promote 
conceptual understanding (Rittle-Johnson, 2017). For example, explicit 
teaching of procedural knowledge such as subtraction by addition with the 
ENL might elicit the discovery of the concept of the inverse relation between 
subtraction and addition (van den Heuvel-Panhuizen, 2008). So, empirical 
evidence suggests that the development of conceptual and procedural 
knowledge is intertwined in such way that their influence is bidirectional 
(Rittle-Johnson, 2017).  
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The use of mathematical models, such as the ENL, is an important part 
of mathematics teaching (Arcavi, 2003; van den Heuvel-Panhuizen, 2003). 
It is argued that students’ procedural development progresses from 
informal context-based strategies to more formal use of abstract algorithms 
(Bunck et al., 2017; Clements & Sarama, 2004; 2011; Gravemeijer et al., 
2003; Murphy, 2011; van den Heuvel-Panhuizen, 2003; van Groenenstijn 
et al., 2011). This means that the ENL is used as a temporary auxiliary tool 
that students at some point no longer need. In an exploratory pilot study 
(see Chapter 2), it was found that mandatory use of the ENL negatively 
impacted students’ response behaviour. For this reason, it was decided to 
make the use of the ENL voluntary.   

Furthermore, Boesen, Litner, and Palm (2010) found that conceptual 
knowledge is elicited and promoted when students are asked to solve 
unfamiliar problems. The CDA tool in the present study aims to capture 
students’ current mathematical thinking. It appears better to use familiar 
subtraction and addition items, because the intention is not to promote 
students’ conceptual and procedureal development during the assessment. 
Nevertheless, using problems that are too familiar might elicit recall 
strategies because students have stored the solutions as factual knowledge. 
Choices made about the number features of the subtraction and addition 
items are described in Section 2.3.1. In the next paragraph, strategies that 
can be captured with the ENL are described in relation to the conceptual 
understanding they imply.   

1.3.1. Strategies on the ENL 

Dutch third grade students frequently solve addition and subtraction 
problems with a jumping strategy (Beishuizen, 1993; Blöte et al., 2000; 
Gravemeijer, 2004). Jumping is a sequential strategy in which students 
choose one of the numbers in a problem as a starting number and add or 
subtract chunks partitioned from the remaining number (Bobis & Bobis, 
2005; Klein, Beishuizen, & Treffers, 1998). For example, the problem 78 + 
16 =, is solved via 78 + 10 = 88; 88 + 2 = 90; and 90 + 4 = 94. When 
interpreting ENL solutions in terms of procedural knowledge, we 
distinguish between the type of jump and the type of landing number the 
student uses (see Figure 3.2). For the type of jump, three elements were 
coded: the 10- jump, multiples of ten, and non-decomposed numbers (Bobis 
& Bobis, 2005; Klein et al., 1998; Kraemer, 2011). Similarly, the type of 
landing number can be a multiple of ten (A10; Blöte et al., 2000), a multiple 
of hundred (A100), or a non-decomposed number. Distinguishing between 
these elements makes it possible to specify students’ diagnosis in terms of 
procedural knowledge used for a problem category. For example, it is 
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plausible that diagnostic information about whether students jump via a 
multiple of ten or hundred when solving problems that require carrying or 
borrowing provides insight in students’ mathematical knowledge. 
Consequently, this level of diagnostic specificity could benefit teachers’ 
formative decision making (Huff & Goodman, 2007; Leighton & Gierl, 
2007a).  

Furthermore, by using their factual and conceptual knowledge students 
can develop more flexible and efficient strategy use. Strategies in which the 
student uses conceptual knowledge to make short-cuts are called derived-
facts strategies (Dowker, 2014; Kraemer, 2011). In the present study, we 
are only interested in derived-facts strategies that are applicable on the 
ENL: Compensation and subtraction by addition. Compensation can be 
applied to both subtraction and addition problems (Dowker, 2014; Fuson 
et al., 1997; Kraemer, 2011). For example, the problem 259 + 23 =, is solved 
by rounding the 259 up to 260 to calculate 260 + 23 = 283, and 
subsequently compensating the rounding up by subtracting 1. The use of 
this strategy can be used to diagnose students’ conceptual understanding 
of the N ± 1 principle (Dowker, 2014). This means that students make use 
of the fact that if you add one to the augend you must subtract one from 
the addend, and vice versa. For example, if 260 + 23 = 283, then 259 + 23 
is one less (i.e., 283 – 1 or 282). Furthermore, when applying subtraction 
by addition the student uses knowledge of the inverse relationship between 
addition and subtraction to solve subtraction problems (Dowker, 2014; 
Peters, De Smedt, Torbeyns, Ghesquière, & Verschaffel, 2012). For example, 
the problem 62 – 58 = can also be written as 58 + ? = 62. Subsequently, the 
student could solve this by jumping from 58 to 62 and thereby calculating 
the difference between 62 and 58. Note, subtraction by addition only applies 
to subtraction problems.  

Besides jumping, third grade students develop procedural knowledge 
about decomposition (Blöte et al., 2000; Hop et al., 2012; Kraemer, 2009; 
2011). The decomposition strategy is defined as a strategy in which both 
numbers are partitioned based on their place value (Beishuizen, 1993; 
Beishuizen, van Putten, & van Mulken, 1997). When using a decomposition 
strategy, the example 78 + 16 = would be solved as follows: 70 + 10 = 80; 8 
+ 6 = 14; and 80 + 14 = 94. Although it has been observed that some 
students use a decomposition strategy on the ENL (e.g. Selter & Prediger, 
2012), it is much less likely than a jumping strategy. This is less likely 
because decomposition is based on a place-value based understanding of 
multi-digit numbers (Fuson et al., 1997), while the ENL supports a linear 
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understanding of multi-digit numbers (e.g. Teppo & van den Heuvel-
Panhuizen, 2013).  

Figure 3.2. Strategies in the number domain up to 1000 illustrated on the 
number line. 

1.4 The present study 

It is mentioned in Section 1.3 that students’ responses to the items and 
the ENL depends on their factual, conceptual, and procedural knowledge. 
It is not surprising that several studies found differences in strategy use 
(i.e., mathematical thinking) between students of different mathematical 
ability levels (e.g. Baroody & Dowker, 2003; Beishuizen, 1993; Dowker, 
2005; Geary, Hoard, Nugent & Byrd-Craven, 2008). For example, derived-
facts strategies are more frequently used by highly skilled students 
(Baroody & Dowker, 2003, Dowker, 2014). Strategy use does not, however, 
solely differ between students, but also differ between individual trials 
(Dowker, 2005; Siegler, 1996). One trial is defined as an individual student’s 
attempt to solve one item within the assessment task. It can be expected 
that between and within-student differences exist with respect to the trial-
by-trial use of the ENL. We are particularly interested in answering the 
question how two the two presentation models (i.e., paper and tablet) affect 
these within and between differences in students’ strategies observed with 
the ENL. A secondary purpose of this study was to evaluate differences 
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between the presentation models concerning students’ voluntary ENL use 
(ENL frequency) and task score.  

2. Method 

2.1. Participants  

Randomly selected primary schools throughout the Netherlands were 
asked to participate in this study. Nine third grade classes from six primary 
schools participated. Parental permission was requested for 177 students 
and given to 126 (72.3%) students. However, three students were absent 
during one the two assessment occasions. Thus, the remaining sample 
consisted of 123 students (56.9% girls). On average, students’ age was 10.1 
years (SD = 0.44, n = 98)1.  

2.2. Research design and procedure 

Two 2 x 2 mixed-designs with two between-student factors (presentation 
model and task version) and one within-student factor (assessment 
occasions) were used to analyse within and between-student differences. In 
Table 3.1 it is shown how we used these three categorical variables to create 
eight conditions which allowed to control for order effects of any of these 
three variables. During both assessment occasions, each student was asked 
to solve an arithmetic task with ten addition and ten subtraction items on 
paper or on a tablet. The features of the presentation models and the task 
versions are further described in Section 2.3.  

Each classroom was randomly assigned to either group 1 or group 2 (see 
Table 3.1). This was done because it was expected that too much within 
classroom variation of conditions (i.e., time allowed to work with the tablet) 
might be perceived by students as unfair, and thereby demotivating. 
Additionally, to limit students’ perception of being treated unequally, 
students who were assigned to the paper only conditions (condition 2 and 
4) were promised an opportunity to play with the tablet application after the 
second assessment. As shown in Table 3.1 students in, for example, 
condition 5 did task version 1 on the tablet during the first assessment 
occasion (T1) and did task version 2 (P2) with paper-and-pencil during the 
second assessment occasion.  
  

 
1Not all teachers provided information about their students’ age, therefore the n differs from 
the total sample size.  
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Table 3.1 

Conditions (C) of the 2 x 2 x 2 design  

Group C 
Occasion 

1 2 

1. tablet or paper 

1 T1 T2 

2 P2 P1 

3 T2 T1 

4 P1 P2 

2. both 

5 T1 P2 

6 P2 T1 

7 P1 T2 

8 T2 P1 
Note. P = paper, T= tablet, 1= task version 1, 2 = task version 2, NENL = number of 
students who used the ENL 

To assess students more efficiently, random dyads were created. One of 
the students within each dyad received the task presented on paper, while 
the other student was presented with the tablet application. The 
assessment took place in a quiet room within the school. At the start of the 
assessment, both students received instruction about the use of the ENL. 
After several solutions to the first example (49 + 23 =) were shown on the 
ENL, students were asked to show how they would solve this item on the 
ENL. Next, students were instructed to solve the remaining three practice 
problems (278 + 50 =, 81 – 78 =, 468 – 39 =). Students were obliged to use 
the ENL during this practice phase so that the experimenter could observe 
whether they understood the instruction. More importantly, in this way the 
experimenter could observe if the student who worked on the tablet 
understood its controls (see Section 2.3.2). Note, during the actual 
assessment, the use of the ENL was voluntary. 

2.3. Materials 

2.3.1. Item construction 

The item construction aimed at developing items that elicited the 
jumping and derived-facts strategies shown in Figure 3.2. Additionally, the 
focus was on the Dutch third grade curriculum, therefore items in the 
number domain up to 1000 were included. Moreover, the pilot study 
showed that items that did not require bridging units or tens made the ENL 
redundant (see Chapter 2). Therefore, we included only items that required 
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bridging units, tens, or hundreds. These problems put a greater demand on 
students’ working memory (Wolters, Beishuizen, Broers, & Knoppert, 1990), 
increasing the need for visual support of the ENL. Finally, the derived-facts 
strategy subtraction by addition is more likely to be elicited in items that 
have a small difference between the minuend and subtrahend, and 
compensation is more likely to be elicited by items with numbers that end 
with an 8 or a 9. 

The 40 items developed for the two task versions are shown in the 
Appendix 3A. By systematically varying the item characteristics 4 types of 
addition and 4 types of subtraction problems were created. The first item 
characteristic of the addition problems was the use of only 2-digit numbers 
(e.g. Type A: 78 + 16 = and Type B: 78 + 60 =), or both 2-digit and 3-digit 
numbers (e.g. Type C: 259 + 23 = and Type D: 269 + 50 =). The previous 
shown examples also show that the addition items varied in whether the 
addend was a multiple of ten (i.e., Types B and D). Similarly, to the addition 
items, the subtraction items varied in whether solely 2-digit, solely 3 digit, 
or both 2- and 3-digit numbers were used (i.e., respectively, Type E: 62 – 
58 = and Type F: 42 – 28 =, Type G: 282 – 279 =, and Type H: 472 – 48 =). 
The second item characteristic that was varied for the subtraction items 
was the difference between the subtrahend and minuend, which was either 
larger (i.e., Types F and H), or smaller (i.e., Types E and G). Additionally, 
four practice problems were created to offer students the possibility to get 
used to the ENL (49 + 23 =, 278 + 50 =, 81 – 78 =, 468 – 39 = ). 

2.3.2. Presentation models 

In each presentation model, the addition or subtraction item was shown 
on top of the page or screen. Next to the item an input field was shown. It 
is noteworthy that in the paper model two items were printed on one A4 
page (see Figure 3.3a), whereas in the tablet task, one item was displayed 
on a 9.7 inch screen. Underneath each item the ENL was shown. Students 
who were presented with the paper task were given a pencil and an eraser, 
while students who worked with the tablet were instructed to draw and 
erase making swipe movements with their finger. The tablet2 controls are 
explained below. Students in the paper condition were instructed not to use 
the paper as scrap paper, instead they were instructed to solve the items 
either with the ENL or mentally. Additionally, students were instructed they 
could skip items that they felt were too difficult by answering “00”. This was 

 
2 The tablet application G3T4LL3NL1JNapp was programmed in HTML5 by Patrick de Klein. 
The design of the application was established in collaboration with Anton Béguin.  
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especially relevant for the tablet condition because these students were not 
permitted to leave the input field to the item empty.  

With regard to the controls of the tablet application, students could 
swipe and tap on the screen to create jumps (i.e., arrows) and tick marks 
(see Figure 3.3b and 3.3c). Jumps and tick marks could be drawn on top of 
each other. Thus, students were not corrected for their impreciseness. 
However, to increase the user friendliness of the application, jumps and tick 
marks drawn within a certain range of each other would automatically 
connect to each other. With each arrow and tick mark created, an input 
field with a light grey border appeared. This light grey colour was chosen 
because we did not want to give students the impression that they were 
obliged to specify the size of their jumps or their landing numbers. The 
numeric keyboard that appeared with the jumps also offered the 
opportunity to enter a plus or minus sign (see Figure 3.3b and 3.3c). 
Finally, jumps and tick marks could be erased by swiping in specific 
directions. Jumps were removed by swiping vertically from above the top of 
a jump down to underneath the ENL. Tick marks could be erased by swiping 
horizontally within the blue area underneath the tick mark. Because the 
white area around the ENL was meant for drawing tick marks, erasing tick 
marks was less intuitive than erasing jumps. Nevertheless, using swipe 
controls was preferred over the use of buttons, because those would take 
up screen space.  

Figure 3.3. Layout of the paper task (a), screenshots of the ENL task on the 
tablet with a numeric keyboard with a jump (b), and with a tick mark (c). 
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2.3.3. Mathematical ability 

For mathematic ability, the schools in the present study used biannual 
standardised norm-referenced tests developed by Cito, the Dutch National 
Institute for Educational Measurement (Janssen, Scheltens, & Kraemer, 
2006). These biannual assessments measure four domains of primary 
school mathematics: numbers, ratios, measurement and geometry, and 
reasoning. The first test is administered mid third grade (M3) and exists of 
two parts of 28 items each. The second test is administered at the end of 
grade 3 (E3), and exists of three parts of, respectively, 26, 27, and 27 items. 
Most of the items in these tests are embedded in realistic contexts. Teachers 
use report forms or a computer program to calculate ability scores from 
their students’ raw scores (i.e., number of items correct). The 
transformation from raw scores to ability scores is based on Item Response 
Theory (IRT), meaning the difficulty of each item is taken into account when 
estimating the ability scores (Van der Linden & Hambleton, 1997). For the 
scientific justification of the psychometric properties of these tests see 
Janssen, Verhelst, Engelen, and Scheltens (2010). Teachers were asked to 
provide the students’ ability scores for both the M3- and E3-test, but only 
M3 scores were used in the analyses. The average mathematical score of 
the students who participated was 59.81 (SD = 23.71, N = 117). 

2.4. Coding students’ strategy use 

The coding of the process data, both on paper and tablet focused on 
identifying the strategies shown in Figure 3.2. The coding scheme is 
equivalent to the coding scheme used in the fourth Dutch Periodic National 
Assessment (PPON) study of students’ mathematical development halfway 
through grade 3 (Kraemer, 2009; 2011). The coding focused on quantifying 
the process data collected during each trial. A trial is used to refer to the 
process of solving a single item. First, the number of jumps (i.e., solution 
steps) was counted. Secondly, it was determined what strategy was used. 
In addition to the strategies described in Figure 3.2, a code was assigned to 
single-jump solutions. Items that were solved using one jump, (e.g. 58 + 36 
= 58 ∩+36 94) provide no information about the solution process. Therefore, 
these single jump solutions were coded as single-jump-mental strategy. Not 
every trial in which one jump was used was considered a single-jump-
mental strategy. Some students showed parts of their solution strategy on 
the ENL, which provided enough data to infer whether they were using a 
jumping or a decomposition strategy. For example, students using a single-
jump-mental strategy who write a solution consisting of all the numbers in 
the item on the ENL: 58∩+462, while students using a decomposition 
strategy only showed a partial solution such as 8∩+412. Finally, for all 
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strategies - except decomposition - it was also coded which type of landing 
number (i.e., A10 or A1003) was used and whether the 10- jump was used.  

2.5. Data Cleaning  

The process data on paper consisted of students’ drawings on the ENL, 
which were coded with the coding scheme described above. The process 
data collected with the tablet was saved to a log file. Data regarding 
students’ placement of jumps and tick marks, the entered numbers, erased 
jumps and tick marks, and passed time for each action were stored in a 
local text file (i.e., the log file) on the tablet. Because some students were 
very excited about using a tablet in a school context, they might have used 
the ENL to try out the tablet rather than to solve the subtraction and 
addition items. Some students would randomly swipe and tap on the 
screen, which resulted in noisy data. Our initial analyses of the log file 
showed that the ENL was used on the tablet in 357 trials. Note that, the 
maximum number of trials for the tablet was 2540 (the tablet task of 
20 items was answered 127 times). Our secondary analysis of the log file 
showed, however, that 97 (27.2%) trials included process data that could 
not be related to the items to be solved. For that reason, these trials were 
left out of the analyses. Thus, the analyses were done on 260 tablet trials 
and 401 paper trials (maximum of paper trials was 2380).  

2.5 Analyses 

2.5.1 Strategy use 

The analysis of between-student differences in strategy use regarded 
students who used the ENL (Group 1, see Table 3.1). As a result of the low 
ENL frequencies, this analysis concerned only 12 students within the tablet 
condition and 13 students in the paper condition. With small sample sizes 
like these there is not enough information available to assume normality of 
the population distribution. For this reason, a non-parametric Mann-
Whitney-U test was regarded to be more appropriate because distributions 
are less restrictive (Field, 2009). For the analysis of within-student 
differences (Group 2) in strategy use dependent samples t-tests were used 
on a sample of 32 students. 
 
  

 
3 For item types B (e.g., 68 + 70 =) and D, students could ignore the units because they had to 
add a multiple of ten. For that reason, A100 was also assigned as code for solutions like, 68 + 
40 = 108, 108 + 30 = 138.  
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add a multiple of ten. For that reason, A100 was also assigned as code for solutions like, 68 + 
40 = 108, 108 + 30 = 138.  
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2.5.2 ENL frequency and task score 

A secondary purpose of this study was to determine differences between 
paper and tablet for ENL frequency and task score. To analyse the 
differences between the paper and tablet presentation model two 
2 x 2 repeated measures ANCOVA were computed with SPSS 20.0.0. The 
first ANCOVA analysis focused on the differences between students who 
worked on paper and students who worked on the tablet (Group 1 paper or 
tablet, see Table 3.1). Presentation model (paper or tablet) was the first 
2- level factor in this analysis. The second 2-level factor was the order in 
which students made the task versions; version 1 or version 2 first. Two 
repeated measures were calculated from students’ responses to the tasks: 
the number of correct items (i.e., task score occasion 1 and occasion 2) and 
the the ENL frequency on occasion 1 and occasion 2. Because students’ 
mathematical ability is highly likely to affect students’ task score, students’ 
mathematical ability on the M3 test was used as a covariate. Because six 
students had missing LOVS M5 scores the analyses were done on the 
remaining 117 students. Additionally, the number of days between the two 
assessment occasions ranged from 1 to 54 days across students. The 
average number of days between the two assessments was 15.89 days (SD 
= 13.63, N = 123). Consequently, some students had more time to grow in 
their mathematical ability, which could have affected the ENL frequency 
and task score. For that reason, the number of days between the two 
assessments occasions was included as a second covariate.  

The second ANCOVA focused on within-student differences between 
tablet and paper (Group 2 paper and tablet, see Table 3.1). This analysis 
included students who made both the paper-and-pencil and the tablet task. 
The order of the two task versions and the order of the paper and tablet 
task were the two 2-level between subject factors in this analysis. Identical 
to the first analysis mathematical ability and the number of days were 
included as covariates. Again, the repeated measures were ENL frequency 
and task score on the first and second occasion. 

To evaluate the significance of the results, p-values were compared to an 
α-level of .05. Additionally, partial eta squared (partial η2) was used as a 
measure for the effect size. Partial η2 takes a value between zero and one 
that represents the proportion variance explained that is not explained by 
any other variable in the model (Field, 2009; Richardson, 2011). Note that, 
partial eta squared cannot be interpreted as the percentage explained 
variance because the overlapping effects with other variables are partialled 
out; meaning, the values of partial η2 for each effect within one model can 
add up to a sum larger than one (Richardson, 2011). Cohen (1969 in 

Empty Number Line: Tablet Versus Paper Comparison 

71 

Richardson, 2011) transformed his benchmarks of .10, .25, and .50 for 
small, medium, and large effects to eta squared values of .0099, .0588, 
and .1379. The use of these benchmarks is inherently arbitrary, especially 
because of the false precision that resulted from Cohen’s transformation. 
Nevertheless, we chose to use these benchmarks as a coarse comparison to 
interpret the size of our effects. For a technical discussion of the features of 
partial eta squared in comparison to the regular eta squared, see 
Richardson (2011).  

3. Results 

3.1. Descriptive statistics 

The 123 students who participated in the present study solved 4920 
subtraction and addition items. During these assessments students’ could 
use the ENL voluntarily. The ENL was used in 661 trials (13.4%) and used 
at least in one trial by 57 students (46.3%). On the first occasion, the 
average ENL frequency was was 3.61 (SD = 6.12, N = 123). During the 
second assessment occasion the average ENL frequency decreased to 
2.28 items and the standard deviation decreased to 4.63 (N = 123). For task 
scores, the mean scores at the two occasions were almost equal 
(MScore1 = 13.22, SDScore1 = 5.22, MScore2 = 13.46, SDScore2 = 5.57, N =123). 
Note that the maximum score for each assessment was 20.  

3.2. Strategy use  

3.2.1. Group 1 tablet or paper (between students) 

In this first analysis students’ strategy use on the ENL in the tablet 
condition (n = 12) and in the paper condition (n = 13) were compared with 
non-parametric Mann-Withney U tests. Comparisons between paper and 
tablet were made for the strategies shown in Figure 3.2 (A10, A100, 
10- jump, or non-decomposed-numbers) and for the number of jumps. The 
differences of the decomposing strategy and derived-facts strategies 
(compensation and subtraction by addition) were not analysed because of 
their low frequencies. The only significant difference between the paper and 
tablet condition was found for the use of the single-jump-mental strategy, 
U = 54.0, p = .041, Mean Ranktablet = 14.9, Mean Rankpaper = 11.0. More 
specifically, students in the tablet condition used this strategy more often 
than students in the paper condition.  

3.2.2. Group 2 tablet and paper (within-students differences) 

The second analysis regarded students in the second group (see 
Table 3.1) who worked on tablet and paper and used the ENL (n = 32). They 
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included students who made both the paper-and-pencil and the tablet task. 
The order of the two task versions and the order of the paper and tablet 
task were the two 2-level between subject factors in this analysis. Identical 
to the first analysis mathematical ability and the number of days were 
included as covariates. Again, the repeated measures were ENL frequency 
and task score on the first and second occasion. 

To evaluate the significance of the results, p-values were compared to an 
α-level of .05. Additionally, partial eta squared (partial η2) was used as a 
measure for the effect size. Partial η2 takes a value between zero and one 
that represents the proportion variance explained that is not explained by 
any other variable in the model (Field, 2009; Richardson, 2011). Note that, 
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interpret the size of our effects. For a technical discussion of the features of 
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at least in one trial by 57 students (46.3%). On the first occasion, the 
average ENL frequency was was 3.61 (SD = 6.12, N = 123). During the 
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2.28 items and the standard deviation decreased to 4.63 (N = 123). For task 
scores, the mean scores at the two occasions were almost equal 
(MScore1 = 13.22, SDScore1 = 5.22, MScore2 = 13.46, SDScore2 = 5.57, N =123). 
Note that the maximum score for each assessment was 20.  

3.2. Strategy use  
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In this first analysis students’ strategy use on the ENL in the tablet 
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differences of the decomposing strategy and derived-facts strategies 
(compensation and subtraction by addition) were not analysed because of 
their low frequencies. The only significant difference between the paper and 
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U = 54.0, p = .041, Mean Ranktablet = 14.9, Mean Rankpaper = 11.0. More 
specifically, students in the tablet condition used this strategy more often 
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The second analysis regarded students in the second group (see 
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were compared on their use of jumping strategies on tablet and paper using 
dependent samples t-tests. As can been seen in Table 3.2, students used 
the A10 and A100 strategy for landing numbers more frequently on paper 
than on the tablet. Also, it was found that – on average – students made 
more jumps on paper compared to the tablet. No significant differences were 
found for the 10- jump, non-decomposed numbers, and mental-single-
jump strategy. In sum, the results from the between and within group 
comparison show that the use of a tablet as presentation model elicited 
shortened strategies. This brought up the question how the use of tablets 
influenced students’ task scores in comparison to the use of paper. This 
question is addressed in Section 3.3.  

Table 3.2 

Within-Student Strategy Differences Between Paper and Tablet (Group 2)  

Strategy Mean (SD) paper Mean (SD) tablet Result t(31) p 

A10 3.22 (4.702) 1.28 (2.679) P > T -3.22 .003 

A100 1.59 (1.965) .84 (1.547) P > T -2.58 .015 

Number of Jumps 2.55 (1.509) 1.19 (1.139) P > T -3.70 .001 

It is important to note that, the students in this second group had an 
average mathematical ability of 39.96 (SD = 16.94, SE = 2.35) halfway (i.e., 
M3) through school year and an average score of 57.85 (SD = 17.00, 
SE = 2.36) at the end (E3) of the school year. We compared these 
mathematical ability averages to the averages in the national norm 
population (i.e., M3 = 72.2, E3 = 79.6, OnderwijsAdvies 
[EducationalAdvise], 2014). The results of the one sample t-tests show that, 
students in this condition scored significantly lower on mathematical ability 
than the students in the norm population, M3; Mdifference = -32.24, 
t(51) = - 13.72, p < .001 and E3; Mdifference = -21.75, t(51) = -9.23, p < .001. 
Therefore, our results might not be generalisable to students with an 
average or high mathematical ability level. Additionally, it is noteworthy 
that the difference with the norm population on the E3 test is much lower 
than the difference on the M3 test. So, these students’ mathematical ability 
increased more than the mathematical ability of students in the norm 
population. This may indicate that some of the schools within this study 
were more motivated to participate in the present study because they aimed 
to improve students’ mathematical ability. 
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3.3. ENL frequency and task Score  

3.2.1. Group 1 tablet or paper (between-student differences) 

As described in Section 2.5, a 2 x 2-repeated measures ANCOVA was 
done on the students in Group 1 (n = 65) who worked on the tablet or on 
paper. The repeated measures for ENL frequency and task score on the 
paper and tablet task were included as within-subjects-factors labelled as 
the variable occasions. The two between-subjects factors were the 
presentation model (paper or tablet) and the order of the task version (1-2 
or 2-1). The effects of these factors were estimated by controlling for the 
effects of the covariates mathematical ability and the number of days 
between the two occasions. 

No significant main-effects for presentation model were found. The ENL 
was used, on average, for 2.10 items (SE = .562) on the tablet, and on paper 
for 1.69 items (SE = .596). Additionally, the estimated mean score for 
students who worked on the tablet was almost identical to the estimated 
mean score for students who worked on paper (Mtablet = 14.01, SE = .739, 
Mpaper = 14.80, SE = .783). The multivariate tests revealed a large between-
subjects main-effect for the covariate mathematical ability (F(2,58) = 9.39, 
p < .001, partial η2 = .245). Additionally, a medium effect of within-subjects 
factor occasions was found (F(2,58) = 3.65, p = .032, partial η2 = .112). 
Furthermore, a large significant interaction effect of occasions and the 
number of days was found (F(2,58) = 9.12, p < .001, partial η2 = .239).  

As shown in Table 3.3, the univariate test results showed that the 
average frequency of the ENL differed significantly between the two 
assessment occasions. More specifically, the ENL was used more frequently 
during the first occasion than during the second occasion (MO1 = 2.21, 
SE = .506, MO2 = 1.57, SE = .422). The tasks scores did not differ 
significantly between assessment occasions (MO1 = 14.37, SE = .552, 
MO2 = 14.40, SE = .611). Note that, these means were estimated fixing the 
values of the covariate mathematical ability to 75.69, and the covariate 
number of days between the assessments to 12.03.  
  



565914-L-sub01-bw-Vermeulen565914-L-sub01-bw-Vermeulen565914-L-sub01-bw-Vermeulen565914-L-sub01-bw-Vermeulen
Processed on: 7-9-2021Processed on: 7-9-2021Processed on: 7-9-2021Processed on: 7-9-2021 PDF page: 83PDF page: 83PDF page: 83PDF page: 83

33

Chapter 3 

72 

were compared on their use of jumping strategies on tablet and paper using 
dependent samples t-tests. As can been seen in Table 3.2, students used 
the A10 and A100 strategy for landing numbers more frequently on paper 
than on the tablet. Also, it was found that – on average – students made 
more jumps on paper compared to the tablet. No significant differences were 
found for the 10- jump, non-decomposed numbers, and mental-single-
jump strategy. In sum, the results from the between and within group 
comparison show that the use of a tablet as presentation model elicited 
shortened strategies. This brought up the question how the use of tablets 
influenced students’ task scores in comparison to the use of paper. This 
question is addressed in Section 3.3.  

Table 3.2 

Within-Student Strategy Differences Between Paper and Tablet (Group 2)  

Strategy Mean (SD) paper Mean (SD) tablet Result t(31) p 

A10 3.22 (4.702) 1.28 (2.679) P > T -3.22 .003 

A100 1.59 (1.965) .84 (1.547) P > T -2.58 .015 

Number of Jumps 2.55 (1.509) 1.19 (1.139) P > T -3.70 .001 

It is important to note that, the students in this second group had an 
average mathematical ability of 39.96 (SD = 16.94, SE = 2.35) halfway (i.e., 
M3) through school year and an average score of 57.85 (SD = 17.00, 
SE = 2.36) at the end (E3) of the school year. We compared these 
mathematical ability averages to the averages in the national norm 
population (i.e., M3 = 72.2, E3 = 79.6, OnderwijsAdvies 
[EducationalAdvise], 2014). The results of the one sample t-tests show that, 
students in this condition scored significantly lower on mathematical ability 
than the students in the norm population, M3; Mdifference = -32.24, 
t(51) = - 13.72, p < .001 and E3; Mdifference = -21.75, t(51) = -9.23, p < .001. 
Therefore, our results might not be generalisable to students with an 
average or high mathematical ability level. Additionally, it is noteworthy 
that the difference with the norm population on the E3 test is much lower 
than the difference on the M3 test. So, these students’ mathematical ability 
increased more than the mathematical ability of students in the norm 
population. This may indicate that some of the schools within this study 
were more motivated to participate in the present study because they aimed 
to improve students’ mathematical ability. 
  

Empty Number Line: Tablet Versus Paper Comparison 

73 

3.3. ENL frequency and task Score  
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Table 3.3 

Univariate ANCOVA Results for the Between-Student Differences (Group 1) 

Variable Role Dependent 
variable df F p Partial 

η2 

Presentation 
model 

BS-factor ENL frequency 1,59 .249 .620 .004 

Task order BS-factor ENL frequency 1,59 2.60 .112 .042 

Occasions WS-factor ENL frequency 1,59 6.34 .015* .097 

Mathematical 
ability 

Covariate ENL frequency 1,59 1.95 .168 .032 

Days between 
occasions 

Covariate ENL frequency 1,59 .017 .898 < .001 

Presentation 
model 

BS-factor Task scores 1,59 .501 .482 .008 

Task order BS-factor Task scores 1,59 .098 .755 .002 

Occasions WS-factor Task scores 1,59 .753 .389 .013 

Mathematical 
ability 

Covariate Task scores 1,59 18.98 <.001** .243 

Days between 
occasions 

Covariate Task scores 1,59 1.46 .231 .024 

Note. The repeated measures (WS-factor Occasions) concerns the within-student 
difference between occasion 1 and occasion 2. * p < .05, ** p < .01 
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3.2.2. Group 2 tablet and paper (within-group differences) 

The second ANCOVA included the 52 students who were assessed with 
both presentation models (Group 2). Again, the repeated measures in this 
analysis were the ENL frequency and task scores (within-subjects factor 
occasions paper versus tablet). The two between-student factors in this 
analysis were the order of the presentation model and the task order. 
Multivariate tests revealed significant main-effects for mathematical ability 
(F(2,45) = 5.71, p = .006, partial η2 = .202) and for the number of days 
between each assessment occasion (F(2,45) = 3.47, p = .040, partial η2 = 
.134). Furthermore, a significant interaction effect of occasions and 
presentation model order was found (F(2,45) = 10.61, p < .001, partial η2 = 
.320). 

Identical to the first analysis, univariate tests (see Table 3.4) showed that 
mathematical ability explained a significant amount of the variance of task 
scores. A significant amount of the variance of ENL frequency could be 
explained by days between assessment occasions. Furthermore, the 
interaction effect between occasions and presentation model order was 
significant for ENL frequency and for task scores. Students who solved the 
paper task during the first occasion used the ENL significantly less 
frequently on the tablet task during the second occasion. On the other 
hand, students who started with the tablet task used the ENL equally 
frequent for both presentation models (see Figure 3.4). As shown in 
Figure 3.5 task scores diverged between the two occasions. On the first 
occasion scores were equal, whereas on the second occasion scores on the 
paper task were significantly higher than on the tablet task. Finally, a 
significant interaction effect between task order and presentation model 
order was found for ENL frequency. More specifically, the ENL was used 
more frequently for task version 1 if that students worked on the tablet first. 
And the ENL was more often used for task version 2 when students started 
with the paper task (see Figure 3.6).  
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paper task during the first occasion used the ENL significantly less 
frequently on the tablet task during the second occasion. On the other 
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frequent for both presentation models (see Figure 3.4). As shown in 
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Table 3.4 

Univariate ANCOVA Results for the Within-Student Differences (Group 2) 

Note. The repeated measures (WS-factor occasions) concerns the within-student 
difference between occasion 1 and occasion 2. * p < .05, ** p < .01 

 

Variable Role Dependent 
variable df F p Partial 

η2 

Presentation 
model order 
(PMO) 

BS-factor ENL 
frequency 

1,46 .017 .898 <.001 

Task order BS-factor ENL 
frequency 

1,46 .659 .421 .014 

Occasions WS-factor ENL 
frequency 

1,46 1.746 .193 .037 

Mathematical 
ability 

Covariate ENL 
frequency 

1,46 .594 .445 .013 

Days between 
occasions 

Covariate ENL 
frequency 

1,46 5.192 .027* .101 

Occasions * 
PMO 

Interaction ENL 
frequency 

1,46 10.582 .002** .187 

Task order * 
PMO 

Interaction ENL 
frequency 

1,46 5.399 .025* .105 

PMO BS-factor Task scores 1,46 1.34 .253 .028 

Task order BS-factor Task scores 1,46 .931 .340 .020 

Occasions WS-factor Task scores 1,46 .131 .719 .003 

Mathematical 
ability 

Covariate Task scores 1,46 10.15 .003** .181 

Days between 
occasions 

Covariate Task scores 1,46 2.85 .098 .058 

Occasions * 
PMO 

Interaction Task scores 1,46 14.16 <.001** .235 

Task order * 
PMO 

Interaction Task scores 1,46 .025 .875 .001 
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Figure 3.4. Interaction effect between assessment occasion and order of the 
tablet and paper task on the average frequency in which the ENL was used. 
With covariate mathematical ability fixed to 39.96 and covariate number of 
days between each assessment to 20.60.  

Figure 3.5. Interaction effect between assessment occasion and order of the 
tablet and paper task on the average task scores. With covariate 
mathematical ability fixed to 39.96 and covariate number of days between 
each assessment to 20.60. 

 

 



565914-L-sub01-bw-Vermeulen565914-L-sub01-bw-Vermeulen565914-L-sub01-bw-Vermeulen565914-L-sub01-bw-Vermeulen
Processed on: 7-9-2021Processed on: 7-9-2021Processed on: 7-9-2021Processed on: 7-9-2021 PDF page: 87PDF page: 87PDF page: 87PDF page: 87

33

Chapter 3 

76 

Table 3.4 

Univariate ANCOVA Results for the Within-Student Differences (Group 2) 

Note. The repeated measures (WS-factor occasions) concerns the within-student 
difference between occasion 1 and occasion 2. * p < .05, ** p < .01 

 

Variable Role Dependent 
variable df F p Partial 

η2 

Presentation 
model order 
(PMO) 

BS-factor ENL 
frequency 

1,46 .017 .898 <.001 

Task order BS-factor ENL 
frequency 

1,46 .659 .421 .014 

Occasions WS-factor ENL 
frequency 

1,46 1.746 .193 .037 

Mathematical 
ability 

Covariate ENL 
frequency 

1,46 .594 .445 .013 

Days between 
occasions 

Covariate ENL 
frequency 

1,46 5.192 .027* .101 

Occasions * 
PMO 

Interaction ENL 
frequency 

1,46 10.582 .002** .187 

Task order * 
PMO 

Interaction ENL 
frequency 

1,46 5.399 .025* .105 

PMO BS-factor Task scores 1,46 1.34 .253 .028 

Task order BS-factor Task scores 1,46 .931 .340 .020 

Occasions WS-factor Task scores 1,46 .131 .719 .003 

Mathematical 
ability 

Covariate Task scores 1,46 10.15 .003** .181 

Days between 
occasions 

Covariate Task scores 1,46 2.85 .098 .058 

Occasions * 
PMO 

Interaction Task scores 1,46 14.16 <.001** .235 

Task order * 
PMO 

Interaction Task scores 1,46 .025 .875 .001 

Empty Number Line: Tablet Versus Paper Comparison 

77 

Figure 3.4. Interaction effect between assessment occasion and order of the 
tablet and paper task on the average frequency in which the ENL was used. 
With covariate mathematical ability fixed to 39.96 and covariate number of 
days between each assessment to 20.60.  
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mathematical ability fixed to 39.96 and covariate number of days between 
each assessment to 20.60. 
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Figure 3.6. Interaction effect between task version order and order of the 
tablet and paper task on the average frequency in which the ENL was used. 
With covariate mathematical ability fixed to 39.96 and covariate number of 
days between each assessment to 20.60. 

4. Discussion 

Tablet technology has several benefits for collecting and analysing 
response behaviour compared to paper-and-pencil tasks. For example, 
invivo tracking of the solution process and automated coding of the 
collected response behaviour. Tablet technology might alter students’ 
response behaviour which has consequences for inferences made about 
students’ mathematical thinking (Rupp, Gushta et al., 2010). The purpose 
of the present study was to compare students’ response behaviour on the 
ENL for two presentation models: Paper-and-pencil and tablet. A 
comparison was made for two groups of third grade students. One group 
made either the tablet or paper-and-pencil taks (between-student 
differences), while the other group made both tasks (within-student 
differences). The results of these comparisons are discussed in relation to 
the voluntary use of the ENL as a task design choice.  

4.1. Strategy use 

In the between student comparison (Group 1) it was found that the 
students who made the tablet task used single-jump-mental strategies 
more frequently than the students who made the paper-and-pencil task. In 
the within student comparison (Group 2) similar results were found. 
Students used significantly more jumps in the paper-and-pencil task than 
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in the tablet task. Additionally, the strategies A10 and A100 were more 
frequently used on paper than on the tablet. It is noteworthy that, the 
second comparison regarded students who scored significantly lower on 
mathematical ability compared to the national norm population. Therefore, 
the results cannot be generalised to students with an average or high 
mathematical ability. Neverthelss, because similar differences in strategy 
use were found between and within students, it can be concluded that the 
use of a tablet ENL task elicits different response behaviour than a paper-
and-pencil ENL task. A plausible explanation for these differences is the 
novelty of the tablet task. Third grade students have been practicing the 
paper-and-pencil ENL for several years and had no experience with the 
tablet ENL task used in this study. The differences in strategy use between 
paper and tablet elicited the question whether ENL frequency and task 
scores were affected by the presentation model. These results are discussed 
below.  

4.2. Differences in ENL frequency and task scores 

Students were divided into two groups, one group worked on either tablet 
or paper and the other group worked on both tablet and paper. Note that 
students in the second group had a significantly lower average 
mathematical ability in comparison to the norm population. This means 
that the results might not apply to students with higher mathematical 
ability scores. Most importantly, the results of both ANCOVA’s revealed no 
significant differences between ENL frequency and task scores on paper and 
tablet. Nevertheless, differences between students (Group 1) were found for 
the ENL frequency on the two occasions. The ENL was used less frequently 
during the second occasion than during the first occasion. Similarly, the 
analysis of the within-student differences (Group 2) showed that students 
who worked on paper during the first occasion, used the ENL less frequently 
on the tablet task during the second occasion (see Figure 3.4). This result 
is not surprising because students grow in their mathematical ability over 
time, which diminishes the need for the ENL as an auxiliary tool. However, 
the covariate mathematical ability could not explain variance in students’ 
ENL frequency. This implies that other variables – like students’ task beliefs 
about the ENL (see Chapter 4) – may have influenced students’ ENL 
frequency. Surprisingly, the results of the second ANCOVA revealed a 
within-student difference in task scores for the two occasions. The order in 
which students made the paper or tablet task influenced whether their 
score on the second occasion increased or decreased (see Figure 3.5). 
Combining this result with the decrease in ENL frequency in the tablet task 
during the second occasion, implies that using the ENL less often on the 
tablet task may have resulted in lower scores.   
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the results cannot be generalised to students with an average or high 
mathematical ability. Neverthelss, because similar differences in strategy 
use were found between and within students, it can be concluded that the 
use of a tablet ENL task elicits different response behaviour than a paper-
and-pencil ENL task. A plausible explanation for these differences is the 
novelty of the tablet task. Third grade students have been practicing the 
paper-and-pencil ENL for several years and had no experience with the 
tablet ENL task used in this study. The differences in strategy use between 
paper and tablet elicited the question whether ENL frequency and task 
scores were affected by the presentation model. These results are discussed 
below.  

4.2. Differences in ENL frequency and task scores 

Students were divided into two groups, one group worked on either tablet 
or paper and the other group worked on both tablet and paper. Note that 
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ability scores. Most importantly, the results of both ANCOVA’s revealed no 
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analysis of the within-student differences (Group 2) showed that students 
who worked on paper during the first occasion, used the ENL less frequently 
on the tablet task during the second occasion (see Figure 3.4). This result 
is not surprising because students grow in their mathematical ability over 
time, which diminishes the need for the ENL as an auxiliary tool. However, 
the covariate mathematical ability could not explain variance in students’ 
ENL frequency. This implies that other variables – like students’ task beliefs 
about the ENL (see Chapter 4) – may have influenced students’ ENL 
frequency. Surprisingly, the results of the second ANCOVA revealed a 
within-student difference in task scores for the two occasions. The order in 
which students made the paper or tablet task influenced whether their 
score on the second occasion increased or decreased (see Figure 3.5). 
Combining this result with the decrease in ENL frequency in the tablet task 
during the second occasion, implies that using the ENL less often on the 
tablet task may have resulted in lower scores.   
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Finally, we found an unexpected interaction effect for the ENL frequency 
between the order of the two task versions and the order of the paper and 
tablet task. The task versions were designed to have identical item 
characteristics, and therefore elicit equivalent ENL use. Nevertheless, the 
results showed that students’ used the ENL more often when they made 
version 1 on the tablet during the first occasion, compared to making 
version 2 on the tablet. Additionally, students who started on paper with 
version 1 used the ENL less frequently than students who started with 
version 2 on paper. This decrease in ENL frequency contrasts with what we 
expected based on what was shown in previous studies which found 
technology can enhance students’ task engagement (e.g. Couse & Chen, 
2010). Hence, the use of a tablet did not increase students’ motivation to 
use the ENL more often.  

4.3. Limitations and research recommendations  

The research design may have contributed to the decrease in ENL 
frequency between the two occasions. More specifically, the research design 
may have negatively affected students’ motivation to use the ENL on the 
tablet. Informal observations showed that almost all students who worked 
on the tablet needed more time to solve the task compared to the students 
who worked on paper. Because students were assessed in dyads within the 
same room, they could compare their progress with each other. A negative 
influence on motivation has been found in students who believe their self-
efficacy (i.e., belief in the ability to solve the task) to be lower than the self-
efficacy of their peers (Summers, Schallert, & Ritter, 2003). In the present 
study, the ENL could have amplified this effect because students often 
associate the use of the ENL with low mathematical ability (Beishuizen, 
1993, Van den Heuvel-Panhuizen, 2008; Vermeulen & Eggen, 2013, 
Chapter 2). The fact that students did not receive feedback during the 
assessments may also have amplified this association, because at that 
moment their task progress was the only indicator of their performance. 
Further research is needed to verify whether specific changes to the 
research design, such as item-related feedback, can prevent this negative 
effect on student motivation.  

The voluntary use of the ENL limited the availability of data needed to 
draw conclusions about differences in strategy use on the tablet and on 
paper. Therefore, we agree with Van Lieshout (2015) that it is 
recommendable to study ENL use with a choice/no-choice research design 
(e.g. Luwel, Onghena, Torbeyns, Schillemans, & Verschaffel, 2009; Siegler 
& Lemaire, 1997). More specifically, in the no-choice conditions the 
mandatory use of the ENL can be contrasted with the mandatory use of 
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empty scrap paper, but without the ENL. Additionally, the choice condition 
might entail the choice between the use of the ENL or empty scrap paper 
(Van Lieshout, 2015). Moreover, the low overall ENL frequency (13.4% of all 
trials) in the present study, indicates the ENL is not suitable as diagnostic 
tool for every third-grade student. Mandatory use of the ENL can be 
considered an unfavourable characteristic of CDA tools because research 
showed that third grade students resist the mandatory use of the ENL 
(Bobis & Bobis, 2005; Van den Heuvel-Panhuizen, 2008; see Chapter 2). 
Perhaps a CDA tool in which the ENL is used is more suitable for second 
grade students who are more likely to regularly use the ENL to solve 
subtraction and addition problems. 

Furthermore, the comparison of paper and tablet limited the focus of the 
the analyses to the process data that could be collected with a paper and 
pencil ENL. The process data collected with the tablet application has, 
however, a higher granularity than the process data collected on paper. For 
example, the tablet was able to capture data about the chronological order 
of steps, including erased steps. Because the tablet application can observe 
interactions between the student and the ENL that cannot be observed on 
paper (e.g. correcting a mistake), the question that remains unanswered is 
what cognitive processes can be observed with tablet applications. 
Therefore, it is recommended to further study the interpretation of log data 
collected with an ENL tablet task.  

Studies regarding the analyses of log data are usually initiated by 
scholars confronted with the complexity of log data obtained in specific 
digital environments (e.g. Kerr & Chung, 2012). As a result of the 
application-driven origin of these studies, the approaches to log data 
analysis presented in those studies are highly contextual. Hence, the 
solutions are primarily applicable for digital environments with equivalent 
(task) features that will result in process data with an identical log data 
structure. It should be kept in mind that, data-mining approaches (see 
Romero & Ventura, 2010 for a review) that are used to interpret log data 
are often data-driven- in contrast to CDA design that aims to be theory 
driven (Leighton & Gierl, 2007a). Consequently, the meaning ascribed to 
students’ actions depends on, among other things, the quality of the sample 
and the design of the digital environment. For example, the log data in the 
present study was obtained in a sample of Dutch third grade students. 
Using a data-mining technique could provide hypotheses about the 
meaning of, among other things, students’ erasing actions, which can be 
evaluated by obtaining more log data in a new sample. Such a sample 
preferably contains students from multiple grades so that a learning 
progression can be developed (Bennett, 2015; Daro, Mosher, & Cocoran, 
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2011). Validation research into the interpretation of process data is highly 
complex because educational design experiments are usually done to 
evaluate and adapt features of the digital environment (Cobb, Confrey, 
diSess, Lehrer, & Schauble, 2003). Consequently, these redesign decisions 
could change the structure and meaning of the process data collected. To 
reduce bias in the interpretation of process data, it is important that 
scholars involved in the design of digital environments collaborate with 
independent scholars in the field of educational assessment, computer 
science and psychometrics.  
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2011). Validation research into the interpretation of process data is highly 
complex because educational design experiments are usually done to 
evaluate and adapt features of the digital environment (Cobb, Confrey, 
diSess, Lehrer, & Schauble, 2003). Consequently, these redesign decisions 
could change the structure and meaning of the process data collected. To 
reduce bias in the interpretation of process data, it is important that 
scholars involved in the design of digital environments collaborate with 
independent scholars in the field of educational assessment, computer 
science and psychometrics.  
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This study explored the relationships between task beliefs about the 

empty number line (ENL), mathematical ability, gender, and voluntary ENL 
use in multi-digit subtraction and addition. 123 Dutch third-grade students 
and nine teachers from six schools participated in this study. The multilevel 
path analysis showed that task beliefs about the ENL mediated the 
relationship between students’ mathematical ability and their voluntary 
ENL use. No gender differences were found in the multilevel path analysis. 
Finally, the results show that task beliefs about the ENL and voluntary ENL 
use differed across classrooms. The discussion focuses on the implications 
of the results for using the ENL in diagnostic assessment.  
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1. Introduction 

How students respond to mathematics assessment tasks is partially the 
result of their mathematical thinking. Mathematical thinking can be defined 
as the cognitive processes in which a collection of procedural, conceptual, 
and factual knowledge is being used to solve the task at hand (Breen & 
O’Shea, 2010). Diagnostic assessment focuses on diagnosing the cognitive 
processes involved in students’ mathematical thinking (Gorin, 2007; Keeley 
& Tobey, 2011; van der Kleij, Vermeulen, Schildkamp, & Eggen, 2015; 
Leighton & Gierl, 2007). There is, however, no direct way to assess students’ 
mathematical thinking. It can be measured indirectly by capturing different 
types of response behaviour to assessment tasks. Response behaviour can 
be operationalised as students’ (in)correct answers, strategy use, or 
response times (Rupp, Gushta, Mislevy, & Shaffer, 2010a; Rupp, Templin, 
& Henson, 2010b). Each type of response behaviour can be measured in 
different ways, for example, students’ strategy use can be measured with 
verbal reports (Kirk & Ashcraft, 2001; Leighton, 2004), while other 
assessment methods use students’ written solutions on the empty number 
line (ENL) to assess their strategy use (Vermeulen, Eggen, & Scheltens, 
2015, Chapter 3). For the design of diagnostic assessment tasks – focused 
on assessing students’ mathematical thinking – it is important to 
understand the relationships between students’ response behaviour, task 
features, and mathematical thinking (Vermeulen, Béguin, Scheltens, & 
Eggen; 2020, Chapter 5; Gorin, 2007; Rupp et al., 2010a).  

Students’ mathematical thinking is influenced by affective and conative 
processes that are elicited by task features (e.g. the ENL) and student 
characteristics (e.g. mathematical ability). Within the affective domain the 
influence of students’ beliefs, values, attitudes, and emotions (i.e., 
mathematical anxiety) is being studied, whereas in the conative domain the 
focus is on studying students’ motivation and engagement in mathematics 
learning (Grootenboer & Marshman, 2016; Snow, 1989). For example, 
thinking out loud might make some students nervous or anxious, which 
are feelings that are likely to interfere with mathematical thinking (Dowker, 
Bennett, & Smith, 2012; Passolunghi, Cargnelutti, & Pellizzoni, 2019). Or, 
when an assessment task obliges the student to write down the steps of 
their solution, the student may believe mental calculation is more efficient 
to solve the problem. Such task beliefs might result in a longer response 
time or a written solution that does not reflect their actual mathematical 
thinking. Therefore, we argue that students’ positive or negative task beliefs 
about the ENL influence whether the diagnostic ENL assessment task is a 
valid tool to measure their mathematical thinking. Understanding what 
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distinguishes students who use the ENL from students who do not use the 
ENL results in recommendations for the use of the ENL in diagnostic 
assessment tasks. 

We studied the design of a diagnostic assessment task in which the ENL 
is a key feature that is used to capture students’ response behaviour. 
Unique about the design of the assessment task is that the use of the ENL 
is voluntary. Because students are – during mathematics learning – often 
encouraged to use their preferred solution strategy (Baroody, Torbeyns, & 
Verschaffel, 2009; Carpenter, Franke, Jacobs, Fennema, & Empson, 1998; 
Kraemer, 2011), it is undesirable to develop a subtraction and addition task 
in which ENL use is mandatory. This means that the assessment task is 
not standardised and that the type of response behaviour being collected 
differs across students and across items. Some students may only respond 
with a numerical answer, while other students will show their solution 
strategy on the ENL.  

2. Theoretical Framework 

2.1 The empty number line in teaching and assessment 

The ENL is frequently used as a didactical and auxiliary tool in primary 
school mathematics in The Netherlands, England, and Australia, and in 
many other countries to support students’ procedural and conceptual 
development in addition and subtraction (Beishuizen, 1993; Bobis, 2007; 
Bobis & Bobis, 2005; Bramald, 2000; Gravemeijer, 2004; Gravemeijer, 
Bowers, & Stephan, 2003; Murphy, 2011; Teppo & van den Heuvel-
Panhuizen, 2013). Specifically, the ENL is used to promote the transition 
from informal context based mathematical thinking to more formal abstract 
mathematical thinking (Gravemeijer, 2004; Treffers, van den Heuvel-
Panhuizen, & Buys, 2000). This means that the ENL has temporary value 
for students’ mathematical learning. At some point in their development, 
students no longer need the visual support provided by the ENL. 
Figure 4.1a shows the ENL, which is no more than a straight line without 
any markers or numbers. Additionally, Figure 4.1b shows an example of 
how 71 - 68 = can be solved on the ENL. The open-ended and unstructured 
answering format offered by the ENL gives students the opportunity to apply 
their preferred variation of the strategy shown in Figure 4.1b, rather than a 
standardised solution procedure. Students are, in other words, 
unrestrained in their mathematical thinking, which is likely to lead to the 
development of new concepts and strategies (Alibali, Phillips, & Fischer, 
2009).  
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How students partition the addend or subtrahend to make jumps on the 
ENL reveals their level of conceptual and procedural understanding 
(Vermeulen et al., 2015, Chapter 3; Kraemer, 2011). For example, there are 
alternative, shorter strategies to solve the problem shown in Figure 4.1b; 
71 – 68 =, 71 – 60= 11, 11 – 8 = 3. Hence, jumping directly with a multiple 
of 10 is more advanced than jumping with jumps of 10 (Kraemer, 2011). A 
strategy that is even more advanced is subtraction by addition (Torbeyns, 
De Smedt, Ghesquière, & Verschaffel, 2008), in which the student shows 
their conceptual understanding of the inverse relation between addition and 
subtraction: 71 – 68 =, 68 + 2 + 1 = 71, 2 + 1 = 3. This means the ENL has 
great potential to assess students’ jumping strategy and draw conclusions 
about the advancement in their mathematical thinking. 

Figure 4.1 The ENL (a) and terminology used with the ENL for 71 – 68 = (b) 

As explained above, the ENL has temporary value for promoting 
students’ mathematical learning. The ENL does not support the learning of 
new strategies – often introduced mid third grade – such as decomposition 
or column-wise addition and subtraction (Beishuizen, 1993; Blöte, Klein, & 
Beishuizen, 2000; Kraemer, 2011). Strategies like decomposition and 
column-wise addition and subtraction are based on a place-value concept 
of multi-digit numbers. Whereas jumping is based on a linear concept of 
multi-digit numbers that is visualised by the ENL (Vermeulen et al., 2020; 
Fuson, Wearne, Hiebert, Murray, Human, Carpenter, et al., 1997; Kraemer, 
2011; Teppo & van den Heuvel-Panhuizen, 2013). Moreover, the 
introduction of new – place-value based – strategies will affect students’ 
strategy preferences and beliefs about the accuracy, efficiency, and 
difficulty of the ENL in comparison to these new strategies. It is to be 
expected that students with a higher mathematical ability will use the ENL 
less often compared to students with a relatively low mathematical ability 
(Geary, Hoard, Nugent, Byrd-Craven, 2008; van den Heuvel-Panhuizen & 
Peltenburg, 2011). As a result, a diagnostic assessment task with the ENL 
as a tool to capture response behaviour, is not suitable for every third-grade 
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student. To be able to draw valid conclusions about students’ mathematical 
thinking we need evidence to what extent their ENL solution correctly 
represents their mathematical thinking. In the design of the diagnostic ENL 
assessment task we assumed that this would be more likely if students 
would voluntarily choose to use the ENL.  

Furthermore, we argue that before it becomes relevant to analyse 
students’ use of the ENL and draw conclusions about their mathematical 
thinking, it is important to have a better understanding of how task beliefs 
affect students’ voluntary ENL use. Therefore, the present study does not 
focus on the strategy use on the ENL, the analysis of students’ strategy use 
on the ENL is reported in a separate paper (Vermeulen et al., 2015; Chapter 
3).  

2.2 Defining task beliefs  

The affective and conative domains cover a broad spectrum of terms that 
are used interchangeably (Grootenboer & Marshman, 2016), which makes 
it hard to reach consensus about a definition of task beliefs. Most research 
into the influence of students’ beliefs focuses on students’ overall attitude 
towards mathematics and mathematical anxiety in relation to mathematical 
achievement (see Dowker, Sarkar, & Looi, 2016 for a review). Closely related 
to this issue, Graven and Heyd-Metzuyanim (2019) mention that challenges 
in the operationalisation of the concept of mathematics learner identity are 
entangled with the challenges researchers face in operationalising concepts 
like ideas, beliefs, commitment, engagement and values that are used to 
define identity.  

Learning and assessment experiences shape cognitive, affective, and 
conative processes that underpin students’ development of a mathematical 
learner identity (Graven & Heyd-Metzuyanim; 2019; Grootenboer & 
Marshman, 2016; Zhu, 2007). Graven and Heyd-Metzuyanim (2019) 
observed that even though the development of a mathematical learning 
identity is related to the development of beliefs about mathematics, the 
domains are often studied separately. Although this study primarily focuses 
on students’ beliefs, we connected these fields in this theoretical framework 
to operationalise our definition of task beliefs. Subsequently, Graven and 
Heyd-Metzuyanim (2019) argued that domain-specific studies are needed 
to make the operationalisation of concepts used in research on beliefs and 
mathematical learner identity more concrete. Consequently, such domain- 
specific studies would also result in more specific implications for 
mathematics teaching and for further research.  
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Even though there is not one generally accepted definition of the concept 
of beliefs, Grootenboer and Marshman (2016) discuss several congruent 
aspects of various definitions in their literature review. Instead of repeating 
their thoughtful discussion, we summarised what congruent aspects we 
used to construct a definition and operationalisation of task beliefs about 
the ENL. In defining the concept of beliefs researchers have used words like 
ideas, opinions, perceptions, conceptions, and judgements (e.g. Summers, 
Schallert, Muse Ritter, 2003). Beliefs are often studied in relation to terms 
like values, attitudes, and emotions. Because beliefs overlap with values 
and attitudes it is sometimes impossible to distinguish them from each 
other (Grootenboer & Marshman, 2016; Nuutila, Tuominen, Tapola, 
Vainikainen, & Niemivirta, 2018). Grootenboer and Marshman (2016) 
describe that in most studies beliefs are handled as organised and 
structured premises about the world that are thought to be true. Beliefs are 
different from values because beliefs cannot be observed directly in peoples’ 
behaviour, while values can. People can attest to their beliefs, but whether 
they act upon their beliefs depends on the context. Attitudes link the 
affective and conative domains through the use of concepts like motivation 
and engagement. Similar to beliefs, attitudes are learned through 
experiences, but they are not premises about the world. Instead, they are 
regarded habitual emotional responses. This makes attitudes closely related 
to emotions or feelings like joy and anxiety (Grootenboer & Marshman, 
2016).  

In sum, we defined students’ task beliefs about the ENL as a set of 
premises about the ENL that summarise the extent to which students 
believe the ENL is a useful auxiliary tool to solve subtraction and addition 
problems. Below, we used anecdotal evidence and empirical evidence 
reported in previous studies to further operationalise this set of premises 
associated with the utility of the ENL.  

2.3 Operationalising task beliefs about the ENL 

In this study, task beliefs about the ENL are operationalised as relative 
premises about the ENL’s accuracy, efficiency and difficulty compared to 
other written strategies – like decomposition – and mental (retrieval) 
strategies. Beliefs about accuracy refer to the extent to which students 
believe that the ENL results in making less errors compared to other 
strategies. Beliefs about efficiency include premises about the time it takes 
to complete a problem in comparison to other strategies. Finally, beliefs 
about difficulty include students’ perception of whether the use of the ENL 
makes solving the task easier, again in comparison to other strategies. In 
the anecdotal evidence presented below, we provide examples of how the 
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ENL can potentially be believed to be more accurate, efficient, and easier 
compared to other strategies by some students.  

The use of the ENL makes subtraction and addition easier and more 
effective by providing visual support and reducing the cognitive load on 
students’ working memory. For example, it was found that when special 
educational students could use ENL to solve subtraction problems they 
performed better in comparison to a standardised test without auxiliary 
tools (Peltenburg, van den Heuvel-Panhuizen, & Robitzsch, 2010; van den 
Heuvel-Panhuizen & Peltenburg, 2011). Van den Heuvel-Panhuizen and 
Peltenburg (2011) argued that the ENL provides strategy support because 
the visualisation of the solution on the ENL makes it easier to self-regulate 
and reflect on the answer. This view is in line with the task beliefs about 
the ENL of an Australian fourth-grade student. The ENL was introduced to 
this student in third grade and she explained that: “[…] the empty number 
line [is]“easier to learn and remember than the pencil-and-paper method ” 
because “I get to record the strategy I’m thinking, not what I think the teacher 
wants” (p.411). She also mentioned that the ENL makes it easier to trace 
back errors and find out where you made a mistake. So, – in comparison to 
mental arithmetic – the ENL is less prone to errors, making its use more 
effective and making the task easier. Based on the cognitive load perspective 
(van den Heuvel-Panhuizen & Peltenburg, 2011), it can be expected that 
students who experience high cognitive load when solving addition and 
subtraction tasks believe that the ENL is a positive task feature.  

Nevertheless, the Australian student is less positive about the use of the 
ENL when it is a mandatory feature of a fourth-grade homework 
assignment: “No one should tell me what strategy to use. I should be allowed 
to make up my own mind!” (Bobis, 2007; p. 410). Similarly, the following 
quotes of two Dutch fourth grade students illustrate how task beliefs about 
the ENL that are based on learning experiences make it unlikely they would 
consider the use of the ENL as a useful tool to solve a specific addition 
problem (386 + 298) (van den Heuvel-Panhuizen, 2008, p.16):  

Student 1: “[…] I think the dumbest year is Grade 2, because it keeps 
going on about the number line” 

Student 2: “[…] the number line is meant for the children who aren’t so 
good at mathematics”.  

These quotes are the students’ responses to the researchers’ suggestion 
that the empty number line (ENL) is a convenient auxiliary tool to solve 386 
+ 298 by using a compensation strategy: 386 + 298 = 386 + 300 – 2 = 684. 
Looking back on her experiences with the (empty) number line in second 
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about difficulty include students’ perception of whether the use of the ENL 
makes solving the task easier, again in comparison to other strategies. In 
the anecdotal evidence presented below, we provide examples of how the 
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grade, student 1 expresses the belief that the emphasis on the ENL in 
second grade hindered their learning. As explained by student 2, it appears 
that the use of the ENL does not go with their mathematical learning 
identity of being good at mathematics learning. Even after showing the 
solution on the ENL, the students were not convinced that this strategy and 
the use of the ENL is better than their use of the standardised algorithm for 
subtraction. They regard the ENL as less efficient for solving addition and 
subtraction problems than the standardised algorithm – which works the 
same for every problem regardless of the number features. Because the use 
of the ENL is not inherently good when solving addition and subtraction 
problems, it is not inherently desirable to promote positive beliefs about the 
ENL. As illustrated by van den Heuvel-Panhuizen (2008), students can, 
however, develop unjustified beliefs about the value of the ENL in 
comparison to other solution methods. 

Based on the empirical evidence described above we constructed items 
like the ENL helps me to solve arithmetic problems, and I make fewer 
mistakes when I use the empty number line to measure third grade students’ 
task beliefs about the ENL. This is further explained in the method section. 
Note that we only found anecdotal evidence for female students. Below, we 
argue that it is likely that both boys’ and girls’ response behaviour 
(voluntary ENL use) and their beliefs about the ENL differ.  

2.4 Gender differences in mathematics 

In earlier studies on gender differences in strategy use, it has been found 
that primary school boys are more likely to use retrieval strategies 
compared to girls (Carr, Jessup, & Fuller, 1999; Hickendorff, van Putten, 
Verhelst, & Heiser, 2010; Zhu, 2007). Since the use of the ENL is considered 
a written strategy, it is plausible that boys use the ENL less frequently than 
girls. In more recent research about mental arithmetic strategies 
contradictory results were found regarding gender differences in students’ 
preferred strategies. While Fagginger Auer, Hickendorff, van Putten, 
Béguin, and Heiser (2016b) found that boys have a higher probability of 
using a non-written method compared to girls, these effects could not be 
replicated by Torbeyns, Hickendorff, and Verschaffel (2017). Additionally, 
Fagginger Auer, Hickendorff, and van Putten (2016a) did not find gender 
differences concerning the use of written methods but did find that boys 
have a speed advantage in the use of non-written methods compared to 
girls. Considering these previous studies, it appears worthwhile to explore 
gender differences in voluntary ENL use.  

Furthermore, gender differences in mathematics anxiety have been 
studied extensively (see Dowker et al., 2016 for a review). Even though 
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mathematical anxiety is not the same construct as task beliefs, 
mathematical anxiety has a cognitive component that includes worrisome 
thoughts and low self-efficacy beliefs about mathematics (Dowker, et al., 
2016). Similarities between the constructs mathematical anxiety and task 
beliefs make research on mathematics mathematical anxiety relevant for 
the present study.  

On the one hand, previous studies support the claim that students’ 
beliefs about mathematics and their levels of mathematical anxiety differ 
for boys and girls (Dowker et al., 2016; Fredricks et al., 2018; Sullivan et 
al., 2013). Also, evidence suggests that girls tend to be less confident in 
their mathematical skills and score higher on mathematical anxiety 
measures (Dowker et al., 2016). On the other hand, no gender differences 
were found between Finish adolescent boys’ and girls’ self-reported task 
orientation in mathematics, which was defined as focus on the task and 
persistence (Björn, Räikkönen, Aunola, & Kyttälä, 2017). Although these 
previous studies did not specifically focus on task beliefs in mathematics, 
the inconsistent results on gender differences make it worthwhile to 
investigate gender differences in task beliefs about the ENL and voluntary 
ENL use. Specifically, we expect that boys use the number line less 
frequently and hold less positive task beliefs about the ENL.  

2.5 Research questions 

The analyses were guided by the following research questions: 

1. To what extent is students’ voluntary ENL use predicted by students’ 

mathematical ability, gender, and task beliefs about the ENL? 

2. To what extent are task beliefs about the ENL predicted by students’ 

mathematical ability? 

3. To what extent are task beliefs about the ENL predicted by students’ 

gender?  
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3. Method 

The present study was part of the Improving Classroom Assessment 
(ICA) project that focused on the design of an ENL task to diagnose students’ 
strategy use (Vermeulen et al., 2015, Chapter 3). One of the goals of the 
project was to compare the use of paper versus the use of tablets in the ENL 
assessment task. Because a preliminary analysis showed no differences 
between the paper and tablet condition, it was decided not to include these 
conditions in the present study. Nevertheless, the paper and tablet 
conditions did impact certain aspects of the research design, which – if 
deemed relevant for the present study– are described below.  

3.1 Participants and educational context  

Nine third grade classes from six Dutch primary schools participated in 
this study. Parental permission was obtained for 126 (72.3%) third grade 
students. Three students were absent during one of the two assessment 
occasions. Thus, the remaining sample consisted of 123 students (ngirl = 70, 
56.9%). The average age of the students was 10.1 years (SD = 0.44, n = 98)1. 
Six students had missing data on the LOVS M3-test that was used to assess 
students’ mathematical ability (see Section 3.2.1). Therefore, the analysed 
sample consisted of 117 third-grade students. Additionally, the average 
mathematical ability score of these students was 59.8 (SD = 23.7). It is 
noteworthy that, the LOVS M3-test has an average of 69.0 (SD = 14.48) in 
the Dutch norm population (Janssen, Verhelst, Engelen, & Scheltens, 
2010). Thus, our sample consisted, on average, of lower achieving students, 
and we observed more variation between students’ mathematical ability, 
compared to the norm population. 

The eight teachers (1 missing) who responded to the teacher background 
questionnaire reported that they provided instruction on sequential 
strategies with the ENL and that students of all ability levels practiced these 
strategies with the ENL as needed. Additionally, since the ENL is included 
in most textbooks, it is very common for Dutch students’ to have practiced 
the use of sequential strategies on the ENL for single and multi-digit 
subtraction and addition extensively in second grade. In the third grade, 
students gain more freedom to choose their preferred strategy and auxiliary 
tool, but the use of the ENL is still encouraged in most frequently used 
textbooks. Therefore, students in this sample were expected to be very 
familiar with the use of the ENL.  
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3.2 Instruments 

3.2.1 Mathematical ability 

For mathematical ability, the standardised norm-referenced pupil 
monitoring test for the third grade (LOVS M3-test) was used (Janssen, 
Scheltens, & Kraemer, 2006). This test measures four domains of primary 
school mathematics: Numbers, ratios, measurement including geometry, 
and reasoning. The LOVS M3-test is administered mid third grade (M3) and 
consists of two parts of 28 items each. The transformation from raw scores 
to ability scores is based on item response theory (IRT), meaning the 
difficulty of each item is taken into account while calculating the ability 
scores (van der Linden & Hambleton, 1997). For the scientific justification 
of the psychometric properties of these tests see Janssen et al. (2010). We 
obtained students’ ability scores for the LOVS M3-score from the teachers.  

3.2.2 ENL assessment tasks  

In total, 20 multi-digit addition and 20 multi-digit subtraction items were 
constructed as part of the ICA-project. Because administrating 40 items 
during one assessment would be too much, two versions of the diagnostic 
ENL assessment task were created. Each version of the diagnostic ENL 
assessment task included 10 addition and 10 subtraction items, resulting 
in a total of 20 items in each version. In the present study, we used 
students’ voluntary ENL use for both versions, so for 40 items.  

For each of the 40 items, students could use the ENL voluntarily. To 
make it more likely that students needed the ENL, items required carrying 
or borrowing (see Appendix 4A). The characteristics of the items were 
chosen based on items used in the textbooks, in the LOVS M3-test, in the 
National Periodical Educational Polls (PPON; Hop et al., 2012; Kraemer, 
2011), and based on the results from a pilot study with mandatory use of 
the ENL in multi-digit subtraction (Vermeulen & Eggen, 2013; Chapter 2).  

Figure 4.2 shows the layout of the task and illustrates that with each 
item a 13 cm long ENL was shown. The plus and minus symbols at the top 
of the page showed the progress in the task.  

In the ICA-project two student questionnaires were administered, one on 
each occasion. Each questionnaire included 16 items concerning task 
beliefs about the ENL, experience with the use of tablets, and mathematics 
in general. Students could respond to each item by checking the box that 
corresponded with ‘yes’, ‘sometimes’, ‘no’, or ‘I don’t know’. From both 
questionnaires the nine items concerning task beliefs about the ENL were 
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used to construct a scale for students’ beliefs (Table 4.1). The remaining 
items were not part of the present study.  

 

Figure 4.2 Layout of the diagnostic ENL assessment task. 

3.2.3 Students’ task beliefs about the ENL  

As explained in Section 2.3, task beliefs about the ENL were 
operationalised as premises that regarded the relative accuracy, efficiency, 
and difficulty of the ENL. As shown in Table 4.1, the premises implicitly and 
explicitly compared the utility of the ENL to mental arithmetic and to written 
strategies (i.e., empty scrap paper). Additionally, we included items focused 
on students’ classroom and teacher experience with the ENL to make it 
more likely that their beliefs were based on actual classroom learning and 
assessment experience with the ENL, instead of based on the sole 
experience with the ENL in the present study.  

The answers ‘yes’ and ‘sometimes’ were coded as 1 and the answers ‘no’ 
and ‘I don’t know’ were coded as 0. The negative items (i.e., items 4, 6, and 
7 see Table 4.1) were recoded. Next, OPLM software (Verhelst, Glas, & 
Verstralen, 1994) was used to decide whether to use weighted or 
unweighted sum scores. The OPLM-model which allows for differences in 
discrimination between items turned out to fit the data well (R1c = 35.74, 
df = 33, p = .341, Cronbach’s α = .72), which warrants using the weighted 
sum score by using the discrimination indices (a) as a weight to calculate 
the sum score for each student. Additionally, the item calibration showed 
that item 4 (from the first questionnaire) fitted poorly in this model, 
S = 5.362, df = 2, p = .068. The S-test statistic follows a Chi-square 
distribution (Verhelst & Glas, 1995, p. 229) and indicates for each item 
within the scale whether it fits with the model being estimated. Therefore, 
the 2PL analysis was redone without item 4. This resulted in a moderately 
reliable scale (R1c = 18.97, df = 20, p = .524, Cronbach´s α = .73). Table 4.1 
shows the item-rest correlations and the S-test statistics for the final model. 
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The variable task beliefs about the ENL was constructed by using the 
discrimination parameters (a) as weights in the computation of the weighted 
sum scores for each student on the 11 items in the scale. Note that, items 
2 and 3 were assessed in both questionnaires. Adding all discrimination 
parameters (a) results in a score of 34, which means that the variable task 
beliefs about the ENL has a theoretical range of 0 – 34, with higher scores 
indicating more positive beliefs about the ENL. 

3.3 Procedure 

Each teacher was asked to provide students’ mathematical ability scores 
from the LOVS M3-test. The two diagnostic ENL assessment tasks were 
administered on different occasions. Each assessment took place in a quiet 
room within the school. To increase the efficiency of the procedure, students 
within a school were assessed in randomly paired dyads. Because the ENL 
is present in most Dutch primary school mathematics textbooks, it was 
expected that each student was familiar enough with the use of the ENL to 
apply it to multi-digit addition and subtraction problems. Nevertheless, at 
the start of the first assessment occasion, the students received joint 
instruction about applying jumping strategies on the ENL. By showing 
multiple solutions to one sample item, the ENL instruction emphasised that 
students were free to choose their jumps, and that there was not one correct 
way to use the ENL. The instruction was primarily included to explain the 
tablet application to the students in the tablet condition. It was also 
explained that students were going to practice 4 items with the mandatory 
use of the ENL, and that they would subsequently get 20 items for which 
the use of the ENL was voluntary. 

After the instruction, students practiced the use of the ENL with 4 
example items (49 + 23 = , 278 + 50 = , 81 – 78 = and 468 – 39 = ). 
Students were obliged to use the ENL during this practicing phase so that 
the researcher could assure they properly understood the ENL. Note that, 
the main reason for including the practicing phase with mandatory ENL use 
was to ensure students in the tablet condition received the training needed 
to operate the application.  

Next, students completed the 20 items in the diagnostic ENL assessment 
task in which the use of the ENL was voluntary. Students were not allowed 
to use other auxiliary tools or scrap paper. After students completed the 
diagnostic ENL assessment task, they filled out a short questionnaire to 
measure their task beliefs about the ENL, their experience with tablets in 
mathematics, and their motivation. The items were read out loud to 
students who showed difficulties with reading the items. This procedure 
was followed on both assessment occasions. 
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used to construct a scale for students’ beliefs (Table 4.1). The remaining 
items were not part of the present study.  
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Table 4.1 

Questionnaire Items Used and Item-Rest-Correlations for the Items in the 
Student Beliefs Measure 

 Item text  
(translated from Dutch) rit weighted ab S df p 

1. I use the empty number line in 
the classroom when I am solving 
arithmetic problems.  

.580 3 .058 2 .971 

*2. 

 

I use the empty number line when 
I cannot solve the problem 
mentally.  

.748 

(.674) 

5 

(4) 

1.203 

(.515) 

1 

(1) 

.273 

(.473) 

*3. The empty number line helps me 
with solving arithmetic problems.  

.676 

(.670) 

4 

(4) 

.057 

(.041) 

1 

(1) 

.812 

(.840) 

a *4. 

 

It takes me much longer to finish 
my work when I use the empty 
number line.  

-- 

(.233) 

-- 

(2) 

-- 

(.151) 

-- 

(1) 

-- 

(.697) 

5. I make fewer mistakes when I use 
the empty number line. 

.523 3 .451 2 .798 

6. I rather work with an empty piece 
of scrap paper than with the 
empty number line.  

.210 2 2.508 1 .113 

7. I like mentally solving arithmetic 
problems the most.  

.374 3 1.801 1 .180 

8. My teacher mandates that I use 
the empty number line when I am 
solving arithmetic problems in 
class.  

.423 2 2.347 2 .309 

9. My teacher explained to me how I 
can use the empty number line.  

.237 2 2.695 1 .101 

Note. * These items were included in both questionnaires. The rit for the same item in 
Questionnaire 2 is given between parentheses.  
a The item in the first questionnaire was excluded from the scale, b discrimination 
parameter. 
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3.4 Analyses 

The dependent variable was voluntary ENL use. Combining the data from 
the two assessment moments, students solved 40 items either with or 
without the ENL. Therefore, voluntary ENL use has a theoretical range of 0 
to 40. For students’ gender, the category ‘girls’ was chosen as the reference 
group and coded as zero. The construction of the variables is summarised 
in Table 4.2.  

Table 4.2 

Construction of the Variables 

Role Label Materials Coding 

Dependent 
variable  

Voluntary 
ENL use. 

Students’ ENL 
use on the 40 
subtraction 
and addition 
items. 

Frequency of ENL use, value 
between 0 and 40.  

Independent 
variable 

Mathematical 
ability. 

LOVS M3-test. Ability scores provided by the 
teachers. 

Independent 
variable 

Gender.  Girl = 0, boy = 1.  

Independent 
and 
dependent 
variable  

Task beliefs 
about the 
ENL. 

11 items from 
the student 
questionnaires 
(see Table 1). 

Each item was scored 1 when 
the student filled out ‘yes’ or 
‘sometimes’; and = 0 when the 
student filled out ‘no’ or ‘I don’t 
know’. Next, the weighted sum 
score of the 11 items was 
calculated using the 
discrimination parameters as 
weights. Resulting in a value 
between 0 and 34. 

A multilevel regression path model was estimated using the variables 
shown in Table 4.2. The path model existed of two parts. In the first part of 
the model the effect of mathematical ability and gender on task beliefs about 
the ENL was evaluated. In the second part, it was estimated whether 
mathematical ability, gender, and task beliefs about the ENL predicted 
voluntary ENL use. Thus, we studied whether task beliefs about the ENL 
mediated the relationship between mathematical ability and voluntary ENL 
use (see Figure 4.3 in the Results section).  

Moreover, it is probable that students in the same classroom are more 
similar in their voluntary ENL use and in their task beliefs about the ENL. 
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The nested structure of the data - with students nested within classrooms 
- warrants the use of multilevel modelling with random intercepts. This 
analysis will result in information about the significance of group 
differences but will not explain the origin of those differences. Because data 
of only 8 teachers were available it is unlikely that including explanatory 
variables on the classroom (teacher) level would result in significant and 
generalisable results. Therefore, no explanatory variables on the teacher 
level were included. Additionally, the number of students per teacher 
ranged from 5 to 21 students. Due to this small number of observations per 
teacher, we decided not to estimate models with random slopes. Finally, as 
a result of the small sample size the predictive power was also too small to 
estimate any interaction effects.  

Mplus 8.4 (Muthén & Muthén, 2019) software was used to test the above-
described multilevel path model. Bayesian estimation was used because it 
has been shown that this method results in more valid results with small 
samples compared to classical methods in which the maximum likelihood 
is used (see Hox, 2002, p. 211–213; Hox, van de Schoot, & Matthijsse, 
2012). To make convergence more likely 1,000,000 iterations of the Gibbs 
sampler were used to estimate the parameter values. Convergence was 
tested for each parameter using the Kolmogorov-Smirnov test (Muthén & 
Muthén, 2019). Cases with missing values on one or more variables in the 
model were automatically excluded from the analyses. To determine the 
significance of the coefficients, the p-values were compared to α = .05. For 
the predictors mathematical ability and task beliefs we expected, 
respectively, a negative and a positive effect. For gender, a difference 
between boys and girls corresponding with a negative regression weight for 
the voluntary ENL use was expected. To be more specific, for gender we 
expected that boys use the ENL less frequently than girls. For that reason, 
α was compared to the one-tailed p-value for these predictors. For the 
remaining predictors, a two-tailed p-value was used.  

4. Results 

4.1 Descriptive analyses  

A frequency analysis of the voluntary ENL use showed that 33.3% 
(N = 41) of the students never used the ENL, while 67.7 % (N = 82) of the 
students used the ENL for 1 or more items. The average mathematical 
ability of students who used the ENL was 57.7 (SD = 23.7, N = 39), which 
is notably lower than 64.1 – the average of students who did not use the 
ENL (SD = 23.5, N = 78). We found a strong positive correlation between 
ENL use for addition and subtraction, r =.83, p <.001, N = 123. Because of 
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this high correlation we did not suspect the results would be different for 
addition and subtraction. Additionally, we found no correlation between 
students’ score on the diagnostic ENL assessment tasks and voluntary ENL 
use, r = -.037, p =.688. Due to the possibility that low achieving students 
are more likely to use the ENL, it is impossible to determine whether the 
use of the ENL had a positive effect on students’ score on the diagnostic 
ENL assessment tasks. The weighted scores for task beliefs about the ENL 
covered the full range (0 up to 34) of the scale. The average was 17.11 
(SD = 8.88, N = 108, Missing = 15).  

Furthermore, we analysed the mean differences for boys’ and girls’ task 
beliefs about the ENL, voluntary ENL use, and mathematical ability (see 
Table 4.3). We found no significant difference between boys and girls in the 
average score for task beliefs about the ENL. We did find significant 
differences in voluntary ENL use between boys and girls. As was expected, 
boys used the ENL less frequently than girls. Note that, equal variances 
could not be assumed (F = 19.58, p < .001). Hence, the standard deviations 
show that there is more within group variation between girls than between 
boys. Additionally, we found that the mean score for mathematical ability –
as measured with the LOVS M3-test– for boys was significantly higher than 
the mean score for girls. Finally, Table 4.4 shows the variation between 
average scores for task beliefs about the ENL, voluntary ENL use, and 
mathematical ability per class/teacher.  

Table 4.3 

Descriptive Statistics for Task Beliefs About the ENL, Voluntary ENL Use, 
Mathematical Ability by Gender 

 Whole sample Boys Girls  

 Mean 
(SD) 

N Mean (SD) N Mean (SD) N t(df) p 

ENL task 
beliefs 

17.11  

(8.88)  

108 15.28 

(8.06) 

47 18.52 

(9.3) 

61 1.91 

(106) 

.059 

Voluntary 
ENL use 

6.02  

(9.72) 

123 3.4 

(5.58) 

49 8.0  

(11.59) 

70 2.91 
(104.7)a 

.004* 

Mathematical 
ability 

62.56  

(24.05) 

103 65.90 

(21.91) 

49 55.43 

(24.14) 

68 -2.41 
(115) 

.018* 

a equal variances not assumed. * p < .05 
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Table 4.4  

Mean Scores for Task Beliefs About the ENL, Voluntary ENL Use and 
Mathematical Ability Within each Class 

Teacher/ 

class 

Task beliefs 
about the ENL 

Voluntary ENL 
use 

Mathematical 
ability 

N M (SD) N M (SD) N M (SD) 

1 7 18.43 (9.38) 21 9.14 (13.30) 20 37.30 (11.37) 

2 21 22.86 (7.16) 21 11.43 (13.28) 19 28.68 (12.23) 

3 19 12.68 (7.29) 19 1.68 (2.73) 17 79.59 (14.28) 

4 6 6.33 (6.35) 6 3.17 (5.88) 6 82.00 (16.05) 

5 14 17.00 (7.59) 14 2.93 (3.95) 14 76.93 (12.58) 

6 13 12.38 (8.03) 13 2.38 (3.25) 13 74.85 (15.04) 

7 10 19.00 (5.87) 11 9.64 (12.22) 11 70.45 (13.45) 

8 5 24.20 (7.98) 5 7.20 (5.68) 4 62.50 (18.52) 

9 13 19.23 (10.15) 13 3.31 (6.02) 13 60.54 (10.89) 

4.2 Multilevel Path Model  

In the multilevel path model shown in Figure 4.3 mathematical ability 
and gender were entered as predictors of task beliefs about the ENL (Part 
A). Subsequently, mathematical ability, gender, and task beliefs about the 
ENL were added as predictors of voluntary ENL use (Part B). The residual 
variance of task beliefs about the ENL (within level) was 59.68 (S.E. = 9.53) 
and the residual variance for voluntary ENL use was 80.72 (S.E. =11.68). 
On the between level, the variance for voluntary ENL use was 4.60 
(S.E. = 16.03) and 20.50 (S.E. = 41.66) for task beliefs about the ENL. 

As illustrated in Table 4.5, the results show that students’ beliefs were 
negatively related to their mathematical ability, bA1 = -.113, S.E. = .052, 
p = .019 (one-tailed). Hence, students with a high mathematical ability had 
more negative task beliefs about the ENL. As shown by the regression 
coefficient, this effect is rather small. However, mathematical ability did not 
predict the voluntary ENL use directly. Moreover, task beliefs about the ENL 
predicted the voluntary ENL use, bB3 = .342, S.E. =.131, p = .007. 
Furthermore, we found that the random intercepts for voluntary ENL use 
and task beliefs about the ENL significantly differed across teachers, 
respectively b0 =14.382, S.E. = 3.296, p <.001 (one-tailed) and b0 =25.605, 
S.E. = 3.861, p <.001 (one-tailed). This implies that a significant part of 
individual differences in task beliefs about the ENL and in voluntary ENL 
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use can be explained by what goes on within a classroom between teachers 
and students. 

Figure 4.3 Multilevel path model with task beliefs about the ENL as mediator 
and gender as predictors of both task beliefs and voluntary ENL use. ** p < 
.01, a one-tailed p-value used. 

Table 4.5 

Parameter Estimations for the Multilevel Regression Path Model 

 

Part A (Task beliefs 
about the ENL) 

Part B (Voluntary ENL use) 

b S.E. p b S.E. p 

0. Intercept 25.605 3.861 .000** 14.382 3.296 .000** 

1. Mathematical 
ability a -0.113 0.052 .019** -0.075 0.051 .077 

2.Gendera -2.671 1.734 .061  -2.137 1.874 .126 

3. Student 
beliefsa NA NA NA 0.342 0.131 .007** 

N 117  

Missing  6  
a one-tailed p-value used. NA = not applicable. * p < .05, ** p < .01 

5. Discussion 

The present study explored the relationships between task beliefs about 
the ENL, voluntary ENL use, mathematical ability, and gender. For the first 
research question, it was expected that low achieving students are more 
likely to use the ENL voluntarily (Geary et al., 2008; van den Heuvel-
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Table 4.4  
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On the between level, the variance for voluntary ENL use was 4.60 
(S.E. = 16.03) and 20.50 (S.E. = 41.66) for task beliefs about the ENL. 

As illustrated in Table 4.5, the results show that students’ beliefs were 
negatively related to their mathematical ability, bA1 = -.113, S.E. = .052, 
p = .019 (one-tailed). Hence, students with a high mathematical ability had 
more negative task beliefs about the ENL. As shown by the regression 
coefficient, this effect is rather small. However, mathematical ability did not 
predict the voluntary ENL use directly. Moreover, task beliefs about the ENL 
predicted the voluntary ENL use, bB3 = .342, S.E. =.131, p = .007. 
Furthermore, we found that the random intercepts for voluntary ENL use 
and task beliefs about the ENL significantly differed across teachers, 
respectively b0 =14.382, S.E. = 3.296, p <.001 (one-tailed) and b0 =25.605, 
S.E. = 3.861, p <.001 (one-tailed). This implies that a significant part of 
individual differences in task beliefs about the ENL and in voluntary ENL 

Task Beliefs and the Voluntary Use of the Empty Number Line 

107 

use can be explained by what goes on within a classroom between teachers 
and students. 

Figure 4.3 Multilevel path model with task beliefs about the ENL as mediator 
and gender as predictors of both task beliefs and voluntary ENL use. ** p < 
.01, a one-tailed p-value used. 
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3. Student 
beliefsa NA NA NA 0.342 0.131 .007** 
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Missing  6  
a one-tailed p-value used. NA = not applicable. * p < .05, ** p < .01 

5. Discussion 

The present study explored the relationships between task beliefs about 
the ENL, voluntary ENL use, mathematical ability, and gender. For the first 
research question, it was expected that low achieving students are more 
likely to use the ENL voluntarily (Geary et al., 2008; van den Heuvel-
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Panhuizen & Peltenburg, 2011). Contrary to our expectations, the results 
of the path analysis showed there is no direct effect of mathematical ability 
on voluntary ENL use. But we did find an indirect effect of mathematical 
ability on voluntary ENL use through a mediating effect of task beliefs about 
the ENL.  

The mediating effect of task beliefs about the ENL is related to our second 
research question (see Figure 4.3) for which we expected that high achieving 
students hold more negative task beliefs about the ENL compared to lower 
achieving students (van de Heuvel-Panhuizen, 2008). This expectation is 
confirmed since we found that high achieving students reported more 
negative task beliefs about the ENL than lower achieving students. Because, 
however, there is no direct relationship between mathematical ability and 
the voluntary ENL use, the findings imply that not all high achieving 
students develop negative task beliefs about the ENL that affects their 
voluntary ENL use.  

Solely based on the empirical evidence collected in this study, it is not 
possible to formulate specific hypotheses about why some high achieving 
students do and other do not develop negative task beliefs about the ENL 
and how this could have impacted their voluntary ENL use. Nevertheless, 
the findings that both task beliefs about the ENL and voluntary ENL use 
differed significantly across classrooms, make it plausible that this result 
could be explained by the differences within classroom cultures. For 
example, as a result of differences in learning and assessment activities 
classroom cultures may differ with respect to the normative use of the ENL. 
Also, classroom cultures may be different due to differences in teachers’ 
expressed task beliefs about the ENL (Baten, Praet, & Desoete, 2017; Fives, 
Barnes, Buehl, Mascadri, & Ziegler, 2017; Grootenboer & Marshman, 
2016).  

One of the mechanisms that could influence task beliefs and response 
behaviour by affecting the classroom culture is social comparison 
(Summers et al., 2003). Social comparison includes meeting friends’ 
expectations because of the need for approval. A student who believes their 
classmates – and specifically their close friends – have negative opinions 
about the ENL, will most likely develop similar negative beliefs about the 
ENL. For the development of an identity as competent and motivated 
mathematics learner, it is important that students experience trust and 
psychological safety among their classmates and their teacher. This means 
that they need to feel safe to discuss and reveal their mathematical thinking 
and strategy preferences without the fear of receiving disapproving looks 
and comments (Heritage & Wylie, 2018).  

Task Beliefs and the Voluntary Use of the Empty Number Line 

109 

Finally, for the third research question, we expected that girls hold more 
positive task beliefs about the ENL and consequently would have higher 
voluntary ENL use compared to boys. This expectation was based on 
previous studies that showed boys use written methods less frequently 
compared to girls (Fagginger Auer et al., 2016b; Hickendorff et al., 2010). 
This expectation was not confirmed because task beliefs about the ENL and 
voluntary ENL use could not be predicted by gender. This is in line with 
Torbeyns et al. (2017) who did not find different strategy profiles for Belgian 
and Dutch boys and girls. Although a separate comparison of the voluntary 
ENL use of boys and girls showed that – on average – girls did use the ENL 
more frequently, this relation was not found in the path-model. The 
difference between these results can be explained by the confounded 
relation with mathematical ability. In a comparison of the average 
mathematical ability scores on the LOVS M3-test, we found that the boys 
in our sample had a significantly higher mathematical ability score than 
girls. Since the average mathematical ability score for boys and girls differed 
in our sample, gender and mathematical ability are confounded in the path-
model. Note that – statistically – the differences between teachers are better 
modelled in the multilevel path-model than in the two separate 
comparisons. Therefore, results must be seen from the perspective of 
statistical tests with relatively low power due to a small sample and 
substantial differences between classes.  

5.1 Limitations  

The present study has three methodological limitations that may have 
impacted its results. The first limitation is that students’ mathematical 
ability was measured independently by schools using the standardised 
LOVS M3-test. During the administration of the test students can use 
empty scrap paper, which they can use to draw the ENL. Consequently, we 
do not know whether teachers followed these guidelines and allowed scrap 
paper use and neither do we know whether students used the ENL. So, it 
is possible that some students scored higher on the LOVS M3-test because 
they used the ENL, which could explain why we did not find a direct 
relationship between mathematical ability and voluntary ENL use. When 
replicating this study, it is advised to ask teachers about the assessment 
procedure and the used auxiliary tools during the assessment. Instead of 
collecting students’ mathematical ability in hindsight, it would even be 
better to standardise the assessment procedure across classes by 
administrating the LOVS M3-test as part of the research design. 

The second limitation concerns the procedure used to assess students’ 
voluntary ENL use and to measure task beliefs about the ENL. Task beliefs 
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possible to formulate specific hypotheses about why some high achieving 
students do and other do not develop negative task beliefs about the ENL 
and how this could have impacted their voluntary ENL use. Nevertheless, 
the findings that both task beliefs about the ENL and voluntary ENL use 
differed significantly across classrooms, make it plausible that this result 
could be explained by the differences within classroom cultures. For 
example, as a result of differences in learning and assessment activities 
classroom cultures may differ with respect to the normative use of the ENL. 
Also, classroom cultures may be different due to differences in teachers’ 
expressed task beliefs about the ENL (Baten, Praet, & Desoete, 2017; Fives, 
Barnes, Buehl, Mascadri, & Ziegler, 2017; Grootenboer & Marshman, 
2016).  

One of the mechanisms that could influence task beliefs and response 
behaviour by affecting the classroom culture is social comparison 
(Summers et al., 2003). Social comparison includes meeting friends’ 
expectations because of the need for approval. A student who believes their 
classmates – and specifically their close friends – have negative opinions 
about the ENL, will most likely develop similar negative beliefs about the 
ENL. For the development of an identity as competent and motivated 
mathematics learner, it is important that students experience trust and 
psychological safety among their classmates and their teacher. This means 
that they need to feel safe to discuss and reveal their mathematical thinking 
and strategy preferences without the fear of receiving disapproving looks 
and comments (Heritage & Wylie, 2018).  
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compared to girls (Fagginger Auer et al., 2016b; Hickendorff et al., 2010). 
This expectation was not confirmed because task beliefs about the ENL and 
voluntary ENL use could not be predicted by gender. This is in line with 
Torbeyns et al. (2017) who did not find different strategy profiles for Belgian 
and Dutch boys and girls. Although a separate comparison of the voluntary 
ENL use of boys and girls showed that – on average – girls did use the ENL 
more frequently, this relation was not found in the path-model. The 
difference between these results can be explained by the confounded 
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in our sample had a significantly higher mathematical ability score than 
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in our sample, gender and mathematical ability are confounded in the path-
model. Note that – statistically – the differences between teachers are better 
modelled in the multilevel path-model than in the two separate 
comparisons. Therefore, results must be seen from the perspective of 
statistical tests with relatively low power due to a small sample and 
substantial differences between classes.  
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The present study has three methodological limitations that may have 
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ability was measured independently by schools using the standardised 
LOVS M3-test. During the administration of the test students can use 
empty scrap paper, which they can use to draw the ENL. Consequently, we 
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they used the ENL, which could explain why we did not find a direct 
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procedure and the used auxiliary tools during the assessment. Instead of 
collecting students’ mathematical ability in hindsight, it would even be 
better to standardise the assessment procedure across classes by 
administrating the LOVS M3-test as part of the research design. 

The second limitation concerns the procedure used to assess students’ 
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were measured after students completed the diagnostic ENL assessment 
task. As a result, students’ experience with the ENL in the ENL assessment 
task could have influenced the measure of task beliefs about the ENL. 
Therefore, it cannot be concluded that there is a causal relation between 
task beliefs about the ENL and the voluntary ENL use. Regardless of this 
limitation, the association between task beliefs about the ENL and 
voluntary ENL use, illustrates the importance of taking into account 
students’ task beliefs when deciding whether a diagnostic task is suitable 
for a specific student. 

Finally, it can be argued that including items about students’ classroom 
behaviour and teacher expectations made the scale used to measure task 
beliefs about the ENL less valid. More specifically, the scale does not solely 
measure task beliefs about the ENL, but also measured students’ perceived 
expectations of teachers’ beliefs about the ENL. Nevertheless, these items 
received a smaller weight in the sum score compared to the other items (see 
Table 4.1), which makes it less likely that these items made a significant 
impact on the results. For further research it might be interesting to study 
the impact of students’ learning and assessment experiences with specific 
task features – including their perception of teachers’ beliefs about the 
utility of the task – separate from their task beliefs about those features.  

5.2 Conclusion 

In conclusion, the present study shows that students’ voluntary ENL use 
is related to their task beliefs about the ENL, and that task beliefs about 
the ENL mediate the relationship between their mathematical ability and 
the voluntary ENL use. The findings of this study illustrate that interpreting 
students’ response behaviour in terms of their mathematical thinking 
requires acknowledging the affective processes that could influence the 
cognitive processes being measured. Thus, teachers need to have 
information about students’ task beliefs about the ENL when deciding for 
which students the diagnostic ENL assessment task is suitable to measure 
their mathematical thinking.  

References 

Alibali, M. W., Phillips, K. M. O., & Fischer, A. D. (2009). Learning new problem-
solving strategies leads to changes in problem representation. Cognitive 
Development, 24(2), 89–101. https://doi.org/10.1016/j.cogdev.2008.12.005 

Baroody, A. J., Torbeyns, J., & Verschaffel, L. (2009). Young children’s 
understanding and application of subtraction-related principles. 
Mathematical Thinking and Learning, 11(1–2), 2–9. 
https://doi.org/10.1080/10986060802583873 

Task Beliefs and the Voluntary Use of the Empty Number Line 

111 

Baten, E., Praet, M., & Desoete, A. (2017). The relevance and efficacy of 
metacognition for instructional design in the domain of mathematics. ZDM - 
Mathematics Education,49(4), 613–623. https://doi.org/10.1007/s11858-
017-0851-y 

Beishuizen, M. (1993). Mental strategies and materials or models for addition and 
subtraction up to 100 in Dutch second grades. Journal for Research in 
Mathematics Education, 24(4), 294–323. https://doi.org/10.2307/749464 

Björn, P. M., Räikkönen, E., Aunola, K., & Kyttälä, M. (2017). Dynamics between 
student vs. teacher perceptions of mathematics task-orientation and 
mathematics performance among adolescents. Learning and Individual 
Differences, 55, 21–28. https://doi.org/10.1016/j.lindif.2017.02.005 

Blöte, A. W., Klein, A. S., & Beishuizen, M. (2000). Mental computation and 
conceptual understanding. Learning and Instruction, 10(3), 221–247. 
https://doi.org/10.1016/S0959-4752(99)00028-6 

Bobis, J. (2007). The empty number line: A useful tool or just another procedure? 
Teaching Children Mathematics, 13(8), 410–413.  

Bobis, J., & Bobis, E. (2005). The empty number line: Making children’s thinking 
visible. In M. Coupland, J. Anderson, & T. Spencer (Eds.), Proceedings of the 
Twentieth Biennial Conference of The Australian Association of Mathematics 
Teachers (Issue 08, pp. 66–72). Sydney: The Australian Association of 
Mathematics Teachers. 
http://aamt.dbinformatics.com.au/index.php/content/download/19063/25
2036/file/mm-vital.pdf#page=72 Accessed 28-10-2020. 

Bramald, R. (2000). Introducing the empty number line. Education 3-13: 
International Journal of Primary, Elementary and Early Years Education, 
28(3), 5–12. https://doi.org/10.1080/03004270085200271 

Carr, M., Jessup, D. L., & Fuller, D. (1999). Gender differences in first-grade 
mathematics strategy use: Parent and teacher contributions. Journal for 
Research in Mathematics Education, 30(1), 20–46. 
https://doi.org/10.2307/749628 

Carpenter, T. P., Franke, M. L., Jacobs, V. R., Fennema, E., & Empson, S. B. 
(1998). A longitudinal study of invention and understanding in children’s 
multi-digit addition and subtraction. Journal for Research in Mathematics 
Education, 29(1), 37–50. https://doi.org/10.2307/749715 

Dowker, A., Bennett, K., & Smith, L. (2012). Attitudes to mathematics in primary 
school Children. Child Development Research, 2012, 1–8. 
https://doi.org/10.1155/2012/124939 

Dowker, A., Sarkar, A., & Looi, C. Y. (2016). Mathematics anxiety: What have we 
learned in 60 years? Frontiers in Psychology, 7. 
https://doi.org/10.3389/fpsyg.2016.00508 

Fagginger Auer, M. F., Hickendorff, M., & van Putten, C. M. (2016a). Solution 
strategies and adaptivity in multi-digit division in a choice/no-choice 
experiment: Student and instructional factors. Learning and Instruction, 41, 
52–59. https://doi.org/10.1016/j.learninstruc.2015.09.008 

Fagginger Auer, M. F., Hickendorff, M., van Putten, C. M., Béguin, A. A., & Heiser, 
W. J. (2016b). Multilevel latent class analysis for large-scale educational 

https://doi.org/10.1016/j.cogdev.2008.12.005
https://doi.org/10.1080/10986060802583873


565914-L-sub01-bw-Vermeulen565914-L-sub01-bw-Vermeulen565914-L-sub01-bw-Vermeulen565914-L-sub01-bw-Vermeulen
Processed on: 7-9-2021Processed on: 7-9-2021Processed on: 7-9-2021Processed on: 7-9-2021 PDF page: 121PDF page: 121PDF page: 121PDF page: 121

44

Chapter 4 

110 

were measured after students completed the diagnostic ENL assessment 
task. As a result, students’ experience with the ENL in the ENL assessment 
task could have influenced the measure of task beliefs about the ENL. 
Therefore, it cannot be concluded that there is a causal relation between 
task beliefs about the ENL and the voluntary ENL use. Regardless of this 
limitation, the association between task beliefs about the ENL and 
voluntary ENL use, illustrates the importance of taking into account 
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Chapter 5 
Evaluating the Characteristics of 

Diagnostic Items for Bridging Errors 
in Multi-digit Subtraction 

Abstract 
Subtraction errors can inform teachers about students’ mathematical 

reasoning. Not every subtraction error is informative, its implications for 
students’ mathematical reasoning depends on the item characteristics. 
Diagnostic items are specifically designed to elicit specific subtraction 
errors. This study evaluated how the diagnostic capacity of subtraction 
items is related to their characteristics. The item characteristics being 
studied are open-ended and multiple-choice (MC) items, bare number, and 
word problems. As well as various number features, such as the number of 
digits in the subtrahend and minuend. Diagnostic capacity is defined as the 
extent to which multi-digit subtraction items that require borrowing (e.g. 
1000-680) elicit bridging errors, such as the smaller-from-larger-error. Item 
response theory (IRT) was used to estimate item properties. Subsequently, 
the item properties were used in two separate ANOVA analyses to compare 
the diagnostic capacity of MC versus open-ended items, bare number 
versus word problems, and number features. As expected, MC items have 
a higher diagnostic capacity than open-ended items. More interestingly, it 
was found that the number of digits in the subtrahend and minuend 
influenced the diagnostic capacity of the items. Items characterized as 
3/4n-3n, like 1000 - 680 = had the highest diagnostic capacity, whereas 
items characterized as 3/4n-2n, such as 1000 - 20 = had the lowest 
diagnostic capacity. The discussion focuses on the implications of this 
study for further research into the design of diagnostic items. 
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1. Introduction 

Diagnostic items can be designed to collect specific and fine-grained 
information about students’ cognitive strengths and weaknesses (Keeley & 
Tobey 2011; van der Kleij, Vermeulen, Schildkamp, & Eggen, 2015; 
Leighton & Gierl 2007). Because of the specificity of diagnostic data, 
diagnostic assessment can complement other classroom assessment data 
obtained with textbook tests, classroom observations, and diagnostic 
interviews (Vermeulen, Béguin, Scheltens, & Eggen, 2020, Chapter 6; Huff 
& Goodman 2007). Subtraction is considered a more difficult computation 
than addition, especially when items require borrowing (Riccomini, 2005; 
Narciss & Huth, 2006). Systematic subtraction errors associated with 
misconceptions about subtraction, multi-digit numbers, and borrowing, 
have been found in several countries, such as France (Lemaire & Callies 
2009), the USA (Fuson 1990; Selter, Prediger, Nührenbörger, & Hußmann 
2012), and Spain (Fernández & García 2008). It is widely acknowledged that 
subtraction errors are indicative of students’ conceptual and procedural 
understanding of mathematics (Ashlock, 2006; Fuson et al. 1997; Resnick, 
1984; Rittle-Johnson, 2017; Smith, DiSessa, & Roschelle, 1994). However, 
not every subtraction error is indicative of students’ conceptual and 
procedural (mis)understanding, some errors are caused due to slips in 
attention or insufficient number fact knowledge (Hennessey 1993). In this 
study, the focus is on errors derived from the smaller-from-larger error that 
has been observed frequently across educational contexts (Brown & 
VanLehn, 1980; Hennessy, 1993; Resnick, 1982; VanLehn, 1990; Young & 
O’Shea, 1981). Students who make smaller-from-larger errors solve the 
problem 76 - 48 = as follows: 70 - 40 = 30, 6 - 8 is reversed to 
‘smaller- from -larger’: 8 - 6 = 2, 30 + 2 = 32. In this paper, such errors are 
called bridging errors (BE). BE can only be made when subtraction items 
require borrowing.  

In the theoretical framework, we explain the conceptual and procedural 
misunderstanding that underpin BE and discuss how this 
misunderstanding is related to students’ procedural development in 
subtraction and to their conceptual development of multi-digit subtraction, 
place value, and borrowing. Although the analysis of systematic subtraction 
errors is not a novel research area, research into the design of diagnostic 
items to elicit specific errors in subtraction is relatively new. Understanding 
the item characteristics leading to BE will inform the design of diagnostic 
subtraction items. In this study, we designed diagnostic items that could 
elicit three types of BE: 

Item Characteristics for Diagnosing Bridging Errors 

121 

e.g. 43 - 17 = 

1. Smaller from larger. 40 – 10 = 30, 7 – 3 (instead of 3 – 7) = 4, 

30 + 4 = 34. 

2. Smaller from larger and decrementing the tens (or hundreds): 

40 – 10 = 30, notices 3 – 7 requires decrementing the tens: 30 – 10 = 20, 

applying 7 – 3 (instead of 3 – 7) = 4, 20 + 4 = 24. 

3. Forgetting to decrement the tens (or hundreds) after borrowing: 

40 – 10 = 30, (1)3 – 7 = 6, 30 + 6 = 36. 

1.1. Conceptual and procedural understanding of multi-digit 
subtraction  

Internationally, there are differences concerning in which grade multi-
digit subtraction procedures, such as column-wise and ciphering, are being 
taught (Beishuizen, 1993; Fuson et al., 1997; Kraemer, 2011). While most 
educational contexts focus on teaching written strategies such as column-
wise subtraction and ciphering, Dutch primary school mathematics focuses 
on mental strategies such as jumping and decomposition (see Table 5.1). 
The first two strategies, counting and jumping, are based on a linear 
understanding of whole numbers (Teppo & Heuvel-Panhuizen, 2013; 
Gravemeijer, Bowers, & Stephan, 2003). Jumping is a strategy that 
originates from abbreviating counting strategies and can be visually 
supported by the number line (Beishuizen, 1993). In this context, addition 
and subtraction are understood as jumping further or back on the number 
line, which also teaches students’ the inverse relationship between 
subtraction and addition (Selter et al., 2012; Teppo & Heuvel-Panhuizen 
2013). Students do not require full understanding of the base ten place 
value system to apply jumping strategies (Fuson et al. 1997; Kraemer 2011). 
They do need to understand that numbers, i.e., the subtrahend and 
addend, can be partitioned in smaller numbers to be subtracted from the 
minuend or added to the augend.  

Furthermore, parallel to teaching jumping strategies, third grade 
students’ conceptual understanding of the base ten place value system is 
being promoted through the use of materials that can be grouped into tens 
and ones, such as money and Multibase Arithmetic Blocks (MAB) (Blöte, 
Klein, & Beishuizen, 2000; Fuson et al., 1997; Howe, 2012; 2019; Kraemer 
2011; Beishuizen, 1993). As a result of the iterative development of 
conceptual and procedural understanding (Rittle-Johnson 2017), the use of 
money and MAB might result in self-discovery of strategies that are 
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underpinned by place-value based understanding of multi-digit numbers, 
such as decomposition strategies. However, as was found in earlier research 
by Resnick (1984) the understanding of place-value does not automatically 
lead to correct use of place-value based procedures, like decomposition. 
Moreover, the concept of place-value based understanding of multi-digit 
numbers involves multiplication: 200 is 2 x 100 (Howe, 2019). In line with 
this idea, Bicknell, Young-Loveridge, and Simpson (2017) suggest 
introducing multiplication and division context problems at a young age to 
promote students’ part-whole understanding of numbers. For example: 
‘There are 36 pens. Each box holds ten pens. How many full boxes are 
there?’.  

During the third grade, most Dutch students make the transition from 
sequential jumping strategies to place-value based decomposition strategies 
(Blöte et al. 2000; Kraemer, 2011). As shown in Table 5.1, decomposition 
entails subtracting the tens and units of the minuend and subtrahend 
separately, and subsequently combine the results of both subtractions. It 
is important to note that this transition often starts with teaching 
decomposition for addition (Blöte et al., 2000; Opgenoort 2014), which is 
much less prone for errors compared to decomposition for subtraction. 
Hence, adding the tens and units separately and combining both sums is 
more straightforward than dealing with a shortage in the units in 
subtraction. If the units in the subtrahend are smaller than the units in the 
minuend (e.g. in 87 - 53 =, 3 is smaller than 7), this procedure can be done 
by treating both the tens and units as single digits rather than as tens and 
ones: 8 - 5 = 3; 7 – 3 = 4; combined this results in 87 – 53 = 34. However, 
when the item requires borrowing; 83 – 57 = there are not enough units in 
the minuend to subtract the units of the subtrahend, Thus, to apply 
decomposition correctly, students need to understand that the 8 stands for 
8 times ten or 80, and that each ten consists of ten units (Fuson et al., 
1997; Kraemer, 2011). This separate- tens-and-units concept (Fuson et al., 
1997) makes it possible that one ten can be exchanged (i.e. borrowed) for 
units to subtract the remaining units of the minuend (Resnick, 1984). As 
shown in Table 5.1, students do not actively borrow one ten to subtract 
13 - 7 =, rather they are trained to write down how many units they fall 
short: 80 - 50 = 30, 3 - 7 = 4 short, 30 - 4 = 26. Hence, Dutch third grade 
students are not yet taught the word borrowing, instead the word ‘short’ is 
used to teach them that the units they could not subtract from the unit in 
the minuend have to subtracted from the remaining tens. The word 
borrowing is taught in fourth through sixth grade in combination with the 
strategies: Column-wise subtraction and ciphering (Opgenoort, 2014).  
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The procedural transition to decomposition requires the simultaneous 
transition to an integrated concept of multi-digit numbers. According to 
Fuson et al. (1997) and Ashlock (2006), the development of an integrated 
conceptual understanding of both the sequential and base ten place value 
properties of multi-digit numbers is a gradual process. Systematic BE 
indicate that students have made the procedural transition to 
decomposition strategies, but do not yet fully grasp the base ten place value 
concept that is necessary to solve subtraction items that require borrowing 
(Resnick, 1984). So, students who tend to make BE show cognitive strength 
in their procedural understanding and the place-value based concept of 
multi-digit numbers because they are transitioning from sequential to 
decomposition strategies. However, at the same time a lack of conceptual 
understanding of borrowing can be viewed as a cognitive weakness.  

Furthermore, previous research has shown that items that require 
borrowing elicit many different systematic errors that might all somehow be 
related to students’ conceptual and procedural understanding of multi-digit 
subtraction, borrowing and place-value (e.g. Narcis & Huth, 2006; 
VanLehn, 1990). Given the focus on BE, we want to minimize the number 
of other errors being elicited by the diagnostic items. Thus, we are interested 
what item characteristics make subtraction items best suitable for 
diagnosing BE. To evaluate the diagnostic capacity of subtraction items for 
diagnosing BE, we focus on three specific item characteristics: item format, 
answering format and number features. These item characteristics and 
their importance in the design of diagnostic items for diagnosing BE are 
explained below. 

1.2. Item characteristics 

In this paragraph we elaborate on the number features, item formats, 
and answering formats that were compared in the present study. The 
methodological details of the item design process are described in the 
method section.  

As explained above, decomposition strategies are based on students’ 
understanding of place value principles. Students may make an incorrect 
transition from conceptual understanding of single digits to multiple digits 
in which they view multi-digit numbers as concatenated single digits: 83 is 
“eight” “three” instead of “eighty-three” (Fuson et al., 1997). Because these 
students lack the understanding of the compensation principle that allows 
hundreds, tens, and units to be exchanged (Resnick, 1984), they might treat 
multi-digit subtraction as concatenated single digit subtraction in which 
each digit is subtracted individually. This approach becomes especially 
problematic when the number of the digits in the subtrahend and minuend 
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are unequal. Therefore, it is plausible that the diagnostic capacity of 
subtraction items is influenced by the number of digits in the subtrahend 
and minuend. For example, it is to be expected that 357 - 62 = is more 
difficult than 634 - 251 = because in the latter item the number of digits in 
the subtrahend and minuend are equal.  

Although, it could be expected that the more difficult unequal digit 
problems have a higher diagnostic capacity, it is not yet known how the 
difficulty of the items relates to their diagnostic capacity. Moreover, due to 
students’ gradual transition from a linear understanding of multi-digit 
numbers to a place-value based understanding (Fuson et al., 1997), it is 
likely they do not immediately understand the conceptual and procedural 
analogies between two-digit numbers and three-digit numbers. By 
comparing the diagnostic capacity of items with 2, 3 and 4-digits we aim to 
explore the relationship between students’ tendency to make BE and the 
place-value properties of the items. Teachers could use subsets of 
diagnostic items to assess students’ ability to transfer conceptual and 
procedural knowledge of two-digit to three- and four-digit problems that 
require borrowing.  

Moreover, subtraction items can differ in their borrow type, for example 
83 - 26 = requires borrowing from the tens, while 634 - 251 = requires 
borrowing from the hundreds, and 400 - 27 = requires borrowing from both 
tens and hundreds. Borrowing from both tens and hundreds requires 
multiple steps, which makes these items more complex. On the one hand 
this complexity could make it more likely BE are elicited, on the other hand 
more complex items could also increase the number of other errors being 
elicited. This makes it interesting to compare the diagnostic capacity of 
items that differ in the type and number of borrows.  

Item format refers to the way an item is presented: In context as a word 
problem or as a bare number problem without words or images. Both word 
and bare number problems are part of the frequently used textbooks in 
Dutch education. Word problems can convey different meanings of 
subtraction (taking-away and determining the difference), resulting in 
different solution processes (Hop, Janssen, Hemker, van Weerden, & van 
Til, 2012; Kraemer, 2011; Selter et al., 2012). In bare number problems, 
however, subtraction is depicted with the minus sign and is therefore 
interpreted as taking away, making it likely that the strategies elicited by 
different bare number items vary less. BE are specifically found when 
students use a decomposition strategy, also referred to as the 1010-strategy 
(Beishuizen, 1993), therefore, it is likely that the item format affects the 
diagnostic capacity of the items.  
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Regarding the answer format of the items, we were interested in 
comparing open-ended (OE) and multiple-choice (MC) items. OE-items can 
provide easy to code numeric answers and rich data in which different types 
of subtraction errors can be observed. Also, OE-items might help to discover 
new systematic errors and thereby contribute to research about 
misconceptions. Moreover, the biggest advantage of MC items is the 
possibility to efficiently distinguish between a subset of misconceptions 
through the use of specific errors as distractors, as is done with ordered 
MC-items and second tier items (e.g. Briggs et al., 2006; Briggs & Alonzo 
2009; Treagust, 1986). However, since the number of errors is limited to, 
for example, three distractors, it may force students into choosing an 
incorrect answer that does not accurately represents their mathematical 
reasoning. So, OE, and MC-items have (dis)advantages as a feature of 
diagnostic items, one could argue they serve different purposes when used 
in diagnostic assessment. Therefore, we believe it to be relevant to compare 
the diagnostic capacity of OE and MC- items. It is to be expected that MC-
items have a higher diagnostic capacity than OE items, because the 
distractors are directly linked to the three types of BE.  

The design of the items is elaborated in the Method section. By answering 
the following research questions, we intent to inform the design of 
diagnostic subtraction items and generate new ideas for further research 
into this relatively new field of assessment research. Additionally, the 
results of this study can also inform the use of diagnostic subtraction items 
in classroom assessment.  

1. To what extent is the diagnostic capacity of subtraction items related to 

the item difficulty and how does this relation differ for the item 

characteristics?  

2. To what extent can the differences in the diagnostic capacity of the 

subtraction items be explained by their characteristics (i.e., item format, 

answering format, and number features)?  

2. Method 

2.1. Participants 

Response data was gathered from 264 third grade students with parental 
permission (132 boys, 130 girls, Missing = 2) from 12 Dutch primary 
schools. The average age of the students was 8.8 years (SD = .45, N = 259, 
Missing = 5). Students’ mathematical ability was measured with the LOVS 
mid third grade (M3) test. The LOVS M3-test is a biannual standardized 
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norm-referenced test that most Dutch primary schools use to assess 
students’ mathematical ability (Janssen, Scheltens, & Kraemer, 2006; 
Janssen et al., 2010). Students’ answers to the test as well as their ability 
scores were obtained through their teachers. The average mathematical 
ability of the students in this sample was M = 69.8 (SD = 15.8; N = 262, 
Missing = 2), which is slightly lower in comparison to the norm-group mean 
(µ = 72.2). Keep in mind that this indicates that our sample might not fully 
represent the average population of third grade students in the 
Netherlands. 

2.2. Design Process of the Diagnostic Items 

Historical data from the LOVS M3-test was used to identify potential 
appropriate number features for the diagnostic items. We selected the 
subtraction items for which BE were among the four most frequent errors. 
We identified four LOVS M3 subtraction items that often elicit BE: Two bare 
number items 76 - 48 = (item 1) and 700 – 32 = (item 2), and two context 
problems 300 - 2 = (item 3) and 1000 - 680 = (item 4, see Figure 1). The 
proportions correct were .752 (item 3), .628 (item 1), .561 (item 2), .544 
(item 4). The number features of Item 3 (300 - 2 =) were not used since 
these features were expected to be too easy for diagnostic purposes mid 
third grade.  

Figure 5.1. Contexts of the LOVS M3 subtraction items that require bridging 
translated from Dutch to English: a. When we get two more children at the 
school there will be exactly 300 children. How many children are at the school 
now? What is the answer to mister Kees’ question? b. Remco is saving for a 
new computer. He has saved 680 euro. How many euros does he need to 
save? 
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2.2.1 Design constraints 

BE are associated with the use of decomposition strategies, therefore we 
aimed to minimize the elicitation of strategies associated with jumping, like 
compensation and subtraction by addition. We used three number 
constraints to create the number features we are interested in. The first 
constraint was that the units may not be 8 or 9, because these digits elicit 
compensation strategies such as 76 - 48 = via 76 - 50 = 26, 26 + 2 = 28 
(Torbeyns, De Smedt, Ghesquière & Verschaffel, 2008). By avoiding digits 8 
and 9 as units, it becomes less likely that compensation errors are being 
elicited. For the same reason, 80 and 90 should be avoided when 
constructing item types 8 and 9.  

Secondly, subtraction by addition could make the elicitation of BE less 
likely. To avoid elicitation of the strategy subtraction by addition (e.g. 
solving 73 - 67 =, via 67 + ? = 73; Torbeyns et al. 2008), the distance 
between the minuend (e.g. 73) and the subtrahend (e.g. 67) should always 
be larger than 10.  

The last design constraint concerning the number features of the items 
focused on accidently getting the right answer while applying an erroneous 
strategy. Hence, items that are not able to distinguish between the correct 
answer and a bridging error will not result in a valid diagnosis. For example, 
when solving the item 82 – 27 =, borrowing a ten would result in 
(1)2 - 7 = 5, whereas reversing the units 7 - 2 = would also give 5 as the 
result. Students who make BE type 2 would accidently come to the right 
answer. Therefore, correct answers to items like 82 - 27 = do not always 
provide valid diagnostic information about BE. Similarly, items like 
81 - 26 = with (1)1 – 6 = 5 and 6 - 1 = 5, should be avoided. Table 5.2 
illustrates the 9 item types that were constructed using the type of borrow 
and number of digits as the two main number features. Item types 1, 7 and 
9 were based on three of the LOVS items mentioned above. The other items 
were designed by varying the type of borrow and the number of digits based 
on what is commonly found in the Dutch third grade textbooks. For each 
item type, 6 items were constructed using three constraints regarding the 
number characteristics of the subtrahend and minuend. A total of 54 
subtraction items that require bridging the tens and/or hundreds were 
constructed (see Appendix 5A).  

Moreover, for the comparison between word and bare number problems, 
three word-problems were created (of which one was MC) for each item type. 
The translation of these originally Dutch items is included in English in 
Appendix B. Multiple-choice items force students to choose one of the given 
(bridging) errors. Therefore, the data collected with MC items are not as 
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rich, as data collected with open ended items. For that reason, it was 
decided to construct only 2 MC items for each item type, resulting in a total 
of 18 MC items. All MC-items, except for items 0801 and 0804 included 
solely BE as distractors. Based on error frequencies observed in the 
historical data, two of the distractors of items 0801 and 0804 were other 
common errors. More specifically, for item 0801: 1000 - 70 = 970 (BE), 300, 
and 30 were used as distractors. For item 0804: 1000 – 30 =, 1070 (BE), 
700, and 70 were used as distractors. The possible consequences of this 
choice are addressed in the discussion section.  

Table 5.2 

Item Types for Bridging Errors in Third Grade Subtraction 

Type Borrow from Place values  Example 

1a 10  2nb – 2n  83 – 26 = 

2 10 3n – 3n  453 – 127 =  

3 100  3n – 2n  347 – 62 =  

4 100 3n – 3n  634 – 251 =  

5 10  2n – 2n = 70 – 43 =  

6 100  3n – 2n = 406 – 22 =  

7a 10, 100 3n – 2n =  400 – 27 =  

8 100, 1000 1000 – 2n = 1000 – 70 = 

9a 100, 1000 1000 – 3n = 1000 – 340 = 
a Types that are cloned from the LOVS M3-test. b Digits within each number. 

2.2.2. Identifying bridging errors 

As is shown in Table 5.2, items vary in the type of bridge that is required; 
students must bridge the tens, hundreds or multiple. Determining the BE 
for items where students must bridge the hundreds goes in the same way 
as bridging the tens. For example, for item 347 - 62 = (i.e., item type 3) 
possible BE are 325 (BE1), 225 (BE2), and 385 (BE3). BE1 (325) is 
calculated as follows: 300 - 0 = 300; 60 - 40 = 20 (i.e., reversing 40 - 60); 
7 - 2 = 5; 300 + 20 + 5 = 325. In BE2 the student does the same, but also 
decrements one hundred resulting in the answer 225. Finally, students who 
make BE3 do not reverse 40 - 60, but they do forget to decrement one 
hundred; they calculate (1)40 – 60 = 80; 300 + 80 + 5 = 385. For items that 
require bridging both bridging the tens and the hundreds there are 15 
possible BE: 3 unique errors for either the tens or the hundreds and 9 
unique errors that are combinations of errors in the tens and hundreds (i.e., 
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require bridging both bridging the tens and the hundreds there are 15 
possible BE: 3 unique errors for either the tens or the hundreds and 9 
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3 + 3 + 9 = 15). Based on the rules for calculating BE described above, we 
determined every possible bridging error for the 54 items. The responses to 
the open items were automatically scored identifying correct responses and 
BE by using the BE in Appendix 5A.  

2.3. Research design 

2.3.1. Adaptive test assembly  

Because a test with 54 subtraction items is too long for third grade 
students, an incomplete research design with linked items was used. Item 
types 1, 7, and 9 were used as anchor items because these items were 
cloned from LOVS M3 items, which means that those items match third 
grade students’ subtraction skills. Two additional item types were selected 
based on students’ responses to the four subtraction items from the LOVS 
M3-test mentioned above. This selection process is shown in the flow-chart 
included in Appendix C. The four items from the LOVS M3-test were ordered 
from low to high p-value. Depending on whether the student answered the 
LOVS item correct or incorrect it was decided what item type was included 
in the students’ test. In this way a form of adaptive assessment was 
implemented in which students were administered items with an 
appropriate difficulty level in line with their subtraction skill. This process 
resulted in 11 booklets with 30 items each, of which 18 items were common 
across all versions (See Figure 5.2).  

Figure 5.2. Booklet design that resulted from the adaptive selection of items 
shown in Appendix 5C. 

2.3.2. Test administration  

A research assistant or researcher administered the diagnostic 
instrument (DI) in each classroom. A standardized instruction was read 
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aloud by the test administrator: ‘This test consists of 30 subtraction 
problems. You may write down your calculations in the box next to the 
problem. We are now going to practice two problems together.’ Next, the test 
administrator practiced two example subtraction problems with the 
students. The correct answers to the practice problems were given, but no 
strategies were discussed. Although there was no official time limit, after 60 
minutes the test administrator would collect all the booklets. Most students 
finished within 60 minutes. The incidental students who could not finish 
the test within 60 minutes, were offered to finish it later. Their tests were 
returned to the researchers by the teacher via mail. When the test 
administrator and teacher observed a student struggled too much, they 
gave the student the choice to stop the test at any given moment.  

2.4. Analyses 

Item response theory (IRT) was used to obtain parameter estimates for 
the 54 diagnostic items. In IRT the difficulty of items is estimated 
conditional on students’ proficiency (van der Linden and Hambleton 1997). 
Due to the relatively small number of students per item it was decided to 
apply a Rasch model. Overall response behaviour was in line with the Rasch 
model and it was not necessary to use more general models like the 3PL, 
which need substantially larger sample sizes to estimate all the parameters. 
The item curves within a Rasch model are based on the logistic function of 
the difference between the latent variable θ and the βi parameter of an item 
(Verhelst, 1993). The curves are representations of the probability of 
answering an item correctly.  

Two IRT analyses were done. In the first analysis the prevalence of a 
bridging error is modelled instead of the prevalence of a correct response. 
The purpose of this analysis was to obtain estimates of the relative 
diagnostic capacity of the items, defined as the item’s capacity to elicit BE. 
In this analysis items were coded as 1 = bridging error, and 0 = correct or 
other error. Modelling using an IRT procedure allowed to compare the 
capacity to elicit BE across items administered in an incomplete design with 
groups of test-takers that differ in tendency to make BE. As described 
above, the DI was administered through an incomplete design with 11 
booklets, which were linked through 18 common items. The purpose of the 
second analysis was to obtain estimates of the relative item difficulty. So, 
this is a more standard application or IRT. In this analysis items were coded 
as 1 = correct, and 0 = incorrect response. The item parameters resulting 
from the IRT analyses could be transformed into the estimated proportion 
BE or the proportion correct for the total population. OPLM software 
(Verhelst, Glas, & Verstralen 1994) was used to calibrate the items using 
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administrator practiced two example subtraction problems with the 
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strategies were discussed. Although there was no official time limit, after 60 
minutes the test administrator would collect all the booklets. Most students 
finished within 60 minutes. The incidental students who could not finish 
the test within 60 minutes, were offered to finish it later. Their tests were 
returned to the researchers by the teacher via mail. When the test 
administrator and teacher observed a student struggled too much, they 
gave the student the choice to stop the test at any given moment.  

2.4. Analyses 

Item response theory (IRT) was used to obtain parameter estimates for 
the 54 diagnostic items. In IRT the difficulty of items is estimated 
conditional on students’ proficiency (van der Linden and Hambleton 1997). 
Due to the relatively small number of students per item it was decided to 
apply a Rasch model. Overall response behaviour was in line with the Rasch 
model and it was not necessary to use more general models like the 3PL, 
which need substantially larger sample sizes to estimate all the parameters. 
The item curves within a Rasch model are based on the logistic function of 
the difference between the latent variable θ and the βi parameter of an item 
(Verhelst, 1993). The curves are representations of the probability of 
answering an item correctly.  

Two IRT analyses were done. In the first analysis the prevalence of a 
bridging error is modelled instead of the prevalence of a correct response. 
The purpose of this analysis was to obtain estimates of the relative 
diagnostic capacity of the items, defined as the item’s capacity to elicit BE. 
In this analysis items were coded as 1 = bridging error, and 0 = correct or 
other error. Modelling using an IRT procedure allowed to compare the 
capacity to elicit BE across items administered in an incomplete design with 
groups of test-takers that differ in tendency to make BE. As described 
above, the DI was administered through an incomplete design with 11 
booklets, which were linked through 18 common items. The purpose of the 
second analysis was to obtain estimates of the relative item difficulty. So, 
this is a more standard application or IRT. In this analysis items were coded 
as 1 = correct, and 0 = incorrect response. The item parameters resulting 
from the IRT analyses could be transformed into the estimated proportion 
BE or the proportion correct for the total population. OPLM software 
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marginal maximum likelihood estimation (MML) and equal discrimination 
indices for all items (Eggen & Verhelst, 2011). The OPLM software is very 
suitable for analysing data in incomplete designs. The above specification 
of the model results in an estimate of the Rasch model.  

To enhance the interpretation of results, the item-parameters are 
transformed into the expected proportion BE and the expected proportion 
correct in the population. Using this transformation, a weighting is given to 
the item parameters based on practical impact that it translates into 
observable properties of the items. For example, the difference between item 
parameters 4 and 5 will not lead to a substantial increase in the probability 
correct for a student with proficiency 0. While a difference between an item 
parameter of 0 or 1 does have a substantial impact. These proportions were 
used in the descriptive and correlational analyses that were done to answer 
the first research question. This was not done for research question 2 since 
the item parameters are better in line with the assumption of equal variance 
of the ANOVA. For these analyses, the item parameters for prevalence of BE 
were used as the dependent variable. Note that, higher item parameter 
values lead to less BE and consequently a lower diagnostic capacity. In the 
first ANOVA, item format and answering format were used as independent 
factors, resulting in a 2 x 2-design. In the second ANOVA, the number of 
digits and the borrow type were used as independent factors, resulting in a 
3 x 3 design. Taking item types together based on common features results 
in more power of the analysis due to more observations per cell of the 
design. The three category factors digits and borrow type were created by 
recoding the nine item types. Item types 1 and 5 were recoded as category 
1 (2n - 2n), item types 3, 6, 7, 8 were recoded as category 2 (3n/4n - 2n), 
and item types 2, 4, and 9 were recoded into category 3 (3n/4n - 3n). 
Furthermore, for the variable borrow type item types 1, 2, and 5 were 
recoded into category 1 (borrow from 10). Item types, 3, 4, and 6 were 
recoded as category 2 (borrow from 100), and item types 7, 8 and 9 were 
recoded into category 3 (borrow from multiple). The analyses described 
above were done with SPSS 23 (IBM Corp, 2015).  

3. Results 

3.1. Relationship between bridging errors and item difficulty 

The first research question concerned the relationship between the 
proportion BE and the difficulty of the subtraction items. For this research 
question the expected proportion correct was used as an indicator of item 
difficulty. Hence, the higher the proportion, the easier the item. The 
proportion BE (pBE) and proportion correct (pC) were calculated as the 
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expected proportion in the population under the IRT model. The Rasch 
model showed a reasonable fit. In the model with proportion correct 6 out 
of 44 items had significant S-statistics (p< 0.05). With proportion of BE 4 
items out of 44 had significant S statistics. Overall, this was evaluated as 
sufficient, and item parameters were used in the follow-up analyses. For 
item 0804 (MC-item) no BE were observed, therefore we used a pBE of zero 
in the analyses. Pearson’s bivariate correlation was calculated, r = -.191, 
p = .167, k = 54. This result shows that the proportion BE is not 
significantly related to the item difficulty. However, we did find a significant 
negative correlation between pBE and pC for the MC-items, r = -.908, p <.001, 
k = 18. Note that, this high correlation is largely the result of all distractors, 
except for item 0801 and 0804 being designed to include BEs, which 
resulted in a negative relationship between the proportion BE and the 
proportion correct. Moreover, for the item format (word and bare number 
problems) we did not find any significant correlations between pBE and pC. 
However, for the number features a negative relationship between pBE and 
pC was found for item type 9 (1000 - 340 =), r = -.870, p = .024, k = 6. Thus, 
items within item type 9 with a high proportion BE had a low proportion 
correct and vice versa. This result implies that for item type nine very few 
other errors than BE were observed. Such a relationship was not found for 
any of the other number features.  

Furthermore, Table 5.3 shows the average pBE and pC for the item 
characteristics being evaluated in the present study. For answer format, it 
was found that the pBE as well as the pC for MC-items is higher than for OE-
items. The differences in the pBE and pC for the two item formats were 
relatively small, with the pBE of bare number problems being slightly higher 
than the pBE of word problems. With regard of the number features it was 
found that items with more digits in the subtrahend and minuend (i.e., 
3n/4n - 3n types 2, 4, and 9) had the highest pBE and a relative low pC 
compared to items with fewer digits (i.e., 3n/4n - 2n and 2n - 2n, types 1, 
3, 5, 6, 7, and 8). Whether these differences are significant was explored in 
the ANOVA analyses. 
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Table 5.3 

Proportion Bridging Errors and Proportion Correct for Answer Format and 
Item Format 

 Proportion BE Proportion Correct 

pBE SD pC SD 

Answer  

format 

MC .277 .131 .635 .109 

OE .115 .059 .584 .130 

Item  

format 

Word problem .155 .116 .598 .126 

Bare number problem .183 .119 .605 .126 

Number  

features 

Digits 2n – 2n = .308 .171 .697 .049 

3n/4n – 2n =  .320 .117 .635 .095 

3n/4n – 3n = .470 .237 .491 .117 

Borrow 10 .191 .104 .619 .125 

100 .163 .129 .522 .134 

Multiple .154 .121 .662 .063 

3.2. Diagnostic capacity in relation to item characteristics 

3.2.1. Item and answering format 

To evaluate the diagnostic capacity of the item and answering format 
(research question 2), a 2 x 2-between-subjects (BS) factor ANOVA with 
answer format and item format as BS-factors and the diagnostic capacity 
of the items was done. As explained in the method, the parameter estimate 
of the diagnostic capacity was used for this analysis because of the 
assumptions underlying ANOVA. As shown in Table 5.4 (Model 1), a 
significant difference between MC-items and OE-items (answer format) was 
found, F(1,50) = 36.871, p < .001, Partial η2= .424, R2 = .441. Hence, the 
diagnostic capacity of MC-items is found to be significantly higher than of 
OE-items, MMC = -.997, SDMC = .818, MOE = .498, SDOE = .877. Evidently, 
this result was to be expected given that the MC-items were constructed to 
have distractors that indicate BE.  

To explore whether the distractors that were chosen in the MC-items 
represent the most frequent BE found in the open-ended items, the 
frequencies of the three BE and their possible combinations were analysed. 
More specifically, Table 5.5 shows the average frequency of the different BE 
for OE and for MC-items. Note that, for item types 7, 8 and 9 combinations 
of the three types of BE could be observed because these items had multiple 
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borrows (see Table 5A1). For item type 8 no combined errors were observed. 
The combined errors for item types 7 and 9 were put together in one 
variable. The results in Table 5.5 show all BE types were, on average, more 
frequently observed in MC-items than in OE-items. The observed 
frequencies BE and other errors for each item are included in Table 5A2. 
Note that, Table 5A2 shows there is a lot of within item type variation in the 
proportion BE observed in the data.  

Table 5.4 

ANOVA Results with Diagnostic Capacity as Dependent Variable 

 Variable Role df F p Partial η2 

Model 1 
R2 = .441 

*Answer 
format (AF) 

BS-factor 1,50 36.871 <.001* .424 

Item format 
(IF) 

BS-factor 1,50 1.755 .191 .034 

AF * IF Interaction 1,50 .197 .659 .004 

Model 2 

R2 = .225 

* Digits (D) BS-factor 2,48 5.790 .007* .187 

Borrow from 
(BF) 

BS-factor 2,48 .051 .950 .002 

D * BF Interaction 1,48 .597 .444 .012 
Note. * p < .01 

Subsequently, the differences between MC and OE-items for the three 
error types were tested using a t-test. Levene’s test for equality of variances 
showed that for all three error types equal variances could not be assumed 
(see Table 5.6). As is shown in Table 5.6, the differences between OE and 
MC-items were significant for all three error types. The difference between 
combination errors for OE and MC-items was not tested because of the 
small group sizes, respectively 8 and 4 items. It appears that the MC-items 
lead to an overestimation of all three BE types. This may have occurred 
more often for BE3 since the average difference between MC and OE-items 
for this BE type is the highest. Although this explanation is very plausible, 
we have not collected any verbal reports from students’ actual thinking 
process to support this explanation. Moreover, we found that the relative 
number of missing values on OE (M = .0347, SD = .02810) and MC-items 
(M =.0439, SD = .02305) was on average equal, t(52)= -1.199, p = .236 (equal 
variances assumed), MDifference = -.00919, SD = .00767. So, although MC-
items might result in overestimating BE, it does not force more students to 
skip an item in comparison to OE-items.  
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More specifically, Table 5.5 shows the average frequency of the different BE 
for OE and for MC-items. Note that, for item types 7, 8 and 9 combinations 
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borrows (see Table 5A1). For item type 8 no combined errors were observed. 
The combined errors for item types 7 and 9 were put together in one 
variable. The results in Table 5.5 show all BE types were, on average, more 
frequently observed in MC-items than in OE-items. The observed 
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Note that, Table 5A2 shows there is a lot of within item type variation in the 
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Subsequently, the differences between MC and OE-items for the three 
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showed that for all three error types equal variances could not be assumed 
(see Table 5.6). As is shown in Table 5.6, the differences between OE and 
MC-items were significant for all three error types. The difference between 
combination errors for OE and MC-items was not tested because of the 
small group sizes, respectively 8 and 4 items. It appears that the MC-items 
lead to an overestimation of all three BE types. This may have occurred 
more often for BE3 since the average difference between MC and OE-items 
for this BE type is the highest. Although this explanation is very plausible, 
we have not collected any verbal reports from students’ actual thinking 
process to support this explanation. Moreover, we found that the relative 
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skip an item in comparison to OE-items.  
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Table 5.5 

Average Frequency of BE Types for OE and MC-items 

  OE-items MC-items 

Item type BE k Max Mean SD K Max Mean SD 

1 t/m 9 1 36 27 6.19 8.20 18 43 9.50 12.61 

2 36 10 2.64 3.50 18 22 9.28 8.44 

3 36 13 4.53 7.19 18 16 12.56 18.82 

7 & 9 CEa 8 55 19.75 20.52 4 85 48.75 30.97 
aCE = combination of BE for items with multiple borrows. Note that item type 8 also 
had possible combination errors, but none of those were observed in our data.  

Table 5.6 

t-Tests for the Mean Difference Between the BE Types Observed in OE and 
MC-items 

 Fa p tb df p Mc  S.E.c  

BE1 4.527 .038 -1.010 24.422 .322 -3.306 3.272 

BE2 30.983 < .001 -3.204 19.978 .004 -6.639 2.072 

BE3 6.850 .012 -1.747 19.523 .096 -8.028 4.595 
a Levene’s test for equality of variances; b Equal variances not assumed; c Difference. 

3.2.2. Number features 

The second ANOVA was a 3 x 3 BS-factor design with digits and borrow 
type as the BS factors. It was found that the average diagnostic capacity 
differed for the BS-factor digits (see Table 5.4 Model 2). A Bonferroni post 
hoc analysis showed that category 2 (M = .543, SD = 1.145) has a 
significantly lower diagnostic capacity than category 3 (M = -.602, 
SD = .999), Mdifference = 1.145, SE = .320, p = .002. More specifically, 3n/4n 
– 2n = (category 2) items have a significantly lower diagnostic capacity than 
3n/4n – 3n (category 3) items.  

Furthermore, item type 8 was found to be the least suitable for 
diagnosing students’ BE. Looking at the error frequencies for item type 8, 
the most frequently observed error type were errors, such as 1000 - 20 = 
800, this error was observed 8, 5, 11, 8, 5, and 7 times in respectively, 
item0801 through item0806. Similarly, the error 1000 - 20 = 80, was 
observed 7, 1, 2, 9, 1, and 1 times in respectively item0801 through 
item0806. Note that, the frequencies 7 and the 9 were observed with a MC-
item, which might be the reason they were observed more frequently. It is 
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noteworthy that, the subsample of students who responded to item type 8, 
had a mathematical ability of 59.133 (SD = 13.91, N = 98), which is 
significantly lower than the average mathematical ability of the whole 
sample, M = 69.79, SD = 15.784, N = 98, t(358) = 5.885, p < .0001. The 
implications of these results are explained in the discussion.  

4. Discussion  

The past decades there has been plenty of research into systematic 
errors in subtraction. However, none of those studies systematically 
evaluated what item characteristics make an item suitable for a specific 
error diagnosis. Based on previous research we focused on diagnostic items 
that elicit bridging errors (BE) in multi-digit subtraction, which are errors 
derived from the frequently observed smaller-from-larger error (Brown and 
VanLehn, 1980; Hennessy, 1993; Resnick, 1982; VanLehn, 1990; Young & 
O’Shea, 1981). The purpose of the present study was to explore the 
relationship between the diagnostic capacity and item difficulty of items, 
and to evaluate the diagnostic capacity of three specific item characteristics: 
Item format, answering format, and number features in relation to their 
capacity to elicit BE. This discussion emphasizes how this evaluation 
contributes to the design of diagnostic subtraction items, to research ideas, 
and to the use of diagnostic items in mathematics teaching.  

We found no significant correlation between the estimated proportion BE 
and proportion correct of the items (research question 1). This implies that 
the difficulty of an item is not indicative of the diagnostic capacity of an 
item. Therefore, the diagnostic capacity of items should be considered a 
different construct from item difficulty, that might be influenced differently 
by item characteristics than item difficulty. However, we did find that item 
type 9 had a negative relationship between the proportion BE and 
proportion correct was found for item type nine (e.g. 1000 - 340 =). So, a 
higher proportion BE was associated with a lower proportion correct. This 
result indicates that, for this item type, most of the errors made were BE, 
and almost no other errors were made on this item (see Table 5A2). Not 
surprisingly, the average proportion BE for item type 9 was found to be the 
highest compared to the other item types. It was not, however, the easiest 
nor was it the most difficult item type. Based on these results, teachers can 
use the subset of item types with a high diagnostic capacity to diagnose 
students with various mathematical ability levels. This is particularly useful 
given the results of a related study in which we found a correlation between 
students’ mathematical ability and their tendency to make BE (Vermeulen, 
Béguin, Scheltens, & Eggen, 2020; Chapter 6). More specifically, a higher 
proportion BE was associated with a higher mathematical ability. These 
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significantly lower than the average mathematical ability of the whole 
sample, M = 69.79, SD = 15.784, N = 98, t(358) = 5.885, p < .0001. The 
implications of these results are explained in the discussion.  
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errors in subtraction. However, none of those studies systematically 
evaluated what item characteristics make an item suitable for a specific 
error diagnosis. Based on previous research we focused on diagnostic items 
that elicit bridging errors (BE) in multi-digit subtraction, which are errors 
derived from the frequently observed smaller-from-larger error (Brown and 
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and to evaluate the diagnostic capacity of three specific item characteristics: 
Item format, answering format, and number features in relation to their 
capacity to elicit BE. This discussion emphasizes how this evaluation 
contributes to the design of diagnostic subtraction items, to research ideas, 
and to the use of diagnostic items in mathematics teaching.  

We found no significant correlation between the estimated proportion BE 
and proportion correct of the items (research question 1). This implies that 
the difficulty of an item is not indicative of the diagnostic capacity of an 
item. Therefore, the diagnostic capacity of items should be considered a 
different construct from item difficulty, that might be influenced differently 
by item characteristics than item difficulty. However, we did find that item 
type 9 had a negative relationship between the proportion BE and 
proportion correct was found for item type nine (e.g. 1000 - 340 =). So, a 
higher proportion BE was associated with a lower proportion correct. This 
result indicates that, for this item type, most of the errors made were BE, 
and almost no other errors were made on this item (see Table 5A2). Not 
surprisingly, the average proportion BE for item type 9 was found to be the 
highest compared to the other item types. It was not, however, the easiest 
nor was it the most difficult item type. Based on these results, teachers can 
use the subset of item types with a high diagnostic capacity to diagnose 
students with various mathematical ability levels. This is particularly useful 
given the results of a related study in which we found a correlation between 
students’ mathematical ability and their tendency to make BE (Vermeulen, 
Béguin, Scheltens, & Eggen, 2020; Chapter 6). More specifically, a higher 
proportion BE was associated with a higher mathematical ability. These 
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findings fit with the argumentation proposed in the theoretical framework: 
BE indicate a cognitive advancement for students’ procedural 
understanding and place-value based understanding of multi-digit 
numbers, but it also indicates a cognitive weakness in the conceptual 
understanding of place value principles related to borrowing.  

Looking at the number features of the items, it was found in the ANOVA 
that the diagnostic capacity of 3n/4n - 3n items is significantly higher than 
the diagnostic capacity of 3n/4n - 2n items (i.e., item types 3, 6, 7 and 8). 
This result does not, however, indicate that the diagnostic capacity of the 
items is related to the number of digits in the subtrahend and minuend 
being unequal. One of the most important findings of this study is that item 
type 8 (e.g. 1000 - 70 =) was not only the easiest item, it also had the lowest 
diagnostic capacity. A subsequent error analysis showed that students 
made relatively few BE, instead these items seem to elicit errors such as 
1000 - 20 = 800 and 1000 - 20 = 80. Because item type 8 elicits other 
systematic errors more frequently, it is questionable whether item type 8 is 
a valid item type for diagnosing BE. Unfortunately, we do not have data 
about students’ mathematical conceptual and procedural reasoning to 
explain this error. A plausible explanation is that item type 8 elicits jumping 
instead of decomposition, because there is no reason for a place-value-
based partitioning of the subtrahend when the subtrahend is a multiple of 
ten.  

Moreover, the students who responded to item type 8 had a significantly 
lower mathematical ability, which makes it more likely that they use a 
jumping strategy instead of a decomposition strategy (Kraemer, 2011). 
Students with a lower mathematical ability might not make one specific 
systematic error, such as BE, but might struggle with multiple procedures 
and concepts, resulting in different errors (Scheltens & Béguin, 2017). 
Based on the idea that third grade students transition from a linear 
understanding of multi-digit numbers (Fuson et al., 1997; Teppo & Van den 
Heuvel-Panhuizen, 2013), it is plausible that students who make errors like 
1000 – 20 = 800 or 80 struggle with the linear concept of multi-digit 
numbers between 100 and 1000. This suggests that it is worthwhile to 
investigate what systematic errors are relevant during a specific 
developmental phase, in relation to students’ mathematical ability. In 
conclusion, the above implies that diagnosing errors such as BE might be 
more relevant for average to high achieving students rather than low 
achieving students. 

The lower mathematical ability of students who responded to item type 8 
was the result of our adaptive design of item types (see Appendix 5C). 
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Although we used anchor items to link all item types and subgroups, this 
can be considered a limitation of the research design when analysing the 
frequency of other systematic subtraction errors. Hence, the design does 
allow to link the item types and subgroups with regard to their diagnostic 
capacity for BE, but for the exploration of other systematic subtraction 
errors it might be better to be able to compare error patterns of students 
with high, average and low mathematical ability. Nevertheless, the purpose 
of this study was not to discover other systematic subtraction errors, but to 
evaluate the diagnostic capacity of items for diagnosing BE. Also, the 
interpretation of these results based on our theoretical framework does 
provide tesTable hypotheses about the procedural and conceptual nature 
of these novel systematic errors. This requires, however, an approach that 
focuses on students’ error profiles rather than the design of diagnostic 
items. A recent study into students’ multi-digit subtraction strategy profiles 
showed that students are rarely classified as flexible strategies users 
(Torbeyns, Hickendorff, & Verschaffel, 2017). In combination with research 
on students’ strategy profiles, it would be interesting to explore how 
students’ strategy profile is related to their error profile. It would be 
specifically interesting to study changes in students’ strategy and error 
profiles and the extent to which these changes are related to each other, 
and to students’ conceptual understanding of multi-digit numbers.  

Finally, the present study focused on identifying students’ procedural 
and conceptual strengths and weaknesses in multi-digit subtraction and 
borrowing. The value of diagnosing BE should be further evaluated by 
studying teachers’ instructional decisions based on students’ error profiles. 
Such research can result in empirical information about effective 
interventions to remediate BE and facilitate students’ transition from 
jumping to decomposition strategies, and to column-wise and ciphering in 
higher grades. Our theoretical framework suggests that the use of models 
like money and MAB material can support the transition from linear to 
place-value-based understanding of multi-digit numbers (Beishuizen, 
1993; Blöte, Klein, & Beishuizen, 2000; Fuson et al., 1997; Howe, 2012; 
2017; Kraemer, 2011). As students make the transition to decomposition, 
column-wise and ciphering and subtraction with three- and four-digit 
numbers, the number line is used less by both teachers and students 
(Vermeulen, Scheltens, & Eggen, 2015, Chapter 3). Howe (2017) 
emphasizes that students need to understand the relative magnitude of 
numbers to reflect on their answers by using estimation. This perspective 
is also in line with a constructive view on misconceptions (Smith et al. 
1994): Rather than replacing their linear understanding of multi-digit 
numbers, they complement their understanding with the place-value-based 
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concept of multi-digit numbers. Positioning large numbers on the number 
line can contribute to students’ understanding of the magnitude of three- 
and four-digit numbers. Furthermore, the present study focused on word 
problems constructed to elicit direct subtraction and decomposition 
strategies, which explains why their diagnostic capacity did not differ from 
bare number problems. Although we did not find a group difference between 
the diagnostic capacity of bare number and word problems, it is possible 
that students show different error profiles for bare number and context 
problems, which could be relevant diagnostic data for teachers’ 
instructional decisions. Hence, including only one type of word problem 
could be considered a limitation of the research design. In the design of the 
items we assumed that word problems constructed to elicit direct 
subtraction would be more valid for diagnosing BE than word problems that 
elicit subtraction by addition. However, we did not collect data to validate 
this assumption. Nevertheless, for comparing students’ bridging error 
profiles on bare number and word problems we would still recommend 
using word problems that elicit direct subtraction because this makes it 
easier to exclude the meaning of subtraction as an explanation for 
differences in error profiles. 

In conclusion, the present study showed that items like 453 - 127 = 
(Type 2), 634 - 251 = (Type 4), and 1000 - 340 = (Type 9) were the most 
suitable for diagnosing BE mid third grade. As was expected, we found the 
MC-items have a higher diagnostic capacity than open ended items. 
Nevertheless, we would argue that the use of MC or open-ended items serve 
different purposes. MC-items could be a more accessible approach for 
teachers when using a diagnostic instrument for BE as part of a formative 
teaching process. Also, they might be useful for diagnosing the three 
specific types of BE. Open ended questions on the other hand are more 
useful when exploring error profiles that are not solely focused on 
diagnosing BE, this could be applied in both classroom and research 
settings. Because item types 2 and 4 only have three possible BE, they can 
easily be administered using MC-items with the three BE listed in Appendix 
5A as distractors. However, item type 9 is a more complex item type that 
requires borrowing multiple times, resulting in more than three possible 
BE. For that reason, it is better to administer item type 9 as an open-ended 
item, and use the errors listed in Appendix 5A to identify the BE. The 
different combinations of BE might help teachers to identify whether the 
student is making errors with borrowing from the tens or hundreds, or both. 
The three BE used in the present study can be considered procedural 
variations of each other. It is plausible, however, that the three BE indicate 
different phases in students’ transition from a linear to a place-value based 
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conceptual understanding of multi-digit numbers. Lastly, facilitating this 
transition by diagnosing and remediating BE, is not only important for 
multi-digit subtraction, but can also promote students’ proficiency in 
addition, multiplication, and division, because these computations also rely 
on students’ understanding of the base ten place value system.  
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Nevertheless, we would argue that the use of MC or open-ended items serve 
different purposes. MC-items could be a more accessible approach for 
teachers when using a diagnostic instrument for BE as part of a formative 
teaching process. Also, they might be useful for diagnosing the three 
specific types of BE. Open ended questions on the other hand are more 
useful when exploring error profiles that are not solely focused on 
diagnosing BE, this could be applied in both classroom and research 
settings. Because item types 2 and 4 only have three possible BE, they can 
easily be administered using MC-items with the three BE listed in Appendix 
5A as distractors. However, item type 9 is a more complex item type that 
requires borrowing multiple times, resulting in more than three possible 
BE. For that reason, it is better to administer item type 9 as an open-ended 
item, and use the errors listed in Appendix 5A to identify the BE. The 
different combinations of BE might help teachers to identify whether the 
student is making errors with borrowing from the tens or hundreds, or both. 
The three BE used in the present study can be considered procedural 
variations of each other. It is plausible, however, that the three BE indicate 
different phases in students’ transition from a linear to a place-value based 
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conceptual understanding of multi-digit numbers. Lastly, facilitating this 
transition by diagnosing and remediating BE, is not only important for 
multi-digit subtraction, but can also promote students’ proficiency in 
addition, multiplication, and division, because these computations also rely 
on students’ understanding of the base ten place value system.  

References 

Ashlock, R. B. (2006). Error patterns in computation. Using error patterns to 
improve instruction. Pearson.  

Bicknell, B., Young-Loveridge, J., & Simpson, J. (2017). Using quotitive division 
problems to promote place-value understanding. Australian Primary 
Mathematics Classroom, 22(2), 28–32. 

Beishuizen, M. (1993). Mental Strategies and Materials or Models for Addition and 
Subtraction up to 100 in Dutch Second Grades. Journal for Research in 
Mathematics Education, 24(4), 294. https://doi.org/10.2307/749464 

Blöte, A. W., Klein, A. S., & Beishuizen, M. (2000). Mental computation and 
conceptual understanding. Learning and Instruction, 10(3), 221–247. 
https://doi.org/10.1016/S0959-4752(99)00028-6 

Briggs, D. C., & Alonzo, A. C. (2009). The psychometric modeling of ordered 
multiplechoice item responses for diagnostic assessment with a learning 
progression. Learning Progressions in Science (LeaPS), June. 
http://education.msu.edu/projects/leaps/proceedings/Briggs.pdf 

Briggs, D., Alonzo, A., Schwab, C., & Wilson, M. (2006). Diagnostic Assessment 
with Ordered Multiple-Choice Items. Educational Assessment, 11(1), 33–63. 
https://doi.org/10.1207/s15326977ea1101_2 

Brown, J., & VanLehn, K. (1980). Repair theory: A generative theory of bugs in 
procedural skills. Cognitive Science, 4(4), 379–426. 
https://doi.org/10.1016/S0364-0213(80)80010-3 

Eggen, T. J. H. M., & Verhelst, N. D. (2011). Item calibration in incomplete testing 
designs. Psicologica, 32, 107–132. 
http://dialnet.unirioja.es/servlet/articulo?codigo=3663968 

Fernández, R., & García, A. (2008). Evolutionary processes in the development of 
errors in subtraction algorithms. Educational Research and Reviews, 3(7), 
229–235. 
http://www.researchgate.net/publication/242673416_Evolutionary_process
es_in_the_development_of_errors_in_subtraction_algorithms/file/3deec5295a
2a96c98f.pdf 

Fuson, K. C. (1990). Conceptual Structures for Multiunit Numbers: Implications 
for Learning and Teaching Multi-digit Addition, Subtraction, and Place Value. 
Cognition and Instruction, 7(4), 343–403. 
https://doi.org/10.1207/s1532690xci0704_4 

Fuson, K. C., Wearne, D., Hiebert, J. C., Murray, H. G., Human, P. G., Olivier, A. 
I., Carpenter, T. P., & Fennema, E. (1997). Children’s conceptual structures 
for multi-digit numbers and methods of multi-digit addition and subtraction. 

https://doi.org/10.2307/749464
https://doi.org/10.1016/S0959-4752
http://education.msu.edu/projects/leaps/proceedings/Briggs.pdf
https://doi.org/10.1207/s15326977ea1101_2
https://doi.org/10.1016/S0364-0213
http://dialnet.unirioja.es/servlet/articulo?codigo=3663968
http://www.researchgate.net/publication/242673416_Evolutionary_process
https://doi.org/10.1207/s1532690xci0704_4


565914-L-sub01-bw-Vermeulen565914-L-sub01-bw-Vermeulen565914-L-sub01-bw-Vermeulen565914-L-sub01-bw-Vermeulen
Processed on: 7-9-2021Processed on: 7-9-2021Processed on: 7-9-2021Processed on: 7-9-2021 PDF page: 152PDF page: 152PDF page: 152PDF page: 152

Chapter 5 

142 

Journal for Research in Mathematics Education, 28(2), 130–162. 
http://www.jstor.org/stable/10.2307/749759 

Gravemeijer, K., Bowers, J., & Stephan, M. (2003). Chapter 4: A hypothetical 
Learning Trajectory on Measurement and Flexible Arithmetic. Journal for 
Research in Mathematics Education, 12, 51–66. 
http://www.jstor.org/stable/30037721 

Hennessy, S. (1993). The stability of children’s mathematical behavior: When is a 
bug really a bug? Learning and Instruction, 3(4), 315–338. 
https://doi.org/10.1016/0959-4752(93)90022-R 

Hop, M., Janssen, J., Hemker, B., van Weerden, J., J., & van Til, A. (2012). Balans 
van het rekenwiskundeonderwijs halverwege de basisschool 5 [Fifth 
assessment of mathematics education halfway primary school]. (Vol. 47 
PPON-series). Cito. 
http://www.cito.nl/~/media/cito_nl/files/onderzoek%20en%20wetenschap/
ppon/cito_ppon_balans_47.ashx?la=nl 

Howe, R. (2019). Learning and using our base ten place value number system: 
theoretical perspectives and twenty-first century uses. ZDM - Mathematics 
Education, 51(1), 57–68. https://doi.org/10.1007/s11858-018-0996-3 

Howe, R. (2012). A robust understanding of the operations of addition and 
subtraction. 1–8. http://commoncoretools.me/wp-
content/uploads/2012/02/3pillars.pdf 

IBM Corp. Released 2015. IBM SPSS Statistics for Windows, Version 23.0. 
Armonk, NY: IBM Corp. 

Janssen, J., F. Scheltens, & J-M. Kraemer (2006). Primair Onderwijs. Leerling- En 
Onderwijsvolgsysteem. Rekenen-Wiskunde Groep 5 [Primary Education. Pupil 
and Educational Monitoring System. Mathematics Grade 3]. Arnhem, The 
Netherlands: Cito. 

Janssen, J., Verhelst, N., Engelen, R., & Scheltens, F. (2010). Wetenschappelijke 
verantwoording van de toetsen LOVS Rekenen-Wiskunde voor groep 3 tot en 
met 8. [Scientific validation report for the LOVS tests mathematics for grades 1 
to 4.] Arnhem, The Netherlands: Cito. 
http://toetswijzer.kennisnet.nl/html/tg/14.pdf 

Keeley, P., & C.R. Tobey. (2011). Mathematics Formative Assessment- 75 Practical 
Strategies for Linking Assessment, Instruction, and Learning. Thousand Oaks, 
CA: Corwin Press. 

van der Kleij, F. M., Vermeulen, J. A., Schildkamp, K., & Eggen, T. J. H. M. (2015). 
Integrating data-based decision making, assessment for learning, and 
diagnostic testing in formative assessment. Assessment in Education: 
Principles, Policy & Practice, 22(3), 37–41. 
https://doi.org/10.1080/0969594X.2014.999024 

Kraemer, J. M. (2011). Oplossingsmethoden voor aftrekken tot 100 [solution 
methods for subtraction up to 100] [Doctoral dissertation]. Technical 
University Eindhoven. https://doi.org/10.6100/IR721544 

Leighton, J. P., & Gierl, M. J. (2007b). Why Cognitive Diagnostic Assessment. In J. 
P. Leighton & M. J. Gierl (Eds.), Cognitive Diagnostic Assessment for 

Item Characteristics for Diagnosing Bridging Errors 

143 

Education: Theory and Applications (pp. 3–18). New York, NY: Cambridge 
University Press. 

Lemaire, P., & Callies, S. (2009). Children’s strategies in complex arithmetic. 
Journal of Experimental Child Psychology, 103(1), 49–65. 
https://doi.org/10.1016/j.jecp.2008.09.007 

Lemaire, P., and S. Callies, 2009. “Children’s Strategies in Complex Arithmetic.” 
Journal of Experimental Child Psychology 103 (1): 49–65. 
https://doi.org/10.1016/j.jecp.2008.09.007. 

Van der Linden, W. J. van der, & R. K. Hambleton. (1997). Handbook of Modern 
Item Response Theory. New York: Springer. 

Narciss, S., & Huth, K. (2006). Fostering achievement and motivation with bug-
related tutoring feedback in a computer-based training for written 
subtraction. Learning and Instruction, 16(4), 310–322. 
https://doi.org/10.1016/j.learninstruc.2006.07.003 

Opgenoort, L. (2014). Ondersteunend leertraject. Splitsvaardigheid Groep 5 
[Supportive learning trajectory. Decomposition skills third grade]. Cito. 
https://diagnostischetoetsvooraftrekken.files.wordpress.com/2017/01/onde
rsteunend-leertraject1.pdf  

Resnick, L. B. (1982). Syntax and semantics in learning to subtract. Learning 
Research and Development Center, University of Pittsburgh. 
https://eric.ed.gov/?id=ED221386 

Resnick, L. B. (1984). Beyond error analysis: The role of understanding in 
elementary school arithmetic. Learning Research and Development Center, 
University of Pittsburgh. 
http://eric.ed.gov/ERICWebPortal/recordDetail?accno=ED248099 

Riccomini, P. J. (2005). Identification and remediation of systematic error patterns 
in subtraction. Learning Disability Quarterly, 28(3), 233–242. 
http://www.jstor.org/stable/10.2307/1593661 

Rittle-Johnson, B. (2017). Developing Mathematics Knowledge. Child Development 
Perspectives, 11(3), 184–190. https://doi.org/10.1111/cdep.12229 

Scheltens, F., & A. Béguin. (2017). Meer dan goed/fout. Diagnostisch toetsen van 
aftrekken in groep 5 [More than right and wrong. Diagnostic testing of third 
grade subtraction]. Volgens Bartjens Ontwikkeling En Onderzoek, 36(3), 41–
49. 

Selter, C., Prediger, S., Nührenbörger, M., & Hußmann, S. (2012). Taking away 
and determining the difference-a longitudinal perspective on two models of 
subtraction and the inverse relation to addition. Educational Studies in 
Mathematics, 79(3), 389–408. https://doi.org/10.1007/s10649-011-9305-6 

Smith, J. P., DiSessa, A. A., & Roschelle, J. (1994). Misconceptions Reconceived: A 
Constructivist Analysis of Knowledge in Transition. Journal of the Learning 
Sciences, 3(2), 115–163. https://doi.org/10.1207/s15327809jls0302_1 

Teppo, A., & van den Heuvel-Panhuizen, M. (2013). Visual representations as 
objects of analysis: the number line as an example. Zdm Mathematics 
Education, 46(1), 45–58. https://doi.org/10.1007/s11858-013-0518-2 

Torbeyns, J., Hickendorff, M., & Verschaffel, L. (2017). The use of number-based 
versus digit-based strategies on multi-digit subtraction: 9–12-year-olds’ 

http://www.jstor.org/stable/10.2307/749759
http://www.jstor.org/stable/30037721
https://doi.org/10.1016/0959-4752
http://www.cito.nl/~/media/cito_nl/files/onderzoek%20en%20wetenschap/
https://doi.org/10.1007/s11858-018-0996-3
http://commoncoretools.me/wp-
http://toetswijzer.kennisnet.nl/html/tg/14.pdf
https://doi.org/10.1080/0969594X.2014.999024
https://doi.org/10.6100/IR721544


565914-L-sub01-bw-Vermeulen565914-L-sub01-bw-Vermeulen565914-L-sub01-bw-Vermeulen565914-L-sub01-bw-Vermeulen
Processed on: 7-9-2021Processed on: 7-9-2021Processed on: 7-9-2021Processed on: 7-9-2021 PDF page: 153PDF page: 153PDF page: 153PDF page: 153

55

Chapter 5 

142 

Journal for Research in Mathematics Education, 28(2), 130–162. 
http://www.jstor.org/stable/10.2307/749759 

Gravemeijer, K., Bowers, J., & Stephan, M. (2003). Chapter 4: A hypothetical 
Learning Trajectory on Measurement and Flexible Arithmetic. Journal for 
Research in Mathematics Education, 12, 51–66. 
http://www.jstor.org/stable/30037721 

Hennessy, S. (1993). The stability of children’s mathematical behavior: When is a 
bug really a bug? Learning and Instruction, 3(4), 315–338. 
https://doi.org/10.1016/0959-4752(93)90022-R 

Hop, M., Janssen, J., Hemker, B., van Weerden, J., J., & van Til, A. (2012). Balans 
van het rekenwiskundeonderwijs halverwege de basisschool 5 [Fifth 
assessment of mathematics education halfway primary school]. (Vol. 47 
PPON-series). Cito. 
http://www.cito.nl/~/media/cito_nl/files/onderzoek%20en%20wetenschap/
ppon/cito_ppon_balans_47.ashx?la=nl 

Howe, R. (2019). Learning and using our base ten place value number system: 
theoretical perspectives and twenty-first century uses. ZDM - Mathematics 
Education, 51(1), 57–68. https://doi.org/10.1007/s11858-018-0996-3 

Howe, R. (2012). A robust understanding of the operations of addition and 
subtraction. 1–8. http://commoncoretools.me/wp-
content/uploads/2012/02/3pillars.pdf 

IBM Corp. Released 2015. IBM SPSS Statistics for Windows, Version 23.0. 
Armonk, NY: IBM Corp. 

Janssen, J., F. Scheltens, & J-M. Kraemer (2006). Primair Onderwijs. Leerling- En 
Onderwijsvolgsysteem. Rekenen-Wiskunde Groep 5 [Primary Education. Pupil 
and Educational Monitoring System. Mathematics Grade 3]. Arnhem, The 
Netherlands: Cito. 

Janssen, J., Verhelst, N., Engelen, R., & Scheltens, F. (2010). Wetenschappelijke 
verantwoording van de toetsen LOVS Rekenen-Wiskunde voor groep 3 tot en 
met 8. [Scientific validation report for the LOVS tests mathematics for grades 1 
to 4.] Arnhem, The Netherlands: Cito. 
http://toetswijzer.kennisnet.nl/html/tg/14.pdf 

Keeley, P., & C.R. Tobey. (2011). Mathematics Formative Assessment- 75 Practical 
Strategies for Linking Assessment, Instruction, and Learning. Thousand Oaks, 
CA: Corwin Press. 

van der Kleij, F. M., Vermeulen, J. A., Schildkamp, K., & Eggen, T. J. H. M. (2015). 
Integrating data-based decision making, assessment for learning, and 
diagnostic testing in formative assessment. Assessment in Education: 
Principles, Policy & Practice, 22(3), 37–41. 
https://doi.org/10.1080/0969594X.2014.999024 

Kraemer, J. M. (2011). Oplossingsmethoden voor aftrekken tot 100 [solution 
methods for subtraction up to 100] [Doctoral dissertation]. Technical 
University Eindhoven. https://doi.org/10.6100/IR721544 

Leighton, J. P., & Gierl, M. J. (2007b). Why Cognitive Diagnostic Assessment. In J. 
P. Leighton & M. J. Gierl (Eds.), Cognitive Diagnostic Assessment for 

Item Characteristics for Diagnosing Bridging Errors 

143 

Education: Theory and Applications (pp. 3–18). New York, NY: Cambridge 
University Press. 

Lemaire, P., & Callies, S. (2009). Children’s strategies in complex arithmetic. 
Journal of Experimental Child Psychology, 103(1), 49–65. 
https://doi.org/10.1016/j.jecp.2008.09.007 

Lemaire, P., and S. Callies, 2009. “Children’s Strategies in Complex Arithmetic.” 
Journal of Experimental Child Psychology 103 (1): 49–65. 
https://doi.org/10.1016/j.jecp.2008.09.007. 

Van der Linden, W. J. van der, & R. K. Hambleton. (1997). Handbook of Modern 
Item Response Theory. New York: Springer. 

Narciss, S., & Huth, K. (2006). Fostering achievement and motivation with bug-
related tutoring feedback in a computer-based training for written 
subtraction. Learning and Instruction, 16(4), 310–322. 
https://doi.org/10.1016/j.learninstruc.2006.07.003 

Opgenoort, L. (2014). Ondersteunend leertraject. Splitsvaardigheid Groep 5 
[Supportive learning trajectory. Decomposition skills third grade]. Cito. 
https://diagnostischetoetsvooraftrekken.files.wordpress.com/2017/01/onde
rsteunend-leertraject1.pdf  

Resnick, L. B. (1982). Syntax and semantics in learning to subtract. Learning 
Research and Development Center, University of Pittsburgh. 
https://eric.ed.gov/?id=ED221386 

Resnick, L. B. (1984). Beyond error analysis: The role of understanding in 
elementary school arithmetic. Learning Research and Development Center, 
University of Pittsburgh. 
http://eric.ed.gov/ERICWebPortal/recordDetail?accno=ED248099 

Riccomini, P. J. (2005). Identification and remediation of systematic error patterns 
in subtraction. Learning Disability Quarterly, 28(3), 233–242. 
http://www.jstor.org/stable/10.2307/1593661 

Rittle-Johnson, B. (2017). Developing Mathematics Knowledge. Child Development 
Perspectives, 11(3), 184–190. https://doi.org/10.1111/cdep.12229 

Scheltens, F., & A. Béguin. (2017). Meer dan goed/fout. Diagnostisch toetsen van 
aftrekken in groep 5 [More than right and wrong. Diagnostic testing of third 
grade subtraction]. Volgens Bartjens Ontwikkeling En Onderzoek, 36(3), 41–
49. 

Selter, C., Prediger, S., Nührenbörger, M., & Hußmann, S. (2012). Taking away 
and determining the difference-a longitudinal perspective on two models of 
subtraction and the inverse relation to addition. Educational Studies in 
Mathematics, 79(3), 389–408. https://doi.org/10.1007/s10649-011-9305-6 

Smith, J. P., DiSessa, A. A., & Roschelle, J. (1994). Misconceptions Reconceived: A 
Constructivist Analysis of Knowledge in Transition. Journal of the Learning 
Sciences, 3(2), 115–163. https://doi.org/10.1207/s15327809jls0302_1 

Teppo, A., & van den Heuvel-Panhuizen, M. (2013). Visual representations as 
objects of analysis: the number line as an example. Zdm Mathematics 
Education, 46(1), 45–58. https://doi.org/10.1007/s11858-013-0518-2 

Torbeyns, J., Hickendorff, M., & Verschaffel, L. (2017). The use of number-based 
versus digit-based strategies on multi-digit subtraction: 9–12-year-olds’ 

https://doi.org/10.1016/j.jecp.2008.09.007
https://doi.org/10.1016/j.jecp.2008.09.007.
https://doi.org/10.1016/j.learninstruc.2006.07.003
https://diagnostischetoetsvooraftrekken.files.wordpress.com/2017/01/onde
https://eric.ed.gov/?id=ED221386
http://eric.ed.gov/ERICWebPortal/recordDetail?accno=ED248099
http://www.jstor.org/stable/10.2307/1593661
https://doi.org/10.1111/cdep.12229
https://doi.org/10.1007/s10649-011-9305-6
https://doi.org/10.1207/s15327809jls0302_1
https://doi.org/10.1007/s11858-013-0518-2


565914-L-sub01-bw-Vermeulen565914-L-sub01-bw-Vermeulen565914-L-sub01-bw-Vermeulen565914-L-sub01-bw-Vermeulen
Processed on: 7-9-2021Processed on: 7-9-2021Processed on: 7-9-2021Processed on: 7-9-2021 PDF page: 154PDF page: 154PDF page: 154PDF page: 154

Chapter 5 

144 

strategy use profiles and task performance. Learning and Individual 
Differences, 58(June 2016), 64–74. 
https://doi.org/10.1016/j.lindif.2017.07.004 

Torbeyns, J., De Smedt, B., Ghesquière, P., & Verschaffel, L. (2008). Acquisition 
and use of shortcut strategies by traditionally schooled children. Educational 
Studies in Mathematics, 71(1), 1–17. https://doi.org/10.1007/s10649-008-
9155-z 

Treagust, D. (1986). Evaluation students’ misconceptions by means of diagnostic 
multiple choice items. Research in Science Education, 16, 199–207. 

VanLehn, K. (1990). Mind Bugs. The Origins of Procedural Misconceptions. 
Cambridge, MA: MIT Press. 

Verhelst, N. D. (1993). Itemresponsetheorie [Item Response Theory]. In 
Psychometrie in de Praktijk [Psychometrics in Pracice], edited by Theo J.H.M. 
Eggen and Piet Sanders, 83–178. Arnhem, The Netherlands: Cito. 

Verhelst, N. D, Glas, C. A. W., & Verstralen, H. H. F. M. (1994). OPLM Computer 
Program and Manual. Arnhem, The Netherlands: Cito. 

Vermeulen, J. A., Béguin, A., Scheltens, F., & Eggen, T. J. H. M. (2020). Diagnostic 
assessment in third-grade subtraction: the relation between bridging errors, 
number of errors and mathematical ability. Assessment in Education: 
Principles, Policy & Practice, 27(6), 687–706. 
https://doi.org/10.1080/0969594X.2020.1856038 

Young, R. M., & O’Shea, T. (1981). Errors in Children’s Subtraction. Cognitive 
Science 5 (2): 177–153. 

Item Characteristics for Diagnosing Bridging Errors 

145 

Appendix 5A 
Table 5A1 

Diagnostic Items and the Possible Bridging Errors for Each Item 

Type item id MCP WP Item Key 

BE types 

BE1 BE2 BE3 

1 i0101 1 1 43 – 17 = 26 34 24 36 

i0102 0 1 83 – 27 = 56 64 54 66 

i0103 0 1 75 – 27 = 48 52 42 58 

i0104 1 0 63 – 36 = 27 33 23 37 

i0105 0 0 43 – 16 = 27 33 23 37 

i0106 0 0 91 – 54 = 37 43 33 47 

2 i0201 1 1 283 – 126 = 157 163 153 167 

i0202 0 1 473 – 427 = 46 54 44 56 

i0203 0 1 983 – 716 = 267 273 263 277 

i0204 1 0 922 – 513 = 409 411 401 419 

i0205 0 0 244 – 126 = 118 122 112 128 

i0206 0 0 585 – 347 = 238 242 232 248 

3 i0301 1 1 336 – 74 = 262 342 242 362 

i0302 0 1 136 – 52 = 84 124 24 184 

i0303 0 1 175 – 82 = 93 113 13 193 

i0304 1 0 526 – 54 = 472 532 432 572 

i0305 0 0 723 – 92 = 631 771 671 731 

i0306 0 0 416 – 32 = 384 424 324 484 
  

https://doi.org/10.1016/j.lindif.2017.07.004
https://doi.org/10.1007/s10649-008-
https://doi.org/10.1080/0969594X.2020.1856038


565914-L-sub01-bw-Vermeulen565914-L-sub01-bw-Vermeulen565914-L-sub01-bw-Vermeulen565914-L-sub01-bw-Vermeulen
Processed on: 7-9-2021Processed on: 7-9-2021Processed on: 7-9-2021Processed on: 7-9-2021 PDF page: 155PDF page: 155PDF page: 155PDF page: 155

55

Chapter 5 

144 

strategy use profiles and task performance. Learning and Individual 
Differences, 58(June 2016), 64–74. 
https://doi.org/10.1016/j.lindif.2017.07.004 

Torbeyns, J., De Smedt, B., Ghesquière, P., & Verschaffel, L. (2008). Acquisition 
and use of shortcut strategies by traditionally schooled children. Educational 
Studies in Mathematics, 71(1), 1–17. https://doi.org/10.1007/s10649-008-
9155-z 

Treagust, D. (1986). Evaluation students’ misconceptions by means of diagnostic 
multiple choice items. Research in Science Education, 16, 199–207. 

VanLehn, K. (1990). Mind Bugs. The Origins of Procedural Misconceptions. 
Cambridge, MA: MIT Press. 

Verhelst, N. D. (1993). Itemresponsetheorie [Item Response Theory]. In 
Psychometrie in de Praktijk [Psychometrics in Pracice], edited by Theo J.H.M. 
Eggen and Piet Sanders, 83–178. Arnhem, The Netherlands: Cito. 

Verhelst, N. D, Glas, C. A. W., & Verstralen, H. H. F. M. (1994). OPLM Computer 
Program and Manual. Arnhem, The Netherlands: Cito. 

Vermeulen, J. A., Béguin, A., Scheltens, F., & Eggen, T. J. H. M. (2020). Diagnostic 
assessment in third-grade subtraction: the relation between bridging errors, 
number of errors and mathematical ability. Assessment in Education: 
Principles, Policy & Practice, 27(6), 687–706. 
https://doi.org/10.1080/0969594X.2020.1856038 

Young, R. M., & O’Shea, T. (1981). Errors in Children’s Subtraction. Cognitive 
Science 5 (2): 177–153. 

Item Characteristics for Diagnosing Bridging Errors 

145 

Appendix 5A 
Table 5A1 

Diagnostic Items and the Possible Bridging Errors for Each Item 

Type item id MCP WP Item Key 

BE types 

BE1 BE2 BE3 

1 i0101 1 1 43 – 17 = 26 34 24 36 

i0102 0 1 83 – 27 = 56 64 54 66 

i0103 0 1 75 – 27 = 48 52 42 58 

i0104 1 0 63 – 36 = 27 33 23 37 

i0105 0 0 43 – 16 = 27 33 23 37 

i0106 0 0 91 – 54 = 37 43 33 47 

2 i0201 1 1 283 – 126 = 157 163 153 167 

i0202 0 1 473 – 427 = 46 54 44 56 

i0203 0 1 983 – 716 = 267 273 263 277 

i0204 1 0 922 – 513 = 409 411 401 419 

i0205 0 0 244 – 126 = 118 122 112 128 

i0206 0 0 585 – 347 = 238 242 232 248 

3 i0301 1 1 336 – 74 = 262 342 242 362 

i0302 0 1 136 – 52 = 84 124 24 184 

i0303 0 1 175 – 82 = 93 113 13 193 

i0304 1 0 526 – 54 = 472 532 432 572 

i0305 0 0 723 – 92 = 631 771 671 731 

i0306 0 0 416 – 32 = 384 424 324 484 
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Table 5A1 (continued) 

Diagnostic Items and the Possible Bridging Errors for Each Item 

Type item id MCP WP Item Key 

BE types 

BE1 BE2 BE3 

4 i0401 1 1 456 – 172 = 284 324 224 384 

i0402 0 1 816 – 755 = 61 141 41 161 

i0403 0 1 864 – 173 = 691 711 611 791 

i0404 1 0 634 – 251 = 383 423 323 483 

i0405 0 0 354 – 283 = 71 131 31 171 

i0406 0 0 886 – 592 = 294 314 214 394 

5 i0501 1 1 80 – 42 = 38 42 32 48 

i0502 0 1 70 – 43 = 27 33 23 37 

i0503 0 1 80 – 66 = 14 26 16 24 

i0504 1 0 90 – 57 = 33 47 37 43 

i0505 0 0 40 – 16 = 24 36 26 34 

i0506 0 0 60 – 44 = 16 24 14 26 

6 i0601 1 1 305 – 23 = 282 322 222 382 

i0602 0 1 206 – 62 = 144 264 164 244 

i0603 0 1 309 – 54 = 255 355 
  

i0604 1 0 604 – 72 = 532 672 572 632 

i0605 0 0 507 – 96 = 411 591 491 511 

i0606 0 0 304 – 162 = 142 262 162 242 
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Table 5A2  

Frequency and Proportion Bridging Error for Each Item 
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item0101 1 1 1 264 9 187 68 68 1 NA 
item0102 1 0 1 264 0 179 85 32 0.376 22 
item0103 1 0 1 264 0 193 71 26 0.366 25 
item0104 1 1 0 264 8 189 67 67 1 NA 
item0105 1 0 0 264 0 214 50 33 0.66 13 
item0106 1 0 0 264 3 196 65 28 0.431 19 
item0201 2 1 1 84 5 33 45 45 1 NA 
item0202 2 0 1 84 3 27 54 9 0.167 30 
item0203 2 0 1 84 3 27 54 18 0.333 34 
item0204 2 1 0 84 4 34 46 46 1 NA 
item0205 2 0 0 84 2 42 40 13 0.325 24 
item0206 2 0 0 84 3 32 49 19 0.388 28 
item0301 3 1 1 128 3 95 30 30 1 NA 
item0302 3 0 1 128 1 97 30 3 0.1 18 
item0303 3 0 1 128 0 93 35 2 0.057 22 
item0304 3 1 0 128 2 103 23 23 1 NA 
item0305 3 0 0 128 2 77 49 11 0.224 29 
item0306 3 0 0 128 2 80 46 2 0.043 24 
item0401 4 1 1 65 1 30 33 33 1 NA 
item0402 4 0 1 65 2 28 35 5 0.143 23 
item0403 4 0 1 65 6 17 42 8 0.19 33 
item0404 4 1 0 65 3 30 32 32 1 NA 
item0405 4 0 0 65 4 25 36 7 0.194 27 
item0406 4 0 0 65 3 20 42 11 0.262 24 
item0501 5 1 1 52 5 36 11 0 0 NA 
item0502 5 0 1 52 5 33 14 0 0 7 
item0503 5 0 1 52 5 28 19 8 0.421 11 
item0504 5 1 0 52 4 30 18 18 1 NA 
item0505 5 0 0 52 5 32 15 13 0.867 5 
item0506 5 0 0 52 4 28 20 12 0.6 9 
item0601 6 1 1 101 2 89 10 10 1 NA 
item0602 6 0 1 101 4 80 17 7 0.412 9 
item0603 6 0 1 101 2 65 34 4 0.118 19 
item0604 6 1 0 101 2 87 12 12 1 NA 
item0605 6 0 0 101 3 73 25 6 0.24 17 
item0606 6 0 0 101 2 68 31 15 0.484 16 
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Table 5A2 (continued) 

Frequency and Proportion Bridging Error for Each Item 
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item0701 7 1 1 264 10 169 85 85 1 NA 
item0702 7 0 1 264 4 172 88 32 0.364 42 
item0703 7 0 1 264 3 198 63 19 0.302 27 
item0704 7 1 0 264 11 185 68 68 1 NA 
item0705 7 0 0 264 5 179 80 25 0.313 34 
item0706 7 0 0 264 5 171 88 43 0.489 40 
item0801 8 1 1 99 7 66 26 11 0.423 NA 
item0802 8 0 1 99 5 67 27 4 0.148 18 
item0803 8 0 1 99 5 58 36 4 0.111 18 
item0804 8 1 1 99 7 75 17 0 0 NA 
item0805 8 0 0 99 5 72 22 4 0.182 14 
item0806 8 0 0 99 5 70 24 4 0.167 16 
item0901 9 1 1 264 11 151 102 102 1 NA 
item0902 9 0 1 264 6 177 81 52 0.642 31 
item0903 9 0 1 264 6 198 60 38 0.633 21 
item0904 9 1 0 264 11 155 98 98 1 NA 
item0905 9 0 0 264 7 174 83 55 0.663 30 
item0906 9 0 0 264 6 179 79 58 0.734 24 
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Table 5A2 (continued) 
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Appendix 5B 
Table 5B1 

Text of the Word Problems  
Item id Text 

0101 Harry has 43 stickers. Harry gives 17 stickers to his sister. How 
many stickers has Carlo left? 

0102 Mary has 83 marbles. She puts 27 marbles in the blue container, 
and she puts the remaining amount in the green container. How 
many marbles does she put in the green container? 

0103 Harry inflates 75 balloons for his party. He hangs 27 balloons 
outside. The remaining balloons he hangs inside. How many 
balloons does he hang inside? 

0201 Harry buys two trousers for a total of 283 Euro. On trouser costs 
126 Euro. How many Euros does the other trouser cost? 

0202 The car of Mary is broken. The repair costs 473 Euro. The parents 
of Mary pay 427 Euro. How many Euros does Mary have to pay 
herself? 

0203 Harry wants to buy a bike. At bike store “The wheel” the bike costs 
983 euro. At bike store “Fast” costs the bike 716 euro. How many 
euros does the bike cost less at bike store “Fast”? 

0301 Mary plays a computer game. Mary had 336 points. She loses 74 
points. How many points does she have now? 

0302 Harry has 136 songs on his mp3-player. He removes 52 songs. How 
many songs does Harry keep? 

0303 Mary has 175 shells. 82 of these shells are black. The remaining 
shells are white. How many white shells does Mary have?  

0401 Soccer club ‘In the Field’ has 456 members. 172 of the members are 
female. How many members of Soccer club ‘in the Field’ are male? 

0402 Mary has a farm with 816 brown and white chickens. 755 chickens 
are brown. How many chickens are white? 

0403 Harry buys a computer and a computer screen. He has to pay 864 
euro in total. The computer screen costs 173 euro. How many 
Euros does the computer cost? 

0501 Mary has 80 animal pictures. On 42 of the pictures a cat is shown. 
On the remaining pictures a butterfly is shown. On how many 
pictures is a butterfly shown? 

0502 Mary buys 70 containers of lemonade for a party. 43 containers 
have been drunk. How many containers are left over?  

0503 Harry’s granddad is 80 years old. Harry is exactly 66 years younger. 
How old is Harry?  
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Table 5B1 (Continued) 

Text of the Word Problems  
Item id Text 

0601 305 tickets for a play are sold. 23 people can’t make it because of 
bad weather. How many people in total do show up for the play? 

0602 Harry has won 206 coins at a carnival. He buys a stuffed animal for 
62 coins. How many coins does Ruben have left? 

0603 Mary wants to paste 309 pictures in an album. She has already 
pasted 54 pictures into the album. How many pictures does she 
have left to paste? 

0701 There are 200 chairs in a ballroom. 62 chairs are taken. How many 
chairs are not taken? 

0702 Harry buys cloths for 300 euro. He gets a discount of 72 euro at the 
counter. How many euros does Harry have to pay? 

0703 Harry has 400 euro. He buys a trouser for 17 euro. How many 
euros does he have left? 

0801 Harry organizes a town party. He has invited 1000 people. 70 
people cannot make it to the party. How many people can make it to 
party? 

0802 Marry has ordered 1000 bricks for the house she is building. 40 
bricks broke during transport. How many bricks are whole? 

0803 Marry has 1000 kilograms salt. She needs 10 kilograms to make a 
bread. How much kilogram salt does Marry has left? 

0901 Harry has 1000 euro in his bank account. With this money he buys 
a radio for 260 euro. How much money has Harry left? 

0902 Harry and Marry drive home from France. This is exactly 1000 
kilometres. Mary drives the first part, 340 kilometres. Harry drives 
the remaining distance. How many kilometres does Erik drive? 

0903 A new coffee maker costs 1000 coupons. Harry has 850 coupons. 
How many coupons does he have to save? 
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Table 5B1 (Continued) 
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Appendix 5C 

 

Figure 5C1. Flowchart that was used to assembly the DI tailored to students’ 
error pattern on the LOVS M3-test. The items on the left, which are numbered 
1 through 4, correspond with the subtraction items in the paper version of the 
LOVS M3-test that require borrowing. The items are ordered based on the 
proportion correct (p-value), which is the italicised in the diamond shapes on 
the left. These p-values are based on a cohort study with five cohorts, 
N = 16,375 third grade students. Note that, item types 1, 7, and 9 are missing 
in this flowchart because those item types were included in every version of 
the DI. 
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Chapter 6 
Diagnostic Assessment in Third-
Grade Subtraction: The relation 

between Bridging Errors, Number of 
errors and Mathematical Ability  

Abstract 
Learning to solve subtraction problems that require borrowing (e.g. 

83 - 57 =) is challenging, and these problems often cause ‘bridging’ errors, 
such as the smaller-from-larger error. This study explores how bridging 
errors (BE) in subtraction are related to students’ mathematical ability. The 
study involved 694 third-grade students and 35 teachers from 25 Dutch 
schools. Multilevel regression analyses showed that the number of BE was 
positively related to the students’ mathematical ability, after controlling for 
the total number of errors in subtraction. Thus, the students who had a 
high proportion of BE within the total number of errors had a relatively 
higher mathematical ability compared to the students who had a low 
proportion of BE. This result implies that diagnosing BE may help to 
identify where students stand within their mathematical development. The 
practical implications of this result for the design of diagnostic instruments 
are addressed in the discussion section.  

  
   

This chapter has been published as 

Vermeulen, J. A., Béguin, A., Scheltens, F., & Eggen, T. J. H. M. (2020). 
Diagnostic assessment in third-grade subtraction: the relation between 

bridging errors, number of errors and mathematical ability. Assessment in 
Education: Principles, Policy & Practice, 27(6), 687–706. 
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1. Introduction 

In this paper, we evaluate if there is a relation between bridging errors 
(BE) and mathematical ability in the third grade of Dutch education. 
Identifying such a relation is relevant for the design of diagnostic 
mathematical assessment, intended for formative use. Using assessment 
data formatively is regarded as important for improving student learning 
(Stobart, 2008). Formative use of assessment data is broadly defined as 
making data-informed alterations to learning environments in order to 
promote student learning (Ashlock, 2006; van der Kleij et al., 2015; 
Schildkamp & Kuiper, 2010; Stobart, 2008). However, teachers do not 
routinely engage in the practice of formatively using assessment data 
(Ledoux et al., 2009). Whether and how assessment data are used 
formatively depends on the characteristics of the data, their user, and the 
characteristics of the school context (Schildkamp & Kuiper, 2010).  

Teachers’ ability to make valid and reliable formative decisions based on 
assessment data depends on their assessment literacy (Leighton et al., 
2010), which refers to teachers’ ability to correctly interpret data and draw 
valid inferences about students’ learning process and educational needs 
from those data. Teachers’ assessment literacy depends on the amount of 
training they have undergone and their experience, which varies across 
teachers (Carless, 2007). A lack of assessment literacy hinders the quality 
of teachers’ formative assessment practices. Thus, it is important to design 
assessment instruments and reports in such a way that their interpretation 
and use is less dependent on users’ assessment literacy (van der Kleij & 
Eggen, 2013; van der Kleij et al., 2014).  

Cognitive diagnostic assessment is a field of educational assessment that 
is concerned with the design of diagnostic instruments (DIs) that make 
formative decision making less dependent on teachers’ assessment literacy 
(Leighton & Gierl, 2007a, 2007b). DIs are designed to obtain very specific 
data regarding students’ cognitive strengths and weaknesses, including 
their prior knowledge, reasoning styles, and systematic errors (Keeley & 
Tobey, 2011; van der Kleij et al., 2015; Leighton & Gierl, 2007b). To make 
inferences about students’ cognitive strengths and weaknesses, the design 
of the instrument must be based on an empirically supported model of 
learning (Leighton & Gierl, 2007b, Rupp et al., 2010).  
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1.1 Formative use of diagnostic instruments, large-scale tests, and 
classroom assessments 

DIs can be designed as assessments with characteristics of both large-
scale assessments and classroom assessments. However, large-scale 
assessments are not necessarily suitable for formative use (e.g. Huff & 
Goodman, 2007; Leighton & Gierl, 2007a; Leighton et al., 2010; Rupp et 
al., 2010). Additionally, teachers believe that data from classroom 
assessments are more informative for instructional decisions than ability 
scores from large-scale assessments (e.g. Huff & Goodman, 2007; Leighton, 
et al. 2010). Veldhuis (2015) studied classroom assessment techniques for 
third-grade mathematics education. These classroom assessment 
techniques are ten-minute activities aimed at gathering assessment data 
about individual students’ understanding during a classroom activity. 
Classroom assessment techniques studied by Veldhuis (2015) can be 
regarded techniques for assessment for learning (van der Kleij et al., 2015). 
Teachers are expected to choose the form and content of their classroom 
assessment techniques based on the information they want to gather about 
students’ understanding and learning progress. However, teacher-designed 
classroom assessment does not emphasise the quality of the assessment 
itself nor the quality of the assessment data being collected (Huff & 
Goodman, 2007). Rather, it emphasises the collection of information that 
teachers believe to be relevant given the curriculum content at the time of 
the assessment. Hence, when teachers use classroom assessment, they are 
usually less concerned with how a topic can be assessed in the most valid 
and reliable way. Consequently, the quality of the assessment data and 
subsequent formative decisions largely depend on teachers’ ability to 
identify currently relevant information as well as teachers’ assessment 
literacy (Bennett, 2011; Carless, 2007; van der Kleij et al., 2015; Leighton 
et al., 2010). Nevertheless, Veldhuis’ (2015) research shows that classroom 
assessment techniques are associated with improved student learning in 
mathematics. Therefore, we expect that a DI that focuses on gathering high-
quality assessment data could complement the use of classroom 
assessments. 

Furthermore, Huff and Goodman (2007) found that large-scale 
assessments that reported relatively fine-grained information, such as 
student mastery of specific skills, were considered more diagnostically 
relevant by teachers. Moreover, the results from Leighton et al.’s (2010) 
survey study suggest that classroom assessments are regarded as more 
informative than large scale assessments because of their direct link to the 
curriculum content being taught at the time of the assessment. These 
survey results imply that assessment instruments are more likely to be 
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1. Introduction 

In this paper, we evaluate if there is a relation between bridging errors 
(BE) and mathematical ability in the third grade of Dutch education. 
Identifying such a relation is relevant for the design of diagnostic 
mathematical assessment, intended for formative use. Using assessment 
data formatively is regarded as important for improving student learning 
(Stobart, 2008). Formative use of assessment data is broadly defined as 
making data-informed alterations to learning environments in order to 
promote student learning (Ashlock, 2006; van der Kleij et al., 2015; 
Schildkamp & Kuiper, 2010; Stobart, 2008). However, teachers do not 
routinely engage in the practice of formatively using assessment data 
(Ledoux et al., 2009). Whether and how assessment data are used 
formatively depends on the characteristics of the data, their user, and the 
characteristics of the school context (Schildkamp & Kuiper, 2010).  

Teachers’ ability to make valid and reliable formative decisions based on 
assessment data depends on their assessment literacy (Leighton et al., 
2010), which refers to teachers’ ability to correctly interpret data and draw 
valid inferences about students’ learning process and educational needs 
from those data. Teachers’ assessment literacy depends on the amount of 
training they have undergone and their experience, which varies across 
teachers (Carless, 2007). A lack of assessment literacy hinders the quality 
of teachers’ formative assessment practices. Thus, it is important to design 
assessment instruments and reports in such a way that their interpretation 
and use is less dependent on users’ assessment literacy (van der Kleij & 
Eggen, 2013; van der Kleij et al., 2014).  

Cognitive diagnostic assessment is a field of educational assessment that 
is concerned with the design of diagnostic instruments (DIs) that make 
formative decision making less dependent on teachers’ assessment literacy 
(Leighton & Gierl, 2007a, 2007b). DIs are designed to obtain very specific 
data regarding students’ cognitive strengths and weaknesses, including 
their prior knowledge, reasoning styles, and systematic errors (Keeley & 
Tobey, 2011; van der Kleij et al., 2015; Leighton & Gierl, 2007b). To make 
inferences about students’ cognitive strengths and weaknesses, the design 
of the instrument must be based on an empirically supported model of 
learning (Leighton & Gierl, 2007b, Rupp et al., 2010).  
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Goodman, 2007; Leighton & Gierl, 2007a; Leighton et al., 2010; Rupp et 
al., 2010). Additionally, teachers believe that data from classroom 
assessments are more informative for instructional decisions than ability 
scores from large-scale assessments (e.g. Huff & Goodman, 2007; Leighton, 
et al. 2010). Veldhuis (2015) studied classroom assessment techniques for 
third-grade mathematics education. These classroom assessment 
techniques are ten-minute activities aimed at gathering assessment data 
about individual students’ understanding during a classroom activity. 
Classroom assessment techniques studied by Veldhuis (2015) can be 
regarded techniques for assessment for learning (van der Kleij et al., 2015). 
Teachers are expected to choose the form and content of their classroom 
assessment techniques based on the information they want to gather about 
students’ understanding and learning progress. However, teacher-designed 
classroom assessment does not emphasise the quality of the assessment 
itself nor the quality of the assessment data being collected (Huff & 
Goodman, 2007). Rather, it emphasises the collection of information that 
teachers believe to be relevant given the curriculum content at the time of 
the assessment. Hence, when teachers use classroom assessment, they are 
usually less concerned with how a topic can be assessed in the most valid 
and reliable way. Consequently, the quality of the assessment data and 
subsequent formative decisions largely depend on teachers’ ability to 
identify currently relevant information as well as teachers’ assessment 
literacy (Bennett, 2011; Carless, 2007; van der Kleij et al., 2015; Leighton 
et al., 2010). Nevertheless, Veldhuis’ (2015) research shows that classroom 
assessment techniques are associated with improved student learning in 
mathematics. Therefore, we expect that a DI that focuses on gathering high-
quality assessment data could complement the use of classroom 
assessments. 

Furthermore, Huff and Goodman (2007) found that large-scale 
assessments that reported relatively fine-grained information, such as 
student mastery of specific skills, were considered more diagnostically 
relevant by teachers. Moreover, the results from Leighton et al.’s (2010) 
survey study suggest that classroom assessments are regarded as more 
informative than large scale assessments because of their direct link to the 
curriculum content being taught at the time of the assessment. These 
survey results imply that assessment instruments are more likely to be 
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adequate for formative purposes when the assessment data being collected 
are characterised as specific, fine-grained, learning, and curriculum based. 

1.2 A diagnostic instrument for bridging errors 

Diagnostic data collected for formative purposes should be specific, fine-
grained, and learning- and curriculum-based. In this section, we start by 
providing our definition of BE. Then, we substantiate why the design of the 
DI focuses on subtraction (specificity) and on BE (grain-size). Finally, we 
describe how the DI is learning- and curriculum-based.  

1.2.1 Definition of bridging errors 

Three types of errors were classified as BE. The first error is the smaller-
from-larger error. The smaller-from-larger error is, internationally, the most 
commonly observed bridging error (Brown & VanLehn, 1980; Fuson et al., 
1997; Hennessy, 1993; Kraemer, 2009; 2011; Resnick, 1982; VanLehn, 
1990; Young & O’Shea, 1981). When solving 83 - 57 =, students who make 
the smaller-from-larger error subtract the ‘3’ digit of the minuend from the 
‘7’ digit of the subtrahend, instead of the other way around: 80 - 50 = 30; 
7 - 3 = 4; 30 + 4 = 34. The second error is a variation of the smaller-from-
larger error, where students reverse the units (i.e. 7 - 3 = 4) and 
subsequently decrement the tens: 80 - 50 = 30, 20; 7 - 3 = 4; 20 + 4 = 24. 
The third and final error we considered to be a bridging error is an error in 
which students forget to decrement the tens (or hundreds) without 
reversing the units of the subtrahend and minuend. For example, 83 - 57 =; 
80 - 50 = 30; (1)3 - 7 = 6, 30 + 6 = 36; 83 - 57 = 36. Thus, students who 
make BE on the item 83 – 57 = answer 34, 24, or 36. The characteristics of 
the diagnostic items used to diagnose BE are described in the method 
section. Below, it is explained why the DI specifically focuses on subtraction 
and why BE were chosen as grain-size. 

1.2.2 Specificity and grain-size 

Available international empirical evidence shows that multi-digit 
subtraction often involves overcoming many systematic errors, such as the 
smaller-from-larger error (e.g. Kraemer, 2009; 2011; Hop et al., 2012; 
Narciss & Huth, 2006; Riccomini, 2005). These systematic errors are 
consistently found across educational contexts in the U.S., Germany, 
Spain, and the Netherlands (Fernández & García, 2008; Kraemer, 2011; 
Narciss & Huth, 2006; Riccomini, 2005). Moreover, systematic subtraction 
errors are specifically related to items that require borrowing, such as 
83 - 26 =; 406 - 22 =; 400 – 27 =; 1000 – 340 =. Because multi-digit 
subtraction appears to be a common stumbling block across educational 
contexts, we believed it to be valuable to develop a DI for subtraction. More 
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specifically, there appears to be international consensus that (subtraction) 
errors are informative for teachers’ instructional and remediation decisions 
(Ashlock, 2006; Fernández & García, 2008; Murchan, 2011; Murchan et al., 
2013; Riccomini, 2005; Rittle-Johnson, 2017).  

As argued above, diagnostic assessment data must be fine-grained. 
Providing a diagnostic report about students’ systematic subtraction errors 
is potentially more informative than reporting students’ proficiency scores 
in subtraction. There is a substantial body of research on diagnosing 
subtraction errors. For example, the work of Brown, Burton, and Van Lehn 
resulted in a classification model for all types of (systematic) errors that 
occur in algorithmic multi-digit subtraction(Brown & Burton, 1978; Brown 
& VanLehn, 1980; VanLehn, 1990). Other researchers have focused on the 
misconceptions of students who make systematic subtraction errors 
(Hennessy, 1993; Resnick, 1982; 1984; VanLehn, 1990; Young & O’Shea, 
1981). We assumed that classifying every (systematic) subtraction error 
would result in diagnostic data that would be so overwhelming for teachers 
that it would become unlikely that these data would be actionable. 
Therefore, we decided that the grain-size of the DI should focus on a 
common error that provides information about students’ procedural and 
conceptual development. The requirement to be able to draw inferences 
from students’ errors about their conceptual and procedural 
(mis)conceptions is based on the theoretical view of mathematics and 
teaching that underpins our DI, which is described below.  

1.2.3 Learning to subtract: conceptual and procedural development 

Mathematics education aims to make learners fluent and flexible 
problem solvers who can solve real-world problems (Clements & Sarama, 
2004; Torbeyns, et al., 2017). To become fluent and flexible problem solvers, 
students need to develop conceptual and procedural mathematics 
knowledge. According to Rittle-Johnson (2017), the development of 
conceptual and procedural knowledge is intertwined. Hence, students gain 
procedural knowledge through learning new concepts and vice versa (Rittle-
Johnson, 2017). Additionally, students’ fluency in applying more advanced 
strategies indicates growth in students’ conceptual understanding of the 
principles underlying subtraction (Kraemer, 2009; 2011; Resnick, 1982; 
1984).  

According to several studies, BE indicate a misconception about the 
meaning of subtraction and a conceptual misunderstanding of the 
compensation and place value principles (Resnick, 1982; 1984; Hop et al., 
2012; Kraemer, 2011; Vermeulen et al., 2020). The compensation principle 
is the understanding that hundreds can be exchanged for tens and that 
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adequate for formative purposes when the assessment data being collected 
are characterised as specific, fine-grained, learning, and curriculum based. 

1.2 A diagnostic instrument for bridging errors 

Diagnostic data collected for formative purposes should be specific, fine-
grained, and learning- and curriculum-based. In this section, we start by 
providing our definition of BE. Then, we substantiate why the design of the 
DI focuses on subtraction (specificity) and on BE (grain-size). Finally, we 
describe how the DI is learning- and curriculum-based.  

1.2.1 Definition of bridging errors 

Three types of errors were classified as BE. The first error is the smaller-
from-larger error. The smaller-from-larger error is, internationally, the most 
commonly observed bridging error (Brown & VanLehn, 1980; Fuson et al., 
1997; Hennessy, 1993; Kraemer, 2009; 2011; Resnick, 1982; VanLehn, 
1990; Young & O’Shea, 1981). When solving 83 - 57 =, students who make 
the smaller-from-larger error subtract the ‘3’ digit of the minuend from the 
‘7’ digit of the subtrahend, instead of the other way around: 80 - 50 = 30; 
7 - 3 = 4; 30 + 4 = 34. The second error is a variation of the smaller-from-
larger error, where students reverse the units (i.e. 7 - 3 = 4) and 
subsequently decrement the tens: 80 - 50 = 30, 20; 7 - 3 = 4; 20 + 4 = 24. 
The third and final error we considered to be a bridging error is an error in 
which students forget to decrement the tens (or hundreds) without 
reversing the units of the subtrahend and minuend. For example, 83 - 57 =; 
80 - 50 = 30; (1)3 - 7 = 6, 30 + 6 = 36; 83 - 57 = 36. Thus, students who 
make BE on the item 83 – 57 = answer 34, 24, or 36. The characteristics of 
the diagnostic items used to diagnose BE are described in the method 
section. Below, it is explained why the DI specifically focuses on subtraction 
and why BE were chosen as grain-size. 

1.2.2 Specificity and grain-size 

Available international empirical evidence shows that multi-digit 
subtraction often involves overcoming many systematic errors, such as the 
smaller-from-larger error (e.g. Kraemer, 2009; 2011; Hop et al., 2012; 
Narciss & Huth, 2006; Riccomini, 2005). These systematic errors are 
consistently found across educational contexts in the U.S., Germany, 
Spain, and the Netherlands (Fernández & García, 2008; Kraemer, 2011; 
Narciss & Huth, 2006; Riccomini, 2005). Moreover, systematic subtraction 
errors are specifically related to items that require borrowing, such as 
83 - 26 =; 406 - 22 =; 400 – 27 =; 1000 – 340 =. Because multi-digit 
subtraction appears to be a common stumbling block across educational 
contexts, we believed it to be valuable to develop a DI for subtraction. More 
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specifically, there appears to be international consensus that (subtraction) 
errors are informative for teachers’ instructional and remediation decisions 
(Ashlock, 2006; Fernández & García, 2008; Murchan, 2011; Murchan et al., 
2013; Riccomini, 2005; Rittle-Johnson, 2017).  

As argued above, diagnostic assessment data must be fine-grained. 
Providing a diagnostic report about students’ systematic subtraction errors 
is potentially more informative than reporting students’ proficiency scores 
in subtraction. There is a substantial body of research on diagnosing 
subtraction errors. For example, the work of Brown, Burton, and Van Lehn 
resulted in a classification model for all types of (systematic) errors that 
occur in algorithmic multi-digit subtraction(Brown & Burton, 1978; Brown 
& VanLehn, 1980; VanLehn, 1990). Other researchers have focused on the 
misconceptions of students who make systematic subtraction errors 
(Hennessy, 1993; Resnick, 1982; 1984; VanLehn, 1990; Young & O’Shea, 
1981). We assumed that classifying every (systematic) subtraction error 
would result in diagnostic data that would be so overwhelming for teachers 
that it would become unlikely that these data would be actionable. 
Therefore, we decided that the grain-size of the DI should focus on a 
common error that provides information about students’ procedural and 
conceptual development. The requirement to be able to draw inferences 
from students’ errors about their conceptual and procedural 
(mis)conceptions is based on the theoretical view of mathematics and 
teaching that underpins our DI, which is described below.  

1.2.3 Learning to subtract: conceptual and procedural development 

Mathematics education aims to make learners fluent and flexible 
problem solvers who can solve real-world problems (Clements & Sarama, 
2004; Torbeyns, et al., 2017). To become fluent and flexible problem solvers, 
students need to develop conceptual and procedural mathematics 
knowledge. According to Rittle-Johnson (2017), the development of 
conceptual and procedural knowledge is intertwined. Hence, students gain 
procedural knowledge through learning new concepts and vice versa (Rittle-
Johnson, 2017). Additionally, students’ fluency in applying more advanced 
strategies indicates growth in students’ conceptual understanding of the 
principles underlying subtraction (Kraemer, 2009; 2011; Resnick, 1982; 
1984).  

According to several studies, BE indicate a misconception about the 
meaning of subtraction and a conceptual misunderstanding of the 
compensation and place value principles (Resnick, 1982; 1984; Hop et al., 
2012; Kraemer, 2011; Vermeulen et al., 2020). The compensation principle 
is the understanding that hundreds can be exchanged for tens and that 
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tens can be exchanged for units. This principle is needed to solve problems 
like 83 - 57 =, 107 - 26 =, 200 - 83 =, and 1000 - 720 =. Additionally, the 
place value principle indicates the value of the position in which a digit is 
placed. Hence, 4 has the value of 40 (4 x 10) in 43 and 4 (4 x 1) in 14 
(Resnick, 1982; 1984). These subtraction principles are an implicit part of 
mathematics teaching. Hence, students are confronted with these 
principles when acquiring procedural knowledge, without them being 
taught explicitly. Diagnosing BE could help teachers to decide if it is 
warranted to explicitly teach these principles to resolve misconceptions 
underlying systematic BE. Not surprisingly, systematic errors occur during 
the transition from one strategy to a new, more sophisticated strategy 
(Alibali et al., 2009; Ashlock, 2006). The Dutch third-grade subtraction 
curriculum includes this transition. 

1.2.4 Dutch third-grade curriculum 

Dutch third-grade mathematics is characterised by a transition from 
sequential strategies (counting and jumping) to decomposition strategies 
(Kraemer, 2009; 2011; Hop et al., 2012). Solving subtraction problems with 
a jumping strategy entails keeping the first number (i.e., minuend) intact 
and breaking up the second number (subtrahend) into smaller parts, which 
can be subtracted more easily from the minuend (see Table 6.1; Beishuizen, 
1993; Beishuizen et al., 1997; Gravemeijer et al., 2003; Klein, et al., 1998; 
Treffers et al., 2000). In the Netherlands, jumping is the most frequently 
used strategy among students who are halfway through primary school 
(Kraemer, 2009; 2011).  

When students become more fluent in sequential strategies, and once 
they start to grasp the decimal structure of numbers, they are likely to 
discover the decomposition strategy (Beishuizen et al., 1997; Treffers et al., 
2000). Using the decomposition strategy in subtraction entails partitioning 
both numbers (i.e., the minuend and subtrahend) into smaller numbers so 
that smaller segments from the subtrahend can be subtracted from the 
minuend. The final step of the decomposition strategy involves merging the 
outcomes of the smaller segments. For example, solving 83 - 57 = with a 
decomposition strategy is done by partitioning 83 into 80 and 3 and 
partitioning 57 into 50 and 7: 80 - 50 = 30 and 3 - 7 = -4 (4 short) and 
30 – 4 = 26 (see Table 6.1). 
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tens can be exchanged for units. This principle is needed to solve problems 
like 83 - 57 =, 107 - 26 =, 200 - 83 =, and 1000 - 720 =. Additionally, the 
place value principle indicates the value of the position in which a digit is 
placed. Hence, 4 has the value of 40 (4 x 10) in 43 and 4 (4 x 1) in 14 
(Resnick, 1982; 1984). These subtraction principles are an implicit part of 
mathematics teaching. Hence, students are confronted with these 
principles when acquiring procedural knowledge, without them being 
taught explicitly. Diagnosing BE could help teachers to decide if it is 
warranted to explicitly teach these principles to resolve misconceptions 
underlying systematic BE. Not surprisingly, systematic errors occur during 
the transition from one strategy to a new, more sophisticated strategy 
(Alibali et al., 2009; Ashlock, 2006). The Dutch third-grade subtraction 
curriculum includes this transition. 

1.2.4 Dutch third-grade curriculum 

Dutch third-grade mathematics is characterised by a transition from 
sequential strategies (counting and jumping) to decomposition strategies 
(Kraemer, 2009; 2011; Hop et al., 2012). Solving subtraction problems with 
a jumping strategy entails keeping the first number (i.e., minuend) intact 
and breaking up the second number (subtrahend) into smaller parts, which 
can be subtracted more easily from the minuend (see Table 6.1; Beishuizen, 
1993; Beishuizen et al., 1997; Gravemeijer et al., 2003; Klein, et al., 1998; 
Treffers et al., 2000). In the Netherlands, jumping is the most frequently 
used strategy among students who are halfway through primary school 
(Kraemer, 2009; 2011).  

When students become more fluent in sequential strategies, and once 
they start to grasp the decimal structure of numbers, they are likely to 
discover the decomposition strategy (Beishuizen et al., 1997; Treffers et al., 
2000). Using the decomposition strategy in subtraction entails partitioning 
both numbers (i.e., the minuend and subtrahend) into smaller numbers so 
that smaller segments from the subtrahend can be subtracted from the 
minuend. The final step of the decomposition strategy involves merging the 
outcomes of the smaller segments. For example, solving 83 - 57 = with a 
decomposition strategy is done by partitioning 83 into 80 and 3 and 
partitioning 57 into 50 and 7: 80 - 50 = 30 and 3 - 7 = -4 (4 short) and 
30 – 4 = 26 (see Table 6.1). 
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Theoretically, the transition from sequential strategies to decomposition 
strategies starts at the end of second grade or at the beginning of the third 
grade (Beishuizen et al., 1997; van den Treffers et al., 2000). However, 
Dutch mathematics textbooks differ in when and how the decomposition 
strategy for subtraction is introduced (Opgenoort, 2014). As shown in 
Table 6.1, after learning decomposition strategies, students learn to apply 
column-wise subtraction strategies and formal algorithms. The application 
of formal algorithms is known as ciphering. Depending on the mathematics 
textbook used, column-wise subtraction is taught in the second semester 
of the third grade or in the first semester of fourth grade (Opgenoort, 2014). 
Subsequently, ciphering is taught in the first or second semester of fourth 
grade. By exception, mostly in more traditional methods, the column-wise 
subtraction strategy is not offered in the textbook. Hence, in this case, 
ciphering is introduced in the second semester of the third grade 
(Opgenoort, 2014). These strategies are also based on the place value 
principle, making it plausible that—without remediation—systematic BE 
persist in higher grades.  

1.3 Research questions  

Although the need for diagnostic assessments has been acknowledged 
internationally (Leighton & Gierl, 2007b; Murchan, 2011; Shepard, 2009), 
DIs are – to our knowledge – not yet implemented in the mathematics 
curricula of Dutch primary schools (Veldhuis et al., 2013). Above, we argued 
that – from a theoretical point of view – it is relevant to diagnose BE in 
subtraction because BE can indicate misconceptions related to the 
transition from sequential to decomposition subtraction strategies. The goal 
of the present study is to explore the relationship between BE and 
mathematical ability and thereby evaluate the extent to which it is 
– according to empirical data – relevant to diagnose students’ BE in third-
grade subtraction. Hence, if BE are related to mathematical ability, 
reporting on BE could enhance teachers’ formative decision making. More 
specifically, the present study aims to answer the following research 
questions:  

1. To what extent are third-grade students’ number of bridging errors (BE) 

related to their mathematical ability? 

2. How does this relationship differ from the relationship between 

students’ mathematical ability and the number of errors in general (NE)?  

3. How is the relationship between BE and mathematical ability perceived 

by third-grade teachers? 
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2. Method 

2.1 Participants  

A random sample1 of 694 third-grade students and 35 teachers from 25 
Dutch schools participated in this study. Table 6.2 shows the number of 
schools per urbanisation level: 1) very urban, 2) strongly urban, 3) 
moderately urban, 4) little urban, and 5) not urban. These urbanisation 
levels are determined by Statistics Netherlands (Centraal Bureau voor de 
Statistiek, CBS, 2015). Table 6.2 shows that more than half of the schools 
that participated in this study are located in strongly urban regions of the 
Netherlands. The sample represents the southern, eastern, and western 
regions of the Netherlands. None of the participating schools are in the 
northern region of the Netherlands.  

Table 6.2 

The Number of Schools per Level of Urbanisation 

Urbanisation level Schools % 

1 Very urban 3 12.0 

2 Strongly urban 14 56.0 

3 Moderately urban 3 12.0 

4 Hardly urban 3 12.0 

5 Not urban 2 8 

2.2 Research design and procedure 

The DI was administered at the end of the third-grade school year. This 
assessment moment coincided with the period in which teachers 
administered a student monitoring system (LOVS) mathematics test for the 
end of the third grade (E3). A research assistant or one of the researchers 
visited the school to administrate the DI. The following standardised 
instruction was read aloud by the researcher: ‘This test includes 24 
subtraction problems. You may write down your calculations in the box next 
to the problem. We are now going to practice two problems together.’ Next, 

 
1 The initial sample included 757 students, 36 teachers, and 26 schools. After 
removing cases with missing E3 scores, 708 cases, 35 teachers, and 25 schools 
remained. In a final selection, cases with three or more missing values on the DI were 
also excluded from the analysis. This resulted in a final sample of 694 students. 
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Theoretically, the transition from sequential strategies to decomposition 
strategies starts at the end of second grade or at the beginning of the third 
grade (Beishuizen et al., 1997; van den Treffers et al., 2000). However, 
Dutch mathematics textbooks differ in when and how the decomposition 
strategy for subtraction is introduced (Opgenoort, 2014). As shown in 
Table 6.1, after learning decomposition strategies, students learn to apply 
column-wise subtraction strategies and formal algorithms. The application 
of formal algorithms is known as ciphering. Depending on the mathematics 
textbook used, column-wise subtraction is taught in the second semester 
of the third grade or in the first semester of fourth grade (Opgenoort, 2014). 
Subsequently, ciphering is taught in the first or second semester of fourth 
grade. By exception, mostly in more traditional methods, the column-wise 
subtraction strategy is not offered in the textbook. Hence, in this case, 
ciphering is introduced in the second semester of the third grade 
(Opgenoort, 2014). These strategies are also based on the place value 
principle, making it plausible that—without remediation—systematic BE 
persist in higher grades.  

1.3 Research questions  

Although the need for diagnostic assessments has been acknowledged 
internationally (Leighton & Gierl, 2007b; Murchan, 2011; Shepard, 2009), 
DIs are – to our knowledge – not yet implemented in the mathematics 
curricula of Dutch primary schools (Veldhuis et al., 2013). Above, we argued 
that – from a theoretical point of view – it is relevant to diagnose BE in 
subtraction because BE can indicate misconceptions related to the 
transition from sequential to decomposition subtraction strategies. The goal 
of the present study is to explore the relationship between BE and 
mathematical ability and thereby evaluate the extent to which it is 
– according to empirical data – relevant to diagnose students’ BE in third-
grade subtraction. Hence, if BE are related to mathematical ability, 
reporting on BE could enhance teachers’ formative decision making. More 
specifically, the present study aims to answer the following research 
questions:  

1. To what extent are third-grade students’ number of bridging errors (BE) 

related to their mathematical ability? 

2. How does this relationship differ from the relationship between 

students’ mathematical ability and the number of errors in general (NE)?  

3. How is the relationship between BE and mathematical ability perceived 

by third-grade teachers? 
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2. Method 

2.1 Participants  

A random sample1 of 694 third-grade students and 35 teachers from 25 
Dutch schools participated in this study. Table 6.2 shows the number of 
schools per urbanisation level: 1) very urban, 2) strongly urban, 3) 
moderately urban, 4) little urban, and 5) not urban. These urbanisation 
levels are determined by Statistics Netherlands (Centraal Bureau voor de 
Statistiek, CBS, 2015). Table 6.2 shows that more than half of the schools 
that participated in this study are located in strongly urban regions of the 
Netherlands. The sample represents the southern, eastern, and western 
regions of the Netherlands. None of the participating schools are in the 
northern region of the Netherlands.  

Table 6.2 

The Number of Schools per Level of Urbanisation 

Urbanisation level Schools % 

1 Very urban 3 12.0 

2 Strongly urban 14 56.0 

3 Moderately urban 3 12.0 

4 Hardly urban 3 12.0 

5 Not urban 2 8 

2.2 Research design and procedure 

The DI was administered at the end of the third-grade school year. This 
assessment moment coincided with the period in which teachers 
administered a student monitoring system (LOVS) mathematics test for the 
end of the third grade (E3). A research assistant or one of the researchers 
visited the school to administrate the DI. The following standardised 
instruction was read aloud by the researcher: ‘This test includes 24 
subtraction problems. You may write down your calculations in the box next 
to the problem. We are now going to practice two problems together.’ Next, 

 
1 The initial sample included 757 students, 36 teachers, and 26 schools. After 
removing cases with missing E3 scores, 708 cases, 35 teachers, and 25 schools 
remained. In a final selection, cases with three or more missing values on the DI were 
also excluded from the analysis. This resulted in a final sample of 694 students. 
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the researcher practiced two example subtraction problems with the 
students. The correct answers to the practice problems were given, but no 
strategies were discussed. After practicing the two items, the researcher 
answered the students’ questions. The administration of the test took 
approximately 30 to 60 minutes. The test took longer for some students, 
who could not finish the test in one go. Their tests were returned to the 
researchers by mail. While students were taking the test, the teacher was 
shown an example of bridging error (see Figure 6.1) and asked for which 
third-grade students they observed this error (i.e., low math achievers, 
average math achievers, high math achievers, or no one). They could choose 
multiple answers.  

Figure 6.1. Question used to measure teachers’ perceived relationship 
between mathematical ability and bridging errors. 

2.3 Instruments 

2.3.1 Mathematical ability: LOVS E3-test  

For the measurement of students’ mathematical ability, ability scores for 
the LOVS E3-test were received from students’ teachers. Most Dutch 
schools use LOVS tests to assess students’ mathematical proficiency 
throughout primary school. These norm-referenced LOVS tests are 
administered biannually halfway through (M3) and at the end of (E3) the 
third grade (Janssen et al., 2006). LOVS tests are primarily developed to 
monitor students’ mathematical growth in comparison to the norm group 
(van der Kleij et al., 2015). The LOVS tests for primary school mathematics 
measure the four domains of primary school mathematics: Numbers; ratios; 
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measurement, which includes geometry; and reasoning. The LOVS E3-test 
is comprised of three parts with 26, 27, and 27 items, respectively. Most of 
the items in these tests are embedded in realistic contexts. The LOVS  
E3-test includes seven subtraction items, of which six required borrowing 
from the tens or hundreds. To illustrate the similarities between the 
subtraction items in the LOVS test and in the DI, we included the 
subtraction items in Table 6.3. Because this comparison is solely about the 
number characteristics of the items, the contexts are not included in this 
paper.  

Teachers use report forms or a computer program to calculate ability 
scores from their students’ raw scores (i.e., number of correct items). The 
transformation from raw scores to ability scores is based on item response 
theory (IRT), meaning the difficulty of each item is taken into account while 
calculating the proficiency scores (van der Linden & Hambleton, 1997). For 
the scientific justification of the psychometric properties of these tests, see 
(Janssen et al., 2010). 

Table 6.3 

Item Types in the LOVS E3-test  

Test Item Bridge Digits 

E3 200 – 47 = Both 3n – 2n = 

E3 598 – 568 =  None 3n – 3n = 

E3 590 – 105 = 10 3n – 3n = 

E3 250 – 198 = Both 3n – 3n = 

E3 103 – 99 =  Both 3n – 2n = 

E3 550 – 75 =  Both  3n – 2n = 

E3 800 – 25 = Both 3n – 2n = 

Table 6.4 

Item Types in the DI Based on the LOVS M3-test (a) and E3-test (b) 

Type Example Bridge Digits 

1a 83 – 26 = 10  2n – 2n  

2b  406 – 22 =  100  3n – 2n = 

3a & b 400 – 27 =  Both 3n – 2n =  

4a 1000 – 340 = 100 1000 – 3n = 
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is comprised of three parts with 26, 27, and 27 items, respectively. Most of 
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subtraction items in Table 6.3. Because this comparison is solely about the 
number characteristics of the items, the contexts are not included in this 
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Teachers use report forms or a computer program to calculate ability 
scores from their students’ raw scores (i.e., number of correct items). The 
transformation from raw scores to ability scores is based on item response 
theory (IRT), meaning the difficulty of each item is taken into account while 
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the scientific justification of the psychometric properties of these tests, see 
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2.3.2 Diagnostic Instrument for Bridging Errors in Subtraction 

The design of the DI is based on a design study (Vermeulen et al., 2020). 
In this design study, students’ most frequent errors on the LOVS M3-test 
were analysed using an existing data set of 16,375 third-grade students. 
Subsequently, diagnostic interviews with 264 students were held to validate 
inferences about students’ incorrect strategies that led to what we 
operationalised as BE. These interviews showed that the faulty 
decomposition strategies described in the introduction indeed underpin BE 
in third-grade subtraction. These diagnostic interviews were held with 
LOVS M3 subtraction items that did not exactly match the subtraction 
items used in the DI; however, the characteristics were very similar because 
the design of the DI was based on the LOVS tests (see Table 6.3 and 
Table 6.4). Below, more specific constraints that were used in the design of 
the diagnostic items are described.  

As explained in the introduction, BE can only be made when the units 
and/or the tens of the subtrahend are larger than the units and/or tens of 
the minuend (e.g. 83 - 57 =; 537 - 182 =). Therefore, three specific 
construction criteria were used to design the 24 items included in the DI:  

Units may not be 8 or 9 because these digits are considered optimal for 
eliciting compensation strategies in which students solve 76 - 48 = via 
76 - 50 = 26 and 26 + 2 = 28 (c.f., Torbeyns et al., 2008). The elicitation of 
compensation strategies and associated errors could make it more difficult 
to infer whether an error was the result of a misconception in bridging or in 
compensation. For the same reason, 80 and 90 should be avoided when 
constructing items. 

Following the same line of reasoning as with criterion 1, the distance 
between the minuend and the subtrahend was always larger than 10, so 
elicitation of subtraction by addition (i.e., 76 - 68 = 68 + ? = 76) was 
unlikely (Torbeyns et al., 2008).  

Finally, using an erroneous strategy should not result in the correct 
answer. In other words, the units of the minuend minus the units of the 
subtrahend should not lead to the same answer as the subtrahend minus 
the minuend (i.e., smaller-from-larger bug). For example, in 82 - 27 =, 
(1)2 - 7 = 5 and 7 - 2 is also 5. Thus, reversing the units to solve items like 
82 - 27 = could result in giving the correct answer. Consequently, items like 
82 - 27 = could result in an invalid diagnosis of students’ conceptual 
understanding of bridging tens and hundreds. Likewise, the following 
combinations of units in the subtrahend and minuend were avoided: 
(1)1 – 6, (1)3 - 8, and 1(4) - 9.  
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These construction constraints and the characteristics of the LOVS E3 
subtraction items (see Table 6.3) were used to construct four item types 
(e.g. 92 - 16 =; 107 - 26 =; 100 - 77 =; and 1000 - 720 =). To make it 
possible to report students’ BE at the item level, each type was cloned six 
times. This resulted in a DI with 24 subtraction items. Table 6A1 in 
Appendix 6A shows all 24 items and the answers that were coded as BE. 
The operationalisation of BE as described in the introduction was used to 
program software that automatically calculated all possible (erroneous) 
answers that indicated a bridging error. Note that, for item types 3 and 4 
there were 15 possible BE because these items required bridging the tens 
and hundreds2. Subsequently, these possible BE were used to code 
students’ answers to the 24 items; 1 was BE, and 0 was not BE.  

Furthermore, it should be noted that within each item type we 
constructed three word-problems and three bare number problems. Word 
problems were added to match the characteristics of items frequently used 
in Dutch textbooks, making the diagnostic data more ecologically valid. The 
translation of the word problems is shown in Table 6A2 (Appendix 6A). A 
reliability analysis of DI was done using SPSS 25.0 (IBM Corp. Released 
2017), and Cronbach’s alpha was found to be .828, which indicated a high 
inter-item correlation. In this analysis, the items were scored as 1 is BE and 
0 is not BE. Based on the item-rest-correlations for each item there were no 
indications that word problems versus bare number problems were less 
reliable for diagnosing BE. For a more extensive evaluation of the different 
item features and the extent to which they are suitable for diagnosing BE 
see Vermeulen, Béguin, Scheltens, and Eggen (2020, Chapter 5). This study 
solely focuses on the total BE and the NE in general on the 24 items 
included in the DI. 

2.4 Data analyses 

Prior to the multilevel analysis, a descriptive analysis was done. In this 
analysis, we looked at the teachers’ response to the question of which 
students (low, average, or high math ability) make BE. Next, Pearson 
correlations between students’ mathematical ability scores, the BE, and the 
NE were estimated with SPSS 25.0 (IBM Corp. Released 2017). Because 

 
2 Students could make errors in bridging the tens (3 types of BE), in bridging the hundreds (3 
types of BE), or every possible combination of BE in the tens and hundreds (3 x 3 = 9). So, for 
items types 3 and 4 there are 15 possible BE: 3 + 3 + 9 = 15. Item 1000 – 540 = is an exception 
because some of the BE types lead to the same answer. 
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(1)2 - 7 = 5 and 7 - 2 is also 5. Thus, reversing the units to solve items like 
82 - 27 = could result in giving the correct answer. Consequently, items like 
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2 Students could make errors in bridging the tens (3 types of BE), in bridging the hundreds (3 
types of BE), or every possible combination of BE in the tens and hundreds (3 x 3 = 9). So, for 
items types 3 and 4 there are 15 possible BE: 3 + 3 + 9 = 15. Item 1000 – 540 = is an exception 
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these correlations were estimated using one sample, the correlations were 
dependent.  

Subsequently, a regression analysis was used to relate the NE and the 
BE to mathematics performance. In this analysis, the hierarchical structure 
of the data was considered by specifying variance components at both the 
class and student levels. So, NE and BE were used as student-level 
predictors for the overall mathematics performance on the E3test. 
Estimation was done using MLwiN (Rasbash et al., 2009). A two-level model 
was used with students nested within classes (teacher level), and NE and 
BE were stepwise added as predictor variables. The deviance (= -2 log-
likelihood) was used to evaluate the fit of each model. Lower values of the 
deviance indicate a better model fit (Hox, 2002). The deviance can also be 
used to test the difference between two models. The difference in deviance 
of the two models has a chi-square distribution under the null-hypothesis, 
with degrees of freedom equal to the difference in the number of parameters 
in the two models. Hence, subtracting the deviance of one model from the 
deviance from another model results in a chi-square distributed value 
indicating the preference for one of the models (Hox, 2002, pp. 44–45). 
Theoretically, an additional level for the school could have been specified, 
but the number of classes nested within schools was too limited to allow for 
a reasonable estimation of the variance at the school level3. Additionally, 
students’ gender (level 1 variable), years of experience of the teacher (level 
2 variable), and textbook with special attention for decomposition (level 2 
variable) were added as explanatory background variables. 

3. Results 

Table 6.5 shows teachers’ estimation of which students (low, average, or 
high math ability) make BE. Four teachers were unable to answer the 
question due to teaching obligations. As is to be expected, most teachers 
associate BE with a low to average mathematical ability (N = 27, 75%). 
However, two teachers reported to observe BE in average achieving math 
students, but not in low achieving math students. Additionally, three 
teachers reported that they do not observe BE among any of their students.  

Subsequently, bivariate Pearson correlations between students’ 
mathematical ability , the BE, and the NE were estimated. A negative 
association between students’ NE and mathematical ability was found 

 
3 In total, there were 25 schools, of which there were six with two classes and two with three 
classes. 
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(r NE,E3 = -.66; p < .01, N = 694). So, students who make many errors in 
subtraction often have a lower mathematical ability score. This correlation 
coefficient indicates a large effect (Field, 2009). Furthermore, a negative, 
medium-sized correlation between BE and mathematical ability was found 
(r BE,E3 = -.45, p < .01; N = 694). Finally, there was a large positive correlation 
between BE and NE (r BE, NE = .80, p < .01; N = 694). 

Table 6.5 

Teachers’ Perceived Association Between BE and Mathematical Ability 

Mathematical ability f Percent 

Low 14 39% 

Low and average 13 36% 

Average 2 6% 

High 0 0% 

None 3 8% 

Missing 4 11% 

Total 36 100% 

The regression analysis showed that the total variance of students’ 
mathematical ability was 191.19. Using a two-level empty model (model 0), 
this variance is divided in 172.58 at the student level and 18.78 at the 
teacher level (See Table 6.6). Using NE as a predictor (model 1), the student 
level variance reduced to 95.71, and the teacher level variance reduced to 
13.15. So, this model explains 44.5% of the student level variance and 
30.0% of the teacher level variance. The model with NE as a predictor had 
a significantly better fit (deviance) than the empty model (χ2 = 403.6; df=1; 
p < .01)  

Adding the BE as a predictor (model 2) reduced the variance to 93.28 
and 12.35 for the student and teacher levels, respectively. Thereby, model 
2 explained an additional 2.5% of the student level variance and 6.1% of 
the teacher level variance in comparison to the first model. The model fit of 
the second model is significantly better than the model with only NE as a 
predictor (χ2=18.8 ; df=1; p < .01) however, the added explained variance to 
both the student and teacher levels is rather small. The regression 
coefficient for NE was -1.97 (S.E.= 0.11) and for 0.81 (S.E. = 0.19) for BE. 
Both values are significant at p < .01 with Z = -18.0 and Z = 4.37, but 
interpretation of these coefficients should be done with some caution due 
to collinearity (r = .80). Even though collinearity does not decrease the 
predictive power of the regression model, the estimations of the individual 
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3 In total, there were 25 schools, of which there were six with two classes and two with three 
classes. 
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(r NE,E3 = -.66; p < .01, N = 694). So, students who make many errors in 
subtraction often have a lower mathematical ability score. This correlation 
coefficient indicates a large effect (Field, 2009). Furthermore, a negative, 
medium-sized correlation between BE and mathematical ability was found 
(r BE,E3 = -.45, p < .01; N = 694). Finally, there was a large positive correlation 
between BE and NE (r BE, NE = .80, p < .01; N = 694). 

Table 6.5 

Teachers’ Perceived Association Between BE and Mathematical Ability 

Mathematical ability f Percent 
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Low and average 13 36% 

Average 2 6% 

High 0 0% 

None 3 8% 

Missing 4 11% 

Total 36 100% 

The regression analysis showed that the total variance of students’ 
mathematical ability was 191.19. Using a two-level empty model (model 0), 
this variance is divided in 172.58 at the student level and 18.78 at the 
teacher level (See Table 6.6). Using NE as a predictor (model 1), the student 
level variance reduced to 95.71, and the teacher level variance reduced to 
13.15. So, this model explains 44.5% of the student level variance and 
30.0% of the teacher level variance. The model with NE as a predictor had 
a significantly better fit (deviance) than the empty model (χ2 = 403.6; df=1; 
p < .01)  
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the teacher level variance in comparison to the first model. The model fit of 
the second model is significantly better than the model with only NE as a 
predictor (χ2=18.8 ; df=1; p < .01) however, the added explained variance to 
both the student and teacher levels is rather small. The regression 
coefficient for NE was -1.97 (S.E.= 0.11) and for 0.81 (S.E. = 0.19) for BE. 
Both values are significant at p < .01 with Z = -18.0 and Z = 4.37, but 
interpretation of these coefficients should be done with some caution due 
to collinearity (r = .80). Even though collinearity does not decrease the 
predictive power of the regression model, the estimations of the individual 
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predictors may be less reliable and should be interpreted with caution. 
Therefore, we will not interpret the relative size of the regression coefficients. 
Moreover, in comparison to the two-level empty model (model 0), the second 
model explains 45.9% of the student level variance and 34.4% of the teacher 
level variance. Finally, it was checked if background variables such as 
gender (Z = 1.82), years of experience of the teacher (Z = 0.34), and the 
textbook, with special attention to decomposition (Z = 1.30), affected the 
prediction. None of these variables had a significant effect (α = .05).  

The most important result is that the Pearson correlation between BE 
and mathematical ability was found to be negative, while the regression 
coefficient in model two is positive (see Table 6.5). Hence, after controlling 
for the relationship between NE and mathematical ability, BE has a positive 
association with mathematical ability. This result indicates that students 
who proportionally make more BE tend to have a higher mathematical 
ability compared to students with the same number of errors but 
proportionally fewer BE. This positive relation between BE and the 
mathematical ability score is illustrated evaluating residuals of the two-level 
model with only NE as explanatory variable. The residual is here the 
deviation between the actual mathematical ability score and the expected 
score given the model. In Figure 2 the residuals are plotted against the BE 
for all 694 students, which shows an almost indistinctive positive 
relationship between BE and mathematical ability. This relationship 
becomes more pronounced in Figure 3, in which the axes are flipped, the 
residuals are ordered and grouped in deciles –ten groups with an equal 
number of students– and the number of BE is centralized around the 
average. Lower deciles are related to a negative deviation and higher deciles 
to a positive deviation. Students in the lower deciles have a lower 
mathematical ability score than expected –given the model– and have a less 
than average number of BE, while the opposite holds for higher deciles. This 
illustrates that BE has a positive contribution to the expected mathematical 
ability score when the NE has been taken into account. 

Moreover, as described above, adding BE as a predictor mostly explained 
variance at the teacher-level. This implies that the relationship between BE 
and mathematical ability differs across teachers, which could—in the 
present study—not be explained by differences between textbook types or 
years of teaching experience. As mentioned at the beginning of the results 
section, teachers mostly associate BE with low mathematical ability. These 
results warrant further exploration of the meaning of BE in relation to 
students’ mathematical development and the role of teacher and classroom 
variables. This is further addressed in the discussion of this chapter. 
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Figure 6.2. Relation between number of bridging errors and residuals given 
the two-level model with number of errors as explanatory variable. 

Figure 6.3. Number of bridging errors (centralized around the mean) per decile 
of the categorised residuals based on the two-level model with number of 
errors as explanatory variable. 
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4. Discussion 

In the present study, a diagnostic assessment instrument was used to 
diagnose students’ BE in subtraction. Subtraction errors have been a topic 
in many international studies (e.g. Murchan, 2011; Narciss & Huth, 2006; 
VanLehn, 1990). The present study focused on the diagnosis of BE in multi-
digit subtraction. Based on empirical findings from previous research 
(Fuson et al., 1997; Hop et al., 2012; Kraemer, 2009; 2011; Rittle-Johnson, 
2017), it was assumed that BE provide formatively relevant information 
about students’ conceptual and procedural understanding of subtraction. 
With this study, we focused on the relation between BE and mathematical 
ability. The results provide empirical evidence that supports the importance 
of diagnosing students’ BE in third-grade subtraction. Subsequently, an 
empirically supported DI can help teachers to identify students with a 
misconception about decomposition strategies, as shown by a pattern of 
systematic BE.  

The most interesting and unexpected finding was the positive association 
between BE and mathematical ability found in the multilevel regression 
analysis. Hence, the results of the multilevel analyses show that students 
who make proportionally more BE than other errors tend to have a higher 
mathematical ability than students who proportionally make more other 
errors. This finding contradicts most of the teachers’ self-reported 
perception that BE are associated with low to average levels of mathematical 
ability. This nuanced finding is not prominent in other studies that usually 
just relate the frequency of subtraction errors to low mathematical 
achievement (Blazar, 2015; Hop et al., 2012; Kraemer, 2011). The BE could 
be an indication that the student makes a transition from jumping to 
decomposition strategies. This could be in line with the instruction of the 
teacher, or it could be an incorrect generalization from a decomposition 
strategy in addition to subtraction that Ashlock (2006) described as 
overgeneralisation. For teachers, a report about BE could help them to 
identify the transition in students’ strategy use and could serve as a trigger 
to provide instruction on the use of decomposition strategies and 
underlying place value concepts.  

In the present study, we did not collect data about teachers’ use of the 
DI and the way the results could be used to provide feedback to the 
students. We collected a limited amount of information about teachers’ 
perceived association between BE and mathematical ability. Although the 
result does show a possible blind spot, we do not know to what extent the 
participating teachers were diagnosing BE themselves and adapting their 
teaching accordingly.  
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Riccomini (2005) found that more than 50 percent of the teachers in their 
study were able to diagnose a specific error pattern but that there was no 
difference between diagnosing common and uncommon errors. Riccomini 
concluded that teachers’ ability to diagnose errors is the first step to 
providing feedback and remediation. Our DI has the potential to help 
teachers who lack the diagnostic skills to identify for what item-types 
students make BE. However, providing the diagnostic data does not 
guarantee teachers will be able to use that information. Thus, the next step 
is to study teachers’ ability to use diagnostic assessment data about BE for 
formative purposes.  

Evaluating the results of the analysis in more detail, it was found that 
adding BE mostly explained teacher-level variance. In combination with the 
result that teacher-level variance could not be explained by the type of 
textbook used, these results indicate that the relationship between BE and 
mathematical ability depends on the teacher and possibly on the actual 
curriculum that was taught. Further research is needed to investigate the 
nature of this relationship.  

Finally, with regard of the timing of the assessment is it noteworthy that 
the data in the present study were collected at the end of the third grade. It 
would be interesting to study what the best timing of diagnosing BE would 
be for low, average and high achieving students. Perhaps diagnosing BE is 
less of a priority for low achieving students because these students probably 
need remediation on more topics than subtraction alone. Hence, the grain-
size of a DI focused on BE in subtraction might be too small for low 
achieving students.  

Although diagnostic assessment data should be specific and fine-
grained, there are no uniform standards as to which specificity or grain-size 
is valid and preferred by teachers. Hence, the DI focused solely on multi-
digit subtraction, and the grain-size of the diagnostic data collected with 
the DI is focused on a specific error type, whereas the categories used by 
Murchan (2011) are more general descriptions of the type of errors students 
could make. Thus, the grain-size of the DI in the present study is smaller 
and the data being collected with the DI are very specific. It would be 
interesting for further research to study teachers’ preference for grain-size 
in relation to their formative decision making. This type of research would 
result in useful knowledge that could inform the design of diagnostic 
assessments for formative purposes.  

In the introduction we argued that diagnostic assessment data should 
be curriculum-based. Although the design of the DI was based on the 
characteristics of Dutch textbook items, the DI only included four item 
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types within multi-digit subtraction in the number domain up to 1000. It 
could be that the results of the present study were influenced by our choice 
of items. In Vermeulen et al. (2020) it was found that the prevalence of BE 
varied with the number of digits in the subtrahend and minuend. Therefore, 
it would be interesting to see if the findings of the present study can be 
replicated with different types of multi-digit subtraction items that vary in 
the number of digits in the subtrahend and minuend.  

In conclusion, we regard this study a first exploration into empirically 
validating theoretically relevant diagnostic assessment data. As discussed 
above, we found some empirical evidence that it is important for average to 
high achieving students to diagnose BE in multi-digit subtraction. Mostly, 
however, the present study illustrates the need for design research into the 
design of diagnostic items, diagnostic reports and teachers’ formative use 
of diagnostic data. 
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Appendix 6A 
Table 6A1 

Possible Bridging Errors for Each Item Type in the Diagnostic Instrument  

Nr. Type Item Key Possible bridging errors 

1* 1 92 – 16 76 84 74 86 

2* 72 – 46 26 34 24 36 

3* 43 – 27 16 24 14 26 

4 71 – 14 57 63 53 67 

5 52 – 13 39 41 31 49 

6 93 – 65 28 32 22 38 

7* 2 107 – 26 81 121 21 181 

8* 306 – 41 265 345 245 365 

9* 405 – 64 341 461 361 441 

10 602 – 81 521 681 581 621 

11 906 – 73 833 973 873 933 

12 704 – 42 662 742 642 762 
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Cognitive diagnostic assessment (CDA) in mathematics designed for 
formative purposes aims to collect response behaviour that is indicative of 
students’ mathematical thinking. Mathematical thinking is defined as the 
collection of cognitive processes that are active during the problem-solving 
process (Breen & O’Shea, 2010). In these cognitive processes students use 
procedural, conceptual, and declarative mathematical knowledge to solve 
tasks (Rittle-Johnson, 2017; Voutsina, 2011). The focus in this dissertation 
is on students’ written response behaviour and associated mathematical 
thinking in third grade subtraction and addition. In Chapters 2, 3, and 4 
the diagnostic value of response behaviour captured with the empty number 
line (ENL) was evaluated (path 1). Diagnosing students’ bridging errors in 
subtraction was the focus of Chapters 5 and 6 (path 2). With these studies 
I aimed to contribute to answering the following research questions:  

1. What kind of response behaviour is considered diagnostically relevant 

for formative decision making in third grade mathematics? 

2. What features should diagnostic tasks have to obtain response 

behaviour that is considered relevant for teachers’ formative decision 

making in third grade mathematics? 

In this final chapter, the main findings and limitations from each chapter 
are summarised. The summary is structured by the research questions 
above and by the two paths explored in this dissertation. Subsequently, 
directions for further research are discussed. This chapter ends with 
recommendations for teacher education about the design and use of 
diagnostic assessment for formative decision making.  

1. Diagnosing Strategy Use with the ENL 

Students with different levels of mathematical ability have been found to 
differ in their strategy use (e.g. Baroody & Dowker, 2003; Beishuizen, 1993; 
Dowker, 2005; Kraemer, 2009; 2011). Hence, students with different ability 
levels use different conceptual and procedural knowledge in their 
mathematical thinking. The empty number line (ENL) is a frequently used 
didactical tool to support students’ progression in procedural progression 
in jumping strategies and conceptual understanding of subtraction and 
addition (Gravemeijer, 2004; Teppo & van den Heuvel-Panhuizen, 2013). 
When learning to add and subtract, students often learn to jump via the 
tens and hundreds (e.g. 73 - 16 = 73 - 3 = 70, 70 - 3 = 67, 67 - 10 = 57). 
When they gain more declarative knowledge about number facts, they will 
no longer need that intermediate step (e.g. 73 - 16 = 73 - 6 = 67, 
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67 - 10 = 57) (Beishuizen, 1993; Hop et al., 2012; Kraemer, 2011). The 
advancement to more efficient abstract strategies is known as vertical 
mathematisation (van den Heuvel-Panhuizen & Drijvers, 2014). Because 
students’ strategy use is indicative of their conceptual and procedural 
knowledge, it was assumed that students’ strategy use on the ENL can be 
considered relevant response behaviour for teachers’ formative decision 
making. The first three studies in this dissertation focused on evaluating 
the use of the ENL as a task characteristic for capturing students’ response 
behaviour in subtraction and addition. As part of the evaluation of the ENL, 
the use of tablet technology as a presentation model was evaluated in 
Chapter 3. It was expected that the use of tablets would be beneficial for 
implementing diagnostic assessment in formative decision making because 
technology can automate the analysis of students’ response behaviour 
(Rupp, Gustha, Mislevy, & Shaffer, 2010; Shute & Ke, 2012). Also, tablet 
technology makes it possible to collect response data of students’ solution 
process that would not be possible to capture with paper-and-pencil 
(Bennett, 2015).  

 As illustrated in Chapter 2, the ENL has potential indeed to provide 
relevant diagnostic assessment data. In particular, the ENL can be used in 
diagnostic assessment from three perspectives; 1. Procedural and 
conceptual knowledge of subtraction; 2. Errors, misconceptions, and self-
regulation; and 3. Conceptual knowledge of the ENL. The strength of the 
diagnostic framework presented in Chapter 2 lies within the formative 
interventions suggested with the diagnostic data. The first perspective of 
the diagnostic framework describes how the ENL can be used to diagnose 
students’ vertical mathematisation of the jumping strategy. Teachers can 
use this information to promote students’ strategy efficiency and flexibility, 
which is one of the goals of mathematics education (Blöte, Klein, & 
Beishuizen, 2000; Heinze, Star, & Verschaffel, 2009). Furthermore, the pilot 
study showed that the ENL was most useful for diagnosing students’ self-
regulatory errors (perspective 2). Self-regulatory errors were defined as 
mistakes in number facts (e.g. 12 - 8 = 5) or in the subtrahend (i.e., the 
amount subtracted is smaller than the subtrahend). Although single self-
regulatory errors (i.e., slips) might be too specific for teachers to make 
formative decisions, a pattern of slips can help teachers to diagnose 
students’ lack of self-regulatory skills or a deficiency in factual knowledge. 
Finally, the ENL can be used to diagnose students’ conceptual 
understanding of the linear relation between (multi-digit) numbers. 
Positioning the numbers from small to large and jumping from right to left 
in subtraction and left to right in addition helps students to understand the 
inverse relation between addition and subtraction (Selter, Prediger, 
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Nührenbörger, & Hußmann, 2012; Teppo & van den Heuvel-Panhuizen, 
2013).  

Although Chapter 2 shows how the ENL can be used in diagnostic 
assessment of subtraction, the findings in this dissertation also show that 
it cannot be used for every third-grade student. The pilot study showed that 
mandatory use of the ENL during diagnostic assessment negatively impacts 
students’ response behaviour on the ENL. As is implied by the low ENL 
frequency in Chapter 3, most third-grade students may not need the visual 
support from the ENL. So, the ENL should not be included as a mandatory 
task feature. Hence, voluntary use is more authentic to how the ENL is used 
in mathematics learning. It is likely that the use of the ENL in diagnostic 
assessment is more useful in second grade. Students’ negative responses 
to the mandatory ENL use in the pilot study led to the hypothesis that 
students’ beliefs about the ENL might influence students’ voluntary use of 
the ENL (Chapter 4). It was found that the relationship between students’ 
mathematical ability and the ENL frequency is mediated by students’ task 
beliefs about the ENL. Students who have negative task beliefs about the 
ENL use the ENL less frequently, and students’ who have higher 
mathematical ability scores usually have more negative beliefs. These 
findings illustrate the importance of understanding affective and conative 
processes that influence students’ response behaviour when designing 
diagnostic assessment and interpreting data. Affective and conative 
processes can be viewed as obstacles in the diagnostic assessment of 
cognitive strengths and weaknesses. But at the same time those conative 
and affective processes could – and perhaps should – also be the subject of 
diagnostic assessment because they most likely play a role in students’ 
learning processes. In that sense the obstacle becomes the way. “…What 
stands in the way, becomes the way.” (Marcus Aurelius in Holiday, 2015). 
It is important that students experience trust and psychological safety 
among their classmates and with their teacher. This trust and psychological 
safety will help them to develop an identity as competent and motivated 
mathematics learner (Heritage & Wylie, 2018). Diagnostic assessment 
aimed at students’ task beliefs can help teachers to identify unjustified 
negatieve beliefs about mathematicas tasks. This information could be used 
to create a culture in which students feel safe to discuss and reveal their 
mathematical thinking and strategy preferences without the fear of eliciting 
disapproving looks and comments (Heritage & Wylie, 2018).  

A secondary purpose of this first research path was to explore the use of 
tablet technology to capture students’ response behaviour. Unfortunately, 
the results of Chapter 3 showed that the use of tablets negatively impacted 
students’ use of the ENL. Although no main-effects were found for the 
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comparison between the tablet and paper task, an interaction effect 
between the order of the tasks was found. More specifically, students who 
responded to the paper task first and tablet task second used the ENL less 
frequently. More importantly, students who used the ENL in the tablet task 
used shortened strategies and made more mistakes. Nevertheless, these 
findings may be the result of limitations in the research design. As 
discussed in Chapter 3 and 4, being assessed in dyads may have resulted 
in social comparison (Summers, Schallert, & Muse Ritter, 2003). From a 
need for approval, students compare themselves and make behavioural 
adjustments to meet friends’ expectations. So, students may have adjusted 
their response behaviour because they believed the other student in the 
assessment room would judge their use of the ENL. Also, because of the 
novelty of the tablet application students needed more time to complete the 
task, which could have enforced the social comparison effect – especially for 
students who believed that using the ENL is too time consuming. Due to 
these methodological limitations, the results of this single study on the use 
of a ENL tablet task should not be used to disregard tablets as a task feature 
for diagnostic assessments. In Section 3.2, recommendations for the use of 
tablet technology in diagnostic assessment are made.  

Finally, the subtraction and addition items in the ENL tasks were 
designed based on empirical evidence from previous studies that made it 
probable they were suitable for diagnosing strategy use with the ENL. The 
studies in the first three chapters did not focus on the evaluation of item 
characteristics suitable for a particular diagnosis. The studies in the second 
path of this dissertation focused more on the item characteristics more 
suitable for a particular diagnosis. The results from these studies are 
described next.    

2. Diagnosing Bridging Errors in Subtraction 

In the second part of this dissertation the focus shifted from collecting 
process data with the ENL to outcome data in multi-digit subtraction. The 
aim, however, remained the same: inferring students’ mathematical 
thinking in terms of procedural and conceptual knowledge from their 
responses to diagnostic tasks. Earlier studies have explored taxonomies to 
classify students’ errors using computer software (e.g. Brown & VanLehn, 
1980; Hennessy, 1993; VanLehn, 1990; Resnick, 1984; Young & O’Shea, 
1981). These studies focused on procedural and conceptual deficits that 
lead to systematic errors also referred to as buggy algorithms. Although 
error diagnosis is not a novel research field, the study of item characteristics 
for diagnosing specific errors is. The focus in the second research path was 
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on diagnosing bridging errors. Bridging errors were operationalised based 
on the smaller-from-larger error: 

e.g. 43 – 17 = 

3. Smaller from larger. 40 – 10 = 30, 7 – 3 (instead of 3 – 7)= 4, 

30 + 4 = 34. 

4. Smaller from larger and decrementing the tens (or hundreds): 

40 – 10 = 30, notices 3 – 7 requires decrementing the tens: 30 – 10 = 20, 

applying 7 – 3 (instead of 3 – 7) = 4, 20 + 4 = 24. 

5. Forgetting to decrement the tens (or hundreds) after borrowing. 

40 – 10 = 30, (1)3 – 7 = 6, 30 + 6 = 36. 

Based on a review of the literature (see Chapters 5 and 6), it was 
concluded that bridging errors, such as the smaller-from-larger error are 
probably indicative of students’ conceptual and procedural 
misunderstanding of subtraction principles and the base ten place value 
system (Resnick, 1984; Fuson et al., 1997). Third grade students make the 
transition from jumping to decomposition and expand their linear 
understanding of multi-digit numbers to a place-value based 
understanding (Blöte et al., 2000; Teppo & van den Heuvel-Panhuizen, 
2013; Fuson et al., 1997). Moreover, analysis of historical data from 
student-monitoring tests (LOVS M3 and E3) showed Dutch third grade 
students’ frequently make bridging errors. Therefore, it was assumed 
bridging errors would be particularly relevant for diagnostic assessment for 
formative purposes.  

As was to be expected, Chapter 6 illustrated that diagnosing bridging 
errors might not be suitable for every third-grade student. Multilevel 
regression analyses showed that students who had a high proportion of 
bridging errors had a relatively higher mathematical ability compared to 
students who had a low proportion of bridging errors. Surprisingly, this 
indicates that diagnosing bridging errors would be more relevant for 
students with average to high mathematical ability. For average to high 
achieving students, diagnosing bridging errors can help teachers to identify 
which students are making the procedural and conceptual transition from 
jumping to decomposition. Because jumping strategies are less prone to 
errors (Kraemer, 2011), some teachers might – when observing bridging 
errors – choose reteaching jumping strategies that focuses on correcting 
students’ mistakes (i.e., bridging errors). This decision would, however, not 
be focused on advancing students’ mathematical thinking because teaching 
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jumping strategies does not resolve students’ misconceptions about 
subtraction and decomposition that underpin bridging errors. So, I would 
say that for that reason it should not be regarded a formative decision. An 
intervention focused on teaching place value concepts and decomposition 
strategies would be a more formative approach to remediating bridging 
errors.  

Furthermore, teachers were found to associate bridging errors with low 
mathematical achievement, implying they may posses a blind spot (see 
Chapter 6). Because bridging errors are associated with using 
decomposition, low achieving students probably make relatively more errors 
associated with jumping. In this respect, this finding is in line with previous 
research that showed that third grade students with low mathematical 
ability usually use jumping rather than decomposition (Hop et al., 2012; 
Kreamer, 2011). Also, zooming in on specific subtraction errors might not 
be an effective formative approach for low achieving students. Unless the 
teacher has a specific hypothesis about misconceptions in subtraction 
associated with bridging errors, these students probably need a broader 
remediation approach.  

The following item-charactistics were evaluated in Chapter 5: number 
features, multiple-choice versus open-ended items, and bare number 
versus context items. For the latter, no differences in diagnostic capacity 
were found. Concerning number features, the results showed that item 
types 3/4n-3n, like 1000-680, had the highest diagnostic capacity for 
diagnosing bridging errors, whereas items characterised as 3/4n – 2n, such 
as 1000 – 20, had the lowest capacity. Note that, diagnostic capacity is a 
relative measure estimated based on students’ responses to the items 
included in the study. Although items such as 1000 – 20 = were 
characterised as 3/4n – 2n, items such as 1000 – 27 were not included in 
this study. Error analysis on this specific item type (item type 8, see Chapter 
5) showed that most students made errors like 1000 – 20 = 800 or 80. 
Because the subtrahend is a multiple of ten, it becomes more likely 
students use a jumping instead of a decomposition strategy. Hence, the 
multiple of ten does not need to be partitioned into tens and units to be 
subtracted. This shows that it is important that the number features of 
diagnostic items solely elicit the intended cognitive processes – in this case 
decomposition.  

Moreover, as was to be expected multiple-choice items have a high 
diagnostic capacity compared to open-ended items. Because bridging errors 
are easily diagnosed using open-ended items, there is no preference for 
using either multiple choice or open-ended items. Multiple-choice items 
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might be preferred by teachers because they are more easily analysed, while 
open-ended items allow the diagnosis of other errors. Finally, multiple 
choice items can also be used to diagnose different – competing –
misconceptions with so called ordered multiple choice items or hinge 
problems. In these multiple-choice items, each erroneous distractor 
pinpoints a different misconception (Briggs, Alonzo, Schwab, & Wilson, 
2006; Fletcher-Wood, 2018). For the diagnosis of bridging errors, this could 
be used to diagnose between the three different variations of bridging errors. 
Further research should evaluate the relevance of such a detailed diagnosis 
for teachers’ formative decision making. Broader directions for further 
research are discussed below.   

3. Conclusions and Suggestions for Further Research 

Because the focus of the studies in this dissertation was very specific, 
there are many unexplored directions for further research that could 
contribute to the two main research questions mentioned above. In each of 
the chapters I discussed recommendations for that specific area. For this 
final chapter I have chosen to highlight two broader paths for further 
research that – in my opinion – have a good chance of improving the design 
and formative use of diagnostic assessment in mathematics.  

3.1 Diagnostic assessment in formative decision making 

In the introduction, Figure 1.1. illustrates how the aspects of diagnostic 
assessment – diagnostic tasks, frameworks, and hypotheses – can be 
embedded in a cycle of formative assessment. The studies within this 
dissertation primarily focused on designing diagnostic tasks and 
frameworks to elicit and analyse students’ response behaviour in terms of 
their mathematical thinking. It can be concluded that diagnostic tasks are 
not suitable for every student. What diagnostic task should be used, 
depends on the gap between students’ observed and intended learning. This 
means that diagnostic assessment starts with analysing assessment data 
available from non-diagnostic assessments (e.g. textbook tests, large scale 
assessments). When this analysis does not provide the teacher with 
sufficient information about students’ educational needs to take formative 
actions, diagnostic assessment can help to specify the gap (see Figure 7.1).  
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Figure 7.1 Diagnostic assessment embedded in the cycle of formative 
assessment (see also Figure 1.1.).  
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studies are highly domain-specific, these studies could particularly be 
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compatible with psychometric research into the evaluation of informative 
diagnostic hypotheses (Hoijtink, Béland, & Vermeulen, 2014). Integrating 
psychometric models in technology based diagnostic assessment can 
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3.2 Technology in diagnostic assessment 

As concluded in Section 1, the use of tablets in the ENL task altered 
students’ response behaviour in an unwanted way: students shortened 
their strategies and made more mistakes (see Chapter 3 and Vermeulen et 
a., 2015). Studying the advantages of using technology to capture students’ 
response behaviour in diagnostic assessment cannot be done separately 
from studying choices in task design – and vice versa. Obstacles arose in 
automating the scoring of students’ strategy use on the ENL. For example, 
it turned out not to be feasible – given our time and expertise – to transform 
the log data into a usable datamatrix. The process of post hoc analysis of 
log data is called data-mining. Data-mining approaches (see Romero & 
Ventura, 2010 for a review) that are often used to interpret process data are 
usually data-driven. Consequently, the meaning ascribed to students’ 
response behaviour depends on – among other things – the quality of the 
sample and the design of the digital environment. This approach conflicts 
with the theory-based approach of CDA design (Leighton & Gierl, 2007a). 
This means that a theory (i.e., diagnostic framework) is required that 
describes how the data is logged, interpreted, and reported as diagnostic 
information. Because of the very specific knowledge required to develop 
technology based diagnostic assessments, researchers in computer science, 
psychometrics, and mathematics education need to collaborate. 
Eventhough it was not feasible to design the automatic scoring and 
reporting students’ ENL strategies on the tablet, the studies in this 
dissertation contribute to research directions which make it more feasible 
in the future.  

In contrast to automatic scoring of process data, automatic scoring of 
outcome data – like bridging errors – is much more feasible. Teachers 
cannot be programmed to diagnose systematic errors like bridging errors. 
Hence, it is impossible to memorise every possible bridging error for every 
subtraction item that requires bridging. But – based on our 
operationalisation of bridging errors - computers can be programmed to 
automatically diagnose bridging errors. Automated diagnosis of systematic 
errors offers opportunities to develop diagnostic assessment instruments 
that provide immediate feedback. These type of assessments are also 
referred to as dynamic assessments (Stevenson, Bergwerff, Heiser, & 
Resing, 2014). Because the diagnosis of bridging errors focuses on 
interpreting students’ erroneous answers, coding a computer programme to 
interpret and respond to such data becomes straight forward.  

Instead of using (tablet)computers it is also possible to use a social robot 
that could diagnose bridging errors through thinking out loud protocols. 
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For example, Ramachandran, Huang, Gartland, and Scassellati (2018) 
studied how robot tutoring could contribute to students’ meta-cognitive 
skills and learning gains. They found that by giving prompts like “Reflect on 
why you might have gotten the problem wrong. Make sure to think aloud 
as you do this.” (p.61) students performed better than students who 
thought out loud without a robot. This study illustrates that a robot could 
be part of implementing a diagnostic framework focusing on diagnosing and 
promoting students’ self-regulatory skills. Teachers may not have the 
assessment literacy to interview each student, a robot can be programmed 
to correctly interpret and translate assessment data. Currently, it is being 
explored to what extent a social robot could diagnose bridging errors and 
provide immediate feedback that prompts the student to reflect on their 
error (van den Bent, Hindriks, & Hickendorff, personal communications, 
April 26th, 2021). When a student fails to correct their mistake, the robout 
could provide instruction aimed at the misconception underpinning the 
bridging error. The feedback that would be given by the robot in response 
to the observed bridging error is being designed based on research regarding 
teaching strategies for the base-ten place value concept. Of course, student-
robot interaction may result in different response behaviour than student-
teacher interaction, which is why I recommend further research into the 
diagnostic possibilities of social robots.  

4. Implications for Teacher Education 

As a teacher educator I find it important to discuss the implications of 
the findings within this dissertation in relation to my experience with 
educating pre- and in-service teachers. This dissertation provides 
knowledge that could help third grade teachers to use diagnostic tasks in 
third grade addition and subtraction for formative decision making. 
Educating teachers how to analyse students’ response behaviour on the 
ENL and how to diagnose and remediate bridging errors is valuable. At the 
same time, it focuses on very specific aspects of mathematics learning, 
which makes the content more relevant for in-service training than for pre-
service training. Nevertheless, I argue that the process of embedding 
diagnostic assessment in formative decision making should be part of pre-
service teacher education.  

It has been over a decade since the Dutch inspectorate reported the 
findings that teachers rarely use assessment data to make instructional 
decisions (Timminga & Swanborn, 2010). In my daily work I observe that 
formative practices are improving, which was recently confirmed by the 
Dutch Inspectorate of Education (2021). Most of the participating teachers 
reported to use observations of students’ work and test results to determine 
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students’ educational needs. Subsequently, most teachers used their 
observations to differentiate their instruction to different groups, and to 
differentiate in exerciseses students practice. This improvement of teachers’ 
assessment practice is not surprising, because assessment literacy is part 
of the core goals in teacher education colleges (Pabo; 10voordeleraar, 2016).  

Nevertheless, from conversations with my students, I get the impression 
that most of the challenges remain. Diagnosing students’ educational needs 
and making formative instructional decisions at the level of individual 
students is one of the most complex tasks teachers have. As a teacher 
educator I often discuss with peers what level of expertise we should ask 
from our graduating teachers. In line with the core goals of pre-service 
teacher training (10voordeleraar, 2016), I would argue that beginning 
primary school teachers do not need to know every possible stumbling 
block, error, and misconception. They do need, however, knowledge about 
the purpose of formative assessment and how diagnostic assessment can 
be embedded to diagnose more specific educational needs. Pre-service 
training in implementing the process shown in Figure 7.1 has the potential 
to improve teachers’ assessment literacy in terms of understanding the 
importance and characteristics of diagnostic tasks. This includes 
understanding that diagnostic assessment zooms in on the learning 
trajectories of individual students – compared to the whole classroom focus 
of formative use of textbook tests and large-scale assessments. Teacher 
education should facilitate the development of a diagnostic and investigative 
attitude that enables teachers to observe gaps between students’ 
development and curriculum goals. This attitude will help inservice 
teachers to acquire the domain-specific knowledge needed to act 
formatively. Hence, teachers with such diagnostic and investigative attitude 
gather scientific knowledge on possible stumbling blocks, errors, and 
misconceptions when they observe misalignment between curriculum goals 
and student development. Teachers with a diagnostic and investigative 
attitude would ask questions like:  

• How does students’ response behaviour to this task inform me 
about students’ cognitive strengths and weaknesses?  

• What tasks can I use to collect more specific data about students’ 
cognitive strengths and weaknesses? 

• What variables influence students’ response behaviour?  
• What misconceptions and errors are common in relation to this 

learning goal?  
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On a final note, teachers should understand that the why – or purpose 
–of assessment comes before the what and how of assessment. Assessment 
aimed to promote learning cannot do without a clear definition and 
operationalisation of learning. In diagnostic assessment, mathematics 
learning is defined as advancement of students’ mathematical thinking. Not 
all curriculum tasks that aim to promote students’ mathematical thinking 
are diagnostic tasks. In other words, teacher training should focus on 
educating teachers what task characteristics make a task suitable for 
assessing mathematical thinking. 
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students’ educational needs. Subsequently, most teachers used their 
observations to differentiate their instruction to different groups, and to 
differentiate in exerciseses students practice. This improvement of teachers’ 
assessment practice is not surprising, because assessment literacy is part 
of the core goals in teacher education colleges (Pabo; 10voordeleraar, 2016).  

Nevertheless, from conversations with my students, I get the impression 
that most of the challenges remain. Diagnosing students’ educational needs 
and making formative instructional decisions at the level of individual 
students is one of the most complex tasks teachers have. As a teacher 
educator I often discuss with peers what level of expertise we should ask 
from our graduating teachers. In line with the core goals of pre-service 
teacher training (10voordeleraar, 2016), I would argue that beginning 
primary school teachers do not need to know every possible stumbling 
block, error, and misconception. They do need, however, knowledge about 
the purpose of formative assessment and how diagnostic assessment can 
be embedded to diagnose more specific educational needs. Pre-service 
training in implementing the process shown in Figure 7.1 has the potential 
to improve teachers’ assessment literacy in terms of understanding the 
importance and characteristics of diagnostic tasks. This includes 
understanding that diagnostic assessment zooms in on the learning 
trajectories of individual students – compared to the whole classroom focus 
of formative use of textbook tests and large-scale assessments. Teacher 
education should facilitate the development of a diagnostic and investigative 
attitude that enables teachers to observe gaps between students’ 
development and curriculum goals. This attitude will help inservice 
teachers to acquire the domain-specific knowledge needed to act 
formatively. Hence, teachers with such diagnostic and investigative attitude 
gather scientific knowledge on possible stumbling blocks, errors, and 
misconceptions when they observe misalignment between curriculum goals 
and student development. Teachers with a diagnostic and investigative 
attitude would ask questions like:  

• How does students’ response behaviour to this task inform me 
about students’ cognitive strengths and weaknesses?  

• What tasks can I use to collect more specific data about students’ 
cognitive strengths and weaknesses? 

• What variables influence students’ response behaviour?  
• What misconceptions and errors are common in relation to this 

learning goal?  

Epilogue 
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On a final note, teachers should understand that the why – or purpose 
–of assessment comes before the what and how of assessment. Assessment 
aimed to promote learning cannot do without a clear definition and 
operationalisation of learning. In diagnostic assessment, mathematics 
learning is defined as advancement of students’ mathematical thinking. Not 
all curriculum tasks that aim to promote students’ mathematical thinking 
are diagnostic tasks. In other words, teacher training should focus on 
educating teachers what task characteristics make a task suitable for 
assessing mathematical thinking. 
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Summary 
The purpose of this dissertation was to contribute to teachers’ formative 

classroom assessment practice through the design of diagnostic tasks. 
Cognitive diagnostic assessment in mathematics designed for formative 
purposes aims to collect response behaviour that is indicative of students’ 
mathematical thinking. The focus was on studying students’ written 
response behaviour and associated mathematical thinking in third grade 
subtraction and addition. In Chapters 2, 3, and 4 the diagnostic value of 
response behaviour captured with the empty number line (ENL) was 
evaluated (path 1). Diagnosing students’ bridging errors in subtraction was 
the focus of Chapters 5 and 6 (path 2). The studies in this dissertation 
contributed to the following research questions:  

1. What kind of response behaviour is considered diagnostically relevant 

for formative decision making in third grade mathematics? 

2. What features should diagnostic tasks have to obtain response 

behaviour that is considered relevant for teachers’ formative decision 

making in third grade mathematics? 

Chapter 1 contains the general introduction to this dissertation. It also 
describes the origin of the Improving Classroom Assessment (ICA) project 
and the need for diagnostic assessment in mathematics education. 
Diagnostic assessment focuses on assessing domain-specific educational 
needs. Within the cycle of formative assessment, diagnostic assessment is 
a cyclic process that zooms in on students’ mathematical thinking, cognitive 
strengths and weaknesses. Diagnostic tasks and frameworks are used to 
test diagnostic hypotheses and gather information about students’ specific 
educational needs (see Figure 1.1). To interpret students’ response 
behaviour in terms of their thinking, diagnostic frameworks are needed to 
analyse the assessment data. Chapter 1 ends with an outline of the 
chapters within this dissertation. 

Chapter 2 presents a diagnostic framework for multi-digit subtraction 
with the ENL. The diagnostic framework focuses on different perspectives 
for analysing ENL solutions and provides suggestions for classroom and 
individual interventions. A literature review resulted in three perspectives 
to analyse ENL solutions: 1. Procedural and conceptual development of 
subtraction; 2. Errors, misconceptions, and self-regulation, and 3. 
Conceptual knowledge of the ENL. Subsequently, the diagnostic framework 
was refined through the analysis of 600 ENL solutions obtained from 30 
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Summary 
The purpose of this dissertation was to contribute to teachers’ formative 

classroom assessment practice through the design of diagnostic tasks. 
Cognitive diagnostic assessment in mathematics designed for formative 
purposes aims to collect response behaviour that is indicative of students’ 
mathematical thinking. The focus was on studying students’ written 
response behaviour and associated mathematical thinking in third grade 
subtraction and addition. In Chapters 2, 3, and 4 the diagnostic value of 
response behaviour captured with the empty number line (ENL) was 
evaluated (path 1). Diagnosing students’ bridging errors in subtraction was 
the focus of Chapters 5 and 6 (path 2). The studies in this dissertation 
contributed to the following research questions:  

1. What kind of response behaviour is considered diagnostically relevant 

for formative decision making in third grade mathematics? 

2. What features should diagnostic tasks have to obtain response 

behaviour that is considered relevant for teachers’ formative decision 

making in third grade mathematics? 

Chapter 1 contains the general introduction to this dissertation. It also 
describes the origin of the Improving Classroom Assessment (ICA) project 
and the need for diagnostic assessment in mathematics education. 
Diagnostic assessment focuses on assessing domain-specific educational 
needs. Within the cycle of formative assessment, diagnostic assessment is 
a cyclic process that zooms in on students’ mathematical thinking, cognitive 
strengths and weaknesses. Diagnostic tasks and frameworks are used to 
test diagnostic hypotheses and gather information about students’ specific 
educational needs (see Figure 1.1). To interpret students’ response 
behaviour in terms of their thinking, diagnostic frameworks are needed to 
analyse the assessment data. Chapter 1 ends with an outline of the 
chapters within this dissertation. 

Chapter 2 presents a diagnostic framework for multi-digit subtraction 
with the ENL. The diagnostic framework focuses on different perspectives 
for analysing ENL solutions and provides suggestions for classroom and 
individual interventions. A literature review resulted in three perspectives 
to analyse ENL solutions: 1. Procedural and conceptual development of 
subtraction; 2. Errors, misconceptions, and self-regulation, and 3. 
Conceptual knowledge of the ENL. Subsequently, the diagnostic framework 
was refined through the analysis of 600 ENL solutions obtained from 30 
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third grade students and the consultation of two teachers. The results 
showed that the three perspectives within the diagnostic framework are 
suitable for interpreting students’ ENL solutions and plan formative 
interventions. The ENL is particularly effective for diagnosing self-
regulatory errors, but less useful for diagnosing systematic errors that are 
caused by buggy algorithms.  

Chapter 3 focused on the benefits of tablet technology for collecting and 
analysing response behaviour in comparison to paper-and-pencil tasks. On 
two occasions 123 Dutch third graders were assessed with either a paper-
and-pencil task or a tablet task in which ENL could be used voluntarily. 
Tablet technology could, however, alter students’ response behaviour which 
has consequences for inferences made about students’ mathematical 
thinking. Students in the tablet condition used abbreviated mental 
strategies more often than in the paper condition. Nevertheless, a between 
group ANCOVA showed no significant differences between tablet and paper 
for the ENL frequency and for task score. A within group ANCOVA showed 
that students who made the paper-pencil-task during the first assessment 
occasion used the ENL less frequently in the tablet task during the second 
assessment occasion. Additionally, during the first assessment occasion, 
no significant differences in students’ scores were found, while during the 
second assessment occasion students who made the paper task first scored 
significantly lower than students who made the tablet task first.  

 Chapter 4 explored the relationships between task beliefs about the 
ENL, mathematical ability, gender, and voluntary ENL use (ENL frequency) 
in multi-digit subtraction and addition. 123 Dutch third-grade students 
and nine teachers from six schools participated in this study. A multilevel 
path analysis showed that task beliefs about the ENL mediated the 
relationship between students’ mathematical ability and ENL frequency. No 
gender differences were found in the multilevel path analysis. Finally, the 
results show that task beliefs about the ENL and ENL frequency differed 
across classrooms. The chapter ends with a discussion how teachers’ task 
beliefs about the ENL and classroom culture may influence students’ task 
beliefs and ENL frequency. In conclusion, this study illustrates that 
affective and conative processes can influence response behaviour and 
subsequent inferences about cognitive processes. Therefore, the influences 
of task beliefs should be considered when designing diagnostic assessment. 

In Chapter 5 it is evaluated how the diagnostic capacity of subtraction 
items is related to their characteristics. The item characteristics being 
studied are open-ended and multiple-choice items, bare number, and word 
problems. As well as various number features, like the number of digits in 
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the subtrahend and minuend. Diagnostic capacity is defined as the extent 
to which multi-digit subtraction items that require borrowing (e.g. 1000-
680) elicit bridging errors, such as the smaller-from-larger-error. Item 
response theory (IRT) was used to estimate item properties. Subsequently, 
the item properties were used in two separate ANOVAs to compare the 
diagnostic capacity of multiple-choice versus open-ended items, bare 
number versus word problems, and three categories of number features. As 
expected, multiple-choice items have a higher diagnostic capacity than 
open-ended items. More interestingly, it was found that the number of digits 
(n) in the subtrahend and minuend influenced the diagnostic capacity of 
the items. Items from the category 3/4n-3n, like 1000-680, had the highest 
diagnostic capacity, whereas items characterized as 3/4n-2n, such as 
1000-20, had the lowest diagnostic capacity.  

Chapter 6 explored how bridging errors in subtraction are related to 
students’ mathematical ability. The study involved 694 third-grade 
students and 35 teachers from 25 Dutch schools. Multilevel regression 
analyses showed that the number of bridging errors was positively related 
to the students’ mathematical ability, after controlling for the total number 
of errors in subtraction. Thus, the students who had a high proportion of 
bridging errors within the total number of errors, had a relatively higher 
mathematical ability compared to the students who had a low proportion of 
bridging errors. This result implies that diagnosing bridging errors may help 
to identify where students stand within their mathematical development. 
The practical implications of this result for the design and use of diagnostic 
instruments are addressed in the discussion section.  

Finally, Chapter 7 presents a general discussion of the results of each 
chapter organised by the two main research questions shown above. Based 
on the findings in this dissertation and the methodological limitations  of 
the studies, two lines of research are proposed. The first line of research 
focuses on combining design research and teacher training on the 
implementation of diagnostic assessment within a cycle of formative 
assessment. The second line of research focuses on the use of technology 
in diagnostic assessment. Finally, it is being argued that diagnostic 
assessment and formative decision making should be part of teacher 
training. This dissertation provides knowledge that can be used to educate 
teachers how to analyse students’ response behaviour on the ENL and how 
to diagnose and remediate bridging errors. Pre-service teacher training 
should focus on more general knowledge about what task and student 
characteristics could affect students’ response behaviour and what tasks 
are suitable for assessing students’ mathematical thinking. 
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Samenvatting 
Het doel van dit proefschrift is via het ontwerp van diagnostische 

instrumenten voor rekenen-wiskunde een bijdrage leveren aan de 
formatieve assessmentpraktijk van leraren in groep 5. Cognitief 
diagnostisch assessment in rekenen-wiskunde beoogt het reken-
wiskundigdenken van leerlingen te meten door het antwoordgedrag op 
diagnostische taken te verzamelen en analyseren. In dit proefschrift lag de 
focus op schriftelijk antwoordgedrag op de lege getallenlijn (hoofdstukken 
2, 3 en 4) en overbruggingsfouten binnen aftrekken over het tien- en 
honderdtal (hoofdstukken 5 en 6). De studies beschreven in dit proefschrift 
beoogden een bijdrage te leveren aan de volgende onderzoeksvragen:  

1. Welk type antwoordgedrag is diagnostisch relevant voor formatieve 

beslissingen in rekenen-wiskunde in groep 5? 

2. Welke kenmerken moeten diagnostische taken hebben om antwoord 

gedrag dat relevant is voor formatieve beslissingen te verzamelen? 

Hoofdstuk 1 bevat de algemene introductie van het proefschrift waarin 
beschreven wordt wat de noodzaak is van diagnostisch assessment. Het 
beschrijft ook de achtergrond van het Improving Classroom Assessment 
(ICA) project waar dit promotietraject deel van uitmaakt. Diagnostisch 
assessment is een cyclisch proces gericht op het vaststellen van domein-
specifieke onderwijsbehoeften op basis van het reken-wiskundig denken 
van leerlingen. Diagnostische taken en raamwerken worden gebruikt om 
diagnostische hypothesen te testen die informatie geven over specifieke 
onderwijsbehoeften van individuele leerlingen (zie Figuur 1.1). Het 
hoofdstuk sluit af met een overzicht van de studies en onderzoeksvragen 
die in de verschillende hoofdstukken worden beantwoord.  

Hoofdstuk 2 presenteert een diagnostisch raamwerk voor meercijferig 
aftrekken met de lege getallenlijn (ENL). Op basis van een literatuurstudie 
zijn drie perspectieven ontworpen waarmee het antwoordgedrag van 
leerlingen op de ENL kan worden geanalyseerd. Het eerste perspectief is 
gericht op procedurele en conceptuele ontwikkeling binnen meercijferig 
aftrekken. Perspectief twee richt zich op het diagnosticeren van fouten, 
misconcepties en zelf-regulering. Tot slot richt het derde perspectief zich op 
de conceptuele kennis van de ENL. Vervolgens zijn deze drie perspectieven 
toegepast op 600 oplossingen op de ENL die zijn verzameld bij 30 groep-5-
leerlingen van twee basisscholen. Aanvullend zijn de twee groep-5-leraren 
geïnterviewd over het gebruik van de ENL in didactiek en toetsing. De 
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resultaten laten zien dat het diagnostische raamwerk concrete handvatten 
biedt voor het analyseren van het antwoordgedrag van leerlingen op de lege 
getallenlijn. Hieruit blijkt dat de ENL vooral geschikt is voor het vaststellen 
van fouten die voortkomen uit een – tijdelijk – gebrek aan zelfregulatie en 
minder geschikt is voor systematische fouten. Om de drempel voor het 
implementeren van het raamwerk te verlagen zijn op basis van de analyses 
van de 600 ENL oplossingen formatieve interventies opgesteld.  

Hoofdstuk 3 gaat in op de voordelen van tablettechnologie voor het 
verzamelen en analyseren van antwoordgedrag in vergelijking met papieren 
taken. Tablettechnologie heeft voordelen omdat het analyseproces 
geautomatiseerd kan worden, het kan echter ook het antwoordgedrag van 
leerlingen beïnvloeden. Dus het gebruik van tablettechnologie kan gevolgen 
hebben voor het meten van het reken-wiskundig denken van leerlingen. Op 
twee momenten zijn 123 groep-5-leerlingen getoetst met een papieren of 
tablet ENL-taak waarbij de getallenlijn vrijwillig gebruikt kon worden. In de 
analyses is zowel naar verschillen tussen als binnen leerlingen gekeken. 
Hieruit bleek dat leerlingen in de tablet conditie vaker verkorte 
hoofdrekenstrategieën gebruikten dan de leerlingen in de papieren conditie. 
Uit de ANCOVA voor verschillen tussen leerlingen bleek echter dat er – wat 
betreft de ENL-frequentie en taakscore – geen signifante verschillen zijn 
tussen de condities papier en tablet. Uit de ANCOVA voor verschillen binnen 
leerlingen bleek dat leerlingen die tijdens het eerste afnamemoment de 
papieren taak maakten, tijdens het tweede afnamemoment minder vaak de 
ENL gebruikten in de tablettaak. Aanvullend bleek dat leerlingen die tijdens 
het eerste afnamemoment de papieren taak maakten tijdens het tweede 
afnamemoment op de tablet significant meer fouten maakten.  

Hoofdstuk 4 beschrijft een studie naar de relatie tussen taakopvattingen 
over de ENL, rekenvaardigheid, geslacht en vrijwillig gebruik van de ENL 
(ENL-frequentie) in meercijferig optellen en aftrekken. 123 leerlingen van 
negen Nederlandse basisscholen namen deel aan dit onderzoek. Uit een 
multilevel-padanalyse bleek dat de relatie tussen rekenvaardigheid en ENL-
frequentie werd gemedieerd door taakopvattingen over de ENL. Er werden 
geen verschillen gevonden tussen jongens en meisjes. Tot slot lieten de 
resultaten zien dat taakopvattingen over de ENL en de ENL-frequentie per 
klas verschilden. In de discussie wordt beargumenteerd hoe klascultuur en 
de taakopvattingen van de leraar over de ENL de taakopvattingen en ENL-
frequentie van individuele leerlingen kan hebben beïnvloed. Geconcludeerd 
kan worden dat in het ontwerpen van diagnostisch assessment voor het 
reken-wiskundigdenken van leerlingen rekening gehouden moet worden 
met de mogelijke invloed van affectieve en conatieve processen op cognitieve 
processen. 
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In Hoofdstuk 5 wordt de diagnostische capaciteit van meercijferige 
aftrekopgaven met verschillende kenmerken geëvalueerd. De 
itemkenmerken die zijn onderzocht waren: open en meerkeuze items, kale 
en context items (zonder afbeelding) en verschillende getalskenmerken. 
Diagnostische capaciteit werd gedefinieerd als de mate waarin meercijferige 
aftrekopgaven geschikt zijn om overbruggingsfouten - zoals de smaller-from-
larger te ontlokken. Het ging hierbij om opgaven zoals 1000 – 680 = 
waarvoor overbrugging van het tiental of honderdtal noodzakelijk was. 
Itemresponstheorie is gebruikt om de itemparameters te schatten. 
Vervolgens zijn deze itemparameters gebruik in twee ANOVAs om de 
diagnostische capaciteit van open versus meerkeuzeopgaven, kale versus 
contextopgaven en drie categorieën van getalskenmerken te vergelijken. 
Zoals verwacht bleken meerkeuze items een hogere diagnostische capaciteit 
te hebben dan open items. Interessanter was echter het resultaat dat het 
aantal positiewaarden (n) in het aftrektal en de aftrekker de diagnostische 
capaciteit bepaalde. Items uit de categorie 3/4n – 3n, zoals 1000 – 680 = 
hadden de hoogste diagnostische capaciteit. Daarentegen hadden items uit 
de categorie 3/4n – 2n, zoals 1000 – 20 de laagste diagnostische capaciteit.  

Hoofdstuk 6 beschrijft een studie naar de relatie tussen 
overbruggingsfouten en rekenvaardigheid. In de studie participeerden 694 
groep-5-leerlingen en 35 leerkrachten van 25 Nederlandse basisscholen. 
Multilevel regressieanalyses lieten zien dat – na controle voor het totaal 
aantal fouten - het aantal overbruggingsfouten positief samenhangt met de 
rekenvaardigheid. Dit betekent dat leerlingen die verhoudingsgewijs meer 
overbruggingsfouten dan andere fouten maakten gemiddeld genomen een 
hogere rekenvaardigheid hadden. Dit resultaat impliceert dat het 
diagnosticeren van overbruggingsfouten vooral geschikt is voor leerlingen 
met een bovengemiddelde rekenvaardigheid. De diagnose van 
overbruggingsfouten geeft informatie over waar in hun procedurele en 
conceptuele ontwikkeling binnen aftrekken deze leerlingen staan. De 
discussie in dit hoofdstuk gaat in op de praktische implicaties van dit 
resultaat voor het ontwerpen en gebruiken van een diagnostische toets 
gericht op overbruggingsfouten.  

Tot slot presenteert Hoofdstuk 7 een algemene discussie van de 
resultaten uit de studies in dit proefschrift. Op basis van de resultaten en 
de methodologische beperkingen van dit promotieonderzoek worden er twee 
richtingen voor vervolgonderzoek besproken. De eerste onderzoeksrichting 
heeft betrekking op het combineren van ontwerponderzoek met het trainen 
van leraren in het gebruik van diagnostisch assessment binnen een cyclus 
van formatief assessment. De tweede onderzoeksrichting heeft betrekking 
op het gebruik van technologie in het ontwerp van diagnostisch assessment. 
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minder geschikt is voor systematische fouten. Om de drempel voor het 
implementeren van het raamwerk te verlagen zijn op basis van de analyses 
van de 600 ENL oplossingen formatieve interventies opgesteld.  
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In Hoofdstuk 5 wordt de diagnostische capaciteit van meercijferige 
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Tot slot wordt beargumenteerd hoe de resultaten van dit onderzoek 
geïntegreerd kunnen worden in de lerarenopleiding voor aankomende en de 
nascholing voor werkzame leraren. Voor werkzame leraren kan 
specialistische training op het gebied van diagnosticeren met de getallenlijn 
of het diagnosticeren van overbruggingsfouten een bijdrage leveren aan 
formatief assessment binnen rekenen-wiskunde. Voor aankomende leraren 
op de pabo is dit wellicht te specifiek en zou – in de context van formatief 
assessment – vooral aandacht besteed moeten worden aan welk type reken-
wiskundetaken geschikt zijn voor het meten van het reken-
wiskundigdenken van leerlingen en het diagnosticeren van bijbehorende 
onderwijsbehoeften.   
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waarmee je liet zien dat ik als onderzoeker mijn werk niet té serieus moet 
nemen. Jouw energie en duizenden ideeën tijdens onze overleggen hebben 
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hun hulp bij het uitvoeren van de onderzoeken in dit proefschrift. Dank aan 
alle deelnemende scholen en met name dank aan Roel Pots en Openbaar 
Primair Onderwijs Zoetermeer. Kees van Putten, Marije Fagginger-Auer, 
Marian Hickendorff, Joke Torbeyns, Lieve Verschaffel en Greet Peters, dank 
voor jullie input in mijn onderzoek naar de getallenlijn.  

Collega’s, vrienden en famillieleden hebben mij veelvuldig gevraagd: ‘Hoe 
doe je dat toch, een proefschrift afmaken naast je baan als lerarenopleider?’. 
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