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A B S T R A C T   

The Boundary Integral Method (BIM) has been widely applied to simulate oscillating bubbles, for its high effi-
ciency and accuracy. A conventional BIM assumes the fluid surrounding the bubble to be inviscid and incom-
pressible. Wang & Blake (J. Fluid Mech., 659, 2010, 191–224) proposed an improved model for bubbles in a 
weakly compressible flow, which is referred to as CBIM. In this study, an all-Mach method (AMM) implemented 
in the free software program Basilisk for the simulation of compressible multiphase flows, and using a geometric 
Volume-of-Fluid (VoF), is employed to study and estimate the accuracy of BIM and CBIM at different Mach 
numbers. First, for a spherical bubble, an extended Rayleigh-Plesset equation, CBIM and AMM give very close 
results when Ma⪅0.3. However, a deviation between these three schemes gradually becomes evident as Ma 
increases from 0.3 to 0.6. Second, for the nonspherical deformation of a bubble close to a wall, the results ob-
tained from CBIM and AMM show many similarities, including the evolution of the nonspherical bubble 
morphology, jet impact velocity, and impact pressure on the wall. Apart from the liquid compressibility, the gas 
inertia/density is found to be another factor that may affect the applicability of CBIM. In addition, we compare 
the CBIM and BIM results against an experiment of a spark-generated cavitation bubble, in which the liquid 
compressibility is found to play a vital role. From the perspective of engineering applications, BIM can reproduce 
the main features of the bubble dynamics in the first cycle if the initial conditions are set properly. The new 
findings provide a reference for research of bubble dynamics in both fundamental and applied problems.   

1. Introduction 

Compressible bubbles are omnipresent in nature and in many in-
dustrial applications (Lohse, 2018), such as cavitation bubbles in hy-
draulic machinery (Arndt, 2002; Cheng et al., 2020), vapor bubbles in a 
boiling liquid (Prosperetti, 2017), airgun bubbles in seabed exploration 
(Li et al., 2020; Chelminski et al., 2019), acoustic bubbles in ultrasonic 
cleaning and biomedical applications (Dollet et al., 2019), underwater 
explosion bubbles in defence (Klaseboer et al., 2005a; Li et al., 2019a), 
shrimpoluminescence (Lohse et al., 2001) and so on. 

In the aforementioned applications and natural phenomena, bubbles 
undergo volumetric oscillations due to the unbalance of the pressure 
inside the bubble, the ambient pressure, and the Laplace pressure. The 
Rayleigh-Plesset equation (Lord Rayleigh, 1917; Plesset, 1949; Brenner 
et al., 2002) and its derivatives (Keller and Kolodner, 1956; Prosperetti 
and Lezzi, 1986; Zhang and Ni, 2013) describe the dynamics of a 

spherical bubble in an infinite domain. In real situations, a bubble is 
more often influenced by some boundaries, or isolated in a non-uniform 
pressure field, leading to deviations from the spherical shape. In the field 
of bubble dynamics, the Boundary Integral Method (BIM) has been 
widely employed to simulate the oscillation and jetting behaviors of 
bubbles near different boundaries, including a rigid wall (Blake and 
Gibson, 1987; Wang et al., 2015; Zhang et al., 2015), free surfaces 
(Wang et al., 1996), fluid-fluid interfaces (Klaseboer and Khoo, 2004), 
elastic membranes (Klaseboer et al., 2006), freely moving particles 
(Borkent et al., 2008; Li et al., 2018), floating bodies (Chahine et al., 
2003; Klaseboer et al., 2005b), other bubbles (Bremond et al., 2006; Han 
et al., 2015b; 2019), etc. It is generally believed that the assumption of 
the conventional BIM, namely that the fluid is inviscid and incom-
pressible, is applicable for most of the bubble’s first cycle. 

In 1917, Lord Rayleigh (1917) pointed out that the liquid 
compressibility should be incorporated to model the final collapse stage 
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of a spherical cavity, as suggested by the power law of the cavity collapse 
velocity Ṙ(t)∝(ts − t)− 3/5, where ts is the time when the cavity reaches 
the singularity (Lohse, 2018). For a gas bubble, the pressure in the 
bubble builds up during the collapse, which hinders the inward accel-
eration of the bubble wall. Generally, the average radial velocity of a 
collapsing bubble is much smaller than the sound speed in water. The 
maximum jet impact velocity reaches the order of 100 m/s (Philipp and 
Lauterborn, 1998; Supponen et al., 2016; Cui et al., 2018). Hence, the 
bubble dynamics belong to a class of at most weakly compressible 
problems (Wang, 2013; 2014; Zhang et al., 2013). Nevertheless, a 
considerable portion of the bubble energy is dissipated via acoustic ra-
diation during the violent collapse of a cavitation bubble (Wang, 2016; 
Hilgenfeldt et al., 2000) or an underwater explosion bubble (Keller and 
Kolodner, 1956; Lee et al., 2007). 

There are several extended Rayleigh-Plesset (ERP) equations that 
model spherical bubble dynamics in a weakly compressible flow (Keller 
and Kolodner, 1956; Prosperetti and Lezzi, 1986; Herring, 1941; Keller 
and Miksis, 1980). Prosperetti and Lezzi (1986) found that an ERP 
equation close to the Keller form Keller and Kolodner (1956) is the most 
accurate. Wang and Blake (2010, 2011) proposed a weakly compressible 
theory implemented with the boundary integral method for nonspher-
ical bubbles, which is referred to as CBIM in this paper. The simulation 
results agree well with the experiments up to the end of the second cycle 
of underwater explosion bubbles (Wang, 2013), laser-induced cavitation 
bubbles (Wang, 2014) and airgun-generated bubbles (Li et al., 2020). 
There are also direct numerical simulations (DNS) of nonspherical 
bubbles in a compressible flow (Fuster and Popinet, 2018; Han et al., 
2015; Lechner et al., 2019; Li et al., 2019; Saade et al., 2021; Zeng et al., 
2018a,b); however, a DNS is much more computationally demanding. 

This study aims to quantitatively investigate the applicability of BIM 
and CBIM in simulating oscillating bubble dynamics in a compressible 
flow. We use an all-Mach method (AMM) implemented in the free 
software program Basilisk for multiphase flows (Fuster and Popinet, 
2018; Popinet, 2015) to study and estimate the accuracy of BIM and 
CBIM, which provides a reference for future studies of bubbles with 
different associated Mach numbers. We will also show the significant 
difference in the computational efficiency between CBIM and a full DNS 
of the same problem. 

It is worth mentioning that the inertia of the compressible gas is 
usually neglected in BIM/CBIM, and that the pressure in the bubble is 
often calculated by using Boyle’s law or the adiabatic relation (Brujan 
et al., 2002, 2005; Tong et al., 1999; Wang and Blake, 2010). Although 
some DNS have been carried out for bubble dynamics (Lechner et al., 
2019; Vuong and Szeri, 1996; Storey and Szeri, 1999; Koch et al., 2016; 
Koukouvinis et al., 2016), little attention has been paid to the pressure 
field inside the bubble. For this reason, another aim of the present study 
is to explore the dependence of the gas pressure inside the bubble on the 
gas inertia/density. We also propose a critical condition for neglecting 
the gas inertia. 

This paper is organized as follows. In Section 2, we give a brief 
introduction of the spherical bubble theory, BIM, CBIM, and the all- 
Mach method implemented in Basilisk (Fuster and Popinet, 2018; 
Popinet, 2015). In Section 3, the results obtained from different ap-
proaches are quantitatively compared for spherical oscillating bubbles 
with Mach numbers ranging from 0 to 0.6, which covers most of the 
situations encountered in practical applications. In Section 4, we revisit 
a classic nonspherical bubble problem, namely, the bubble-wall inter-
action. The nonspherical bubble morphology, jet velocity, and jet impact 
pressures on the wall are discussed. Also an analysis of the gas inertia 
effect on bubble dynamics is presented. In Section 5, we compare the 
CBIM and BIM results against an experiment of a spark-generated bubble 
close to a wall. Finally, a summary is presented and conclusions are 
drawn in Section 6. 

2. Theory and numerical methods 

2.1. Spherical bubble theory 

The Rayleigh-Plesset (RP) equation (Lord Rayleigh, 1917; Plesset, 
1949) describes the radius variation R(t) of a spherically oscillating 
bubble in an incompressible and inviscid liquid. In its most elementary 
form, it is given by 

RR̈ +
3
2

Ṙ2
=

pg − p∞

ρ , (1)  

where pg and p∞ are the gas pressure inside the bubble and the pressure 
of the surrounding liquid at the far-field, respectively, and ρ is the liquid 
density (fixed at 1000 kg/m3 in this study). The surface tension is not 
included here for simplicity since the associated Weber number of many 
transient oscillating bubbles is much larger than one (Li et al., 2020; 
Klaseboer et al., 2005a; Blake and Gibson, 1987; Jalaal et al., 2019). To 
close and solve the above equation, the pressure inside the bubble must 
be given. For the purposes of comparison in this work, we assume an 
adiabatic pressure-volume relation (Klaseboer et al., 2005a; Wang, 
2014; Hsiao et al., 2014), 

pg = p0

(
R0

R

)3γ

, (2)  

where p0 is the initial gas pressure of the bubble, R0 the initial bubble 
radius, and γ is the polytropic exponent, equal to the ratio of the specific 
heats in an adiabatic process. For air, γ = 1.4. Here we ignore the effects 
of heat transfer and mass transfer across the bubble surface. 

Eq. (1) must be modified (extended Rayleigh-Plesset equation, ERP) 
if the compressibility of the fluid needs to be incorporated. It then takes 
the form (Prosperetti and Lezzi, 1986) 
[

1 − (λ+ 1)
Ṙ
c∞

]

RR̈ +
3
2

[

1 −
(

λ+
1
3

)
Ṙ
c∞

]

Ṙ2

=

[

1+(1 − λ)
Ṙ
c∞

]
pg − p∞

ρ − 3γ
p0

ρ

(
R0

R

)3γ Ṙ
c∞

, (3)  

where c∞ is the liquid’s speed of sound and λ a constant. In this study, we 
set λ = 0 through which the above equation reduces to the Keller form 
Keller and Kolodner (1956). If λ = 1, Eq. (3) reduces to the Herring form 
Herring (1941). As c∞→∞, the incompressible RP Eq. (1) is recovered. In 
this paper the ODEs (1) or (3) are solved with a fourth-order Runge--
Kutta method. The numerical solution of the RP equation has been 
compared against an analytical solution (Lord Rayleigh, 1917) and the 
largest relative error between the two is below 10− 10. 

2.2. Boundary Integral Method 

In the framework of a conventional Boundary Integral Method (BIM) 
(Blake and Gibson, 1987; Wang et al., 1996; Bremond et al., 2006; Li 
et al., 2019b; Oguz and Prosperetti, 1993), the liquid surrounding the 
bubble is assumed to be incompressible and inviscid, and the flow 
irrotational. Thus the flow is governed by the Laplace equation 

∇2φ = 0, (4)  

where φ is the velocity potential. The velocity field u can be expressed as 
the gradient of the velocity potential ∇φ. The most striking advantage of 
BIM is that one can reduce the dimension of a problem by one, namely, 
only the boundaries of the flow domain need to be discretized and 
solved. A standard BIM is adopted to obtain the normal velocity un on 
the bubble surface. A central-difference method is used to obtain the 
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velocity tangent to the bubble surface uτ. The position of the bubble 
surface x is updated via the kinematic boundary condition 

dx
dt

= un⋅n + uτ⋅τ, (5)  

where n and τ are the unit normal and tangential vectors on the bubble 
surface, respectively. 

The velocity potential on the bubble surface is updated via the dy-
namic boundary condition 

dφ
dt

=
1
2
|∇φ|2 +

p∞ − pg

ρ − gz, (6)  

where g denotes the gravitational acceleration, z is the vertical coordi-
nate. Here we define a cylindrical coordinate system (r, θ, z) with the 
origin O positioned at the initial bubble center and the positive direction 
of the z-axis pointing upward. In this study, we restrict ourselves to 
axisymmetric configurations. A mesh with 200 elements on the bubble 
surface is found to yield mesh-independent results. 

Wang and Blake (2010) proposed a weakly compressible theory 
implemented with a boundary integral method for nonspherical bub-
bles, which is referred to as CBIM in this paper. The inner flow near a 
bubble is governed by the Laplace equation and the outer flow by the 
linear wave equation. They adopted a method of matched asymptotic 

expansions, in which the perturbation is performed to second order in 
terms of the bubble-surface Mach number. The matching between the 
two expansions leads to the following modified dynamic boundary 
condition on the bubble surface 

dφ
dt

=
1
2
|∇φ|2 +

p∞ − pb

ρ − gz +
1

4πc∞
m̈, (7)  

where the last term denotes an acoustic correction and the quantity m is 
defined as 

m =

∫

Sb

∂φ
∂n

dS. (8) 

More details about CBIM and its applications can be found in refer-
ences (Wang, 2013; 2014; Wang and Blake, 2010). 

2.3. All-Mach method (AMM) for bubble dynamics 

To estimate the accuracy of CBIM in simulating oscillating bubbles in 
a compressible flow, CFD simulations are performed using the free 
software program BASILISK (Popinet, 2015), where an All-Mach method is 
implemented by Fuster and Popinet (2018). A brief introduction of the 
numerical scheme is given in this section, and for more details, the 
reader is referred to the respective publication (Fuster and Popinet, 

Fig. 1. Comparison of a spherical bubble 
oscillation (Ma = 0.05) calculated from the 
Rayleigh-Plesset equation (RP, denoted by 
the blue solid lines), extended Rayleigh- 
Plesset equation (ERP, denoted by the red 
solid lines), boundary integral method (BIM, 
denoted by the yellow dashed lines), 
compressible boundary integral method 
(CBIM, denoted by the purple dotted lines) 
and all-Mach method (AMM, denoted by the 
green solid lines). (a) Bubble radius, (b) the 
averaged gas pressure in the bubble, with a 
zoom in around t∗ = 17 to focus on the dif-
ference between the curves, (c) the velocity 
on the bubble surface and (d) the dynamic 
pressure in the flow field (at a distance r∗ =

4). (For interpretation of the references to 
colour in this figure legend, the reader is 
referred to the web version of this article.)   
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2018). 
In the present study, we restrict ourselves to the adiabatic case where 

heat and mass transfer across the bubble surface are neglected. Since the 
ambient liquid in CBIM is assumed to be inviscid, and for a fair com-
parison, viscous effects are also neglected in the DNS. This is a justified 
assumption since viscosity has been demonstrated to play a minor role 
for the dynamics of an oscillating bubble with high Reynolds numbers 
(Wang, 2016; Popinet and Zaleski, 2002). The compressible 
Navier-Stokes equations are thus reduced to the Euler equations, where 
the conservation of mass, momentum, and total energy in the ith phase 
respectively read, 

∂ρi

∂t
+∇⋅(ρiui) = 0, (9)  

∂ρiui

∂t
+∇⋅(ρiuiui) = − ∇pi, (10)  

∂
(
ρiei + 1

/
2ρiu2

i

)

∂t
+∇⋅

[(
ρiei + 1

/
2ρiu2

i

)
ui
]
= − ∇⋅(piui), (11)  

where u is the fluid velocity vector, and e the specific internal energy. To 
further simplify the discussion of this study, gravity and surface tension 
are neglected. The system is then closed with an equation of state (EOS) 
that relates the thermodynamic properties. Following Fuster and 

Popinet (2018), the stiffened gas EOS is adopted. We set the speed of 
sound c∞ = 1500 m/s for the liquid phase and cgas = 340 m/s for the gas 
phase throughout this paper. 

The above equations are numerically solved using a finite volume 
discretization on a quadtree grid. The interface between the two fluids is 
tracked using a geometric Volume-of-Fluid (VoF) method, and has a 
sharp representation. The volume fraction α, equal to 1 in the liquid, to 
0 in the gas, and to values in between in the cells containing both phases, 
is advected with the velocity field conservatively, 

∂α
∂t

+∇⋅(αu) = α∇⋅u, (12)  

in a one-fluid formulation following the classical incompressible simu-
lations. In this formulation, the conserved quantities: density ρ, mo-
mentum ρu, and total energy ρe+ ρu2/2, as well as any other quantity is 
derived via arithmetic averaging weighted with the volume fraction α as 
follows, 

ρ = αρ1 + (1 − α)ρ2. (13) 

At last, all the computations are carried out using dimensionless 
quantities unless specified otherwise. The initial bubble radius R0, the 
liquid density ρ and the pressure difference ΔP = p0 − p∞ are chosen as 
the length, density and pressure scales, respectively. In the following 

Fig. 2. The effect of liquid compressibility (expressed in the Mach number Ma) on spherical bubble dynamics during the first and second oscillation cycles. (a) The 
maximum bubble radius R∗

m, (b) the maximum gas pressure p∗g at the end of the bubble collapse, (c) the maximum expansion velocity U∗
b of the bubble surface, and (d) 

the maximum dynamic pressure Δp∗ = p∗ − p∗∞ at a distance r∗ = 4. 
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sections, the asterisk ∗ presents a dimensionless quantity. 
In this work, the Mach number is defined as follows (Fuster and 

Popinet, 2018; Tian et al., 2020), 

Ma =

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅p0 − p∞

ρ∞c2
∞

√

, (14)  

which includes two important factors that relate to the compressibility 
of the liquid, i.e., the initial pressure difference ΔP = p0 − p∞, and the 
sound speed c∞. The density term ρ∞ is a constant, namely, the density 
of the liquid far away from the bubble, including the hydrostatic pres-

sure. Here the 
̅̅̅̅̅̅̅̅̅̅̅
p0 − p∞

ρ∞

√
term is chosen as the characteristic velocity 

because it is close to the average velocity of bubble oscillations. 

3. Spherical bubble dynamics in a compressible flow 

In this section, simulations are performed using the different theo-
retical and numerical approaches for spherical oscillating bubbles that 
were introduced in the previous section. The parameters of the first case 
are set as R∗

0 = 1, p0/p∞ = 10 (p∗0 = 1.111, p∗∞ = 0.111), Ma = 0.05, ρ∗g0 

= 0.005 and γ = 1.4. In this section, the DNS are performed in a 
spherically symmetric model where the mesh size is taken as Δx∗ = 1 
/512, which is found to yield mesh-independent results for spherical 
bubbles. Later we will show the results of the convergence test. The 
domain size is set as 512 times the initial bubble radius, large enough to 
delay the effect of the domain boundaries for the simulated timespans. 
The timestep is controlled via an acoustic CFL number, based on the 
speed of sound in the liquid, and defined as cΔt/Δx which is set to 0.5. 
The initial pressure distribution is given by: 

p∗(r∗, 0) = (1 − α)p∗
0 + α

[

p∗
∞ +

(
p∗

0 − p∗
∞

)R∗
0

r∗

]

. (15) 

Fig. 1 (a) shows the comparison of the bubble radius R∗ obtained 
from different approaches. Both RP and BIM neglect the liquid 
compressibility, thus the energy loss due to acoustic radiation is not 
incorporated and the maximum radius of the bubble R∗

m in each cycle is 
restored (see the blue solid line and the yellow dashed line). When the 
liquid’s compressibility is taken into account, R∗

m decreases with time 
because the pressure wave generated by the bubble radiates the energy 
of the bubble system. The results obtained from the ERP, CBIM, and 
AMM are almost identical, but (as expected) clearly different from the 
incompressible RP and BIM results, which implies that the effect of 
compressibility on spherical bubble motion can be well captured by ERP 
and CBIM at such a small Mach number. Later we will show more 
quantitative comparisons for higher Mach numbers. 

Fig. 1 (b) displays the comparison of the gas pressure p∗g inside the 
bubble. At the expansion stage of the bubble, p∗g decreases rapidly and 

drops below p∗∞ (= 0.111). During the bubble collapse phase, p∗g grad-
ually increases and reaches its peak at the moment of the minimum 
bubble volume. For incompressible approaches (RP and BIM), the peak 
value of p∗g is equal to its initial value. For compressible approaches, the 
maximum p∗g is about 0.8, and the difference between ERP, CBIM, and 
AMM is within 0.9% (see inset). Fig. 1(c) shows the velocity variation of 
the bubble surface. We found that the effect of compressibility on the 
maximum expanding velocity is insignificant (∼ 4%) at such a small Ma. 
However, the difference in the maximum collapsing velocity reaches ∼
16%. Fig. 1(d) shows the dynamic pressure (Δp∗ = p∗ − p∗∞) at a fixed 
point r∗ = 4 in the flow field. Again, the results obtained from ERP, 
CBIM, and AMM agree well with each other except for a slight time delay 
between AMM and the other two. This is because the speed of sound is 
not considered when we compute the pressure field using ERP and 
CBIM. 

From the above results and discussion, we can conclude that both 
ERP and CBIM can be safely used to model the dynamics of a spherical 
bubble at low Mach numbers. Therefore, it is worth exploring the 
applicability and limitations of ERP and CBIM for higher Mach numbers. 
We further perform a series of simulations with the Mach number 
increasing from 0.1 to 0.6, which covers most of the situations 
encountered in practical applications. The other parameters remain the 
same as those in Fig. 1. The comparisons of several important quantities 
during the first and second cycles of the bubble are given in Fig. 2, in 
which the Ma = 0 simulation presents the incompressible case, i.e., the 
solution obtained from RP/BIM. Note that the current formulation of the 
AMM does not allow a purely incompressible liquid, because the speed 
of sound would then be infinite and the resulting timestep would tend to 
zero. 

All the quantities shown in Fig. 2 decrease with Ma, which reveals 
the mechanism of energy loss due to compressibility, i.e., due to acoustic 
radiation. It is noteworthy that all the approaches give very close results 
when Ma⪅0.3. When Ma > 0.3, the results exhibit more and more dif-
ference, especially R∗

m and the maximum U∗
b, as shown in panels (a) and 

(c), thus demonstrating why both ERP and CBIM are only weakly 
compressible models. Surprisingly, both latter methods still predict the 
maximum p∗g and Δp∗ very well, as shown in panels (b) and (d). These 
results provide a reference for the future investigation of oscillating 
bubbles: For a laser-induced cavitation bubble, the velocity of the 
plasma surface reaches ∼ 2500 m/s after the optical breakdown, which 
decays rapidly to ∼ 250 m/s within 140 ns (Wang, 2016). Therefore, it is 
suitable to model the subsequent stage of the laser-induced bubble using 
ERP and CBIM (Wang, 2014). In the geophysical exploration field, the 
associated Ma is less than 0.1 and CBIM is an appropriate method to 
model large-scale airgun-bubbles, which has been confirmed by Li et al. 
(2020). Wang (2013) also successfully modeled the damped oscillation 
of an underwater explosion bubble using CBIM. 

A convergence test for the AMM was performed at different numbers 
of cells per initial bubble radius (Nc = R∗

0/Δx∗), namely Nc = 8, 16,32,
64,128,256,512 and 1024, respectively. The variation of the maximum 
bubble radius in the first cycle versus Nc is shown in Fig. 3. R∗

max slowly 
decreases with increasing Nc and approaches a constant value when 
Nc⪆256. The difference of R∗

max between the two simulations Nc = 256 
and 512 is within 0.01%. We set Nc = 512 throughout the simulations 
with AMM. 

Fig. 4 shows the comparison of the dynamic pressure (at a distance 
r∗ = 4) for different Ma in the AMM simulations. As discussed above, the 
liquid compressibility damps the pressure peaks caused by the subse-
quent bubble collapses (the second and third peaks on the curves). Here 
we further discuss the pressure wave caused by the initial bubble 
expansion. As shown in the inset, the magnitude of this wave increases 
with increasing Ma, which implies that the acoustic wave radiates more 
of the bubble’s internal energy to the far field. For small values of Ma, for 
example Ma = 0.05, this wave is virtually absent since the liquid is 
quasi-incompressible. Also note that as Ma increases, it takes longer time 

Fig. 3. Convergence study of AMM for the Ma = 0.6 case in Fig. 2 with 
different cell size. 
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for the pressure wave to reach the same radial position since the 
dimensionless speed of sound decreases. 

In the above discussion, one may argue that the pressure ratio p0 /p∞ 

may affect the results while we kept it constant. We have carried out a 
series of simulations with p0/p∞ ranging from 10 to 1000. The maximum 
bubble radius increases with p0/p∞, but the energy loss of the bubble 

due to acoustic radiation is hardly influenced. More specifically, the 
ratio between the maximum bubble radii in the second and the first cycle 
Rm2/Rm1 only varies from 0.928 to 0.94 (Ma = 0.1). Zhang and his co- 
workers (Tian et al., 2020) also demonstrated that the energy loss of 
the bubble system due to acoustic radiation is roughly linearly related to 
Ma, no matter whether the pressure term or the sound speed is the 

Fig. 4. Variation of the dynamic pressure in the flow field (r∗ = 4) versus time for different Ma in the AMM simulations.  

Fig. 5. Comparison of nonspherical bubble dynamics near a rigid wall between CBIM (the left-half part of each frame) and AMM (the right-half part) at different 
times t∗. The color indicates the pressure field. The green (left) and magenta (right) lines provide the location of the interface in CBIM and AMM respectively. Note 
that for the CBIM case the gas phase is assumed to be uniform and no flow field is computed. Control parameters: R∗

0 = 1, Γ0 = 2.5, Γm ≈ 1, p0 /p∞ = 10, Ma = 0.1, 
ρ∗

g0 = 0.005 and γ = 1.4. (For interpretation of the references to colour in this figure legend, the reader is referred to the web version of this article.) 
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Fig. 6. Comparison of the toroidal 
bubble dynamics (frames a-d) and the 
dynamic pressure at the wall center 
(frame e) between CBIM (left half) and 
AMM simulations (right half) at four 
different times. The color indicates the 
pressure field. The green (left) and 
magenta (right) lines provide the loca-
tion of the interface in CBIM and AMM, 
respectively. The corresponding mo-
ments of frames (a-d) are marked in 
frame (e) with A-D, respectively. (For 
interpretation of the references to 
colour in this figure legend, the reader 
is referred to the web version of this 
article.)   
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variable. Therefore, the conclusions obtained from the discussion above 
are also valid for a wide range of p0/p∞. 

4. Bubble dynamics near a rigid wall 

In this section, we turn to the expansion and collapse of bubbles in a 
geometry that breaks the spherical symmetry. More specifically, we 
discuss the interaction between a compressible gas bubble and an 
infinite rigid wall, which is a classical and fundamental problem in many 
fields (Blake and Gibson, 1987; Zeng et al., 2018a; Brujan et al., 2002; 
Hsiao et al., 2013). Generally, a high-speed liquid jet forms during the 
final collapse stage of the bubble, which is one of the most important 
features of nonspherical bubbles. The stand-off parameter Γ0 is the key 
factor that controls the bubble-wall interaction and jet formation, which 
is defined as 

Γ0 =
d
R0
, (16)  

where d is the distance between the initial center of the bubble and the 
wall. The maximum equivalent bubble radius Rm = (3Vm/4π)1/3, with 
Vm the maximum bubble volume, is used as the length scale in many 
studies. Thus we will give the conventional stand-off parameter Γm = d 
/Rm as well. Both CBIM and AMM are used to simulate the same case 
with the following parameters: R∗

0 = 1, Γ0 = 2.5, Γm ≈ 1, p0 /p∞ = 10, 
Ma = 0.1, ρ∗

g0 = 0.005 and γ = 1.4. To capture the detailed features of a 
nonspherical bubble, a fine mesh Δx = 1/512 is employed in the now 
axisymmetric AMM simulation. 

4.1. Pre-toroidal bubble stage and jet formation 

The results obtained from CBIM and AMM are compared in Fig. 5, 
plotted on the left-half part and right-half part of each frame, respec-
tively. Remarkably, the bubble morphology obtained from the two ap-
proaches shows excellent agreement. The contours denote the pressure 
fields. As the gas motion is not directly modeled in CBIM, the pressure 
field in the bubble is assumed absolutely uniform, as shown on the left- 
half part of each frame. In the AMM simulation, the gas motion is 
directly modeled but the difference of the pressure inside the bubble is 
not distinguishable, which justifies the assumption of CBIM for the gas 
pressure when the gas density is relatively small. We note that the 
pressure field obtained from the two approaches exhibits some differ-
ences, i.e., the gas pressure in the AMM simulation is slightly smaller 
than that in CBIM (see frames a-b). This is because a part of the internal 
energy of the gas is converted to kinetic energy. In Section 4.3, we will 
discuss the effect of the gas inertia on the bubble dynamics. At the 
moment the maximum bubble volume is reached (frame c), the bubble 
surface is flattened by the rigid wall, and the gas pressure in the bubble is 
much lower than the ambient pressure. Thereafter, the bubble begins to 
collapse (frames d-e) and a high-speed liquid jet forms afterwards (frame 
f). It is concluded that CBIM has a surprising capacity of simulating 
nonspherical compressible bubbles, at least for low Mach numbers. We 
emphasize that the computational efficiency of CBIM has a significant 
advantage over AMM. For the present case, the computation time is 
about 16 min for the CBIM code running on a single core of a personal 
desktop [the processor of the computer is Intel (R) Core(TM) i9-9900 
CPU at 3.10 GHz]. As for the AMM simulation (Δx = 1/512), we run 
the code on a supercomputer and it requires more than 13,000 core- 
hours. 

Fig. 7. Convergence study for the axisymmetric simulation in AMM. Bubble profiles at t∗ = 19.6 (left panel) and t∗ = 19.8 (right panel) are depicted for different 
mesh sizes Δx∗. The inset shows a zoom in on the jet tip. 
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4.2. Toroidal bubble stage and jet impact 

After the jet impact, the bubble becomes toroidal. We used a vortex 
ring model (Wang et al., 1996; Zhang and Liu, 2015) combined with 
CBIM to simulate the subsequent jet impact on the wall. First, the bubble 
surface needs a reconfiguration from single-connected to 
double-connected (Wang et al., 1996). Then a vortex ring is placed in-
side the toroidal bubble and the velocity potential consists of two parts: 
the vortex-ring induced potential and the single-valued remnant po-
tential. The former one is calculated from a semi-analytical method 
(Zhang and Liu, 2015), which improves the accuracy of simulations. For 
more details about the vortex ring model, the reader is referred to 
published literature (Wang et al., 1996; Zhang and Liu, 2015). In the 
AMM simulation, VoF can automatically handle the topology transition 
of the bubble, and no artificial treatment is needed, which is an 
advantage over CBIM. Fig. 6 shows the comparison of the toroidal 
bubble dynamics (frames a-d) and the dynamic pressure at the wall 
center (frame e). For a better illustration of the relation between toroidal 
bubble dynamics and the associated jet impact pressure, the corre-
sponding moments of frames (a-d) are marked in frame (e) with ‘A-D’, 
respectively. Immediately after the jet impact, a highly localized 
high-pressure region can be observed at the impact area (frame a). 
Meanwhile, the pressure at the wall center increases rapidly (see mark 

‘A’ in frame e), accompanied with some fluctuations on the pressure 
curves, especially in the AMM simulation. In the CBIM simulation, the 
fluctuation can also be found but its magnitude is much smaller. Hsiao 
et al. (2014) also observed many pressure peaks in a similar numerical 
setup and pointed out a possible mechanism, namely the back and forth 
reflection of shock waves between the wall and the bubble surface, 
which can be seen in the pressure contours of the AMM simulation in 
Fig. 6. However, the propagation of a shock wave is absent in the CBIM 
simulation, which implies that at least in that case there is another 
mechanism responsible for this pressure fluctuation. At the moment of 
the local pressure peak ‘A’, we note that a tiny downward protrusion 
forms around the jet impact area. An annular neck can be observed to 
form between the protrusion and the main body of the bubble (frame a). 
Presumably, the pressure fluctuation is related to the annular jet and 
protrusion. As the protrusion grows and moves towards the wall, the 
pressure gradually increases (frame b, mark ‘B’ in frame e) and finally 
reaches the maximum (frame c, mark ‘C’ in frame e). The maximum 
pressures predicted by the two methods are very close, and can be 
estimated as the stagnation pressure ρ∗v∗2

jet/2. Due to the restriction of 
the wall, the protrusion motion is redirected from vertically downward 
to radially outward (frame d). Meanwhile, the magnitude of the jet 
impact pressure on the wall decreases gradually (see mark ‘D’ in frame 
e) but the area of the high pressure region increases. As the annular neck 

Fig. 8. Early expansion phase and final collapse phase of a bubble with a large initial gas density ρ∗
g0 = 0.2 simulated with AMM at six different times t∗. The other 

control parameters are kept identical to those in Fig. 5. 
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further develops inwards, the subsequent toroidal bubble dynamics 
simulated by the two methods has a clear difference, namely the toroidal 
bubble splits in the AMM simulation while this particular phenomenon 
cannot be observed in the CBIM simulation (frames c-d). Nevertheless, 
except for the local high-frequency fluctuations, the overall variations of 
the pressure on the wall obtained from the two methods are almost the 
same (frame e). 

We also conduct a convergence study for the axisymmetric AMM 
simulation of this jetting bubble, as depicted in Fig. 7. The mesh sizes are 
taken as Δx∗ = 1/32, 1/64, 1/128, 1/256, and 1/512. The left panel 
shows pre-impact bubble profiles at t∗ = 19.6. There is a noticeable 
difference at the jet tip which indicates that the speed of the jet is sen-
sitive to the grid resolution. The right panel shows post-impact profiles 
at t∗ = 19.8. The toroids are virtually identical except for a tiny differ-
ence at the jet tip, as can be seen from the zooming inset. The essential 
features of the toroidal bubble, however, are there: the downward 
protrusion, the annular thin liquid film between the protrusion and the 
main body of the bubble, and the breakup of the liquid film into many 
tiny droplets (only in the Δx∗ = 1/256 and 1/512 simulations). We 
clearly see a convergence in the profiles of both panels as the mesh size 
decreases, and the adopted Δx∗ = 1/512 seems a convenient choice for 
decent results. 

4.3. Effect of gas inertia 

In the previous AMM simulation, the initial gas density is relatively 
small, i.e., ρ∗

g0 = 0.005. Thus the effect of gas inertia on the bubble 
dynamics is negligible, as suggested by the fact that the pressure field in 
the bubble is quite uniform during the entire bubble life. A similar 
phenomenon was reported in recent published literature using Open-
FOAM (Han et al., 2015a; Lechner et al., 2019). However, the initial gas 
density may be quite large and comparable to that of water. For 
example, a typical TNT explosive, with the density 1.6 g /cm3, turns into 
gas phase within milliseconds after the detonation (Klaseboer et al., 
2005a; Li et al., 2019a), generating a large-density gas bubble. There is 
little knowledge about the effect of gas inertia on the bubble dynamics. 
Hence we use different gas densities in AMM simulations to investigate 
the effect of gas inertia in this section. 

Fig. 8 shows the AMM simulation results of a bubble with a larger 
initial density ρ∗

g0 = 0.2. Frames (a-c) depicts the early expansion phase 
of the bubble. The pressure near the bubble surface decreases first and 

the pressure at the bubble center stays constant for a short time due to 
inertia (frame a). Strictly speaking, the pressure inside the bubble hardly 
reaches a uniform state in this case. Compared to the mean pressure of 
the gas, the local pressure at the bubble center periodically becomes 
small and large during the bubble expansion phase (frames b-c). At the 
beginning of the jet formation stage (frame d), the top of the bubble 
experiences a large acceleration under the strong driving force from the 
localized high pressure region, which causes a slight increase of the gas 
pressure at the upper part of the bubble. As the jet develops (frame e), 
there is a localized high-pressure region near the front of the jet tip. Note 
that the localized high-pressure region near the jet tip is indistinguish-
able when the gas density is much smaller (see Fig. 5). Prior to the jet 
impact moment (frame f), a Rayleigh-Taylor instability (mushroom cap) 
can be found around the jet tip. 

To quantitatively estimate the effect of gas inertia/density on the gas 
pressure distribution, we show the evolution of Δpg/pg versus time in 
Fig. 9(a), where Δpg is the maximum pressure difference inside the 
bubble and pg is the mean pressure. It is clear that the magnitude of the 
pressure variation increases with ρ∗

g0. As shown in the inset, the average 
value of Δpg/pg is nearly proportional to ρ∗

g0, which agrees with our 
intuition. To further illustrate the effect of ρ∗

g0 on the bubble motion, we 
plot the time history of the jet velocity in Fig. 9(b). The jet develops 
more slowly with increasing ρ∗

g0. The results of the ρ∗g0 = 0.002 simula-
tion coincides with that of the ρ∗

g0 = 0.005 case. One can note that the 
velocity becomes a constant at the final stage of the jet development in 
these two simulations. This is because the pressure gradient around the 
jet tip at the final stage is very small and the acceleration at the jet tip 
approaches zero (see Fig. 5(f)). For a large gas density (ρ∗

g0 = 0.05,0.1,
0.2), the absolute value of the jet velocity reaches its maximum before 
the jet impact and then decreases, which is attributed to the resistance 
from the gas (see Fig. 8(e)). Therefore, one should be careful when using 
CBIM to predict the jet velocity if the gas density is relatively large. In 
the inset of Fig. 9(b) we plot the maximum absolute value of the jet 
velocity versus ρ∗

g0. The variation of the maximum |U∗
jet| is within 5% if 

ρ∗
g0⪅0.05 and 1% if ρ∗

g0⪅0.01. In the above simulations, the jet forms at 
the final stage of the bubble collapse, thus the density of the gas reaches 
its maximum. However, if the interaction between a bubble and 
boundaries is very strong, the jet impact usually occurs when the bubble 
is less compressed and the effect of gas inertia is insignificant. Under 
these circumstances, one can trust the numerical prediction from CBIM. 

Fig. 9. Effect of the gas density. (a) The variation of the gas pressure Δpg inside the bubble, scaled by the mean pressure pg. Evolution of the average value of Δpg /pg 

versus ρ∗g0 is given in the inset. (b) The evolution of the jet velocity versus time. The maximum absolute value of the jet velocity versus ρ∗
g0 is given in the inset. 
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5. Comparison between numerical simulations and 
experimental observations 

In this section, we compare the numerical results with an experiment 
of a spark-generated cavitation bubble near a rigid wall. The experi-
mental setup can be found in Zhang et al. (2016). The experiment is 
conducted in a 0.5 × 0.5 × 0.5 m3 water tank and the bubble is initiated 
25.7 mm above the tank bottom. Since the maximum equivalent radius 
of the bubble is about 29.6 mm (calculated from the maximum volume), 
the effect of the sidewalls and free surface on the bubble dynamics is 
insignificant (Li et al., 2020). To match the experiment, one needs to 
adjust the initial conditions of the bubble, namely the initial radius and 
pressure of the bubble. As demonstrated in the literature (Blake et al., 
1998; Li et al., 2016; Turangan et al., 2006), the oscillating and jetting 
behavior of the bubble is not sensitive to the initial pressure (the initial 
bubble radius varies accordingly with p0) when p0/p∞ ranges from 50 to 
500. Hence, we first choose the initial pressure of the bubble p0 =

200p∞, and then the initial bubble radius is adjusted until the maximum 
bubble radius in the experiment is accurately reproduced by CBIM. 
Finally, the initial bubble radius is set as R0 = 4.139 mm. Since the main 
aim of this section is to examine the effect of liquid compressibility on 
such a cavitation bubble, we perform another simulation with an 
incompressible boundary integral method (BIM) instead of using AMM. 
The initial conditions in BIM are set the same as in CBIM. 

Fig. 10 shows the comparison of bubble profiles between experi-
mental observation, CBIM (red lines), and BIM (blue lines) simulation 
results. Frames (a-b) depict the expansion and maximum volume of the 
bubble, respectively. The CBIM simulation reproduces the experiment 
quite well while the bubble size is overestimated by BIM. This is because 
the compressibility of water causes energy loss via acoustic radiation, 
which is neglected in the incompressible model (BIM). Since the bubble 
oscillation period is proportional to the maximum bubble radius, the 
bubble collapse in the BIM simulation is delayed compared to the 
experimental observation and the CBIM result. We find excellent 
agreement of the spatio-temporal bubble motion between experimental 
observations and CBIM simulations in frames (a-d). During the final 
stage of the bubble collapse, a fast liquid jet forms and the CBIM pre-
diction of the jet velocity is smaller than the experimental result. A 
possible reason responsible for this difference may be the fact that the 
transient motion of the bubble causes some deformation and movement 
of the tank bottom. Zhang and his co-workers (Cui et al., 2018) found 
that the fluid-structure interaction effect leads to a faster jet velocity. 
Hence, we shifted the times of our numerical results slightly from frame 
(e) and the bubble profiles can be well reproduced. After the jet impact 
(frame g), the toroidal bubble keeps shrinking and our CBIM results 
provide some details of the bubble interior, which is not clearly visible in 
the high-speed image. A thin liquid film forms around the axial jet 
(frame h), which develops upward and finally impacts on the upper 
surface of the toroidal bubble (frame i). This annular liquid film was 
called ‘crown splash’ in some studies (Tong et al., 1999) and the asso-
ciated Reynolds number and Weber number can be estimated as O(106)

and O(105), respectively, indicating that this crown splash suffers from 
strong instabilities (Deegan et al., 2007). Therefore, the liquid film is 
expected to break up into many tiny droplets and then impact on the 
opposite bubble wall randomly, which causes a rough surface of the 
bubble, as shown in frame (i). The final stage of a collapsing bubble is 
often accompanied with some fragmentation (Li et al., 2019a; Reuter 
and Kaiser, 2019; Lindau and Lauterborn, 2003). Thus an axisymmetric 
model is not capable of capturing the detailed 3D features of the bubble 
and this multi-scale problem is a challenge at present. 

Finally, one may argue that the conventional incompressible BIM 
also reproduces the experiment quite well if the initial condition is set 
properly, as previously done in some literature (Klaseboer et al., 2006; 
Bremond et al., 2006; Han et al., 2015b; Tong et al., 1999; Brujan et al., 
2002). Indeed, the bubble oscillation period, expansion, collapse, and 

jetting behaviors can be roughly reproduced by BIM as long as the 
maximum size of the bubble is reached accurately. However, since the 
compressibility of the liquid is not incorporated, we conclude that the 
results obtained from BIM deviate from the real physical process. From 
the perspective of solving engineering problems, we use different initial 
conditions in BIM and the results are compared to the above CBIM 
simulation results and experimental results. More details are provided in 
the Appendix. 

6. Summary and conclusions 

This study employed the Rayleigh-Plesset theory, a conventional 
incompressible boundary integral method (BIM), a compressible 
boundary integral method (CBIM) and a compressible volume of fluid 
(VoF) solver to investigate both spherical and nonspherical dynamics of 
bubbles in a compressible liquid. The numerical results obtained from 
the aforementioned methods are compared against each other and 
against the experimental data. The effect of gas density/inertia is also 
studied. The main findings are as follows:  

(1) As for a spherical oscillating bubble, the extended/compressible 
Rayleigh-Plesset (or Keller) equation (ERP), CBIM, and AMM give 
very close results when Ma⪅0.3 (weak compressibility). As Ma 
increases from 0.3 to 0.6, the compressibility effects become 
stronger and the numerical results obtained from the aforemen-
tioned approaches exhibit more differences, especially for the 
maximum bubble size and the maximum velocity of the bubble 
surface. Surprisingly, both ERP and CBIM still predict the pres-
sure field very well.  

(2) We revisit the interaction between a compressible gas bubble and 
an infinite rigid wall at Ma = 0.1. It is found that CBIM has a 
surprising accuracy and efficiency in simulating the dynamics of 
nonspherical compressible bubbles. The results obtained from 
CBIM and AMM show many similarities, including the evolution 
of the nonspherical bubble morphology, jet impact velocity, and 
impact pressure on the wall.  

(3) The average value of Δpg/pg over time is nearly proportional to 
the gas density, where Δpg is the maximum pressure difference 
inside the bubble and pg is the mean pressure. Additionally, the 
jet impact velocity decreases with increasing gas density. 
Compared to a situation of quasi-non-inertia of the bubble gas, 
the reduction of the maximum jet velocity is within 5% if ρ∗

g0⪅ 
0.05 and 1% if ρ∗

g0⪅0.01.  
(4) We compare the CBIM and BIM results against an experiment of a 

spark-generated bubble. It is found that the liquid compressibility 
plays a role in such cavitation bubble problems even the Mach 
number is less than 0.1. Since the energy loss effect is absent in 
BIM, the bubble size and bubble oscillation period are over-
estimated. From the perspective of solving engineering problems, 
BIM can also reproduce the main features of the bubble dynamics 
in the first cycle provided that the initial conditions are set 
properly according to the maximum bubble size. 
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Appendix. How to match the experiment with an incompressible BIM? 

From the perspective of solving engineering problems, different initial conditions (p0,R0) = (200p∞,3.84 mm) are used in BIM to reproduce the 
maximum bubble size in the experiment and other important quantities are compared with the above CBIM simulation and the experimental result in 
Fig. A.1. Keep in mind that the maximum bubble size is the same in the two simulations but different initial conditions are used. The discussion below 
may provide a reference for the engineering community. In Fig. A1(a), we note that the bubble radii obtained from the two approaches are quite close 
during the expansion phase, however, some small differences can be seen during the collapse phase. Specifically, the bubble collapses more slowly if 
the compressibility of liquid is incorporated. Remarkably, the bubble profiles at the jet impact moment agree well between the two simulations (see 
panel b). As shown in panel (c), the jet impact velocities obtained from BIM and CBIM are both at the order of 80m/s, which is smaller than the 
experimental data (∼ 120m/s). A possible mechanism responsible for the difference between the numerical simulation and experiment has been 
explained above. The peak of the impact pressure at the wall center obtained from BIM is ∼5% higher than that from CBIM, as shown in panel (d). This 

Fig. 10. Comparison of a collapsing cavitation bubble between the experimental observation, CBIM simulation (red lines, left) and BIM simulation (blue lines, right) 
at nine different times. The lower solid black line in each frame presents the position of a solid wall. The black bar in frame (i) shows a 20 mm scale. The dimensional 
times of numerical results are 1.36, 3.18, 4.63, 5.19, 5.80, 6.17, 6.54, 6.69, and 6.84 (unit: ms). Note that the oblique lines in the frames are part of the experiment 
set-up; they are the wires used to generate the spark. (For interpretation of the references to colour in this figure legend, the reader is referred to the web version of 
this article.) 
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difference may be indistinguishable or acceptable in some applications. Therefore, BIM can be used to model bubble dynamics in some practical 
applications in which the second cycle of the bubble is not relevant. It is worth mentioning that the BIM result significantly deviates from the 
experiment during the rebounding phase (second cycle of the bubble) (Li et al., 2019a; Lee et al., 2007). 
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conditions (p0,R0) = (200p∞,3.84 mm)

are used in the BIM simulation. The 
CBIM results and the experimental data 
are the same as those in Fig. 10. (a) The 
equivalent bubble radius, (b) the bubble 
profile at the jet impact moment, (c) the 
jet velocity, and (d) the pressure at the 
wall center. The solid black line in panel 
(b) denotes the rigid wall and the green 
dots in panel (d) denote the jet impact 
moments in the two simulations. (For 
interpretation of the references to colour 
in this figure legend, the reader is 
referred to the web version of this 
article.)   
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