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Abstract
Transformational design integrates design and

verification. It combines “correctness by construc-
tion” and design creativity by the use of pre-
proven behaviour preserving transformations as
design steps. Transformational design is a formal
design methodology in which formal aspects are
hidden for the designer.  Formal aspects of trans-
formational design as a methodology for high-level
synthesis, are discussed in this paper. Moreover
graph rewriting theory is shown to be useful as a
formal framework for transformational design.
Transformations are defined as graph rewritings.
Graph rewriting theory does not cover semantic as-
pects of graphs, which are useful as design repre-
sentations because they visualise design informa-
tion. A compositional formal semantics of design
representations is essential in transformational de-
sign in order to prove the correctness of the trans-
formations. This paper presents an extension of
graph rewriting to attributed graphs as  a suitable
way to include semantical aspects. The used attrib-
ute algebra, table algebra, is a relation algebra de-
rived from database theory. The combination of
graph rewriting, table algebra and transformational
design is new. Also new is the use of PVS (a theo-
rem prover of SRI) to assist in the correctness
proofs of the transformations.
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 I. INTRODUCTION

High-level synthesis deals with the derivation of
RTL (Register Transfer Level) implementations
from behavioural specifications. The correctness of
high-level synthesis is of importance and needs to
be guaranteed in order to eliminate costly design
iterations. A design methodology based on
“correctness by construction” is, because of the
complexity of designs, preferred above design

methodologies in which either simulation or verifi-
cation is used to guarantee the design correctness.
In high-level synthesis the creativity of the de-
signer is of great influence and therefore exploita-
tion of the designer's experience and insight needs
to be possible. Transformational design incorpo-
rates correctness by construction and interactive de-
sign and therefore it not only leaves room for the
designer's creativity but even stimulates it. Correct-
ness by construction in transformational design is
achieved by building up the design process out of
small design steps, transformations, which are
proven to be correct previously. The designer gets
a large set of correctness preserving transforma-
tions and selects, possibly supported by a trans-
formational design system, which transformations
will be used and in what order.  In this design ap-
proach the decisions and their alternatives become
clear which increases the insight of the designer [1]
and stimulates his creativity. The feasibility of
transformational design, especially for  DSP
(Digital Signal Processing)  design applications, is
shown [1, 2]. Transformational design is used for
area, time as well as power optimisation objectives
until now.

Transformational design is assumed to be for-
mally well founded. Often more attention seems to
be given to show its feasibility than to its formal
aspects [3]. Correctness is related to the semantics
of design representations, the specified behaviour.
In order to prove transformations to be  behaviour
preserving the representation(s) on which the
transformations are defined need to have a formal
semantics. Only a few of the commonly used
specification languages have such a formal seman-
tics. The best approach for transformational design
seems to be to define transformations on an inter-
mediate design representation to which different
specification languages can be converted [4]. This
gives the opportunity to combine the use of differ-
ent specification languages all having their own
advantages and disadvantages. Graph representa-



tions are useful  as intermediate design represen-
tations [4, 5, 6] because of their visualisation of de-
sign information. A formal semantic model for
such graph representations, based on a relation
algebra, is discussed in [7] and is used here.
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Fig.1: a)  Two equivalent specifications of a simple system by
the use of different algorithms

b)  Graph representations of the algorithms

Transformations on graph representations are
just replacements of  selected subgraphs by new
subgraphs.  The algorithms of figure 1 can be
transformed into each other by interchanging the
subgraphs in the shaded areas. Graph rewriting is
a mathematical theory developed during the last
twenty years to describe the allowed replacements
of subgraphs. It describes not only which sub-
graphs can be interchanged but also how they can
be interchanged. In this paper the benefits are dis-
cussed of relating the definitions and formal as-
pects of transformational design to graph rewriting
theory.

 II. FORMAL ASPECTS OF TRANSFORMATIONAL

DESIGN

As discussed by McFarland [4], the formal as-
pects of transformational design methodologies for
digital systems are not always well defined and the
correctness of transformations is often based on
intuition instead of proofs. Proving the correctness
of transformations is an essential element of the
transformational design approach. These proofs
not only ensure correctness of transformations but
also support the understanding of the transforma-
tional design process as well as of the applicability
of the various transformations. In order to prove
the correctness of transformations a formal frame-
work for transformational design needs to be de-
fined. Formal aspects that have to be included in
such  a framework are:

• the system model used

• the correctness definition used

• formal semantics of design representation(s)

• formal definitions of transformations

• correctness proofs for transformations
These formal aspects and their relation with graphs
and graph  rewriting will be discussed.

 III. THE SYSTEM MODEL

System models are used to describe and/or
analyse the essential characteristics of systems.
These models are simplifications of reality and di-
rected at and restricted to certain system character-
istics. Correctness can only be discussed  in rela-
tion to a certain model and therefore is always lim-
ited to the characteristics described by this specific
model. A guarantee of correctness therefore only is
meaningful if also the model to which it is related
is defined.

Here we concentrate on modelling functionality
for systems that can be implemented as determi-
nistic synchronous digital systems. A combination
is used of a RTL model and a black box specifica-
tion model. In the RTL model structure is de-
scribed by signal flow graphs and behaviour is a de-
rivative. In the specification behaviour  is essential
but structure can be of importance too. Specifica-
tions are given by algorithms which inherently in-
clude structure that can be used as implementation
suggestion (see figure 1).

Essential assumptions at the specification  level
are related to the communication with the envi-
ronment. Only one input stream and one output
stream are assumed,  of which the first is inde-
pendent of the interaction between the system and
its environment. Note that several input streams
can be combined into one in case the streams are
synchronised.

A specification is supposed to prescribe the ob-
servable behaviour. The observable behaviour  is the
relation between the values of elements of the
stream of inputs and elements of the stream of
outputs.  Each element of the output stream is al-
lowed to depend on  the history determined by a
finite  (statically determined)  part of the stream of
inputs. The history dependence is modelled by state
variables like in FSM models.

 Determinism is related to an initial state of the
system. Each time when starting from this initial
state the same stream of inputs is given also the
same stream of outputs has to be delivered by the
system. Determinism corresponds with monotonic-
ity: if an input stream is the head of another input
stream its output stream is the head of the other
output stream. Although the system has to be de-



terministic we allow the specification of the system
to be non-deterministic. Non-determinism is used
to describe design freedom.

Concurrency is a hardware characteristic that is
important in the RTL model and which is nicely
modelled by data flow graphs. Data flow graphs
model operations on data and communication of
data between operations. Operations correspond
with combinational components and the communi-
cation with wires in RTL descriptions. Data flow
graphs can be defined hierarchically which is of im-
portance to handle complexity. For the modelling
of synchronous systems we use a variation on data
flow graphs: signal flow graphs. The reason for this
is that data flow graphs model asynchronous sys-
tems by using tokens to model activity. In syn-
chronous systems a more abstract model of activity
can be used: all components can be said to be ac-
tive exactly once each clock period. This is based
on the fundamental assumption that the system
clock of a synchronous system is chosen such that
all values in the system stabilise each clock period
(obligation for the designer). The stabilisation of
values is modelled by a single assignment model for
signal values which replaces the token model of
data flow graphs. Signals are streams of values re-
lated to a certain clock representing the stable val-
ues and modelled by functions on natural num-
bers. Signal flow graphs model operations on sig-
nals; operations are repeated every clock period.
Control flow is integrated in  our model  by the use
of conditional execution of operations.

 IV. THE CORRECTNESS DEFINITION

Observable behaviour, the data relation between
inputs and outputs, needs to be preserved in the
design process. A non-deterministic specification
of this behaviour has to be transformed into a sys-
tem with deterministic behaviour. As a conse-
quence the definition of correctness of transforma-
tions needs to include behaviour equivalence of
design representations as well as behaviour impli-
cation of one design representation to another. In
this paper the concepts of our approach are illus-
trated for correctness based on behaviour equiva-
lence only.

In transformational design it is essential that the
behaviour of a system is a composition of the be-
haviours of its subsystems. Only then replacing a
subsystem by another with equivalent behaviour
can guarantee not to influence the behaviour of the

total system. This is called compositionality and de-
livers a constraint for the formal semantics.

Note that compositionality of behaviour also
means that behaviour may not depend on the envi-
ronment.

 V. TRANSFORMATIONS AS GRAPH REWRITINGS

In this section a short and informal introduction
to graph rewriting theory is given. Transforma-
tions are defined as graph rewritings and precon-
ditions for their syntactical correctness are pre-
sented. First of all a suitable definition of graphs is
discussed.

A.  Definition of Graphs
Graph rewriting theory is based on mathemati-

cal directed graphs. In order to benefit from this
theory graphical design representations therefore
are related to these mathematical directed graphs.
A mathematical graph is a composition of two
kinds of objects: nodes (or vertices) and edges (or
arcs). Graph representations suitable as intermedi-
ate representations in high level synthesis are flow
graphs, compositions of operators and data com-
munications. Operations are defined on tuples, or-
dered sets, of data values and can not be repre-
sented by elements of simple mathematical graphs.

Directed hypergraphs are directed graphs in which
the edges, called hyperedges, are allowed to have
more than one source and more than one target.
Sources and targets of a hyperedge are given by
lists of nodes. The ordering of sources and targets
is explicitly part of the structure of hypergraphs.
This corresponds nicely with operand tuples of op-
erations.  Therefore hyperedges can be usefully
related to the operators in flow graphs. Where dif-
ferent operators appear in flow graphs the possibil-
ity to distinguish different kinds of hyperedges is
needed. Labelling is used for this purpose. Labels
relate hyperedges to their semantics.

A graphical representation of the edge labelled
directed hypergraphs is shown in figure 2. It is im-
portant to notice that the hyperedges in this paper
correspond with what are often called “nodes”  in
flow graph representations. Because of this choice
useful transformations on flow graphs can be re-
lated to edge replacements [9]  in graph rewriting
theory.
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Figure 2:
a) “Usual” representation of a simple mathematical graph

(  = node; → = edge)
b) Representation of the same graph defined as directed

hypergraph (  = node; =hyperedge; → source and
target relation)

c)  A “real”  and labelled hypergraph : an edge, labelled b,
with more than one source and an edge, labelled a,
with more than one target.

Definitions:

1. When X is a set, X* is the set of all finite tuples
(lists) of elements of X

2. An edge labelled directed hypergraph is a 5-
tuple G =< N, E, s, t , lab> in which 

N is the set of nodes and 
E  the set of directed hyperedges

s :  E → N* a function that gives lists of
sources of the hyperedges 

t : E → N* a function that gives lists of
targets of the hyperedges

lab: E → LABS a function that gives the  la-
bels of the hyperedges

3. A graph morfism of an edge labelled directed
hypergraph G to an edge labelled directed hy-
pergraph G’ is a tuple m= <m

N
, m

E
> such that

m
N 

:N → N’,
   
m

E 
:E → E’ and (see figure 3):
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Fig. 3. Commutative diagram for a graphmorfism

B.  Graph Rewritings
Graph morfisms are used to formally define the

selection of a copy of a (hyper)graph in another
(hyper)graph. Graph morfisms preserve structural
properties including labels: edges are mapped into
edges and nodes into nodes. Moreover the sources
of the image of an hyperedge are the images of the
sources of the hyperedge and similar for targets.
This structure preservation is said to correspond
with the condition that the diagram in figure 3 has
to be commutative.

Transformation rules, productions in graph re-
writing theory, are defined by 3 graphs L, K, R and
2 graph morfisms l and r. L corresponds with the
graph to be replaced and is called left hand side. R
corresponds with the replacing graph and is called
right hand side. K is called the interface graph and
corresponds to the “boundary”  along which the

copy of graph L  is cut out of a graph and along
which the copy of R is glued into
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Fig. 4. Graphical representation of a transformation rule de-
scribing associativity of addition.

the same graph. Figure 4 gives an example of the
graphical representation of such a transformation
rule: the transformation rule describing associativ-
ity of addition.

A transformation is the application of a trans-
formation rule (figure 5). The application of a
transformation rule <L,K,R,l,r> on hypergraph G is

given by specifying a graph morfism g: L → G
which “selects” a copy of L in G:  g(L). This copy of
L has to be replaced by a copy of R. The interface
graph K is used to prescribe how the replacement
has to be done. D is the context graph, G after re-
moving the copy of L but not the interface:

D = G -  g(L-l(K))
Notice that D is a well-defined graph because of
including the (g ° l )-image of  the interface graph

K. There is a small but important difference be-
tween the context G - g(L) and the context graph D.
The interface graph is essential because of this.
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Fig. 5. A transformation defined as graph rewriting: (All graph
morfisms are represented by numbers and characters.
Nodes ( edges) with the same number (character) are
mapped onto each other).

C.  Syntactical Correctness of Rewritings
The algebraic specification of graph rewriting as
discussed above and defined by Ehrig [9] is useful
in proofs. Of special importance is the gluing condi-
tion which defines preconditions for the syntactic
correctness of the application of transformation
rules [9].  Informally explained the gluing condi-



tion states that  elements of L not belonging to the
gluing l(K) may not have the same g-image as an-
other element of L. It also states that an internal
node of L, an element of L-l(K), may not be a source
or a target of an hyperedge in the context: G-g(L).
Figure 6 illustrates two syntactical incorrect appli-
cations (not satisfying the gluing condition) of the
transformation rule of figure 4.
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Fig. 6. Two applications of the transformation rule of figure 4
which do not satisfy the gluing condition.  represent
the elements of L causing problems and their g-
images.

 VI. FORMAL SEMANTICS OF (LABELLED) GRAPHS

The semantical aspects of the above used graphs
are related to the labels. These labels are references
to the behaviour of the hyperedges. This reference
can be used in a formal semantics based on attrib-
uted graphs. Attributed graphs are graphs in
which attributes are assigned to elements of the
graphs:

Definition:

 An attributed graph is a graph G together with

one or more (attribute)functions of type E
G
→ Σ

1

or type N
G
→Σ

2
 for some algebra’s Σ

I

In case the semantics of hyperedges is defined
by the attributes assigned to them, the attribute
function corresponds to a valuation function of a
denotational semantics [10]. The attribute algebra
becomes a semantic algebra and a formal semantics
is determined.  This means that a formal semantics
can be based on attributed graphs together with a
suitable attribute algebra.
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Fig. 7. a) graph GA as composition of two subgraphs
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peredge in Gnew

A. Formal Semantics based on Table Algebra
The observable behaviour specified by a hyper-

graph is a data-relation on its external nodes, its
boundary. The formal semantics defines a mathe-
matical representation of observable behaviour as
well as its composition from the behaviour of ob-
jects in the hypergraph. Tables are defined as repre-
sentations of data-relations and can be viewed as a
generalisation of the truth table concept. Three op-
erations are defined on tables: the natural join  as
composition operator, the restriction as projection

operator and the renaming operator ∞. The use of
the obtained table algebra in the definition of a
formal semantics is informally illustrated by dis-
cussing the derivation of the observable behaviour
of hypergraph Gnew in figure 7.

 A table is a set of functions with a common do-
main [11]. This common domain is called the head-
ing of the table. If a table is used as representation
of the behaviour of a hyperedge then the heading
of the table consists of the nodes to which this hy-
peredge is connected. A table corresponds with a
predicate on functions (specifying whether the
function represents an allowed combination of
data-values to be observed at the nodes). For ex-
ample the behaviour of hyperedges instantiating
addition operations, add and add1 of figure 7, can
be given by:

Table(add) = { f | [dom(f) = {a,b,e}] ∧  [ f(a) ∈  [1,2] ]

∧  [ f(b) ∈  [1,2]] ∧  [f(e) ∈  INT]

∧ [ f(e) = f(a) + f(b)] }

Table(add1) = { g | [dom(g) = {c,e,d}] ∧  [g(c) ∈  [1,2] ]

∧  [g(e) ∈  [1,2]] ∧  [g(d) ∈  INT]

∧ [g(d) = g(c) + g(e)] }
These tables can also be given graphically which

makes clear why these sets of functions are called
tables. Each function in the set corresponds with a
row in the graphical table:

Table(add)= a b c Table(add1)= c e d

1 1 2 1 1 2

1 2 3 1 2 3

2 1 3 2 1 3

2 2 4 2 2 4



The behaviour of hypergraph GA is the compo-
sition of Table(add) and Table(add1):

Table(GA) = Table(add)  Table(add1) = a b c e d

1 1 2 1 3

1 1 2 2 4

The natural join , known from database theory
[11], corresponds with the conjunction of predi-
cates. The natural join combines function elements,
rows, of tables into a function element, row, of a
new table. Functions can only be combined if for
shared domain elements the original functions de-
liver the same function value. In case of the natural
join of Table(add) and Table(add1) the function value
of c needs to be 2.

The observable behaviour of GA is the data rela-
tion on its external  nodes: {a, b, e, d}. This observ-
able behaviour is obtained by projection , restrict-
ing each element of Table(GA) to the external
nodes:

observable behaviour of GA=

Table(GA)  {a, b, e, d} = a b e d

1 1 1 3

1 1 2 4

GA is used as specification of the behaviour of a
hyperedge. The attributes of the above given table,
{a, b, e, d} become formal parameters and are re-

named by ∞, into the sources and targets of  the
hyperedge:
Table(Gnew)=

Table(GA) ∞ {<x,a>,<y,b>,<z,e>,<w,d>} = x y z w

1 1 1 3

1 1 2 4

 VII. CORRECTNESS PROOFS OF TRANSFORMATIONS

The observable behaviour of the representation of a
system may not be changed by transformations.
Because of the compositionality of the formal se-
mantics it is sufficient to prove that the behaviour
of the new part is equivalent to the behaviour of
the replaced part. The semantical correctness of the
transformations can be proven to be based on se-
mantical correctness of the transformation rules,
that still need to be proven, and the gluing condition.
Because of the large number of transformation
rules  a tool that supports the proofs of semantical
correctness is needed.  PVS (Prototype Verification
System of SRI) [8] is shown to be useful in support-
ing correctness proofs of our transformation rules
[12]. Because PVS is based on interactive proving it
makes clear the problems in the proofs. Proofs that

could not be given often resulted in more insight
than those which could be proven easily.

 VIII. CONCLUSIONS

Graph rewriting is a suitable basis for a formal
framework for transformational design on graphi-
cal design representations. A transformation de-
fined as graph rewriting is split into a transforma-
tion rule and an application of this rule. Graphs de-
scribe structure. The extension of graph rewriting
to attributed graphs is a useful way to integrate
semantical aspects with structure described by
graphs. The semantical correctness of transforma-
tions is nicely based on the combination of seman-
tical correctness of the transformation rule and syn-
tactical correctness of the application. The gluing
condition from graph rewriting theory unifies con-
straints for syntactical correctness of transforma-
tion rule applications. The  interface graph is essen-
tial in the definition of transformations as well as in
the gluing condition. It  prescribes the way sub-
graphs have to be connected (interfacing) with
their environment.

Table algebra is suitable as attribute algebra and
therefore also as semantic algebra of a denotational
semantics of the design representation. It is nicely
intuitive but also formally well defined.
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