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Moving heat load problems appear in many manufacturing processes, such as lithography, welding,
grinding, and additive manufacturing. The simulation of moving heat load problems by the finite-
element method poses several numerical challenges, which may lead to time consuming computations.
In this paper, we propose a 2D semi-analytic model in which the problem in two spatial dimensions is
decoupled into three problems in one spatial dimension. This decoupling significantly reduces the com-
putational time, but also introduces an additional error. The method is applied to a wafer heating exam-
ple, in which the computational time is reduced by a factor 10 at the cost of a 4% error in the temperature
field.
� 2018 The Authors. Published by Elsevier Ltd. This is an openaccess article under the CCBY license (http://

creativecommons.org/licenses/by/4.0/).
1. Introduction

Moving heat load problems occur in many manufacturing pro-
cesses, such as welding [1–8], grinding [9,10], metal cutting
[11,12], laser hardening of metals [13,14], and additive manufac-
turing [15–18]. More recently, moving heat load problems are also
studied in precision engineering because of their emerging rele-
vance in lithography systems for the semiconductor industry.
Because this is still an emerging problem only a few introductory
references are available [19–21]. In the lithography application, it
is customary to consider a two-dimensional (2D) spatial domain
(see [20,21]), whereas three-dimensional (3D) spatial domains
are typical for the other applications.

The basis of the theory for moving heat sources was developed
by Rosenthal [1,22], who observed that when the path of the heat
load is long enough, the temperature distribution around the
source soon becomes constant. Assuming constant material prop-
erties, Rosenthal developed closed-form analytic expressions for
these quasi-stationary temperature fields resulting from point,
line, and plane heat sources. Although Rosenthal’s analysis pro-
vides valuable estimates, transient effects and position or
temperature-dependent coefficients are important in many
applications. In these situations the problem is solved by Finite Ele-
ment (FE) analysis (see for example [2,3,16]).

Solving a moving heat load problem by the FE method poses
several numerical challenges. One problem is that by fixing the
coordinate frame to the heat load we obtain a convection-
diffusion problem. It is well known that the FE discretization of
such problems may result in spurious oscilations [23]. Spurious
oscilations can be prevented in two ways. In the first approach,
the mesh size in the direction of the velocity of the moving load
is chosen smaller than 2D=v , where D [m2/s] denotes the thermal
diffusivity of the material and v [m/s] denotes the velocity of the
moving load [23]. Note that this approach is computationally
demanding when the velocity v is high. In the second approach,
upwinding schemes [23,24] are used. These schemes prevent spu-
rious oscilations at the cost of an increased discretization error.

Another problem is that the area in which the heat load is
applied is typically small. This makes both the spatial and temporal
discretization of such problems computationally demanding. For
example, Zhang et al. [15] report that for a Gaussian heat distribu-
tion, the mesh size should be at least twice as small as the radius of
the heat distribution and at least two time steps are needed for the
time that the heat load travels along one element.

Because of these considerations, many problems require a small
mesh size. For a static mesh, this mesh size needs to be used in the
whole region through which the heat load travels, which results in
models with many Degrees of Freedom (DOFs). To keep the
number of DOFs limited, adaptive meshing strategies have been
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proposed [3,4,17], which lead to significant reduction in computa-
tional effort. Note that these schemes require some cost for updat-
ing the mesh and that the temporal discretization remains
challenging, since the adaptive mesh will keep the mesh size near
the source small.

For problems with constant coefficients, spatial discretization
can be avoided by semi-analytic methods [5–8,25]. In these meth-
ods, the temperature field is expressed as the convolution of the
fundamental solution of the heat equation and the applied heat
load. The convolution over space can typically be solved analyti-
cally, so that only numerical evaluation of the convolution over
time remains. This is still a computationally intensive operation
when the solution is evaluated on a fine grid.

In this paper, we propose a novel semi-analytic approximation
method to reduce the computational cost of 2D transient moving
load problems with constant coefficients. We construct a semi-
analytic approximation in which we decouple the problem in
two spatial dimensions into three problems in one spatial dimen-
sion. This significantly reduces the computational cost, especially
on fine grids. The proposed method is demonstrated by an example
from precision engineering, more specifically for a wafer heating
problem.

The remainder of this paper is structured as follows. In Section 2,
the semi-analytic approximation for the temperature field is intro-
duced on an infinite domain. In Section 3, we give a physical inter-
pretation of the semi-analytic approximation. In Section 4, we
discuss the modeling of edge effects and repetitive scanning pat-
terns, which are typically encountered in lithography and additive
manufacturing. In Section 5, we apply the developed techniques in
a wafer heating example. In Section 6, the conclusions are pre-
sented and the results are discussed.
2. Semi-analytic approximation

2.1. Problem formulation

We consider heat conduction in a thin infinite plate with thick-
ness H [m] and constant material properties (see Fig. 1). The heat
losses to the surrounding media at the top and bottom of the plate
are proportional to the temperature with constant heat transfer

coefficients htop
c and hbot

c [W/m2 K], respectively. Because the plate
is thin, the temperature gradient along the thickness of the plate
can be neglected. The resulting temperature field T2D ¼ T2Dðx; y; tÞ
[K] relative to a reference temperature Tr satisfies the heat equa-
tion, see for example [22]

qcH
@T2D

@t
¼ kH

@2T2D

@x2
þ @2T2D

@y2

 !
� htop

c þ hbot
c

� �
T2D þ Q ; ð1Þ

where q [kg/m3] is the mass density, c [J/kg K] the heat capacity, k
[W/mK] the thermal conductivity, and Q [W/m2] the applied heat
Fig. 1. The considered infinite plate.
load. We will consider (1) on the unbounded domain ðx; yÞ 2 R2

with zero initial conditions T2Dðx; y; t ¼ 0Þ ¼ 0.
We assume that the heat load Q is of the form

Qðx; y; tÞ ¼ XðxÞYðy� vtÞ�QðtÞ; ð2Þ
where XðxÞ P 0 [1/m] describes the shape of the applied heat load
in the x-direction, YðyÞ P 0 [1/m] describes the shape of the applied
heat load in the y-direction, v [m/s] denotes the velocity of the mov-
ing load and �QðtÞ P 0 [W] is the net amount of heat applied at time
t. Note that the uniform heat load applied in a rectangular area
shown in Fig. 1 can be written in this form by taking block functions
for XðxÞ and YðyÞ. Such a heat load has been considered in laser
hardening [14] and will also be considered in the lithography exam-
ple in Section 5. Also the Gaussian heat distribution considered in
many applications (see for example [2,3,15,18]) is of the form in
(2). Observe that Q moves with a constant velocity v in positive y-
direction.

When we divide (1) by qcH, we obtain

@T2D

@t
¼ D

@2T2D

@x2
þ @2T2D

@y2

 !
� hT2D þH; ð3Þ

where D ¼ k=qc > 0 [m2/s] denotes the thermal diffusivity,

h ¼ ðhtop
c þ hbot

c Þ=ðqcHÞ P 0 [1/s], and H ¼ Q=ðqcHÞ [K/s] can be
written as

Hðx; y; tÞ ¼ XðxÞYðy� vtÞ �HðtÞ; ð4Þ
where �HðtÞ ¼ �QðtÞ=ðqcHÞ [m2 K/s].

The fundamental solution of (3) (i.e. the response of the homo-
geneous equation (3) with H � 0 resulting from the initial condi-
tion T2Dðx; y; t ¼ 0Þ ¼ T0dðxÞdðyÞ, with T0 ¼ 1 [m2 K]) is given by

T0U2Dðx; y; tÞ ¼ T0e�htUðx; tÞUðy; tÞ; ð5Þ
where Uðx; tÞ denotes the fundamental solution of the heat equation
in one spatial dimension

Uðx; tÞ ¼ 1ffiffiffiffiffiffiffiffiffiffiffiffi
4Dpt

p exp
�x2

4Dt

� �
: ð6Þ

This can be checked by differentiating (5) to time and using that
Uðx; tÞ is the solution to the one-dimensional (1D) heat equation

(i.e. @U
@t ¼ D @2U

@x2 ). Since we are assuming zero initial conditions,
Duhamel’s principle [26] asserts that

T2Dðx; y; tÞ ¼
Z t

0

Z þ1

�1

Z þ1

�1
U2Dðx0; y0; sÞHðx� x0; y� y0; t

� sÞ dx0 dy0 ds: ð7Þ
When we subsitute (4) and (5) in this equation, we find that

T2Dðx; y; tÞ ¼
Z t

0
f ðy; t; sÞNðx; sÞ ds; ð8Þ

where we have introduced

f ðy; t; sÞ ¼
Z þ1

�1
e�hsUðy0; sÞYðy� y0 � vðt � sÞÞ �Hðt � sÞ dy0; ð9Þ

Nðx; sÞ ¼
Z þ1

�1
Uðx0; sÞXðx� x0Þ dx0: ð10Þ
2.2. The approximate solution

We will introduce an approximate solution by simplifying the
integral in (8). Note that the only factor in (8) that depends on x
is Nðx; sÞ. In our semi-analytic approximation, we move this factor
outside the integral.
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To this end, we approximate Nðx; sÞ by a first-order Taylor series
expansion around s ¼ t�, where t� does not depend on s and is not
determined yet

Nðx; sÞ ¼ Nðx; t� þ ðs� t�ÞÞ � Nðx; t�Þ þ ðs� t�Þ @N
@s

����
ðx;sÞ¼ðx;t�Þ

: ð11Þ

When we substitute this approximation back into (8), we obtain
a semi-analytic approximation ~T2D of the true temperature field
T2D as

~T2Dðx; y; tÞ ¼ T1Dðy; tÞNðx; t�Þ

þ Tð1Þ
1Dðy; tÞ � t�T1Dðy; tÞ

� �@N
@s

����
ðx;sÞ¼ðx;t�Þ

; ð12Þ

where

T1Dðy; tÞ ¼
Z t

0
f ðy; t; sÞ ds; ð13Þ

Tð1Þ
1Dðy; tÞ ¼

Z t

0
sf ðy; t; sÞ ds: ð14Þ

The error in the semi-analytic approximation ~T2D originates
from the Taylor series approximation of Nðx; sÞ in (11), which can
be expressed as (see e.g. [27])

1
2
ðs� t�Þ2@

2N
@s2

�����
ðx;sÞ¼ðx;~t�Þ

: ð15Þ

where ~t� is an (unknown) point between t� and s. Assuming the dif-
ference between t� and s is small, we may approximate the error in
~t� by t�, so that (15) becomes the first higher-order term that is
omitted in the Taylor expansion (11).

Based on (15) with ~t� replaced by t�, the error in the semi-
analytic approximation is estimated as

R1Dðy; t; t�Þ@
2N
@s2

�����
ðx;sÞ¼ðx;t�Þ

; ð16Þ

where

R1Dðy; t; t�Þ ¼ 1
2

Z t

0
ðs� t�Þ2f ðy; t; sÞ ds: ð17Þ

We choose t� to minimize R1D, so we compute

@R1D

@t�
¼ �

Z t

0
ðs� t�Þf ðy; t; sÞ ds ¼ �Tð1Þ

1Dðy; tÞ þ t�T1Dðy; tÞ; ð18Þ

where Tð1Þ
1D and T1D are as in (13) and (14), respectively. We thus see

that we should choose t� as

t� ¼ t�ðy; tÞ ¼ Tð1Þ
1Dðy; tÞ

T1Dðy; tÞ : ð19Þ

Note that this choice of t� cancels the second term on the Right
Hand Side (RHS) of (12), so that the semi-analytic approximation
becomes

~T2Dðx; y; tÞ ¼ T1Dðy; tÞNðx; t�ðy; tÞÞ: ð20Þ
We note that the semi-analytic approximation ~T2D is well-

defined with t� defined by (19). To see this, recall that Y and �H
are nonnegative, so that (9) shows that f is nonnegative. Hence
@2R1D
@t�2 ¼ T1Dðy; tÞ > 0 and the choice of t� in (19) indeed minimizes

R1D. Furthermore, the definition of T ð1Þ
1D in (14) shows that

0 6 Tð1Þ
1Dðy; tÞ 6

Z t

0
tf ðy; t; sÞ ds ¼ tT1Dðy; tÞ: ð21Þ
When T1Dðy; tÞ > 0, we may divide the above inequalities by
T1Dðy; tÞ, from which we find

0 6 t�ðy; tÞ 6 t: ð22Þ
In case T1Dðy; tÞ ¼ 0, (21) shows that T ð1Þ

1Dðy; tÞ ¼ 0. Now (12)

shows that ~T2Dðx; y; tÞ ¼ 0 for any choice of t�. So when the quotient
in (19) is not well-defined, the value of t� does not influence the
resulting semi-analytic approximation ~T2D.

Since the integral expressions in (10), (13), and (14) can gener-
ally not be solved explicitly, it will be convenient to express

Nðx; sÞ; T1Dðy; tÞ, and T ð1Þ
1Dðy; tÞ as the solutions of Partial Differential

Equations (PDEs) in one spatial dimension. Using that Uðx; sÞ is the
fundamental solution for the heat equation in one spatial dimen-
sion, we see that Nðx; sÞ in (10) is in fact the solution to the initial
value problem

@N
@s

¼ D
@2N
@x2

; Nðx;0Þ ¼ XðxÞ; ð23Þ

and by looking back at (9) that T1D in (13) is the solution to the PDE

@T1D

@t
¼ D

@2T1D

@y2
� hT1D þ Yðy� vtÞ �HðtÞ; ð24Þ

with zero initial conditions. To see how we can compute T ð1Þ
1Dðy; tÞ as

the solution of a PDE, note that (14) can be rewritten as

Tð1Þ
1Dðy; tÞ ¼ tT1Dðy; tÞ � Tð1cÞ

1D ðy; tÞ; ð25Þ
where

Tð1cÞ
1D ðy; tÞ ¼

Z t

0
ðt � sÞf ðy; t; sÞ ds: ð26Þ

The integral in (26) can be interpreted as the solution to the PDE

@Tð1cÞ
1D

@t
¼ D

@2Tð1cÞ
1D

@y2
� hTð1cÞ

1D þ tYðy� vtÞ �HðtÞ; ð27Þ

with zero initial conditions.
We thus compute the semi-analytic approximation ~T2D in (20)

by the following steps

1. Discretize (23) to find Nðx; tÞ.
2. Discretize (24) to find T1Dðy; tÞ.
3. Discretize (27) to find T ð1cÞ

1D ðy; tÞ.
4. Compute Tð1Þ

1D from (25).
5. Compute t� from (19).
6. Compute ~T2Dðx; y; tÞ from (20).

Note that this procedure requires to solve three PDEs in one
spatial dimension ((23), (24) and (25)), whereas (3) is a PDE in
two spatial dimensions. This means the procedure to compute
~T2D will be much more efficient than computing T2D by discretizing
(3). For example, when we consider the rectangular grid in Fig. 2
with Nx grid points in the x-direction and Ny gridpoints in the y-
direction, the spatial discretization of (3) yields NxNy Ordinary Dif-
ferential Equations (ODEs) whereas the spatial discretization of
(24) and (23) only leads to Nx þ 2Ny ODEs.

In some cases, a closed form analytic expression for the solution
for Nðx; sÞ can be obtained by computing the integral in (10)
directly. A closed form analytic expression for T1Dðy; tÞ and

Tð1Þ
1Dðy; tÞ in (13) and (14) is impossible to obtain for most practical

situations.
It is important to note that, at a certain level of accuracy, the

truncation of the Taylor series in (11) introduces an error that can-
not be reduced further by refining the 1D mesh. To reduce this
error, more terms in the Taylor series expansion (11) should be



Fig. 2. The number of DOFs in a standard 2D FE solution and the number of DOFs in
the semi-analytic approximation ~T2D in (20).

Fig. 3. A typical line heat source.
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considered, which leads to higher-order approximations. Because
the semi-analytic approximation ~T2D in (20) is based on the first-
order Taylor series approximation in (11), ~T2D in (20) will be called
the first-order semi-analytic approximation. The nth-order semi-
analytic approximation follows by substitution of an nth-order
Taylor series approximation for Nðx; sÞ around s ¼ t� in (8). In par-
ticular, the second-order semi-analytic approximation is found by
adding (16) to the first-order semi-analytic approximation ~T2D in
(20). The computation of an n-th order (n P 2) semi-analytic
approximation is addressed in Appendix A.

3. Physical properties and interpretation

The (first-order) semi-analytic approximation ~T2D defined in the
previous section is build from three functions: T1D;N, and t�. These
three functions have a clear physical interpretation in terms of the
original problem.

For the physical interpretation, note that integrating Nðx; sÞ in
(10) over x givesZ þ1

�1
Nðx; sÞ dx ¼

Z þ1

�1

Z þ1

�1
Uðx� x00; sÞXðx00Þ dx dx00; ð28Þ

where we applied a change of variables x00 ¼ x� x0 and changed the
order of integration. Since the integral of Uðx; sÞ from x ¼ �1 to
x ¼ þ1 equals 1, we see thatZ þ1

�1
Nðx; sÞ dx ¼

Z þ1

�1
XðxÞ dx; ð29Þ

for all sP 0. Integrating the formula for T2D in (8) over x and using
(13) and (29), we see thatZ þ1

�1
T2Dðx; y; tÞ dx ¼ T1Dðy; tÞ

Z þ1

�1
XðxÞ dx: ð30Þ

By integrating (20) over x using (29), we also findZ þ1

�1
~T2Dðx; y; tÞ dx ¼ T1Dðy; tÞ

Z þ1

�1
XðxÞ dx: ð31Þ

Since the RHS of (30) is equal to the RHS of (31), we see that T1D

is chosen such that the internal energy of the semi-analytic
approximation on lines in x-direction qcH

Rþ1
�1

~T2D dx is matched
with the internal energy of the exact solution along lines in the
x-direction qcH

Rþ1
�1 T2D dx. In particular, (29) shows that the shape

functions Nðx; sÞ describing the dependence on x are normalized
such that the integral over x is constant.

We can find a physical interpretation of N and t� when we
assume that Yðy� vtÞ ¼ dðy� vtÞ is a Dirac delta and �HðtÞ � 1. In
this case the heat load is applied on a line in the x-direction (see
Fig. 3) and does not vary over time.
To find a physical interpretation for N, we think about which
profiles we would expect to see in the x-direction on a line
y ¼ y0. As observed by Goldak et al. [2], the heat transport into
the y-direction may be neglected when the velocity v is high. Look-
ing back at the original problem (3), this means that we neglect the
term D@2T2D=@y2. On a line y ¼ y0, we thus expect that the profiles
Ny0 ðx; tÞ in the x-direction are solutions of

@Ny0

@t
¼ D

@2Ny0

@x2
� hNy0 þ XðxÞdðy0 � vtÞ: ð32Þ

For zero initial conditions at t ! �1, the solution to this equa-
tion is

Ny0 ðx; tÞ ¼ ehðy0=v�tÞ 0 for t < y0=v
Nðx; t � y0=vÞ for t P y0=v ;

�
ð33Þ

where N is the solution of (23). The factor ehðy0=v�tÞ does not depend
on x, so that it does not change the shape profiles that are observed
in the x-direction and therefore the profiles in the x-direction we
expect to see are indeed snapshots from Nðx; sÞ.

For the interpretation of t� ¼ t�ðy; tÞ, it will be convenient to
introduce a coordinate frame fixed to the heat load defined by

ðx; f; tÞ ¼ ðx; y� vt; tÞ: ð34Þ
Now observe that the semi-analytic approximation in (20) uses

Nðx; t�Þ as the profile in the x-direction. Furthermore, the expected
profile in (33) is Nðx; t � y0=vÞ. We thus expect t� to be

t�phys ¼ t � y0=v ¼ �f0=v ; ðf0 < 0Þ; ð35Þ

where f0 ¼ y0 � vt. The expression for t�phys in (35) in fact describes
the time since the heat load has arrived at y ¼ y0. This can be seen
from Fig. 3: since the heat load is located at y ¼ vt (because
Yðy� vtÞ ¼ dðy� vtÞ), the time the heat load arrives at y0 is
t0 ¼ y0=v . At time t, the time since the heat load has arrived at
y ¼ y0 is t � t0 ¼ t � y0=v , which is precisely t�phys.

This interpretation is indeed closely related to the formula for t�

in (19). For �HðtÞ � 1 and Yðy� vtÞ ¼ dðy� vtÞ, it easy to see from
(9) that f ðy; t; sÞ ¼ f ðfþ vt; t; sÞ is only a function of f and s. Using
this observation we can then compute

lim
t!1

t�ðfþ vt; tÞ ¼
R1
0 sf ðfþ vt; t; sÞ dsR1
0 f ðfþ vt; t; sÞ ds

¼ 2D
v2 þ 4Dh

þ jfjffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
v2 þ 4Dh

p ; ð36Þ

where the integrals have been computed directly in MAPLE [28]. By
expanding (36) in a first order Taylor expansion in 1=v around
1=v ¼ 0, we see that the expression in (36) approaches jfj=jv j for
v ! 1. Since the choice of the line y ¼ y0 was arbitrary in the
derivation of t�phys, we may write y instead of y0 in (35) and we find
that t�phys ¼ �f=v ¼ jfj=v for f < 0. We conclude that t� may be inter-
preted as the time since the heat load has arrived when
Yðy� vtÞ ¼ dðy� vtÞ; �HðtÞ � 1, and v is large.
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4. Edge effects and repetitive scanning patterns

4.1. Edge effects

The results so far have been derived for a heat source moving in
an infinite domain. However, in a practical situation such as the
example in Section 5 we typically have a bounded domain.

Assuming the solution TR2 ¼ TR2 ðx; y; tÞ (for which we can com-
pute a semi-analytic approximation using the approach from Sec-
tion 2) on the infinite domain ðx; yÞ 2 R2 is available, we discuss
how we can construct solutions on the bounded domain.

The effect of one straight edge with a perfectly insulated or zero
temperature boundary condition can be included by the method of
images [1,29]. Fig. 4 (@T=@x ¼ 0, i.e. perfectly insulated edge) and
Fig. 5 (T ¼ 0 at the edge) illustrate how the part of TR2 that falls
outside the domain of interest is mirrored in the edge and then
added or substracted from TR2 to obtain the solution on the
bounded domain.

For the wafer heating application, we are interested in using
these reflection type of arguments for a circular domain with
radius R and with perfectly insulated edges. To this end TR2 is writ-
ten in cylindrical ðr; hÞ-coordinates defined by x ¼ r cosðhÞ and
y ¼ r sinðhÞ. To approximate the solution on the bounded domain
r 6 R, we propose to reflect in the edge r ¼ R along radial lines
according to the formula

Tðr; h; tÞ ¼ TR2 ðr; h; tÞ þ TR2 ðR2=r; h; tÞ: ð37Þ
It is important to note that (37) does not give the exact solution

on the bounded domain r 6 R, in contrast to the reflection along a
straight edge. To make this more precise, note that for T in (37) to
give the exact solution we need that (1) T should satisfy the bound-
ary condition and (2) the reflected part TR2 ðR2=r; h; tÞ should be a
solution of the heat Eq. (3) with zero source term. To check the
boundary condition, we compute
Fig. 4. Obtaining the solution Tx6xe on the halfspace x 6 xe (thick solid line) for a
perfectly insulated edge at x ¼ xe from the solution TR2 on the infinite domain (thin
solid line) by adding the reflection in x ¼ xe (thin dashed line).

Fig. 5. Obtaining the solution Tx6xe on the halfspace x 6 xe (thick solid line) for a
zero temperature boundary condition at the edge x ¼ xe from the solution TR2 on
the infinite domain (thin solid line) by substracting the reflection in x ¼ xe (thin
dashed line).
@T
@r

����
r¼R

¼ @TR2

@r

����
r¼R

� R2

r2
@TR2

@r

�����
r¼R

¼ 0; ð38Þ

so that T in (37) indeed satisfies the perfectly insulated boundary
condition. However, the reflected part ~Tðr; h; tÞ ¼ TR2 ðR2=r; h; tÞ is
not a solution of the homogeneous heat equation

@~T
@t

¼ D
1
r

@

@r
r
@~T
@r

 !
þ 1
r2

@2~T

@h2

 !
� h~T; ð39Þ

but instead satisfies

@~T
@t

¼ D
r4

R4

1
r

@

@r
r
@~T
@r

 !
þ 1
r2

@2~T

@h2

 !
� h~T: ð40Þ

Note, however, that close to the edge r ¼ R the factor r4=R4 � 1,
meaning that ~T is ‘almost’ a solution of the heat equation (39) near
the edge. Since TR2 ! 0 for r ! 1, we see that the reflected part
~T ! 0 when r ! 0, meaning that ~T will trivially satisfy (39) in
the center of the disc r ¼ 0. Combining these two observations
we see that the reflection formula is accurate when ~T is close to
zero in the region where r4=R4 is significantly different from 1.

4.2. Repetitive scanning patterns

The fact that we have been considering solutions on the infinite
domain ðx; yÞ 2 R2 is particularly useful when we are dealing with
repetitive patterns, which occur in many applications such as addi-
tive manufacturing and lithography. As an example consider the
expose pattern in Fig. 6, where the same heat load is applied to
each of the 64 rectangles (fields), repeated in different locations
in space and time. This means that the applied heat load can be
written in the form

Qðx; y; tÞ ¼
XNr

i¼1

Q0ðwiðx; y� vðt � siÞÞ; t � siÞ; ð41Þ

where Q0ðx; y; tÞ denotes the heat load applied in one field which is
repeated Nr times, wi : R

2 ! R2 describes the translation and rota-
tion in space, and si describes a shift in time. Since (2) on the infi-
nite domain is linear and rotation, translation, and time invariant,
Fig. 6. An examplatory expose pattern, the order (numbers) and scanning direction
(arrows) are indicated.



Fig. 7. The scanning of one field on the wafer with the coarsest mesh that is
considered.

Table 1
Parameter values considered in the example.

Symbol Description Value

R Radius of the wafer 150 [mm]
D Thermal diffusivity of silicon 91 [mm2/s]
H Wafer thickness 0.7 [mm]
h Cooling rate to environment 1 [1/s]
L Length of slit (x-direction) 26 [mm]
W Width of slit (y-direction) 5 [mm]
v Scan velocity 330 [mm/s]
t1 Time to scan one field 0.115 [s]
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the temperature response resulting from the heat load in (41) can
be obtained from the superposition principle as

Tðx; y; tÞ ¼
XNr

i¼1

T0ðwiðx; y� vðt � tiÞÞ; t � tiÞ; ð42Þ

where T0ðx; y; tÞ is the response resulting from Q0ðx; y; tÞ. This for-
mula shows that we can cheaply obtain the solution T on the infi-
nite domain, since we only need to compute the response T0 for
one field. We then obtain the solution on the bounded domain by
applying the reflection arguments from Section 4.1.

We thus propose the following computational procedure to
compute the temperature response for repetitive scanning
patterns:

1. Compute the solution for one field T0ðx; y; tÞ resulting from
Q0ðx; y; tÞ on the infinite domain ðx; yÞ 2 R2.

2. Use (42) to obtain the solution T resulting from the complete
heat load Q in (41) on the infinite domain ðx; yÞ 2 R2.

3. Use the reflection arguments from Section 4.1 to obtain the
solution on the bounded domain.

This procedure is computationally much more efficient than
discretizing (1) for the complete heat load Q. The most important
reason is that the area through which the heat load Q0 travels is
much smaller than the area through which the complete heat load
Q travels. This means that the computation of T0 requires a fine
mesh in a much smaller area than would be required to compute
the response for the complete heat load Q. Another advantage is
that Q0 is applied during a shorter period of time than Q, so that
the cost for the temporal discretization is also reduced. Finally, if
we use the semi-analytic approximation discussed in Section 2,
for the heat load applied in one field only Nx þ 2Ny ODEs need to
be discretized instead of NxNy ODEs.

5. Example

We illustrate our method for a lithography example from the
semiconductor industry. In this example, we consider the exam-
platory expose pattern in Fig. 6. Each of the 64 fields in the figure
(fields) are scanned consecutively by a uniform heat load applied
in a smaller rectangular area (the slit). The scanning of one field
is shown in Fig. 7. We use the method from Section 4 to obtain
the complete temperature field, so we will first focus on the com-
putation of the response for one field T0, which we will then use to
assemble the complete temperature field T. The considered param-
eter values used to generate the results are given in Table 1.

To verify the accuracy of the semi-analytic approximation, we
compare the solution T0 to FE solutions on several grids. We dis-
cretize (1) using rectangular 4-node bilinear quadrilateral ele-
ments. Around the area in which the heat load is applied we use
square elements with length Le [m] and farther away from the heat
load we increase the element size to efficiently approximate the
solution on the infinite domain. Starting from the coarsest mesh
considered for Le ¼ 6:4 mm shown in Fig. 7, we subdivide each ele-
ment into four smaller ones until we reach Le ¼ 0:1 mm. For an FE
simulation with Le ¼ 0:1 mm on the domain in Fig. 7 with perfectly
insulated edges, the temperature increase on the edges is below
0.33% of the maximal temperature that occurs during the simula-
tion, indicating that solutions computed on this domain will clo-
sely resemble the infinite domain solutions. The heat load is
applied between t ¼ 0 and t ¼ t1 ¼ 0:115 s and the time in the sim-
ulation runs from t ¼ 0 to t ¼ 3 s, so that also the passive cooling
that occurs after the heat load has been applied is included in
the simulation. The code for the spatial discretization is written
in MATLAB, and the time integration is done using MATLAB’s
ODE solver ode15s with the default tolerances (a relative tolerance
of 10�3 and absolute tolerance of 10�6).

The semi-analytic approximation ~T2D is computed on the same
grids as the FE solutions. The heat load in Fig. 7 can be written in
the form (4): we set XðxÞ equal to 1=L for x 2 ½�L=2; L=2� and zero
otherwise, YðfÞ equal to 1=W for f 2 ½�W=2;W=2� and zero other-
wise, and �QðtÞ is equal to 1 [W] for 0 6 t 6 t1 and zero afterwards.
For the considered XðxÞ, we can determine a closed-form analytic
expression for Nðx; t�Þ from (10), resulting in

Nðx; t�Þ ¼ 1
2L

erf
xþ L=2ffiffiffiffiffiffiffiffiffiffi

4Dt�
p

� �
� erf

x� L=2ffiffiffiffiffiffiffiffiffiffi
4Dt�

p
� �	 


; ð43Þ

where erf denotes the error function. To compute T1Dðy; tÞ and

Tð1cÞ
1D ðy; tÞ we discretize (24) and (27), where we use the same grid

in the y-direction as for the 2D FE solution. The spatial discretiza-
tion is programmed in MATLAB and uses 2-node linear elements
and the temporal discretization is again done by MATLAB’s ode15s
with the default tolerances. It is important to note that for larger
grid sizes the discretization introduces spurious oscilations (see

[23]) in T1Dðy; tÞ and Tð1cÞ
1D ðy; tÞ, which can result in negative values

of t�. Since (43) is only defined for t� > 0, we set
Nðx; t�Þ ¼ Nðx;0Þ ¼ XðxÞ when negative values of t� appear. Since



Fig. 8. The relative L1-error in the temperature field for varying mesh sizes Le in the
FE solution and the first- and second-order semi-analytic approximation.

Fig. 10. The error in the first-order semi-analytic approximation (computed for an
element size of Le ¼ 0:1 mm) along the line y ¼ ym ¼ 32 mm at the moment
t ¼ tm ¼ 0:1036 s compared to � @2N

@s2 ðx; t�ðym ; tmÞÞ, which is the situation where the
maximal error in the semi-analytic approximation is observed.
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negative values of t� only appear when T1D is small, (20) shows that
this does not affect the semi-analytic approximation much.

Fig. 8 shows the relative error in the temperature field for the FE
solution and the first- and second-order semi-analytic approxima-
tion. The FE solution with Le ¼ 0:1 mm is used as reference. The rel-
ative error is computed by taking the maximum over space and
time of the absolute value of the error, divided by the maximum
of the reference solution over space and time. The error in FE solu-
tion decreases at a constant rate, but the error in the first-order
semi-analytic approximation stops decreasing at Le ¼ 1:6 mm. At
this point, the error in the first-order semi-analytic approximation
is no longer dominated by discretization errors but by the error
introduced by the truncation of the Taylor series approximation
in (11). This limits the accuracy of the first-order semi-analytic
approximation to about 4%. For the second-order semi-analytic
approximation, the error stops decreasing at Le ¼ 0:4 mm and the
accuracy is limited to about 1.5%.

Fig. 9 shows the snapshot of the error profile of the first-order
semi-analytic approximation at the moment t ¼ tm ¼ 0:1036 s at
which the maximal error is observed. The relative error in Fig. 9
is computed by dividing the observed error by the maximal tem-
perature observed during the simulation for the FE model with ele-
ment size Le ¼ 0:1 mm. We see that the maximal relative error is
indeed below 4% and that the error occurs near the left and right
Fig. 9. A snapshot of the error in the first-order semi-analytic approximation
(computed for an element size of Le ¼ 0:1 mm) at the moment t ¼ tm ¼ 0:1036 s the
maximal error occurs (the heat load is applied in the solid rectangle which scans the
dashed rectangle in the direction of the arrow).
side of the field, so near x ¼ �L=2. The location of the maximal
error is in agreement with the leading term of the error in the
first-order semi-analytic approximation in (16), which contains

the factor @2N
@s2 ðx; t�Þ. Since Nðx; sÞ is the solution of (23), we indeed

expect that @2N
@s2 ðx; t�Þ is the largest near discontinuities in the initial

condition Nðx;0Þ ¼ XðxÞ, which are indeed located at x ¼ �L=2.
Note that for smoother initial conditions XðxÞ, such as a Gaussian
heat distribution, smaller errors as well as faster convergence
may be expected when adding higher order terms.

We expect that the second-order semi-analytic approximation,
which is obtained by adding (16) to the first-order semi-analytic
approximation, will be more accurate, which is confirmed by
Fig. 8. Since the coefficient R1Dðy; t; t�Þ is nonnegative because of
(17), the expected error profile in the x-direction for the first-
order semi-analytic approximation will be proportional to

� @2N
@s2 ðx; t�ðy; tÞÞ. Fig. 10a now shows the observed error profile in

the first-order semi-analytic approximation in the x-direction
~T2Dðx; ym; tmÞ � T2Dðx; ym; tmÞ and Fig. 10b shows the expected error

profile in the x-direction � @2N
@s2 ðx; t�ðym; tmÞÞ, where ym ¼ 32 mm

and tm ¼ 0:1036 are such that maximal error occurs at the line
y ¼ ym at time t ¼ tm. Indeed, the shape of both profiles is very sim-
ilar. This suggests that the expression in (16) gives a good indica-
tion of the observed error. Fig. 8 confirms that when we compute

the second-order approximation by adding the term R1D
@2N
@s2 in

(16) to the first-order approximation, the relative error is reduced
to 1.5%.

Fig. 11 shows the CPU running times needed to obtain the tem-
perature field for the FE solution and the first- and second-order
semi-analytic approximations. At Le ¼ 1:6 mm, the first-order
semi-analytic approximation is computed almost 10 times faster
than the FE solution, while a similar accuracy is obtained, see
Fig. 8. Computing the second-order semi-analytic approximation
increases the computational cost because one additional PDE in
one spatial dimension must be solved and because the time inte-
gration using MATLAB’s ode15s now requires stricter tolerances



Fig. 11. Running times for the FE analysis and the first- and second-order semi-
analytic approximation (under Windows 7, 3.3 GHz Intel Core i5 CPU, MATLAB
2016b).

Fig. 12. Temperature resulting from the complete scanning pattern at t ¼ 4 s.
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(the absolute and relative tolerance were set to 10�8 for the
second-order semi-analytic approximation). Nevertheless, at
Le ¼ 0:8 mm the second-order semi-analytic approximation is still
computed 10 times faster than the FE solution while a comparable
accuracy is obtained, see Fig. 8.

From the response of one field we can now assemble the
response for the complete scanning pattern using the approach
from Section 4. A snapshot of the resulting temperature field is
shown in Fig. 12 at the moment that the scanning of field nr. 35
(see Fig. 6 for the field numbering) is almost complete. The temper-
ature in Fig. 12 is normalized w.r.t. the maximal temperature
observed at t ¼ 4 s. The computational advantage of the method
from Section 4.2 is clear in this case: computing the temperature
field on a 0:5� 0:5 mm2 mesh is practically impossible in a direct
FE model, because the computation time exceeds several days,
whereas the method from Section 4.2 only takes less than 200 s
to compute the solution in 2000 time steps.
6. Conclusions and discussions

We have introduced a semi-analytic approximation for the cal-
culation of the 2D temperature field resulting from a moving heat
load, by decoupling the problem in two spatial dimensions into
three problems in one spatial dimension. Especially on fine
meshes, this leads to a significant reduction in computational time
compared to a conventional 2D FE analysis. This reduction in com-
putational time comes at the cost of an error that, for a certain level
of accuracy, cannot be reduced further by refining the 1Dmesh, but
can be reduced by computing higher order semi-analytic approxi-
mations (see Appendix A). The semi-analytic approximation was
initially derived for an infinite domain, but edge effects can be
included. This is particularly useful for the efficient simulation of
repetitive scanning patterns that are typically encountered in
lithography and additive manufacturing applications. In the pre-
sented wafer heating example, the first-order semi-analytic
approximation reduces the time to compute the temperature field
resulting from the scanning of a single field by a factor 10 com-
pared to a standard FE approach with similar 4%-accuracy. For
the second-order semi-analytic approximation this error is
reduced to 1.5%. However, a much larger amount of CPU time is
saved by assembling the response for the real expose pattern using
superposition, see Fig. 12, where the conventional FE approach
leads to excessive CPU times.

As stated before, the proposed method introduces an additional
error that at a certain accuracy level cannot be decreased by refin-
ing the 1D mesh size. However, the 4% error achieved for the first-
order semi-analytic approximation in the wafer heating example is
acceptable for two reasons: (1) the temperature field itself is not of
interest, but only the displacements induced by it. For the consid-
ered example, the 4% error in the first-order semi-analytic approx-
imation of the temperature field leads to a 0.4% error in the
resulting displacements; (2) efficient simulation of the moving
heat load problem is especially important when the model is used
in a feedback control loop or for model-based controller design. In
these cases, the feedback controller creates some robustness to
modeling errors.

For the considered example, the difference between the 4%-
accuracy of the first-order semi-analytic approximation and the
1.5%-accuracy of the second-order semi-analytic approximation
is relatively small. So, for the considered rectangular uniform shape
of the heat load considering more terms in the Taylor series
approximation (11) does not rapidly increase the accuracy of the
semi-analytic approximation. On the other hand, for an element
size of Le ¼ 0:8 mm, the second-order approximation is still com-
puted 10 times faster than an FE solution with similar accuracy,
so that higher-order approximations may be valuable. Moreover,
for a smoother shape XðxÞ of the heat load in the x-direction
increasing the order of the semi-analytic approximation may lead
to faster convergence.

In the derivation of the approximation, we assumed that the
heat load is of the form (2), with XðxÞ P 0;YðyÞ P 0, and
�QðtÞ P 0. The assumption that XðxÞ;YðyÞ, and �QðtÞ are nonnegative
is not very restrictive. Consider for example the case where �QðtÞ
does not satisfy this assumption. In that case we can always write
�QðtÞ as the difference of two nonnegative functions

�QðtÞ ¼ �QþðtÞ � �Q�ðtÞ; ð44Þ
where �QþðtÞ ¼ �QðtÞ when �QðtÞ > 0 and zero otherwise, and
�Q�ðtÞ ¼ ��QðtÞ when �QðtÞ < 0 and zero otherwise. Since the func-
tions �QþðtÞ and �Q�ðtÞ are nonnegative, we can compute the approx-
imation when we replace �QðtÞ in (1) by �QþðtÞ and by �Q�ðtÞ. Since
the PDE in (3) is linear, we may substract the response for �Q�ðtÞ
from the response for �QþðtÞ to find the response for �QðtÞ. A similar
procedure can be applied when XðxÞ or YðyÞ are not nonnegative.

Finally, we note that the method can be generalized to a 3D spa-
tial domain ðx; y; zÞ 2 R3. It is shown in Appendix B that the prob-
lem can be decoupled into four 1D problems, when the applied
heat load can be written as

Q3Dðx; y; z; tÞ ¼ XðxÞYðy� vtÞZðzÞ�QðtÞ: ð45Þ
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In this case, the potential reduction in computational cost is
even larger than the reduction for the two-dimensional problem
considered in this paper.
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Appendix A. Higher order approximations

The accuracy of the approximation can be increased by consid-
ering higher-order terms in the Taylor series approximation of
Nðx; sÞ in (11). So instead of the first-order expansion in (11), we
consider an n-th order Taylor series expansion (n P 2)

Nðx; sÞ �
Xn
k¼0

ðs� t�Þk
k!

@kN
@sk

�����
ðx;sÞ¼ðx;t�Þ

: ðA:1Þ

Subsitution of this expansion in (8) leads to an approximation

~TðnÞ
2Dðx; y; tÞ ¼

Xn
k¼0

AðkÞ
1Dðy; t; t�Þ

1
k!

@kN
@sk

�����
ðx;sÞ¼ðx;t�Þ

; ðA:2Þ

where

AðkÞ
1Dðy; t; t�Þ ¼

Z t

0
ðs� t�Þkf ðy; t; sÞ ds: ðA:3Þ

We see in particular that now derivatives of Nðx; sÞw.r.t. s up to
order n are needed. When an analytic expression for Nðx; sÞ can be
obtained, these can be determined easily. However, when no ana-
lytic expression for Nðx; sÞ is available, obtaining these derivatives
may be difficult. To illustrate the problem, we derive a PDE for @N

@s.

Because of the PDE for Nðx; sÞ in (23), we see that @N
@s ¼ D @2N

@x2 . The ini-
tial condition in (23) now gives that

@N
@s

����
s¼0

¼ D
@2X
@x2

: ðA:4Þ

However, the blockfunction XðxÞ considered in the example is
clearly not twice differentiable, so that the RHS in the equation
above is not well defined. In particular, we see that @N

@s will behave
wildly near s ¼ 0, meaning that it is difficult to construct a numer-
ical approximation of @N

@s near s ¼ 0. This becomes even more prob-
lematic for higher order derivatives.

We will not change the definition of t�ðy; tÞ in (19) for the higher

order approximations, meaning in particular that Að1Þ
1Dðy; t; t�Þ ¼ 0.

To see how we can compute the coefficients AðkÞ
1Dðy; t; t�Þ, we make

a binomial expansion of the factor ðs� t�Þk to obtain

AðkÞ
1Dðy; t; t�Þ ¼

Z t

0
ðs� t þ t � t�Þkf ðy; t; sÞ ds

¼
Xk
p¼0

k

p

� �
ðt � t�Þk�pð�1ÞpTðp;cÞ

1D ðy; tÞ;
ðA:5Þ

where

Tðp;cÞ
1D ðy; tÞ ¼

Z t

0
ðt � sÞpf ðy; t; sÞ ds: ðA:6Þ

Now we recognize Tðp;cÞ
1D ðy; tÞ as the solution to the one-

dimensional PDE

@Tðp;cÞ
1D

@t
¼ D

@2Tðp;cÞ
1D

@y2
� hTðp;cÞ

1D þ tpYðy� vtÞ �HðtÞ; ðA:7Þ

with zero initial conditions. Now the procedure to compute the n-th
order approximation ~TðnÞ
2D is the following:

1. Determine a closed form analytic expression for Nðx; tÞ by solv-
ing (10) directly and compute the first n derivatives w.r.t. s of
this expression.

2. Discretize the PDE in one spatial dimension in (A.7) for

p ¼ 0;1; . . . ;n to find T ðp;cÞ
1D ðy; tÞ

3. Compute t�ðy; tÞ from (19) (note that T1D ¼ Tð0;cÞ
1D and

Tð1Þ
1D ¼ tTð0;cÞ

1D � Tð1;cÞ
1D ).

4. Compute AðkÞ
1Dðy; t; t�Þ from (A.5) for k ¼ 0;2;3; . . . ;n

5. Compute ~TðnÞ
2Dðx; y; tÞ from (A.2).

In particular, we need to solve nþ 1 PDEs in one spatial dimen-
sion in step 2 to compute the n-th order approximation.

Appendix B. Three-dimensional spatial domain

For the heat conduction problem in three spatial dimensions
with moving source, we want to approximate the temperature
field T3Dðx; y; z; tÞ that satisfies

qc
@T3D

@t
¼ k

@2T3D

@x2
þ @2T3D

@y2
þ @2T3D

@z2

 !
þ Q3D; ðB:1Þ

where q; c, and k are the density, heat capacity, and thermal con-
ductivity, respectively, and Q3D is the applied heat load that is
assumed to be of the form (45). Note that it is not natural to model
the cooling to the environment as in (1), since such cooling will
enter through boundary conditions in the 3D problem.

It is convenient to divide (B.1) by qc to obtain

@T3D

@t
¼ D

@2T3D

@x2
þ @2T3D

@y2
þ @2T3D

@z2

 !
þH3D; ðB:2Þ

where

H3Dðx; y; z; tÞ ¼ XðxÞYðy� vtÞZðzÞ �HðtÞ; ðB:3Þ
with �HðtÞ ¼ �QðtÞ=qc.

The fundamental solution for (B.2) is

U3Dðx; y; z; tÞ ¼ Uðx; tÞUðy; tÞUðz; tÞ; ðB:4Þ
where Uðx; tÞ is given by (6). Now similarly as for the 2D problem,
the solution to the 3D problem is given by the convolution of the
fundamental solution in (B.4) and the applied heat load in (B.3),
so that

T3Dðx; y; z; tÞ ¼
Z t

0
f ðy; t; sÞNðx; z; sÞ ds; ðB:5Þ

where

f ðy; t; sÞ ¼
Z þ1

�1
Uðy0; sÞYðy� y0 � vðt � sÞÞ �Hðt � sÞ dy0; ðB:6Þ

Nðx; z; sÞ ¼
Z þ1

�1

Z þ1

�1
Uðx0; sÞUðz0; sÞXðx� x0ÞZðz

� z0Þ dx0 dz0: ðB:7Þ
Similarly as before, we approximate Nðx; z; sÞ in a Taylor series

around s ¼ t� as

Nðx; z; sÞ � Nðx; z; t�Þ þ ðs� t�Þ @N
@s

����
ðx;z;sÞ¼ðx;z;t�Þ

: ðB:8Þ

Substitution of the approximation (B.8) and (B.5) leads to the
approximation
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~T3Dðx; y; z; tÞ ¼ T1Dðy; tÞNðx; z; t�ðy; tÞÞ; ðB:9Þ
when we choose the expansion point t� as

t�ðy; tÞ ¼ Tð1Þ
1Dðy; tÞ

T1Dðy; tÞ ; ðB:10Þ

where

T1Dðy; tÞ ¼
Z t

0
f ðy; t; sÞ ds; ðB:11Þ

Tð1Þ
1Dðy; tÞ ¼

Z t

0
sf ðy; t; sÞ ds: ðB:12Þ

Similarly as discussed for the 2D problem, T1Dðy; tÞ and Tð1Þ
1Dðy; tÞ

can be computed by solving two PDEs in one spatial dimension.
To compute Nðx; z; sÞ, note that (B.7) can be rewritten as

Nðx; z; sÞ ¼ Nxðx; sÞNzðz; sÞ; ðB:13Þ
where

Nxðx; sÞ ¼
Z þ1

�1
Uðx0; sÞXðx� x0Þ dx0; ðB:14Þ

Nzðz; sÞ ¼
Z þ1

�1
Uðz0; sÞZðz� z0Þ dz0: ðB:15Þ

Now we recognize Nx and Nz as the solutions of the initial value
problems

@Nx

@s ¼ D
@2Nx

@x2
; Nxðx;0Þ ¼ XðxÞ; ðB:16Þ

@Nz

@s
¼ D

@2Nz

@z2
; Nzðz;0Þ ¼ ZðzÞ: ðB:17Þ
References

[1] D. Rosenthal, The theory of moving sources of heat and its application of metal
treatments, Trans. ASME 68 (1946) 849–866.

[2] J. Goldak, A. Chakravarti, M. Bibby, A new finite element model for welding
heat sources, Metall. Trans. B 15 (2) (1984) 299–305.

[3] N.S. Prasad, S. Narayanan, Finite element analysis of temperature distribution
during arc welding using adaptive grid technique, Weld. J. (USA) 75 (4) (1996)
123.

[4] H. Runnemalm, S. Hyun, Three-dimensional welding analysis using an
adaptive mesh scheme, Comput. Methods Appl. Mech. Eng. 189 (2) (2000)
515–523.

[5] N. Nguyen, A. Ohta, K. Matsuoka, N. Suzuki, Y. Maeda, Analytical solutions for
transient temperature of semi-infinite body subjected to 3D moving heat
sources, Weld. J. 78 (1999) 265–274.

[6] N. Nguyen, Analytical approximate solution for double ellipsoidal heat source
in finite thick plate, Weld. J. 83 (2004) 82.
[7] V.D. Fachinotti, A.A. Anca, A. Cardona, Analytical solutions of the thermal field
induced by moving double-ellipsoidal and double-elliptical heat sources in a
semi-infinite body, Int. J. Numer. Methods Biomed. Eng. 27 (4) (2011) 595–
607.

[8] T. Flint, J. Francis, M. Smith, A. Vasileiou, Semi-analytical solutions for the
transient temperature fields induced by a moving heat source in an orthogonal
domain, Int. J. Therm. Sci. 123 (Supplement C) (2018) 140–150.

[9] P. Moulik, H. Yang, S. Chandrasekar, Simulation of thermal stresses due to
grinding, Int. J. Mech. Sci. 43 (3) (2001) 831–851.

[10] D. Doman, A. Warkentin, R. Bauer, Finite element modeling approaches in
grinding, Int. J. Mach. Tools Manuf. 49 (2) (2009) 109–116.

[11] K.A. Bunting, G. Cornfield, Toward a general theory of cutting: a relationship
between the incident power density and the cut speed, ASME J. Heat Transf. 97
(1) (1975) 116–122.

[12] V. Nemchinsky, Temperature created by a moving heat source that heats and
melts the metal plate (plasma arc cutting), ASME J. Heat Transf. 138 (12)
(2016).

[13] R. Komanduri, Z. Hou, Thermal analysis of the laser surface transformation
hardening process, Int. J. Heat Mass Transf. 44 (15) (2001) 2845–2862.

[14] S. Oh, H. Ki, Prediction of hardness and deformation using a 3-d thermal
analysis in laser hardening of AISI H13 tool steel, Appl. Therm. Eng. 121 (2017)
951–962.

[15] L. Zhang, E. Reutzel, P. Michaleris, Finite element modeling discretization
requirements for the laser forming process, Int. J. Mech. Sci. 46 (4) (2004) 623–
637.

[16] I. Roberts, C. Wang, R. Esterlein, M. Stanford, D. Mynors, A three-dimensional
finite element analysis of the temperature field during laser melting of metal
powders in additive layer manufacturing, Int. J. Mach. Tools Manuf. 49 (12–13)
(2009) 916–923.

[17] N. Patil, D. Pal, H. Khalid Rafi, K. Zeng, A. Moreland, A. Hicks, D. Beeler, B.
Stucker, A generalized feed forward dynamic adaptive mesh refinement and
derefinement finite element framework for metal laser sintering – Part I:
formulation and algorithm development, J. Manuf. Sci. Eng. 137 (4) (2015)
041001–041015.

[18] J. Irwin, P. Michaleris, A line heat input model for additive manufacturing, J.
Manuf. Sci. Eng. 138 (11) (2015) 66–72.

[19] C. Bikcora, S. Weiland, W.M.J. Coene, Thermal deformation prediction in
reticles for extreme ultraviolet lithography based on a measurement-
dependent low-order model, IEEE Trans. Semicond. Manuf. 27 (1) (2014)
104–117.

[20] T. Morishima, R. van Ostayen, J. van Eijk, R.-H.M. Schmidt, Thermal
displacement error compensation in temperature domain, Precision Eng. 42
(2015) 66–72.

[21] L. Subramany, W.J. Chung, P. Samudrala, H. Gao, N. Aung, J.M. Gomez, B.
Minghetti, S. Lee, Analysis of wafer heating in 14 nm DUV layers, in: Proc. SPIE
9778, Metrology, Inspection, and Process Control for Microlithography, vol.
9778, 2016, pp. 97780U–97780U-7.

[22] D.W. Hahn, M.N. Ozisik, Heat Conduction, John Wiley & Sons, 2012.
[23] O. Zienkiewicz, R. Taylor, P. Nithiarasu (Eds.), The Finite Element Method for

Fluid Dynamics, seventh ed., Butterworth-Heinemann, Oxford, 2014.
[24] N. Ozisik, Finite Difference Methods in Heat Transfer, CRC Press, 1994.
[25] M.V. Elsen, M. Baelmans, P. Mercelis, J.-P. Kruth, Solutions for modelling

moving heat sources in a semi-infinite medium and applications to laser
material processing, Int. J. Heat Mass Transf. 50 (23) (2007) 4872–4882.

[26] L.C. Evans, Partial Differential Equations, Graduate Studies in Mathematics, vol.
19, American Mathematical Society, Providence, RI, 1998.

[27] S. Abbott, Understanding Analysis, Springer, 2015.
[28] Maple 2015.1, Maplesoft, a Division of Waterloo Maple Inc., Waterloo, Ontario.
[29] H.S. Carslaw, J.C. Jaeger, Conduction of Heat in Solids, second ed., Clarendon

Press, Oxford, 1959.

http://refhub.elsevier.com/S0017-9310(17)35409-1/h0005
http://refhub.elsevier.com/S0017-9310(17)35409-1/h0005
http://refhub.elsevier.com/S0017-9310(17)35409-1/h0010
http://refhub.elsevier.com/S0017-9310(17)35409-1/h0010
http://refhub.elsevier.com/S0017-9310(17)35409-1/h0015
http://refhub.elsevier.com/S0017-9310(17)35409-1/h0015
http://refhub.elsevier.com/S0017-9310(17)35409-1/h0015
http://refhub.elsevier.com/S0017-9310(17)35409-1/h0020
http://refhub.elsevier.com/S0017-9310(17)35409-1/h0020
http://refhub.elsevier.com/S0017-9310(17)35409-1/h0020
http://refhub.elsevier.com/S0017-9310(17)35409-1/h0025
http://refhub.elsevier.com/S0017-9310(17)35409-1/h0025
http://refhub.elsevier.com/S0017-9310(17)35409-1/h0025
http://refhub.elsevier.com/S0017-9310(17)35409-1/h0030
http://refhub.elsevier.com/S0017-9310(17)35409-1/h0030
http://refhub.elsevier.com/S0017-9310(17)35409-1/h0035
http://refhub.elsevier.com/S0017-9310(17)35409-1/h0035
http://refhub.elsevier.com/S0017-9310(17)35409-1/h0035
http://refhub.elsevier.com/S0017-9310(17)35409-1/h0035
http://refhub.elsevier.com/S0017-9310(17)35409-1/h0040
http://refhub.elsevier.com/S0017-9310(17)35409-1/h0040
http://refhub.elsevier.com/S0017-9310(17)35409-1/h0040
http://refhub.elsevier.com/S0017-9310(17)35409-1/h0045
http://refhub.elsevier.com/S0017-9310(17)35409-1/h0045
http://refhub.elsevier.com/S0017-9310(17)35409-1/h0050
http://refhub.elsevier.com/S0017-9310(17)35409-1/h0050
http://refhub.elsevier.com/S0017-9310(17)35409-1/h0055
http://refhub.elsevier.com/S0017-9310(17)35409-1/h0055
http://refhub.elsevier.com/S0017-9310(17)35409-1/h0055
http://refhub.elsevier.com/S0017-9310(17)35409-1/h0060
http://refhub.elsevier.com/S0017-9310(17)35409-1/h0060
http://refhub.elsevier.com/S0017-9310(17)35409-1/h0060
http://refhub.elsevier.com/S0017-9310(17)35409-1/h0065
http://refhub.elsevier.com/S0017-9310(17)35409-1/h0065
http://refhub.elsevier.com/S0017-9310(17)35409-1/h0070
http://refhub.elsevier.com/S0017-9310(17)35409-1/h0070
http://refhub.elsevier.com/S0017-9310(17)35409-1/h0070
http://refhub.elsevier.com/S0017-9310(17)35409-1/h0075
http://refhub.elsevier.com/S0017-9310(17)35409-1/h0075
http://refhub.elsevier.com/S0017-9310(17)35409-1/h0075
http://refhub.elsevier.com/S0017-9310(17)35409-1/h0080
http://refhub.elsevier.com/S0017-9310(17)35409-1/h0080
http://refhub.elsevier.com/S0017-9310(17)35409-1/h0080
http://refhub.elsevier.com/S0017-9310(17)35409-1/h0080
http://refhub.elsevier.com/S0017-9310(17)35409-1/h0085
http://refhub.elsevier.com/S0017-9310(17)35409-1/h0085
http://refhub.elsevier.com/S0017-9310(17)35409-1/h0085
http://refhub.elsevier.com/S0017-9310(17)35409-1/h0085
http://refhub.elsevier.com/S0017-9310(17)35409-1/h0085
http://refhub.elsevier.com/S0017-9310(17)35409-1/h0090
http://refhub.elsevier.com/S0017-9310(17)35409-1/h0090
http://refhub.elsevier.com/S0017-9310(17)35409-1/h0095
http://refhub.elsevier.com/S0017-9310(17)35409-1/h0095
http://refhub.elsevier.com/S0017-9310(17)35409-1/h0095
http://refhub.elsevier.com/S0017-9310(17)35409-1/h0095
http://refhub.elsevier.com/S0017-9310(17)35409-1/h0100
http://refhub.elsevier.com/S0017-9310(17)35409-1/h0100
http://refhub.elsevier.com/S0017-9310(17)35409-1/h0100
http://refhub.elsevier.com/S0017-9310(17)35409-1/h0110
http://refhub.elsevier.com/S0017-9310(17)35409-1/h0110
http://refhub.elsevier.com/S0017-9310(17)35409-1/h0115
http://refhub.elsevier.com/S0017-9310(17)35409-1/h0115
http://refhub.elsevier.com/S0017-9310(17)35409-1/h0115
http://refhub.elsevier.com/S0017-9310(17)35409-1/h0115
http://refhub.elsevier.com/S0017-9310(17)35409-1/h0115
http://refhub.elsevier.com/S0017-9310(17)35409-1/h0120
http://refhub.elsevier.com/S0017-9310(17)35409-1/h0120
http://refhub.elsevier.com/S0017-9310(17)35409-1/h0125
http://refhub.elsevier.com/S0017-9310(17)35409-1/h0125
http://refhub.elsevier.com/S0017-9310(17)35409-1/h0125
http://refhub.elsevier.com/S0017-9310(17)35409-1/h0135
http://refhub.elsevier.com/S0017-9310(17)35409-1/h0135
http://refhub.elsevier.com/S0017-9310(17)35409-1/h0145
http://refhub.elsevier.com/S0017-9310(17)35409-1/h0145
http://refhub.elsevier.com/S0017-9310(17)35409-1/h0145

	Semi-analytic approximation of the temperature field resulting from moving heat loads
	1 Introduction
	2 Semi-analytic approximation
	2.1 Problem formulation
	2.2 The approximate solution

	3 Physical properties and interpretation
	4 Edge effects and repetitive scanning patterns
	4.1 Edge effects
	4.2 Repetitive scanning patterns

	5 Example
	6 Conclusions and discussions
	Conflict of interest
	Appendix A Higher order approximations
	Appendix B Three-dimensional spatial domain
	References


