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A B S T R A C T   

Tuned mass damper inerter (TMDI) is commonly reported to be a lightweight tunable device that can signifi-
cantly reduce buildings’ seismic response. However, the backward action produced by the inerter and returned to 
the building in conventional TMDIs may either reduce the device performance or limit the inerter potential. This 
study proposes and investigates a novel control scheme using large physical mass ratios generated by lightweight 
inerters. Hence, a double mass tuned damper inerter (DMTDI) is formulated. The proposed control scheme 
consists of two TMDs placed at the roof of the building and connected via an inerter. Thus, the inerter backward 
action is transmitted to the secondary mass instead of the building. Both TMDI and DMTDI parameters are 
optimized using a genetic algorithm (GA). The top floor displacement transfer function’s H2- norm is considered 
as the objective function for minimization. The optimally tuned devices are then tested under one hundred (100) 
near and far-field ground motions. The results obtained show a significant response improvement in peak 
displacement, acceleration, and base shear. The structure energy is also investigated; the lowest energy response 
in the studied structure is observed while using the proposed DMTDI scheme.   

1. Introduction 

Frahm [1] first discovered the idea of TMD in 1909. He introduced a 
secondary mass attached to a single degree of freedom (SDOF) system 
via a tuned linear spring. This arrangement was intended to reduce the 
vibration of the main mass while subjected to harmonic excitation [2]. 
developed formulated optimal tuning frequency and damping parame-
ters of TMDs. Hence, a traditional TMD can be defined as a single degree 
of freedom system and is usually constituted of a mass block connected 
to the main structure via a spring and a viscous dashpot arranged in 
parallel, generating a restoring force opposing the structural motion. A 
TMD does not require an external power supply [3–6]. Many researchers 
have proposed optimization methods for designing TMDs. The main 
design parameters are optimum frequency and damping ratios [2,7,8]. 

While the TMDs systems have been demonstrated to be effective 
when the device’s natural frequency is close to the excitation frequency, 
some inherent limitations of this device can be mentioned. A TMD’s 
effectiveness is highly dependent on its mass ratio (i.e., the ratio 

between physical masses of secondary and primary structure) [6,9]. A 
large TMD mass is usually required to achieve the desired control per-
formance, which is challenging for engineers regarding space require-
ment, vertical loadings, and construction cost. A relevant example is the 
TMD placed in Taipei 101 tower, which weights about 800 tons and 
requires a space equivalent to four (4) floors for its functioning [5,10, 
11]. 

In recent years, inerter based devices have received significant 
attention in civil engineering applications. The concept of the inerter was 
first introduced by [12] in the field of automotive engineering. In theory, 
an ideal inerter is a lightweight element with two extremities, producing 
a force proportional to the acceleration between its extremities. The 
proportionality constant of the device is called its inertance, and the 
device is comparable to a mass [10,13,14]. Various practical realizations 
of inerters have been reported in the literature: ball-screw [15–18], 
rack-pinion-flywheel devices [12,19–21], hydraulic mechanisms [22] 
and electromagnetic mechanisms [23]. 

To enhance the performance of the passive TMD, a novel passive 
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tuned mass damper inerter (TMDI) was investigated by researchers. The 
TMDI combines the inerter element with the traditional TMD to reduce 
the large mass in traditional TMD. Such a system takes advantage of the 
mass amplification effect known as the “inertance” generated by the 
inerter to increase the total mass ratio of the TMDI. 

Marian and Giaralis [24] examined the performance of TMDI on an 
undamped primary structure using stochastic stationary excitations and 
selected the displacement variance of the lead mass to be minimized. 
Theoretical studies demonstrated that the tuned mass damper inerter is 
more robust and effective than the classical TMD [25–27]. Taflanidis 
et al. [28] analyzed three different types of inerter systems: a tuned 
viscous mass damper TVMD, tuned mass damper inerter TMDI, and 
tuned inerter damper TID and developed a reliability-based design 
method for multi-story structures equipped with these types of inerter 
systems. The structure and control cost performance were treated as 
design targets, and multi-objective optimization (Pareto) was employed. 

Dai et al. [29] explored the influence of passive inerter location on 
the performance of TMDI placed in flexible structures under wind 
excitation and introduced an empirical formula to estimate the optimal 
design parameters of the control system. Giaralis and Taflanidis [30] 
and Ruiz et al. [31] investigated the importance of the TMDI location on 
its performance. However, they did not explicitly consider the installa-
tion floor of the TMDI as one of the variables to be optimized. Wang et al. 
[32] used a tuned mass damper inerter (TMDI) to reduce the response of 
high-rise buildings corresponding to twenty-four (24) different wind 
directions. The design parameters of the TMDI were optimized. The 
location floor of the device was considered as a design variable. The 
authors report that the performance is affected by the location of the two 
extremities of the inerter as the maximum relative acceleration between 
floors is not necessarily between the adjacent ones. 

Giaralis and Petrini [33] and Petrini et al. [34] presented different 
TMDI topologies’ and achieved outstanding performances by increasing 
the distance between the main mass of the TMDI and the inerter 
connection point. Engineering-wise, installing TMDI with such topol-
ogies (i.e., a large number of floors between the TMDI mass and the 
connection point of the inerter) may not be feasible and cost-effective. 
Pietrosanti [35] applied a methodology for finding a generalized 
2-DOF model suitable for the optimal design of an MDOF system with 
ungrounded or grounded TMDI. It was found that the response of host 
structure and TMDI were both significantly reduced compared to an 
uncontrolled case. Weber et al. [36] studied the vibration reduction of a 
tall benchmark building equipped with TMDI. They found that the 
performance of the TMDI is related to the connection floor of the inerter 
(grounded and ungrounded). It is found that the inerter performs better 
when it is grounded (fixed to the ground) with respect to the classical 
TMD. Lara-Valencia [37] determined the optimal design of TMDIs 
considering multi-performance indexes. A considerable reduction was 
attained in the dynamic response of low-rise shear buildings when 
TMDIs are used. Caicedo [38] introduced the differential evolution 
method (DEM) for the optimal design of TMDI located at the upper level 
of high-rise buildings to enhance seismic safety. The researchers used 
twelve (12), thirty-two (32) and thirty-seven (37) storey buildings to 
assess their approach. An algorithm was executed to minimize the root 
mean square displacement of the host structure and the horizontal peak 
displacements of the control mass. 

TMDIs have also been investigated to reduce vibrations of base- 
isolated structures. De Domenico and Ricciardi [39] improved the 
seismic performance of a base-isolated structure by installing a tuned 
mass damper inerter (TMDI) between the isolated floor and the ground. 
Masnata et al. [40] introduced a novel scheme of grounded TMDI 
equipped on base-isolated structures, especially historical buildings. De 
Domenico and Ricciardi [41] tested six different structural control 
strategies for base-isolated structure (BIS) combined to a grounded 
TMDI. Numerical and experimental results indicated that the optimized 
BIS-TMDI system could result in noticeable performance improvements, 
especially in terms of the lateral displacement of BIS. 

Rather than using novel passive TMDI or traditional TMD, re-
searchers have proposed using multi-TMD configuration, which consists 
of multiple tuned mass dampers arranged in parallel or series. Different 
studies of MTMD arranged in series as well as in parallel for several 
structures have been conducted by Elias and his coworkers, for example, 
in concrete chimneys [42,43], in bridges [44], in wind turbines [45,46], 
in base-isolated buildings [47], in asymmetric buildings [48]. A similar 
idea of MTMD is extended by [6]; who proposed to control the vibration 
of base-excited SDOF primary system by using double-tuned mass 
damper with inerters (SDTMDI). In this scheme, the optimal parameters 
were found according to the extended fixed-point approach for SDOF 
primary system. It is concluded that the G-SDTMDI scheme (two-inerters 
linked to the ground) has better performance than the I-SDTMDI scheme 
(two-inerters connected between two vibrating masses) regarding the 
peak vibration amplitude reduction of the primary system. Cao et al. 
[49] proposed grounded and ungrounded multi-tuned mass damper 
inerters (MTMDIs) to mitigate the oscillatory motion of structures 
excited by the ground motion. They optimized the mass ratio and 
number of MTMDI using particle swarm optimization algorithm (PSO). 
They reported that the MTMDI are more effective than the MTMD in the 
frequency domain. It was concluded that the stroke of MTMDI is smaller 
than that of MTMD having the same mass ratio. 

TMDIs have also been investigated to mitigate seismic pounding 
between buildings. De Domenico et al. [50] and Palacios-Quinonero 
[51] studied the potential of multi-tuned mass damper inerter 
(MTMDI) and multi-tuned inerter damper (MTID) applied to adjacent 
low and high-rise buildings, respectively. These studies found that 
MTMDI and MTID can significantly reduce inter-story drifts, inter-
building pounding gap, peak displacements, and absolute peak 
accelerations. 

Kaveh et al. [52] proposed the use of TMD-DI (double inerter) and 
compared its performance with TMD-SI (single inerter). The H∞-norm of 
the roof floor displacement transfer function was considered as the main 
objective function for finding the devices’ optimum parameters using 
the colling body optimization algorithm (CBO). The best performance 
was found when using (TMD-SI) configuration. Kaveh et al. [52] 
investigated the earlier configurations (TMDI-DI/TMD-SI) applied for 
SDOF and MODF systems by considering three main objective functions 
to be minimized. They used both H2 and H∞-norms along with the CBO 
algorithm for a range of mass and inertance ratios. They correlated the 
obtained results with published results by [53]. It was concluded that 
structural damping has an adverse effect on the performance of TMDI. 
Furthermore, when the goal was to reduce the structure’s acceleration 
response, the TMDI was more effective under far-field ground motions. 
Recently, a comparative study by [54] analyzed the effectiveness of 
distributed tuned mass inerter system (d-TMIS) for vibration control of 
high-rise chimneys, considering the effect of higher vibration modes on 
the response. The design parameters of (d-TMISs) were optimized to 
enhance the chimneys’ seismic response. They concluded that by 
considering the lightweight effect and acceptable reduction in the re-
sponses, the d-TMISs could be adopted as an available technique for 
seismic response reduction, and it was effective. However, the authors 
mentioned that a grounded inerter is not a practical solution due to its 
complex implementation in fixed base structures. 

In this study, a novel vibration mitigation device denoted double- 
mass tuned damper inerter (DMTDI) is adopted to mitigate buildings’ 
seismic response. The DMTDI scheme consists of two TMD placed 
adjacent to each other. The two TMD masses are connected via an inerter 
element. Minimizing the H2-norm of top floor displacement is selected 
as the target objective function for the proposed DMTDI configuration. 
The optimal design parameters of the DMTDI (i.e., mass ratio, inertance 
ratio, frequency tuning, and damping tuning) are evaluated using a 
genetic algorithm (GA). A benchmark building is used as a case study. 
The optimized devices are investigated in terms of their response 
reduction performance against 100 ground motions. The device is 
compared with a classical TMDI having the same mass (μ) and inertance 
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ratios (β). The purpose of using a large number of ground motions is 
better to understand the studied device’s sensitivity and effectiveness 
(see, for example [50,55,56,68]). 

2. Mathematical model 

A multi-story (see Fig. 1) share frame equipped with a single mass 
tuned mass damper inerter (TMDI) is shown in Fig. 1a excited by a 
horizontal acceleration ẍg. The inerter is connected to the tuned mass 
and the host building (two floors below top). Hence, its force will be 
proportional to the relative acceleration between the structure and the 
tuned mass damper. The proposed configuration consists of two tuned 
mass dampers placed adjacent to each other at the top floor level of a 
benchmark building. The building is modelled with one translational 
degree of freedom (DOF) in each floor. The degree of freedoms (DOFs) is 

numbered starting from the ground floor to the building’s roof floor, 
followed by the two TMD masses. The inerter is then used to couple the 
two moving masses instead of connecting each tuned mass to the 
structure’s frame. The resulting novel control scheme is denoted double- 
mass tuned damper inerter (DMTDI); and is shown in Fig. 1b. The 
mathematical formulation is developed in this section. The equation of 
motion of the controlled structure subjected to ground acceleration ẍg is 
shown in Eq (1). 

[Ms]ẍs(t) + [Cs]ẋs(t) + [Ks]xs(t) = − [MZ ]{Λ}ẍg(t) (1)  

where {Λ} is the influence vector, xs is the vector collecting all lateral 
floor displacement xi plus the displacement xD1, xD2 of the attached 
masses of the DMTDI. That is, 

xs(t)= [ x1 x2 x3 ⋯ xN− 1 xN xD1 xD2 ]
T (2) 

Fig. 1. Structural configurations (a) Single tuned mass damper inerter (TMDI), (b) double-mass tuned damper inerter (DMTDI).  
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where the superscript “T” denotes matrix transposition. Further, [Ms]

reported in Equation (3) is the global mass matrix of the DMTDI scheme, 
including the tuned masses’ real mass and the physical mass of the 
inerter. The inerter couples the primary and the secondary masses 
denoted mD1and mD2, respectively. 

[Ms] =

⎡

⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

m1 0 0 0 0 0 0 0
m2 0 0 0 0 0 0

m3 0 0 0 0 0
⋱ 0 0 0 0

mN− 1 0 0 0
mN 0 0

mD1 + b − b
− b mD2 + b

⎤

⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

(3)  

[Mz] is the real mass matrix excluding the nonphysical mass of the 
inerter, as 

[MZ ] = diag[m1 m2 m3 ⋯ mN− 1 mN mD1 mD2 ] (4) 

The damping matrix of the structure equipped with the DMTDI as 

[Cs]=

⎡

⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

c1+c2 − c2 0 0 0 0 0 0
c2+c3 − c3 0 0 0 0 0

⋱ 0 0 0 0 0
⋱ 0 0 0 0

cN− 1+cN − cN 0 0
cN +cD1+cD2 − cD1 − cD2

cD1 0
SYM cD2

⎤

⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

(5) 

Finally, the system’s stiffness matrix is shown with the following 
expression: 

[Ks]=

⎡

⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

k1+k2 − k2 0 0 0 0 0 0
k2+k3 − k3 0 0 0 0 0

⋱ 0 0 0 0 0
⋱ 0 0 0 0

kN− 1+kN − kN 0 0
kN +kD1+kD2 − kD1 − kD2

kD1
SYM kD2

⎤

⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

(6) 

Equation (1) can be rewritten using state-space representation (SSR) 
as shown in Equation (7), where [A], [B], [Cι]and [D] are state matrix, 
input matrix, output matrix, and feed-forward matrices, respectively. 

Ẏ = [A]Y(t) + [B]u(t) z = [Cι]Y(t) + [D]u(t) (7)  

while Y is the output vector containing the displacement and velocities 
from the structural response system and u is the input vector [57,58]. 

Now in order to simplify Equation (7), the matrices A and B are 
defined as per Equation (8), where O and E are the null and identity 
matrices, respectively. 

Y =

( xs(t)

ẋs

(

t
)
)

A =

(
[O] [E]
− [Ms]

− 1
[Ks] − [Ms]

− 1
[Cs]

)

B

=

(
[O]

− [Ms]
− 1
[MZ ]

)

(8) 

By converting Eq (1) to the state-space representation (SSR), it 
should be noted that in SSR, the second-order differential equation is 
converted to the first-order equation. In this way, the transfer function 
matrix of the state space system Equation (7) as a function of circular 
frequency ω can be given as 

G(jω)= [Cι](jω[E] − [A])− 1
[B] (9) 

In which [Cι] is the 2× (N + 2)-dimensional output matrix and j is the 
imaginary unit number. The superscript (− 1) denotes matrix inversion. 

3. DMTDI optimization with genetic algorithm 

The parameters of the control devices are optimized by using the 
genetic algorithm (GA). Holland first presented the genetic algorithm 
(GA) in 1975. Genetic algorithms can be employed for solving several 
optimization problems that are not well suited for standard optimization 
algorithms, including problems in which the objective function is sto-
chastic, non-differentiable, discontinuous, or highly nonlinear. In recent 
years, genetic algorithms are becoming more popular in civil engi-
neering problems due to their capability, flexibility, and speed [59,60]. 
Other metaheuristic methods have also been used in the literature to 
optimize tuned mass damper parameters [61–64]. 

In this work, the response to be minimized is the top floor 
displacement of the benchmark building. Hence the state-space output 
matrix Cl is defined as 

Cl = diag[ 0 0 0 0 ⋯ 1 0 0| 0 0 ⋯ 0 0 0 ] (10) 

The optimization is achieved in the frequency domain under white- 
noise excitation. This is motivated by the independence of such an 
approach regarding the stochastic nature of earthquake ground motions. 
The H2-norm of the displacement transfer function is shown with the 
following expression: 

|H|2 =

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

1
2π

∫∞

− ∞

Trace(G(jω)
HG(jω))dω

√
√
√
√
√ (11)  

where Trace(.) is the trace of the matrix; the superscript H denotes 
complex conjugate transposition. The parameters selected for mini-
mizing the building response are the real mass, damping, stiffness, and 
physical mass of the TMDI and DMTDI passive control vibration devices. 
These parameters are subjected to the set of conditions shown in 
Equation (12). 

Find mD1, cD1, kD1, b,mD2, cD2, kD2 and mT , cT , kT , b  

minimize OF =

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

1
2π

∫∞

− ∞

Trace
(
G(jω)HG(jω)

)
dω

√
√
√
√
√

Subject to mD1 + mD2 ≤ mT

(12) 

The range of optimal parameters and parameters of the GA were 
chosen based on the published literature [50]. These parameters are 
listed in Tables 1 and 3, respectively. A flowchart description of the 
essential steps of the optimization procedure is shown in Fig. 1B 
(Appendix B). The design parameters of TMDI such as mass ratio (μ), 
inertance ratio (β), frequency ratio (γ), and damping ratio (ζ) are defined 
by Equation 13 

β=
b

Mtot
; μ=

mT

Mtot
; γ =

ωT

ωs(1)
=

̅̅̅̅̅̅̅̅̅̅̅
kT

(mT+b)

√

ωs(1)
; ζ=

cT

2
̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
(mT + b)kT

√ ; (13)  

where Mtot,ωT and ωs(1) are total building mass, frequency TMDI device 
and the structural system’s natural fundamental frequency, 
respectively.mT ,kT and cT are mass, stiffness and damping coefficient 
TMDI device. Search bounds of design variables should account for 
structural properties [52,53,65]. In the search algorithm used in this 

Table 1 
Genetic algorithm parameters.  

Parameters Value 

Population size 200 
Number of generations 500 
Mutation probability 1/6 
Crossover probability 0.9 
Tolerance 10–7  
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study, μ ranges from 0.1% to 2%; and β varies from 0 to 1. The optimized 
frequency and damping ratio of the TMDI require to be large enough to 
produce effective control and sufficiently narrow for computational ef-
ficiency. Hence, the frequency tuning ratio and damping ratio range are 
kept at 0.1–1.5 and 1–100%, respectively. 

4. Numerical simulation 

A 10-story benchmark building is used as a representative structure 
in this study. Many researchers have used this building to study the 
performance of different passive devices such as TMD, TID, and TMDI 
[8,52,65]. The corresponding mass, column stiffness, and natural fre-
quencies are listed in Table 2. It is worth mentioning that the benchmark 
building is a shear frame, and it has irregular dynamic parameters. The 
normalized modal shapes of the benchmark building are displayed in 
Fig. 2. 

The GA described in the previous section is used to determine the 
optimum parameter of the DMTDI device. The optimization procedure is 
performed in the frequency domain using Equation (12). The optimum 
parameters obtained are then used to perform time history analysis 
under a set of 100 horizontal ground motions records given in the FEMA 
P659 [66], which are extracted from the Pacific Earthquake Engineering 
Research Center (PEER) database (http://peer.berkeley.edu/nga). This 
set of records are separated into three different groups, namely, 
near-fault with a pulse (PNF), near-fault without a pulse (NPNF), and 
far-fault (FF). The corresponding response spectra (for a 5% damping 
ratio) of these three groups of ground motions records, as well as the 
median, are shown in Fig. 3. The 100 records are summarized in 
Appendix A, Table A1, including the record sequence number (RSN), 
magnitude, peak ground acceleration (PGA), and peak ground velocity 
(PGV). The suite of 100 ground motions covers earthquakes with a 
moment magnitude (Mag) between 6.5 and 7.9, peak ground accelera-
tion (PGA) varying from 0.210 to 1.43g, peak ground velocity (PGV) 
ranging from 19 to 167.3 cm/s (also see Elias et al., [69]). 

Further details about the ground motions can be found in the FEMA 
P695 [66]. To maintain a reasonable linearity assumption, all earth-
quakes with a PGA exceeding 0.3g were scaled down to 0.3g. Hence, the 

frequency content variability of the database is kept the same. On the 
other hand, the large displacement amplitudes are reduced. 

The obtained optimum parameters of both TMDI and DMTDI are 
shown in Table 4. Both the real mass and the physical mass are kept 
equal for both configurations (TMDI and DMTDI), and the same value of 
inertance is used. The optimum damping for the TMDI is high compared 
to the DMTDI; the same pattern is observed for the stiffness parameter. 

4.1. Response control 

Response of the building with and without control devices is calcu-
lated by using time history analysis. Results obtained for three ground 
motions, each from one of the three groups discussed above, are dis-
cussed here. The ground motions are the 1999 Chi-Chi earthquake at the 
TCU065 station, the 1994 Northridge earthquake at the Northridge- 
Saticoy station, and the 1992 Landers earthquake at the Coolwater 
station. The ground motions’ peak ground acceleration (PGA) are 0.3g, 
0.3g, and 0.165g, respectively. Here g denotes gravitational 
acceleration. 

The time history of top floor displacement, absolute acceleration, 
and base shear of the uncontrolled (NC) and controlled benchmark 
building are shown in Fig. 4. The percentage reduction in response are 
listed in Table 5. 

In terms of top floor displacement, the DMTDI outperforms the 
TMDI. It is observed that DMTDI provides a lot more response reduction 
than TMDI (see Fig. 4A, B, 4C). Although the devices are optimized to 
reduce displacement demand, they also reduce roof acceleration. 
DMTDI is superior also in this regard, especially under the Landers (see 
Fig. 4F) ground motion. Both the TMDI and DMTDI are ineffective in 

Table 2 
Dynamic parameters of the 10-storey benchmark building considered in this 
study.  

Story m(ton) k× 103(KN /m) f(Hz)

1 179 62.47 0.494 
2 170 52.26 1.315 
3 161 56.14 2.145 
4 152 53.02 2.933 
5 143 49.91 3.644 
6 134 46.79 4.257 
7 125 43.67 4.777 
8 116 40.55 5.216 
9 107 37.43 5.558 
10 98 34.31 5.776  

Table 3 
The range values of the optimization.   

Unit Minimum Value Maximum value 

Mass tons  13.85 69.25 
Inertance tons  13.85 1385 
Damping × 104(KN.s /m) 1.7217 1.356 

Stiffness × 104(KN /m) 2.675 3.16  

Fig. 2. First three mode shapes of non-controlled benchmark building.  
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controlling structural response to the Northridge ground motion. In this 
case, the peak response builds up very fast, immediately after strong 
shaking starts. However, under this ground motion, there are several 
large amplitude peaks in the structural acceleration response. Although 
the DMTDI is not effective in controlling the earlier and the largest peak, 
it reduces subsequent peaks significantly. This is important as several 
excursions beyond a certain level can accumulate damage in a structure 
and cause fatigue effects. In this sense, the DMTDI seems superior to the 
TMDI. Similar observations can be made about reduction in base shear 
demand shown in Fig. 4 (G-I). 

Fig. 3. Response spectra (5% damped) of near-fault with a pulse (A), near-fault without a pulse (B), and far-fault (C) record set of FEMA P695 ground motion records.  

Table 4 
Optimum design parameters of TMDI and DMTDI.   

Unit TMDI DMTDI 

Mass tons  mT = 27.7  mD1 = 18.540  mD2 = 9.160  
Inertance tons  b = 274.303  b = 274.303  
Damping (KN.s/m) cT = 195.476  cD1= 18.201  cD2= 8.539  
Stiffness (KN /m) kT = 3163.1  kD1 = 28.281  kD2 = 199.025   

Fig. 4. Time history of top floor displacement, acceleration, and base shear for Chi-Chi 1999 (near-fault with a pulse, Northridge 1994 (near-fault without a pulse), 
and Landers 1992 (far-fault) ground motions, respectively. 
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In addition to indicators response, in order to qualitatively the pro-
duction implications and related costs of the different structural control 
systems, we also plotted the reaction of the viscous damper and spring, 
termed Rc and Rk , respectively. These reactions are computed based on 
the specific arrangements of the TMD in each passive control scheme. 
Three case studies are shown in Fig. 5 in which TMD-1 and TMD-2 refer 
to the DMTDI proposed scheme. The mass values (mT,mD1, mD2) for each 
TMD device are given in the legend. As expected, the TMDI control 
scheme has a higher TMD viscous damper reaction followed by TMD-1 
subject to. 

Chi-Chi, Northridge, and Landers ground motions, respectively. 
Interestingly, the peak Rc of the TMD-1 always lesser two times than the 

Table 5 
Percentage reduction in peak response by the TMDI and DMTDI.   

Earthquakes RSN TMDI DMTDI 

Top floor displacement 1999 Chi Chi 1503 23.88 37.02 
1994 Northridge 1048 28.86 39.65 
1992 Landers 848 24.36 44.25 

Top floor acceleration 1999 Chi Chi 1503 39.52 43.41 
1994 Northridge 1048 7.98 1.26 
1992 Landers 848 33.54 51.28 

Base shear Vb /W 1999 Chi Chi 1503 27.79 42.95 
1994 Northridge 1048 − 1.89 1.62 
1992 Landers 848 34.29 46.14  

Fig. 5. Time history of dashpot force for Chi-Chi 1999 (near-fault with a pulse, Northridge 1994 (near-fault without a pulse), and Landers 1992 (far-fault) ground 
motions, respectively. 

Fig. 6. The normalized transfer function for top floor displacement (left) and acceleration (right) under TMDI and DMTDI.  
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peak Rc of TMDI (see Fig. 5). The forces of TMDI is much higher than the 
proposed system due its heavier weight. This makes the proposed 
method more practical to manufacture and install on buildings. 

The effectiveness and behaviour of the two control schemes can also 
be studied from their frequency response plots. The transfer functions 
for the top floor displacement and acceleration are shown in Fig. 6A and 
B. For ease of visualization the transfer functions are normalized by the 
peak of the transfer function of NC. The frequency range is herein 
normalized by the fundamental frequency of the building. For reference, 
the frequency response of uncontrolled building is also shown. The plots 
show that the DMTDI response peak is significantly lower than the NC 
and TMDI peaks at the first resonance frequency. 

Inspection of damping, strain, and kinetic energy is also useful to 
understand dynamic behaviour and effectiveness of the control schemes. 
In this regard, the damping energy or viscous dissipated energy is 
defined as Ed [67]. 

Ed =

∫t

0

[Cs]

{

ẋs(t)
}2

dt (14) 

The strain energy is defined as Es in Equation (15) and kinetic energy 
is defined as Ek in Equation 16 

Es =
1
2
{xs(t)}T

[Ks]{xs(t)} (15)  

Ek =
1
2

{

ẋs(t)
}T

[Ms]

{

ẋs(t)
}

(16) 

The time histories of the viscous dissipated energy, kinetic energy, 
and elastic strain energy of the controlled and uncontrolled building 
subjected to three ground motions are presented in Fig. 7. The energy 
response plots are normalized by the peak values of the uncontrolled 
building. The results show that the energy response of the building is 
greatly reduced by the control devices, with DMTDI exhibiting much 
better performance than the TMDI. 

4.2. Variation of control performance 

The effectiveness of DMTDI in comparison to TMDI under a large set 
of ground motions is presented in this section. Three parameters that 
measure response reduction for top floor displacement, top floor accel-
eration, and base shear are defined in Equations (17)-19). These pa-
rameters are hereafter called reduction ratios. 

J1 =

{
max

⃒
⃒xtop

Cont

⃒
⃒

max
⃒
⃒xtop

NC

⃒
⃒

}

(17)  

J2 =

⎧
⎨

⎩

max
⃒
⃒
⃒
⃒ẍ

top
Cont

⃒
⃒
⃒
⃒

max
⃒
⃒
⃒
⃒ẍ

top
NC

⃒
⃒
⃒
⃒

⎫
⎬

⎭
(18)  

J3 =

{
max

⃒
⃒Vb,Cont

⃒
⃒

max
⃒
⃒Vb,NC

⃒
⃒

}

(19)  

where xtop
Cont and ẍtop

Cont , respectively are the controlled peak top floor 
displacement and acceleration of the building. Furthermore, xtop

NC and ẍtop
NC 

respectively are the corresponding peak displacement and acceleration 
of the uncontrolled structure while Vb,Cont and Vb,NC are the corre-
sponding peak base shear of the controlled and unoctrolled, respec-
tively. 

A large set of ground motions is useful in understanding variation of 
control performance with amplitude and frequency content of ground 
motion (see, for example, [56]. A set of 100 ground motions as described 
earlier and summarized in Table A1 in Appendix A are used for this 
purpose. The variation of response reduction ratios is shown in 
Figs. 8–10. A ratio below one indicates that the device is effective. 
Otherwise, the device amplifies the response. Fig. 8A, B, and 8C show 
the variation of J1 as a function of the peak top floor displacement of the 
NC for three different groups of ground motions, PNF, NPNF, and FF, 
respectively. 

Fig. 7. Time history of damping energy, kinetic energy, and elastic energy for Chi-Chi 1999 (near-fault with a pulse, Northridge 1994 (near-fault without a pulse), 
and Landers 1992 (far fault) earthquakes, respectively. 
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Fig. 8A shows that the largest peak displacement of uncontrolled 
structure is ~0.88 m (near-field records with a pulse). The building 
installed with the TMDI scheme is displaced by 0.86 m, representing a 
reduction of 2%. The building installed with the DMTDI scheme is dis-
placed by ~0.70 m, representing a reduction of ~20 %. Fig. 9B shows 
that the maximum peak displacement of uncontrolled structure is 0.8 m 
(near-field records without a pulse). The displacement response of TMDI 
and DMTDI schemes are ~0.87 m and ~0.63 m, respectively. The cor-
responding reductions are 0% and 26%, respectively. Fig. 9C shows that 
the maximum peak displacement of non-controlled response is ~0.98 m 

(far-field records). The displacement response is ~1.00 m and ~0.71 m, 
respectively, for TMDI and DMTDI schemes. The corresponding re-
ductions are 0% and 28%, respectively. Generally, better response 
reduction is obtained using DMTDI as compared to TMDI. Both DMTDI 
and TMDI may amplify the response under a few earthquake ground 
excitations. This is generally the case for ground motions that produce 
low response in the uncontrolled structure and, therefore, are not 
critical. 

The variation J2 with peak top floor acceleration of uncontrolled 
structure is presented in Fig. 9. Reduction in acceleration is not as 

Fig. 8. Variation of J1with peak top floor displacement of the uncontrolled structure (A, B, and C). The plots from left to right represent ground motions in PNF, 
NPNF, and FF groups, respectively. 

Fig. 9. Variation of J2with peak top floor acceleration of the uncontrolled structure (A, B, and C). The plots from left to right represent ground motions in PNF, NPNF, 
and FF groups, respectively. 
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effective as displacement, which is expected for devices optimized to 
reduce displacement demands. Nevertheless, the control devices provide 
some reduction in acceleration demand. The difference between DMTDI 
and TMDI in acceleration control is not as pronounced as in displace-
ment control, but the former is slightly better than the latter and results 
in fewer cases of response amplification. 

Variation in J3 with peak base shear of uncontrolled structure is 
presented in Fig. 10. The controlled base shear is in the range of 
~0.4–1.2 times the uncontrolled base shear. The control devices seem to 
amplify base shear in more ground motions than displacement and top 
floor acceleration. Amplification of base shear is higher when equipped 
with TMDI. It is also interesting to note that while the TMDI amplifies 
base shear for ground motions that cause a large range of base shear 
demand in the uncontrolled structure, amplification caused by the 
DMTDI is mostly for those ground motions that produce relatively low 
base shear demand on the uncontrolled structure. In this regard, the 
DMTDI is superior to the TMDI. The results also show that the control 
devices are more effective in reducing base shear demand when sub-
jected to far-field ground motions than when they are excited by near 
field ground motions. 

5. Conclusion 

A double-mass tuned damper inerter (DMTDI) is proposed in this 
study. The main novelty of the proposed device is the coupling of two 
TMDs with an inerter. The effectiveness of this device is compared with a 
classical TMDI using a benchmark building as a case study. Optimal 
parameters of the proposed device and an equivalent TMDI were esti-
mated by minimizing the H2norm of peak roof displacement of the 
building. Genetic algorithm was used for minimization. Different types 
of ground motion, namely, near-fault with pulse, near-fault without 
pulse, and far fault, are used to investigate and compare the perfor-
mance of TMDI and DMTDI in controlling structural response parame-
ters such as displacement, acceleration, and base shear. In total, 100 
ground motions are used for this purpose. Detailed investigation of 
response time histories of roof displacement, roof acceleration, and base 
shear demands caused by three ground motions show that both TMDI 

and DMTDI provide a significant reduction in displacement response, 
but not as much reduction in roof acceleration and base shear demand. 
This is expected for devices that are optimized by minimizing H2-norm 
of the displacement transfer function. For some ground motions, for 
example, the Northridge ground motion, both devices are ineffective in 
controlling acceleration demand at the top floor and base shear. How-
ever, the DMTDI is superior to TMDI in reducing subsequent peaks 
which are comparable to the largest peak. In structures excited to 
multiple large amplitude response peaks, damage accumulation and 
fatigue related failure can be critical. In this regard, the DMTDI, 
although not very effective in reducing the largest peak, is found to be 
effective in lowering amplitudes of other large amplitude vibration 
peaks. If controlling acceleration response and base shear is of interest, 
similar devices optimized by minimizing H2norm of acceleration 
response might prove more beneficial, or a multi-objective minimization 
approach might be used. These issues remain to be investigated in more 
detail in future works. Inspection of displacement transfer functions and 
energy response of the two devices clearly shows the superiority of 
DMTDI over TMDI. Investigation with 100 ground motions shows that 
DMTDI is very effective and much superior than TMDI in reducing roof 
displacement. The former provides larger response reduction, results in 
fewer cases of amplification, and lower values of amplification than 
TMDI. Performance of the device in controlling top floor acceleration 
caused by 100 ground motions is not as impressive as controlling top 
floor displacement. However, in most cases, DMTDI provides some 
reduction in top floor acceleration. It amplifies top floor acceleration for 
some ground motions, but TMDI does so for much more ground motions. 
More importantly, amplification caused by DMTDI are mostly for those 
cases when the demand on the structure is relatively small and lower 
than that caused by TMDI. These results lead to the conclusion that the 
proposed device is superior to a classical TMDI. This study clearly shows 
the promise of the proposed device, but future research on issues such as 
multi-criteria optimization, detuning effects when the main structure is 
excited beyond linearly elastic range, and stroke as well as inertia forces 
generated by the device will be important to shed more light on its 
practical value. 

Fig. 10. Variation of normalized base shear with the variation of non-controlled peak base shear (A, B, and C).  
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Appendix A  

Table A1 
Suite of 100 ground motions records from FEMA P695 [66].  

ID No. RSN Name Year Mag Component No.1 Component No.2 PGA(g) PGV (cm/s) 

Pulse Near-Fault (PNF) 
1 181 Imperial Valley-06 1979 6.5 IMPVALL/H-E06_233 IMPVALL/H-E06_323 0.4 111.9 
2 182 Imperial Valley-06 1979 6.5 IMPVALL/H-E07_233 IMPVALL/H-E07_323 0.5 108.9 
3 292 Irpinia, Italy-01 1980 6.9 ITALY/A-STU_223 ITALY/A-STU_313 0.3 45.5 
4 723 Superstition Hills-02 1987 6.5 SUPERST/B-PTS_037 SUPERST/B-PTS_127 0.4 106.8 
5 802 Loma Prieta 1989 6.9 LOMAP/STG_038 LOMAP/STG_128 0.4 55.6 
6 821 Erzican, Turkey 1992 6.7 ERZIKAN/ERZ_032 ERZIKAN/ERZ_122 0.5 95.5 
7 828 Cape Mendocino 1992 7 CAPEMEND/PET_260 CAPEMEND/PET_350 0.6 82.1 
8 879 Landers 1992 7.3 LANDERS/LCN_239 LANDERS/LCN_329 0.8 140.3 
9 1063 Northridge-01 1994 6.7 NORTHR/RRS_032 NORTHR/RRS_122 0.9 167.3 
10 1086 Northridge-01 1994 6.7 NORTHR/SYL_032 NORTHR/SYL_122 0.7 122.8 
11 1165 Kocaeli, Turkey 1999 7.5 KOCAELI/IZT_180 KOCAELI/IZT_270 0.2 29.8 
12* 1503 Chi-Chi, Taiwan 1999 7.6 CHICHI/TCU065_272 CHICHI/TCU065_002 0.8 127.7 
13 1529 Chi-Chi, Taiwan 1999 7.6 CHICHI/TCU102_278 CHICHI/TCU102_008 0.3 106.6 
14 1605 Duzce, Turkey 1999 7.1 DUZCE/DZC_172 DUZCE/DZC_262 0.5 79.3 

No Pulse Near-Fault (NPNF) 

15 126 Gazli, USSR 1976 6.8 GAZLI/GAZ_177 GAZLI/GAZ_267 0.71 71.2 
16 160 Imperial Valley-06 1979 6.5 IMPVALL/H-BCR_233 IMPVALL/H-BCR_323 0.76 44.3 
17 165 Imperial Valley-06 1979 6.5 IMPVALL/H–CHI_233 IMPVALL/H–CHI_323 0.28 30.5 
18 495 Nahanni, Canada 1985 6.8 NAHANNI/S1_070 NAHANNI/S1_160 1.18 43.9 
19 496 Nahanni, Canada 1985 6.8 NAHANNI/S2_070 NAHANNI/S2_160 0.45 34.7 
20 741 Loma Prieta 1989 6.9 LOMAP/BRN_038 LOMAP/BRN_128 0.64 55.9 
21 753 Loma Prieta 1989 6.9 LOMAP/CLS_038 LOMAP/CLS_128 0.51 45.5 
22 825 Cape Mendocino 1992 7 CAPEMEND/CPM_260 CAPEMEND/CPM_350 1.43 119.5 
23 1004 Northridge-01 1994 6.7 NORTHR/0637_032 NORTHR/0637_122 0.73 70.1 
24* 1048 Northridge-01 1994 6.7 NORTHR/STC_032 NORTHR/STC_122 0.42 53.2 
25 1176 Kocaeli, Turkey 1999 7.5 KOCAELI/YPT_180 KOCAELI/YPT_270 0.31 73 
26 1504 Chi-Chi, Taiwan 1999 7.6 CHICHI/TCU067_285 CHICHI/TCU067_015 0.56 91.8 
27 1517 Chi-Chi, Taiwan 1999 7.6 CHICHI/TCU084_271 CHICHI/TCU084_001 1.16 115.1 
28 2114 Denali, Alaska 2002 7.9 DENALI/ps10_199 DENALI/ps10_289 0.33 126.4 

Far-Fault (FF) 

29 68 San Fernando 1971 6.6 SFERN/PEL090 SFERN/PEL0180 0.21 19 
30 125 Friuli, Italy 1976 6.5 FRIULI/A-TMZ000 FRIULI/A-TMZ270 0.35 31 
31 169 Imperial Valley 1979 6.5 IMPVALL/H-DLT262 IMPVALL/H-DLT352 0.35 33 
32 174 Imperial Valley 1979 6.5 IMPVALL/H-E11140 IMPVALL/H-E11230 0.38 42 
33 721 Superstition Hills 1987 6.5 SUPERST/B-ICC000 SUPERST/B-ICC090 0.36 46 
34 725 Superstition Hills 1987 6.5 SUPERST/B-POE270 SUPERST/B-POE360 0.45 36 
35 752 Loma Prieta 1989 6.9 LOMAP/CAP000 LOMAP/CAP090 0.53 35 
36 767 Loma Prieta 1989 6.9 LOMAP/G03000 LOMAP/G03090 0.56 45 
37 1633 Manjil, Iran 1990 7.4 MANJIL/ABBAR-L MANJIL/ABBAR-T 0.51 54 
38 900 Landers 1992 7.3 LANDERS/YER270 LANDERS/YER360 0.24 52 
39* 848 Landers 1992 7.3 LANDERS/CLW-LN LANDERS/CLW-TR 0.42 42 
40 829 Cape Mendocino 1992 7 CAPEMEND/RIO270 CAPEMEND/RIO360 0.55 44 
41 953 Northridge 1994 6.7 NORTHR/MUL009 FRIULI/A-TMZ270 0.52 63 
42 960 Northridge 1994 6.7 NORTHR/LOS000 NORTHR/LOS270 0.48 45 
43 1111 Kobe, Japan 1995 6.9 KOBE/NIS000 KOBE/NIS090 0.51 37 
44 1116 Kobe, Japan 1995 6.9 KOBE/SHI000 KOBE/SHI090 0.24 38 
45 1602 Duzce, Turkey 1999 7.1 DUZCE/BOL000 DUZCE/BOL090 0.82 62 
46 1787 Hector Mine 1999 7.1 HECTOR/HEC000 HECTOR/HEC090 0.34 42 

(continued on next page) 
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Table A1 (continued ) 

ID No. RSN Name Year Mag Component No.1 Component No.2 PGA(g) PGV (cm/s) 

47 1158 Kocaeli, Turkey 1999 7.5 KOCAELI/DZC180 KOCAELI/DZC270 0.36 59 
48 1148 Kocaeli, Turkey 1999 7.5 KOCAELI/ARC000 KOCAELI/ARC090 0.22 40 
49 1244 Chi-Chi, Taiwan 1999 7.6 CHICHI/CHY101-E CHICHI/CHY101–N 0.44 115 
50 1485 Chi-Chi, Taiwan 1999 7.6 CHICHI/TCU045-E CHICHI/TCU045-N 0.51 39 

* Refers to those ground motion records used for the time histories responses. 

Appendix B

Fig. 1B. Implementation flowchart of the GA-based on searching DMTDI  
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