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Abstract—The agent dynamics in a multi-agent system subject
to both actuator saturation and unknown nonuniform input
delay impose difficulty in the protocol design for all agents
achieving state synchronization, although solutions can be found
for agents with actuator saturation and for agents with input
delay. In this paper, we design a low-gain based protocol for each
agent such that the protocol output (agents’ inputs) can be
squeezed enough and the saturation is not activated. Moreover,
an upper bound of the input delay is obtained. This paper focuses
on a class of agent systems, i.e. all agents’ eigenvalues are in the
closed left half plane (that is at most unstable agents), and
topology describing the coupling among agents is undirected, but
weighed. The numerical results with six agents coupled with full
states and partial states illustrates the effectiveness of the
proposed protocol design.

Index Terms—Multi-agent systems, actuator saturation, input
delays, semi-global state synchronization.

I. INTRODUCTION

IN THE past decades, researchers have worked hard on the

synchronization problem of multi-agent systems, where the

agent dynamics have developed from single/double-integrator

to higher-order dynamics and the topology modeling the com-

munication among agents has progressed from strongly con-

nected to directed and weighed. Moreover, more and more

constraints (or conditions) are added to the agents dynamics

and the communication, such as uncertain agent model, noise/

disturbance in the input/output, input saturation, input delay,

discontinuous communication, and so on. It is well known that

the synchronization problem of a multi-agent system is to

design a distributed protocol for each agent such that all

agents’ states or outputs converge to a common trajectory

asymptotically. The distributed protocol means that each

agent’s protocol only uses its neighboring information, rather

than the information of the whole multi-agent system. Regard-

ing the fundamental information on the synchronization of a

multi-agent system, please refer to [1], [2], [3], [4] and refer-

ences therein. For fix-time control and its application in

robots, please refer to [5] and [6] and references therein.

Input time delay, which usually results from input data pro-

cess and computation time, is ubiquitous in engineering appli-

cations. The synchronization problem regarding input delay is

difficult, since the amount of delay time can affect the stability

of the system. Hence, to find an upper bound of the delay

becomes critical and affects the stability region of the proto-

col. Some related work on single/second-intergrator dynamics

can be found in [7], [8], [9], [10], [11], [12], [13] and [14] for

example. For more complicated dynamics (i.e., higher-order

dynamics), work is done in [15] and [16], where agents are

assumed critically unstable.

Actuator saturation is also very common in engineering

applications. For example, all motors have a limit for the

input voltage and the valves provide maximum volume. For

the synchronization problem of a MAS in the presence of

actuator saturation, both global and semi-global synchroniza-

tion can be achieved based on some agents’ conditions. [17]

studies global synchronization for a MAS with agents cou-

pled through all states (that is full-state coupling). [18] deals

with global synchronization of a MAS with agents coupled

through partial states (that is partial-state coupling) utilizing

an adaptive method. However, additional communication

among agents and part of the agents’ states are needed for

the protocol design. For semi-global synchronization, please

see [19] and [20] for agents with full-state coupling, and

[21], [22] and [23] for agents with partial-state coupling. But

similarly, the protocol design needs additional communica-

tion and part of the agents’ states. The part of states is sus-

pended in [24]. Both additional communication and part of

states are no longer needed in [25], where a nonconvex opti-

mization problem is established and agents are assumed to be

passifiable via input feedforward. Semi-global synchroniza-

tion is also studied in [26], where agents are full-state cou-

pling and a directed spanning tree is required in the

communication topology. [27] considers both cases of full-

state coupling and partial-state coupling.

This paper considers both unknown nonuniform input delay

and actuator saturation. As mentioned before, input delay
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refers to the process and computation time. Obviously, this

input delay is unknown and usually can not be assumed uni-

form. Saturation is agents’ actuator saturation. Both are pres-

ent in every practical system. Specifically, this paper expands

our works in [16] (input delay) to accommodate actuator satu-

ration using the idea of [27] (actuator saturation), where the

idea is to squeeze the agents’ inputs small enough for a priori

given compact initial set such that the saturation can be

avoided. When the actuator is not activated, the semi-global

synchronization problem turns to be a synchronization prob-

lem. However, this paper is not a combination result of these

two papers. It can be found out that the agents’ inputs in this

paper are squeezed based on a general MAS system in the

presence of nonuniform input delay, instead of a general MAS

system without any delay. Hence, completely different techni-

ques are utilized to squeeze the agents’ inputs. Once the satu-

ration is not activated, the remaining synchronization problem

is exactly the same as in [16]. This part of work is directly

referred to [16] to avoid redundancy.

In conclusion, this paper researches semi-global state syn-

chronization of a MAS where agents are identical, continuous,

and with actuator saturation and unknown nonuniform input

delay. It is important to consider unknown nonuniform input

delay, since the exact input delay for each agent is hard to

obtained and these agents’ input delays are usually not-identical.

Agents are coupled through both full states and partial states.

We consider higher-order and general agents, the eigenvalues of

which are in the closed left-half plane. And the communication

among agents is described by a undirected and weighed graph.

A low-gain based protocol is designed for each agent, using the

only information from its neighbor agents. Moreover, by adjust-

ing the low gain parameter, the agents’ inputs are confined in the

allowed input range. It should be noticed that the protocol is

valid for a set of communication networks, rather than a specific

communication network. Besides, an input delay upper bound is

derived, which only relies on the agents’ eigenvalues on the

imaginary axis.

The results for full-state coupling have been published in

2020 American Control Conference [28]. In this paper, par-

tial-state coupling and simulations are added. Moreover, most

results for full-state coupling, as well as introduction, have

been completely rewritten in this paper.

A. Notations and Definitions

Given matrices A;B 2 Cm�n, A� B denotes the Kro-

necker product between matrices A and B. A0 indicate its con-
jugate transpose. diagfa1; ; aNg denotes a diagonal matrix

with ai (i ¼ 1; ; N) on the diagonal. colfx1; ; xNg denotes a

column matrix by stacking xi (i ¼ 1; ; N) together. kGðjvÞk1
is the H1 norm of the system GðjvÞ. While, ðg � fÞ ¼
gðfðxÞÞ : X ! Z is the composite function of f : X ! Y and

g : Y ! Z. The Banach space of all continuous functions

from ½��t; 0� ! Rn is defined as Cn
�t :¼ Cð½��t; 0�;RnÞ with

norm kxkC ¼ sup
t2½��t;0�

kxðtÞk.
The communication topology among agents represented by

a graph G can be decide by a triple ðV; F;AÞ, where V ¼

f1; . . . ; Ng is a set of nodes, F � V � V is a two-node set

indicating connection among nodes, A ¼ ½aij� 2 RN�N is a

weight matrix, with aij > 0 iff ðj; iÞ 2 F and aii ¼ 0. A

weighted graph is undirected If aij ¼ aji for all i; j 2
f1; . . . ; Ng; otherwise directed. For , A Laplacian matrix L ¼
½‘ij� is defined for a graph G as

‘ij ¼
PN

q¼1 aiq; i ¼ j;
�aij; i 6¼ j;

�

When the graph G is undirected, its Laplacian matrix L is

symmetric.

II. PROBLEM FORMULATION

In a MAS, agent i ¼ 1; . . . ; N in the presence of actuator

saturation and nonuniform input delay can be modeled by

_xiðtÞ ¼ AxiðtÞ þ Bsðuiðt� tiÞÞ;
yiðtÞ ¼ CxiðtÞ;
xið&Þ ¼ fið&Þ; & 2 ½��t; 0�

8<
: (1)

where ui 2 Rm, yi 2 Rp, and xi 2 Rn represent the ith agent’s
state, input, and output, and ti 2 ½0; �t� denotes the unknown

input delay with �t as the upper bound, and fi 2 Cn
�t . Moreover,

the actuator saturation is defined by function sð�Þ and

sðuiðt� tiÞÞ ¼
satðui;1ðt� tiÞÞ

..

.

satðui;mðt� tiÞÞ

0
BB@

1
CCA with ui ¼

ui;1

..

.

ui;m

0
BB@

1
CCA
(2)

where the saturation functionsatð�Þ is given by,

satðvÞ ¼ sgnðvÞminf1; jvjg:

When agents are coupled through partial states (partial-state

coupling), the communication among agents gives the relative

output information as the input for each agent’s protocol. We

use zi to represent the information, which is defined as

zi ¼
XN
j¼1

aijðyi � yjÞ; (3)

where aij 	 0 and aii ¼ 0 is the weight, indicating the connec-
tion between agent i and j. According to the definition of the

Laplacian matrix L,

zi ¼
XN
j¼1

‘ijyj: (4)

When agents are coupled through all states (full-state cou-

pling), the information zi turns out to be

zi ¼
XN
j¼1

aijðxi � xjÞ ¼
XN
j¼1

‘ijxj: (5)
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Note that we can think full-state coupling is a case of partial-

state coupling when C ¼ I.
For all agents, we need the following assumptions.

Assumption 1: ðA;BÞ is stabilizable and ðA;CÞ is detect-
able. Moreover, the agents are at most weakly unstable, i.e.,

all eigenvalues of A are located in the closed left-half complex

plane.

We also define some graph sets as follows.

Definition 1: GN means a set of undirected and weighed

graphs with N nodes. While GN
a;b indicates a set of undirected

and weighted graphs with N nodes with a and b as the upper

and lower bound of all nonzero eigenvalues (denoted by �i,

i ¼ 2; . . . ; N) of the associated Laplacian matrix L, i.e.,

b < �i < a; i ¼ 1; . . . ; N .

The maximum frequency of agent dynamics is defined as,

Definition 2:

vmax ¼ 0; agent is stable;
maxfv 2 R j detðjvI �AÞ ¼ 0g; otherwise

�

For full-state coupling and partial-state coupling, two syn-

chronization problems are formulated in the below.

Problem 1: AMAS is modeled by (1) and (5) with a given set

of graphsG � GN . The problem of semi-global state synchroni-

zation forG is to design a set of linear protocols of the form,

ui ¼ Fdzi; ði ¼ 1; . . . ;NÞ (6)

for any a priori specified compact set of initial conditions

W 
 Cn
�t , in which there is a d� such that for any d < d�,

agents achieve state synchronization for any delay ti 2 ½0; �t�,
for any initial conditions fi 2 W, and for all graphs G 2 G.

Problem 2: A MAS is modeled by (1) and (3) with a given

set of graphs G � GN . The problem of semi-global state syn-

chronization for G is to design a set of linear dynamic proto-

cols of the form,

_xiðtÞ ¼ Ac;dxiðtÞ þ Bc;dziðtÞ;
uiðtÞ ¼ Cc;dxiðtÞ þDc;dziðtÞ;
xið0Þ ¼ cið0Þ; ði ¼ 1; . . . ; NÞ

8<
: (7)

for any a priori given bounded set of initial conditions W 

Cn
�t � Rq, where xi 2 Rq and there is a d� such that for any d <

d�, agents achieve state synchronization for any delay ti 2
½0; �t�, for any initial conditions ðfi;ciÞ 2 W, and for any

graph G 2 G.

III. MAIN RESULTS

Two protocols for a MAS, one for full-state coupling and

the other for partial-state coupling, are designed in this sec-

tion. Both protocols are built up on a low-gain methodology.

A. Full-State Coupling

For each agent i ¼ 1; . . . ; N , we design the protocol as fol-

lows:

ui ¼ gFdzi; (8)

where g > 0 is a design parameter and Fd ¼ �B0Pd. Pd > 0
is the only solution of the algebraic Riccati equation (ARE)

A0Pd þ PdA� PdBB0Pd þ dI ¼ 0; (9)

with d > 0 being the low-gain parameter.

Some technical lemmas are needed before our main results.

Lemma 1: Assume that agents are at most weakly unstable

and ðA;BÞ is stabilizable. By defining Fd ¼ �B0Pd with Pd

found in (9), the following properties are held:

1) Aþ n�BFd is Hurwitz stable for all d > 0 and for all

� > b, where n ¼ 1=b.
2) For all b > 0, there is a d� > 0 such that, for any d 2

ð0; d��, we have

Fde
ðAþn�BFdÞt�� �� � r1;de

�rdt; ðt 	 0Þ (10)

for some r1;d > 0 and rd > 0, where r1;d ! 0 as d !
0, and for all � > b and with n ¼ 1=b.

3) Moreover, it can be found that

n�FdðsI � A� n�BFdÞ�1B
�� ��

1 < 2 (11)

for any � > b, for any d > 0, and with n ¼ 1=b.
Remark 1: It is worth noticing that Fd ! 0 as d ! 0can not

ensure (10), which means the input to agents should be small

enough for all t 	 0. This property for a fixed � can be found

in [29, Definition 4.73].

Proof: A closed-loop system can be written as

_x ¼ ðAþ n�BFdÞx:
We find that

d

dt
x0ðtÞPdxðtÞ � �dx0ðtÞxðtÞ

� �2rdx
0ðtÞPdxðtÞ;

using that � 	 b where rd ¼ 1
2 dkPdk�1

. Hence

kP 1=2
d xðtÞk � e�rdtkP 1=2

d xð0Þk: (12)

Finally,

kFde
ðAþn�BFdÞtxð0Þk ¼ kB0PdxðtÞk

� kBkkP 1=2
d ke�rdtkP 1=2

d xð0Þk:
(13)

Since (13) holds for all xð0Þ 2 Rn, it can be followed that

kFde
ðAþn�BFdÞtk � kBkkP 1=2

d k2e�rdt ¼ kBkkPdke�rdt; (14)

By using r1;d ¼ kBkkPdk, the inequality (10) is then proved.
Using the Riccati equation, we have

ðsI � A� n�BFdÞ�Pd þ PdðsI � A� n�BFdÞ � PdBB
0Pd � dI 	 0:

Postmultiplying with
ffiffiffiffiffiffi
n�

p ðsI � A� n�BFdÞ�1B and premul-

tiplying with its complex conjugate we get
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GðsÞ þGðsÞ� þGðsÞ�GðsÞ �
�dn� ðsI �A� n�BFdÞ�1B

h i�
ðsI �A� n�BFdÞ�1B
h i

� 0;

where

GðsÞ ¼ n�FdðsI �A� n�BFdÞ�1B:

This generates

GðsÞ þ I½ �� GðsÞ þ I½ � � I;

which implies

kGðsÞ þ Ik1 � 1;

and then

kGðsÞk1 � 2:

&

Lemma 2: Let a Laplacian matrix L be related to an undi-

rected and weighed graph. If L ¼ ReJeR
0
e with Re unitary and

Je ¼ diagfJ; 0g with J being diagonal, then

T1LT2 ¼ RJR�1; (15)

with R ¼ T1ReT2 and R�1 ¼ T 0
2R

0
eT2, where T1 2 RðN�1Þ�N

and T2 2 RN�ðN�1Þ are given by

T1 ¼ ð I �1N�1 :Þ; T2 ¼
I

0N�1

� �
:

Proof: Since L1N ¼ 0, we have

LT2T1 ¼ L
I �1N�1

0 0

� �
¼ L

I 0

0 1

� �
� Lð 0 1N :Þ ¼ L:

Hence, LT2T1 has N � 1 nonzero eigenvalues, i.e., �2; ; �N .

Therefore, T1LT2 has the same N � 1 nonzero eigenvalues

and then T1LT2 is invertible. Define R ¼ T1ReT2.

We have

Re ¼
R11

1ffiffiffi
N

p 1

R21
1ffiffiffi
N

p

 !
;

given that L1 ¼ 0. Then, it is seen that

RT 0
2R

0
e ¼ T1ReT2T

0
2R

0
e

¼ T1

R11

R21

� �
R0

11 R0
21ð Þ

¼ T1

R11
1ffiffiffi
N

p 1N�1

R21
1ffiffiffi
N

p

 !
R0

11 R0
21

1ffiffiffi
N

p 10N�1
1ffiffiffi
N

p

 !

¼ T1ReR
0
e ¼ T1:

In the above, the third equality is valid because T1
1N�1

1

� �
¼

0. Therefore,

R�1T1 ¼ T 0
2R

0
e;

which yields R�1 ¼ T 0
2R

0
eT2, and, moreover

T1LT2R ¼ T1LT2T1ReT2 ¼ T1LReT2 ¼ T1ReJeT2

¼ T1ReT2J ¼ RJ:

Hence, (15) is satisfied. &

Lemma 3: Assume that agents are at most weakly unstable

and ðA;BÞ is stabilizable. By defining Fd ¼ �B0Pd with Pd

found in (9), we have,

nðJ � FdÞeðIN�1�AþnJ�BFdÞt�� �� � r2;d; (16)

in which, J is the Jordan form of T1LT2 with L being the Lap-

lacian matrix related to the graph in GN
a;b, and r2;d ! 0 as

d ! 0.
Proof: Let a system be

_x ¼ ðIN�1 � Aþ nT1LT2 �BFdÞx (17)

and

h :¼ ðR�1 � InÞx ¼
h2

..

.

hN

0
B@

1
CA:

Then, we have

_h ¼ ðIN�1 � Aþ nJ �BFdÞh
with

_hi ¼ ðAþ n�iBFdÞhi; ði ¼ 2; ; NÞ:
Then, according to Lemma 1, it can be achieved that

kFdhiðtÞk � ~ri;d

with ~ri;d ! 0 as d ! 0 for i ¼ 2; ; N . Let r2;d ¼
a
b
maxf~r2;d; ; ~rN;dg. We have

nðJ � FdÞeðIN�1�AþnJ�BFdÞt�� �� � r2;d:

&

In the following, we state the result for agents with full-state

coupling.

Theorem 1: A MAS is modeled by (1) and (5). Given any

a > b > 0, a set of graphs GN
a;b is established. Assume that

agents are at most weakly unstable and ðA;BÞ is stabilizable.
Then, Problem 1 withG ¼ GN

a;b can be solved if

�tvmax <
p

2
: (18)

Then, there are g > 0 and d� > 0 for any compact set W 

Cn
�t , such that for this g and all d 2 ð0; d��, state synchroniza-

tion can be achieved by the protocol (8) for any delay ti 2
½0; �t�, for any initial conditions fi 2 W and for any graph

G 2 GN
a;b.

Proof: Define Di ði ¼ 1; ; NÞ as the delay operator such

that ðDiuiÞðtÞ ¼ uiðt� tiÞ. Note that D̂iðvÞ ¼ e�jvti in the

frequency domain. Let x ¼ colfx1; ; xNg, u ¼ colfu1; ; uNg,
D ¼ diagfD1; ; DNg and D̂ðvÞ ¼ diagfD̂1ðvÞ; ; D̂NðvÞg, the
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whole closed-loop dynamics can be written as

_xðtÞ ¼ ðIN �AÞxðtÞ þ ðIN � BÞsðDuðtÞÞ;
uðtÞ ¼ ðL� gFdÞxðtÞ:

�
(19)

If we have a small input uðtÞ ¼ ðL� gFdÞxðtÞ such that satu-

ration is avoided, then the closed-loop dynamics (19) turns out

to be a normal system without input saturation:

_xðtÞ ¼ ðIN � AÞxðtÞ þ ðIN � BÞDuðtÞ;
uðtÞ ¼ ðL� gFdÞxðtÞ:

�
(20)

Note that [16, Theorem 1] has proved the synchronization of

(20). So in the following, we will prove the synchronization of

(19) via showing that the system (19) does not get saturated

for a small enough d.

Let �xi ¼ xi � xN and �x ¼ colf�x1; ; �xN�1g. Since ui ¼
gFd

P
‘ijðxj � xNÞ ¼ gFd

P
‘ij�xj, we have

u ¼ ðLT2 � gFdÞ�x (21)

and

_�x ¼ ðIN�1 �AÞ�xþ gðT1DLT2Þ � BFdÞ�x: (22)

Next, we will show that the saturation can be avoided if

ðT1LT2 � gFdÞ�xðtÞ is small enough. With Cauchy-Schwatz

inequality, it is proved that for any t 	 0,

kðT1LT2 � gFdÞ�xðtÞk2 � kðT1LT2 � gFdÞ�xð0Þk2
�� �� �

2kðT1LT2 � gFdÞ _�xk2kðT1LT2 � gFdÞ�xk2;

which implicates that we only need to demonstrate that

ðT1LT2 � gFdÞ�xk k2� r3;d (23)

and

ðT1LT2 � gFdÞ _�xk k2� r4;d (24)

where r3;d ! 0 and r4;d ! 0 as d ! 0.
We define two operators. One is linear time-invariant opera-

tor gd : vd ! wd with the state-space representation:

_� ¼ ðIN�1 � Aþ nðJ �BFdÞÞ� þ ðIN�1 � BÞvd;
wd ¼ nðJ � FdÞ�:

�
(25)

The other is linear time-invariant operator #:

gðtÞ ¼ #ðfÞðtÞ

¼ R�1T1ðgnDðvÞ � IÞReT2 � Im
� 	

fðtÞ if t > �t

�R�1T1ReT2 � Im½ �fðtÞ otherwise

�

We can see that these two operators’ Laplace transforms are

given by

GdðjvÞ ¼ nðJ � FdÞðjvI � ðIN�1 � AÞ
� nðJ � BFdÞÞ�1ðIN�1 � BÞ;

DðjvÞ ¼ R�1T1ðg
n
D̂ðvÞ � IÞReT2 � Im

¼ T 0
2R

0
eð
g

n
D̂ðvÞ � IÞReT2 � Im:

Given (21), it is noticed that u is small if and only if

ðT1LT2 � gFdÞ�x
is small, because

ImL ? kerT1:

Now we define ~x ¼ ðR�1 � InÞ�x. Then we have
_~x ¼ ðIN�1 � Aþ nðJ �BFdÞÞ~x

þ ðIN�1 � BÞ#ðnðJ � FdÞ~xÞ þ ðIN�1 � BÞvd;
(26)

where

vdðtÞ ¼ ð�nJ � FdÞ
f1ðt� �tÞ

..

.

fNðt� �tÞ

0
B@

1
CA t < �t;

0 t 	 �t:

8>><
>>:

Moreover, u is small if ðJ � gFdÞ~x is small.

It is found that vd fades away for t 	 �t and f 2 W. In addi-

tion, kvdk1 ! 0 and kvdk2 ! 0 as d ! 0 for all f 2 W in

light of Fd ! 0.
From the solutions of (26), we can have

nðJ � FdÞ~xðtÞ ¼ nðJ � FdÞeðIN�1�AþnðJ�BFdÞÞt~xð0Þ
þ ðgd � #ÞðnðJ � FdÞ~xÞðtÞ þ gdðvdÞðtÞ

and hence

nðJ � FdÞ~xðtÞ ¼ ð1� gd � #Þ�1

nðJ � FdÞeðIN�1�AþnðJ�BFdÞÞt~xð0Þ þ gdðvdÞðtÞ
h i

:
(27)

From (27), we obtain

nðJ � FdÞ~xk k2 � kðI � DðjvÞGdðjvÞÞ�1k1
nðJ � FdÞeðIN�1�AþnðJ�BFdÞÞt~xð0Þ�� ��

2

þ kðI � DðjvÞGdðjvÞÞ�1k1kwdk2:
(28)

Taking a derivative of (27), we get

nðJ � FdÞ _~xðtÞ ¼ ð1� gd � #Þ�1
nðJ � FdÞeðIN�1�AþnðJ�BFdÞÞt
h

ðIN�1 �Aþ nðJ � BFdÞÞ~xð0Þ þ _wd�:

Likewise, let ~~xð0Þ ¼ ðIN�1 � Aþ nðJ � BFdÞÞ~xð0Þ and then

we obtain
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nðJ � FdÞ _~x
�� ��

2
� kðI � DðjvÞGdðjvÞÞ�1k1

nðJ � FdÞeðIN�1�AþnðJ�BFdÞÞt~~xð0Þ�� ��
2

þ kðI � DðjvÞGdðjvÞÞ�1k1k _wdk2:
(29)

To demonstrate that the upper bounds in (28) and (29) go to 0

as d ! 0, we first note that (16) is satisfied. Next, we examine

kwdk2 and k _wdk2. From the definition of operator gd, we obtain
wd ¼ gdðvdÞðtÞ. Therefore, we have kwdk2 � kGdk1kvdk2 �
2kvdk2. Hence, kwdk2 ! 0 as d ! 0 for any given initial con-

ditions fi 2 W (i ¼ 1; ; N).

In the following, we will show k _wdk2 ! 0 as d ! 0. For t 2
½0; �t�, the derivative of wdðtÞ is

_wdðtÞ ¼ nðJ � FdÞðIN�1 � Aþ nðJ � BFdÞÞ�ðtÞ
þ nðJ � FdÞðIN�1 � BÞvdðtÞ

¼ nðJ � FdÞðIN�1 � Aþ nðJ � BFdÞÞ�Z t

0

eðIN�1�AþnðJ�BFdÞÞðt�rÞvdðrÞdr

þ nðJ � FdÞðIN�1 � BÞvdðtÞ:

Because ðIN�1 � Aþ nðJ �BFdÞÞ is bounded for all 0 <
d < 1 and kvdk1 ! 0 as d ! 0, we will get

sup
t2½0;�t�

k _wdðtÞk ! 0 as d ! 0; (30)

which also implies

Z �t

0

k _wdðtÞk2dt ! 0 as d ! 0: (31)

Note that

�ð�tÞ ¼
Z �t

0

eðIN�1�AþnðJ�BFdÞÞð�t�rÞvdðrÞdr

is bounded because kvdk1 ! 0 as d ! 0. Then, for t > �t, vd
fades away and

_wdðtÞ ¼ nðJ � FdÞðIN�1 �Aþ nðJ �BFdÞÞeðIN�1�AþnðJ�BFdÞÞt�ð�tÞ;

which implies (see [30])Z 1

�t

k _wdðtÞk2dt ! 0 as d ! 0: (32)

Putting (31) and (32) together yields

k _wdðtÞk2 ! 0 as d ! 0:

Note that if kðI � DðjvÞGdðjvÞÞ�1k1 is bounded regard-

less of d, we can get (23) and (24) from (28) and (29), using

that ðT1LT2 � gFdÞ�x is small if and only if ðJ � gFdÞ~x is

small.

Because of �tvmax < p
2 , g can be chosen to satisfy

gb cos ð�tvmaxÞ > 1: (33)

This g does not depend on d. Moreover, the condition (33)

implicates that gb > 1. Fix this g in the following proof.

From (33), there is a$ > 0 satisfying

gb cos ð�tðvmax þ$ÞÞ > 1: (34)

For jvj < vmax þ$, it is found that

DðjvÞ þ DðjvÞ0

¼ T 0
2R

0
eð
g

n
D̂ðvÞ � IÞReT2 � Im þ T 0

2R
0
eð
g

n
D̂ðvÞ0 � IÞReT2 � Im

¼ T 0
2R

0
eð
g

n
D̂ðvÞ þ g

n
D̂ðvÞ0 � 2IÞReT2 � Im

	 T 0
2R

0
eð2gb cos ðv�tÞ � 2ÞReT2 � Im 	 0;

since g is selected to satisfy gb cos ð�tðvmax þ$ÞÞ > 1 in

(34). Moreover, we have that

kDðjvÞk1 ¼ T 0
2R

0
eð
g

n
D̂ðvÞ � IÞReT2 � Im

��� ���
1

¼ ðg
n
D̂ðvÞ � IÞReT2T

0
2R

0
e � Im

��� ���
1

� ðg
n
D̂ðvÞ � IÞ � Im

��� ���
1

� 1þ g

n
;

since kD̂ðvÞk � 1. Then, for jvj < vmax þ$, we obtain that

DðjvÞ0DðjvÞ � DðjvÞ0DðjvÞ þ DðjvÞ þ DðjvÞ0

þ I � ð2þ g

n
Þ�2ðI þ DðjvÞ0ÞðI þ DðjvÞÞ

h i
� 1� ð2þ g

n
Þ�2

h i
ðI þ DðjvÞ0ÞðI þ DðjvÞÞ;

which leads to

ðI þ DðjvÞ0Þ�1DðjvÞ0DðjvÞðI þ DðjvÞÞ�1 � 1� ð2þ g

n
Þ�2

h i
I:

Therefore, there is a r > 0 that does not depend on d, satisfy-

ing

kDðjvÞðI þ DðjvÞÞ�1k � 1� r:

In addition, from Property 3 in Lemma 1, we can instantly

gain that

kGdðjvÞk < 2; and kI þGdðjvÞk < 1:

Next, for jvj < vmax þ$

det I � DðjvÞGdðjvÞ½ �
¼ det I þ DðjvÞ � DðjvÞðI þGdðjvÞÞ½ �
¼ detðI þ DðjvÞÞ det I � ðI þ DðjvÞÞ�1DðjvÞðI þGdðjvÞÞ

h i
	 1� ð1� rÞ ¼ r;
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which indicates that, for some % that does not depend on d, the

following holds

sðI � DðjvÞGdðjvÞÞ > %

for all jvj < vmax þ$, for all ti 2 ½0; �t� and all possible L
related to a graph in GN

a;b. Therefore, for jvj < vmax þ$, we

obtain that

ðI � DðjvÞGdðjvÞÞ�1
�� �� � 1

%
: (35)

For jvj 	 vmax þ$, we have that DðjvÞGdðjvÞ goes to zero

uniformly in v as d ! 0. Hence, for a small enough d, we

achieve (35) for jvj 	 vmax þ$. &

Remark 2: From the condition (18), it can be seen that the

input delay upper bound �t is infinity when the system matrix

A is Hurwitz stable (i.e. vmax ¼ 0).
B. Partial-State Coupling: For partial-state coupling, a

low-gain based protocol is also designed for each agent. Use a

feedback gain F ¼ �B0Pd with Pd being the solution of (9)

and select an observer gain K to have AþKC Hurwitz sta-

ble. Then, the protocol can be written as,

_xi ¼ ðAþKCÞxi �Kzi;
ui ¼ gFdxi:

�
(36)

Similarly, the following lemma is needed.

Lemma 4: Let

Â ¼ A 0
�KC AþKC

� �
; B̂ ¼ B

0

� �
; F̂d ¼ 0 Fdð Þ:

Then, given any a > b > 0, there is a d� > 0 such that the

following properties are held.

1) Âþ n�B̂F̂d is Hurwitz stable for any d 2 ½0; d�� and for

all b < � < a and with n ¼ 1=b.
2) For all d 2 ½0; d�� and all b < � < a, there is a r̂1;d

such that

F̂de
ðÂþn�B̂F̂dÞt

��� ��� � r̂1;d; ðt 	 0Þ (37)

with r̂1;d ! 0 as d ! 0 and n ¼ 1=b.
3) For all d 2 ½0; d�� and all b < � < a, there is a real

numberM > 0 such that

n�F̂d sI � Â� n�B̂F̂d


 ��1
B̂

����
���� � M (38)

with n ¼ 1=b.
Proof: Because of n� > 1 for all � > b, Âþ n�B̂F̂d is

Hurwitz stable following the result of [16, Lemma 2].

Next, Âþ n�B̂F̂d can be written as,

_~x1 ¼ A~x1 þ n�BFd~x2;
_~x2 ¼ ðAþKCÞ~x2 �KC~x1:

�
(39)

Moreover, define a feedback signal

z ¼ F̂d
~x1

~x2

� �
:

Now, let x1 ¼ ~x1, x2 ¼ ~x2 � ~x1. Then, we have

_x1 ¼ ðAþ n�BFdÞx1 þ n�BFdx2;
_x2 ¼ �n�BFdx1 þ ðAþKC � n�BFdÞx2;
z ¼ Fdx1 þ Fdx2:

8<
: (40)

Then, following [27, Lemma 3], the proof can be finished with

the results of Lemma 1. &

In the following, we state the result for agents with partial-

state coupling.

Theorem 2: A MAS is modeled by (1) and (3). Given any

a > b > 0, a set of graphs GN
a;b is established. Assume that

agents are at most weakly unstable and ðA;BÞ is stabilizable.
Then, Problem 2 with G ¼ GN

a;b can be solved if the condition

(18) is met. Specifically, there exist g > 0, d� > 0 for any

compact set W 
 Cn
�t � Rn, such that for this g and all d 2

ð0; d��, state synchronization can be achieved by the protocol

(36) for any delay ti 2 ½0; �t�, for any initial conditions

ðfi;cÞ 2 W, and for any graph G 2 GN
a;b.

Proof.

Let ~xi ¼
PN

j¼1 ‘ijxj and ~ui ¼
PN

j¼1 ‘ijuj. Assuming that

the saturation does not get activated, the closed-loop system

of (1) and (36) can be represented as

_~xi ¼ A~xi þ BDi~ui;
_xi ¼ ðAþKCÞxi �KC~xi;

~ui ¼ gFd

PN
j¼1 ‘ijxj:

8<
: (41)

Let

x̂i ¼ x̂i;x

x̂i;x

� �
¼ ~xi

xi

� �
� ~xN

xN

� �
;

and

Â ¼ A 0
�KC AþKC

� �
; B̂ ¼ B

0

� �
; F̂d ¼ 0 Fdð Þ:

Then, the dynamics of x̂ ¼ colfx̂1; ; x̂N�1g is written as,
_̂x ¼ ðIN � ÂÞx̂þ gðT1DLT2 � B̂F̂dÞx̂: (42)

Moreover,

~u ¼ ðLT2 � gF̂dÞx̂x: (43)

Because of tvmax < p
2 , g can be chosen to satisfy

gb cos ðtvmaxÞ > 1: (44)

This g does not depend on d. Moreover, condition (44) impli-

cates that gb > 1. Fix g in the following proof. Then, the

same arguments in the proof of Theorem 1 can be applied

using the bounds in Lemma 4. Hence, we can obtain x̂ ! 0
and kðLT2 � gF̂dÞx̂k ! 0 as d ! 0.
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Given (43), we note that ~u is small if and only if

ðT1LT2 � gF̂dÞx̂x

is small, since ImL ? kerT1. Next, let ~x ¼ ðR�1 � I2nÞx̂.
Then, ~x satisfies (26), i.e.,

_~x ¼ ðIN�1 � Aþ nðJ �BF̂dÞÞ~x
þ ðIN�1 � BÞ#ðnðJ � F̂dÞ~xÞ þ ðIN�1 � BÞvd:

Therefore, ~u is small if

ðJ � gF̂dÞ~x
is small.

We have

x̂x ¼
x̂1;x

..

.

x̂N�1;x

0
B@

1
CA ¼ T1Lx ¼ T1LT2 �x:

Since T1LT2 is invertible, we find that x̂x ! 0 implies �x ! 0.
Remains to show that the input does not saturate. We know

that ~u can be kept small. But then,

T1 ~u ¼ ðT1LT2 � gFdÞx̂x

can be kept small. Since T1LT2 is invertible, we find that

ðI � gFdÞx̂x ¼ ðT1 � gFdÞx

can be kept small. On the other hand,

d

dt
ð10xÞ ¼ ðAþKCÞ10x

and hence 10x is bounded. But this yields

T1

10

� �
� gFdÞx

can be kept small. Since
T1

10

� �
is invertible, we find that

u ¼ ðI � gFdÞx
can be kept small. &

IV. Example: The results in this paper are illustrated on a

MAS with six agents. Each agent is modeled as

_xiðtÞ ¼
0 1 1
�1 0 1
0 0 0

0
@

1
AxiðtÞ þ

0
0
1

0
@

1
Asðuiðt� tiÞÞ;

yiðtÞ ¼ 1 0 0ð ÞxiðtÞ:

8>><
>>:

Since vmax ¼ 1, �t should be less than p
2 according to the condi-

tion vmax�t < p
2 . Choose �t ¼ 0:7 s. Then, the initial condi-

tions for t 2 ½�0:7; 0� are xð0Þ ¼ ½1:19; 0:05; 0:96; 0:034;
0:059; �2:24; 0:075;�0:26; 0:051; 0:70; 0:089; 0:096; 0:55;
�1:39; 0:15; 0:026;�0:84; 2:54�.

The graph shown in Figure 1 indicates the communica-

tion among agents. Its associated Laplacian matrix has the

minimum nonzero eigenvalue 0.712. Therefore, we choose

b ¼ 0:1 for the graph set, which contains the graph in

Figure 1.

Full-State Coupling: We set input time delays as t1 ¼ t2 ¼
0:01 s; t3 ¼ 0:02 s; t4 ¼ 0 s; t5 ¼ 0:03 s; t6 ¼ 0:02 s.
Then, select g ¼ 10 such that gb cos ð�tvmaxÞ > 1 is satisfied.

We choose d ¼ 0:00001 (low-gain). Then, following the pro-

tocol design, we have

ui ¼ ð0:031� 0:032� 0:118Þzi:

It is shown in Figures 2 and 3 that agents achieve state syn-

chroniation and agents’ inputs are inside the given bound

½�1; 1�, respectively. That implies that the agents’ actuator sat-

uration is avoided.

Partial-state coupling: Choose K ¼ ½�1;�1;�1� such that

AþKC is Hurwitz stable. For the same input delays as in the

full-state coupling, the parameter d needs to be tuned very

small. Hence, we choose smaller input delays t1 ¼ t2 ¼
0:001 s; t3 ¼ 0:002 s; t4 ¼ 0 s; t5 ¼ 0:003 s; t6 ¼ 0:002 s.
With the same g ¼ 15, but the low-gain parameter d ¼ 5e�5,

the protocol is designed as

Fig. 1. The communication topology

Fig. 2. All state trajectories synchronized in full-state coupling
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_xi ¼
�1 1 1
�2 0 1
�1 0 0

0
@

1
Axi �

�1
�1
�1

0
@

1
Azi;

ui ¼ 0:0222 �0:0225 �0:0835ð Þxi

for i ¼ f1; 2; . . . ; 6g.
It is shown in Figures 4 and 5 that agents achieve state syn-

chronization and agents’ inputs are in the given bound ½�1; 1�,
respectively. That implies that agents’ actuator saturation is

avoided. Moreover, we find that, since the parameter d is small

in this case, agents achieve state synchronization slowly.

V. Conclusion: We studied the semi-global synchroniza-

tion problem of a MAS in the presence of actuation saturation

and unknown nonuniform input delay. Agents can be coupled

through full states or partial states. A low-gain based method-

ology is used for the protocol design in a way that the actuator

saturation can be avoided. Moreover, an input delay upper

bound is derived. The communication among agents is undi-

rected. The future work could be extended to directed commu-

nication among agents, agents affected by disturbances and

other complicated MAS.
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