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a b s t r a c t

This paper studies regulated state synchronization of homogeneous networks of continuous- or
discrete-time non-introspective agents in the presence of unknown and nonuniform input delays. A
scale-free design is proposed utilizing neighborhood-based collaborative protocols, which do not need
any knowledge of the communication topology of the network such as the spectrum of the associated
Laplacian matrix or the size of the network (i.e. the number of agents). An upper bound for the input
delay tolerance is obtained, which explicitly depends on agent dynamics but is independent of the
network.

Published by Elsevier B.V.
1. Introduction

The synchronization problem of multi-agent systems (MAS)
as attracted substantial attention due to the wide potential for
pplications in several areas such as automotive vehicle control,
atellites/robots formation, sensor networks, and so on. See for
nstance the books [2–4] and references therein.

State synchronization inherently requires homogeneous net-
orks (i.e. agents which have identical dynamics). Therefore, in
his paper we focus on homogeneous networks. So far, most work
as focused on state synchronization based on diffusive full-state
oupling, where the agent dynamics progress from single- and
ouble-integrator dynamics (e.g. [5–7]) to more general dynamics
e.g. [8–10]). State synchronization based on diffusive partial-
tate coupling has also been considered, including static design
[11] and [12]), dynamic design [13–17], and the design based on
ocalized information exchange with neighbors [8] and [18].

✩ Some of the results of this paper were also presented at the 32nd
Chinese Control and Decision Conference (2020 CCDC), August 22–24, 2020,
Hefei, China, see Liu et al. (2020, [1]). This work is supported by the Nature
Science Foundation of Liaoning Province, PR China under Grant 2019-MS-116,
the Fundamental Research Funds for the Central Universities of China under
Grant N2004014.

∗ Corresponding author.
E-mail addresses: liuzhenwei@ise.neu.edu.cn (Z. Liu),

onya.nojavanzadeh@wsu.edu (D. Nojavanzadeh), dsaberi@stanford.edu
D. Saberi), saberi@wsu.edu (A. Saberi), a.a.stoorvogel@utwente.nl
A.A. Stoorvogel).
ttps://doi.org/10.1016/j.sysconle.2021.104927
167-6911/Published by Elsevier B.V.
If the agents have absolute measurements of their own dy-
namics in addition to relative information from the network,
they are said to be introspective, otherwise, they are called non-
introspective. There exist some results about these two types of
agents, for example, on introspective agents ([19,20], etc.), and on
non-introspective agents ([21,22], etc.).

In practical applications, the network dynamics are not perfect
and may be subject to delays. Time delays may afflict system
performance or even lead to instability. As discussed in [23],
two kinds of delays have been considered in the literature: input
delays and communication delays. Input delays encapsulate the
processing time to execute an input for each agent, whereas
communication delays can be considered as the time it takes
to transmit information from an origin agent to its destination.
Some research has been done in the case of communication delay,
namely [24–32]. On the other hand, much work has been focused
on dealing with input delays, specifically with the objective of
deriving an upper bound on the input delays such that agents
can still achieve synchronization. See, for example [5,27,31,33–
35]. Recently, [36] designed a passivity-based synchronization of
discrete-time MAS with input delays via partial-state coupling.
Ref. [37] has studied synchronization in homogeneous networks
of both continuous- and discrete-time agents with unknown,
non-uniform, and constant input delays. However, all of the exist-
ing literature as reviewed above requires some knowledge of the
communication network; commonly a bound on the spectrum of

the associated Laplacian matrix of the communication graph.
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In this paper, we propose a scale-free design to achieve reg-
ulated state synchronization for continuous- and discrete-time
MAS with non-introspective agents in the presence of unknown
and non-uniform input delays. The objective is to track the tra-
jectory of an exosystem, which is available to some of the agents.
We design collaborative protocols for each agent based on a local-
ized information exchange with its neighbors. In stating that our
protocol design is scale-free, we specifically mean the following:

• The design is independent of the information about the
communication network such as the spectrum of the associ-
ated Laplacian matrix or the size of communication network.
That is to say, the proposed collaborative protocol will work
for any communication network as long as there is a path
from the exosystem to each of agents.

• The collaborative protocols are designed for networks with
input delays where the admissible upper bound on the de-
lays only depends on the agent model and in particular does
not depend on the communication network or the number
of agents. We obtain an upper bound on the input delay
tolerance which only depends on the agent dynamics.

Finally, some of the results of this paper were also presented
at [1].

Notations and definitions

Given a matrix M ∈ Rm×n, MT denotes its conjugate trans-
ose and ∥M∥ is the induced 2-norm while σmin(M) denotes the
mallest singular value of M . Let j indicate

√
−1. M ⊗ N depicts

he Kronecker product between M and N . A square matrix M is
aid to be Hurwitz stable if all its eigenvalues are in the open
eft half plane and is Schur stable if all its eigenvalues are inside
he open unit disk. Finally, we say a matrix is weakly Hurwitz-
nstable or weakly Schur-unstable if all the eigenvalues are in
he closed left-half plane and in the closed unit disk respectively.
e will denote by 1 a vector whose entries are all equal to 1.
oreover, we define:

[t1, t2] = {t ∈ Z : t1 ⩽ t ⩽ t2}.

To describe the information flow among the agents we as-
sociate a weighted graph G to the communication network. The
weighted graph G is defined by a triple (V, E,A) where V =

1, . . . ,N} is a node set, E is a set of pairs of nodes indicating
onnections among nodes, and A = [aij] ∈ RN×N is the weighted
djacency matrix with non negative elements aij. Each pair in E
s called an edge, where aij > 0 denotes an edge (j, i) ∈ E from
ode j to node i with weight aij. Moreover, aij = 0 if there is no
dge from node j to node i. We assume there are no self-loops, i.e.
e have aii = 0. A path from node i1 to ik is a sequence of nodes

{i1, . . . , ik} such that (ij, ij+1) ∈ E for j = 1, . . . , k − 1. A directed
tree is a sub-graph (subset of nodes and edges) in which every
node has exactly one parent node except for one node, called
the root, which has no parent node. A directed spanning tree is
a sub-graph which is a directed tree containing all the nodes of
the original graph. If a directed spanning tree exists, the root has
a directed path to every other node in the tree.

For a weighted graph G, the matrix L = [ℓij] with

ℓij =

{∑N
k=1 aik, i = j,
−aij, i ̸= j,

is called the Laplacian matrix associated with the graph G. The
Laplacian matrix L has all its eigenvalues in the closed right half
plane and at least one eigenvalue at zero associated with right
eigenvector 1 [38]. Moreover, if the graph contains a directed
spanning tree, the Laplacian matrix L has a single eigenvalue
at the origin and all other eigenvalues are located in the open

right-half complex plane [2].

2

Fig. 1. Representation of agent models subject to input delays.

. Problem formulation

Consider a MAS consisting of N identical linear agents with
nput delays⎧⎨⎩
x+

i (t) = Axi(t) + Bud
i (t),

yi(t) = Cxi(t),
ud
i (t) = ui(t − τi)

(1)

where xi(t) ∈ Rn, yi(t) ∈ Rq and ud
i (t) ∈ Rm are the state,

output and input of agent i = 1, . . . ,N , respectively. As it is
shown in Fig. 1, ud

i (t) is the actuator signal available for agent i,
where the delay τi is unknown and represents the summation of
computation and processing time for agent i. This delay is referred
to input delay in the MAS literature (see [23]). For continuous-
time systems τi ∈ [0, τ̄ ] and for discrete-time systems τi ∈ [0, τ̄ ],
here τ̄ is a given upper bound for the delays.
In (1) and the rest of the paper, for continuous-time systems,

+

i (t) = ẋi(t) with t ∈ R; while, for discrete-time systems,
+

i (t) = xi(t + 1) with t ∈ Z.
The network provides agent i with the following information,

i(t) =

N∑
j=1

aij(yi(t) − yj(t)), (2)

here aij ⩾ 0 and aii = 0. This communication topology of the
etwork can be described by a weighted graph G associated with
2), with the aij being the coefficients of the weighting matrix A.
n terms of the coefficients of the associated Laplacian matrix L,
i can be rewritten as

i(t) =

N∑
j=1

ℓijyj(t). (3)

We refer to this as partial-state coupling since only part of
he states are communicated over the network. When C = I , it
eans all states are communicated over the network, referred to
s full-state coupling.
The goal of this paper is to design scale-free protocols which

an be achieved by utilizing localized information exchange
mong neighbors, as such each agent i = 1, . . . ,N also has access
o localized information, denoted by ẑi, of the form

ˆi(t) =

N∑
j=1

aij(ξi(t) − ξj(t)) (4)

here ξj ∈ Rn is a variable generated internally by agent j which
ill be defined in next sections.
In the case of networks with discrete-time agents, for any

raph G, with the associated Laplacian matrix L, we define

= I − (I + Din)−1L (5)

here

in = diag{din(i)} (6)

and din(i) =
∑N

j=1 aij. The weight matrix D = [dij] is a so-
alled row stochastic matrix, where dij ⩾ 0, and we choose dii =

−
∑N d such that

∑N d = 1 for i, j ∈ {1, . . . ,N}. Note
j=1,j̸=i ij j=1 ij
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hat dii satisfies dii > 0. Then, for discrete-time systems (4) can
be rewritten as:

ẑi(t) = ξi(t) −

N∑
j=1

dijξj(t). (7)

We consider regulated state synchronization such that refer-
ence trajectory xr is generated by the so-called exosystem:

x+
r (t) = Axr (t)
yr (t) = Cxr (t)

(8)

with xr (t) ∈ Rn. It is worth to note that in order to maintain
homogeneity (i.e. exosystem has the same model as the agents),
in this paper we consider a restricted regulation initiated in the
literature by [39].

Clearly, we need some level of communication between the
exosystem and agents. We assume that a nonempty subset C
of the agents have access to their own output relative to the
output of the exosystem. Specifically, each agent i has access to
the quantity

ψi = ιi(yi(t) − yr (t)), ιi =

{
1, i ∈ C,
0, i /∈ C.

(9)

By combining this with (3), we have the following information
xchange

¯i(t) =

N∑
j=1

aij(yi(t) − yj(t)) + ιi(yi(t) − yr (t)). (10)

To guarantee that each agent gets the information from the
exosystem, we need to make sure that there exists a path from
node set C to each node. Therefore, we define the following set
of graphs.

Definition 1. Given a node set C, we denote by GN
C the set of all

graphs with N nodes containing the node set C, such that every
node of the network graph G ∈ GN

C is a member of a directed tree
which has its root contained in the node set C. We will refer to
the node set C as root set.

Remark 1. Note that Definition 1 does not necessarily require the
existence of directed spanning tree. We require that each node of
the tree can be reached from a node in the set C, this means all
the agents of the network will have access to the information of
3

the exosystem. Since we do not need that all nodes are reached
from a common element in the set C, we do not need necessarily
the existence of the spanning tree.

In terms of the coefficients of the expanded Laplacian matrix
L̄ = L + diag{ιi} = [ℓ̄ij]N×N , (10) can be rewritten as:

z̄i =

N∑
j=1

ℓ̄ij(yj(t) − yr (t)), (11)

Note that L̄ is not a regular Laplacian matrix associated to the
graph, since the sum of its rows need not be zero. We know that
for G ∈ GN

C , all the eigenvalues of L̄, have a positive real part. In
particular matrix L̄ is invertible (see [21]).

In the case of discrete-time systems, for any graph G with
ssociated expanded Laplacian matrix L̄, we define D̄ = [d̄ij]N×N
y:

¯ = I − (2I + Din)−1L̄ (12)

here Din is defined by (6). Therefore, we obtain the localized
etwork information exchange as

¯i = [yi(t) − yr (t)] −

N∑
j=1

d̄ij[yj(t) − yr (t)]. (13)

We formulate regulated state synchronization problem for
ontinuous- and discrete-time MAS in presence of unknown and
on-uniform input delays as follows.

roblem 1. Consider a MAS described by (1), with a given τ̄
nd the associated exosystem (8). Let a set of nodes C be given
hich defines the set GN

C and let the information exchange for the
ssociated network communication graph G ∈ GN

C , be given by
11) and (13) for continuous- and discrete-time MAS respectively.
he scalable regulated state synchronization problem utilizing
ollaborative protocols is to find, if possible, a linear collabora-
ive protocol for each agent i ∈ {1, . . . ,N}, as illustrated in Fig. 2,
sing only knowledge of the agent model, i.e., (A, B, C), and upper
ound of delays τ̄ such that regulated state synchronization

lim
t→∞

(xi(t) − xr (t)) = 0, for i ∈ 1, . . . ,N (14)

is achieved for any N and any graph G ∈ GN
C .
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emark 2. Note that in our problem formulation, it is embedded
hat our collaborative protocols are designed only based on agent
odels (A, B, C) and a given upper bound τ̄ on the input delays
hich is only a function of agent models. In other words, the
niversal protocols are scale-free, meaning that they work for any
etwork with the associated communication graph G ∈ GN

C with
any number of agents N .

3. Scale-free protocol design for MAS in presence of input
delays

In this section, we will consider regulated state synchroniza-
tion problem for MAS in presence of input delays. In order to
obtain our results first we state solvability conditions.

3.1. Solvability conditions

Firstly, we define

ωmax =

{
0, A is Hurwitz,
max{ω ∈ R|det(jωI − A) = 0}, otherwise.

for continuous-time systems, and

ωmax =

{
0, A is Schur stable,
max{ω ∈ [0, π]|det(ejωI − A) = 0}, otherwise.

for discrete-time systems.
Then we obtain the following theorem for the solvability of

the scalable regulated state synchronization problem.

Theorem 1. The scalable regulated state synchronization problem
utilizing collaborative protocols for continuous- and discrete-time
MAS in presence of unknown and non-uniform input delays as stated
in Problem 1 is solvable if

1. (A, B) are stabilizable and (C, A) are detectable.
2. Matrix A of agent models is weakly Hurwitz/Schur-unstable

that is its eigenvalues are in the closed left half plane and in
the closed unit disk for continuous- and discrete-time agents,
respectively.1

3. The upper bound of delays, τ̄ satisfies

τ̄ <
π

2ωmax
. (15)

roof. The proof of this theorem, will be given in this section by
n explicit construction of a protocol which achieves the scalable
egulated state synchronization as stated in Problem 1, under the
bove solvability conditions. ■

emark 3. For special cases of

• continuous-time agents, where all the eigenvalues of A on
jω axis, if any, are at the origin (for example if the agents
are chain of integrators),

• discrete-time agents, where all the eigenvalues of A on the
unit circle, if any, are at 1,

heorem 1 immediately implies that τ̄ can be any arbitrary large
umber, in other words arbitrary large delays can be tolerated.

.2. Protocol design

.2.1. Continuous-time MAS
We use the following protocol with localized information ex-

hanges.

1 This condition means that agent models are at most weakly unstable. It
hould be noted that the set of at most weakly unstable systems contains stable,
eutrally stable, as well as weakly unstable systems.
4

Protocol 1: Continuous-time MAS with partial-state coupling
We design collaborative protocols for agent i ∈ {1, . . . ,N} as⎧⎨⎩

˙̂xi(t) = Ax̂i(t) + Bẑi2(t) + K (z̄i(t) − Cx̂i(t)) + ιiBud
i (t)

χ̇i(t) = Aχi(t) + Bud
i (t) + x̂i(t) − ẑi1(t) − ιiχi(t)

ui(t) = −ρcBTPεχi(t),
(16)

here K is a matrix such that A − KC is Hurwitz stable and Pε is
the unique solution of the following algebraic Riccati equation

ATPε + PεA − PεBBTPε + εI = 0. (17)

while ρc and ε are positive parameters which their values
depend only on τ̄ and the agent models and are given explicitly
in the proof of Theorem 2. z̄i(t) is defined by (11). The agents
also communicate ξi = (ξ T

i1, ξ
T
i2)

T where ξi1(t) = χi(t) and
i2(t) = ud

i (t), therefore each agent has access to the localized
nformation ẑi = (ẑTi1, ẑ

T
i2)

T:

ẑi1(t) =

N∑
j=1

ℓijχj(t), (18)

ˆi2(t) =

N∑
j=1

ℓijud
j (t). (19)

Remark 4. (17) is a special case of the general low-gain H2
algebraic Riccati equation (H2-ARE), which is written as follows:

ATPε + PεA − PεBR−1
ε BTPε + Qε = 0 (20)

where Rε > 0, and Qε > 0 is such that Qε → 0 as ε → 0. In
our case, we restrict our attention to Qε = εI and Rε = I . As
shown in [40], when A is neutrally stable, there exists a suitable
(nontrivial) choice of Qε and Rε which yields an explicit solution
of (20), of the form

Pε = εP (21)

where P is a positive definite matrix that satisfies ATP + PA ⩽ 0.

3.2.2. Discrete-time MAS
We use Protocol 2 with localized information exchanges, which

is stated at the top of the next page.

Remark 5. (23) is a special case of the general low-gain H2
discrete algebraic Riccati equation (H2-DARE), which is written
as follows:

ATPεA − Pε − ATPεB(Rε + BTPεB)−1BTPεA + Qε = 0 (26)

where Rε > 0, and Qε > 0 is such that Qε → 0 as ε → 0. In our
case, we restrict our attention to Qε = εI and Rε = I . However, as
shown in [40], when A is neutrally stable, there exists a suitable
(nontrivial) choice of Qε and Rε which yields an explicit solution
of (26), of form

Pε = εP (27)

where P is a positive definite matrix that satisfies ATPA ⩽ P .

Our formal result is stated in the following theorem for both
continuous- and discrete-time MAS.

Theorem 2. Consider a MAS described by (1), with a given τ̄
and the associated exosystem (8). Let a set of nodes C be given

N and let the information exchange for the
which defines the set GC
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Protocol 2: Discrete-time MAS with partial-state coupling
We design collaborative protocols for agent i ∈ {1, . . . ,N} as⎧⎨⎩ x̂i(t + 1) = Ax̂i(t) + Bẑi2(t) + F (z̄i(t) − Cx̂i(t))
χi(t + 1) = Aχi(t) + Bud

i (t) + Ax̂i(t) − Aẑi1(t)
ui(t) = −ρdKεχi(t),

(22)

where F is a matrix such that A − FC is Schur stable, and
Kε = (I + BTPεB)−1BTPεA, with Pε the unique solution of
discrete-time algebraic Riccati equation

ATPεA − Pε − ATPεB(I + BTPεB)−1BTPεA + εI = 0 (23)

while ρd and ε are positive parameters which their values
depend only on τ̄ and the agent models and are given explicitly
in the proof of Theorem 2. z̄i(t) is defined by (13). In this
protocol, the agents communicate ξi = (ξ T

i1, ξ
T
i2)

T where
ξi1(t) = χi(t) and ξi2(t) = ud

i (t), therefore each agent has access
to the localized information ẑi = (ẑTi1, ẑ

T
i2)

T:

ẑi1(t) = χi(t) −

N∑
j=1

d̄ijχj(t), (24)

ẑi2(t) = ud
i (t) −

N∑
j=1

d̄ijud
j (t). (25)

associated network communication graph G ∈ GN
C be given by

11) and (13) for continuous- and discrete-time MAS, respectively.
Assume that solvability condition as stated in Theorem 1 is satisfied.
hen,

• For continuous-time systems there exist a ρ∗
c (ωmax, τ̄ ) > 1

2
which is only function of ωmax and τ̄ , and for any fixed ρc >
ρ∗
c (ωmax, τ̄ ), there exists an ε∗

c (ρc, (C, A, B)) > 0, that is
only function of ρc and agent models, such that for any ε ∈

(0, ε∗
c (ρc, (C, A, B))], the protocol given by (16) and (17) solves

the scalable regulated state synchronization problem for any N
and any graph G ∈ GN

C .
• For discrete-time systems there exist a ρ∗

d (ωmax, τ̄ ) > 1
2 which

is only function of ωmax and τ̄ , and for any fixed ρd >

ρ∗

d (ωmax, τ̄ ), there exists an ε∗

d (ρd, (C, A, B)) > 0, that is
only function of ρc and agent models, such that for any ε ∈

(0, ε∗

d (ρd, (C, A, B))], the protocol given by (22) and (23) solves
the scalable regulated state synchronization problem for any N
and any graph G ∈ GN

C .

roof of Theorem 2 for continuous time case. First, let x̃i(t) =

i(t) − xr (t). Then, we have⎧⎪⎪⎨⎪⎪⎩
˙̃xi(t) = Ax̃i(t) + Bui(t − τi),
˙̂xi(t) = Ax̂i(t) + Bẑi2(t) + K (z̄i(t) − Cx̂i(t)) + ιiBui(t − τi),

χ̇i(t) = Aχi(t) + Bui(t − τi) + x̂i(t) − ẑi1(t) − ιiχi(t).

We define

x̃(t) =

⎛⎜⎝ x̃1(t)
...

x̃N (t)

⎞⎟⎠ , χ (t) =

⎛⎜⎝χ1(t)
...

χN (t)

⎞⎟⎠ ,

x̃τ (t) =

⎛⎜⎝ x̃1(t − τ1)
...

x̃N (t − τN )

⎞⎟⎠ and χ τ (t) =

⎛⎜⎝χ1(t − τ1)
...

χN (t − τN )

⎞⎟⎠

5

then, we have the following closed-loop system

˙̃x(t) = (I ⊗ A)x̃(t) − ρc(I ⊗ BBTPε)χ τ (t),
˙̂x(t) = I ⊗ (A − KC)x̂(t) − ρc(L̄ ⊗ BBTPε)χ τ (t) + (L̄ ⊗ KC)x̃(t),
χ̇ (t) = (I ⊗ A − L̄ ⊗ I)χ (t) − ρc(I ⊗ BBTPε)χ τ (t) + x̂(t).

(28)

By defining δ(t) = x̃(t) − χ (t) and δ̄(t) = (L̄ ⊗ I)x̃(t) − x̂(t), we
obtain

˙̃x(t) = (I ⊗ A)x̃(t) − ρc(I ⊗ BBTPε)x̃τ (t) + ρc(I ⊗ BBTPε)δτ (t)
˙̄δ(t) = I ⊗ (A − KC)δ̄(t)
δ̇(t) = (I ⊗ A − L̄ ⊗ I)δ(t) + δ̄(t)

(29)

where δτ (t) = x̃τ (t)−χ τ (t). To prove our theorem, it is sufficient
to show the asymptotic stability of (29). To do this, we use critical
Lemma 1. The proof proceeds in two steps.

Step c.1: First, we prove the stability of system (29) without
delays, i.e.
˙̃x(t) = (I ⊗ A)x̃(t) − ρc(I ⊗ BBTPε)x̃(t) + ρc(I ⊗ BBTPε)δ(t)
˙̄δ(t) = I ⊗ (A − KC)δ̄(t)
δ̇(t) = (I ⊗ A − L̄ ⊗ I)δ(t) + δ̄(t)

(30)

Since all eigenvalues of L̄ are positive, we have

(T ⊗ I)(I ⊗ A − L̄ ⊗ I)(T−1
⊗ I) = I ⊗ A − J̄ ⊗ I (31)

for a non-singular transformation matrix T , where (31) is upper
triangular Jordan form with A − λiI for i = 1, . . . ,N on the
diagonal. Since all eigenvalues of A are in the closed left half
plane, A − λiI is stable. Therefore, all eigenvalues of I ⊗ A − L̄ ⊗ I
have negative real part. Moreover, given that A − KC is Hurwitz
stable, one can obtain

lim
t→∞

δ̄(t) → 0 and lim
t→∞

δ(t) → 0

i.e. we just need to prove the stability of
˙̃x = [I ⊗ (A − ρcBBTPε)]x̃

or the stability of

A − ρcBBTPε

Based on the ARE (17), for a positive definite matrix Pε , we have

Pε(A − ρcBBTPε) + (A − ρcBBTPε)TPε
⩽ − εI − (2ρc − 1)PεBBTPε
<0

for any ε > 0 and ρc > 1
2 .

Step c.2: In this step, we consider (29), i.e. system in the
resence of delays. Then, we rewrite (29) as
˙̃x(t)
δ̇(t)
˙̄δ(t)

⎞⎠ = A0

⎛⎝x̃(t)
δ(t)
δ̄(t)

⎞⎠+ A1

⎛⎝x̃τ (t)
δτ (t)
δ̄τ (t)

⎞⎠
here

0 =

⎛⎝I ⊗ A 0 0
0 I ⊗ A − L̄ ⊗ I I
0 0 I ⊗ (A − KC)

⎞⎠
1 =

(
−ρc I ⊗ BBTPε ρc I ⊗ BBTPε 0

0 0 0
0 0 0

)
.

Thus, from Lemma 1, we need to prove

det[jωI − A − A τ A ] ̸= 0 (32)
0 e 1
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here

eτ =

(eτ ⊗ I
eτ ⊗ I

eτ ⊗ I

)
ith eτ = diag(e−jωτ1 , . . . , e−jωτN ).
Since A0 and A1 are upper triangular matrices, we can rewrite

(32) as

det[jωI − I ⊗ A + ρceτ ⊗ BBTPε] ̸= 0,
det[jωI − I ⊗ A + L̄ ⊗ I] ̸= 0,
det[jωI − I ⊗ (A − KC)] ̸= 0.

ue to the fact that I ⊗ A − L̄ ⊗ I and A − KC are Hurwitz stable,
e just need to prove

et[jωI − I ⊗ A + ρceτ ⊗ BBTPε] ̸= 0

r

det[jωI − A + ρce−jωτiBBTPε] ̸= 0 (33)

or ω ∈ R and τi ∈ [0, τ̄ ]. According to Lemma 3, one can
btain ρc cos(τ̄ωmax) > 1

2 . Let ρ
∗
c (ωmax, τ̄ ) =

1
2 cos(τ̄ωmax)

where
bviously is ρ∗

c (ωmax, τ̄ ) > 0.5 for (15). Then let ρc > ρ∗
c (ωmax, τ̄ )

be fixed. By following our earlier results [41, Theorem 1], there
exists an ε∗

c (ρc, (C, A, B)) such that (33) is satisfied for any ε ∈

(0, ε∗
c (ρc, (C, A, B))]. ■

Proof of Theorem 2 for discrete time case. Similar to the proof
of continuous-time systems, let x̃i(t) = xi(t)−xr (t). Then, we have{ x̃i(t + 1) = Ax̃i(t) + Bui(t − τi)
x̂i(t + 1) = Ax̂i(t) + Bẑi2(t) + F (z̄i(t) − Cx̂i(t))
χi(t + 1) = Aχi(t) + Bui(t − τi) + x̂i(t) − ẑi1(t)

and the following closed-loop system

x̃(t + 1) = (I ⊗ A)x̃(t) − ρd(I ⊗ BKε)χ τ (t)
x̂(t + 1) = I ⊗ (A − FC)x̂(t) − ρd[(I − D̄) ⊗ BKε]χ τ (t)

+[(I − D̄) ⊗ FC]x̃(t)
χ (t + 1) = [(I − D̄) ⊗ A]χ (t) − ρd(I ⊗ BKε)χ τ (t) + x̂(t)

(34)

By defining δ = x̃ − χ and δ̄ = [(I − D̄) ⊗ I]x̃ − x̂, we obtain

x̃(t + 1) = (I ⊗ A)x̃(t) − ρd(I ⊗ BKε)x̃τ (t) + ρd(I ⊗ BKε)δτ (t)
δ̄(t + 1) = I ⊗ (A − FC)δ̄(t)
δ(t + 1) = (D̄ ⊗ A)δ(t) + δ̄(t)

(35)

To prove our theorem, it is sufficient to show the asymptotic
stability of (35). To do this, we use critical Lemma 2. The proof
proceeds in two steps.

Step d.1: First, we prove the stability of system (35) without
delays, i.e.

x̃(t + 1) = (I ⊗ A)x̃(t) − ρd(I ⊗ BKε)x̃ + ρd(I ⊗ BKε)δ(t)
δ̄(t + 1) = I ⊗ (A − FC)δ̄(t)
δ(t + 1) = (D̄ ⊗ A)δ(t) + δ̄(t)

(36)

where D̄ = [d̄ij] ∈ RN×N and we have that the eigenvalues of D̄
are in open unit disk. The eigenvalues of D̄⊗A are of the form λiµj,
with λi and µj eigenvalues of D̄ and A, respectively [42, Theorem
4.2.12]. Since |λi| < 1 and |µj| ⩽ 1, we find D̄⊗ A is Schur stable.
Moreover, given that A − FC is Schur stable, one can obtain

lim
t→∞

δ̄(t) → 0 and lim
t→∞

δ(t) → 0

i.e. we just need to prove the stability of

x̃ (t + 1) = (A − ρ BK )x̃ (t).
i d ε i T

6

or the stability of

A − ρdBKε (37)

Based on Lemma 4, for any fixed ρd > 0.5, (37) is Schur stable
by choosing ε sufficiently small.

Step d.2: In this step, we consider (35), i.e., the system in the
presence of delays. Then, we rewrite (35) as⎛⎝x̃(t + 1)
δ(t + 1)
δ̄(t + 1)

⎞⎠ = Ad
0

⎛⎝x̃(t)
δ(t)
δ̄(t)

⎞⎠+ Ad
1

⎛⎝x̃τ (t)
δτ (t)
δ̄τ (t)

⎞⎠
where

Ad
0 =

⎛⎝I ⊗ A 0 0
0 D̄ ⊗ A I
0 0 I ⊗ (A − FC)

⎞⎠ ,
Ad
1 =

(
−ρdI ⊗ BKε ρdI ⊗ BKε 0

0 0 0
0 0 0

)
.

Thus, from Lemma 2, we need to prove

det[ejωI − Ad
0 − Aeτ Ad

1] ̸= 0. (38)

Since Ad
0 and Ad

1 are upper triangular matrices, we can rewrite
(38) as

det[ejωI − I ⊗ A + ρdeτ ⊗ BKε] ̸= 0,
det[ejωI − D̄ ⊗ A] ̸= 0,
det[ejωI − I ⊗ (A − FC)] ̸= 0.

Due to the fact that D̄⊗A and A− FC are Schur stable, we just
need to prove

det[ejωI − I ⊗ A + ρdeτ ⊗ BKε] ̸= 0

or

det[ejωI − A + ρde−jωτiBKε] ̸= 0 (39)

for ω ∈ [−π, π] and τi ∈ [0, τ̄ ]. According to Lemma 4, one can
obtain ρd cos(τ̄ωmax) > 1

2 . Let ρ
∗

d (ωmax, τ̄ ) =
1

2 cos(τ̄ωmax)
which

obviously ρ∗

d (ωmax, τ̄ ) > 0.5 for (15). Then let ρd > ρ∗

d (ωmax, τ̄ )
e fixed. By following our earlier results [43, Theorem 1], there
xists an ε∗

d (ρd, (C, A, B)) such that (39) is satisfied for any ε ∈

0, ε∗

d (ρd, (C, A, B))]. ■

.3. Special case: MAS with full-state coupling

In this subsection, we consider the special case of continuous-
nd discrete-time MAS with full-state coupling (i.e. C = I). We
how that in this case, one can design simpler protocols with re-
uced localized information exchange. The protocol architecture
s illustrated in Fig. 3.

.3.1. Continuous-time MAS
We use Protocol 3 with localized information exchanges stated

n the next page.

.3.2. Discrete-time MAS
We use Protocol 4 with localized information exchanges stated

n the next page .
Then we have the following theorem to state our formal result

n both continuous- and discrete-time cases.

heorem 3. Consider a MAS described by (1) with C = I and
ssociated exosystem (8), and a given τ̄ . Let a set of nodes C be
iven which defines the set GN

C and let the information exchange for
he associated network communication graph G ∈ GN

C be given by
11) and (13) for continuous- and discrete-time MAS, respectively.
ssume the solvability condition as stated in Theorem 1 is satisfied.
hen,
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Protocol 3: Continuous-time MAS with full-state coupling
We design collaborative protocols for agent i ∈ {1, . . . ,N} as{
χ̇i(t) = Aχi(t) + Bud

i (t) + z̄i(t) − ẑi(t) − ιiχi(t)
ui(t) = −ρcBTPεχi(t),

(40)

here Pε is the unique solution of (17) and ρc and ε are positive
arameters which their values depend only on τ̄ and the agent
odels and are given explicitly in the proof of Theorem 3. z̄i(t)

s defined by (11). In this protocol, agents communicate ξi(t),
hich are chosen as ξi(t) = χi(t), therefore each agent has

access to the following information:

ẑi(t) =

N∑
j=1

aij(χi(t) − χj(t)). (41)

Protocol 4: Discrete-time MAS with full-state coupling
We design collaborative protocols for agent i ∈ {1, . . . ,N} as{
χi(t + 1) = Aχi(t) + Bud

i (t) + Az̄i(t) − Aẑi(t)
ui(t) = −ρdKεχi(t),

(42)

here Kε = (I + BTPεB)−1BTPεA and Pε is the solution of (23) and
d and ε are positive parameters which their values depend
nly on τ̄ and the agent models and are given explicitly in the
roof of Theorem 3. z̄i(t) is defined by (13). The agents
ommunicate ξi(t), which are chosen as ξi(t) = χi(t), therefore
each agent has access to the following information:

ẑi(t) =
1

2 + din(i)

N∑
j=1

ℓ̄ijχj(t). (43)

• For continuous-time systems there exist a ρ∗
c (ωmax, τ̄ ) > 1

2
which is only function of ωmax and τ̄ , and for any fixed ρc >
ρ∗
c (ωmax, τ̄ ), there exists an ε∗

c (ρc, (C, A, B)) > 0, that is
only function of ρc and agent models, such that for any ε ∈

(0, ε∗
c (ρc, (C, A, B))], the protocol given by (40) and (17) solves

scalable regulated state synchronization problem for any N and
any graph G ∈ GN .
C

7

• For discrete-time systems there exist a ρ∗

d (ωmax, τ̄ ) > 1
2 which

is only function of ωmax and τ̄ , and for any fixed ρd >

ρ∗

d (ωmax, τ̄ ), there exists an ε∗

d (ρd, (C, A, B)) > 0, that is
only function of ρc and agent models, such that for any ε ∈

(0, ε∗

d (ρd, (C, A, B))], the protocol given by (42) and (23) solves
scalable regulated state synchronization problem for any N and
any graph G ∈ GN

C .

roof of Theorem 3 for continuous-time. Firstly, similar to
roof of Theorem 2, let x̃i(t) = xi(t) − xr (t). Then, we have

˙̃
i(t) = Ax̃i(t) + Bui(t − τi)

nd the following closed-loop system

˙̃x(t) = (I ⊗ A)x̃(t) − ρc(I ⊗ BBTPε)χ τ (t),
χ̇ (t) = (I ⊗ A)χ (t) − ρc(I ⊗ BBTPε)χ τ (t),

+(L̄ ⊗ I)(x̃(t) − χ (t)).
(44)

By defining δ(t) = x̃(t) − χ (t), we can obtain

˙̃x(t) = (I ⊗ A)x̃(t) − ρc(I ⊗ BBTPε)x̃τ (t) + ρc(I ⊗ BBTPε)δτ (t)
δ̇(t) = (I ⊗ A − L̄ ⊗ I)δ(t)

(45)

Similar to proof of Theorem 2, we prove the stability of system
45) without delays first, i.e.

˙̃x = (I ⊗ A)x̃ − ρc(I ⊗ BBTPε)x̃ + ρc(I ⊗ BBTPε)δ
δ̇ = (I ⊗ A − L̄ ⊗ I)δ

(46)

Since I ⊗ A − L̄ ⊗ I is Hurwitz stable, one can obtain

lim
→∞

δ(t) → 0.

.e. we just need to prove the stability of

˙̃ = [I ⊗ (A − ρcBBTPε)]x̃

Similar to the proof of Theorem 2, we can obtain the result
bout the stability of the above system directly.
Next, in the presence of a disturbance, since we know that

ynamics of δ(t) is asymptotically stable, we just need to prove
33) for ω ∈ R and τi ∈ [0, τ̄ ] based on Lemma 1 . Similar
o the proof of Theorem 2, we can obtain the synchronization
esult. ■
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Fig. 4. The associated communication graphs.
Fig. 5. Regulated state synchronization of continuous-time MAS with partial-state coupling and N = 3.
Proof of Theorem 3 for discrete-time. Similar to the proof of
Theorem 2, let x̃i = xi − xr . Then we have

x̃i(t + 1) = Ax̃i(t) + Bui(t − τi)

and the following closed-loop system
x̃(t + 1) = (I ⊗ A)x̃(t) − ρd(I ⊗ BKε)χ τ (t),
χ (t + 1) = (I ⊗ A)χ (t) − ρd(I ⊗ BKε)χ τ (t),

+[(I − D̄) ⊗ A](x̃(t) − χ (t)).
(47)

By defining δ(t) = x̃(t) − χ (t), we obtain

x̃(t + 1) = (I ⊗ A)x̃(t) − ρd(I ⊗ BKε)x̃τ (t) + ρd(I ⊗ BKε)δτ (t),
δ(t + 1) = (D̄ ⊗ A)δ(t).

(48)

Similar to Theorem 2, we prove the stability of (48) without
delays first, i.e.
x̃(t + 1) = (I ⊗ A)x̃(t) − ρd(I ⊗ BKε)x̃(t) + ρd(I ⊗ BKε)δ(t)
δ(t + 1) = (D̄ ⊗ A)δ(t) (49)

Since we have D̄ ⊗ A is Schur stable, one can obtain

lim
t→∞

δi(t) → 0 (50)

i.e. we just need to prove the stability of

x̃(t + 1) = [I ⊗ (A − ρdBKε)]x̃(t).

Similar to the proof of Theorem 2, we can obtain the result of
stability of the above system directly by using Lemma 4, which
means the synchronization result is obtained. ■

4. Numerical example

In this section, we illustrate the effectiveness of our protocols
with numerical examples for continuous- and discrete-time MAS
8

with partial-state couplings in the presence of input delays. To
show the scalability of our protocols, we consider two networks
in each case with different communication graphs and different
number of agents.

4.1. Example 1: continuous-time MAS

Consider continuous-time agents model (1) as⎧⎪⎪⎨⎪⎪⎩
ẋi(t) =

⎛⎝0 1 0
0 0 1
0 0 0

⎞⎠ xi(t) +

⎛⎝0
0
1

⎞⎠ ud
i (t),

yi(t) =
(
1 0 0

)
xi(t)

We simulate two MAS with different number of agents and
communication topologies shown in Fig. 4 to achieve regulated
state synchronization via protocol (16). Matrix K is chosen as
K T

=
(
6 11 6

)
and parameter ρc = 1 in both cases. Moreover,

we choose ε = 10−5 for both cases.

• Firstly, we consider a MAS with 3 agents, N = 3 and com-
munication graph shown in Fig. 4(a). In this example, delays
are as τ1 = 1 sec, τ2 = 2 sec, and τ3 = 3 sec. We note that
from (15), the given agent model can tolerate an arbitrary
large delay. The results of regulated state synchronization
of MAS via protocol (16) are represented in Fig. 5.

• Next, we consider a MAS with 10 agents, N = 10, and
communication topology with the associated graph shown
in Fig. 4(b). The delays are chosen as τ1 = 1 sec, τ2 =

τ4 = 2 sec, τ3 = τ5 = 3 sec, τ6 = 1.5 sec, τ7 = 0.5 sec,
τ8 = 0.7 sec, τ9 = 4 sec, and τ10 = 2.5 sec. The simulation
results are illustrated in Fig. 6.
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4

c(
a

Fig. 6. Regulated state synchronization of continuous-time MAS with partial-state coupling and N = 10.
Fig. 7. Regulated state synchronization of discrete-time MAS with partial-state coupling and N = 3.
.2. Example 2: discrete-time MAS

Consider discrete-time agent models (1) as⎧⎪⎪⎪⎨⎪⎪⎪⎩
xi(t + 1) =

⎛⎝0.5 1 1
0 0.995 −0.1
0 0.1 0.995

⎞⎠ xi(t) +

⎛⎝1
1
0

⎞⎠ ud
i (t),

yi(t) =
(
1 0 0

)
xi(t)

Similar to Example 1, we consider two MAS with the
ommunication networks shown in Fig. 4. We choose F T

=

2.3900 4.4227 −1.9117
)
. We note that from (15), the given

gent model can admit τ̄ < 16.
9

• Firstly, we consider a MAS with N = 3 and communica-
tion network with associated graph shown in Fig. 4(a). The
delays are given as follows: τ1 = τ2 = 1, and τ3 = 3.
Furthermore, we choose ε = 0.01. We present the results
in Fig. 7.

• Next, we consider a MAS with N = 10 and communication
topology shown in Fig. 4(b). The delays are τi = 0 for
i = 3, 6, and τi = 2 for i = 2, 5, and τi = 1 for i =

1, 4, 7, 8, 9, 10, and ε = 0.01. The results are illustrated in
Fig. 8.

We now make a few observations based on these examples.
The simulation results show that our one-shot-designed protocol
does not need any knowledge of the communication networks
and achieves regulated state synchronization for any network
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ith any number of agents. Moreover, we observe that upper
ounds on the input delay tolerance only depend on the agent
ynamics.

eclaration of competing interest

The authors declare that they have no known competing finan-
ial interests or personal relationships that could have appeared
o influence the work reported in this paper.

ppendix A. Stability of delayed continuous-time systems

Following the lemma from [44] is a classical result in the study
f stability of continuous-time systems.

emma 1. Consider a linear time-delay system

˙(t) = Ax(t) +

m∑
i=1

Aix(t − τi), (A.1)

here x(t) ∈ Rn and τi ∈ R. Assume that A +
∑m

i=1 Ai is Hurwitz
table. Then, (A.1) is asymptotically stable for τ1, . . . , τN ∈ [0, τ̄ ] if

et[jωI − A −

m∑
i=1

e−jωτiAi] ̸= 0,

or all ω ∈ R, and for all τ1, . . . , τN ∈ [0, τ̄ ].

ppendix B. Stability of delayed discrete-time systems

We also recall the following lemma from [44] for stability of
iscrete-time systems.

emma 2. Consider a linear time-delay system

(t + 1) = Ax(t) +

m∑
Aix(t − τi), (B.1)
i=1

10
here x(t) ∈ Rn and τi ∈ N+. Suppose A +
∑m

i=1 Ai is Schur stable.
Then, (B.1) is asymptotically stable if

det[ejωI − A −

m∑
i=1

e−jωτ ri Ai] ̸= 0,

for all ω ∈ [−π, π] and for all τi ∈ [0, τ̄ ] for (i = 1, . . . ,N).

Appendix C. Robustness of low-gain

Now we recall the following two lemmas for both continuous-
and discrete-time systems based on the robustness of low-gain
design from [41,45].

Lemma 3. A−ρBBTPε is Hurwitz stable for any ρ ∈ {s ∈ C|Re(s) ⩾
1
2 } where Pε is the unique positive definite solution of
TPε + PεA − PεBBTPε + εI = 0. (C.1)

emma 4. Consider a linear uncertain system,

(t + 1) = Ax(t) + λBu(t), x(0) = x0, (C.2)

here λ ∈ C is unknown. Assume that (A, B) is stabilizable and A has
ll its eigenvalues in the closed unit disk. A low-gain state feedback
= Fδx is constructed, where

δ = −(BTPδB + I)−1BTPδA, (C.3)

ith Pδ being the unique positive definite solution of the H2 algebraic
iccati equation,

δ = ATPδA + δI − ATPδB(BTPδB + I)−1BTPδA. (C.4)

hen, A + λBFδ is Schur stable for any λ ∈ C satisfying,

∈ Ωδ :=

{
z ∈ C :

⏐⏐⏐z −

(
1 +

1
γδ

)⏐⏐⏐ < √
1+γδ
γδ

}
, (C.5)

where γδ = λmax(BTPδB). As δ → 0, Ωδ approaches the set

1 := {z ∈ C : Re z > 1
2 }

n the sense that any compact subset of H1 is contained in Ωδ for a
δ small enough.
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