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A B S T R A C T

Amiet’s theory is an airfoil noise prediction technique based on the resolution of a convected
Helmholtz equation for small velocity potential and pressure disturbances. In this approach,
the partial differential equation can be classified as hyperbolic or elliptic depending on the
sign of the Helmholtz equation parameter. Existing solutions present non-physical results at
the transition between these two regimes. In this study, a new approximation aiming at
accurately predict back-scattering effects of small reduced-frequency and nearly-critical gusts is
proposed. Our approach reduces the necessity of regularization and ad-hoc corrections adopted
in previous literature. Moreover, our solution matches published results for gusts of large
reduced-frequency. We present analytical derivations of the pressure trace that are applicable
to the leading- and the trailing-edge airfoil noise prediction. The proposed formulation is
particularly applicable to acoustically compact airfoils. In practical applications, this condition
is verified for the low-frequency aerodynamic noise produced by ventilation systems and
automotive fans.

. Introduction

Amiet’s theory [1,2] has been successfully applied to predict the aerodynamic noise generated by fans [3–7], helicopters [8]
nd wind turbines [9–12]. Despite a number of simplifying physical assumptions [1], Amiet’s theory provides remarkable noise
rediction accuracy combined with high efficiency in terms of computational cost. This ideal combination yields this approach to
e very attractive in the integrated design cycle of high-tech products of societal importance. At present, only approximations of the
nalytical solution predict the airfoil surface pressure trace and the radiated noise for small reduced-frequency 𝑘𝑐 or nearly-critical
usts. The low-frequency noise has been recognized as an important source of annoyance [13–15] impacting people living near wind
urbines, working nearby compressors, or commuting in public transport vehicles where the cabin air is renewed by ventilation and
ir-conditioning units equipped with axial fans. The low-frequency noise is also particularly important to the wild life [16] causing
lteration of behavior, reduction of communication ranges, foraging and habitat avoidance.

Empirical and analytical models for leading- and trailing-edge noise prediction have been proposed from the early 1970s.
fowcs Williams and Hall [17] derived the first analytical theory based on Green’s function formulation for broadband trailing-edge
oise prediction. They proposed the airfoil to be approximated as a semi-infinite flat plate with the leading-edge back-scattering
ffect neglected. Later, Howe [18] developed an alternative Green’s function formulation for trailing-edge noise starting from a
ave equation for the enthalpy rather than pressure. One of the most used empirical model for trailing-edge noise prediction is the

o called BPM model developed by Brooks, Pope and Marcolini [19]. The model is based on scaling laws derived from theoretical
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Nomenclature

𝛼 Free-stream to convection speed ratio
𝛽 Prandtl–Glauert factor
𝜅, 𝜅′ Helmholtz equation parameters
𝜙 Velocity potential
𝜌 Density
𝜎0 Flow corrected source-observer distance
𝑏 Airfoil semi-chord
𝑐 Airfoil chord
𝑐0 Speed of sound
𝐶2, 𝑆2 Fresnel’s integrals
𝑘 Acoustic wavenumber
𝑘𝑐 Dimensionless convective streamwise wavenumber
𝑘𝑥, 𝑘𝑦 Dimensionless streamwise and spanwise wavenumbers
𝐿 Airfoil span
𝑀 Mach number
𝑡 Time
𝑈 Free-stream flow velocity
𝑤 Gust amplitude
𝑥, 𝑦, 𝑧 Source dimensionless coordinates
𝑥𝑑 , 𝑦𝑑 , 𝑧𝑑 Source dimensional coordinates
𝑥𝑜, 𝑦𝑜, 𝑧𝑜 Dimensional observer position

results and tuned on an experimental data set for a NACA0012 airfoil. An extensive review on trailing-edge noise prediction methods
has been recently published [20].

Two mathematical procedures are applicable to determine analytically the pressure trace related to an incoming gust for the
eading-edge problem or pressure gust for the trailing-edge problem. The first one is the Wiener–Hopf technique, adopted by
damczyk [21], Amiet [1] and more recently by Howe [22]. The second approach is based on an iterative application of the
chwarzschild theorem [23] used by Amiet [2] and Roger and Moreau [24] methodologies for the trailing-edge noise. Noteworthy
s that both mathematical formulations lead to similar results of the pressure trace at the airfoil’s surface, the Wiener–Hopf technique
eing more general than the Schwarzschild one [21].

Amiet adopted Curle’s analogy [25] in a comprehensive semi-analytical theory for predicting the noise of a turbulent flow
mpinging on the leading-edge of an airfoil [1]. Subsequently, Amiet extended the theory to compute the noise caused by the
oundary layer turbulence convected past the airfoil trailing-edge [2]. Amiet proposes iterative applications of the Schwarzschild
heorem such that the leading- (or the trailing-) edge back-scattering effect is considered. The first iteration provides the leading
erm for high-frequency, while the successive iterations become more important for low-frequency [24,26]. As explained more
n dept in the following, this is due to the finite chord of the airfoil. In practice, two iterations are enough for the majority of
pplications [4,24,26]. In the first iteration, the pressure trace is computed supposing a semi-infinite flat plate. This hypothesis is
easonable as the gust wavelength is smaller than the airfoil chord 𝑐. Hence, the solution is accurate at high frequency. Oppositely,

when the wavelength is of the same order of magnitude or larger than the airfoil chord, the airfoil is acoustically compact, and
another iteration in the procedure is required. The second iteration is also called back-scattering correction. However, the back-
scattering correction cannot be computed exactly with the methods currently available in literature. Therefore, an approximated
integrand function is required for analytical tractability.

The approximations proposed in previous works [1,21,24] are valid for large reduced-frequency. However, they are less accurate
at small reduced-frequency, when the contribution of the back-scattering correction is significant. To overcome this limitation, a
correction of the imaginary part of the resulting integral is proposed by Roger and Moreau [24]. Another limitation arises from the
transition between the solution of the hyperbolic and elliptic problem. At the transition, when the convected Helmholtz equation’s
parameter 𝜅 is equal to zero, the solution presents sharp cuts as the solution of the second iteration does not converge to a physical
solution in the limit 𝜅 → 0. Therefore, an additional regularization procedure is proposed by Roger and Moreau [24] to overcome
this constraint. The regularization consists in matching the first order derivative of the solution for 𝜅 = 0.

The present work proposes a novel method for the computation of the second iteration of Amiet’s theory, aiming to improve the
nalytical solution for the low-frequency noise and nearly-critical gusts, while retaining the original accuracy at high frequency.

In this paper, the state of the art on the computation of the aeroacoustic transfer function for Amiet’s theory is presented in
ection 2. The novel solution for the back-scattering correction is proposed in Section 3 and compared to the literature in Section 4.
ection 5 presents the conclusions of this research.
2
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Fig. 1. Reference frame for leading-edge noise.

. Methodology

This section revisits Amiet’s theory introducing a unified notation for the leading- and the trailing-edge problems.

.1. The Schwarzschild theorem

The Schwarzschild theorem is fundamental to the development of Amiet’s theory. This theorem states that the wave problem for
he scalar field 𝜓(𝑋,𝑍):

𝜕2𝜓
𝜕𝑋2

+
𝜕2𝜓
𝜕𝑍2

+ 𝜅2𝜓 = 0 (1a)

𝜓(𝑋, 0) = 𝑓 (𝑋) 𝑋 ≥ 0 (1b)
𝜕𝜓
𝜕𝑍

(𝑋, 0) = 0 𝑋 < 0 , (1c)

as the solution for 𝑋 < 0 and 𝑍 = 0:

𝜓(𝑋, 0) = 1
𝜋 ∫

∞

0
𝐺 (𝑋, 𝜉, 0) 𝑓 (𝜉)d𝜉 (2)

where

𝐺 (𝑋, 𝜉, 0) =
√

−𝑋
𝜉

e−i𝜅(𝜉−𝑋)

𝜉 −𝑋
, (3)

is the Green’s function. Eq. (1a) is a canonical Helmholtz equation with the parameter 𝜅 and Eqs. (1b), (1c) are the boundary
conditions.

2.2. Leading-edge noise

Amiet’s theory [1] considers the reference frame depicted in Fig. 1. The airfoil is subjected to a mean flow of velocity 𝑈 . Its
chord 𝑐 = 2𝑏 is comprised between 0 ≤ 𝑥 ≤ 2 and its span 𝐿 lies in the plane 𝑧 = 0. The dimensionless coordinates 𝑥, 𝑦, 𝑧 are defined
from the dimensional coordinates 𝑥𝑑 , 𝑦𝑑 , 𝑧𝑑 as

𝑥 =
𝑥𝑑
𝑏
, 𝑦 = 𝛽

𝑦𝑑
𝑏
, 𝑧 = 𝛽

𝑧𝑑
𝑏
,

where 𝛽 =
√

1 −𝑀2, 𝑀 = 𝑈∕𝑐0 is the Mach number and 𝑐0 is the speed of sound.
Amiet’s formalism adopts Adamczyk’s [21] formulation for the linearized Euler equations where small disturbances of the velocity

potential are represented in terms of an incident and a scattered field. The incident field is defined by a monochromatic gust
with amplitude in the 𝑧-direction �̂� = 𝑤ei(𝜔 𝑡−𝑘𝑥𝑑 𝑥𝑑−𝑘𝑦𝑑 𝑦𝑑 ), where 𝜔 is the pulsation, 𝑘𝑥𝑑 and 𝑘𝑦𝑑 are the chordwise and spanwise
wavenumbers, respectively. The scattered field is solution of the linearized wave equation for the velocity potential [27,28]:

[

∇2 − 1
2

D2

2

]

𝜙(𝑥𝑑 , 𝑦𝑑 , 𝑡) = 0 (4)
3

𝑐0 D𝑡
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Fig. 2. Iterative methodology for the computation of the pressure trace in the leading-edge noise problem.

here D∕D𝑡 = 𝜕∕𝜕𝑡+𝑈𝜕∕𝜕𝑥𝑑 is the material derivative. This problem is closed by imposing of the boundary conditions: zero velocity
potential upstream of the leading-edge, zero normal velocity at the body surface, and zero pressure jump downstream of the airfoil
trailing-edge, i.e. the Kutta condition. The three boundary conditions are respectively defined as

𝜙
(

𝑥𝑑 , 𝑦𝑑 , 0, 𝑡
)

= 0 𝑥𝑑 ≤ 0 , (5)
𝜕𝜙
𝜕𝑧𝑑

(

𝑥𝑑 , 𝑦𝑑 , 0, 𝑡
)

= −𝑤ei(𝜔 𝑡−𝑘𝑥𝑑 𝑥𝑑−𝑘𝑦𝑑 𝑦𝑑 ) 0 <𝑥𝑑 ≤ 2𝑏 , (6)

𝐷𝜙
𝐷𝑡

(

𝑥𝑑 , 𝑦𝑑 , 0, 𝑡
)

= 0 𝑥𝑑 > 2𝑏 . (7)

The time and space Fourier transforms of the potential 𝜙
(

𝑥𝑑 , 𝑦𝑑 , 0, 𝑡
)

allow rewriting Eq. (4) as a Helmholtz equation for the
ew variable 𝜑(𝑥, 𝑧) = 𝜙(𝑥𝑑 , 𝑦𝑑 , 𝑧𝑑 , 𝑡)e−i𝜔𝑡e−i𝑘𝑀𝑥𝑑∕𝛽2ei𝑘𝑦𝑑 𝑦𝑑

𝜕2𝜑
𝜕𝑥2

+
𝜕2𝜑
𝜕𝑧2

+ 𝜅2𝜑 = 0 (8)

with 𝜅2 = 𝜇2 − 𝑘2𝑦∕𝛽
2 and 𝜇 = 𝑘𝑥𝑀∕𝛽2. The non-dimensional wavenumbers 𝑘𝑥, 𝑘𝑦 are defined as

𝑘𝑥 = 𝑏𝑘𝑥𝑑 , 𝑘𝑦 = 𝑏𝑘𝑦𝑑 .

Since in Amiet’s theory the aeroacoustic transfer function is evaluated for 𝑘𝑥𝑑 = 𝜔∕𝑈 , the relation

𝑘 = 𝜔∕𝑐0 = 𝑘𝑥𝑑𝑀

holds. The boundary conditions for Eq. (8) are rewritten as

𝜑 (𝑥, 0) = 0 𝑥 ≤ 0 , (9)
𝜕𝜑
𝜕𝑧

(𝑥, 0) = −𝑤𝑏
𝛽

e−i(𝑘𝑥𝑥∕𝛽2) 0 <𝑥 ≤ 2 , (10)
(

i
𝑘𝑥
𝛽2

+ 𝜕
𝜕𝑥

)

𝜑(𝑥, 0) = 0 𝑥 > 2 . (11)

The sign of 𝜅2 determines the nature of Eq. (8). If 𝜅2 > 0, the partial differential equation is hyperbolic and the gust is said
upercritical. If 𝜅2 < 0, the equation is elliptic and the gust is named subcritical. Since Eq. (8) represents a physical problem, a
mooth transition between these two solutions is expected for 𝜅 = 0. In this case, the gust is said critical and the solution of the first
teration can be retrieved from the subcritical or supercritical cases. For conciseness, the methodology is hereafter outlined only for
he supercritical case following Christophe [27]. The derivation for the subcritical case is detailed in the work of de Santana [28].

At first, a solution 𝜑(0) is computed for an infinite flat plate, i.e. Eq. (8) with boundary condition (10), leading to

𝜑(0)(𝑥, 𝑧) = − 𝑤𝑏
√

𝑘2𝑥 + 𝑘2𝑦
e−i𝑘𝑥𝑥∕𝛽2−

√

𝑘2𝑥+𝑘2𝑦𝑧∕𝛽 . (12)

Then, the airfoil is supposed to be semi-infinite with the leading-edge at 𝑥 = 0 and the trailing-edge at 𝑥 → +∞, as shown in
Fig. 2. The leading-edge correction is computed applying the boundary conditions (9) and (10), yielding the problem:

𝜕2𝜓1

𝜕𝑥2
+
𝜕2𝜓1

𝜕𝑧2
+ 𝜅2𝜓1 = 0 (13a)

𝜓1(𝑥, 0) = −𝜑(0)(𝑥, 0) 𝑥 ≤ 0 , (13b)
𝜕𝜓1
𝜕𝑧

(𝑥, 0) = 0 𝑥 > 0 , (13c)

with 𝜓1 = 𝜑(1) − 𝜑(0). This problem represents the first iteration of the Amiet’s theory and is solved through the application of the
Schwarzschild theorem. The Kutta condition is not present in the first iteration. Therefore, the solution 𝜓1 will not satisfy Eq. (11).

The supercritical pressure trace at the airfoil surface is computed recalling the link between the pressure and the velocity
potential:

𝑝 (𝑥, 𝑦, 0, 𝑡) = −𝜌
D𝜙 (14)
4

𝑑 D𝑡
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Fig. 3. Reference frame for trailing-edge noise.

his approach leads to the exact calculation of the pressure trace produced by a monochromatic velocity gust scattered by the
eading-edge:

𝑝1,𝑑 (𝑥, 𝑦, 0, 𝑡) = 𝜌𝑤𝑈 e−i𝜋∕4
√

𝜋
(

𝑘𝑥 + 𝛽2𝜅
)

𝑥
ei[𝜔𝑡+(𝑘𝑥𝑀2∕𝛽2−𝜅)𝑥−𝑘𝑦𝑦∕𝛽

]

. (15)

he pressure 𝑝1,𝑑 does not satisfy the Kutta condition in Eq. (11) for 𝑥 > 2. Therefore, a second iteration of Amiet’s procedure is
ecessary for which the back-scattering pressure 𝑝2,𝑑 is computed in Section 3.1. The sum 𝑝𝑑 = 𝑝1,𝑑 + 𝑝2,𝑑 is used to compute the
eroacoustic transfer function.

The aeroacoustic transfer function  is defined in a reference frame centered in the mid-chord as

(𝐱𝑜, 𝑘𝑥, 𝑘𝑦) = ∫

1

−1
𝑔(𝑥, 𝑘𝑥, 𝑘𝑦)e−i𝐵𝑥d𝑥 (16)

here 𝐵 = 𝜇(𝑀 − 𝑥𝑜∕𝜎0), 𝑥𝑜 is the streamwise component of the observer location 𝐱𝑜 = (𝑥𝑜, 𝑦𝑜, 𝑧𝑜), 𝜎20 = 𝑥2𝑜 + 𝛽
2(𝑦2𝑜 + 𝑧

2
𝑜) and, finally,

is the transfer function between the gust amplitude and the pressure jump across the airfoil surface. The relation between 𝑔 and
𝑑 (𝑥, 0) = 𝑝𝑑 (𝑥𝑑 , 𝑦𝑑 , 0, 𝑡)e

−i(𝜔𝑡+𝑘𝑥𝑑 𝑥𝑑𝑀2∕𝛽2−𝑘𝑦𝑑 𝑦𝑑 ) is

𝑔(𝑥, 𝑘𝑥, 𝑘𝑦) =
𝑃𝑑 (𝑥 + 1, 0)e

i 𝑘𝑥𝑀2

𝛽2
(𝑥+1)

𝜋𝜌𝑈𝑤
. (17)

The term 𝑥+1 is due to the shift of the origin of the reference frame. Using the main term 𝑝1,𝑑 given in Eq. (15), 1 can be calculated
solving the integral in Eq. (16). The solution given in literature is reported in Appendix.

2.3. Trailing-edge noise

The trailing-edge scattered pressure trace is computed similarly following a two-step procedure. The main equations and results
are reported here for the first iteration of a supercritical 3D gust convected past the trailing-edge.

In the reference frame depicted in Fig. 3, the airfoil lies in the 𝑧 = 0 plane between −2 < 𝑥 < 0. The coordinates are
non-dimensionalized similarly to the leading-edge noise problem. The eddies responsible for the pressure perturbation travel at
a convective velocity 𝑈𝑐 lower than the free-stream velocity 𝑈 . The streamwise wavenumber of the pressure perturbation is
𝑘𝑐 = 𝑏𝜔∕𝑈𝑐 = 𝛼𝑘𝑥, with 𝛼 = 𝑈∕𝑈𝑐 > 1.

As shown in Fig. 4, in the first iteration, the airfoil is extended from the trailing-edge to 𝑥 → −∞. This leads to a canonical
Schwarzschild problem in the dimensionless pressure 𝑝1:

𝜕2𝑝1
𝜕𝑥2

+
𝜕2𝑝1
𝜕𝑧2

+ 𝜅2𝑝1 = 0 , (18a)

𝑝1(𝑥, 0) = −e−i𝑘𝑥𝑥[𝛼+(𝑀2∕𝛽2)] 𝑥 ≥ 0 , (18b)
𝜕𝑝1
𝜕𝑧

(𝑥, 0) = 0 𝑥 < 0 . (18c)

oger and Moreau’s [24] solution is

𝑃 (𝑥, 0) = e−i𝛼𝑘𝑥𝑥
[

(1 + i) E∗(−[𝛼𝑘 +𝑀𝜇 + 𝜅]𝑥) − 1
]

for 𝑥 < 0 (19)
5

1 𝑥
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Fig. 4. Iterative methodology for the computation of the pressure trace in the trailing-edge noise problem.

with 𝑃1 = 𝑝1ei(𝑘𝑀∕𝛽2)𝑥, 𝑘 = 𝜔∕𝑐0 and

E∗(𝑥) = ∫

𝑥

0

e−i𝑡
√

2𝜋𝑡
= 𝐶2(𝑥) − i𝑆2(𝑥). (20)

The functions 𝐶2 and 𝑆2 are the cosine and sine Fresnel’s integrals [29]. The leading term 𝑃1 is valid for a semi-infinite airfoil. The
second iteration, which considers the back-scattering contribution from the leading-edge, is not yet considered, and it is detailed in
Section 3.2.

The aeroacoustic transfer function is defined similarly to the leading-edge noise case:

(𝐱𝑜, 𝑘𝑥, 𝑘𝑦) = ∫

0

−2
e−i𝐶𝑥ei𝑘𝑐𝑥𝑔(𝑥, 𝑘𝑥, 𝑘𝑦)d𝑥 (21)

with 𝑔(𝑥, 𝑘𝑥, 𝑘𝑦) = 𝑃 (𝑥, 0, 𝑘𝑥, 𝑘𝑦) and 𝐶 = 𝑘𝑐 − 𝜇(𝑥𝑜∕𝜎 −𝑀). Here, the dependency of 𝑃 on 𝑘𝑥 and 𝑘𝑦 has been made explicit for
clarity. Using 𝑔1(𝑥, 𝑘𝑥, 𝑘𝑦) = 𝑃1(𝑥, 0, 𝑘𝑥, 𝑘𝑦), the main scattering term 1 can be computed [2,24].

3. Second iteration of the Schwarzschild’s procedure

This section proposes a novel approximation of the second iteration of Amiet’s procedure for the leading- and trailing-edge cases.
This procedure aims at calculating with improved accuracy the contribution of the back-scattering to the pressure trace for small-𝜅.
It must be highlighted that for compact regimes higher order iterations should be developed, as attempted in [26,28]. Therefore,
even if the solution is improved in the transition between the supercritical and subcritical regimes, the solution is not expected to
be complete.

The back-scattering contribution to the pressure trace and the aeroacoustic transfer function are derived in Section 3.1 for
leading-edge noise. Similar procedure is applied for the trailing-edge noise problem in Section 3.2.

3.1. Leading-edge noise

The pressure 𝑝1,𝑑 presented in Eq. (15) does not satisfy the Kutta condition of zero pressure jump downstream of the trailing-edge.
Therefore, a second contribution 𝑝2,𝑑 is computed to cancel 𝑝1,𝑑 for 𝑥 ≥ 2. For the second iteration, the airfoil is supposed to extend
from 𝑥→ −∞ to the trailing-edge at 𝑥 = 2, as shown in Fig. 2.

The Schwarzschild problem is now written for the back-scattering pressure 𝑃2,𝑑 = 𝑃𝑑 − 𝑃1,𝑑 , with 𝑃1,𝑑 (𝑥, 0) = 𝑝1,𝑑 (𝑥𝑑 , 𝑦𝑑 , 0, 𝑡)
e−i(𝜔𝑡+𝑘𝑥𝑑 𝑥𝑑∕𝛽2−𝑘𝑦𝑑 𝑦𝑑 ):

𝜕2𝑃2,𝑑
𝜕𝑥2

+
𝜕2𝑃2,𝑑
𝜕𝑧2

+ 𝜅2𝑃2,𝑑 = 0 (22a)

𝑃2,𝑑 (𝑥, 0) = −𝑃1,𝑑 (𝑥, 0) 𝑥 ≥ 2 , (22b)
𝜕𝑃2,𝑑
𝜕𝑧

(𝑥, 0) = 0 𝑥 < 2 , (22c)

the Schwarzschild solution writes

𝑃2,𝑑 (𝑥, 0) = − 1
𝜋 ∫

∞

0
𝐺(𝑥 − 2, 𝜉, 0)𝑃1(2 + 𝜉, 0)d𝜉

= −𝜌𝑤𝑈 e−i𝜋∕4

𝜋
√

𝜋(𝑘𝑥 + 𝛽2𝜅)
e−i4𝜅ei𝜅𝑥  (𝑥) , (23)

where

 (𝑥) =
√

2 − 𝑥 ∫

∞

0
𝑓 (𝜉, 𝑥)e−i2𝜅𝜉d𝜉 . (24)

and

𝑓 (𝜉, 𝑥) = 1
√

. (25)
6
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Fig. 5. Comparison between the exact envelope 𝑓 , the traditional approximation 𝑚 and the new approximation 𝑔 + ℎ for (a) 𝑥 = 0 and (b) 𝑥 = −50.

o the best knowledge of the authors, the integrand in Eq. (24) has no analytical primitive. Therefore, an approximation is
dopted for analytical tractability of this problem. The integrand in Eq. (24) is composed by a complex exponential e−i2𝜅𝜉
ultiplied by the envelope function 𝑓 . This envelope function is approximated in the literature with the small-𝜉 asymptotic

approximation [1,21,27,30]:

𝑓 (𝜉, 𝑥) ≈ 𝑚(𝜉, 𝑥) = 1
√

2𝜉(𝜉 + 2 − 𝑥)
. (26)

This approximation assumes that small values of 𝜉 provide the most important contribution to the integral. This consideration is
accurate for large values of 𝜅. However, for small values of 𝜅, i.e. for nearly-critical or low-frequency gusts, the contribution from
large values of 𝜉 to the integral becomes significant and this approximation is not accurate anymore.

In this study, a different strategy is adopted. The envelope function 𝑓 is approximated as a sum of two functions ℎ and 𝑔 which
are, respectively, the low- and the high-𝜉 asymptotes of 𝑓 :

𝑓 (𝜉, 𝑥) ≈ℎ(𝜉, 𝑥) + 𝑔(𝜉, 𝑥) , (27)

ℎ(𝜉, 𝑥) = 1
√

2𝜉(𝜉 + 2 − 𝑥)
e−𝜉∕𝜉0 , (28)

𝑔(𝜉, 𝑥) = 1
(𝜉 + 𝜉0(𝑥))2

, (29)

where 𝜉0(𝑥) is defined as the intersection of 𝑚(𝜉, 𝑥) and 1∕𝜉2:

𝜉0(𝑥) =
1
3

(

2 −
4(3𝑥 − 7)
𝜉𝑓 (𝑥)

+ 𝜉𝑓 (𝑥)
)

, (30)

𝜉𝑓 (𝑥) =
(

27𝑥2 − 144𝑥 + 3
√

3
√

(𝑥 − 2)3(27𝑥 − 62) + 188
)1∕3

. (31)

Fig. 5 compares the exact envelope function 𝑓 with the two approximations 𝑚 and 𝑔+ℎ for two values of 𝑥. This shows that the
approximated envelope function 𝑚 overestimates the exact envelope function 𝑓 while the proposed approximation 𝑔 + ℎ presents
a better agreement with 𝑓 for any value of 𝑥. Noteworthy is that for large absolute values of 𝑥, i.e. for 𝑥 = −50 in this case, the
roposed envelope function overestimates 𝑓 (𝜉,−50) for 𝜉 ≈ 1. This yields an error to the approximation of the integral of Eq. (24).
owever, the aeroacoustic transfer function defined in Eq. (16) is computed integrating along the chord −1 < 𝑥 < 1, for which the
rror is acceptable. Hence, the inaccuracy for large |𝑥| is not affecting the final result.

The envelope function 𝑔(𝜉, 𝑥) + ℎ(𝜉, 𝑥) permits to write the new approximation of  (𝑥) ≈ (𝑥) +(𝑥) as:

 (𝑥) ≈ (𝑥) +(𝑥) =
√

2 − 𝑥

(

∫

∞

0

1
(𝜉 + 𝜉0)2

e−i2𝜅𝜉d𝜉 + ∫

∞

0

e−𝜉∕𝜉0
√

2𝜉(𝜉 + 2 − 𝑥)
e−i2𝜅𝜉d𝜉

)

, (32)

The solution of the first integral is

∫

∞

0

1
(𝜉 + 𝜉0)2

e−i2𝜅𝜉d𝜉 = 1
𝜉0

− 2e2i𝜅𝜉0𝜅
(

𝜋 − iEi(−2i𝜅𝜉0)
)

, (33)

where Ei(𝑧) is the exponential integral defined as

Ei(𝑧) = −
+∞ e−𝑡 d𝑡 . (34)
7
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Fig. 6. Comparison between the real part (left) and the imaginary part (right) of the exact integral  (𝑥), the traditional approximation (𝑥) and the new
pproximation (𝑥) +(𝑥) for (a) 𝑥 = 1.9 and (b) 𝑥 = 0.

he solution of the second integral is

∫

∞

0

e−𝜉∕𝜉0
√

2𝜉(𝜉 + 2 − 𝑥)
e−i2𝜅𝜉d𝜉 =

e(2−𝑥)(1+2i𝜅𝜉0)∕𝜉0𝜋 erfc
(

√

(2 − 𝑥)(1 + 2i𝜅𝜉0)∕𝜉0
)

√

2
√

2 − 𝑥
, (35)

where erfc(𝑧) = 1 − erf(𝑧) is the complementary error function. For convenience, we define 𝜃 = 2i𝜅𝜉0 and 𝐷 = (1 + 𝜃)∕𝜉0, so that
(𝜉) +(𝜉) is re-written in a more compact form as:

 (𝑥) ≈ (𝑥) +(𝑥) =
√

2 − 𝑥
(

1
𝜉0

− 2e𝜃𝜅 (𝜋 − iEi(−𝜃))
)

+ e(2−𝑥)𝐷 𝜋
√

2
erfc

(

√

(2 − 𝑥)𝐷
)

. (36)

For completeness, the solution of the integral with the envelope function 𝑚(𝜉, 𝑥) is also given [27]:

 (𝑥) ≈ (𝑥) = 𝜋
√

2
ei2𝜅(2−𝑥)[1 − (1 + i) E∗(2𝜅(2 − 𝑥))]. (37)

Fig. 6 compares the analytical approximations (𝑥) +(𝑥) and (𝑥) with the integral numerically computed  (𝑥). Overall, the
present approach better predicts the exact solution. Moreover, the accuracy of both solutions decreases as the absolute value of 𝑥
increases.

Previous results are only valid for supercritical gusts. For subcritical gusts, the function  ′ is introduced

 ′(𝑥) =
√

2 − 𝑥∫

∞

0

1
√

𝜉(𝜉 + 2)(𝜉 + 2 − 𝑥)
e−2𝜅′𝜉d𝜉 , (38)

with 𝜅′ =
√

𝑘2∕𝛽2 − 𝜇2. We proceed with the same approximation of the envelope, yielding
8
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′(𝑥) +′(𝑥) =
√

2 − 𝑥

(

∫

∞

0

1
(𝜉 + 𝜉0)2

e2𝜅′𝜉d𝜉 + ∫

∞

0

e−𝜉∕𝜉0
√

2𝜉(𝜉 + 2 − 𝑥)
e−2𝜅′𝜉d𝜉

)

=
√

2 − 𝑥
(

1
𝜉0

+ 2e𝜃′𝜅′ Ei(−𝜃′)
)

+ e(2−𝑥)𝐷′ 𝜋
√

2
erfc

(

√

(2 − 𝑥)𝐷′
)

, (39)

where 𝜃′ = 2𝜅′𝜉0 and 𝐷′ = (1 + 𝜃′)∕𝜉0.
The trailing-edge back-scattering contribution to the (leading-edge) aeroacoustic transfer function is defined in a reference frame

centered in the mid-chord (−1 < 𝑥 < 1) as

2(𝐱𝑜, 𝑘𝑥, 𝑘𝑦) = ∫

1

−1
𝑔2(𝑥, 𝑘𝑥, 𝑘𝑦)e−i𝐵𝑥d𝑥 . (40)

Recalling the relation between 𝑔2 and 𝑃2,𝑑 given in Eq. (17) and exploiting the approximation  ≈  +, Eq. (40) writes:

2(𝐱𝑜, 𝑘𝑥, 𝑘𝑦) ≈ 𝐻 ∫

1

−1
ei(𝐴(𝑥+1)−𝐵𝑥)

(

𝐺
√

1 − 𝑥 + e𝐷(1−𝑥) 𝜋
√

2
erfc

(

√

𝐷(1 − 𝑥)
)

)

d𝑥 , (41)

ith

𝐴 = 𝜅 +
𝑘𝑥𝑀2

𝛽2
(42)

𝐻 = − e−i(𝜋∕4+4𝜅)

𝜋2
√

𝜋(𝑘𝑥 + 𝛽2𝜅)
(43)

𝐺 = 1
𝜉0

− 2e𝜃𝜅 (𝜋 − iEi(−𝜃)) . (44)

The variable 𝜉0 defined in Eq. (30) is a function of 𝑥 and, therefore, 𝐷, 𝜃 and 𝐺 also depend on 𝑥. It is necessary to assume that
0 is constant to compute Eq. (41) analytically. However, since 𝜉0(𝑥 = −1) ≈ 4.3 and 𝜉0(𝑥 = 1) = 2, an intermediate value of 𝜉0 = 3
s adopted. Section 4 shows that this choice has little influence on the final solution (see Fig. 8).

The solution for the supercritical gust is

2(𝐱𝑜, 𝑘𝑥, 𝑘𝑦) ≈

𝐻
4

⎛

⎜

⎜

⎜

⎜

⎝

2ei𝜋∕4e−i𝐵𝐺
(

(2 + 2i)e2i𝐵
√

𝐸 −
√

𝜋e2i𝐴 erf
(

(1 + i)
√

𝐸
))

𝐸3∕2
−

√

2𝜋

(

(1 + i)e2i𝐴−i𝐵
(

(1 + i) −
√

2𝐷 erf i
(

(1+i)
√

−𝐸
)

√

−𝐸

)

− 2ie2𝐷+i𝐵 erfc
(
√

2𝐷
)

)

𝐸 + i𝐷

⎞

⎟

⎟

⎟

⎟

⎟

⎠

(45)

where erf i(𝑧) is the imaginary error function and 𝐸 = 𝐴−𝐵. In case of subcritical gust, we find the same solution with new definitions
of 𝐴, 𝐻 , 𝐺 and 𝐸:

𝐴′ = 𝜅′ +
𝑘𝑥𝑀2

𝛽2
(46)

𝐻 ′ = − e−4𝜅

𝜋2
√

𝜋(i𝑘𝑥 + 𝛽2𝜅′)
(47)

𝐺′ = 1
𝜉0

+ 2e𝜃′𝜅′ Ei(−𝜃′) (48)

𝐸′ = 𝐴′ − 𝐵 . (49)

3.2. Trailing-edge noise

The new approximation presented in Section 3.1 is also derived for the trailing-edge noise case. The main scattering term 𝑃1
presented in Eq. (19) is computed neglecting the boundary condition of zero velocity potential 𝜙 upstream of the leading-edge and
extending the airfoil to 𝑥 → −∞. Therefore, a second contribution 𝜙2 cancels 𝜙1 for 𝑥 ≤ −2. Fig. 4 shows that, in the second iteration,
he airfoil is extended from the leading-edge to 𝑥 → ∞.

The canonical Schwarzschild problem is written for the modified potential 𝜓2 = 𝜙2e−i𝜇𝑀𝑥 in the new variable 𝜈 = −(𝑥 + 2):

𝜕2𝜓2

𝜕𝜈2
+
𝜕2𝜓2

𝜕𝑧2
+ 𝜅2𝜓2 = 0 (50a)

𝜓 (𝜈, 0) = −𝜓 (𝜈, 0) 𝜈 ≥ 0 , (50b)
9
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𝜕𝜓2
𝜕𝑧

(𝜈, 0) = 0 𝜈 < 0 , (50c)

ith

𝜓1(𝜈, 0) =
𝑏ei𝑘𝑥(𝜈+2)

i𝜌𝑈 (𝛼 − 1)𝑘𝑥

{

ei(𝛼−1)𝑘𝑥(𝜈+2) [(1 + i) E∗(𝐵1(𝜈 + 2)) − 1
]

− 𝛩
[

(1 + i) E∗(𝐵(𝜈 + 2)) − 1
]

}

ei𝜇𝑀(𝜈+2) (51)

computed from the first iteration [24] for the supercritical case. In Eq. (51), the following definitions are used: 𝐵1 = 𝑘𝑐 +𝑀𝜇 + 𝜅,
𝑘𝑐 = 𝛼𝑘𝑥, 𝛩 =

√

𝐵1∕𝐵 and 𝐵 = 𝑘𝑥 +𝑀𝜇 + 𝜅. The solution for 𝜈 < 0 is

𝜓2 = − 1
𝜋 ∫

∞

0
𝐺(𝜈, 𝜉, 0)𝜓1(𝜉, 0)d𝜉 . (52)

After some algebraic manipulations described in Ref. [24], the velocity potential is written as

𝜙2(𝑥, 0) = −

√

2(1 + i)𝑏ei(𝑀𝜇−𝜅)𝑥e−4i𝜅

2𝜋3∕2𝜌𝑈 (𝛼 − 1)𝑘𝑥
√

𝐵1
(1 − 𝛩2)F(𝑥) , (53)

where

F(𝑥) =
√

𝑥 + 2 ∫

∞

0

1
√

𝜉(𝜉 + 2)(𝜉 + 2 + 𝑥)
e−i2𝜅𝜉d𝜉 , (54)

which can be directly compared to Eq. (24). Changing the sign of 𝑥, the same strategy outlined in Section 3.1 can be applied for
the trailing-edge case:

F(𝑥) ≈ G(𝑥) + H(𝑥)

=
√

𝑥 + 2

(

∫

∞

0

1
(𝜉 + 𝜉0)2

e−i2𝜅𝜉d𝜉 + ∫

∞

0

e−𝜉∕𝜉0
√

2𝜉(𝜉 + 2 + 𝑥)
e−i2𝜅𝜉d𝜉

)

=
√

𝑥 + 2
(

1
𝜉0

− 2e𝜃𝜅 (𝜋 − iEi(−𝜃))
)

+ e(𝑥+2)𝐷 𝜋
√

2
erfc

√

(𝑥 + 2)𝐷 , (55)

ith analogous definition of 𝐷 = (1 + 𝜃)∕𝜉0, 𝜃 = 2i𝜅𝜉0 and

𝜉0(𝑥) =
1
3

(

2 +
4(3𝑥 + 7)
𝜉𝑓 (𝑥)

+ 𝜉𝑓 (𝑥)
)

(56)

𝜉𝑓 (𝑥) =
(

27𝑥2 + 144𝑥 + 3
√

3
√

(𝑥 + 2)3(27𝑥 + 62) + 188
)1∕3

. (57)

The approximated solution for F proposed in Roger and Moreau [24] is denoted M𝑐

F(𝑥) ≈ M𝑐 (𝑥) = Re(M(𝑥)) + 𝜀 Im(M(𝑥)) (58)

with

M(𝑥) = 𝜋
√

2
e2i𝜅(𝑥+2)

[

1 − (1 + i) E∗(2𝜅(𝑥 + 2))
]

, (59)

𝜀 =
(

1 + 1
4𝜇

)−1∕2
. (60)

In Eq. (58), the factor 𝜀 is used to correct the imaginary part of the result. Fig. 7 compares the approximated integrals M𝑐 (𝑥)
nd G(𝑥) + H(𝑥) with the exact integral F(𝑥). As in the leading-edge noise case, the proposed approach is more accurate in the

approximation of the real part of the integral. However, the correction for the factor 𝜀 improved considerably the imaginary part
of . Overall, the approach proposed in the present work better predicts the exact integral for −2 < 𝑥 < 0.

The relation between the dimensionless pressure 𝑃2 and the potential 𝜙2 involves a derivative of the potential with respect to 𝑥:

𝑃2 = −
𝜌𝑈
𝑏

(

i𝑘𝑥𝜙2 +
𝜕𝜙2
𝜕𝑥

)

. (61)

where 𝑃2 is equivalent to the variable 𝑃2 in Roger and Moreau [24]. Substituting Eq. (53) in Eq. (61) and with F(𝑥) ≈ G(𝑥) +H(𝑥),
we obtain

𝑃2(𝑥, 0) =
(1 + i)e−4i𝜅 (1 − 𝛩2)
𝜋3∕2(𝛼 − 1)𝑘𝑥

√

2𝐵1
ei(𝑀𝜇−𝜅)𝑥

{

i(𝑘𝑥 +𝑀𝜇 − 𝜅)[G(𝑥) + H(𝑥)] + 𝜕
𝜕𝑥

[G(𝑥) + H(𝑥)]
}

. (62)

For the subcritical case, Eq. (62) becomes:

𝑃 ′
2(𝑥, 0) =

(1 + i)e−4𝜅′ (1 − 𝛩′2)

𝜋3∕2(𝛼 − 1)𝑘
√

2𝐵′
ei(𝑀𝜇+i𝜅′)𝑥

{

i(𝑘𝑥 +𝑀𝜇 + i𝜅′)[G′(𝑥) + H′(𝑥)] + 𝜕
𝜕𝑥

[G′(𝑥) + H′(𝑥)]
}

(63)
10
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Fig. 7. Comparison between the real part (left) and the imaginary part (right) of the exact integral F(𝑥) ( ), the approximation M𝑐 (𝑥) (▾) and the new
pproximation G(𝑥) +H(𝑥) (▴) for (a) 𝑥 = −1.9 and (b) 𝑥 = 0.

ith 𝐵′
1 = 𝑘𝑐 +𝑀𝜇 − i𝜅′, 𝛩′ =

√

𝐵′
1∕𝐵

′, 𝐵′ = 𝑘𝑥 +𝑀𝜇 − i𝜅′ and

G′(𝑥) + H′(𝑥) =
√

𝑥 + 2
(

1
𝜉0

+ 2e𝜃′𝜅′ Ei(−𝜃′)
)

+ e(𝑥+2)𝐷′ 𝜋
√

2
erfc

(

√

(𝑥 + 2)𝐷′
)

. (64)

he definitions of 𝜃′ = 2𝜅′𝜉0 and 𝐷′ = (1 + 𝜃′)∕𝜉0 are identical to the leading-edge noise problem.
The back-scattering correction to the aeroacoustic transfer function is defined as

2(𝐱𝑜, 𝑘𝑥, 𝑘𝑦) = ∫

0

−2
e−i𝐶𝑥ei𝑘𝑐𝑥𝑔2(𝑥, 𝑘𝑥, 𝑘𝑦)d𝑥 (65)

with 𝑔2(𝑥, 𝑘𝑥, 𝑘𝑦) = 𝑃2(𝑥, 0, 𝑘𝑥, 𝑘𝑦). The pressure 𝑃2(𝑥, 0, 𝑘𝑥, 𝑘𝑦) is given in Eq. (62). Similarly to the leading-edge noise problem, the
arameter 𝜉0 is assumed to be constant and equal to 3.

Substituting Eq. (62) in Eq. (65) leads to:

2(𝐱𝑜, 𝑘𝑥, 𝑘𝑦) = 𝐻 ∫

0

−2
e−i𝐶𝑥ei𝛾1𝑥

{

i𝛾(G(𝑥) + H(𝑥)) + 𝜕
𝜕𝑥

(G(𝑥) + H(𝑥))
}

d𝑥 . (66)

with 𝛾 = 𝑘𝑥 +𝑀𝜇 − 𝜅 and 𝛾1 = 𝑘𝑐 +𝑀𝜇 − 𝜅. The solution of the integral is

2(𝐱𝑜, 𝑘𝑥, 𝑘𝑦) =
𝐻 (1 + i)

4(𝐶 + i𝐷 − 𝛾1)
e−2i𝛾1

{

e2i𝐶
(𝐶 − 𝛾1)3∕2

erf
(

(1 + i)
√

𝐶 − 𝛾1
)

(𝐶 + 𝛾 − 𝛾1)
[
√

2𝜋𝐺(−i𝐶 +𝐷 + i𝛾1) + 2i𝜋
√

𝐷(𝐶 − 𝛾1)
]

+
(1 + i)

√

2
𝐶 − 𝛾1

[

𝜋(𝐶 − 𝛾1) erfc
(
√

2𝐷
)

(𝐷 + i𝛾)e2𝐷+2i𝛾1 + 2i𝐺𝛾e2i𝛾1 (𝐶 + i𝐷 − 𝛾1) + 𝜋e2i𝐶 (𝛾1 − 𝐶)(𝐷 + i𝛾)
]

}

, (67)
11
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Fig. 8. Normalized aeroacoustic transfer function in the mid-span plane for different values of 𝜉0. Observer position: (𝑥𝑜 , 𝑦𝑜 , 𝑧𝑜) = (cos𝜗, 0, sin 𝜗), 𝜗 = 30◦. 𝑘𝑐 = 0.1
nd 𝑀 = 0.05.

ith

𝐻 =
(1 + i)e−4i𝜅 (1 − 𝛩2)
𝜋3∕2(𝛼 − 1)𝑘𝑥

√

2𝐵1
(68)

𝐺 = 1
𝜉0

− 2e𝜃𝜅 (𝜋 − iEi(−𝜃)) (69)

n the subcritical case, Eq. (67) is still valid with the new definitions of 𝐻 , 𝛾, 𝛾1 and 𝐺:

𝐻 ′ =
(1 + i)e−4𝜅′ (1 − 𝛩′2)

𝜋3∕2(𝛼 − 1)𝑘𝑥
√

2𝐵′
1

(70)

𝛾 ′ = 𝑘𝑥 +𝑀𝜇 + i𝜅′ (71)

𝛾 ′1 = 𝑘𝑐 +𝑀𝜇 + i𝜅′ (72)

𝐺′ = 1
𝜉0

+ 2e𝜃′𝜅′ Ei(−𝜃′) . (73)

4. Results

The novel aeroacoustic transfer functions proposed in Section 3 are compared to the transfer functions previously reported in
the literature and recalled in Appendix for leading-edge noise and in Refs. [24,31] for trailing-edge noise. The comparison focuses
on the normalized aeroacoustic transfer functions defined as |𝑘𝑐𝑧𝑜∕𝜎0|.

.1. Leading-edge noise

The transfer function 2 given in Eq. (45) is plotted in Fig. 8 to examine the influence of the parameter 𝜉0. This figure shows that
he aeroacoustic transfer function 2 presents low sensitivity to different values of 𝜉0 between 2 and 4.3, confirming that any choice
n this range can be satisfactorily considered. Fig. 8 is produced considering the Mach number equal 0.05 and a reduced-frequency of
.1. However, any choice of these two variables leads to the same conclusion, i.e., it is not possible to identify the most unfavorable
hoice of these parameters that would result in significant differences in the normalized 2. 𝜉0 = 3 has been chosen in the calculation
f the results presented in Figs. 9 and 10.

Fig. 9 compares the directivity patterns of the aeroacoustic transfer function for different values of reduced frequency 𝑘𝑐 and
𝑦∕(𝛽𝜇). The expression of 1 is presented in Eqs. (A.1) and (A.2) and the reference 2 in Eqs. (A.3) and (A.4). The results are
hown for the supercritical case for 𝑘𝑦∕(𝛽𝜇) = 0 (i.e. 𝑘𝑦 = 0), and around 𝑘𝑦∕(𝛽𝜇) = 1, which corresponds to 𝜅 = 0. The reason is that
or 𝑘𝑦∕(𝛽𝜇) < 1 the solution is supercritical and for 𝑘𝑦∕(𝛽𝜇) > 1 is subcritical and, hence, the largest variations are expected around
his value. Indeed, significant differences between the novel formulation and the calculations based on the literature’s formulation
re observed for 𝑘𝑦∕(𝛽𝜇) close to 1, and small reduced frequency. For 𝑘𝑐 = 5 and 𝑘𝑦∕(𝛽𝜇) < 1 both solutions overlap and only small
ifferences are observed for the subcritical gust 𝑘𝑦∕(𝛽𝜇) = 1.01.

Fig. 10 shows the behavior of the aeroacoustic transfer function transitioning from the supercritical to the subcritical regime. For
mall reduced-frequency, 𝑘𝑐 = 0.1, the newly proposed solution allows a smoother transition between the two regimes, extending
he validity of Amiet’s theory to lower values of 𝜅. At higher reduced-frequency, 𝑘𝑐 = 1, the sharp cuts at the cut-off frequency are
arrower, reducing the necessity of the regularization proposed by Roger and Moreau [24] for the trailing-edge noise case. However,
he regularization strategy should still be applied to smooth the spikes for very small 𝜅.
12
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f

Fig. 9. Directivity in the mid-span plane of the normalized aeroacoustic transfer function (leading-edge) for 𝑀 = 0.05. Flow direction: from left to right. Symbols:
ull solution 1 + 2; no-symbols: 2. ( ): result from the present work; ( ): result from previous literature (Eqs. given in Appendix). (a) 𝑘𝑐 = 0.1 and
𝑘𝑦∕(𝛽𝜇) = 0; (b) 𝑘𝑐 = 1 and 𝑘𝑦∕(𝛽𝜇) = 0; (c) 𝑘𝑐 = 5 and 𝑘𝑦∕(𝛽𝜇) = 0; (d) 𝑘𝑐 = 0.1 and 𝑘𝑦∕(𝛽𝜇) = 0.99; (e) 𝑘𝑐 = 1 and 𝑘𝑦∕(𝛽𝜇) = 0.99; (f) 𝑘𝑐 = 5 and 𝑘𝑦∕(𝛽𝜇) = 0.99;
(g) 𝑘𝑐 = 0.1 and 𝑘𝑦∕(𝛽𝜇) = 1.01; (h) 𝑘𝑐 = 1 and 𝑘𝑦∕(𝛽𝜇) = 1.01; (i) 𝑘𝑐 = 5 and 𝑘𝑦∕(𝛽𝜇) = 1.01.

4.2. Trailing-edge noise

Similar conclusions to the leading-edge noise are drawn for the trailing-edge noise case. In the present work, 𝑈𝑐 = 0.7𝑈 is
chosen [4]. Fig. 11 presents the directivity of the aeroacoustic transfer function for trailing-edge noise compared to the formulation
without the regularization proposed by Roger and Moreau [24,31]. As done for the leading-edge noise case, values of 𝑘𝑦∕(𝛽𝜇) close
to 1 are chosen to highlight the variations for nearly-critical gusts. Significant differences are observed at small reduced frequency
𝑘𝑐 = 0.1 and close to the critical regime. At higher frequencies, the solution proposed by Roger and Moreau [24] is retrieved.

Fig. 12 presents the behavior of the trailing-edge aeroacoustic transfer function between the two regimes. In contrast to the
leading-edge transfer function presented in Fig. 10, minor improvements are observed for 𝑘𝑐 = 1. This is due to the correction to
the imaginary part of M given in Eq. (58) and suggested by Roger and Moreau [24]. This correction improves the solution proposed
in the same work, yielding to a formulation equivalent to the one proposed in the present work. However, at lower frequencies and,
especially, at small Mach number, the amplitude of the normalized full solution 1+2 is higher with the back-scattering correction
13

proposed in Section 3.2 and would result in higher radiated noise levels.
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Fig. 10. Normalized aeroacoustic transfer function (leading-edge) in the mid-span plane. (a) 𝑘𝑐 = 0.1 and 𝑀 = 0.05; (b) 𝑘𝑐 = 0.1 and 𝑀 = 0.5; (c) 𝑘𝑐 = 1 and
= 0.05; (d) 𝑘𝑐 = 1 and 𝑀 = 0.5. Observer position: (𝑥𝑜 , 𝑦𝑜 , 𝑧𝑜) = (cos 𝜗, 0, sin 𝜗), 𝜗 = 60◦. Symbols: full solution 1 + 2; no-symbols: 2. ( ): result from the

present work; ( ): result from previous literature (Eqs. given in Appendix).

.3. General remarks

It is recalled that the proposed approach remains within the framework of the two-step Schwarzschild ’s procedure. For compact
egimes, higher order iterations should be developed [26,28] and the complete solution is expected to smooth the spikes present in
igs. 10 and 12. However, an analytical closed form for higher order iterations is difficult to achieve.

As shown in Sections 4.1 and 4.2, the aeroacoustic transfer function proposed in the present work predicts higher noise levels
hen compared to the results obtained in previous literature [1,24,27,28,31,32]. This difference depends on the frequency, observer
osition, and Mach number. In the following the variation is quantified in terms of noise levels in decibels at the observer position
sing the far-field and large aspect ratio formulation of Amiet’s theory. When this formulation is considered, the power spectral
ensity at the observer located in the far-field depends linearly on ||2. So, we can state that the difference in the noise level in
ecibels will be equal to

𝛥 = 10 log10|PW|

2 − 10 log10|L|
2 , (74)

here PW is the aeroacoustic transfer function proposed in the present work and L is the one given in previous literature. Fig. 13
hows the evolution of the difference 𝛥 as a function of the off mid-span plane angular position of the observer 𝜙. The angle 𝜙 is
efined in Fig. 1 for the leading-edge noise problem and in Fig. 3 for the trailing-edge noise case. The results are shown for different
educed frequencies to highlight that the proposed approach is effective for small 𝑘𝑐. The difference 𝛥 increases up to 2 dB for
he leading-edge case and up to 4 dB for the trailing-edge case with increasing 𝜙. The reason lies in the definition of 𝜅2 which
ecreases with increasing 𝜙 and it is further explained in the following paragraph. In the leading-edge noise case, the Mach number
as almost no influence on the results shown in Fig. 13. Instead, for the trailing-edge noise case, 𝑀 = 0.5 has been identified as the
ach number for which the difference 𝛥 is larger.

Recalling that in the far-field and large aspect ratio formulation of Amiet’s theory, the aeroacoustic transfer function is evaluated
or 𝑘𝑥 = 𝜔∕𝑈 and 𝑘𝑦 = 𝑘𝑥𝑀𝑦𝑜∕𝜎0, the parameter of the Helmholtz equation 𝜅2 can be written as

𝜅2 =
(

𝑘𝑥𝑀
𝛽

)2
[

1
𝛽2

−
(

𝑦𝑜
𝜎0

)2
]

. (75)

Since 𝜎20 = 𝑥2𝑜 + 𝛽
2(𝑦2𝑜 + 𝑧

2
𝑜), small values of 𝜅2 are computed when |𝑦𝑜| ≫ 𝑥𝑜, 𝑧𝑜. Referring to Fig. 3, this corresponds to 𝜙 ≈ ±𝜋∕2

for 𝑥𝑜 = 0. It is recalled that in the leading-edge noise case 𝑥𝑜 = 0 corresponds to 𝑥𝑑 = 𝑐∕2 because the reference frame has been
shifted before computing the chord-wise integral.
14



Journal of Sound and Vibration 524 (2022) 116742A.P.C. Bresciani et al.

r
𝑘

Fig. 11. Directivity in the mid-span plane of the normalized aeroacoustic transfer function (trailing-edge) for 𝑀 = 0.05 and 𝛼 = 1∕0.7. Flow direction: from left to
ight. Symbols: full solution 1 +2; no-symbols: 2. ( ): result from the present work; ( ): results from [24,31] without regularization. (a) 𝑘𝑐 = 0.1 and
𝑦∕(𝛽𝜇) = 0; (b) 𝑘𝑐 = 1 and 𝑘𝑦∕(𝛽𝜇) = 0; (c) 𝑘𝑐 = 5 and 𝑘𝑦∕(𝛽𝜇) = 0; (d) 𝑘𝑐 = 0.1 and 𝑘𝑦∕(𝛽𝜇) = 0.99; (e) 𝑘𝑐 = 1 and 𝑘𝑦∕(𝛽𝜇) = 0.99; (f) 𝑘𝑐 = 5 and 𝑘𝑦∕(𝛽𝜇) = 0.99;

(g) 𝑘𝑐 = 0.1 and 𝑘𝑦∕(𝛽𝜇) = 1.01; (h) 𝑘𝑐 = 1 and 𝑘𝑦∕(𝛽𝜇) = 1.01; (i) 𝑘𝑐 = 5 and 𝑘𝑦∕(𝛽𝜇) = 1.01.

The case of a rotating machine is now considered to explain why the proposed approximation is especially suited for observers
placed close to the rotor plane. Amiet’s theory can be applied to rotating machines dividing the blade into segments to account
for different relative velocities and flow conditions encountered at different radial positions. This methodology is known as strip
theory and it has been widely applied for fans [3–7], helicopters [8] and wind turbines [9–12]. In the previous paragraph, it has
been shown that 𝜅2 ≈ 0 when the spanwise coordinate of the observer is much bigger than the chordwise and vertical coordinates,
i.e. |𝑦𝑜| ≫ 𝑥𝑜, 𝑧𝑜. For a rotating machine, this corresponds to an observer is located close to the blade span axis. Since, during the
rotation, the blade span axis is moving in the rotor plane, it is clear that small values of 𝜅2 are computed close to the rotor plane.

5. Conclusions

This paper revisits Roger and Moreau’s [24] extension of the trailing-edge noise Amiet’s theory [1] and Amiet’s theory itself
for leading edge noise [2] by proposing an analytical generalization that considers gusts of small-𝜅. The parameter 𝜅2 determines
the nature of the partial differential equation that models the problem of the airfoil leading- and trailing-edge noise generation. If
15
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Fig. 12. Normalized aeroacoustic transfer function (trailing-edge) in the mid-span plane. (a) 𝑘𝑐 = 0.1 and 𝑀 = 0.05; (b) 𝑘𝑐 = 0.1 and 𝑀 = 0.5; (c) 𝑘𝑐 = 1 and
= 0.05; (d) 𝑘𝑐 = 1 and 𝑀 = 0.5. Observer position: (𝑥𝑜 , 𝑦𝑜 , 𝑧𝑜) = (cos 𝜗, 0, sin 𝜗), 𝜗 = 60◦. Symbols: full solution 1 + 2; no-symbols: 2. ( ): result from the

present work; ( ): results from [24,31] without regularization.

Fig. 13. Difference between the aeroacoustic transfer function proposed in the present work and the one given in literature as a function of the off mid-span
plane angular position of the observer 𝜙. (a) Leading-edge noise problem; (b) Trailing-edge noise problem. The 𝑥𝑜 coordinate of the observer is zero and the

ach number is 𝑀 = 0.5.

2 is larger than zero, the convected Helmholtz equation has hyperbolic nature. However, if 𝜅2 is lower than zero, the convected
Helmholtz equation has elliptic nature. When the absolute value of 𝜅2 is close to zero, the solution is notably non-physical. In this
aper, we propose two asymptotic relations that permit the calculation of the back-scattered pressure trace with increased accuracy
or small-𝜅.

The proposed generalization is twofold and related to the definition of 𝜅2. For 𝑘𝑦 = 0, small-𝜅 is equivalent to small reduced-
requency. Hence, the proposed generalization is especially valid for acoustically compact airfoils. For 𝑘𝑦 ≠ 0, small values of 𝜅 are
resent for nearly-critical gusts. The contribution of this type of gust is clarified when the far-field radiation of large aspect ratio
irfoils is considered. In this case, the wavenumber 𝑘𝑦 depends on the observer spanwise position 𝑦𝑜. If 𝑦𝑜 is large compared to the
16

chordwise and vertical coordinates 𝑥𝑜 and 𝑧𝑜, small values of 𝜅 are obtained and the generalization proposed in Section 3 becomes
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i

Fig. A.14. Real (a) and imaginary (b) parts of the aeroacoustic transfer function 1 in the mid-span plane for 𝜗 = 60◦, 𝑀 = 0.05 and 𝑘𝑐 = 10.  : obtained using
Eq. (A.1) with the correct square-root for 𝜃1 < 0 and Eq. (A.2); ▾: Eqs. (C.47) and (C.51) from [27]; ▴: Eqs. (3) and (5) from [33].

important. When one of the two conditions that leads to small-𝜅 is met, the formulation proposed in this paper will predict higher
noise levels in comparison to predictions obtained from the formulation of Amiet and Roger and Moreau [1,21,24].
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Appendix. Aeroacoustic transfer function for leading-edge noise

Several formulae can be found in literature [27,28,30,32,33] for the leading-edge aeroacoustic transfer function. The ones used
to generate the plots in the present work are given here.

For the supercritical gust, the main scattering contribution 1 is given in Eq. (C.47) of Ref. [27]:

1(𝐱𝑜, 𝑘𝑥, 𝑘𝑦) =
1
𝜋

√

2
(𝑘𝑥 + 𝛽2𝜅)𝜃1

E∗(2𝜃1)ei𝜃2 (A.1)

with 𝜃1 = 𝜅 − 𝜇𝑥𝑜∕𝜎 and 𝜃2 = 𝜇(𝑀 − 𝑥𝑜∕𝜎) − 𝜋∕4. However, we noticed that for 𝜃1 < 0, the square root to be taken in Eq. (A.1)
s the negative imaginary one. This is done to avoid the non-physical discontinuities shown in Fig. A.14 for 𝑘𝑦∕(𝛽𝜇) < 1. These

discontinuities appear only when the real and imaginary parts of 1 are considered separately and, since in Amiet’s theory only the
absolute value of the aeroacoustic transfer function matters, these discontinuities do not affect the results in the previous literature.
However, when the back-scattering correction 2 given in Section 3.1 is added to 1, the non-physical discontinuities in the real
and imaginary parts of 1 would be present also in the absolute value of 1 + 2. For this reason, it is important to choose the
correct square-root in Eq. (A.1).

For the subcritical gust, the following definition of 1 is used

1(𝐱𝑜, 𝑘𝑥, 𝑘𝑦) =
1
𝜋

√

2
(𝑘𝑥 − i𝛽2𝜅′)𝜃′1

E∗(2𝜃′1)e
i𝜃2 (A.2)

with 𝜃′1 = −i𝜅′ − 𝜇𝑥𝑜∕𝜎. An equation similar to Eq. (A.2) is given in Eq. (C.51) of Ref. [27], but with opposite signs in front of 𝜅′.
The value inside the square-root in Eq. (A.2) is always a complex number and the principal square-root has been chosen.
17
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A

Fig. A.15. Real (a) and imaginary (b) parts of the aeroacoustic transfer function 2 for in the mid-span plane for 𝜗 = 120◦, 𝑀 = 0.05 and 𝑘𝑐 = 1.  : obtained
using Eq. (A.3) with the negative imaginary square-root for 𝜃3 < 0 and Eq. (A.4); ▾: Eqs. (C.48) and (C.52) from [27]; ▴: Eqs. (4) and (6) from [33]; ■ result
of the present work given in Eq. (45).

The formulae for the back-scattering correction supposing  ≈  and used as a reference solution in Section 4 are given below.
The back-scattering contribution for a supercritical gust is given in Eq. (C.48) of Ref. [27]:

2(𝐱𝑜, 𝑘𝑥, 𝑘𝑦) =
ei𝜃2

𝜋𝜃1
√

2𝜋(𝑘𝑥 + 𝛽2𝜅)

{

i(1 − e−2i𝜃1 ) + (1 − i)
[

E∗(4𝜅) −

√

2𝜅
𝜃3

e−2i𝜃1 E∗(2𝜃3)

]}

(A.3)

with 𝜃3 = 𝜅 + 𝜇𝑥𝑜∕𝜎. As before, to avoid the discontinuities shown in Fig. A.15, we chose the negative imaginary root if 𝜃3 < 0.
Finally, the back-scattering correction for the subcritical gust is correctly defined in Eq. (A.174) of de Santana Ph.D. thesis [28]:

2(𝐱𝑜, 𝑘𝑥, 𝑘𝑦) = − ei𝜇(𝑀−𝑥𝑜∕𝜎)

𝜋𝜃′3
√

2𝜋(𝜅′𝛽2 + i𝑘𝑥)

{

1 − erf(
√

4𝜅′) − e−2𝜃
′
3 +

√

2𝜅′ e−2𝜃
′
3

√

𝜅′ + i𝜇𝑥𝑜∕𝜎
erf(

√

2(𝜅′ + i𝜇𝑥𝑜∕𝜎))
}

(A.4)

with 𝜃′3 = 𝜅′ − i𝜇𝑥𝑜∕𝜎. An equivalent formula is given in Ref. [27] (see Eq. (C.52)), changing the signs in front of 𝜅′.
The different formulae are compared in Figs. A.15 and A.14. As noticed in [28], the transfer functions 1 and 2 given in [27]

go to infinity for 𝑘𝑦∕(𝛽𝜇) → ∞. This non-physical behavior is due to the wrong choice of the square root of 𝜅2 in the subcritical case.
s shown in Fig. A.14, a similar mistake has been probably made in [33] for the subcritical 1. We remark that, in the formulae

given in [33], the discontinuities between the subcritical and supercritical regimes have been noticed in [34,35]. For this reason,
the formulation given in [33] has not been used as reference in the present work.
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