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Abstract A nonlinear two-node superelement is proposed for efficient modelling of
arbitrary-shaped flexible members with two interfaces in a flexible multibody model. The
formulation is based on a small rotation and displacement hypothesis in a local co-rotational
frame. Component mode substructuring methods can then be used to determine the dynam-
ical properties of the superelement from a linear finite element model. The key contribution
of this paper is the inclusion of the so-called deformable-interface modes to model the
deformability of the interface surfaces. This allows for a compliant connection to other su-
perelements. With this capability, a component can be modelled with a number of superele-
ments, and its dynamical properties can be accurately analysed even for large deflections
provided that the deformations remain small with respect to the co-rotational frame. Three
examples demonstrate the applicability of the method. In the first example, large deflec-
tions of a relative short sheet flexure are analysed. Next, the formulation is used to obtain a
dynamically reduced model of a complex-shaped component. In the third example, the time-
response of a compliant mechanism is considered that is composed of the components of
the first two examples. For all three examples, eigenfrequency results are in good agreement
with results obtained using a classical nonlinear finite element method.

Keywords Complex geometry · Substructure · Component mode synthesis · Absolute
coordinates

1 Introduction

Nonlinear flexible beam elements provide an effective approach to structural modelling of
flexible multibody systems that consist of interconnected rigid and deformable components.
A variety of well established nonlinear beam element formalisms can be found in the lit-
erature [1–3]. The derivation of the beam element is based on assumptions that limit its
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applicability to the modelling of slender components with uniform cross-section. However,
in many applications, flexible members can be identified whose geometry does not comply
with these assumptions. Examples are compliant cross-hinges with sheet flexures that have
a large height to length ratio, i.e. short sheet flexures [4], or flexible components where the
cross-sectional shape varies along the length [5]. For the modelling of mechanisms contain-
ing such components, it would be highly advantageous to have a beam-like element which
is not restricted to the modelling of slender components with uniform cross-section.

In other words, there is a need for a so-called two-node superelement capable of mod-
elling arbitrary-shaped flexible members with two interfaces whose numerical efficiency is
close to that of a ‘standard’ beam element. An application for such superelements is the
modelling of relatively short sheet flexures for which, in contrast to slender beams, cor-
rect modelling of the boundary effects is necessary. Particularly, the boundary effect due
to a torsional load is of importance. From Saint-Venant’s solution of the torsional prob-
lem of uniform beams, we know that a beam with non-circular cross-section will exhibit
an out-of-plane deformation of the cross-section when twisted [6]. This so-called warping
of the cross-section is described by the angle of twist per unit length and a warping func-
tion which depends on the cross-sectional shape. For short sheet flexures, the angle of twist
per unit length will be relatively high compared with slender beams, resulting in significant
warping of the cross-sections when twisted. If this warping is constrained due to clamping,
the torsional stiffness will increase considerably. This effect is not predicted by classical
beam theory. To account for this effect, several authors, including Simo and Vu-Quoc [7],
Gruttman et al. [8], Hsiao and Lin [9], Chen et al. [10] and Gonçalves et al. [11], modelled
the warping of the cross-section with an extra degree of freedom which can be suppressed to
model rigid clamping. It is, however, not trivial to determine the correct warping function for
arbitrary cross-sectional shapes. Furthermore, the methods referred to in this paragraph are
restricted to beams with a uniform cross-section and are not suited to describe components
with varying cross-sectional shapes.

In a classical nonlinear finite element (FE) analysis, it is straightforward to analyse
the dynamic behaviour of an arbitrary-shaped flexible member. However, it is in terms of
computational time unavoidably costly to simulate mechanisms containing flexible com-
ponents of arbitrary shape using such classical nonlinear FE methods. Therefore, several
authors, including Shabana and Agrawal [12, 13], Yoo and Haug [14, 15] and Cardona and
Géradin [16–18], adopted substructuring techniques in their multibody codes to allow effi-
cient simulation of arbitrary-shaped components undergoing large rigid body motions and
small elastic deformations. Such a substructure is obtained from projecting the dynamical
properties of a linear FE model onto a lower-dimensional subspace spanned by the so-called
component modes. With substructuring methods it is possible to retain the physical meaning
of nodes of the original FE model. These nodes can then be used to allow easy interfacing
with other components. However, this can result in a large number of degrees of freedom of
the substructure if all the nodes on the interface surface are retained. A common practice is
to rigidly connect the nodes on the interface surfaces such that a single node can describe
the positions and orientations of all the nodes on an interface surface.

In [19], this method is applied to realise a nonlinear two-node superelement for the mod-
elling of complex-shaped flexible beams undergoing large rigid body motions and small
elastic deformations. Absolute nodal position and orientation coordinates are used to de-
scribe the configuration of the superelement in an inertial reference frame. To describe the
elastic deformations independent of the rigid body motion, the concept of specifying inde-
pendent deformation modes is adopted from a non-linear beam element description [20].
The deformation modes are defined in a co-rotational frame, which allows the use of lin-
ear stiffness models for the computation of the stress resultants if the elastic deformations
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remain small. The superelement mass and stiffness properties are determined from a lin-
ear FE model representing the complex-shaped component. The method yields analytically
exact models for rigid components and provides accurate results when modelling flexible
components exhibiting small elastic deformations. However, in either case, the two inter-
face surfaces are considered to be rigid. This can cause artificial stiffening if the interface
should instead behave compliant, e.g. for the modelling of torsional out-of-plane warping of
the cross-section.

In this paper, we extend the nonlinear two-node superelement description in order to
obtain a more accurate description for arbitrary-shaped flexible members and to account
for deformations at the interface surfaces. This is accomplished by including the so-called
deformable-interface modes and fixed-interface normal modes from the Craig–Bamption
method [21, 22]. The inclusion of the fixed-interface normal modes can increase the ac-
curacy of the dynamic analysis. This is especially useful for the modelling of arbitrary-
shaped components that only exhibit small deflections. With the addition of the deformable-
interface modes, the deformability of the interface surfaces can be modelled. This is useful
for the modelling of components that undergo large deflections where a single superele-
ment is not sufficient to capture the geometrically nonlinear behaviour. Then, the component
should be discretized in a sufficient number of superelements such that the deformations of
the individual superelements remain small allowing the use of linear stiffness models. In-
stead of having rigid interface surfaces between the superelements, they can be modelled
deformable by using the deformable-interface modes. Although with this approach differ-
ent elastic boundary effects can be modelled, we will specifically address the modelling of
warping of the interface surfaces due to torsional rotations using these deformable-interface
modes.

The contents of this paper is organised as follows. Following the approach described
in [19], in Sect. 2, the derivation of a linear two-node superelement with deformable-
interface modes and fixed-interface normal modes is described. Expressions are given for
the potential and kinetic energy and the equivalent stiffness and mass matrices are derived.
Then in Sect. 3, the derivation of the nonlinear two-node superelement is presented and ex-
pressions are derived for its stiffness and mass matrices. Furthermore, by using Lagrange’s
equations, expressions for the stress resultants and the inertial forces are derived. In Sect. 4,
it is explained how a proper connection between superelements with deformable-interface
surfaces is realised. The approach is demonstrated in Sect. 5 using three examples inspired
by a large-stroke compliant mechanism [5]. The first example will illustrate the use of
deformable-interface modes for the modelling of large deflections of a short sheet flexure. In
the second example, the modelling of a component with varying cross-sectional geometry
is considered. This example illustrates the use of fixed-interface normal modes for compo-
nents exhibiting small deflections. In the third example, a mechanism is considered in which
the components of the first two examples are combined and a time-response simulation is
performed.

2 Linear two-node superelement

Component mode methods, such as the Craig–Bamption method [21, 22], can provide a
reduced order description for the nodal displacements of a linear FE model by the use of
component modes. In the first part of this section, we will introduce this description for
the linear two-node superelement, as well as the concept of boundary nodes and interface
surfaces. Then, we will explain the specific component modes considered for the linear
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Fig. 1 Finite element model of a flexible complex-shaped component

two-node superelement. Subsequently, expressions are derived for the potential and kinetic
energy, from which the reduced stiffness and mass matrix are obtained.

2.1 Coordinates and component modes

2.1.1 Boundary nodes, interface surfaces and nodal displacements

Figure 1 shows a linear FE model of a flexible complex-shaped component, which can be
obtained by using FE software such as ANSYS®. In order to construct a linear two-node
superelement, boundary nodes p and q are introduced at either side of the component. Note
that the choice of the positions of the boundary nodes is completely arbitrary and thus in-
dependent of the location of the centroid and the centre of shear of the cross-section. Fur-
thermore, we introduce at these locations interface surfaces p and q . The interface surfaces
describe the region of contact to other components. In the initial undeformed configuration,
the location of the coordinate system, with base vectors ēX, ēY and ēZ, is specified to coin-
cide with node p with its X-axis pointing towards node q . The orientation of the Y-axis can
be chosen arbitrarily in the plane perpendicular to the X-axis, which defines the coordinate
system [ēX, ēY, ēZ]. Subsequently, an overbar denotes a kinematic quantity related to the
coordinates system [ēX, ēY, ēZ].

By using the concept of component modes such as is defined in the Craig–Bampton
method, we can write the nodal displacements ū of the linear FE model in this coordinate
system as

ū = V μ̄ + Wη̄. (1)

Here the matrix V represents the so-called constraint modes of the Craig–Bampton method
with associated boundary coordinates μ̄. Furthermore, the matrix W can contain other types
of component modes with associated generalized coordinates η̄. Specifically, for the linear
two-node superelement we write for these modes

W = [W d ,Wf ], (2)
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Fig. 2 The 12 constraint modes of a FE model of a beam, as they appear column-wise in the matrix V with
associated boundary coordinates

where we refer to W d as deformable-interface modes describing the deformability of the in-
terface surfaces and Wf represents the fixed-interface normal modes of the Craig–Bampton
method describing the internal flexibility of the component with fixed interface surfaces. In
the subsequent sections, the constraint modes, deformable-interface modes and the fixed-
interface normal modes are explained in detail.

2.1.2 Constraint modes

Finite element models of complex-shaped components are commonly created using solid
elements which only have translational degrees of freedom. To be able to apply both forces
and moments to a single boundary node, both translational and rotational coordinates are
required in the superelement formalism. To achieve this for an FE model with only trans-
lational degrees of freedom, the nodes on the interface surfaces can be considered to be
rigidly attached to the boundary nodes. The displacement and orientation of the boundary
nodes then prescribe the displacement and orientation of the interface surfaces. The bound-
ary node displacements and rotations are collected in the vector of boundary coordinates μ̄,

μ̄ = {
ūpT, ϕ̄pT, ūqT, ϕ̄qT

}
T, (3)

where ūp , ϕ̄p , ūq and ϕ̄q are the nodal displacement and rotation vectors of boundary nodes
p and q , respectively. This set of coordinates are related to the constraint modes of the
Craig–Bampton method. A constraint mode is defined as the static deformation of a com-
ponent generated by applying a unit displacement on a boundary coordinate while fixing
all other boundary coordinates [22]. The resulting set of constraint modes spans the static
response of the component to loads applied on the boundary nodes. The two-node superele-
ment has a total of 12 constraint modes, three rotational and three translational modes at
either side, see Fig. 2.

2.1.3 Deformable-interface modes

To account for deformations at the interface surfaces, additional flexibility can be added
to the superelement by considering the so-called deformable-interface modes. This class
of modes encompasses any type of mode that describes the deformation of the interface
surfaces.
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Fig. 3 The warping mode of a linear FE model of a component with a height over length ratio of two (a),
computed by determining the difference between a torsion mode with a rigid and a deformable interface
surface (b)

In particular, we will focus on a type of deformable-interface mode referred to as a warp-
ing mode. The warping modes are, for example, of importance for the correct modelling
of relatively short compliant sheet flexures and tubes with open cross-sections. We define a
warping mode by the out-of-plane warping deformations of an interface surface due to twist
of a flexible component, while the other interface surface is fixed. Two warping modes can
be computed for a superelement, i.e. one warping mode on each side. From Saint-Venant’s
solution of the torsional problem of uniform beams with non-circular cross-section, we know
that the deformations of a twisted flexible component may be considered as a rotation of the
cross-section and an out-of-plane warping of the cross-section [6]. Therefore, to compute a
warping mode for a non-uniform component, we assume that the nodal displacements at the
interface surface due to twist consists of a rotational part and an out-of-plane warping part.
The warping mode corresponds to the deformations of the out-of-plane warping part. These
deformations can be computed by determining the nodal displacement differences between
an FE analysis where an interface surface is rigidly rotated in the torsional direction and
an FE analysis where, during this torsional rotation, the interface surface remains free to
deform in the out-of-plane direction.

As an example for the computation of a warping mode we consider the FE model shown
in Fig. 3(a). Here we compute a warping mode at the q-side of the component while fixing
the p-side. The interface surface and the surface unit normal, n̄q , are defined at the q-side of
the component. The torsion mode with the rigid interface surface shown in Fig. 3(b) can be
computed by prescribing the nodal displacements ūq(i) of the ith node of interface surface q
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according to

ūq(i) = n̄q × (
r̄q(i) − r̄q

)
, (4)

where r̄q and r̄q(i) are respectively the position vectors of boundary node q and the ith
node of interface surface q , see Fig. 3(a). For the computation of the other torsion mode
of Fig. 3(b), the same nodal displacements as in Eq. (4) are used with the modification that
nodal displacements in the n̄q direction are not prescribed.

The warping mode W
q

d is then obtained by determining the difference between the two
torsion modes. In a similar manner, the p-side warping mode W

p

d is computed while fixing
the q-side. Both warping modes are collected in the matrix W d of Eq. (2),

W d = [
W

p

d ,W
q

d

]
. (5)

2.1.4 Fixed-interface normal modes

With the inclusion of the fixed-interface normal modes, the dynamical model of the linear
two-node superelement is refined. This is especially beneficial when the constraint modes
are not sufficient for describing the vibrational modes of interest of the component. The
normal modes can be obtained from the solution of the generalized eigenvalue problem
with the interface surfaces held fixed, see [22]. To reduce the number of modal coordinates,
a truncated set of eigenvectors is used and stored in the matrix Wf of Eq. (2).

2.2 Potential energy

With Eq. (1), the potential energy of the linear two-node superelement can be expressed in
terms of the reduced set of coordinates μ̄ and η̄. Note that the constraint modes implicitly
contain all six rigid body modes. For example, V 1 + V 7 results in a rigid body translation
in the X-direction. With similar linear combinations of the constraint modes, all rigid body
movements can be described. Obviously, the rigid body modes do not contribute to the elas-
tic potential energy of the component and only the contributions of the elastic deformations
are of interest. A 6-D subspace of the constraint mode matrix V spans the space associated
with purely elastic deformations. The choice of base vectors for this subspace is not unique.
A possible choice consists of the constraint modes belonging to the elongation V 7, torsion
V 10, and the four bending modes V 5, V 11 and V 6, V 12. The vector of elastic nodal displace-
ments, ūe, of the linear FE model can then be expressed in terms of this subset of constraint
modes and the matrix W containing the deformable and fixed-interface modes,

ūe = [V e W ]
{

μ̄e

η̄

}
, (6a)

where

V e = [V 7,V 10,V 5,V 11,V 6,V 12] (6b)

and

μ̄e = {
ū

q

X, ϕ̄
q

X, ϕ̄
p

Y, ϕ̄
q

Y, ϕ̄
p

Z , ϕ̄
q

Z

}
T. (6c)

Here V e is the matrix containing the deformation modes with associated deformation bound-
ary coordinates μ̄e.
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With Eq. (6a) the potential energy P of the superelement can be expressed in terms of
the coordinate vectors μ̄e and η̄,

P = 1

2
ūT

e K̄FEMūe = 1

2

{
μ̄T

e η̄T
}[

V T
e

WT

]
K̄FEM[V e W ]

{
μ̄e

η̄

}
, (7)

where K̄FEM is the stiffness matrix of the linear FE model. From Eq. (7), we can define the
reduced stiffness matrix S̄ as

S̄ =
[

V T
e

W T

]
K̄FEM[V e W ]. (8)

It should be noted that the modes collected in the matrix [V e W ] have to be linearly inde-
pendent to obtain a stiffness matrix S̄ of full rank.

2.3 Kinetic energy

To determine the expression for the kinetic energy, Eq. (1) is differentiated with respect to
time, yielding

˙̄u = [V W ]
{

v̄
˙̄η
}

with v̄ = ˙̄μ, (9a)

and

v̄ = {
v̄pT, ω̄pT, v̄qT, ω̄qT

}
T. (9b)

Here v̄ is the vector of boundary velocities containing the boundary node translational ve-
locities v̄p and v̄q , and angular velocities ω̄p and ω̄q , of nodes p and q respectively. Their
components are expressed along the base vectors ēX, ēY and ēZ. Furthermore, ˙̄η are the
time derivatives of the vector η̄ from Eq. (1). Using Eq. (9a), the kinetic energy T can be
expressed as

T = 1

2
˙̄uTM̄FEM ˙̄u = 1

2

{
v̄T ˙̄ηT

}[
V T

W T

]
M̄FEM[V W ]

{
v̄
˙̄η
}

, (10)

where M̄FEM is the mass matrix of the linear FE model. From Eq. (10), we can define the
reduced mass matrix M̄ to be

M̄ =
[

V T

W T

]
M̄FEM[V W ]. (11)

Here, the modes collected in the matrix [V W ] have to be linearly independent to obtain a
mass matrix M̄ of full rank.

3 Nonlinear two-node superelement

In order to develop a nonlinear two-node superelement capable of describing large rigid
body rotations and small deformations, a kinematic model is required that correctly de-
scribes the element’s configuration in 3-D space when undergoing large rigid body rotations.
The first part of this section describes the kinematic model that is used for this purpose. Then
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Fig. 4 The global configuration of the nonlinear two-node superelement expressed in the inertial reference
frame

in the second and third part, using the expressions for the potential and kinetic energy of the
linear two-node superelement, we derive expressions for the potential and kinetic energy of
the nonlinear two-node superelement. Its dynamic relations can then be derived with the aid
of Lagrange’s equations.

3.1 Coordinates and modes

The definition of the nodal coordinates of the nonlinear superelement and the specification of
a related set of deformation coordinates are in accordance with the nonlinear beam element
introduced in [20]. The global configuration of the nonlinear superelement is defined by
the position vectors rp and rq and the orientation of the orthonormal triads [ep

x , e
p
y , e

p
z ]

and [eq
x , e

q
y , e

q
z ] rigidly attached to the interface surfaces at nodes p and q , see Fig. 4. In

the initial undeflected state, the triads coincide with the initial orientation described by the
rotation matrix R0. In a deflected state, the orientation of the triads can be computed from
the rotation matrices Rp and Rq which describe the orientation of nodes p and q with
respect to the initial orientation,

[
ep

x , ep
y , ep

z

] = RpR0[eX, eY, eZ],
[
eq

x , e
q
y , e

q
z

] = RqR0[eX, eY, eZ].
(12)

Here eX, eY and eZ are the unit vectors of the inertial reference frame. The initial orien-
tation R0 is used such that in the assembly of the finite elements the rotation coordinates
that parametrize rotation matrices Rp and Rq can be shared by multiple elements. The
parametrization of rotations can be accomplished in several ways, such as by modified Eu-
ler angles, Euler parameters, Rodrigues parameters or the Cartesian rotation vector [2]. In
this paper, we use Euler parameters for the parametrization of rotations to avoid singular-
ity problems associated with Euler angles and to avoid the use of trigonometric functions.
Instead, the components of a rotation matrix R, parametrized with Euler parameters, are
computationally efficient quadratic algebraic expressions [20].



62 S.E. Boer et al.

With this parametrization the nodal coordinates of the nonlinear two-node superelement
are two sets of Cartesian coordinates rp and rq , describing the nodal positions in the inertial
coordinate system and two sets of Euler parameters, λp and λq , representing the orientation
of the triads [ep

x , e
p
y , e

p
z ] and [eq

x , e
q
y , e

q
z ] at nodes p and q . The vector x of nodal coordinates

can then be written as

x = {
rpT,λpT, rqT,λqT

}
T. (13)

Note that the parametrization of rotations is redundant due to the constraint λTλ = 1, im-
posed on the Euler parameters of Eq. (13). This results in a total of 12 independent nodal
coordinates.

The configuration defined by the nodal coordinate vector x also includes the rigid body
orientation and position of the superelement. These rigid body modes should be removed
to determine the elastic deformations. To achieve this, we employ the concept of specify-
ing independent deformation modes from the nonlinear beam element model [3, 20]. As
the superelement has 12 independent nodal coordinates and six rigid body modes, we can
define six independent deformation modes. The set of associated deformation coordinates ε

can be expressed as analytical functions of the nodal coordinate vector x and the reference
length l0 [3],

ε = D(x), (14a)

where

ε1 = l − l0,

ε2 = l0(e
p
z · eq

y − ep
y · eq

z )/2,

ε3 = −l0el · ep
z ,

ε4 = l0el · eq
z ,

ε5 = l0el · ep
y ,

ε6 = −l0el · eq
y ,

(14b)

with

l = ∥∥rq − rp
∥∥ and el = (

rq − rp
)
/l. (14c)

Here e
p
y , e

p
z , e

q
y and e

q
z are defined by Eq. (12). The deformation coordinates represent a set

of deformation modes, where the first deformation coordinate, ε1, describes the elongation
of the element, the second coordinate, ε2, describes the torsion, and the remaining coordi-
nates are associated with the bending deformations. The deformation modes are visualized
in Fig. 5. The definitions of the deformation coordinates are invariant under arbitrary rigid
body motion of the superelement. We note that the method outlined here is not particularly
restricted to the set of deformation coordinates given above. Other descriptions that describe
six independent deformation modes in terms of the absolute nodal coordinates could be used
as well.

These six deformation modes are, however, not adequate for modelling the deformation
of the interface surfaces and may not be sufficient for modelling the vibrational modes of
interest of a component. By reintroducing the coordinate system [ēX, ēY, ēZ] from the linear
superelement in Fig. 1 as the co-rotational frame of the nonlinear superelement, we can
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Fig. 5 Graphical representation of the deformation modes with deformation coordinates ε1 through ε6

define an additional set of generalized coordinates η̄ that are independent of the deformation
coordinates ε,

η̄ = {
η̄

pT
d , η̄

qT
d , η̄f T

}
T, (15)

where η̄
p

d and η̄
q

d are the coordinates associated with the deformable-interface modes of
Sect. 2.1.3 at respectively the p- and q-side and η̄f are the coordinates associated with the
fixed-interface normal modes discussed in Sect. 2.1.4.

To summarize, the configuration of the nonlinear two-node superelement is defined by
the nodal coordinates x and the generalized coordinates η̄ of Eqs. (13) and (15), respec-
tively. Furthermore, the elastic deformations are described by the deformation modes with
associated deformation coordinates ε of Eqs. (14a)–(14c) and the deformable-interface and
fixed-interface normal modes with associated generalized coordinates η̄.

3.2 Potential energy

3.2.1 Relating deformation coordinates

With an expression for the potential energy, the internal forces acting on the superelement
can be determined. The potential energy can be expressed in terms of the deformation coor-
dinates ε and the set of generalized coordinates η̄ of Eqs. (14a)–(14c) and (15), respectively,

P = 1

2

{
εT η̄T

}
S

{
ε

η̄

}
. (16)

Here S is the stiffness matrix of the non-linear two-node superelement.
An expression for S can be obtained by relating Eq. (16) with the potential energy of the

linear superelement given by Eq. (7). Note that the generalized coordinates η̄ of Eq. (15)
are identical to those of Eq. (7). Then, by determining the relation between the deformation
coordinates ε and the deformation boundary coordinates μ̄e, an expression for S can be
derived. For infinitesimal elastic deformations the deformation coordinates ε of Eq. (14b)
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may be approximated by the linearized deformations with respect to the co-rotational frame
[ēX, ēY, ēZ] [3],

ε1 = ū
q

X,

ε2 = l0ϕ̄
q

X,

ε3 = −l0ϕ̄
p

Y,

ε4 = l0ϕ̄
q

Y,

ε5 = −l0ϕ̄
p

Z ,

ε6 = l0ϕ̄
q

Z.

(17)

From a comparison with Eq. (6c) it can be observed that

μ̄e = Aε, (18a)

where

A = diag

([
1,

1

l0
,− 1

l0
,

1

l0
,− 1

l0
,

1

l0

])
. (18b)

This can also be verified visually by comparing the deformation modes in Figs. 2 and 5.

3.2.2 Equivalent stiffness matrix

Substituting Eqs. (18a) and (8) into Eq. (7) and equating the result with Eq. (16) yields

P = 1

2

{
εT η̄T

}[
A

I

]T

S̄

[
A

I

]{
ε

η̄

}
= 1

2

{
εT η̄T

}
S

{
ε

η̄

}
. (19)

From Eq. (19) the equivalent stiffness matrix S can be identified as

S =
[

A

I

]T

S̄

[
A

I

]
. (20)

The stiffness matrix S is symmetric and remains constant during a simulation. Note that
the stiffness matrix S̄ can directly be derived from a FE model created with a FE software
package such as ANSYS.

3.3 Kinetic energy

3.3.1 Relating velocities

With an expression for the kinetic energy of the nonlinear superelement the inertial forces
acting on the superelement can be determined. The kinetic energy is expressed in terms of
the nodal coordinate time derivatives ẋ and the time derivatives of the set of generalized
coordinates ˙̄η,

T = 1

2

{
ẋT ˙̄ηT

}
M

{
ẋ
˙̄η
}

, (21)
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where M is the mass matrix of the nonlinear superelement and

ẋ = {
ṙpT, λ̇pT, ṙqT, λ̇qT

}
T. (22)

Similar to the approach used in Sect. 3.2, an expression for the mass matrix can be ob-
tained by relating the kinetic energy of Eq. (21) with the kinetic energy of the linear su-
perelement given by Eq. (10). Here we observe in both kinetic energy expressions the same
set of velocities ˙̄η. Relating the kinetic energies then requires relating the time derivatives
of the nodal coordinates ẋ with the boundary velocities v̄, whose components are expressed
along the base vectors ēX, ēY and ēZ (see Fig. 1).

Using Euler parameter identities and Eq. (22), the 14 × 1 vector ẋ can be expressed in
terms of the 12 × 1 vector v of absolute nodal velocities expressed in the inertial reference
frame, as

v =

⎧
⎪⎪⎨

⎪⎪⎩

vp

ωp

vq

ωq

⎫
⎪⎪⎬

⎪⎪⎭
=

⎡

⎢⎢
⎣

I

2Λp

I

2Λq

⎤

⎥⎥
⎦

⎧
⎪⎪⎨

⎪⎪⎩

ṙp

λ̇
p

ṙq

λ̇
q

⎫
⎪⎪⎬

⎪⎪⎭
, (23)

where vp and vq are the absolute nodal translational velocities and ωp and ωq are the abso-
lute nodal angular velocities respectively defined by

ωp = 2Λpλ̇
p

and ωq = 2Λq λ̇
q
. (24)

Here the matrices Λp and Λq are defined by the Euler parameters λp and λq and are of the
following form:

Λ =
⎡

⎣
−λ1 λ0 −λ3 λ2

−λ2 λ3 λ0 −λ1

−λ3 −λ2 λ1 λ0

⎤

⎦ , (25)

with λ0, λ1, λ2 and λ3 being the four Euler parameters of a vector λ.
In [19], it is shown by a comparison with the floating frame of reference approach [1]

that the velocity vector v̄, when assuming infinitesimal elastic deformations, can be obtained
by expressing the components of the absolute nodal velocities v along the axes of the co-
rotational frame [ēX, ēY, ēZ]. This transformation requires an expression for the co-rotational
frame in the inertial reference frame. For infinitesimal elastic deformations, either one of
the orthonormal triads [ep

x , e
p
y , e

p
z ] and [eq

x , e
q
y , e

q
z ] of Eq. (12) can define the co-rotational

frame. However, in [19] we proposed an approach inspired by Cardona [18] that produces
more accurate and robust results for small elastic deformations while being exact when
elastic deformations are absent. Here, the components of the angular velocities are expressed
along the axes of their respective orthonormal triads [ep

x , e
p
y , e

p
z ] and [eq

x , e
q
y , e

q
z ], while the

translational velocities are expressed in an average orientation reference frame. The average
orientation reference frame can be computed from the average set of Euler parameters λr

defined by

λr = λp + λq

‖λp + λq‖ , (26)

where the differences between λp and λq are assumed to be small. The Euler parameters λr

represent the rotation matrix Rr which describes the average orientation with respect to the
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initial orientation R0 of Eq. (12). The relation between the velocity vectors v and v̄ is then
given by

v̄ =

⎡

⎢⎢
⎣

RT
0 RrT

RT
0 RpT

RT
0 RrT

RT
0 RqT

⎤

⎥⎥
⎦v. (27)

Substituting Eq. (23) into (27) then gives for the relation between the nodal coordinate
time derivatives ẋ and the velocity vector v̄,

v̄ = Bẋ, (28)

where

B =

⎡

⎢⎢
⎣

RT
0 RrT

2RT
0 RpTΛp

RT
0 RrT

2RT
0 RqTΛq

⎤

⎥⎥
⎦ . (29)

3.3.2 Equivalent mass matrix

Substituting Eqs. (28) and (11) into (10) and equating the result with Eq. (21) yields

T = 1

2

{
ẋT ˙̄ηT

}[
B

I

]T

M̄

[
B

I

]{
ẋ
˙̄η
}

= 1

2

{
ẋT ˙̄ηT

}
M

{
ẋ
˙̄η
}

, (30)

from which it can be observed that the equivalent mass matrix M is given by

M =
[

B

I

]T

M̄

[
B

I

]
=

[
BTM̄μμB BTM̄μη

M̄ημB M̄ηη

]
, (31)

where the subscripts μ and η indicate the parts of the mass matrix M̄ associated with the
boundary coordinates μ̄ and the generalized coordinates η̄. The velocity transformation ma-
trix B is dependent on the superelement configuration described by the nodal coordinates x

and as a consequence, the mass matrix M is also configuration dependent. The matrix M̄

remains constant during simulation and can directly be determined from a linear FE model,
see Eq. (11).

3.4 Dynamics

We can determine the forces acting on the superelement by considering the principle of
virtual work. The virtual work done by external forces f should be equal to the virtual work
of the inertial forces f in and the stress resultants σ ,

{
δx

δη̄

}T

f = −
{

δx

δη̄

}T

f in +
{

δε

δη̄

}T

σ . (32)

Note that, due to Eqs. (14a)–(14c), the virtual variations of the deformation coordinates δε

are dependent on the virtual variations of the nodal coordinates δx,

δε = ∂D
∂x

δx = D,xδx. (33)
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With the aid of Lagrange’s equations, the virtual work of the inertial forces and stress resul-
tants can also be expressed in terms of potential and kinetic energy,

{
δx

δη̄

}T

f =
{

δx

δη̄

}T (
d

dt

(
∂T

∂(ẋ, ˙̄η)

)
− ∂T

∂(x, η̄)
+ ∂P

∂(x, η̄)

)T

. (34)

Substituting the potential and kinetic energy expressions of Eqs. (19) and (30) into Eq. (34)
and evaluating the derivatives gives

{
δx

δη̄

}T

f =
{

δx

δη̄

}T ((
M

{
ẍ
¨̄η
}

+ h

)
+

[
DT

,x

I

]
S

{
ε

η̄

})
, (35a)

where the vector h contains the inertial forces that are quadratic with velocity,

h =
[

(Ḃ − B∗)TM̄μμB + BTM̄μμḂ (Ḃ − B∗)TM̄μη

M̄ημḂ 0

]{
ẋ
˙̄η
}

. (35b)

Here the matrix B∗ is defined as

B∗ = ∂ v̄

∂x
. (36)

For expressions for Ḃ and B∗ see [19]. Note that by substituting Eq. (33) into Eq. (35a), it
can be observed by comparison with Eq. (32) that the inertial forces and stress resultants are
given by

f in = −
(

M

{
ẍ
¨̄η
}

+ h

)
and σ = S

{
ε

η̄

}
. (37)

With Eqs. (35a), (35b) and (37), the equations of motion of a free superelement can now be
written as

M

{
ẍ
¨̄η
}

= f − h −
[
DT

,x

I

]
σ . (38)

In order to use the nonlinear superelement in flexible multibody models, the expression
in Eq. (38) can be included in the equations of motion of the entire multibody system. Note
that the Euler parameter constraints mentioned after Eq. (13) and any boundary conditions
or other kinematic constraints, still need to be enforced. This can be achieved by using La-
grange multipliers or by formulating the system equations of motion in terms of independent
coordinates as is shown in [20].

An implementation of the nonlinear superelement is realised in a C++ version of the
SPACAR flexible multibody software [23]. This program can make computations for me-
chanical systems with interconnected rigid and flexible elements. Specifically, the motion
can be simulated for given initial conditions, the equations of motion can be linearized about
an arbitrary state of motion, stationary solutions can be determined, and with the linearized
equations, eigenfrequencies and corresponding vibrational modes can be determined.

4 Superelements with deformable-interface modes

In this section, we will address the connection between superelements with deformable-
interface modes.
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Fig. 6 Torsion of a tube with open cross-section modelled by two superelements with compatible (a) and
incompatible warping modes (b)

4.1 Assembly of superelements

Element connectivity can be realised by letting elements share their nodal coordinates. In
a similar manner, the coordinates η̄

p

d and η̄
q

d of Eq. (15) can be shared as well. Though,
care has to be taken when connecting superelements with deformable-interface modes. For
a proper connection, it should be verified that the interface deformations of a deformable-
interface mode are exactly the same for the connecting superelements. In other words, the
deformable-interface modes should be compatible. In Fig. 6(a), this is exemplified for two
interconnected superelements representing a tube with an open cross-section clamped at one
end and subjected to a torsional rotation at the other end. Here, the warping modes of the
superelements are compatible resulting in a correct connection. This is, however, not always
the case for warping modes computed with the approach described in Sect. 2.1.3, which
can be observed in Fig. 6(b) where two interconnected superelements with different shear
moduli yield a separation of the interface surfaces when subjected to a torsional rotation.
Because the warping modes are computed with FE analyses, the geometry and material
properties will play a role in determining the warping deformations of the interface surfaces.
Compatibility of the warping modes can therefore only be guaranteed for superelements that
have identical material properties and whose geometries are mirror symmetric with respect
to their shared interface surface.

4.2 Determining compatible warping modes

When the geometries are not mirror symmetric or if the material properties are different, an
alternative strategy has to be followed for obtaining compatible warping modes.

Consider the tube shown in Fig. 7(a) which consists of two sections, A and B . Each
section should be modelled by a superelement and their shared interface should be able
to deform for a torsional twist of the tube. The steps that may be followed to obtain the
compatible warping modes are presented below:

1. Generate an FE model that consists of sections A and B and rigidly prescribe a torsional
rotation to one end of the tube while clamping the other end and compute the resulting
deformations, see Fig. 7(a).

2. Determine from this FE analysis the nodal displacements on the interface between sec-
tions A and B and collect them in the 3n × 1 vector ūinterface, where n corresponds to the
number of nodes on the interface.



A nonlinear two-node superelement with deformable-interface surfaces 69

Fig. 7 Computation of compatible warping modes by obtaining interface nodal displacements from a FE
model (a) and prescribing these to the interface surfaces of the separate sections (b)

3. Remove the interface surface rigid body motion from the vector ūinterface. Let the rigid
body motion of the interface surface be represented by the 3n × 6 matrix U r whose
columns are normalized and correspond to the x, y and z translations and rotations of the
interface surface, then

ūd
interface = ūinterface − U rU

T
r ūinterface, (39)

where ūd
interface are the interface deformations absent rigid body motion of the interface

surface.
4. Obtain from an FE analysis of section A the warping mode W

q(A)

d by clamping the nodes
at the p-side of section A and applying the interface deformations ūd

interface to the nodes
at the q-side, see Fig. 7(b).

5. Obtain in a similar manner the warping mode W
p(B)

d from an FE model of section B , by
applying the interface deformations ūd

interface to the nodes at the p-side while clamping
the q-side, see Fig. 7(b).
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The removal of the rigid body motion from the vector ūinterface in step 3 is necessary to
ensure that the warping modes computed in steps 4 and 5 are independent of the constraint
modes. The computed warping modes in steps 4 and 5 are compatible as they describe the
same deformations ūd

interface at the shared interface surface. Furthermore, with these warping
modes it is ensured that a correct static response of the interface surface is obtained for
torsional rotations of the tube.

Note that this method can also be used to obtain other types of compatible deformable-
interface modes attuned to a different displacement pattern prescribed in step 1. For example,
by prescribing, instead of the torsional rotation, a rigid translation of the interface surface
along the element axis in step 1, a deformable-interface mode is obtained that models the
transverse contraction at the interface due to elongation. Though, for additional deformable-
interface modes, it should be verified that they are linearly independent to obtain full rank
mass and stiffness matrices for the superelement (see Sects. 2.2 and 2.3).

5 Numerical examples

Figure 8 shows a complex-shaped flexible component attached to a compliant cross-hinge
consisting of sheet flexures. This assembly is part of a large-stroke compliant mecha-
nism [5]. We will use a simplified model of this assembly to demonstrate the performance
of the nonlinear two-node superelement. Three separate examples are considered to test dif-
ferent aspects of the superelement. In the first example, constraint and warping modes are
combined for the modelling of large deflections of a short sheet flexure. Next, a complex-
shaped flexible component which only exhibits small deflections is modelled by a single
superelement with additional fixed-interface normal modes. For the third example, a time-
response simulation is performed of the motion of the complex-shaped component of the
second example connected to the fixed world by a compliant cross-hinge consisting of short
sheet flexures. For all examples, we compute eigenfrequencies in different equilibrium con-
figurations and compare the results with those obtained using the FE software ANSYS. Stress
stiffening effects are included for the computation of the eigenfrequencies [24].

5.1 Large deflections of a compliant flexure

Consider the flexure shown in Fig. 9. On one side it is clamped to the fixed world, whereas
on the other side a nodal mass m is attached to the flexure using an L-shaped rigid link
with dimensions in the x and y-direction of respectively 0.25 m and 0.1 m. Both ends
of the flexure are considered to be rigid over the full height of the flexure, i.e. warping

Fig. 8 Images of a complex-shaped flexible component attached to a compliant cross-hinge consisting of
sheet flexures. The component and flexures are part of a large-stroke compliant mechanism [5]
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Fig. 9 Parameters of the flexure model with a nodal mass attached to it

is constrained. The height h, length l, and thickness t are denoted in the figure as are its
physical properties corresponding to steel with density ρ, Young’s modulus E and shear
modulus G. At the connection of the flexure with the rigid link, a moment M is applied
such that the flexure is deflected over an angle ϕ.

In this example, we consider four models for computing the first four eigenfrequencies
and vibrational modes as functions of the deflection angle ϕ. The first two models are su-
perelement models. The first superelement model only includes constraint modes whereas
for the second superelement model also warping modes are considered. These models will
respectively be referred to by the labels SE-C and SE-CW. The third model consists of
SPACAR nonlinear beam elements [3] and will be abbreviated as NLB-SPACAR. Lastly, as
reference, we performed a nonlinear large deflection analysis using the FE software ANSYS

and we will refer to the results of this model as FE-ANSYS. Each of the models is inves-
tigated in 40 equilibrium configurations obtained by applying a moment M = ±0.4 Nm to
the end of the flexure with increments of 0.02 Nm, yielding a total deflection of ϕ = ±40
degrees. Due to the parametrization of the rotations with Euler parameters, this moment can-
not be applied directly for the superelement and beam element models. Therefore, for these
models we connected a spherical joint between the end of the flexure and the fixed world.
This spherical joint is modelled by three hinge elements [20] connected in series with their
axes initially aligned with the global x-, y- and z-axes. The moment M is then applied to the
hinge element with its axis aligned in the global z-direction to achieve the desired deflection
of the flexure.

For the modelling of large deflections using beams or superelements, it is required that
the element deformations remain relatively small such that linear stiffness models are valid.
Therefore, the flexure needs to be discretized with a sufficient number of elements along
its length to produce correct large deflection results. We used a total of four beam elements
and four superelements for the nonlinear beam and superelement models, respectively. For
the NLB-SPACAR and SE-C model this leads to models with 24 degrees of freedom. The
SE-CW model has three additional degrees of freedom to model the warping of the flexure.
The warping at the ends of the flexure is suppressed to model the clamping and the rigid
connection to the rigid link. The superelements are obtained from a FE model of a quarter
of the flexure consisting of 1600, 20-node solid elements (ANSYS Solid 186 elements) in
cubic configuration with four elements across the thickness of the flexure. For the FE ANSYS
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Fig. 10 The first two eigenfrequencies (a) and the third and fourth eigenfrequencies (b) as a function of the
deflection angle for the four considered models

model, 6400, 20-node solid elements are used with four elements across the thickness of
the flexure. Furthermore, to realise a rigid connection of the rigid link to the flexure, the
nodes over the full height at the end of the flexure are rigidly interconnected using ANSYS

multipoint constraint elements.
The first four eigenfrequencies of the four models are shown in Fig. 10 as functions of

the deflection angle ϕ. All four models are in good agreement for the first and third eigenfre-
quencies. Though, large differences for the second and fourth eigenfrequencies are observed
for the NLB-SPACAR and the SE-C model. The second vibrational mode is a torsion mode
and the fourth vibrational mode can also be considered a torsion mode for positive deflec-
tions, see Fig. 11(a). The ends of the flexure would like to warp under a torsional rotation
as is discussed in Sect. 2.1.3. This is especially the case for short flexures such as the one
considered in this example. By clamping the flexure at one end and rigidly attaching it to the
rigid link on the other end, the warping is suppressed on both sides of the flexure yielding
a significant increase of the torsional stiffness. This effect is not modelled by the NLB-
SPACAR model resulting in the much lower second and fourth eigenfrequency. For the SE-C
model, each superelement is generated using rigid interfaces and therefore automatically
suppresses the warping at both ends of each superelement. As we have used four superele-
ments in the SE-C model, this means that the warping is suppressed correctly at both sides
of the flexure but also at a quarter, a half and three quarter lengths of the flexure, explaining
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Fig. 11 The fourth vibrational mode of the flexure for positive deflections (a) and for negative deflections (b)

the much higher second and fourth eigenfrequencies. From Fig. 11(b), we observe that for
negative deflections the fourth vibrational mode does not correspond to a torsional mode
but is instead a bending mode. For the negative deflections, the torsional mode has a higher
frequency than the bending mode and they start to veer with each other around 2 degrees
deflection. The bending mode is predicted well by the SE-C model yielding the correct re-
sults of the fourth eigenfrequency for negative deflections. The NLB-SPACAR model also
predicts this mode, but as its sixth vibrational mode (not shown in the figure).

Correct results are obtained for the SE-CW model over the full range of motion. From
this we can conclude that the warping effect is correctly modelled within the flexure, while
constrained at the ends of the flexure. It is clear that the inclusion of warping modes is of
importance for the correct modelling of short flexures using superelements.

5.2 Modelling of a complex-shaped flexible component exhibiting small deflections

For the modelling of a complex-shaped flexible component exhibiting only small deflec-
tions, a single superelement with additional fixed-interface normal modes can suffice. In
this example, we demonstrate this for the flexible component shown in Fig. 12.

The flexible component is attached to a nodal mass m by a rigid link and it is clamped on
its other side. All the dimensions of the component and its physical properties are shown in
the figure. We will model this component using a two-node superelement and rigidly attach
it to the nodal mass. The first six eigenfrequencies will be compared with those obtained
from an ANSYS FE modal analysis. For this analysis we modelled the interface surfaces
rigidly as is shown in the figure.

It is investigated how the eigenfrequencies are influenced by including fixed-interface
normal modes to the superelement model. In Table 1, the eigenfrequency results are shown
for the FE analysis and superelement models with varying number of fixed-interface normal
modes. Here the labels SE-C, SE-CF1, SE-CF2 and SE-CF6 respectively refer to superele-
ment models with only constraint and additionally one, two, or six fixed-interface normal
modes. It can be observed that for a superelement with just constraint modes (SE-C), the first
three eigenfrequencies are already predicted accurately. Though for predicting the fourth and
fifth mode, two additional fixed-interface normal modes are necessary as is observed for the
SE-CF1 and SE-CF2 models. Increasing the number of fixed-interface normal modes to six
yields only a marginal increase in accuracy compared with the FE analysis.
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Fig. 12 Parameters of a flexible component attached to a nodal mass

Table 1 The first six eigenfrequencies for the FE ANSYS model and the superelement models with constraint
(SE-C) and additionally one, two and six fixed-interface normal modes (SE-CF1, SE-CF2 and SE-CF6)

FE ANSYS [Hz] SE-C [Hz] SE-CF1 [Hz] SE-CF2 [Hz] SE-CF6 [Hz]

Mode 1 41.4 41.4 41.4 41.4 41.4

Mode 2 199.4 199.5 199.5 199.5 199.4

Mode 3 389.2 395.3 395.3 395.3 389.5

Mode 4 438.6 – 438.6 438.6 438.6

Mode 5 948.8 – – 949.7 949.6

Mode 6 1080.4 1132.5 1132.6 1139.0 1128.5

5.3 Time-response of a complex-shaped flexible component attached to a compliant
cross-hinge

In Fig. 13, an illustration is presented of a simplified model of the compliant mechanism
shown in Fig. 8. The numbers in the figure correspond to node numbers whose coordinates
are given in Table 2. The short sheet flexure considered in the first example is placed be-
tween nodes 1 and 2 and between nodes 3 and 4. Each flexure is modelled by four superele-
ments that include warping modes corresponding to the SE-CW model of the first example.
Nodes 1 and 3 are clamped to the fixed world and the warping modes of the superelements
are suppressed at nodes 1, 2, 3 and 4. The complex-shaped flexible component of the second
example is placed between nodes 5 and 6. This component is modelled by a single superele-
ment with six fixed-interface normal modes corresponding to the SE-CF6 model of the sec-
ond example. Similar to the previous examples, a nodal mass m of 0.01 kg is attached to the
mechanism by a massless rigid beam between nodes 6 and 7. Furthermore, rigid beams are
used to connect nodes 2 and 5, as well as nodes 4 and 5. The complete model has 60 degrees
of freedom. For the material properties of the flexures and the complex-shaped component
see Figs. 9 and 12, respectively. A gravity field g of 9.81 m/s2 is acting in the negative
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Fig. 13 Compliant mechanism model consisting of two short sheet flexures and a complex-shaped flexible
component. The circled numbers are node numbers of the model

Table 2 The x, y and z

coordinates of nodes 1 through 7 x-coordinate [m] y-coordinate [m] z-coordinate [m]

Node ① 0.02 0.02 −0.02

Node ② 0.02 −0.02 −0.02

Node ③ 0 0 0.02

Node ④ 0.04 0 0.02

Node ⑤ 0.04 0 0

Node ⑥ 0.29 0 0

Node ⑦ 0.29 −0.1 0

z-direction for this example. Furthermore, a moment M is applied to actuate the mechanism
over a deflection angle ϕ, by use of a spherical joint as is explained in Sect. 5.1.

Before performing the time-response simulation, we will validate the model by compar-
ing the eigenfrequencies in 61 equilibrium positions with results obtained from a nonlinear
large deflection analysis using the FE software ANSYS. We will omit the effects of gravity
for this analysis. The equilibrium positions are determined by incrementing the moment M

by 0.02 Nm up to ±0.6 Nm. In Fig. 14, the first six eigenfrequencies are shown as functions
of the deflection angle ϕ, up to ϕ = ±30 degrees. It can be concluded that the superelement
model corresponds very well with the ANSYS results.

To actuate the model for the time-response simulation, the moment M is prescribed as a
function of time

M(t) =
{

Mmax
2 (1 − cos( 2πt

T
)), 0 ≤ t ≤ T ,

0, t > T ,
(40)

where the setup-time T is 0.1 s and Mmax is 0.5 Nm, see Fig. 15(a). Two time-response
simulations are performed where the effects of gravity are included. The time-response
simulations differ with respect to their initial conditions. The first time-response simula-
tion starts from the original undeflected configuration, whereas the second time-response
simulation starts in an adjusted equilibrium configuration that accounts for gravity. For the
time-integration of the equations of motion we use the Shampine–Gordon integrator [25],
which is an explicit variable step-size integrator.
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Fig. 14 The first two eigenfrequencies ω1 and ω2 (a) and eigenfrequencies ω3 through ω6 (b) as functions
of the deflection angle ϕ of the superelement model compared with results obtained using ANSYS

Fig. 15 The moment M(t) (a) and the resulting deflection angle ϕ (b) as functions of time

Fig. 16 The z-displacement of node number 7 as a function of time for the simulations starting from the
original configuration and the gravity adjusted equilibrium configuration

In Fig. 15(b), the deflection angle ϕ is shown as a function of time. It is clear from
this figure that the mechanism is undergoing a significant deflection of ϕ = ±30 degrees.
In Fig. 16, the z-displacement of node number 7 is shown as a function of time. Due to
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Table 3 The static z-displacement of node number 7 at ϕ = 0, ϕ = −30 and ϕ = 30 degrees deflection

z-displacement
at ϕ = 0 degrees [m]

z-displacement
at ϕ = −30 degrees [m]

z-displacement
at ϕ = 30 degrees [m]

FE-ANSYS −1.54 · 10−4 −5.30 · 10−4 −3.70 · 10−4

SE model −1.47 · 10−4 −5.06 · 10−4 −3.32 · 10−4

the effects of gravity, an immediate oscillation of the z-displacement is observed for the
simulation starting from the original undeformed configuration. This oscillation occurs with
a frequency of about 40 Hz which corresponds to the second eigenfrequency of the model,
see Fig. 14(a). It can be observed that the z-displacement is correctly oscillating around the
results of the simulation starting from the gravity adjusted configuration. For the second
time-response simulation, a periodic difference in z-displacement at, e.g. around 0.12 and
0.26 seconds, can be observed. This is caused by the asymmetrical layout of the mechanism.
In Table 3, the same trend can be observed for the ANSYS FE model where we determined
the static deflection due to gravity at ϕ = 0, ϕ = 30 and ϕ = −30 degrees deflection. The
results of the superelement model agree qualitatively well with the ANSYS results.

6 Conclusions

A nonlinear two-node superelement has been developed that is capable of modelling large
rigid body motions and small elastic deformations of arbitrary-shaped flexible members with
two interface surfaces. Absolute nodal coordinates are used to describe the configuration of
the superelement with respect to an inertial reference frame. Furthermore, the formulation
is based on a small rotation and displacement hypothesis in a local co-rotational frame.
This allows for the application of reduction techniques, such as substructuring methods, for
determining the equivalent mass and stiffness properties of the superelement from a linear
finite element model. The reduced model is obtained by describing the nodal displacements
with constraint, fixed-interface normal and deformable-interface modes. With the proposed
deformable-interface modes, the deformations of the interface surfaces can be modelled.
This allows for a compliant connection of superelements, provided that the elements at either
side of the interface share compatible deformable-interface modes.

The use of deformable-interface modes in a large deflection analysis is demonstrated
by considering a numerical example of a relative short compliant sheet flexure. For correct
modelling of large deflections, a sufficient number of superelements have to be used such
that the deformations of each individual superelement remain small with respect to a local
co-rotational frame. The use of linear stiffness models for the computation of the stress
resultants then remains valid. For this example, the correct modelling of the out-of-plane
warping of the cross-section due to twist is of vital importance. A specific deformable-
interface mode, referred to as a warping mode, is used for this purpose. It is demonstrated
that due to the inclusion of the warping modes, correct dynamical results are obtained even
for large deflections.

For the modelling of complex-shaped components that only exhibit small deflections,
the fixed-interface normal modes of the Craig–Bampton method are used. It is demonstrated
that only a few fixed-interface normal modes are required to accurately model the first few
vibrational modes of a complex-shaped component.
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In a third example, a compliant mechanism is considered which contains components of
the first two examples. The vibrational modes of the superelement model are in good agree-
ment over the full range of motion compared with results obtained using a classical nonlin-
ear finite element method. A time-response simulation of this mechanism is also provided.
All the components of this mechanism are modelled with superelements, demonstrating the
applicability of the approach.
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