
Chapter 4
Theory of Tethered Aerial Vehicles

4.1 Related Works and Problem Statement

Driven by the relevance of this topic, several control and estimation schemes have
been presented in the robotic literature. For the case in which the aerial vehicle
is an helicopter, the authors of [1] presented a method to land it on the deck of a
ship in rough sea using a cable. The controller is based on a time-scale separation
technique between the rotational and translational dynamics. In the context of [2],
the authors of [3] presented a control scheme based on a PID scheme together with
partial model inversion, to stabilize the flight to a constant vertical elevation with
the goal of both improving hovering in windy conditions and land on a mobile
platform. Notice that a force sensor (load cell) is used to measure the tension along
the cable and to compensate its effect on the vehicle. The latter work has been then
extended to a tether aerial vehicle together with a winch, in order to perform the
landing of a small unmanned helicopter, without the use of GPS sensors but relying
on simpler magnetic encoders [4]. Furthermore, in [5] the authors proposed a square-
root unscentedKalman filter for the estimation of the attitude and the relative position
of the vehicle with respect to the ground anchoring point.

For the case of cable-tethered underactuated multi-rotor system moving on a
restricted 2Dvertical plane, [6] presents a controller that, under a quasi-static assump-
tion, stabilizes the elevation (angle) of the cable to a constant value using only inertial
onboard sensors. In particular, the controller is based on the separation of the trans-
lational and rotational dynamics, and on a partial inversion of the elevation dynamics
where they fix the total thrust to a value sufficiently high to preserve the tautness of
the cable. The state estimator is instead based on a UKF. The authors of [7, 8] also
present a controller to stabilize the elevation of a tethered multi-rotor to a constant
value while also ensuring the positivity of the cable tension. The controller is based
on the combination of a hierarchical cascade approach to stabilize the system and a
reference governor to ensure a positive internal tension.
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The presented approaches provide a good basis for observation and control of such
systems. However, to improve those methods, overcoming some of their drawbacks,
and to extends the results to a more general system, some problems have to to be
addressed:

(i) study a more generic system in order to enlarge the validity of the results. In
particular one could think about three extensions of the classical tethered aerial
vehicle: (i) Develop a method that can cope with any kind of link (i.e., a cable,
a strut or a bar), differently from the state-of-the-art methods, which have been
designed only for cable links. Indeed the use of rigid link can be beneficial
for, e.g., sustain part of the platform weight, or allow a full-bilateral physical
interaction with a ground object. (ii) Furthermore, instead of considering a
static anchoring point, one could consider a generic platform moving in the
3D environment, without particular constraints. This allows to consider a very
wide class of possible vehicles. (iii) Finally one could consider a link actuator
in order to be able to also change the length of the link, thus controlling the full
3D position of the aerial vehicle with respect to the moving platform.

(ii) track a time varying trajectory. While the methods in the literature are based on
a quasi-static assumption aiming to a stabilization problem, in many practical
cases it is important to track a time-varying trajectory to, e.g., let the aerial robot
track a moving target.

(iii) track a desired link force profile. In many cases it is important to precisely
regulate the force link to any desired value, possibly including negative link
force (pushing) if the link is a bar. For example, if the link is a cable, one may
want to keep it always taut while at the same time avoiding peaks on the tension
that can damage the cable or its attaching mechanisms. If the link is a bar, then
one may want to push against it with an appropriate force to perform physical
interaction with the environment. However, the methods in the literature are
able, in the best case [7], to keep the force link positive, but not at a prescribed
value, possibly time-varying.

(iv) observe the state from a minimal set of sensors in any dynamic condition.
Instead, in the state-of-the-art this is done at best in a quasi-static assumption
or with a linearized method [4, 6].

Table4.1 shows the features of the methods proposed in the state of the art and of
the ones proposed in this book.

In order to achieve the previous objectives, a thoroughly analysis of the system
from a theoretical point of view is needed. This is why, one of the goal of this book
is to provide a fundamental study of the tethered aerial vehicle system, in order to
have a clear understanding of its dynamics and the corresponding properties related
to control, planning and estimation. Our formal analysis is focused on three main
objectives along the axes of control, planning and localization:

(1) Find the output for which it is possible to compute analytically and offline the
state of the system while exactly tracking the desired output trajectory, and the
nominal inputs required to do so.This option is veryuseful for control, to compute
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Table 4.1 Features of the methods proposed by the state of the art and of the ones proposed in this
book

[3–5] [6] [7, 8] This book

Stabilization of
the position

� � � �

Taut cable
ensured

� �

Control of tension
and compression

�

Independent
tracking of
position and
internal force

�

Independent
tracking of
position and
partial attitude

�

2D state
estimation with
IMU only

� �

3D state
estimation with
IMU plus
encoders

� �

Global state
estimation

�

the feed-forward terms, and in a possible pre-planning strategy. To achieve this
objective we investigate which are the flat outputs and we explicit the algebraic
relations that demonstrate the differential flatness of the system (see Sect. 4.4).

(2) For each of the found set of flat outputs, given any desired sufficiently smooth
trajectory, we aim at designing a control strategy to obtain the exact trajectory
tracking (see Sect. 4.6). The controlmethodwill be based on the static or dynamic
(if needed) feedback linearization method presented in Sect. 2.3.

(3) Provide the mathematical tools to implement the control strategy in a real world
using a minimal set of typically available on-board sensors. For this goal, we
propose a minimal standard sensory equipment and we show how to design an
almost global nonlinear observer in order to estimate the state from the available
measurements only. This enables the possibility to close the control loop with
standard and minimal measurements (see Sects. 4.7 and 4.8).

Based on these results, practical problems coming from applicative scenarios can
be solved more easily. An example can be found in Chap. 6 where we exploited
the theoretical results to solve the practical but challenging problem of landing and
takeoff on/from highly sloped surfaces.
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4.2 Contribution

This part of the book provides a thorough analysis of a generic tethered system in
which we formally study the dynamics of the system and its intrinsic properties,
along the three major axes of control, planning and estimation.

Firstly we consider a much more generic tethered system that extends the previ-
ously considered system by four major points. Indeed, we analyze a system firstly
composed by an unidirectional-thrust aerial vehicle flying in the 3D space (not only
in a 2Dplane as some of the related publications). The vehicle is attached by a generic
link to an independently moving platform. Differently from the state of the art where
only the cable case is considered, here the generic link can be either a cable, a strut
or a bar. In this way we can consider links that can be:

(i) only stretched, like cables, that allow only positive internal forces called ten-
sions;

(ii) only compressed, like strut, that allow only negative internal forces called com-
pression;

(iii) both compressed and stretched, like bars, that allow both positive and negative
internal forces.

At the other end, the link is attached to a platform that can independently move
in the 3D space. Differently from the related literature where the link is anchored to
a fixed point, in this book we consider a much generic case in which the link could
be attached to a car, a sheep, another aircraft, or even to a human operator.

Finally, for the sake of generality, we consider that a link actuator is capable of
changing the length of the link applying a certain controllable force. This device can
be a winch in the case of a cable-link, or an actuated telescopic mechanism in the
case of a bar-link. The modeling of this generic system is provided in Sect. 4.3.

We started our analysis with the investigation of the differential flatness property,
looking for the sets of flat outputs (if more then one). We proved that the system is
differentially flat with respect to two outputs ya and yb.

(a) ya is a force-related output. It contains the position of the vehicle with respect to
themoving platform (expressed in spherical coordinates), the internal force along
the link, and the rotation of the vehicle along the thrust axis (see Sect. 4.6.1). This
shows that the position and the internal force along the link can be controlled
independently. Notice the parallel with hybrid motion/force control of ground
manipulators in the presence of kinematic constraints [9].

(b) yb is an attitude-related output. It contains the position of the vehicle with respect
to the moving platform, a particular angle related to the attitude of the vehicle
with respect to the one of the link, and the rotation of the vehicle along the thrust
axis (see Sect. 4.6.2). This shows that the position and this particularly defined
angle can be controlled independently.

These are in turn flat outputs for the system. This property fulfills the planning related
objective, and allows to know in advance the nominal state and inputs while exactly
tracking a desired output trajectory.
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For the two sets of flat outputs we then designed a hierarchical controller based
on the separation between the rotational and translational dynamics controllers (see
Sect. 4.5). We designed this controller with the aim of stabilizing the flat outputs to a
desired value, keeping it simple to implement also for commercially available aerial
vehicle for which one can control only the attitude or, at best, the angular velocity.
However, after the experimental validation, we noticed that this controller cannot
provide good tracking performance when the desired trajectory requires high veloc-
ities and acceleration. In particular, this is due the separation assumption between
translational and rotation dynamics.

To fulfill the tracking control objective, we then studied the feedback linearizabil-
ity of the system with respect to ya and yb. Once we proved that ya and yb are flat
output for the considered system,we know that they are also feedback linearizing out-
puts. Indeed, it exists a feedback control law that linearizes the relation input-output.
Then a controller based on the Dynamic Feedback Linearization (DFL) method has
been conceived for the tracking of the two sets of outputs, highlighting the related
singularities, extended relative degree and the required dynamic extension. Notice
that the works in the state of the art considered only the problem of regulating the
position of the vehicle (mostly in the 2D case), at most ensuring the positivity of the
internal force. On the other hand, in this work we derived a control for the precise
tracking of any time-varying desired position and internal force trajectories. Further-
more, we also designed a controller for the precise tracking of a different and never
considered output: position plus attitude-related variable.

Finally, for the estimation objective, we showed that if the motion of the moving
platform is known, then the state of the system can be estimated using only the on-
board IMU and three encoders placed at the other end of the link in order to measure
its attitude and length.We then found some nonlinear measurements transformations
that allowed us to employ the nonlinear High Gain Observer (presented in Sect. 2.4)
to get an estimation of the state and close the control loop preserving the stability of
the overall system (see Sect. 4.7).

This theoretical and fundamental results have been extensively validated either
experimentally or through numerical simulations. The first implemented hierarchical
controller has been validated experimentally and employed for the execution of
landing and takeoff on/from a sloped surface as well. The corresponding results are
presented in Chap.5.

The rest of the theoretical results has been instead validated by a deep simulation
campaign. We also analyzed the limits of the methods under non ideal conditions
such as noisymeasurements, parameter uncertainties, etc.Only the dynamic feedback
linearizing controller for the output yb has not been validated yet. Indeed, we proved
the feedback linearizability of the system with respect to yb only very recently,
without having the possibility to conduct a validating campaign. This will be done in
the near future. For the same reason, notice that this results has not been published
neither. On the other hand, all the other results related to the control of ya and the
state estimation problems has been published in [10]. The proof of the differential
flatness with respect to yb and the design of a hierarchical control to track a desired
trajectory of yb have been partially presented in [11].
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All the previous mentioned results are obviously still valid if there is not a link
actuator and the link length is fixed, if the platform is still, and even if the system
motion is constrained on a 2D vertical plane. On the other hand, in this particular
constrained case, we proved a very interesting result. We showed that only the on-
board IMU is needed to retrieve the estimation of the state. Also in this case, we
found some non linear measurements and state transformations that bring the system
in a canonical form for which the High Gain Observer can be applied. These results
have been published in [12, 13].

We also considered another interesting particular case, i.e., when the link actuator
is not active but passive. In this case the force produced by the link actuator is constant
and cannot be controlled.One couldmade thismechanismwith simple springs, like in
a retractable leash. This solution simplifies the complexity of the system and reduces
the weight as well, thus its could be preferable in some cases, e.g., to make the
system easily portable by a human operator. The only controllable actuation is then
given by the orientable thrust generated by the underactuated aerial vehicle. Having
one controllable actuator less, it appears that the internal force along the link is not
controllable anymore, and the attitude angle neither. We proved that only the output
yc, containing the position of the vehicle and its rotation about the thrust axis, is a
differentially flat/dynamic feedback linearizable output (see Sects. 4.4.3 and 4.6.3).
These results have been published in [14].

All the previous theoretical results constitute the base to solve practical and more
application oriented problems. With a good understanding of the system in exam,
one can then better exploit its properties for the accomplishment of particular tasks
related to a specific applications. For example, considering the challenging problem
of landing and takeoff on/from a sloped surface, e.g., in mountains for search and
rescue operations, we showed that a tethered aerial vehicle could be very useful to
accomplish the task in a very robust and reliable way. In Chap. 6 we theoretically
and experimentally show how we exploited the theoretical results, and in particular
the ones related to the controllability of yb, to solve the problem in a more robust
way with respect to the case of a free-flying vehicle. The corresponding methods and
results have been published in [11, 15]. For a more detailed introduction and state
of the art relative to the problem, we refer the reader to Chap.6.

Finally, starting from the results obtained on control and state estimation of a
single tethered aerial vehicle, we performed the same type of rigorous analysis on a
multi-robot system (see Chap. 7). Indeed, since the single tethered aerial vehicle is
constrained to fly around the anchoring point, the working space (a simple circle in
the planar case) can result very limited for some applications, such as pick and place
or inspection in cluttered environments. One possible solution is given by adding a
second vehicle attached to the first by a second link. In particular, we considered a
system composed by two aerial vehicles laying on a vertical 2D plane, where the
first one is attached to the ground and to the second one by two links, in the way of
forming a chain of two elements. Considering the second robot as an end-effector, the
system appears similar to a two-link planar manipulator where the aerial vehicles are
the actuators. It is then clear the increased dexterity of the system. Although it might
appear not feasible from a practical point of view using cable-links, actually, it could
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Table 4.2 Summary of the contributions on tethered aerial vehicles

System 3D environment Only 2D env.

One link—Active link
actuator

General modeling,
State estimation with
IMU plus three
encoders,
[10], Sects. 4.3 and 4.7

Differential flatness
and DFL w.r.t. ya ,
[10], Sect. 4.6.1, and
Differential flatness
w.r.t. yb [11], DFL
w.r.t. yb, Sect. 4.6.2

State estimation with
IMU only, [12, 13],
Sect. 4.8

One link—Passive link
actuator

DFL and differential
flatness w.r.t. yc,
Sect. 4.6.3, [14]

Application to the
problem of landing
and takeoff on/from a
sloped surface

Problem formulation, condition for robust
landing, comparison between free-flight and
tethered solutions, Chap. 6, [11, 15]

Trajectory planning
for robust maneuvers,
Sect. 6.5

Multi robot extension:
two linked robots in a
chain configuration

Differential flatness
and DFL w.r.t. ya2 ,
Sect. 7.3 [16], state
estimation with IMUs
plus two encoders,
Sect. 7.4, [17]

be easily implemented using bar-links. Furthermore, due to the peculiarity of the
system, the control of such a system is a very interesting and challenging theoretical
problem. As for the single tethered case, we proved that the output composed by the
elevation and the internal force of the two links is differential flat/dynamic feedback
linearizable. Thus we designed a nonlinear controller based on the dynamic feedback
linearization technique to achieve the independent tracking of the output entries [16].
Furthermore, we proved that the IMU on-board of the two vehicles together with
two encoders, one at the base and one on the first vehicle, measuring the relative
link angles, are enough to make the state observable. We then found some nonlinear
measurement transformations to bring the system in the canonical form that allows
to apply the High Gain Observer [17]. The validity of the method has been proven
by numerical simulations. For all the related results we refer the reader to Chap. 7.

Table4.2 schematically gathers all the contributions of this book on the field of
tethered aerial vehicles. For each contribution we report the corresponding chapter
or section and the papers in which the results have been published.

4.3 Modeling

In this section we provide the model of a generic tethered aerial system consisting
of an unidirectional-thrust aerial vehicle that is tethered by a generic link (e.g., a
cable, a rope, a chain, a bar or a strut) whose length can be changed by an active link
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Fig. 4.1 Left: representation of the system and its main variables. Top right corner: parametrization
of the unit vector dC . The red line shows the singularities of the parametrization, avoidable in the
planning phase. c© 2020 IEEE. Reprinted, with permission, from [10]

actuator. If the link is a cable-like link, then the link actuator is a winch that can roll
up or unroll the link. On the other hand, if the link is a telescopic bar-like link, then
the link actuator is a prismatic actuator that can extend or shorten the bar. A brief
modeling of the link and of the link actuator was presented in Sects. 3.1 and 3.3.2,
respectively. Although the bar-link case is not very common, it is still mechanically
feasible and allows us to derive a very general model for which we can consider both
positive and negative link internal forces (tensions and compressions, respectively).
Doing so we expand the validity of the theoretical results. The link actuator is in
turn fixed on amoving platform by a passive 3D spherical joint. The platform moves
generically in the 3D space and can be, e.g., a ground vehicle moving on any kind of
terrain, a marine vessel, or even another aerial vehicle. Figure4.1 depicts the systems
and its main definitions.

Consider a fixed world frame, FW with axes {xW , yW , zW } and origin OW . In
particular, zW is opposite to the gravity vector. Two body frames, FC and FR with
axes {xC , yC , zC } and {xR, yR, zR}, and origins OC and OR , are rigidly attached to the
platform and to the aerial vehicle, respectively. The position of OC inFW is described
by the vector pW

C = [xC yC zC ]� ∈ R
3. Similarly, OR is set on the CoM of the aerial

vehicle, whose position in FW is described by the vector pW
R = [xR yR zR]� ∈ R

3.
Although already done in Sect. 3.2, we recall one more time the main modeling

assumptions and definitions for a generic aerial vehicle. The aerial vehicle ismodeled
as a rigid bodywithmassmR ∈ R>0 and positive definite diagonal inertiamatrix JR ∈
R

3×3
>0 expressed in FR and relative to OR . The angular velocity of FR with respect to

FW , expressed inFR , is denoted byωR ∈ R
3. The aerial vehicle configuration is fully

described by pW
R and by the rotation matrix RR ∈ SO(3), representing the position
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and orientation ofFR w.r.t.FW . The aerial vehicle motion can be controlled acting on
four inputs: fR ∈ R and τ R = [τRx τRy τRz]� ∈ R

3, where fR is the magnitude of
the thrust force1 fR = − fRzR applied at OR and parallel to zR , and τ R is the control
moment vector expressed in FR .

The moving platform configuration is described by pW
C and RC ∈ SO(3), repre-

senting the rotation from FC to FW . The angular velocity of FC w.r.t. FW , expressed
in FC , is denoted by ωC ∈ R

3. The platform is an independent sub-system whose
motion (i) is not influenced by the aerial vehicle dynamics and (ii) can only be mea-
sured online. In this way, the results can be applied to a broader class of moving
platforms including, e.g., human controlled vehicles.

The link connects the aerial vehicle to the moving platform. One end of the link is
attached to the aerial vehicle at OR through a passive 3D spherical joint and the other
end is attached to the platform at OC , through a second passive 3D spherical joint.
Having the link directly attached to the CoM of the aerial vehicle allows to decouple
the rotational dynamics to the translational one. This assumption is very common in
the literature of aerial physical interaction, and is practically easy to meet. Indeed,
with a wise mechanical design one can minimize the distance between the CoM and
the link attaching point. As explained in Sect. 3.1, we assume negligible link mass
and inertia with respect to the ones of the aerial vehicle and negligible deformations
and elasticity.

The direction of the link is described by the unit vector2 dC ∈ S2 expressed in FC

thus allowing to express the aerial vehicle position relative to the moving platform.3

Nevertheless, known pW
C and RC , one can still control pW

R by inverse kinematics.
The unit vector dC can be parametrized with the elevation angle, ϕ ∈ [0, 2π ], and
the azimuth angle, δ ∈ [−π

2 , π
2 ], as

dC = [
cos δ cosϕ − sin δ cos δ sin ϕ

]�
, (4.1)

where δ is the angle between dC and the vertical plane {xC , zC }, whereas ϕ is the
angle between the projection of dC on {xC , zC } and xC , see Fig. 4.1. This particular
choice lets the singularity of the parametrization correspond to the points along yC ,
whereas the classical spherical parametrization has the singularity along zC , which
corresponds to the common vertical link orientation (when, e.g., the vehicle has to
fly above the moving platform).

The link length and the intensity of the internal force are denoted by l ∈ R≥0

and fL ∈ R≥0, respectively. The link actuator is fixed to the moving platform in the
proximity of OC and is used to control l and fL in a coordinated action with the

1For generality we consider both positive and negative thrust. Although aerial vehicles can usually
provide only positive thrust, actually, the variable pitch solution can provide negative thrust as well.
However, if only positive thrust is allowed, our controller is still valid, since this constraint can be
meet in the planning phase as explained later in the paper.
2S2 = {v ∈ R

3| ‖v‖ = 1}.
3We express the link orientation in FC because the goal is to control the aerial vehicle position
relative to the moving platform rather than to FW .
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aerial vehicle thrust force. We recall from Sect. 3.3.2 that the link actuator exerts
an input torque τW ∈ R that controls the link length. The constant rotational inertia
and constant radius of the link actuator are denoted by JW ∈ R>0 and rW ∈ R>0,
respectively.

Since the link is attached to the aerial vehicle center ofmass by a passive rotational
joint, the aerial vehicle rotational dynamics is independent from the translational
dynamics and it is equal to the one derived in Sect. 3.2:

ṘR = RR�R (4.2)

JRω̇R = JRωR × ωR + τ R . (4.3)

The linear velocity of the aerial vehicle is obtained differentiating pW
R = pW

C +
lRCdC :

ṗW
R = RC

(
ṗCC + l�CdC + l̇dC + lḋC

)
. (4.4)

To derive the dynamic equations of the generalized coordinates q = [l ϕ δ]� we
use the Newton-Euler approach,4 solving the balance of the forces acting on OR in
FW , and the balance of momenta about the axis of the link actuator (see Sect. 3.3.2):

mR p̈W
R = − fLRCdC − fRzWR − mRgzWW (4.5)

J̄W l̈ = τ̄W + fL , (4.6)

where J̄W = JW/r2W , τ̄W = τW/rW . The acceleration p̈W
R is obtained by further dif-

ferentiating (4.4), i.e.,

p̈W
R = RC [āx + Jqq̈], (4.7)

where āx = �C(ṗCC + l�CdC + 2Jqq̇) + p̈CC + l�̇CdC + J̇qq̇ and

Jq =
⎡

⎣
cos δ cosϕ −l cos δ sin ϕ −l cosϕ sin δ

− sin δ 0 −l cos δ

cos δ sin ϕ l cos δ cosϕ −l sin δ sin ϕ

⎤

⎦ . (4.8)

Replacing (4.7) into (4.5) and after some algebra we get

mRJqq̈ + fLdC = −mR āx︸ ︷︷ ︸
ax

−mRgR�
C e3︸ ︷︷ ︸

ag

− fRR�
CRRe3︸ ︷︷ ︸
a fR

, (4.9)

4Since one of our goal is the one of controlling the internal force along the link, it results helpful
to have its analytical expression. Newton-Euler is then the proper method to use as explained in
Sect. 2.1. Indeed, using the Lagrangian formalism, we would not have obtained the sought internal
force expression.
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Finally, gathering (4.9) and (4.6) we obtain a square system

[
mRJq dC

JWq −1

]

︸ ︷︷ ︸
W

[
q̈
fL

]
=

[−ax − ag
0

]

︸ ︷︷ ︸
a

+
[−a fR

τ̄W

]

︸ ︷︷ ︸
au

, (4.10)

where JWq = [ J̄W 0 0] ∈ R
1×3 andW ∈ R

4×4 is invertible if and only if l �= 0 and
δ �= ±π/2, that correspond to the singularities of the pseudo-spherical coordinates
of OR . Inverting equation (4.10) out of these singularities, we obtain

q̈ = [
I3 03×1

]
W−1(a + au) = σ(x,X2

C ,u) (4.11)

fL = [
01×3 1

]
W−1(a + au), (4.12)

where x = (q, q̇,RR,ωR) is the system state, u = [ fR τ�
R τ̄W ]� = [u1 u2 u3

u4 u5]� is the vector of inputs, and

X j
C = (x0C , x1C , . . . , x j

C ) for j ∈ N>0, (4.13)

with

xiC = (vCC
(i−1)

,ω
(i−1)
C ) for i = 1, 2, . . .

x0C = (pW
C ,RC )

(4.14)

where vCC = R�
C

dpC
dt . X

j
C in (4.13) gathers the terms related to the motion of the

platform.
GatheringEqs. (4.2), (4.3) and (4.11)we have a complete description of the system

dynamics:

q̈ = [
I3 03×1

]
W−1(a + au) = σ(x,X2

C ,u) (4.15a)

ṘR = RR�R (4.15b)

JRω̇R = JRωR × ωR + τ R . (4.15c)

In the following we show some results that apply to simpler and yet relevant
cases of the generic system considered so far. It is then useful to show how we can
particularize (4.15) for those cases:

• Fixed platform: one can simply set xiC = (pC(i)
C ,ω

(i−1)
C ) = (0, 0) for all i ≥ 1.

• Fixed link length: this represents the case in which there is no link actuator and the
aerial vehicle is tethered directly to the platform by a link with a constant length, l.
The model can be easily adapted considering all the time derivatives of l equal to
zero, i.e., l̇ = l̈ = . . . = 0. In this case l becomes a parameter and the generalized
coordinates reduce to q = [ϕ δ]�. The dynamics can be easily derived from (4.10)
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considering only the first three row and l̈ = 0. The last row is always verified since
τ̄W represents the reaction force of the anchoring point.

• Passive link actuator: The link actuator is considered passive because a non-
controllable constant torque τ ′

W ∈ R is applied along the longitudinal axis of the
cylinder (τW (t) = τ ′

W for all t ∈ R≥0), e.g., generated by a simple constant torque
spring. The length l can be then controlled only by the action of the thrust provided
by the aerial vehicle. The choice of a passive link actuator instead of a controllable
one makes the system simpler and easily portable by a human operator. On the
other hand, as it will be clear in Sect. 4.6.3, the price to pay will be a reduced
control authority on the variables of the system. In particular, the internal force
of the link cannot be regulated to an arbitrary value while following a position
trajectory. However it can be maintained within a desired bound, if the desired
trajectory is well planned. For the sake of studying the feedback linearizability it
is convenient to rewrite the model of the system (4.15) in the following Lagrangian
form:

Mq̈ + c + g + n + w = QuR, (4.16)

where, uR = [u1 u�
2 ]� = [ fR τ�

R ]� ∈ R
4 is the reduce input vector, M(q) ∈

R
3×3 is the positive definite inertia matrix, c(q, q̇, ṗCC ,ωC) ∈ R

3 contains all
the centrifugal/Coriolis terms, g(q,RC ) ∈ R

3 contains all the gravity terms,
n(q, p̈CC , ω̇C) ∈ R

3 contains the terms depending on the acceleration of the mov-
ing platform, w(τW ) ∈ R

3 contains the terms depending on the constant torque
winch, and Q(q,RR,RC) ∈ R

3×4 is related to the generalized forces, referred as
au, performing work on q, such that

au = Q(q,RR,RC )u = [−J�
q R

�
CRRe3 03×3]uR, (4.17)

For sake of brevity we do not report here the full expression of each term. Notice
that in Lagrangian representation of the dynamics the internal force of the link
does not appear, differently from (4.11) and (4.12). This is useful since, as it will
be clear in Sect. 4.6.3, the internal force along the link is not part of the differential
flat/feedback linearizing output for the tethered system with passive link actuator.

• Reduced model: in the following Sect. 4.8 we shall show some particular results
proven only in the particular case in which the link length and the ground platform
are fixed, and the vehicle is restricted tomove on a 2D vertical plane (for simplicity
let us consider the plane (xW , zW )). To write the dynamics of the system in this
particular conditions starting from the previous model, we first parametrize the
vehicle attitude by the Euler-angles roll, pitch and yaw, (φ, θ, ψ), being the angles
of rotation about the major axes (xR, yR, zR). We then impose φ,ψ = 0 that
implies yR = yW . Furthermore we can consider the azimuth constantly to zero,
i.e., δ = δ̇ = δ̈ = 0. Under this conditions the system degrees of freedom reduce to
two, described by the newvectorq′ = [ϕ θ ]� ∈ R

2, actuated by the total thrust and
the torque about yR , u′ = [u1 u3]� = [ fR τRy]� ∈ R

2. Under those assumptions
and definitions, we can rewrite (4.15) as:
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Table 4.3 Particular cases of the general tethered aerial system and corresponding dynamics

Particular cases Dynamics

Static platform (4.15) with xiC = (pC(i)
C ,ω

(i−1)
C ) = (0, 0) for

all i ≥ 1

No link actuator (4.10) with l̇ = l̈ = . . . = 0 and τ̄W = fL
Passive link actuator (4.15) with τW = τ ′

W constantly

Reduced model (4.18) with q′ = [ϕ θ]� and
u′ = [u1 u3]� = [ fR τRy]�

M′(q′)q̈′ + g′(q′) = Q′(q′)u′, (4.18)

where

M′ =
[
mRl2 0
0 JR22

]
, g′ =

[
mRlgd⊥ · e3

0

]
,

Q′ =
[−lRRe3 · d⊥ 0

0 1

]
, u′ =

[
fR

τRy

]
=

[
u1
u3

]
,

and JRkm with k,m ∈ {1, 2, 3} corresponds to the element of the matrix JR in
position k,m, d = [cos (ϕ) 0 sin (ϕ)]�, d⊥ = [− sin (ϕ) 0 cos (ϕ)]�.

Table4.3 gathers all the previous particular cases and the corresponding dynamics.

4.4 Differential Flatness

We recall from Sect. 2.2 that a system is differentially flat when it exists (at least)
an output, called flat output, such that the states and the inputs can be expressed as
an algebraic function of the flat output and its derivatives, up to a finite order [18].
Thus the flatness property would fulfill our first objective, i.e., compute analytically
and offline the nominal state and input of the system required to exactly track a
desired output trajectory. In fact, this property is commonly used for control to com-
pute the feed-forward terms, and for planning and optimization to generate feasible
trajectories, especially for nonholonomic and underactuated systems, considering
the input limitations. Furthermore, the differential flatness property tells a lot about
which are the independently controllable outputs and which is the required degree
of smoothness for the corresponding desired trajectories.

For an unidirectional-thrust aerial vehicle, it is well known that the position of
its CoM, pR , and the rotation along the zR axis, ψ , (called yaw angle when using
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the Euler-angles parametrization, see Sect. 2.1.3) are differentially flat outputs5 [19,
20].

If we tether the aerial vehicle to a fixed point by a link with constant length, the
link constraints the vehicle to fly on a sphere. Intuitively, the vehicle can still control
the position on the sphere (two d.o.f.) and the yaw angle, but not the position along
the longitudinal axis of the link. Indeed, every force component applied along this
axis will not produce motion due to the kinematic constraint. On the other hand, it
will stretch or compress the link, according to its direction. In otherwords, the vehicle
cannot change the distance from the anchoring point but it can control the intensity of
the internal force along the link. If then the link length is actuated, the link actuator can
control its length and in thus the distance of the vehicle from the anchoring point. This
intuition tell us that the output ya = [ya1 ya2 ya3 ya4 ya5 ]� = [l ϕ δ fL ηi ]� ∈ R

5,
where ηi is a more “generalized” yaw angle (see the following) is a differentially flat
output. We shall prove this result in Sect. 4.4.1.

Furthermore, let us consider for simplicity the system constrained to move on a
2D vertical plane. It is easy to notice that the link internal force and the angle between
the thrust and the horizon, defined by ϑA ∈ R (see later for the formal definition), are
directly connected. Indeed the higher the internal force, the more the thrust tends to
be parallel to the link axis, i.e., ϑA tends to ϕ. This second intuition makes us believe
that the output yb = [yb1 yb2 yb3 yb4 yb5 ]� = [l ϕ δ ϑA ηi ]� ∈ R

5 is a differentially
flat output as well. We shall prove this result in Sect. 4.4.2.

To prove the differential flatness we show how to express x and u as function of
ya or yb and some of their relative derivatives, in the standard case in which ηi is the
yaw angle. We recall that the state consists of the parametrization of dC , its velocity,
the attitude of the aerial vehicle and its angular velocity, while the inputs are the
thrust, the total torque provided by the robot and the winch torque. As we already
said, we suppose X0

C and its derivatives known (see (4.13)).

4.4.1 Stress-Related Flat Output

Let us define ya1 = [ya1 ya2 ya3 ]� = [l ϕ δ]� such that ya = [ya1� ya4 ya5 ]� =
[q� fL ηi ]�. We have directly that

q = ya1, q̇ = ẏa1 . (4.19)

Then, from (4.6) we obtain the expression of τ̄W

τ̄W = J̄W ÿa1 − ya4 = f1(ÿ
a
1 , y

a
4 ). (4.20)

In order to find the expression of the missing states and inputs, one can notice that
from (4.7) the linear acceleration of the aerial vehicle can be written as function of

5And thus also dynamic feedback linearizing outputs.
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ya1, ẏ
a
1, ÿ

a
1 , the linear velocity of the platform, its rotation and their time derivatives,

i.e., p̈W
R = p̈W

R (ya1, ẏ
a
1, ÿ

a
1,X

2
C). Then, from (4.5), we can write the thrust vector as

function of only the outputs, their derivatives and known quantities related to the
trajectory of the moving platform, indeed:

fRRRe3 = −mR p̈W
R (ya1, ẏ

a
1, ÿ

a
1,X

2
C ) − y4RCdC(y1) − mRge3

= f2(ya1, ẏ
a
1, ÿ

a
1, y4,X

2
C ).

(4.21)

Then, exploiting y5, one can apply the same method presented in [20] in order to
obtain the attitude of the aerial vehicle, its angular velocity and the total provided
torque. For the sake of brevityweomit here the full re-derivation of all these functions.

Proposition The model (4.15), is differentially flat with respect to the flat output
ya = [l ϕ δ fL ηi ]� where ηi is the yaw angle of RR. In other words, the state
and the inputs can be written as algebraic function of ya and a finite number of its
derivatives:

x = fax (ya, . . . , ya (4)
,X2

C) (4.22)

u = fau (ya, . . . , ya (4)
,X2

C). (4.23)

4.4.2 Attitude-Related Flat Output

Firstly, we have to properly define ϑA in the 3D environment. Let us define a new
reference frame, FL centered in pC and with axes {xL , yL , zL} such that:

zL = zW , yL = zL × d
‖zL × d‖ , xL = yL × zL . (4.24)

If d is parallel to zW , one can choose any arbitrary yL . For example, if the aerial
vehicle is moving such that d is parallel to zW at a certain time ti , during that instant
we can simply keep yL constant. Practically, starting from a non singular condition,
one would define a certain threshold ε ∈ R>0 such that if ‖zW × d‖ < ε, yL is kept
constant. In particular we can define the vertical plane PL that includes d, i.e.,
PL = {v ∈ R

3 | ∃ λ1, λ2 ∈ R : v = λ1xL + λ2zL}; and the projection of −zR into
PL defined by:

α = [α1 α2 α3]� = −PLzR, (4.25)

where PL = [xL 0 zL ]� ∈ R
3×3 is the projector on PL , with respect to FL . Finally

we define ϑA as the angle between α and zL :

ϑA = atan2 (α1, α3) = atan2
(−e�

1 PLzR,−e�
3 PLzR

)
. (4.26)
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Figure4.2 shows how ϑA is graphically defined.
In order to demonstrate that yb is also a flat output we show that there exists a

bijective map between yb and ya . Considering X2
C (see 4.13) as a known input, the

map from ya to yb and their derivatives, i.e., (yb, . . . , yb(4)
) = gb(ya, . . . , ya (4),X2

C)

is simply given by the flatness of the system w.r.t. ya . In fact, given ya and its
derivatives, one can compute the nominal state and inputs with (4.22) and (4.23).
Then, from Eq. (4.26), it is easy to compute yb and the relative derivatives.

Regarding the opposite sense of the map, i.e., from yb to ya :

(ya, . . . , ya (4)
) = ga(yb, . . . , yb

(4)
,X2

C ), (4.27)

the map is immediate for q and ψ . Let us define yb1 = [yb1 yb2 yb3 ]� = [l ϕ δ]� such
that yb = [yb1� yb4 yb5 ]� = [q� ϑA ηi ]�. We have that ya1 = yb1 and ya5 = yb5 . Then
we can retrieve fL , and so ya4 , from yb and its derivatives projecting both sides
of (4.5) on the plane PL . Not considering the second equations (always zero), after
some algebra we can obtain:

ya4 = fL = −mR[0 1]�T−1[e1 e3]�PL(p̈R + gzW ), (4.28)

whereT(yb) = [e1 e3]�[PLzR PLd] is invertible if and only if zR �⊥ PL and PLzR ∦

PLd. Finally, to retrieve the derivatives of fL one can simply differentiate (4.28) w.r.t.
time. This proves that between ya and yb, and their derivatives, there is a bijective
map.

xC

zC

OW

yW

zW

xW

yC

dW

fR α = PLfR
ϑA PL

xL

zL

yL

xR

zR

yR

−zR

Fig. 4.2 Visual description of the angle ϑA
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Combining (4.22), (4.23) and (4.27), state and inputs of the system can be written
as an algebraic function of yb its derivatives, and the known quantity X2

C , proving
that yb is a flat output:

x = fax (ga(yb, . . . , yb
(4)

,X2
C ),X2

C ) = fbx (y
b, . . . , yb

(4)
,X2

C ) (4.29)

u = fau (ga(yb, . . . , yb
(4)

,X2
C ),X2

C ) = fbu(y
b, . . . , yb

(4)
,X2

C ). (4.30)

Proposition The model (4.15), is differentially flat with respect to the flat output
yb = [l ϕ δ ϑA ηi ]� where ηi is the yaw angle of RR. In other words, the state
and the inputs can be written as algebraic function of yb and a finite number of its
derivatives, i.e., Eqs. (4.29) and (4.30). �

4.4.3 Differential Flatness for Passive Link Actuator

Let us define yc = [yc1� yc4]� = [q� ηi ]� ∈ R
4. Part of the state is directly given by

yc1, i.e., q = yc1, q̇ = ẏc1. Only the part of the state related to the rotational dynamics
and the inputs have still to be derived. From (4.6) we can write the internal force as
function of ÿc1:

fL = J̄W l̈ − τ̄W = fL(ÿc1). (4.31)

Then, it is exactly the same procedure as in Sect. 4.4.1. One can write ya1 = yc1,
ya4 = fL(ÿc1), y

a
5 = yc5, and then use (4.22) and (4.23) to compute nominal state and

input.

Proposition The model (4.2), (4.3) and (4.16), is differentially flat with respect to
the flat output yc = [l ϕ δ ηi ]� where ηi is the yaw angle of RR. In other words the
state and the inputs can be written as algebraic function of yc and a finite number
of its derivatives.

x = fcx(y
c, . . . , yc(4),X2

C) (4.32)

u = fcu(y
c, . . . , yc(4),X2

C). (4.33)

4.4.3.1 Discussion on Link Internal Force Regulation

We already remarked that, differently from the active link actuator case, the internal
force along the link is not part of the flat output for this system. This means that its
value cannot be directly controlled. On the contrary, from (4.31), it is a byproduct of
the desired output trajectory, and in particular of the desired link length acceleration.
Nevertheless, in order to keep the internal force always within a desired bound
B fL = [ fL , fL ]where fL , fL ∈ R, we can exploit the flatness of the system to design
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suitable desired trajectories of yc. In particular, fromEq. (4.31)we have that fL ∈ B fL

if and only if l̈ ∈ Bl̈ = [l̈, l̈] where l̈ = (τ̄ ′
W + fL)/ J̄W and l̈ = (τ̄ ′

W + fL)/ J̄W . In
other words the constraint on the internal force can be translated using the flatness
into a constraint on the desired trajectory of l.

Notice that the steady configuration, l̈ = 0, belongs to Bl̈ if and only if l̈ ≤ 0 ≤ l̈
that in turn means − fL ≤ τ̄ ′

W ≤ − fL . In particular, if for l̈ = 0 we want a desired
internal force value fL

� ∈ B fL , we have to design the passive link actuator such that
τ̄ ′
W = τ ′

W/rW = − fL
�. Another parameter of the link actuator that can be optimized

is its inertia J̄W . Indeed it affects how B fL is mapped on Bl̈ , e.g., if we make J̄W
small enough, big variations of l̈ imply small variations of the internal force and thus
an almost constant internal force, fL ≈ fL

�.

4.5 Hierarchical Control

In this section we exploit the previously proven flatness in order to design a controller
based on a hierarchical method. This is very common for the control of aerial vehicles
because it allows to separate the control of the attitude from the one of the translational
dynamics. This is convenient especially for commercial available platforms forwhich
one cannot directly control the spinning velocity of the propellers. Often, one can
only control the angular velocity or the attitude of the vehicle, sending the desired
Euler angles. Then, internally to the platform, a closed low level controller track the
desired references.

To cope with these problems, we propose a simpler control strategy, based on
hierarchical techniques, that can be easily implemented in every platform. Indeed,
thanks to the separation between outer loop (normally position control) and inner
loop (attitude control) controls, one can easily adapt the proposed controller to the
specific platform functionalities. Similar techniques were successfully implemented
and tested in, e.g., [5, 6], to only stabilize the position of the vehicle. However, those
methods cannot be directly applied to solve our problem because they are designed
for different systems, although similar.

The validity of the method has been proven experimentally. The related results
are shown in Sect. 5.2.

4.5.1 Force-Related Hierarchical Control

In the following we design a hierarchical controller for controlling the output ya ,
namely the position of the aerial vehicle and the internal force along the link. The
controller is based on the cascaded structure between the translational and rotational
dynamics.
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Given a desired position trajectory pCR(t), defined in terms of the generalized
coordinates ya1

d(t) = q(t)d we define

q̈� = q̈d + KD
q (q̇d − q̇) + KP

q (q̇d − q̇), (4.34)

where KP
q ,KD

q ∈ R
3×3
>0 are diagonal matrices. The vector q̈� could be seen as the

desired acceleration that lets q follow the desired trajectory qd(t) using a PD strategy.
In case of model uncertainties or disturbances one can add an integral term as well.

Then, given a desired trajectory for the internal force of the link ya4 = fL(t)d , and
inverting the balance of momenta on the link actuator (4.6), we compute the link
actuator torque as

τ̄W = J̄W l̈
� − fL

d . (4.35)

To finally implement q̈� we compute the desired thrust vector inverting the balance
force equation on OR (4.5), like for the flatness computation in (4.21)

f�
R = fRR�

Re3 = RC(−ax − ag − fL
ddC − mRJqq̈�). (4.36)

From the desired thrust vector we derive the input fR as

fR = ∥∥−ax − ag − fL
ddC − mRJqq̈�

∥∥ , (4.37)

and the desired z-axis of FR , i.e., z�
R = R�

Re3 = f�
R/ fR .

The desired yaw angle ψd together with z�
R define the desired attitude of the

vehicle described byR�
R . In fact, given ψd we define x′

R = Rz(ψ
d)e1 whereRz(ψ

d)

is the rotation matrix describing the rotation ofψd around zW . The axis x′
R represents

the desired heading of the aerial vehicle. The desired attitude is computed creating
an orthonormal basis using the vectors x′

R and z�
R that is given by R�

R = [x�
R y�

R z�
R]

where,

y�
R = z�

R × x′
R∥∥z�

R × x′
R

∥∥ , x�
R = y�

R × zR�
∥∥y�

R × zR�
∥∥ . (4.38)

This concludes the design of the outer loop control. Given the tracking error it
computes the desired link actuator torque τ̄W , the desired thrust intensity fR and the
desired attitude R�

R .
If the considered platform accept as input the desired attitude and thrust, we can

simply send the previous quantities as control commands. If instead the platform is
controlled in thrust/angular velocity or thrust/torque, we shall show the design of
an inner loop control that computes the desired angular velocity, ω�

R , or the desired
torque, τ R , respectively, in order to track the desired attitude computed by the outer
loop control.

Let us define the attitude error [21] by the vector eR ∈ R
3, computed as
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[eR]× = −1

2
(R�

R
�RR − R�

RR
�
R), (4.39)

where [eR]× corresponds to the skew symmetric matrix relative to eR . In order to
steer eR to zero, if the vehicle is controlled in angular velocity, we compute the
desired angular velocity based on a P controller,

ω�
R = ωd

R + KP
ω eR, (4.40)

where KP
ω ∈ R

3×3
>0 is a diagonal matrix. If instead the vehicle is controlled in torque

we first define the desired angular acceleration based on a PD controller,

ω̇�
R = ω̇d

R + KD
ω (ωd

R − ωR) + KP
ω eR, (4.41)

where KD
ω ∈ R

3×3
>0 is a diagonal matrix, and ωd

R and ω̇d
R are the nominal angular

velocity and acceleration, respectively, computed by the flatness from the desired
output trajectory as in Sect. 4.4.1. Inverting the rotational dynamics we can finally
find the input torque τ R ,

τ R = −JRωR × ωR + JRω̇�
R . (4.42)

If the inner loop is sufficiently faster than the outer loop, the asymptotic conver-
gence of q to qd is guaranteed. Figure4.3a shows a schematic representation of the
controller u = �a

HC(x,X2
C , yad(t)) given by (4.35), (4.37) and (4.42).

Notice that it is easy to rewrite the controller�a
HC for the particular casesmentioned

in Sect. 4.3. For the case of a passive link actuator one can use the same controller
once the nominal internal force is computed by (4.31).

4.5.2 Attitude-Related Hierarchical Control

For the control of yb we exploit the bijection function between yb and ya , and the
previously presented hierarchical controller for the tracking of ya . In particular, from
the desired trajectory ybd(t), we can compute the equivalent trajectory of ya , i.e.,
(yad , . . . , yad(4)) = ga(ybd , . . . , ybd(4),X2

C). Then we apply the hierarchical con-
troller shown before to effectively track yad(t). The hierarchical controller to track
ybd(t) defined by �b

HC, is equal to:

u = �b
HC(x,X2

C , ybd(t)) = �a
HC(x,X2

C , ga(ybd(t),X2
C)). (4.43)

Thanks to the fact that ga and gb are bijective maps, if the closed loop system is
able to track yad(t), it will implicitly track ybd(t). Figure4.3b shows a schematic
representation of the controller.
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Fig. 4.3 Schematic representation of the two hierarchical controllers

4.6 Dynamic Feedback Linearization

From the theory we know that a flat output is also an exactly dynamical feedback
linearizing output on an open and dense set of the state space [22]. In this section
we shall design a controller based on the dynamic feedback linearization technique
the problem of the exact tracking of the outputs ya , yb, and yc. For the problem of
the exact tracking of such output we will design a controller based on the dynamic
feedback linearization technique. We recall that in the following x = (q, q̇,RR,ωR)

is the system state, u = [ fR τ�
R τ̄W ]� = [u1 u2 u3 u4 u5]� is the input vector and

the outputs are

(i) ya = [ya1 ya2 ya3 ya4 ya5 ]� = [l ϕ δ fL ηi ]� ∈ R
5,

(ii) yb = [yb1 yb2 yb3 yb4 yb5 ]� = [l ϕ δ ϑA ηi ]� ∈ R
5 and

(iii) yc = [yc1 yc2 yc3 yc4]� = [l ϕ δ ηi ]� ∈ R
4.

4.6.1 Force-Related Feedback Linearizing Output

In the previous sections we considered ηi as the yaw angle when the rotation ofFR is
parametrized by the Euler angles. However, in the following we consider any generic
parametrization η = [η1 η3 η3]� ∈ R

3 ofRR , such thatRR = RR(η) and η̇ = TηωR

where Tη(η) ∈ R
3×3 is given by the particular parametrization [23]. From (4.3) the

dynamics of η is
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η̈ = ṪηωR + TηJ−1
R (JRωR × ωR)

︸ ︷︷ ︸
bη(η, η̇)

+[ 03×1 TηJ−1
R 03×1 ]

︸ ︷︷ ︸
Eη(η)

u. (4.44)

Then we consider ηi as any entry of η such that, in the domain of interest, it holds

eηi = ∂η̈i

∂τRz
= e�

i TηJ−1
R e3 �= 0. (4.45)

For example, taking η = [φ θ ψ]� as the classical Roll-Pitch-Yaw parametrization
of RR and ηi = ψ , we have that

Tη(η) =
⎡

⎣
1 sin φ tan θ cosφ tan θ

0 cosφ − sin φ

0 sin φ sec θ cosφ sec θ

⎤

⎦ and eηi = 1

JR33
cosφ sec θ, (4.46)

Notice that for this choice (4.45) holds always except for φ = π/2 and θ = π/2.
Intuitively, only τ̄W and fR play a role in the control of l, ϕ, δ and fL (see (4.10))

and they are not affected by τRz . Indeed fR is not influenced by rotations along
zR and therefore not even by the torque τRz acting about it. Then it is necessary
to complete the set of outputs with a quantity dynamically dependent on τRz to
have a well-posed tracking problem. Thus, we recall that the output of interest is
ya = [ya1 ya2 ya3 ya4 ya5 ]� = [l ϕ δ fL ηi ]� ∈ R

5.
Applying the feedback linearization technique (see Sect. 2.3), and recalling

Eqs. (4.10) and (4.44), we immediately see that (ya1 , y
a
2 , y

a
3 ) have to be differen-

tiated twice until fR and τ̄W appear. Also ya5 has to be differentiated twice until τ R

appears, while ya4 directly depends on fR and τ̄W . Defining ȳa1 = [ÿa1 ÿa2 ÿa3 ya4 ]�
and rearranging (4.10) and (4.44), we can write

[
ȳa1
ÿa5

]
=

[
W̄a
bηi

]
+

[
W̄U
eηi

]
u = b(x,X2

C ) + E(x,X0
C )u, (4.47)

where W̄ = W−1, bηi = e�
i bη, eηi = e�

i Eη, the vector b(x,X2
C ) gathers all the terms

that do not depend on the inputs and

U =
[−R�

CRRe3 03×3 03×1

0 01×3 1

]

4×5

(4.48)

E =
[
W̄ 04×1

01×4 1

] ⎡

⎣
−R�

CRRe3 03×3 03×1

0 01×3 1
0 e�

i TηJ−1
R 0

⎤

⎦

5×5

. (4.49)

We recall that Rearranging the rows of the decoupling matrix E one can notice that
it is clearly singular because τ R does not appear in the expression of ȳa1 .

As explained in Sect. 2.3, to obtain a full rank matrix we insert a dynamic com-
pensator considering as new input ū = [ü1 u2 u3 u4 ü5]�, where ü1 and ü5 are the
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second derivative of fR and τ̄W , respectively. Under this definition ȳa1 and ya5 have
to be differentiated twice to see the new inputs appear:

[
ȳa1
ÿa5

]
=

[ ¨̄W(a + au) + 2 ˙̄W(ȧ + ȧu) + W̄(ä + äu)
bi + eηi ū

]
, (4.50)

where äu, after replacing the system dynamics, results:

äu = ¯̈au +
[−u1R�

CRR
[
J−1
R τ R

]
× e3 − ü1R�

CRRe3
ü5

]
. (4.51)

Since JR is diagonal, i.e., JRkm = 0 for k �= m and k,m ∈ {1, 2, 3}, writing the skew
symmetric matrix relative to J−1

R τ R and doing some algebra we obtain

[
J−1
R τ R

]
× e3 = [− e2

JR11
e1
JR22

03×1
]
τ R . (4.52)

Replacing Eqs. (4.52) and (4.51) into (4.50) we obtain

[ ¨̄ya1
ÿa5

]
=

[ ¨̄W(a + au) + 2 ˙̄W(ȧ + ȧu) + W̄(ä + ¯̈au)
bi

]

︸ ︷︷ ︸
b̄(x̄,X4

C )

+
[
W̄Ū
eηi

]

︸ ︷︷ ︸
Ē(x̄,X0

C )

ū,

(4.53)

where Ū =
[

−R�
CRRT 03×1

01×4 1

]
, x̄ = (q, q̇,RR,ωR, fR, ḟ R, τ̄W , ˙̄τW ) is the extended state,

and T = [e3 − u1
JR11

e2 u1
JR22

e1 03×1] ∈ R
3×4. Changing the order of the inputs as

in ũ = [u1 u2 u3 u5 u4]�, the decoupling matrix becomes Ẽ =
[
Ẽ1 01×3

ẽ3 eηi

]
, where

Ẽ1 = W̄
[
Ũ1 03×1

01×3 1

]
, ẽ3 = [

0 e�
i TηJ−1

R e1 e�
i TηJ−1

R e2 0
]
,

Ũ1 = −R�
CRR

[
e3 − u1

JR11
e2

u1
JR22

e1

]
= −R�

CRRT̃.

The original decoupling matrix Ē is invertible if Ẽ is invertible, or equivalently,
due to its canonical form, if Ẽ1 is invertible and eηi is nonzero. Since the matrices
RC , RR and W̄ are always full rank (except in the model singularities, i.e., l = 0
and δ = ±π/2), then Ũ1 is invertible whenever T̃ is full rank, i.e., if u1 �= 0, indeed
det(T̃) = u21/(JR11 JR22).

In the cases in which the thrust u1 is not zero and with the opportune parametriza-
tion of RR , using the control law

ū = Ē(x̄,X0
C )−1 [−b̄(x̄,X4

C) + va
]
, (4.54)

where va = [va1 va2 va3 va4 va5 ]� ∈ R
5 are virtual inputs, we obtain
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Fig. 4.4 Block diagram representation of the control strategy. c© 2020 IEEE. Reprinted, with
permission, from [10]

ya1
(4) = va1 , ya2

(4) = va2 , ya3
(4) = va3 , ya4

(2) = va4 , ya5
(2) = va5 . (4.55)

Furthermore, the total relative degree with respect to ya is ra = 16 that corre-
sponds to the dimension of the extended state x̄ that is n̄ = 16. Indeed it is composed
by x (of dimension 12) plus the four states of the dynamic compensator. Therefore
the system is exactly dynamic feedback linearizable and the linearized system (4.55)
does not have an internal dynamics [24].

4.6.1.1 Outer Linear Controller

In the following we will omit the subscript ·a since the same outer-loop control can
be applied to track both ya and yb, after the application of the opportune linearizing
control law.

The tracking of any given desired trajectory, ydi (t) ∈ C3 for i = 1, 2, 3 and
ydj (t) ∈ C1 for j = 4, 5 can be achieved applying any linear control technique to
the equivalent linear system (4.55), as depicted in Fig. 4.4. As explained in Sect. 2.3,
it is sufficient to use as outer loop a simple controller based on the pole placing
technique. Setting the virtual control inputs as

vi = yd(4)
i + k�

i ξ i , v j = yd(2)
j + k�

j ξ j , (4.56)

where ξ i = [ξ (3)
i ξ̈i ξ̇i ξi ]� ∈ R

4, ξ j = [ξ̇ j ξ j ]� ∈ R
2, ξi = ydi − yi and ξ j = ydj −

y j are the tracking errors, one can set the poles of the error dynamics through the
gains ki ∈ R

4
>0 and k j ∈ R

2
>0, for i = 1, 2, 3 and j = 4, 5, to obtain a sufficiently

fast exponentially tracking of the desired trajectories.
All the previous results are summarized in the following

Proposition For the analyzed system it exists at least one parametrization η of
RR and one of its elements ηi such that ya = [l ϕ δ fL ηi ]� is an exact feedback
linearizing output for each state, except if l = 0, δ = ±π/2 and u1 = 0 (zero thrust
case). Furthermore, considering as input ū = [ü1 u2 u3 u4 ü5]�, the control law
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ū = �a
DFL(x̄,X

4
C , yad(t)) defined by (4.54) and (4.56) exponentially steers ya along

the desired trajectories yai
d(t) ∈ C3 for i=1, 2, 3, and yaj

d(t) ∈ C1 for j=4, 5. �

Remark In order to implement the exact tracking control laws (4.54)–(4.56) the
only needed quantities are

• the desired output trajectory and its derivatives y�d
i , ẏ�d

i , ÿ�d
i ,

...
y �d
i ,

....
y �d

i for i =
1, 2, 3, and y�d

j , ẏ�d
j , ÿdj for j = 4, 5, where y�

i is either y
a
i or ybi• a measurement of system state, i.e., x = (q, q̇,RR,ωR)

• the internal state of the compensators fR , ḟ R , τ̄W , ˙̄τW
• the position and orientation of the moving platform and their derivatives X4

C . �

We recall that an explicit measurement of the output and its derivatives is not
needed at all, since they are algebraic functions of the state and input.

4.6.2 Attitude-Related Feedback Linearizing Output

Nowwe are ready to show that yb = [yb1 yb2 yb3 yb4 yb5 ]� = [l ϕ δ ϑA ηi ]� ∈ R
5 is

a feedback linearizing output. Similarly to Sect. 4.4.2, we firstly show that yb and its
derivatives can be written as a function of ya and its derivatives, and Xi

C with i > 0.

In particular, we shall show that [yb1(4)
ÿb4 ÿb5 ]�, linearly depends on [ya1 (4) ÿa4 ÿa5 ]�,

i.e., there exists the functions byb(ya1, . . . , y
a
1
(3),X4

C ) and Eyb(ya1,X
0
C ) such that

⎡

⎣
yb1

(4)

ÿb4
ÿb5

⎤

⎦ = byb(y
a
1, . . . , y

a
1
(3)

,X4
C ) + Eyb(y

a
1,X

0
C )

⎡

⎣
ya1

(4)

ÿa4
ÿa5

⎤

⎦ . (4.57)

Let us first extract fR from (4.9), and differentiate it twice, showing the dependence
on ya and its derivatives:

fR = −RC(ax + ag)︸ ︷︷ ︸
b′
fR (y

a
1, ẏ

a
1,X

2
C)

+ [
mRRCJq d

]

︸ ︷︷ ︸
EfR (y

a
1,X

0
C ) = [E′

fRe
′′
fR ]

ȳa (4.58)

f̈R = bfR (y
a
1, . . . , y

a
1
(3)

,X4
C ) + EfR (y

a
1,X

0
C ) ¨̄ya, (4.59)

where bfR gathers all the terms that do not depend on ¨̄ya . Similarly, can write zR and
its derivatives as function of fR and its derivatives, and thus as function of ya and its
derivatives:

zR = fR/ ‖fR‖ (4.60)

żR = 1/ ‖fR‖ (I3 − zRz�
R )ḟR = EzR (y

a
1, ẏ

a
1,X

2
C )ḟR (4.61)

żR = bzR (y
a
1, . . . , y

a
1
(3)

,X4
C ) + EzREfR

¨̄ya, (4.62)
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where bzR gathers all the terms that do not depend on ¨̄ya .
Let us now compute the second derivative of α, expressing it as function of ya

and its derivatives, replacing the previous equations where necessary.

α̈ = bα(ya1, . . . , y
a
1
(3)

,X4
C ) − PLEzREfR

¨̄ya, (4.63)

where bα gathers all the terms that do not depend on ¨̄ya .
Finally, we can compute the derivatives of yb4 = ϑA in order to obtain the form

in (4.57)

ẏb4 = 1

α2
1 + α2

3

[−α3 α1
]
[
α̇1

α̇3

]
= 1

‖α‖2 α� [−e3 0 e1
]

︸ ︷︷ ︸
eyb4 (y

a
1, . . . , y

a
1
(3),X4

C )

α̇ (4.64)

ÿb4 = b′
yb4

− eyb4 α̈ = byb4
− eyb4PLEzREfR

¨̄ya (4.65)

where b′
yb4
and byb4

gather all the terms that do not depend on α̈ and ¨̄ya , respectively.
Finally, noticing that yb1 = ya1 and yb5 = ya5 we can write the following equation,

equal to the sought form (4.57)

⎡

⎣
yb1

(4)

ÿb4
ÿb5

⎤

⎦ =
⎡

⎣
0
byb4
0

⎤

⎦

︸ ︷︷ ︸
byb(ya1, . . . , y

a
1
(3),X4

C )

+
⎡

⎣
I3 0 0
e′
yb4

e′′
yb4

0

0 0 1

⎤

⎦

︸ ︷︷ ︸
Eyb(ya1,X

0
C )

⎡

⎣
ya1

(4)

ÿa4
ÿa5

⎤

⎦ , (4.66)

where e′
yb4

= −eyb4PLEzRE
′
fR and e′′

yb4
= −eyb4PLEzRe

′′
fR . Now we are ready to prove

that the system is dynamic feedback linearizable with respect to yb. From Sect. 4.6.1,
notice that (ya1, ẏ

a
1, ÿ

a
1, y

a
1
(3)) is a function of (x̄,X4

C ). Furthermore, replacing (4.53)
into (4.66) we obtain:

⎡

⎣
yb1

(4)

ÿb4
ÿb5

⎤

⎦ = byb + Eyb b̄ + Eyb Ēū = b̄yb(x̄,X
2
C ) + Ēyb(x̄,X

0
C)ū. (4.67)

Therefore, we can conclude that yb is a dynamic feedback linearizing output for all
x̄ such that the decoupling matrix Ēyb is invertible, i.e., such that Eyb and Ē are full
rank. From Sect. 4.6.1, Ē is full rank if l �= 0, δ �= ±π/2 and u1 �= 0. On the other
hand, Eyb is invertible if e′′

yb4
�= 0. Recalling the expression of e′′

yb4
, Eyb is invertible if

(PLzR)�
[−e3 0 e1

]
PL(I3 − zRz�

R )d �= 0. (4.68)
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In order to simplify the notation, let us define v1 = PLzR and v2 = PL(I3 − zRz�
R )d.

Noticing that [−e3 0 e1] is the skew symmetric matrix relative to e2, we have that the
previous inequality is equal to v�

1 (e2 × v2) �= 0, that we can also write as e�
2 (v2 ×

v1) �= 0. Since v1 and v2 belong to the same plane PL , (v2 × v1) is orthogonal to
PL and thus parallel to yL . Notice that yL is equal to e2 in frame FL . Therefore
e�
2 (v2 × v1) �= 0 if and only if (v2 × v1) �= 0.
In order to study the conditions for which PL(I3 − zRz�

R )d × PLzR �= 0, we can
show that PL(I3 − zRz�

R )d × PLzR = PLd × PLzR . Indeed,

PL(I3 − zRz�
R )d × PLzR − PLd × PLzR = 0 (4.69a)

(
PL(I3 − zRz�

R )d − PLd
) × PLzR = 0 (4.69b)

PLzRz�
Rd × PLzR = 0. (4.69c)

The previous equivalent conditions always hold since zRz�
R is the projector on zR

and therefore zRz�
Rd is always parallel to PLzR (or zero).

Finally, we have that Eyb is invertible if PLd × PLzR �= 0, and therefore if zR
is not perpendicular to the plane PL and if PLzR and PLd are not parallel, i.e., if
zR �⊥ PL and PLzR ∦ PLd. Summarizing, the decoupling matrix Ēyb is invertible,
and thus yb is a feedback linearizing output, for all the states except if l = 0 and δ =
±π/2 (singularity of the spherical coordinates), u1 = 0 (singularity of the feedback
linearization with respect to ya), zR ⊥ PL and PLzR ‖ PLd.

In the cases in which Ēyb is invertible, using the control law

ū = Ēyb(x̄,X
0
C)−1

[−b̄yb(x̄,X
2
C) + vb

]
, (4.70)

where vb = [vb1 vb2 vb3 vb4 vb5]� ∈ R
5 are virtual inputs, we obtain

yb1
(4) = vb1, yb2

(4) = vb2, yb3
(4) = vb3, yb4

(2) = vb4, yb5
(2) = vb5 . (4.71)

Furthermore, the total relative degreewith respect toyb is rb = 16 that corresponds
to the dimension of the extended state x̄ that is n̄ = 16. Therefore the system is exactly
dynamic feedback linearizable and the linearized system (4.71) does not have an
internal dynamics.

As done in Sect. 4.6.1, to track a desired trajectory ybd(t), we can apply to the
linearized system (4.71) a linear controller, as the one in (4.56) obtaining a control
strategy similar to the one represented in Fig. 4.4.

Proposition For the analyzed system it exists at least one parametrization η of RR

and one of its elements ηi such that yb = [l ϕ δ ϑA ηi ]� is an exact feedback lin-
earizing output for each state, except if l = 0, δ = ±π/2, u1 = 0, zR ⊥ PL and
PLzR ‖ PLd. Furthermore, considering as input ū = [ü1 u2 u3 u4 ü5]�, the con-
trol law ū = �b

DFL(x̄,X
4
C , ybd(t)) defined by (4.70) and (4.56) (properly adapted),

exponentially steers yb along the desired trajectories ybi
d(t) ∈ C3 for i = 1, 2, 3,

and ybj
d(t) ∈ C1 for j = 4, 5. �
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4.6.3 Dynamic Feedback Linearization for Passive Link
Actuator

Considering yc as output of interest and applying the feedback linearization tech-
nique, we need to differentiate each entry of yc until the input appears. From (4.16)
and (4.44), yc has to be differentiated twice to see the input appear:

[
ÿc1
ÿc4

]
=

[
M̄a
bηi

]
+

[
M̄Q
eηi

]
u =

[
M̄a′
bηi

]

︸ ︷︷ ︸
byc(x,X2

C )

+
[−J�

q R
�
CRRe3 03×3

0 e�
i TηJ−1

R

]

︸ ︷︷ ︸
Eyc(x,X0

C )

u′,

(4.72)

where M̄ = M′−1 and a′ = −c′ − g′ − n′ − w′. Similarly to the previous cases, the
decoupling matrix Eyc is singular for every conditions because τ R does not appear
on ÿc1. This means that the system is not statically feedback linearizable.

As done before, we can apply a dynamic feedback inserting a dynamic compen-
sator in the control u1. Consider as new input the second derivative of the thrust and
the torque, i.e., ū′ = [ü1 u�

2 ]�. Now ÿc1 has to be differentiated four times to see ū′
appear, while for yc4 everything remains the same, indeed:

[
ÿc1

(4)

yc4

]
=

[ ¨̄M(a′ + au′) + 2 ˙̄M(ȧ′ + ȧu′) + M̄(ä′ + äu′)

bi + eηi ū

]
, (4.73)

where äu′ , after replacing the system dynamics, results:

äu′ = ¯̈au′ + J�
q R

�
CRR(−ü1e3 − u1

[
J−1
R τ R

]
× e3), (4.74)

where ¯̈au′ gathers all the terms that do not depend on ū′. Replacing Eqs. (4.52)
and (4.74) into (4.73) we obtain

[
y(4)
q
ÿ4

]
= b̄yc(x̄,X4

C ) +
[
M̄J�

q R
�
CRRT 03×1

ẽ3 ẽ2

]

︸ ︷︷ ︸
Ēyc(x̄,X0

C)

ū′, (4.75)

where b̄(x̄,X4
C ) collects all the terms that do not depend on ū′, ẽ2 = e�

i TηJ−1
R e3, and

ẽ3 = e�
i TηJ−1

R [03×1 e1 e2]. Similar to Sect. 4.6.1, the decoupling matrix Ēyc results
to be invertible if u1 �= 0 and if the parametrization η of RR and one of its elements
ηi are chosen such that ẽ2 �= 0, i.e., if (4.45) is verified in the domain of interest.
Then, in the case in which Ēyc is invertible, defining vc = [vc1 vc2 vc3 vc4]� ∈ R

4 as
virtual inputs, the control law
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ū′ = Ēyc(x̄,X0
C)−1

[−b̄yc(x̄,X4
C) + vc

]
, (4.76)

brings the original system in the equivalent linear one:

yc1
(4) = vc1, yc2

(4) = vc2, yc3
(4) = vc3, yc4

(2) = vc4. (4.77)

This means that the system results to be exactly linearizable through dynamic feed-
back and the linearized system (4.77) does not have an internal dynamics. Indeed,
the total relative degree with respect to yc is rc = 4 + 4 + 4 + 2 = 14 = n̄, where n̄
is dimension of the extended state x̄.

As done in Sect. 4.6.1, to track a desired trajectory ycd(t), we can apply to the
linearized system (4.77) a linear controller as the one in (4.56) obtaining a control
strategy similar to the one represented in Fig. 4.4.

Proposition For the analyzed system it exists at least one parametrization η of
RR and one of its elements ηi such that yc = [l ϕ δ ηi ]� is an exact feedback
linearizing output for each state, except if l = 0, δ = ±π/2, u1 = 0. Furthermore,
considering as input ū′ = [ü1 u2 u3 u4]�, the control law ū′ = �c

DFL(x̄,X
4
C , ycd(t))

defined by (4.76) and (4.56) (properly adapted), exponentially steers yc along the
desired trajectories yci

d(t) ∈ C3 for i = 1, 2, 3, and yc4
d(t) ∈ C1. �

4.6.4 Dynamic Feedback Linearization for the Reduced
Model

It is easy to recast all the controllers presented so far for the reduced model pre-
sented in Sect. 4.3. Indeed this is a sub-case of the general system. However, we
found out that for this reduced morel, the tracking of the output ybr = [ϕ ϑA]� can
be obtained with a simpler static-feedback linearizing controller, �b

SFLr . For the cor-
responding details we refer the interested reader to6 [12]. Notice that the control
actions required by this controller may be discontinuous due to, e.g., desired trajec-
tories possessing a discontinuity in the second derivative or simply, in the real case,
due to some noise in the measurements. This has to be taken into account in case
one would like, e.g., to minimize mechanical vibrations of the link. Furthermore, as
recalled in Sect. 3.3.1, one has to keep in mind that discontinuous inputs cannot be
performed by the physical system in exam because the acceleration of both propeller
rotation and the corresponding air flow cannot be infinite. However, if one needs to
enforce smoother inputs it possible to apply a dynamic compensator in order to get
a sufficiently smooth control signal.

Table4.4 summarizes all the controllers designed so far for the general and par-
ticular systems.

6Notice that in [12] we considered θ as part of the output instead of ϑA. However, in the 2D plane,
ϑA = θ so the results are still valid.
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Table 4.4 List of designed controllers with the corresponding main features and characteristics

Ctrl. Cont. outputs Goal Method Type Singularities

�a
HC (l, ϕ, δ, fL , ηi ) Stabilization Hierarchical Static fR = 0

�b
HC (l, ϕ, δ, ϑA, ηi ) Stabilization Hierarchical Static fR = 0,

zR ⊥ PL ,
PLzR ‖ PLd

�c
HC (l, ϕ, δ, ηi ) Stabilization

(passive link
actuator)

Hierarchical Static fR = 0

�a
DFL (l, ϕ, δ, fL , ηi ) Tracking DFL Dynamic fR = 0, l = 0,

δ = ±π/2

�b
DFL (l, ϕ, δ, ϑA, ηi ) Tracking DFL Dynamic fR = 0, l = 0,

δ = ±π/2,
zR ⊥ PL ,
PLzR ‖ PLd

�c
DFL (l, ϕ, δ, ηi ) Tracking

(passive link
actuator)

DFL Dynamic fR = 0, l = 0,
δ = ±π/2

�b
SFLr (ϕ, ϑA) Tracking

(reduced model)
SFL Static ϑA = 0

4.7 State Estimation

In Remark 4.6.1.1 we already highlighted the fact that in order to compute the control
action, only the system state and the knowledge of the trajectory of the platform
are needed. Assuming that w1 = X4

C (we recall that X4
C is defined in (4.13)) is a

priori known or it is estimated/measured on-line by a set of sensors, then only the
knowledge of x is need to close the control loop. One could directly measure x by
using a collection of sensors such as a GPS, cameras, tracking systems etc. In this
section we shall demonstrate that exploiting the tautness of the cable (i.e., when
fL �= 0) it is possible to retrieve x from a standard set of sensors summarized in
Table 4.5. In particular, from themoving platform side, we assume to have an encoder
that measures the absolute rotation of the link actuator. Assuming no backlash and
constant radius rW , this is equivalent to measure the length of the link, i.e., w2 =
rWϑW = l. Furthermore, using a gimbal-like system based on two encoders (see [4]
for a similar mechanism), we can measure the direction of the link, i.e., w3 = ϕ and
w4 = δ.

The aerial vehicle is instead equipped with a standard sensory configuration com-
posed by a 3-axis accelerometer, gyroscope and magnetometer mounted on OR and
aligned along the axis of FR . Recalling the sensor models provided in Sect. 3.4, the
accelerometer measures the specific acceleration of OR in FR , i.e.:

w5 = R�
R (p̈W

R + ge3). (4.78)
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The gyroscope measures the angular velocity of FR with respect to FW , expressed
in FR , i.e., w6 = ωR . Finally the magnetometer measures the known unit vector
hW ∈ S2 describing the magnetic field direction expressed in FR :

w7 = R�
Rh

W . (4.79)

Using this sensory configuration, part of the state is already measured, though it
remains to estimate RR and q̇. From the accelerometer, replacing (4.5) into (4.78),
we obtain

fLR�
RRC(w1)dC(w3,w4) = −mRw5 − fRe3. (4.80)

We define w8 = ‖−mRw5 − fRe3‖. Notice that, since the controller guarantees
a taut/compressed link, it must be that fL �= 0, thus w8 = fL . Defining sR1 =
(−mRw5 − fRe3)/w8 and sW1 = RC(w1)dC(w3,w4)wehave thatRRsR1 = sW1 . Using
also the magnetometer we obtain a direct measurement of RR in the follow-
ing way. Under the assumption that sR1 and w7 are not parallel, let us define
sR2 = (sR1 × w7)/

∥∥sR1 × w7

∥∥ and sR3 = sR1 × sR2 . We then get

RRsR2 = RR(sR1 × w7) = sW1 × hW = sW2 (4.81)

RRsR3 = RR(sR1 × sR2 ) = sW1 × sW2 = sW3 , (4.82)

where {sR1 , sR2 , sR3 } is an orthonormal basis and SR = [sR1 sR2 sR3 ] ∈ SO(3). Then,
defining SW = [sW1 sW2 sW3 ], we obtain a directmeasurements ofRR from the sensors
(w1,w3,w4,w5,w7) as:

RR = SWSR� = WR(w1,w3,w4,w5,w7). (4.83)

Notice that we can find RR only if dW and hW are not parallel (otherwise sW1 ×
hW = 03) and if fL �= 0. Indeed, if fL = 0 the link becomes slack and the aerial
vehicle results decoupled from the rest of the system. In this condition is then not

Table 4.5 List of sensors

# Type Position Reference Measurement

w1 – OC FW X4
C

w2 Absolute encoder OC FC ϑW ≈ l

w3 Absolute encoder OC FC ϕ

w4 Absolute encoder OC FC δ

w5 Accelerometer OR FR RR(p̈WR − ge3)

w6 Gyroscope OR FR ωR

w7 Magnetometer OR FR RRhW
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possible to estimate the attitude of the vehicle in a direct way. Nevertheless, this is
not a practical issue since the proposed controller guarantees any non zero internal
force.7 Regarding the special case in which we ask a zero internal force for just an
instant, e.g., passing from tension to compression, we provide a short discussion in
Sect. 4.9. Furthermore, the magnetometer can be replaced with any sensor able to
measure a known vector inFW expressed inFR not parallel to dW . In the presence of
noisy measurements one can exploitWR and w6 designing a filter to obtain a better
estimation of RR and ωR [26].

After having shown how to estimate RR from the measurements, it remains to
estimate q̇. Defining z = [l l̇ ϕ ϕ̇ δ δ̇] ∈ R

6 we can write its dynamics (see (4.11))
and the respective measurements as

ż = Az + Bσ (z,ut ,RR,X2
C)

wz = [w2 w3 w4]� = Cz,
(4.84)

where8 A = diag(A′,A′,A′), B = diag(B′,B′,B′), C = diag(C′,C′,C′), A′ =[
0 1
0 0

]
, B′ = [

0
1

]
, C′ = [ 1 0 ]. Thanks to the particular canonical form of (4.84), in

order to get an estimation of z, it is possible to apply the following nonlinear high
gain observer (HGO) (see Sect. 2.4)

˙̂z = Aẑ + Bσ (ẑ,ut ,WR,w1) + H(wz − Cẑ), (4.85)

where H = diag(H′,H′,H′) and H′ = [ α1
ε

α2
ε2

]�, with ε ∈ R>0, and the gains
(α1, α2) ∈ R>0 are set such that the roots of s2 + α1s + α2 have negative real part.
The gains (α1, α2) influence the convergence rate of the estimation.

Summarizing, using the standard sensory configuration of Table 4.5, wewere able
to achieve the third goal obtaining an estimation of the whole state:

l̂ = ẑ1 ϕ̂ = ẑ3 δ̂ = ẑ5 R̂R = WR
ˆ̇l = ẑ2 ˆ̇ϕ = ẑ4

ˆ̇δ = ẑ6 ω̂R = w6.
(4.86)

4.7.1 Closed Loop Stability

In Sect. 4.6we saw that the control law�a
DFL,�

b
DFL and�c

DFL need only the knowledge
of the state and of the trajectory of the platform in order to close the loop. Thus we
can use the state estimation provided by the proposed observer as feedback for the
controller. Though, since the system is nonlinear, one cannot apply the separation

7As already said, in a preliminary phase one can bring the cable in a taut condition using a near
hovering control [25]. Then it can be replaced with our controller to maintain the desired tension
or compression.
8diag(X1, . . . ,Xn) is a block matrix having on the main block diagonal the matrices Xi , whereas
the off-diagonal blocks are zero matrices.
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principle like in the linear case. Nevertheless, thanks to the direct measurements
of some entry of the state and to the particular kind of translational dynamics, i.e.,
triangular block dynamics with a direct measurement of the first state of each block,
it can be shown that a strong property holds [24]. In fact, since the closed loop system
by the state feedback controller is exponentially stable for every state except the its
singularities (see Table 4.4), there exist a ε̄ such that, for every 0 < ε ≤ ε̄ in (4.85),
the closed loop system with the observer is exponentially stable, except for the zero
stress case and for the controller singularities [24] (see Sect. 2.4).

4.7.2 Discussion on Platform State Measurement

To obtain a perfect tracking one has to know the derivatives of pCC(t) up to the fourth
order and of ωC(t) up to the third order (see Sect. 4.6). Although any controller (not
only the one proposed here) needs to know (implicitly or explicitly) those variables
to obtain a zero tracking error, it is difficult in practice to directly measure the higher-
order derivatives.

In order to overcome such issue, some practical techniques could be appliedwhich
are here shortly mentioned. If the model and control input of the system are known
(e.g., in the case of an autonomous vehicle), an observer can be designed to retrieve
the needed derivatives of pCC and ωC . Without the dynamic model but with a set of
measurements of some derivatives, one can use standard tracking technique or, if the
trajectory of the vehicle is sufficiently ‘low frequency’, themissing higher derivatives
could be simply assumed negligible and equal to zero. For the last case, in Sect. 5.3
we show that the tracking error remains small and bounded.

4.8 State Estimation for the Reduced Model

As said in the previous section, finding the minimal sensory setup that still allows to
retrieve the full state estimation is a very important problem, for safety but also for
technical and cost-related problems. Driven by these practical reasons and also by the
intrinsic theoretical appeal of solving control problems with minimal sensing, in this
sectionwe show that the standard on-board inertial sensor (i.e., an accelerometer plus
a gyroscope) is sufficient to estimate the full state of the reduced system presented
at the end of Sect. 4.3. We recall that the latter consists of a tethered aerial vehicles
constrained to move on a 2D vertical plane, with the link fixed to the ground and
characterized by a constant length. Its dynamics is given by (4.18). We then show the
design of an exact nonlinear observer for that purpose. Of course the state estimator
designed inSect. 4.7 canbe still applied for the 2Dcase, but the corresponding sensory
setup results non minimal. Indeed, the encoder directly measuring the elevation is
not needed in this case.
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Under the 2D constraints we can redefine the state vector as x = [ϕ ϕ̇ θ θ̇ ]� =
[x1 x2 x3 x4]� ∈ R

4 and the input vector as u = [ fR τRy]� = [u1 u2]�. In view of
those definitions we can rewrite the 2D dynamic model (4.18) in a more convenient
state space form:

ẋ =

⎡

⎢⎢
⎣

x2
a1cx1
x4
0

⎤

⎥⎥
⎦ +

⎡

⎢⎢
⎣

0 0
a2cx1+x3 0

0 0
0 a3

⎤

⎥⎥
⎦u, (4.87)

where a1 = −g/ l, a2 = 1/(mRl), a3 = 1/JR22 are the constant parameters of the
dynamical model. As normal in the literature we define s� = sin (�) and c� = cos (�).
Again, the on-board inertial sensor provides the following measurements:

ω = x4 (4.88)

a = R�
R (p̈R + gzW ) = [

ax ay az
]�

. (4.89)

From now on we omit the second row which is zero by construction, i.e., we assume
a = [

ax az
]�
.

Observing the full state of system (4.87) using the partial measurements (4.88),
and (4.89) is a nontrivial nonlinear observation problem, where the nonlinearities
appear both in the system dynamics and in the measurements. We show in the fol-
lowing how this problem can be successfully tackled. Fist of all exploiting (4.88) we
can define the gyroscope measurement as a new input u3 = ω that lets us reduce the
system dimension from four to three. Then, substituting (4.7) and (4.87) into (4.89)
and performing some simple algebraic manipulation on the accelerometer measure-
ment we obtain

⎡

⎣
ẋ1
ẋ2
ẋ3

⎤

⎦ =
⎡

⎣
0 1 0
0 0 0
0 0 0

⎤

⎦

⎡

⎣
x1
x2
x3

⎤

⎦ +
⎡

⎣
0

a1cx1 + a2cx1+x3u1
u3

⎤

⎦ (4.90)

a =
[

lcx1+x3

(
x22 + a1sx1 + a2sx1+x3u1

)

lsx1+x3

(
x22 + a1sx1 + a2sx1+x3u1

) − a2u1

]
. (4.91)

The problem is then ‘reduced’ to the observation of the state [x1 x2 x3]� from the
knowledge of the measurements a and the inputs [u1 u3]�. However this problem is
still nonlinear both in the system dynamics and in the measurement map.

Trying to apply the exact nonlinear high gain observer also in this case, the sys-
tem should be in the canonical form (2.15). Although at first view system (4.90
and 4.91) does not resemble to a system in canonical form, we shall demonstrate
in the following that it can be put in that form using a few appropriate nonlinear
transformations.
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4.8.1 State/Output Transformations and HGO Design

In the following we prove that there exist a change of coordinates from the original
state x to a new state z = [z1 z2 z3]� and from the original measurements a to a new
measurement w such that the system (4.90 and 4.91) appears in the canonical form
presented in Sect. 2.4. While doing so we highlight also the intuitions that led us to
discover this particular change of coordinates.

First, since the term x1 + x3 occurs frequently in (4.90 and 4.91) a simplifying
choice is to assume z1 = x1 + x3. With this choice we have ż1 = ẋ1 + ẋ3 = x2 + u3
and therefore it is natural to choose z2 = x2 to obtain ż1 = z2 + u3, thus matching
with the first row of the sought canonical form (2.15).

Now, if we compare the second and third rows of (4.90), with the corresponding
rows of the sought canonical form (2.15) we see that: (i) in the canonical form (2.15)
the state-dependent nonlinearity φ appears only in the last row of the dynamics, but,
on the other hand (ii) in (4.90) the nonlinearity appears already in the second row.
Therefore, in order to push this ‘undesired’ nonlinearity down from the second to
the third row we can define z3 = ż2 = ẋ2 = a1cx1 + a2cx1+x3u1. Summarizing, we
propose the following change of variables

z1 = x1 + x3, z2 = x2, z3 = ẋ2 = a1cx1 + a2cx1+x3u1, (4.92)

that transforms the system (4.90 and 4.91) in the following form

ż =
⎡

⎣
0 1 0
0 0 1
0 0 0

⎤

⎦

︸ ︷︷ ︸
A

z +
⎡

⎣
0
0
1

⎤

⎦

︸︷︷︸
B

σ ′(z, sx1 , u1, u̇1, u3) +
⎡

⎣
u3
0
0

⎤

⎦

︸ ︷︷ ︸
λ(u3)

(4.93)

a =
[

lcz1
(
z22 + a1sx1 + a2sz1u1

)

lsz1
(
z22 + a1sx1 + a2sz1u1

) − a2u1

]
, (4.94)

where the sole state-dependent nonlinearity σ ′ = a1z2sx1 + a2cz1 u̇1 − a2sz1(z2 +
u3)u1 is now appearing in the third row, as desired. Notice that we have, on pur-
pose, left the term sx1 untransformed. In the following we show why this choice is
convenient instead of directly computing sx1 from (4.92).

To reach the form of (2.15) it remains to extract a measurement of z1 from the
accelerometer reading. From (4.94), defining

η =
√
a2x + (az + a2u1)

2 = ±l
(
z22 + a1sx1 + a2sz1u1

)
, (4.95)

we can obtain a direct measure of z1 writing

w = atan2 (±ax/η, ±(az + a2u1)/η) = z1 + kπ, (4.96)
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where k ∈ {0, 1}.Notice that the transformation is possible only ifη �= 0. From(4.12),
the internal forces expression for the reduced system (4.87) results:

fL = 1

a2
x22 + a1

a2
sx1 + sx1+x3u1. (4.97)

Then, from Eqs. (4.97) and (4.95) it results that

η = ± 1

mR

(
1

a2
z22 + a1

a2
sx1 + sz1u1

)
= ± fL

mR
, (4.98)

thus the transformation (4.96) requires non zero force along the link, fL �= 0, as in
the previous section. Another time, this correspondence highlights, that the condition
fL �= 0 it is not just related to our particular transformation choice but is a structural
observability requirement. Indeed, if the force along the link is zero, the aerial vehicle
and the link become two independent systems9 and the onboard inertial sensor is not
enough to estimate the entire state. In the design of the observer we need to consider
this singularity especially for the cases where the desired link force passes from a
tension ( fL > 0) to a compression ( fL < 0).

The accelerometer is also used to replace sx1 into (4.93) obtaining the sought
canonical form(2.15). In particular from (4.95) we can write

sx1 = (±η/ l − z22 − a2sz1u1
)
/a1. (4.99)

With reference to (4.93) we can then write σ ′ = σ(z,μ), i.e., in terms of only z
and known quantities μ = [u1 u̇1 u3 ± η]�. Notice that the time derivative of the
thrust is needed. This can be computed numerically from u1 in an approximate way.
However, if one of the previous presented dynamic feedback linearizing controllers
is used (see Sect. 4.6), u̇1 is an internal state of the controller and so known precisely.

Observe that, the sign to be put in front of η is ambiguous. It is convenient to recast
this ambiguity putting always a positive sign and considering two possible values:
η+ = +η and η− = −η. Corresponding to these quantities we then get two different
dynamic models, the one with (σ (z,μ+),w+) and the one with (σ (z,μ−),w−)

corresponding to the use of η+ and η−, respectively. At each time instant only one
choice for η is correct, i.e., η = fL/mR , to which corresponds the correct measure
w = z1 and the correct dynamics. It is not possible, however, to discriminate the
correct choice instantaneously from themeasurements only. In Sect. 4.8.4we propose
a discriminating solution based on the prediction error.

Although less intuitive, the computationof sx1 into (4.93) exploiting the accelerom-
eter readings, allows to concentrate the ambiguity only on the sign of η obtaining two
possible dynamic models. Whereas with the more canonical technique, i.e., invert-
ing the state transformation, we would have four different dynamic models. Indeed

9In fact, due to the assumption that the mass and rotational inertia of the link are negligible, the link
force represents the only coupling force between the two sub-systems.
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from (4.92) we would get sx1 = ±
√
1 − (z3 − a2cz1u1)2/a

2
1 that presents another

ambiguity on the sign thus generating four possible combinations of the dynamics
and measurement equations.

For the design of the observer let us assume that the correct choice between η+ and
η− is known. In Sect. 4.8.4 we shall propose a method to gain this knowledge. Under
this assumption, the described transformation of the state and the measurements
have finally transformed the original system (4.90 and 4.91) in an equivalent one
in a canonical form, i.e., ż = Az + Bσ(z,μ) + λ(μ) and w = [1 0 0]z = Cz, for
which we can use the following high gain observer [24]

˙̂z = Aẑ + Bσ(ẑ,μ) + λ(μ) + H(w − Cẑ), (4.100)

where H = [
α1
ε

α2
ε2

α3
ε3

]�
, ε ∈ R>0, and αi ∈ R>0 are set such that the roots of p3 +

α1 p2 + α2 p + α3 have negative real part.10

4.8.2 Observation of the Original State

From the estimation of z, in order to obtain the estimation of the original state x, we
note that the state transformation (4.92) is not directly invertible. One can notice that
the onlyknowledgeof z is not enough to retrieve x1, indeed from(4.92) one can extract
only cx1 . Nevertheless, exploiting also the accelerometer measurements (4.99), we
can write

[
cx1
sx1

]
=

⎡

⎢
⎣

1

a1
(z3 − a2cz1u1)

1

a1

(
η

l − z22 − a2sz1u1
)

⎤

⎥
⎦ = h(z, u1, η). (4.101)

The state x1 can then be computed as the phase of the unit vector h(z, u1, η) denoted
by ∠ h(z, u1, η). Thus the estimation of the original state is given by

x̂ = x̂(ẑ, u1, η) =

⎡

⎢⎢
⎣

∠ h(ẑ, u1, η)

ẑ2
ẑ1 − ∠ h(ẑ, u1, η)

u3

⎤

⎥⎥
⎦ . (4.102)

The full observer chain is then depicted in Fig. 4.5.

10The difference (w − C ζ̂ ) stands here for the unique angle β ∈ (−π, π ] such that β + C ζ̂ =
w + k2π for a certain k ∈ Z.
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Fig. 4.5 Observer. c© 2020
IEEE. Reprinted, with
permission, from [12]
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4.8.3 Closed-Loop System Stability with State Observation

To prove the stability of the closed loop system when the control action is computed
from the estimated state, a similar reasoning to the one in Sect. 4.7 can be done. In
particular, for each of the state feedback linearizing controllers, since they are stable
out of some singularities (see Table 4.4) there exists ε� > 0 such that, for every
0 < ε < ε�, the global closed loop system is exponentially convergent for every
state except for the zero internal link force and the for the controller singularities.
Although the convergence of the observer is almost global, an initialization phase of
the estimation can be useful in order to minimize the transient duration, e.g., using
the method proposed in [6] for a quasi static initial condition.

Furthermore notice that this observer cannot be directly employed with the static
controllers of Table 4.4. Indeed a measure of the derivative of the thrust is needed.
Nevertheless one can compute it numerically or applying a dynamic compensator to
such controllers. This last option is omitted in this book since it is a trivial extension.

4.8.4 Disambiguation of η and Observability Discussion

As explained before, the transformation of the measurements presents an ambiguity
on the sign of η, that can be considered positive, η+, or negative, η−. We show in this
section how the correct choice can be easily made. Refer to Fig. 4.6 for a graphical
representation.

For each of the two possible choices let us implement an HGO equal to (4.100)

˙̂z+ = Aẑ+ + Bσ(ẑ+,μ+) + λ(μ+) + H(w+ − Cẑ+) (4.103)

˙̂z− = Aẑ− + Bσ(ẑ−,μ−) + λ(μ−) + H(w− − Cẑ−), (4.104)

obtaining two different estimations of the state (ẑ+, ẑ−), and therefore two different
estimations of the original state (x̂+, x̂−) of which only one is correct. In order to
select the correct state we propose a discrimination method based on the comparison
of the measurement prediction errors. At the first observer we assign a prediction
error ẽ+ smoothed with an exponential discount factor: ˙̃e+ = λ

(∥∥a − â+
∥∥ − ẽ+

)
,

where λ ∈ R>0 sets the discount rate, and â+ is defined as
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Fig. 4.6 Global observer with disambiguation of η. c© 2020 IEEE. Reprinted, with permission,
from [12]

â+ =
[

lcx̂1++x̂3+
(
x̂22+ + a1sx̂1+ + a2sx̂1++x̂3+u1

)

lsx̂1++x̂3+
(
x̂22+ + a1sx̂1+ + a2sx̂1++x̂3+u1

) − a2u1

]
. (4.105)

The other prediction error ẽ− is defined similarly. Then we select the estimation
provided by the observer implementation which produces the prediction error closer
to zero, i.e., x̂ = x̂+ if ẽ+ ≤ ẽ− and x̂ = x̂− otherwise.

In Fig. 4.6we represent the full observer with the discrimination chain. Notice that
the disambiguation of the two observers is not done directly using ẑ because is not
possible to write the predictedmeasure â as function of ẑwithout introducing another
ambiguity. Indeed, as we saw in Sect. 4.8.1, trying to replace x̂ with ẑ into (4.105)
inverting the state transformation (4.92), we introduce an ambiguity on the sign of
sx1 . Whereas the problem does not hold if we apply this discrimination technique on
the original state estimation (x̂+, x̂−).

Notice that for the motions that implies a constant elevation (x2 = 0), it is
not possible to discriminate the correct observer. Indeed, with x2 = 0 and since
w± = z1 + kπ , after a transient the two observers converge to (ẑ1± = z1 + kπ ,
ẑ2± = 0, ẑ3± = 0), and, using (4.102), we obtain (x̂1± = x1 + kπ , x̂2± = 0, x̂3± =
x3, x̂4± = x4). Under this condition, from Eq. (4.105) it results that the prediction
errors of the two observers converge both to zero thus making ineffective the pro-
posed discrimination strategy. Nevertheless, in practice this is not a problem. Indeed,
if the controller loop is closed with the wrong observer then the wrong estimation
will let the control implement a law that is different from the sole that keeps x2 = 0
causing x2 �= 0 and thus the predictions errors will become discriminant.

Finally, notice that the ambiguity issue discussed in this section is present only in
the initial phases. Whenever the good observer is selected with sufficient certainty,
one can switch off the other. For this purpose one can set a confidence threshold
on the tracking error of the desired output. If an observer reaches the confidence
threshold then this is identified as the correct one and the other one is switched off.

4.9 Discussion on the Proposed Observers

In this book we proposed two observers for the state estimation of a tethered aerial
vehicle. One for the general system and one for the reduced one presented in Sect. 4.3.
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Table 4.6 List of designed observers with corresponding main features and characteristics
Model Method External

measure-
ments

Internal
measure-
ments

Transformations Singularities Degree Ambiguities

General HGO IMU, three
encoders

– Measures fL = 0 2 No

Reduced HGO IMU ḟ R Measures, state fL = 0 2 2

The main features and characteristics of such observers are summarized in Table 4.6.
Somediscussions about the applicability and the robustness of the proposed observers
follow.

4.9.1 Applicability

If the link force fL is zero then some of the measurement transformation shown for
both the general and reduced model cannot be determined. In the very special case
that the link force has to be constantly equal to zero, the proposed observers are
not applicable11 (while the controller would still work). Nevertheless, the proposed
controller �a

DFL can guarantee a nonzero link internal force. In the particular case
in which the desired link force is passing through zero for a sufficiently short time
interval, then the proposed observer can be still used in practice by updating the filter
without the correction term in that time instants. For example, for the reduced model
we can impose

˙̂z = Aẑ + Bσ(ẑ,μ) + λ(μ) if η = 0. (4.106)

In this way the error dynamics becomes non strictly stable for a short moment but the
dynamics returns asymptotically stable as soon as the link force returns to a non-zero
value.

4.9.2 Robustness

In order to deal with known drawbacks of the HGO, such as peaking phenomenon
and noise sensitivity, many common practical solutions have been presented in the
literature, see e.g., [24]. For example, to overcome the peaking phenomenon, it is
sufficient to saturate the estimated state on a bounded region that defines the operative
regions of the state for the system in exam. In the presence of measurement noise,
the use a switched-gain approach can guarantee a quick convergence to the real state
during the first phase while reducing the noise effects at steady state.

11The static observer in [6] requires a nonzero link force as well to work.
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