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a b s t r a c t

Thin-walled metamaterials based on triply periodic surfaces are relatively simple, light-weight structures
that, as shown in the following, possess extraordinary material properties. As opposed to their filled
counterparts, these structures can be tuned to be elastically isotropic and isotropically auxetic - the latter
is the material property of extending in all directions under tensile loading in one direction. Considering
level surfaces topologically equivalent to the triply periodic minimal surfaces of types Primitive, Dia-
mond, Gyroid and I-WP, we focus on stiffness, symmetry, auxeticity, Cauchy pressure and proximity to
Born mechanical instability. Our findings show that core-shell structures respond drastically differently
not only in their stiffness but also for each of these observed properties compared to their counterparts
with complete filling. Only core-shell topology makes elastic isotropy possible. Diamond core-shell
structures are the only ones which show negative Cauchy pressure pC <0. Most notably, for the Dia-
mond core-shell structures we observe an auxetic behavior spanning over the whole range from non-
auxetic to isotropically auxetic. For the structures possessing auxeticity, negativity in the Poisson's ra-
tio is retained for a wide deformation range spanning from small-strain tension to large-strain
compression.
© 2019 The Authors. Published by Elsevier Ltd on behalf of Acta Materialia Inc. This is an open access

article under the CC BY-NC-ND license (http://creativecommons.org/licenses/by-nc-nd/4.0/).
1. Introduction

Once stretched along a certain direction, materials typically
contract in the corresponding orthogonal directions. Many mate-
rials, especially ones with ordered structure, commonly show dis-
similar behaviors when loaded in different directions. For
conventional materials, particularly for most cubic metals [1],
the absolute transverse stress due to a unit normal strain along
〈100〉 is larger than the absolute shear stress due to an applied unit
engineering shear strain across the ð100Þ plane in the ½010� direc-
tion. The first of these three conditions relates to a positive sign of
the Poisson's ratio nm;n which is the ratio of lateral contraction
strain to longitudinal extension strain in a simple tension test,
i.e., nm;n ¼ � εn=εm, where m is the loading direction and n is the
transverse direction, i.e., m⊥n. The second condition refers to
anisotropy, that is the existence of privileged directions in the
mechanical response. Finally, the third corresponds to the
positive sign of the Cauchy pressure, given, e.g., for the cubic
crystals as pC ¼ c12 � c44, which is controlled by the order relation
oyarslan).
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between the modulus for dilation on compression c12 (extension-
extension coupling reflecting the Poisson effect) and the shear
modulus c44 [2].

In this work, we present an exceptional class of thin-walled
metamaterials, the responses of which are tunable to provide un-
usual material properties, such as negative Poisson's ratio (aux-
eticity) for all directions, thermomechanical isotropy and negative
Cauchy pressure. The presented metamaterials are constructed
using triply periodic functions which correspond to level sets ob-
tained by taking linear combinations of several structure factors for
enhanced pinch-off behavior. These surfaces possess symmetry and
topological properties identical to triply periodic minimal surfaces
(TPMS) [3], see Fig. 1. We demonstrate that filled and core-shell
structures act drastically differently and that the differences go
beyond the trivial expectations of altered stiffnesses. The auxeticity
of the materials is retained over a wide range of strains from
infinitesimal tension to finite compression including post-buckling
deformations.

Most engineering materials possess positive Poisson's ratios:
e.g., it is ca. 0.3 for aluminum and steel, ca. 0.45 for lead and gold,
0.1 to 0.4 for foams [4,5]. A Poisson's ratio of 0.5 corresponds to
incompressibility, which is typically observed in isotropic rubbery
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Fig. 1. 3D renderings of the microstructures based on triply periodic surfaces which
correspond to level sets obtained by taking linear combinations of several structure
factors for enhanced pinch-off behavior. These surfaces possess symmetry and topo-
logical properties identical to triply periodic minimal surfaces (TPMS) of type (a)
Primitive (P), (b) Diamond (D), (c) Gyroid (G) and (d) I-WP. At the center, 3�3� 3
tilings of the filled unit cells are given. Surrounding the center, surfaces corresponding
to five different level cuts, which result in the fraction of volume enclosed by the
surface to be (1) 10%, (2) 20%, (3) 30%, (4) 40% and (5) 50%, are shown. All views are
along the ½111� directionwith a slight rotational perturbation for a lucid demonstration
of structural features.

1 In the current work, structures are referred to as isotropically auxetic it they
possess auxeticity in all loading/probing direction pairs. In the works of Ting and
Barnett [26] as well as Paszkiewicz and Wolski [27] the identifier completely auxetic
is reserved for this purpose. The term isotropy in this context does not imply the
isotropy in magnitude of the observed Poisson's ratios in arbitrary direction pairs,
but solely the isotropy in the (negative) signs of them.

2 This symmetry is governed by Neumann's principle, which states: “The sym-
metry elements of a physical property of a crystal must include the symmetry el-
ements of the point group.” [28,29]. The ambiguity regarding the use of concepts of
material and physical symmetry, as pointed by Zheng and Boehler [30], seems to
remain. The principle does not state that the symmetry of the physical property is
the same as that of the point group. The symmetry of physical properties is often
higher than that of the point group. According to Neumann's principle, the sym-
metry elements of a physical property must include at least those of the point group
of the crystal. A crystal's point group is an isometry group composed of symmetry
operations (rotations, reflections). In line with the theory, the filled and the core-
shell structures generated by the triply periodic surfaces in this study invariably
show cubic symmetry in their elastic properties. In addition, some of the core-shell
cubic crystals possess elastic isotropy as our computations for Zener's anisotropy
index reveal.
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materials. For materials possessing mechanical isotropy nm;n ¼ n for
any orthogonal vector pair ðm;nÞ. The Poisson's ratio is not bounded
for anisotropic materials [6]. For isotropic materials the thermo-
dynamically admissible range is from �1 to 0.5. It may seem
counterintuitive, but naturally occurring, fabricated or synthesized
microstructures of materials with negative Poisson's ratios exist
with characteristic lengthscales down to the molecular scale, see,
e.g. Refs. [4,7e13], among others.

The term auxetics for materials with negative Poisson's ratios
was introduced by Evans et al. [14]. Auxeticity enhances material
properties, such as indentation resistance (hardness) and shear
resistance, which, for an isotropic material are proportional to
E =½1�n2� and E =½1 þ n�, respectively [15]. If the Poisson's ratio n

tends to �1, both the hardness and shear resistance tend to infinity.
In addition, increased plane strain fracture toughness can be ach-
ieved [14,16]. For honeycomb structures the dielectric properties
are also enhanced [17].

Once a material with a positive Poisson's ratio is subjected to
bending, a transverse curvature with an opposite sign to the prin-
cipal curvature applies and the overall deformed shape turns into
that of a saddle, a condition referred to as anticlastic curvature. In a
sheet made of an auxetic material, the signs of the principal and
transverse curvatures are the same, creating the condition of syn-
clastic curvature [15,18,19]. This is an advantage for many structural
applications in, e.g., sandwich panels used in aircrafts [10], or
metaimplants used in biomechanics [20]. They have diverse
application fields from textile, to military, to biomedical, to aero-
space engineering, see, e.g. Ref. [21], and the references therein.

Generally, two origins are identified for the auxeticity of the
material: (i) geometry of the material's microstructure rather than
its composition and (ii) the deformation mechanisms. The latter
signalizes that the sign and the intensity of the material's Poisson's
ratio may not be retained in all loading conditions at all deforma-
tion levels [12,22,23]. For a detailed review of Poisson's ratios of
modern metamaterials the reader is referred to Ref. [24].
Nonstandard microstructures constituting of re-entrant load-
bearing elements are mostly materials of repeating unit cells
[5,9,10]. It was experimentally shown that the structures proposed
in Ref. [9] show Poisson's ratios as small as �0.8. Idealized re-
entrant unit cells can be produced by the symmetrical collapse of
a 24-sided polyhedron with cubic symmetry [4]. Plastic buckling of
ligaments in natural foam with stochastic microstructure or tetra-
kaidecahedron unit cells of typically convex polyhedral shape
creating a re-entrant cellular geometry [9] or elastic buckling of
spherical shell walls of unit cells [13] constitute further
deformation-mechanism-dependent auxeticity sources which
harness finite strains. Ligament networks with missing ribs also
possess re-entrant structures and, therefore, exhibit a negative
Poisson's ratio. Tethered nodule networks in 2D [25] and 3D [12],
rotating rigid triangles or rectangles in 2D and tetrahedra or cubes
in 3D, chiral honeycombs in 2D and certain interlocking hexagonal
structures are other examples for structures exhibiting auxeticity.
However, some of these structures are 2D and possess the desired
auxeticity only in one particular plane. Moreover, most of them
possess complex geometries and/or constitute multicomponent
materials which require atypical inter-element connections [23] -
which prove difficult to manufacture. On the contrary, currently
proposed structures, some of which can be tailored to isotropic1

auxeticity, are defined by simple trigonometric functions. Thus, a
manufacturer can directly generate the corresponding STL images
using computational geometry software and swiftly construct 3D
structures using additive manufacturing.

The symmetry elements2 of physical properties of a crystal are
of great importance in many applications such as dislocation dy-
namics, phase transformation, wave propagation and geophysical
science to name but a few. The anisotropy depends upon the con-
stituents of the composite, their geometric arrangements within
the unit cell and their volume fractions. Although most composites
are tailored by structural strength, weight or thermal requirements,
very little attention is paid to their elastic anisotropy [31]. One
notable exception is the work of Xue et al. [32], in which the design
of structures through controlling the anisotropy is proposed for
lattice structures.

For cubic symmetry, the Cauchy relation c12 ¼ c44 reduces the
linearly independent constants of the elasticity tensor to two, as in
the case of elastic isotropy. Two of the requirements for the Cauchy
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relationship pC ¼ 0 to hold for solids are (i) purely central forces act
between atoms and (ii) each atom occupies a symmetry center [33].
For a homogeneous single crystalline solid media, these reveal the
influence of inter-atomic bonding. In this respect, a positive Cauchy
pressure implies the angular character of atomic bonding which in
turn causes ductility of the crystal. On the contrary, a negative value
indicates brittleness. For the studied microstructures, the Cauchy
relation reveals the influence of force transmission along the solid
phase.

There has been growing interest in microstructures based on
triply periodic surfaces and their composites in the literature
recently, see, e.g. Refs. [34e57], among others and also the Sup-
plementaryMaterial for further details. Although there exists a vast
amount of literature, mostly stiffness vs. phase volume fraction
relations are reported and there has been no systematic investi-
gation of the linear elastomechanical features such as material
symmetry, auxeticity, Cauchy pressure and proximity to Born me-
chanical instability of these microstructures, especially considering
both the filled and the core-shell variants. Our work bridges this
gap by providing a thorough sensitivity analysis which constitutes a
map for materials scientists in tailoring metamaterials based on
triply periodic surfaces for desired auxeticity, elastomechanical
symmetry or Cauchy pressure. These light-weight metamaterials
may find use in awide range of applications as impact resisting and
energy absorbing elements, acoustic dampers, biological tissue
scaffolds, metaimplants, bending sandwiches and structural panels.
The application areas may expand once their functionally-graded
forms or bicontinuous composites with core-shell reinforcements
based on triply periodic surfaces inheriting some of their
outstanding properties are considered.

2. Methods

MATLAB and PYTHON in conjunction with ABAQUS are used for
generating the finite element models of the microstructures and
ABAQUS is used for finite element simulations. For all the results
presented in the main body of the text, 10-node quadratic tetra-
hedral solid (continuum) elements (C3D10) and general purpose 3-
node shell elements (S3) are used in modeling the filled and the
core-shell structures, respectively. A detailed mesh convergence
analysis is provided in the Supplementary Material where the in-
fluences of other types of elements as well as mesh size are
demonstrated.

2.1. Generation of microstructures

A minimal surface is one for which the two principal curvatures
k1 and k2 in two mutually orthogonal directions are of equal
magnitude and opposite sign at every point [58], giving a constant
and vanishing mean curvature H ¼ ½k1 þ k2�=2 ¼ 0. Such surfaces
prevail in structures which tend to minimize their surface areas
under applied constraints, e.g. soap film emerging on awire dipped
into a solution of soapy water. A TPMS is a minimal surface with
translational symmetries in all three independent directions.
TPMSs are ubiquitous in many natural and synthetic materials
including cell membranes, block copolymers, liquid and solid
crystals and metamaterials [59,60]. Triply periodic minimal Gyroid
(G), Primitive (P) and Diamond (D) surfaces divide space into two
congruent regions whereas the I-WP triply periodic minimal sur-
face form a bicontinuous structure with each separate domain
possessing different volumes.

The filled and core-shell (void core and solid shell) micro-
structures presented in our work are based on triply periodic sur-
faces which correspond to the leveled approximations FðxÞ ¼ x

[3,61] of G, P, D and I-WP triply periodic minimal surfaces (TPMS) of
Schwarz [62] and Schoen [63] (see the Supplementary Material for
further details), where x describes the level cut, with

Primitive : Fðx; y; zÞ¼ a ½cosðxÞþ cosðyÞþ cosðzÞ�
þ b ½cosðxÞcosðyÞþ cosðyÞcosðzÞþ cosðzÞcosðxÞ� ;

(1)

Diamond : Fðx;y;zÞ¼a ½sinðxÞsinðyÞsinðzÞ�cosðxÞcosðyÞcosðzÞ�
þb ½cosð4xÞþcosð4yÞþcosð4zÞ� ;

(2)

Gyroid : Fðx;y;zÞ¼a ½cosðxÞsinðyÞþcosðyÞsinðzÞþcosðzÞsinðxÞ�
þb ½cosð2xÞcosð2yÞþcosð2yÞcosð2zÞþcosð2zÞcosð2xÞ� ;

(3)

I�WP : Fðx; y; zÞ
¼ a ½cosðxÞcosðyÞþ cosðyÞcosðzÞþ cosðzÞcosðxÞ�

þ b ½cosð2xÞþ cosð2yÞþ cosð2zÞ� : (4)

At sufficiently large and sufficiently small levels, the level sur-
faces begin to form isolated domains (pinch-off) at symmetry
points. This limits the achievable phase volume fraction interval
with these surfaces. Large phase volume fraction intervals are
achievable for FðxÞ ¼ x without a pinch-off problem through
adjusting the parameters as ða; bÞ ¼ ð10;�5:1Þ for Primitive,
ða; bÞ ¼ ð10;�0:7Þ for Diamond, ða; bÞ ¼ ð10;�0:5Þ for Gyroid and
ða; bÞ ¼ ð10;�5:0Þ for I-WP, [3,61]. The surfaces making use of these
leveled approximations possess identical symmetry and topologi-
cal properties with Schwarz's [62] and Schoen's [63] original sur-
faces. Based on this equivalence and for convenience, the names
associated with the minimal surfaces are retained while referring
to them although they are neither minimal nor constant curvature
surfaces. The symmetry and the topological properties as well as
the pinch-off level cut and corresponding level volume fraction for
which the listed topological properties are valid are given in
Table A.1 in Appendix A. The parameters used for generating the
structures used in this study are listed in Table B.2 in Appendix B.
2.2. Periodic homogenization and effective mechanical property
determination

Let X2B 0 denote the material points in the reference config-
uration B 0 at the microscale and fðX; tÞ the invertible nonlinear
deformation map which maps them onto points x2B in the cur-
rent configurationB at themicroscale at time t2R þ with x ¼ fðX;
tÞ. Referential and spatial macroscale configurations are denoted by
MB 0 and MB , respectively. The deformation gradient F and its
Jacobian determinant J are defined by F ¼ V0fðX; tÞ ¼ vx=vX ¼ vxi=
vXj ei5Ej and J ¼ detF , respectively. Here, Ei and ei respectively
denote material and spatial base vectors. In this work, with the
superimposition of material and spatial axes, these are assumed to
be equivalent, that is, Ei≡ei for i ¼ 1;2;3. The eigendecomposition
of the generally nonsymmetric F allows the definition F ¼P3

i¼1lini 5 Ni, where Ni and ni denote referential and spatial
principal directions and li for i ¼ 1;2;3 amount to the principal
stretches, i.e., the eigenvalues of F . The volume preserving part of

the deformation is described by the deviatoric stretches li where

li ¼ J�1=3li. The displacement field at X at time t2R þ is denoted
by u¼ x� X and its gradient by H ¼ V0u.

In absence of dynamic effects and body forces, the spatial



3 The notion of a crystal is defined as a medium possessing symmetry elements
like n�fold axis, planes of symmetry.
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microequilibrium equation reads div s ¼ 0 inB , where div is the
spatial divergence operator with div s ¼ vsij=vxj ei and s is the
Cauchy stress tensor. The computation of the Cauchy stress s relies
on the constitutive assumption. To this end, thematerial is assumed
to be a Neo-Hookean solid. Accordingly, the strain energy W per

unit reference volume is defined as W ¼ a½I1 � 3� þ ½1=b� ½J � 1�2,
where a and b are parameters linked to the shear and the

bulk moduli. I1 ¼ l
2
1 þ l

2
2 þ l

2
3 is the first deviatoric strain

invariant represented in terms of deviatoric stretches. The
first Piola-Kirchhoff stress P is derived from the strain energy
with P ¼ vW =vF . The Cauchy stress tensor s is the calculated
with s ¼ 1=J P$Fu.

In this work, periodic homogenization and effective mechanical
property determination studies are conducted in view of linear and
infinitesimal elasticity. This restriction is removed only in the in-
vestigations of finite strain auxeticity behavior as presented in
Fig. 6. Accordingly, based on the linearization of the Neo-Hookean
model, we use sxC : ε inB 0 where C is the elastic constitutive
tensor and ε :¼ symðHÞ is the microscopic strain tensor. Consid-
ering elastic isotropy at the microscale, the definition of C requires
only two material constants: the Young's modulus E and the Pois-
son's ratio n which are linked to a and b via a ¼ ½1=4� E=½1þn� and
b ¼ 6½1 � 2n�=E, respectively. In this study, for all of the analyses
E ¼ 79 GPa and n ¼ 0:44, using the isotropic elastic properties of
gold. With the assumption of a classical continuum at macroscale,
the macroscropic response is identified through an averaged
Hooke's law

Ms ¼ ℂ+ : M
ε in MB 0; (5)

with ℂ+, Ms and M
ε denoting effective elastic constitutive, stress

and strain tensors, respectively. In general, C+ has 36 effective
constitutive constants out of which 21 are independent and these
constants are determined by computing Ms〈i〉 for i ¼ 1;…;6 inde-
pendent load cases with 3 normal and 3 shear unitary macroscopic
strain tensors M

ε〈i〉, see, e.g., Ref. [64]. According to Neumann's
principle, the minimal elastic property symmetry possessed by the
crystals studied in this work is cubic. Using Voigt notation, cubic
elasticity is represented with three parameters c11, c12 and c44 (see
Appendix C). Making use of the principle of superposition in viewof
linear and infinitesimal elasticity, definition of three parameters
c11, c12 and c44 is possible with considering only 1 load case instead
of 6. This load case is created by combining 1 normal and 1 shear
unitary macroscopic strain tensor and imposed on the RVE by
means of a macroscropic displacement gradient MH〈i〉 through four
master nodes. These points correspond to corners of a cubic RVE in
3D and have reference positions as Xf1g ¼ ð0;0;0Þu, Xf2g =

��Xf2g
�� ¼

ð1;0;0Þu, Xf3g =
��Xf3g

�� ¼ ð0;1;0Þu and Xf4g =
��Xf4g

�� ¼ ð0;0;1Þu.
Under applied macroscopic loading i, the displacement vector of
control node j is fully prescribed as ufjg〈i〉ðtÞ¼MH〈i〉ðtÞ$Xfjg.

With xþ2vV þ and x�2vV � denoting two nodes periodically
located at the periodic finite element model, the load cases are
imposed under periodic boundary conditions considering periodic
displacements u and rotations q (for core-shell structures modeled
with shell elements) as

u〈i〉
�
Xþ; t

�� u〈i〉
�
X�; t

� ¼ MH〈i〉ðtÞ$
�
Xþ � X�� ;

q〈i〉
�
Xþ; t

�� q〈i〉
�
X�; t

� ¼ 0:
(6)

With the limitation to a geometrically linear analysis, the ho-
mogenized stresses are then computed with [65]
Ms〈i〉 ¼
1
V

X4
j¼1

ffjg〈i〉5Xfjg; (7)

where f fjg〈i〉 is the external force applied to control node j during
load case i. The symmetry of Ms〈i〉 is guaranteed for the converged
solution which provides the rotational equilibrium of forces f fjg〈i〉.
3. Results

We investigate the effective linear elastic properties of filled and
core-shell cubic crystals3 based on triply periodic surfaces within
the long wave length approximation by means of finite element
analyses. To this end, representative volume elements (RVEs) cor-
responding to the unit cell building blocks of each crystal (see Fig.1)
are modeled and subjected to mechanical loads under periodic
boundary conditions (see the Methods Section for details on ho-
mogenization and the Supplementary Material for verification of
the finite element simulations). Filled structures with low to
moderate relative density (fB2f10;15;…;45;50g%) and core-shell
structures with very low [66] to low relative density
(fB2f2;3;4;5;10g%) are generated through the variation of the
level cut x and the wall thickness h (see Appendix B for the notation
used regarding volume fraction and for the list of the associated
parameters). Some of these core-shell structures possess quite
atypical behavior mediated by the level cut x and the wall thickness
h while still maintaining a reasonable load bearing capability as
reflected by their moduli.
3.1. Effective bulk modulus K+, shear moduli G+
½100�;½010� and

G+
½110�;½110� and elastic anisotropy

The resistance to deformation with respect to a shear stress
applied across the ð100Þ plane in the ½010� direction (i.e., the shear
modulus G½100�;½010�) is denoted by C ¼ c44, [67]. c11 and c12 do not
have any direct physical interpretation, however, two of their linear
combinations have: K ¼ ½c11 þ2c12�=3 and C0 ¼ ½c11 � c12�=2. The
former represents resistance to deformation with respect to hy-
drostatic pressure (i.e., bulk modulus), whereas the latter amounts
to the resistance to deformation with respect to a shearing stress
applied across ð110Þ plane in the ½110� direction [67], (i.e., the shear
modulus G½110�;½110�). The degree of anisotropy of a cubic crystal is

quantified using AZ ¼ C=C0. For an elastically isotropic medium
AZ ¼ 1. The majority of the crystals have AZ >1, that is why their
stiffest direction is 〈111〉 [68].

Fig. 2 depicts the distributions of the effective shear moduli C+

and C0+, and the effective bulk modulus K+ normalized with
respect to the base material's Young's modulus E and effective

Zener's anisotropy index A+
Z ¼ C+=C0+ as a function of the level

volume fraction and phase volume fraction.
The filled structures show monotonically increasing shear

resistance in both directions with increasing phase volume fraction.
The Primitive structures possess the highest shear resistance in the
½110� plane. For all of the other crystals, the ½100� plane is the stiffest
in shear. Unlike the filled structures, a characteristic switch in the
dominant shear stiffness occurs in all the core-shell structures.
Zener's anisotropy index AZ reveals that the transition points
correspond to isotropy in elastic properties. Thus, as opposed to the
filled ones, our core-shell structures have tunable elastic isotropy



Fig. 2. Normalized effective shear moduli C+ =E and C0+ =E (top), normalized effective bulk modulus K+ =E (center) and effective Zener's anisotropy index A+
Z values (bottom) for

various level fx and phase volume fractions fB . For the filled structures, level and phase volume fractions are identical (fx ¼ fB ). Filled circles represent data for filled structures
whereas empty ones represent results for core-shell topologies. Lines connect computational results. The arrows represent the structures depicted when A+

Z ¼ 1.
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mediated by the level cut x and the wall thickness h.
Like the shear stiffness, the bulk moduli also increase with

increasing the level volume fraction fx and, thus, the phase volume
fraction fB in the filled structures. For the core-shell structures,
although monotonic increase with respect to the phase volume
fraction is observed as anticipated, the dependence of the
normalized bulk modulus on the level volume fraction is not
monotonic. The normalized effective bulk modulus seems less
sensitive to level volume fraction changes once the core-shell
structures are considered with an exception of very low volume
fraction Diamond core-shell structures.

Moreover, the effective Zener's anisotropy index A+
Z plots show

that, except for the filled Primitive cubic crystals which possess
highest elasticity modulus along 〈100〉, for all the other filled
crystals this direction is 〈111〉. As Fig. 2 reveals, compared to the
others, the Gyroid core-shell structures show weaker elastic
anisotropy. On the other hand, the I-WP and the Primitive filled
structures show extreme anisotropy with decreasing phase volume
fraction. The effective Zener's anisotropy index tends to zero with
C+/0 as fB/0 for the Primitive structures with both filled and
core-shell topologies. On the contrary, for the I-WP structures, as
fB/0, the effective Zener's anisotropy index A+

Z tends to infinity
with C0+/0. Unlike the filled structures, which retain their prin-
cipal directions of elastic anisotropy, the core-shell ones have a
tunable response and, most importantly, elastic isotropy is possible.

3.2. Effective Poisson's ratios n+〈100〉 and n+〈111〉 and auxeticity

For a cubic crystal, the Poisson's ratios computed for loadings
along directions 〈100〉 and 〈111〉 are independent of the selected
orthogonal probing direction and, thus, are formulated in terms of
K and C as n〈100〉 ¼ ½3K �2C0�=½6K þ2C0� and n〈111〉 ¼ ½3K �
2C�=½6K þ 2C�. As shown in Fig. 3, all the filled structures except for
the Primitive crystals behave very similarly in trend as well as



Fig. 3. Effective Poisson's ratios n+〈100〉 (top) and n+〈111〉 (bottom) for various level fx and phase volume fractions fB . For the filled structures, level and phase volume fractions are
identical (fx ¼ fB ). Filled circles represent data for filled structures whereas empty ones represent results for core-shell topologies. Lines connect computational results.
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magnitude of n+〈100〉: it monotonically decreases with increasing
level volume fraction. Diamond core-shell structures show a drastic
change in n+〈100〉 with increasing level volume fraction. For a phase
volume fraction of fB ¼ 2% this even creates a negative effective
Poisson's ratio n+〈100〉 for fx >30%. Auxetic Diamond core-shell
structures with fB ¼ 2% and fx ¼ 45% show effective Poisson's
ratio as low as �0:4 and �0:25 for loading directions of 〈100〉 and
〈111〉, respectively. The effective Poisson's ratios n+〈100〉 of Gyroid
core-shell structures are seemingly insensitive to wall thickness
change. However, these plots only give part of the general picture
by considering solely loading along directions 〈100〉 and 〈111〉, and
the auxeticity behavior along the other axis escapes observation.
This is critical especially for the I-WP and the Diamond filled and
core-shell structures which possess auxeticity for the applied ten-
sion/compression along 〈110〉.

Concerning the 〈111〉 directions, an increasing trend in the
effective Poisson's ratios n+〈111〉 is observed only for the I-WP
structures with monotonically increasing level volume fraction.
Here, again, Diamond crystals show a drastic change in the effective
Poisson's ratios n+〈111〉 with increasing level volume fraction fx. For a
phase volume fraction of fB ¼ 2% this even creates a negative
effective Poisson's ratio n+〈111〉 for fx >30%. The effective Poisson's
ratios n+〈111〉 of Primitive core-shell structures are seemingly
insensitive to wall thickness change for fx <20%.

3.3. Every's diagram

In evaluating further elastomechanical properties of our cubic
crystals we use Every's diagram [69]. This diagram allows a direct
evaluation of elastic anisotropy, Poisson's ratio, proximity to Born
mechanical instability, acoustic/polarization anomaly and Cauchy
pressure for different materials [70]. In Every's diagram, materials
with a similar type of interatomic-bonding (not strength) cluster
into smaller regions [70]. Considering the effective elastic response
of our structures, the concept of chemical bonding is substituted by
load bearing struts or cell walls whose topology controls the
transmission of applied loads. One observes drastic differences
between the placement of not only the different TPMS surface
based structures, but also their filled and core-shell variants. This
highlights the importance of microstructural topology in the
effective elastomechanical response. In addition, altering phase and
level volume fraction of the structures also contribute to their
placement in the diagrams.

Every [69], using the definition s1 ¼ c11 þ 2c44 >0, introduced
two dimensionless constants s2 ¼ ½c11 �c44�=s1 and s3 ¼ ½c11 �
c12 � 2c44�=s1. Here, s3 is the scaled acoustic anisotropy parameter
c11 �c12 � 2c44 [27] and, similar to the mentioned Zener's anisot-
ropy index AZ, it characterizes the extent of elastic anisotropy in the
matter. For an elastically isotropic medium s3 ¼ 0. A comparison of
AZ and s3 is given in Fig. 4. For AZ >1 and s3 <0, a case valid for the
majority of the crystals, 〈111〉 occurs as the stiffest direction. On the
other hand, for AZ <1 and s3 >0, the stiffest direction becomes
〈100〉.

In Fig. 4, the background field represents the regions of various
degrees of auxeticity. Along the boundaries of these regions, Pois-
son's ratio vanishes in at least one loading direction. As anticipated,
elastic isotropy implies either isotropic auxeticity or nonauxeticity.
Our results demonstrate that Primitive filled structures always
show positive Poisson's ratios. For Primitive core-shell structures
an increase in the level volume fraction fx is associated with an
increase in the moment of inertia of the ligament walls - causing
the structure to transition from nonauxetic to partially auxetic



Fig. 4. Every's diagram of elastic microstructural responses (left) and deformation modes, shown for two structures representative for very distinct regions (right). The full straight
lines in the Every's diagram bound the stability region in this plane. The grey background represents regions of isotropic and partial auxeticity and nonauxeticity. The darkest grey
colored region refers to isotropic auxeticity, whereas the region with the lightest grey covers nonauxetic elastic response. The other two regions correspond to partially auxetic
material behavior. A comparison of the anisotropy parameters AZ and s3 and corresponding directional dependence of the Young's modulus reveals that the polarity of the
directional dependence increases as AZ and s3 deviate from their isotropic values. All results are within Born mechanical stability limits. The I-WP core-shell structure shows partial
auxeticity and the Diamond core-shell structure is isotropically auxetic. A macroscopic axial strain of 0.001 is considered. For viewing purposes, an exaggeration factor of 100 is
applied to the displacements. All the contour plots given show maximum in-plane true strains at the surfaces of the shell. Each contour plot has its own maximum. For the I-WP
core-shell structure, the maximum of each frame is 3:928 � 10�4 for loading along ½100�, 9:103� 10�4 for loading along ½110� and 7:812� 10�4 for loading along ½111�. For the I-WP
core-shell structure, the maximum of each frame is 6:341� 10�4 for loading along ½100�, 7:252 � 10�4 for loading along ½110� and 6:605� 10�4 for loading along ½111�. The I-WP
structures, although showing positive Poisson's ratios for loading directions 〈100〉 and 〈111〉, for loading direction of ½110� with a probing direction ½110� negative Poisson's ratios
prevail. For the Diamond core-shell structure with the given parameters of fx ¼ 45% and fB ¼ 2%, isotropic auxeticity is observed although with dissimilar magnitudes for different
loading/probing direction pairs. Finally, the red dashed line corresponds to the pC ¼ c12 � c44 ¼ 0. The regions above/below this line correspond to negative/positive Cauchy
pressure, respectively. All structures except for a class of the Diamond core-shell structures show positive Cauchy pressure. (For interpretation of the references to color in this figure
legend, the reader is referred to the Web version of this article.)
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behavior (with n+½110�;½110� <0). For the I-WP filled structures aux-
eticity is possible, however, only for loading along 〈110〉 directions.
Thus, if one only considers loading along 〈100〉 as in Fig. 2, this
behavior escapes observation.

As their phase volume fractions decrease the filled structures
deviate further from isotropy. Only when the phase volume fraction
approaches unity (i.e., completely filled space), the filled structures
possess elastic isotropy. In the Every's diagram, the Gyroid core-
shell structures of different phase and level volume fractions
show a rather clustered view, and, thus, they are less sensitive to
phase and level volume fraction changes as compared to other
structures. As seen in the Supplementary Material, n+½110�;½001� dras-
tically changes for the I-WP filled structures: with decreased phase
volume fraction it increases from nearly 0.3 to 1.2. For the Primitive
filled structure, with the same phase volume fraction alteration it
tends to zero. Moreover, G+

〈111〉 =s
+
1 of the Primitive core-shell and

Diamond filled structures presents itself mainly between 0.05 and
0.15. Diamond core-shell structures spread over this field and are
the only ones which approximately exhibit G+

〈111〉 =s
+
1 >0:2.

In agreement with our aforementioned observations regarding
Fig. 2 for the form of anisotropy, for s3 >0, the stiffest direction of
the cubic crystal is 〈100〉, whereas for s3 <0 it is 〈111〉. Moreover,
the Gyroid structures possess the weakest anisotropy in general
where especially core-shell ones for fx >20% are quite close to
elastic isotropy. All and only the core-shell structures change this
character, i.e., a transition from s3 <0 to s3 >0, see Fig. 4. The filled
structures consistently retain their dominantly stiff directions even
with changing phase volume fractions.

In Every's diagram, the stability criteria in systems of cubic
symmetry define the right, bottom and top edges of the stability
triangle, respectively, see Fig. 4. These criteria are associated with
the two shear and one volumetric deformation modes, and
respectively given as C ¼ c44 >0, C0 ¼ c11 � c12 >0 and K ¼ c11 þ
2c12 >0, see, e.g., Refs. [71,72]. One can reiterate these stability
criteria in terms of the dimensionless constants s2 and s3 and,
following the same order, as s2 <1, s3 > ½2=3� s2 � 2=3 and
s3 < ½5=3� s2 � 1=6. As their phase volume fraction decreases, the
Primitive and the I-WP filled structures become weaker through
approaching the right and bottom edges of the stability triangle
with the shear modulus in ½110� plane tending to zero, i.e., C+/0,
and with the shear modulus in ½100� plane tending to zero, i.e.,
C0+/0, respectively.

The data points displayed on Every's diagram provide guidance
for optimizing the structural parameters fx and fB towards, e.g.,
isotropy or zero Cauchy pressure. As an example, for the Diamond
core-shell structures isotropy can be reached by adjusting the level
volume fraction to fxx33%. Furthermore, if for example an elasti-
cally isotropic structure with n ¼ 0 is desired, Every's diagram tells
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that for the Diamond core-shell structures the range of volume
fractions of 30%<fx <35%; 2%<fB <3% has to be considered. An
isotropic Diamond core-shell structure with zero Cauchy pressure,
however, lies within 30%<fx <35%; 5%<fB <10%. Intriguingly,
Diamond core-shell structures can be tuned to be nonauxetic,
partially auxetic or isotropically auxetic.

In Fig. 4 the red dashed line represents pC ¼ 0 which corre-
sponds to K =s1 ¼ 1=3. The regions above ðK=s1 <1=3Þ and below
ðK=s1 >1=3Þ this line represents negative and positive Cauchy
pressure, respectively. For elastic isotropy, positive Cauchy pressure
pC >0 yields n>0:25 which is the case for most engineering ma-
terials. As the plots of Cauchy pressure illustrate, once the medial
axis of the region with level volume fraction is occupied by mate-
rial, i.e., only for filled structures, and once the ligaments become
thinner with phase volume fraction reduction, Cauchy pressure
tends to zero as observed in Primitive and the I-WP filled struc-
tures. We conclude that, under these circumstances, the force
transmission along the solid phase resembles that of spring net-
works with central interactions instead of beam networks with
central as well as angular interactions with possessed rotational
stiffness at the nodes, see, e.g., Ref. [73].

Among all structures, it is only the core-shell diamond struc-
tures which possess negative Cauchy pressure. All our isotropically
auxetic Diamond core-shell structures show negative Cauchy
pressure. As evident from Fig. 4, Cauchy pressure is tunable by
parametric variations. However, it is impossible to achieve isotropic
auxeticity with non-negative Cauchy pressure. Moreover, partial
auxeticity with n+〈100〉 <0 is possible only if pC <0.

Although not constituting a thermodynamic constraint on elastic
constants, inmost crystals the longitudinal phase velocity vL exceeds
the transverse phase velocity vT for all directions of propagation, i.e.,
vL > vT. In contrast, for two distinct situations, namely if c12 <� c44 or
if c11 < c44, one has vL < vT [74]. Confining our attention to long
wavelength phonons such that effective properties of the equivalent
homogeneous medium can be used, corresponding regions can be
identified as parts of the stability triangle in the Every's diagram.
With the nondimensional coordinates, the two situations corre-
spond to s2 <0 and s3 > s2 within the stability triangle. These situ-
ations are referred to as vertical polarization anomaly and acoustic
anomaly, respectively [75]. In Fig. 4 the conditions s+2 ¼ 0 and s+3 ¼
s+2 are represented by blue dashed lines for the computed effective
properties. As the figure shows, none of our observed structures
Fig. 5. Clarification of the mechanism of negative Poisson's ratio for loading and probing dire
structures. The identical mechanism is valid for both filled and core-shell structures.
exhibit vertical polarization or acoustic anomalies.
3.4. A mechanistic description of partial auxeticity under 〈110〉
loading

As noted in Ref. [76], when stretched along the ½110� direction
69% of the cubic elemental metals have a negative Poisson's ratio. A
mechanistic description of the negative Poisson's ratio of the I-WP
and Diamond filled structures is depicted in Fig. 5. The mechanism
of auxeticity of the I-WP filled structures along a single direction is
attributed to the nonauxetic behavior of 2D rhombic lattice without
re-entrance. I-WP structures can be idealized as specific orthogonal
arrangements of 2D rhombic lattices. In order to clarify the struc-
tural origin, one can consider the deformation behavior in these
orthogonal planes with surface normals ½110� and ½001� individu-
ally. Starting with the plane parallel to the loading direction, owing
to the connectivity between elements, compressive loading causes
the inclined ligaments to open, i.e., resulting in a positive in-plane
Poisson's ratio. The extending legs apply tension to the orthogonal
lattice which contracts in the corresponding orthogonal direction.
Within this orthogonal plane and depending on the effective
loading on it, the behavior is purely nonauxetic. However, in effect a
3D auxetic behavior is achieved with contraction in a direction
orthogonal to that of applied compression. For the I-WP filled
structures we observe �0:6< n+½110�;½110� <0 whereas 0:3< n+½110�;½001�
<1:2 (see Supplementary Material). The structural origin of the
partial auxeticity in the I-WP structure under 〈110〉 loading is
similar to that of a rigid-sphere b.c.c. solid as explained in Baugh-
man et al. [76].

In the Diamond filled structures the deformation behavior can
be analyzed considering the two planes with surface normals ½110�
and ½001�. The applied loading along 〈110〉 is transmitted to the
orthogonal plane. Similar to the case of the I-WP filled structure,
considering the loading plane ½110�, a positive Poisson's ratio is
obtained. Due to connectivity and orientation of the load trans-
mitting elements, the auxetic behavior is less efficient and the
extent of transverse extension and contraction are strongly influ-
enced by the geometrical parameters. For the Diamond filled
structures we observe �0:25< n+½110�;½110� <0:1 whereas

0:5< n+½110�;½001� <0:8 (see Supplementary Material).
ctions along ½110� and ½110�, respectively for the I-WP (top) and the Diamond (bottom)



Fig. 6. Evolving Poisson's ratios, the longitudinal and the transverse engineering strain proportions (left) and corresponding deformed structures with the extent of deformation
(right) for selected Diamond and I-WP core-shell structures, for which the thicknesses are rendered (top row), considering loading along 〈100〉. All the contour plots given show
maximum in-plane true strains at the surfaces of the shell. Each contour plot has its own maximum. For the Diamond core-shell structure marked with blue, the maximum of each
frame is 0.0124 for frame I, 0.0507 for frame II and 0.0674 for frame III. For the Diamond core-shell structure marked with red, the maximum of each frame is 0.0339 for frame I,
0.0738 for frame II and 0.0938 for frame III. Finally, for the I-WP core-shell structure, the maximum of each frame is 0.0187 for frame I, 0.0349 for frame II and 0.0552 for frame III.
The auxeticity of the materials is retained over a wide range of compressive strains, including post-buckling deformations. For finite tension, given in dashed curves, this property is
not preserved for the demonstrated Diamond core-shell structures. (For interpretation of the references to color in this figure legend, the reader is referred to the Web version of
this article.)
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3.5. Conservation of auxeticity under finite compression/tension

Our structures readily possess auxeticity at an infinitesimal
deformation range and not only for compression, but also for ten-
sion, in view of linear elasticity. The question arises, however, up to
which deformation level this auxetic behavior is retained. In Fig. 6
the structures are loaded under uniaxial finite tension and
compression up to absolute axial strain of 0.15. We observe that, for
the isotropically auxetic Diamond core-shell structure, the negative
Poisson's ratio is retained in all directions and only with a marginal
deviation from its initial value at the infinitesimal strain regime. For
finite tension this property is not preserved. For the applied
compressive strain range, local buckling is experienced in some of
our thin-walled core-shell structures. The kinks in the curves of
Poisson's ratio histories of Diamond core-shell crystals in Fig. 6
represent the points at which local buckling occurs. The
deformed shape plots and the maximum in-plane principal strains
before and after the kink occurrence clearly illustrate the change of
deformation mode in the corresponding core-shell structures. For
the I-WP core-shell structures neither a kink nor local buckling is
observed within the extent of the applied load. Thus, the local
deformation modes and the contour plot layouts are identical
throughout the whole strain history. The microscopic strains given
in the contour plots are smaller than the applied macroscopic
strains. This is mainly due to rigid body translations and rotations of
the core-shell walls while accommodating the macroscopically
applied strains. For the small perturbations used in the computa-
tion of the linearized responses, the associated rigid bodymodes do
not create any significant configurational changes, thus, their in-
fluence is negligible.
4. Conclusion

In this work, thin-walled metamaterials based on triply periodic
surfaces, which possess extraordinary material properties are
presented. In evaluating the effective elastomechanical properties
of these cubic crystals computational homogenization in conjunc-
tion with Every's diagrams are used. These diagrams prove
powerful in direct evaluation of elastic anisotropy, Poisson's ratio,
proximity to Born mechanical instability, acoustic/polarization
anomaly and Cauchy pressure for different composites within the
long wave length approximation. As opposed to their filled coun-
terparts, these structures can be tuned to be elastically isotropic
and isotropically auxetic - the latter is the material property of
extending in all directions under tensile loading in one direction.
Their auxeticity is retained in the entire deformation space span-
ning from small-strain tension to large-strain compression. Unlike
the existing auxetic structures which possess complex geometries
and/or which are formed of multi-component materials with
atypical inter-element connections - which prove difficult to
manufacture, the analytical functional forms describing the struc-
tures' geometries are so simple, that a manufacturer can directly
generate the corresponding STL images using computational ge-
ometry software and swiftly construct 3D structures using additive
manufacturing.
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Appendix A. The symmetry and the topological properties
of the unit cells based on triply periodic surfaces

The symmetry and the topological properties as well as the
pinch-off level cut and corresponding level volume fraction for
which the listed topological properties are valid are given in
Table A.1.
Table A.1
The symmetry (space group, point group) and the topological (genus) properties as well as the corresponding pinch-off level cut, level volume fraction thresholds and 3D
renderings of Primitive, Diamond, Gyroid and I-WP surface unit cells of size 2p�2p� 2pwith the pinch-off enhancement [3] given in Eqs. (1)e(4) and listed parameters ða;bÞ.
These surfaces belong to the cubic crystal system and show identical topological properties with Schwarz's [62] and Schoen's [63] original minimal surfaces, see, e.g., Table III of
Schoen [63]. Im3m is a supergroup of Pm3m. The pinch-off thresholds were located by using the FINDDISCONNSURF function [77] in MATLAB which detects separation of surfaces
while iteratively varying the level by 10�3.

surface space group point group genus pinch-off thresholds ðx1;x2Þðfx;1½%�;fx;2½%�Þ 3D renderings at pinch-off thresholds

Primitive Pm3m, no 221 m3m, Oh 3 ð� 4:910;14:707Þ
ð1:75;71:60Þ

Diamond Fd3m, no 227 m3m, Oh 9 ð� 2:090;11:913Þ
ð0:61;57:15Þ

Gyroid I4132, no 214 432, O 5 ð� 13:638;14:627Þ
ð0:76;97:32Þ

I-WP Im3m, no 229 m3m, Oh 7 ð� 14:980;14:959Þ
ð0:66;89:91Þ
Appendix B. The level cut x and the wall thickness h values of
the developed TPMS-based unit cells based on triply periodic
surfaces

For filled structures, merely the level cut x defines the phase
volume fraction fB . On the contrary, for the core-shell structures,
with the assumption that the leveled surface represents the center
of the shell, it only describes the midsurface area S . Then,
Table B.1
The level cut x and the wall thickness h values used in the development of the microstruc
fraction is equal to the level volume fraction, i.e., fB ¼ fx , and, thus, it is controlled byme
thickness h is used. One can represent the level cut x in terms of level volume fraction
very high coefficient of determination R2 � 0:9999, are p1 ¼ � 21:25, p2 ¼ � 13:75, p3 ¼
p2 ¼ �29.49 and p3 ¼ 15:17 for Gyroid and p1 ¼ � 19:54, p2 ¼ �19:19 and p3 ¼ 15:6 fo

Primitive Diamond

fx ½%� fB ½%� x h fx ½%� fB ½%� x h

10 2 13.702 0.0855 10 2 10.057 0.0527
10 3 13.702 0.1283 10 3 10.057 0.0791
10 4 13.702 0.1711 10 4 10.057 0.1054
10 5 13.702 0.2139 10 5 10.057 0.1318
10 10 13.702 0.4278 10 10 10.057 0.2636
15 2 12.794 0.0727 15 2 8.852 0.0446
15 3 12.794 0.1090 15 3 8.852 0.0669
15 4 12.794 0.1454 15 4 8.852 0.0892
15 5 12.794 0.1817 15 5 8.852 0.1115
15 10 12.794 0.3634 15 10 8.852 0.2230
20 2 11.744 0.0653 20 2 7.573 0.0400
20 3 11.744 0.0980 20 3 7.573 0.0600
20 4 11.744 0.1306 20 4 7.573 0.0800
20 5 11.744 0.1633 20 5 7.573 0.1000
20 10 11.744 0.3266 20 10 7.573 0.2000
(uniform) wall thickness h allows the computation fB ¼ h� S =V
whereV is the volume of the RVE. To avoid ambiguity, the fraction
of the volume contained in the level cut surface is denoted by fx,
which, for the filled structures amounts to the phase volume frac-
tion, that is, fB ¼ fx. The parameters used for generating the
structures are listed in Table B.1. 3D renderings of some of the
microstructures with thickness are given in Fig. B.1.
tures with unit cell sizes of 2p � 2p� 2p. For the filled structures, the phase volume
rely the level cut x. For the core-shell structures, in addition to the level cut x the wall
fx with xðfxÞ ¼ p1 f2

x þ p2 fx þ p3. The fitting parameters of each structure, with a
15:32 for Primitive, p1 ¼ �1.446, p2 ¼ �25.36, p3 ¼ 12:66 for Diamond, p1 ¼ �2.54,
r I-WP.

Gyroid I-WP

fx ½%� fB ½%� x h fx ½%� fB ½%� x h

10 2 12.164 0.0637 10 2 13.449 0.0578
10 3 12.164 0.0955 10 3 13.449 0.0867
10 4 12.164 0.1274 10 4 13.449 0.1157
10 5 12.164 0.1592 10 5 13.449 0.1446
10 10 12.164 0.3184 10 10 13.449 0.2891
15 2 10.704 0.0545 15 2 12.309 0.0488
15 3 10.704 0.0817 15 3 12.309 0.0732
15 4 10.704 0.1089 15 4 12.309 0.0976
15 5 10.704 0.1362 15 5 12.309 0.1220
15 10 10.704 0.2723 15 10 12.309 0.2440
20 2 9.189 0.0492 20 2 11.023 0.0438
20 3 9.189 0.0738 20 3 11.023 0.0657
20 4 9.189 0.0985 20 4 11.023 0.0875
20 5 9.189 0.1231 20 5 11.023 0.1094
20 10 9.189 0.2461 20 10 11.023 0.2188

(continued on next page)



Table B.1 (continued )

Primitive Diamond Gyroid I-WP

fx ½%� fB ½%� x h fx ½%� fB ½%� x h fx ½%� fB ½%� x h fx ½%� fB ½%� x h

25 2 10.566 0.0606 25 2 6.254 0.0371 25 2 7.650 0.0459 25 2 9.606 0.0406
25 3 10.566 0.0909 25 3 6.254 0.0556 25 3 7.650 0.0689 25 3 9.606 0.0609
25 4 10.566 0.1212 25 4 6.254 0.0741 25 4 7.650 0.0918 25 4 9.606 0.0811
25 5 10.566 0.1515 25 5 6.254 0.0927 25 5 7.650 0.1148 25 5 9.606 0.1014
25 10 10.566 0.3029 25 10 6.254 0.1853 25 10 7.650 0.2296 25 10 9.606 0.2028
30 2 9.275 0.0574 30 2 4.920 0.0351 30 2 6.090 0.0437 30 2 8.082 0.0384
30 3 9.275 0.0861 30 3 4.920 0.0526 30 3 6.090 0.0655 30 3 8.082 0.0576
30 4 9.275 0.1148 30 4 4.920 0.0702 30 4 6.090 0.0874 30 4 8.082 0.0769
30 5 9.275 0.1434 30 5 4.920 0.0877 30 5 6.090 0.1092 30 5 8.082 0.0961
30 10 9.275 0.2869 30 10 4.920 0.1755 30 10 6.090 0.2185 30 10 8.082 0.1922
35 2 7.886 0.0552 35 2 3.572 0.0337 35 2 4.519 0.0422 35 2 6.467 0.0370
35 3 7.886 0.0828 35 3 3.572 0.0506 35 3 4.519 0.0633 35 3 6.467 0.0555
35 4 7.886 0.1104 35 4 3.572 0.0675 35 4 4.519 0.0844 35 4 6.467 0.0740
35 5 7.886 0.1380 35 5 3.572 0.0843 35 5 4.519 0.1055 35 5 6.467 0.0925
35 10 7.886 0.2759 35 10 3.572 0.1687 35 10 4.519 0.2110 35 10 6.467 0.1850
40 2 6.396 0.0537 40 2 2.240 0.0328 40 2 2.942 0.0412 40 2 4.770 0.0361
40 3 6.396 0.0806 40 3 2.240 0.0493 40 3 2.942 0.0618 40 3 4.770 0.0541
40 4 6.396 0.1074 40 4 2.240 0.0657 40 4 2.942 0.0825 40 4 4.770 0.0721
40 5 6.396 0.1343 40 5 2.240 0.0821 40 5 2.942 0.1031 40 5 4.770 0.0901
40 10 6.396 0.2686 40 10 2.240 0.1642 40 10 2.942 0.2062 40 10 4.770 0.1803
45 2 4.816 0.0528 45 2 0.930 0.0323 45 2 1.371 0.0407 45 2 2.993 0.0355
45 3 4.816 0.0793 45 3 0.930 0.0485 45 3 1.371 0.0610 45 3 2.993 0.0533
45 4 4.816 0.1057 45 4 0.930 0.0646 45 4 1.371 0.0814 45 4 2.993 0.0710
45 5 4.816 0.1321 45 5 0.930 0.0808 45 5 1.371 0.1017 45 5 2.993 0.0888
45 10 4.816 0.2642 45 10 0.930 0.1616 45 10 1.371 0.2035 45 10 2.993 0.1776
50 2 3.153 0.0525 50 2 � 0:338 0.0321 50 2 � 0:188 0.0405 50 2 1.157 0.0353
50 3 3.153 0.0787 50 3 � 0:338 0.0482 50 3 � 0:188 0.0608 50 3 1.157 0.0530
50 4 3.153 0.1049 50 4 � 0:338 0.0642 50 4 � 0:188 0.0810 50 4 1.157 0.0706
50 5 3.153 0.1311 50 5 � 0:338 0.0803 50 5 � 0:188 0.1013 50 5 1.157 0.0883
50 10 3.153 0.2623 50 10 � 0:338 0.1606 50 10 � 0:188 0.2026 50 10 1.157 0.1766

Figure B.1. 3D renderings of the microstructures for fB ¼ 10% and for fx ¼ 10% (left) and fx ¼ 50% (right) considering unit cell sizes of 2p � 2p� 2p. Corresponding parameters
are given in Table B.1.
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Appendix C. Elastic properties of cubic crystals

In Voigt notation, the matrix representations of the elastic
stiffness C and the compliance S tensors with S ¼ C�1 for the case
of cubic symmetric crystals are given as

½C�¼

0
BBBBBBBB@

c11 c12 c12 0 0 0
c11 c12 0 0 0

c11 0 0 0
c44 0 0

c44 0
c44

1
CCCCCCCCA
; ½S�¼

0
BBBBBBBB@

s11 s12 s12 0 0 0
s11 s12 0 0 0

s11 0 0 0
s44 0 0

s44 0
s44

1
CCCCCCCCA
:

(C.1)

Thus, unlike an isotropic material where two parameters define
the whole elasticity tensor, three parameters define the elasticity
tensor. Here, c11¼ C 1111, c12¼ C 1122, c44¼ C 1212. For the
compliance components one has s11¼ S 1111, s12¼ S 1122, s44¼
4S 1212. The elastic stiffness constants are linked to the compliance
constants with s11¼ ½c11þ c12�=g, s12¼�c12=g and s44¼ 1= c44
where g¼ ½c11� c12�½c11þ 2c12�.

Using three constants c11, c12 and c44, we compute the Young's
modulus E, shear modulus G, and Poisson's ratio n for arbitrary
directions m and n. For this, we define

Pðm;nÞ ¼
X3
i¼1

½mini�2 and pðnÞ ¼
X3
i¼1

n4i : (C.2)

Hayes and Shuvalov [78] have shown that P2½0;0:5� for all
ðm;nÞ pairs where jmj ¼ jnj ¼ 1 with

��a�� ¼ a21 þ a22 þ a23. Accord-
ingly, the Young's modulus Em along direction m reads

Em ¼
�

1
3½c11 þ c12�

� 1� 3pðmÞ
3½c11 � c12�

þ 1� pðmÞ
2c44

��1

: (C.3)

The shear modulus acting on the plane defined by the directions
m and n is denoted with Gm;n and is given by

Gm;n ¼ 1
4

�
Pðm;nÞ

½c11 � c12�
þ 1� 2Pðm;nÞ

4c44

��1

: (C.4)

Finally, the Poisson's ratio for an anisotropic linear elastic ma-
terial is defined using two orthogonal directions m and n. Here, m
stands for the loading direction and n is the transverse probing
direction.



C. Soyarslan et al. / Acta Materialia 177 (2019) 280e292 291
nm;n ¼ En
½c11 þ 2c12�½c11 � c12 � 2c44�Pðm;nÞ þ 2c44c12

2½c11 þ 2c12�½c11 � c12�c44
:

(C.5)

If nm;n <0 for all ðm;nÞ, then the material is referred to as iso-
tropically auxetic [26]. Opposingly, if nm;n >0 for all ðm;nÞ, then the
material is referred to as nonauxetic [26]. In an isotropic medium
nm;n is independent of ðm;nÞ, so that such a material is isotropically
auxetic if s12 >0 and nonauxetic if s12 � 0. Following Ting and
Barnett [26], and using nondimensionalization [27], we define the
nondimensional parameter Q for a cubic elastic material

Q ¼2½s011 þ s012� � s044 where s0ij ¼
sij
s1

: (C.6)

A crystal of cubic symmetry is defined to be isotropically auxetic
if

s012 >0 and Q >0 ; (C.7)

and nonauxetic if

s012 � 0 and Q � 0 : (C.8)

Appendix D. Supplementary data

Supplementary data to this article can be found online at
https://doi.org/10.1016/j.actamat.2019.07.015.
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