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A B S T R A C T   

Heavy metal soil pollution is a worldwide problem. It is affected by many natural and human factors through 
heterogeneous relationships. Accurate prediction at unobserved locations using a limited number of observations 
hence remains a challenge. This study proposes a two-point machine learning method to fully utilize the in-
formation in spatial neighbors and high-dimensional covariates to improve prediction accuracy. It models the 
difference between pairs of points, predicts concentration differences between observation points and unob-
served points, and uses those for neighbor selection. This supervised learning method integrates both spatial 
autocorrelation and property similarity. Method performance, illustrated in a case study of soil Pb, confirms that 
our method can greatly improve prediction accuracy for different sample sizes. The improvements vary with the 
sample size and have a decreasing trend as the sample size increases. Compared with ordinary kriging, kriging 
with external drift, random forest, and random forest-based regression kriging, the average improvements on 
RMSE are 1.49, 0.95, 0.93 and 0.62 respectively, and on MAE are 1.29, 1.17, 0.87 and 0.65 respectively. In the 
future, the method may be applied to the spatial prediction of other variables of the earth system, while the 
supervised learning method can be adjusted to new applications.   

1. Introduction 

Due to rapid industrialization and urbanization in decades, soil 
heavy metal (SHM) pollution has become a worldwide problem (Pan 
et al., 2016; Lv, 2019). It has caused serious ecological risks and is 
threatening human health (Wang et al., 2015; Rai et al., 2019; Liu et al., 
2020). Heavy metals come from a range of natural and anthropogenic 
sources, and their transport and accumulation are affected by environ-
mental factors like topography, climate, soil type and organisms (Liu 
et al., 2018; Peng et al., 2019). Anthropogenic sources are diverse and 
include industry discharge through atmospheric deposition or waste-
water irrigation, residential sanitary waste, traffic emissions, livestock 
manure and pesticide use (Mahmoudabadi et al., 2015; Hou et al., 2017; 
Zhang et al., 2018). As a result, a complex heterogeneous SHM pattern 
occurs (Hendricks Franssen et al., 1997; Marchant et al., 2011; Cao et al., 
2017; Chen et al., 2020). Relationships between SHMs and their influ-
encing factors are spatially heterogeneous as well (Fernández et al., 

2018; Qu et al., 2018; Lü et al., 2019). We thus distinguish two inter-
related types of heterogeneity: spatial heterogeneity of the SHM and 
spatial heterogeneity of the relationship between SHM and their influ-
encing factors. This is referred to as dual heterogeneity hereafter. The 
first heterogeneity means that the spatial distribution of SHM is 
nonstationary due to the variety of pollution sources and will cause large 
prediction errors if we only consider the spatial autocorrelation. The 
second heterogeneity means that the relationship between SHM and 
covariates is nonstationary because the migration and accumulation of 
SHM vary according to the local environment; in this case, a single 
global covariance function is not suitable, and an empirically derived 
bandwidth is needed to build a moving-window covariance function. 
Dual heterogeneity has therefore caused difficulties in making accurate 
spatial predictions of SHM concentrations. Spatial sampling and pre-
diction are the main ways to solve the difficulties (Hendriks et al., 1998; 
Ha et al., 2014; Zhao et al., 2018). What makes accurate spatial pre-
diction even more challenging is that sampling and analysis of SHM 
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concentrations are expensive and only sparse observation points are 
available (Hou et al., 2017). In summary, it is challenging to accurately 
predict SHM concentrations at unobserved locations that result in a 
highly accurate SHM concentration map (Hendricks Franssen et al., 
1997; Marchant et al., 2011; Cao et al., 2017). 

According to the theoretical basis, spatial prediction methods for 
SHM can be divided into three categories. 

The first category uses the response variable of spatially neighboring 
observations based upon the spatial location relationship following the 
first and second laws of geography (Tobler, 1970; Goodchild, 2004; Wu 
et al., 2019). If the first law of geography holds, then ordinary kriging 
(OK) can be used to interpolate the SHM concentration towards 
unsampled locations (Stein et al., 1995; Li and Heap, 2011, 2014), while 
in the presence of spatial heterogeneity, Sandwich (Wang et al., 2013), 
Stratified Kriging (StrK) (Stein et al., 1988) and Point Mean of the Sur-
face with stratified Nonhomogeneity (P-MSN) (Gao et al., 2020) can be 
adopted. 

The second category uses the correlation of covariates based upon 
the similarity of covariates between points, which was named the third 
law of geography by Zhu et al. (2018). It includes supervised learning 
methods such as multiple linear regression (Lin et al., 2011), lasso 
regression, ridge regression, support vector machine (SVM), random 
forest (RF) (Breiman, 2001), gradient boosting decision tree (GBDT) 
(Tan et al., 2020), neural networks (NNs), and individual predictive soil 
mapping (Zhu et al., 2015). 

The third category uses both the response variable of spatially 
neighboring observations and the correlation of covariates. It includes 
spatial regression (such as the spatial error model and spatial lag model) 
(Darmofal, 2015), cokriging, kriging with external drift (KED) (Hengl 
et al., 2007; Georganos et al., 2019), geographically weighted regression 
(Fotheringham et al., 2003), random forest spatial interpolation (RFSI) 
(Sekulić et al., 2020) and random forest-based regression kriging (RFRK) 
(Xu et al., 2021). 

In recent years, the use of the second and third categories of methods 
has grown rapidly thanks to the availability of big data related to the soil 
environment (He et al., 2021; Wu et al., 2021). These data can be used as 
proxy variables for the pollution sources and influencing factors can be 
used as covariates to improve the prediction accuracy (Cao and Zhang, 
2020). Machine learning methods in the second category have the 
advantage that they are able to process high-dimensional variables, 
especially categorical variables (Mulder et al., 2016; Hengl et al., 2018; 
Zhang et al., 2021). Two shortcomings limit their application in the 
spatial prediction of SHM concentrations so far. The first is that when the 
relations change over the study area, they cannot properly model the 
heterogeneous relationships through a global model balancing bias and 
variance. The second is that these models neglect spatial neighbor in-
formation, which may help to improve the prediction. Spatial autocor-
relation should be considered in spatial prediction for at least the 
following three points: (1) diffusion and migration of SHM causing 
spatial autocorrelation, (2) omission of influencing factors or the inac-
curacy of covariates producing spatially correlated residuals after fitting 
the trend, and (3) inadequacy of the adopted model in fitting the actual 
distribution that may leave spatially correlated residuals. Therefore, it 
has become a research topic in recent years how to incorporate spatial 
information into machine learning methods to improve predictions 
(Sekulić et al., 2020). RFSI and RFRK can combine spatial information 
into machine learning, while RFSI separately adds spatially near ob-
servations and corresponding distances into the predictor; hence, the 
variation in SHM concentrations with distance is only partly utilized. 
Also, RFRK uses RFs to model the trend and uses kriging to model the 
residuals, hence making it difficult to estimate the error variance. 

To solve these challenges, our paper proposes a two-point machine 
learning method. It first unifies spatial autocorrelation and property 
similarity in a high-dimensional space and calculates the difference of 
spatial coordinates and other covariates between paired points. Second, 
it models the difference in SHM concentrations with a corresponding 

difference of covariates of paired points through machine learning; 
third, it predicts the difference between observed and unobserved points 
using the built model; finally, it uses the predicted difference in SHM 
concentrations to find near observations to obtain the final prediction of 
SHM concentrations at unobserved points. In this way, it integrates 
spatial autocorrelation and property similarity when building a local 
prediction model to overcome the dual heterogeneity. 

2. Method 

2.1. Rationale of two-point machine learning (TP-ML) 

To overcome dual heterogeneity, a series of local models can be built. 
Due to the sparse observation points and high-dimensional covariates, 
however, various problems emerge. As illustrated in Fig. 1, if a single 
covariate, X1, is considered, observation point B is the closest neighbor 
of prediction location A, both being close in X1. If two covariates are 
jointly considered, however, B and C may not both be close neighbors of 
A. With the increase in the number of covariates, it becomes increasingly 
hard to find close neighbors; this phenomenon is called the curse of 
dimensionality. 

From the perspective of the response variable, the value range does 
not change with the increase in the number of covariates. This gives us 
hints to find neighbors from differences in response variables. Addi-
tionally, the importance of different covariates varies. As is illustrated in 
Fig. 1, for two covariates, point B may have the shortest distance to A, 
while point C has a closer concentration to A. The reason is that the same 
difference in X1 causes a smaller change in the response variable than X2. 
This is in contrast to traditional supervised learning methods, where 
distances are obtained using equal weights for all covariates after 
normalization. 

To take full advantage of both spatial neighbors and covariates, we 
combine spatial coordinates and other covariates into one high- 
dimensional space, which is treated as anisotropic in searching the 
neighbors for the local model. TP-ML first models the difference in 
paired points, i.e., treating the differences in SHM concentrations of 
paired points as response variables and treating the corresponding dif-
ferences in covariates in high-dimensional space as predictors. In this 
way, the predicted differences in the SHM concentration are treated as 
weighted distances. Based upon the predicted differences, TP-ML next 
selects neighbors to build local models to predict the concentration at 
unobserved points. It has a similar effect as searching neighbors with a 
distorted ellipse or ellipsoid, where the semimajor axes are determined 
by the previous machine learning model. The advantage is that not only 
appropriate weights are assigned to each covariate but that also the 
difficulty of computing the distance between different values of cate-
gorical variables is overcome. TP-ML thus integrates spatial autocorre-
lation and property similarity to obtain neighbors. This improves the 
prediction accuracy and simultaneously addresses the curse of dimen-
sionality of high-dimensional space in the local models. 

2.2. Detail procedures of TP-ML model 

The TP-ML model includes the following six steps (as illustrated in 
Fig. 2):  

(1) Calculate the difference in paired observations, including the 
difference in SHM concentration and corresponding difference in 
covariates;  

(2) Build a machine learning model using the difference in SHM 
concentration as the response variable and the corresponding 
difference in covariates as predictors;  

(3) Predict the SHM concentration difference between observed and 
unobserved points; 
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(4) Determine how many neighbors should be included in the final 
prediction through the cross-validation method based on the 
predicted concentration difference;  

(5) Obtain near observations to attend the final prediction for each 
unobserved point;  

(6) Predict the concentrations at the unobserved points and estimate 
the uncertainty using selected near observations. 

The difference in SHM concentration between two points (paired 
points) is obtained as. 

Δyij = yi − yj (1)  

where Δyij is the difference in SHM concentration between the ith and 
jth points. Similarly, the differences in continuous and categorical 
covariates between two points are obtained as (2) and (3) respectively. 

Δxcokij = xcoki − xcokj (2)  

where xcoki and xcokj are the values of the kth continuous covariate at 
points i and j, respectively, and Δxcokij is their difference. 

For the kth categorical covariate at points i and j we have. 

Δxcakij = (xcaki, xcakj) (3)  

where xcaki and xcakj are the values of the kth categorical covariate at 
points i and j, respectively,Δxcakij is their combination, and (xcaki, xcakj)

is a vector consisting of xcaki andxcakj. Any combination of categorical 
variables is obtained by transforming one variable into two variables, 
one obtaining its value from the former point and the other obtaining its 
value from the latter point. Taking the land use type (LT) of two paired 
points as an example, the first with LT= “grassland”, the other with LT 
=“agricultural land”, their difference has two fields with LT1=“grass-
land” and LT2= “agricultural land”. That is, for one categorical covar-
iate LT, in the difference of paired points, it becomes two categorical 
covariates, LT1 and LT2, which are treated as different predictors in the 
following machine learning model. 

With the difference in SHM concentration and covariate at different 
points, we build supervised machine learning between the target vari-
able and covariates as. 

ΔY = f (ΔXco,ΔXca) (4)  

where ΔY is the difference of SHM concentration (response variable), 
with Δyij as values;ΔXco and ΔXca are the difference in continuous and 
categorical covariates, respectively, the former with Δxcokj as values, 
the latter with Δxcakij as values; f is the supervised machined learning 
model. In this paper, f is specified to the RF, which is frequently used in 
digital soil mapping. In further, to measure the uncertainty of spatial 
predictions, the quantile regression forests (QRFs) proposed by Mein-
shausen (2006) is used to generate prediction intervals as well as 
prediction. 

Once the machined learning model is built, it can be used to predict 
the concentration difference between an observation point and an un-
observed point: 

Fig. 1. An illustration of the rationale. The vertical axis is the SHM concentration (response variable), and the two horizontal axes are two covariates (predictor); 
point A is the unobserved point, and points B and C are two observation points. 

Fig. 2. Flowchart of the two-point machine learning model.  
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Δŷ0i = f (Δxco10i,Δxco20i,⋯,Δxcom0i;Δxca10i,Δxca20i,⋯,Δxcal0i) (5)  

where Δŷ0i is the predicted difference in SHM concentration between 
unobserved point 0 and observation point i, Δxco10i is the difference in 
the first continuous covariate between unobserved point 0 and obser-
vation point i, Δxca10i is that in the first categorical covariate, and m and 
l are the numbers of continuous and categorical covariates, respectively. 

Based upon (5), a prediction for the unobserved point can be made 
using any observation point as. 

ŷ0i = yi +Δŷ0i (6)  

where yi is the SHM concentration at the ith observation point, and ̂y0i is 
its prediction for the unobserved point. The final prediction at an un-
observed point is the linear sum of predictions of several close obser-
vation points. 

ŷ0 =
1
η
∑η

i=1
ŷ0i, with η ≤ n and |Δŷ0i| <

⃒
⃒
⃒Δŷ0(i+1)

⃒
⃒
⃒ (7)  

where ŷ0 is the final prediction at the unobserved point 0, ŷ0i is the 
prediction given by the ith observation point in (6), n is the total number 
of observation points and η ≤ n. Predictions of all observation points are 
sorted in ascending order of the absolute value of the corresponding 
difference to point 0, and the first η predictions in the ordered list are 
used in the final prediction. In this way, only predictions made by near 
observation points participate in the final prediction ofŷ0. The value of η 
can be set by the cross valuation method suggested by Gao et al. (2017), 
in which all observations are divided into a training part and a valida-
tion part repeatedly to search for the optimalη, giving the highest 
accuracy. 

The uncertainty of the final prediction can be measured based upon 
the variance in the machine learning model in (4). As QRFs can deter-
mine the variance as well as prediction (Hengl et al., 2018), the error 
variance in the predicted difference given by the machine learning 
model equals Δδ0i

2 in (8). 

Δδ0i
2 = V(Δŷ0i − Δy0i)

= V(f (Δxco10i,Δxco20i,⋯,Δxcom0i;Δxca10i,Δxca20i,⋯,Δxcal0i) − Δy0i)

(8)  

where V is the statistic for the variance. For QRFs, the error variance in 
the prediction can be obtained from the distribution derived from pre-
dicted quantiles. By assuming a symmetrical distribution for the pre-
diction error, the error variance can be approximately calculated with a 
pair of quantiles with a 68.27% prediction interval. 

Δδ0i
2 ≈

[
Δŷ0i(q = 0.841) − Δŷ0i(q = 0.159)

2

]2

(9)  

where Δŷ0i(q = 0.841) and Δŷ0i(q = 0.159) are the predicted quantiles 
of QRFs at the 0.841 and 0.159 percentiles, respectively (Hengl et al., 
2018). 

The error variance δ0
2 in the final prediction ŷ0 can be transformed 

into the error variance in the predicted differences as. 

δ0
2 = V(ŷ0 − y0) = V

(
1
η
∑η

i=1
ŷ0i − y0

)

= V

[
1
η
∑η

i=1
(yi + Δŷ0i) −

1
η
∑η

i=1
(yi + Δyi0)

]

= V

[
1
η
∑η

i=1
(Δŷ0i − Δyi0)

]

=
1
η2 V

[
∑η

i=1
(Δŷ0i − Δyi0)

]

(10) 

Because in the prediction of Δŷ0i both the spatial autocorrelation and 
property similarity are considered, the prediction error of the difference 

can be assumed to be independent. In that case, the error variance can be 
simplified into a linear combination of the Δδ0i

2 terms:. 

δ0
2 =

1
η2 V

[
∑η

i=1
(Δŷ0i − Δyi0)

]

=
1
η2

∑η

i=1
Δδ0i

2 (11)  

3. Case study 

The study area is Xiangtan County, Hunan Province, China, where 
lead (Pb) pollution is very serious and typical (Li et al., 2018). The 
spatial extent of the study area is from 27◦20′ N to 28◦05′ N latitude and 
from 112◦25′ E to 113◦03′ E longitude. This area has a high geochemical 
background and it has developed mining and chemical industries, 
resulting in diverse pollution sources. It is located in the transition area 
of plain and hills near the Yangtze river, with a complex topography, 
multiple soil types and a rainy climate, leading to complex factors 
influencing migration and accumulation of Soil Pb. A total of 943 soil 
sampling points were collected in 2011 from the farmland. The Pb 
concentration was analyzed with the flame atomic absorption spec-
trometry method and (Fig. 3). The 943 points were treated as the 
reference data, and samples with different sizes were drawn from 943 
points with the mean shortest distances (MMSD) and spatial simulated 
annealing (SSA) to simulate the practical soil sampling, where even 
spatial coverage is most concerning. The points in each sample were 
treated as training data, and the corresponding unselected points as 
validation data. 

To represent the corresponding sources and influencing factors, 24 
proxy variables for soil, climate, topography, organisms, human activ-
ity, and geographical coordinates in Table 1 were selected (Wang et al., 
2015; Peng et al., 2019). Soil type, silt, sand, clay and geomorphic types 
were used to reflect the differences in natural resources; distance to 
mine, distance to highway, distance to road, distance to factory, distance 
to river, distance to resident and population reflected the intensity of 
anthropogenic resources; soil erosion class, slope, aspect, DEM, annual 
rainfall, annual mean temperature, vegetation type, net primary pro-
ductivity and NDVI represented the natural influencing factors; and land 
use type was used to reflect the anthropogenic influencing factors. Both 
continuous and categorical types were included, and all 24 covariates 
were used as predictors in RF. 

The experiment includes the following five steps, as shown in Fig. 4:  

(1) The soil Pb dataset was prepared and values of the covariates 
were extracted at all 943 points.  

(2) Twelve samples with sizes equal to 50, 100, 150, 200, 250, 300, 
350, 400, 450, 500, 550 and 600 points were drawn from the 943 
points. Every row of the training data and validation data 
included one Pb concentration value and 24 values of the 
covariates.  

(3) TP-ML, KED, RF, and RFRK models were built and variograms 
were fitted for each training dataset separately.  

(4) Soil Pb concentrations were predicted at validation points using 
TP-ML, OK, KED, RF and RFRK.  

(5) Validation results of the these methods were compared. 

The soil Pb prediction results using TP-ML, OK, KED, RF and RFRK 
are presented in Fig. 5. TP-ML has smaller MAE and RMSE values than 
OK, RF, KED and RFRK for different sample sizes. The improvements 
vary with the sample size and have a decreasing trend as the sample size 
increases. The maximum improvements over OK, KED, RF and RFRK on 
MAE are 2.83, 2.62, 1.72 and 1.54, and the average improvements over 
those methods on MAE are 1.29, 1.17, 0.87 and 0.65 respectively. The 
maximum improvements over OK, KED, RF and RFRK on RMSE are 5.00, 
2.09, 1.39 and 1.08, and the average improvements over those methods 
on RMSE are 1.49, 0.95, 0.93 and 0.62 respectively. In summary, OK has 
the worst precision because it only uses the Pb concentration of spatially 
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neighboring observations; KED gets higher precision because it employs 
the covariates with regression in addition; RF has higher precision than 
KED due to its advantage in processing high-dimensional variables; 
RFRK reaches higher precision than RF because the spatial autocorre-
lation is accounted besides the covariates; and TP-ML has the highest 
precision as it integrate spatial autocorrelation and property similarity 
more properly. 

The autocorrelation in the high-dimensional space of soil Pb was 
analyzed by plotting the predicted absolute differences and predicted 
concentrations of every observation point, as well as the true value of the 
corresponding point. The autocorrelation analysis of two validation 
points are presented in Fig. 6, where observation points are sorted in an 
ascending order of predicted absolute difference of TP-ML. We conclude 
that the prediction accuracy declines with increasing predicted absolute 
differences. These results, on the one hand, confirmed the autocorrela-
tion assumption in the high-dimensional space, as the predicted differ-
ences can be regarded as properly weighted distances in the space; on 
the other hand, they confirmed that TP-ML can properly integrate 

spatial autocorrelation and property similarity to search neighbors for 
local models. Therefore, by giving η values that are smaller than the total 
number of observation points, the prediction accuracy improved. 

In TP-ML, by setting ΔX to zero, the predicted ΔY can be treated as 
the bias of the model. The biases of the models trained by different 
samples all approach zero, as plotted in Fig. 7. Unbiasedness was 
guaranteed because the differences from point A to point B and from 
point B to point A at paired points were both used to train the model. The 
number of positive differences and negative differences were the same. 

The error variance defined in (8) can be used to reflect the uncer-
tainty of predictions of TP-ML. The detailed validation results with a 
sample size of 600 are presented in Fig. 8, where (a) maps the absolute 
error, (b) maps the absolute value of absolute error, and (c) maps the 
standard error in the prediction. There are both overestimation and 
underestimation. Furthermore, the standard error (theoretical error) 
and the absolute value of absolute error (actual error) have similar 
spatial patterns, although the former is slightly smaller than the latter. It 
is demonstrated that the standard error or error variance can be used to 

Fig. 3. Soil Pb sample in Xiangtan County.  
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reflect the prediction error. 
The η parameter is important for TP-ML setting the number of 

observation points to improve the prediction accuracy. The optimal 
value of η can be obtained by repeated cross validation in which 
different values are tested. The MAE and RMSE values for validation 
data using different values of η equal to 50, 150, 250, 350, 450 and 550, 
respectively, are presented in Fig. 9. Their variations have similar pat-
terns. They first decreased with increasing η as more observation points 
increased the generalization ability of the TP-ML model, and then 
gradually increased because an increasing number of less related 
observation points were included. Fig. 6 and Fig. 9 both demonstrate 

that the observation point with a smaller difference from the unobserved 
point gives a more accurate prediction. 

4. Discussion 

Dual heterogeneity of SHM and sparse observation points require 
accurate concentration mapping. To obtain high spatial prediction ac-
curacy, we developed TP-ML. It uses both spatial neighbors and cova-
riates in an integrated way, processes high-dimensional covariates, and 
overcomes the curse of dimensionality in the local model. The case study 
demonstrates that TP-ML is a good choice for mapping soil Pb concen-
trations. Additionally, it shows that the prediction accuracy at the un-
observed point deteriorates with the increase in the predicted absolute 
difference to the unobserved point,. By setting a small value of η to 
exclude points at large differences, TP-ML can highly improve the pre-
diction accuracy. In addition, TP-ML can provide an uncertainty value in 
the prediction results that is in line with those of geostatistical methods. 
The uncertainty is of great use to evaluate the reliability of the predicted 
concentration, guide the usage of the produced concentration map, and 
provide the basis for layout design of future sampling. Although TP-ML 
is applied to soil Pb in this paper, it may as well be useful for the spatial 
prediction of other earth variables and in spatial interpolation of remote 
sensing. 

TP-ML is a machine learning method developed to process earth 
science data, inspired by geostatistics, being essentially a two-point 
statistics. By organizing the spatial coordinates and other covariates of 
paired points into one high-dimensional space and by modeling and 
predicting the differences between paired points, TP-ML integrates the 
spatial autocorrelation and property similarity to define neighbors 
joining the final prediction. It therefore provides a novel method for 
searching close neighbors that is useful when building other kinds of 

Table 1 
Covariates for soil Pb.  

No. Covariate Type No. Covariate Type 

1 Annual mean 
temperature 

Continuous 13 Sand Continuous 

2 Annual rainfall Continuous 14 Clay Continuous 
3 NDVI Continuous 15 Land use type Categorical 
4 Vegetation type Categorical 16 Population Continuous 
5 Net primary 

productivity 
Continuous 17 Distance to 

Highway 
Continuous 

6 DEM Continuous 18 Distance to 
road 

Continuous 

7 Slope Continuous 19 Distance to 
factory 

Continuous 

8 Aspect Continuous 20 Distance to 
river 

Continuous 

9 Geomorphic types Categorical 21 Distance to 
resident 

Continuous 

10 Soil erosion class Categorical 22 Distance to 
mine 

Continuous 

11 Soil type Categorical 23 X-coordinate Continuous 
12 Silt Continuous 24 Y-coordinate Continuous  

Fig. 4. The experiment roadmap of the case study.  
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local methods. TP-ML also serves as a metamodel that defines a method 
for utilizing the difference between two points to improve spatial pre-
dictions. The random forest component in TP-ML can be replaced by 
other supervised learning methods, such as lasso regression, ridge 
regression, SVM, GBDT and NN, according to specific conditions. It 
should be emphasized that to get the error variance of the predictions, 
the adopted supervised learning method need to give out the prediction 
intervals. The QRFs adopted in this paper can satisfy this requirement, 
while some other versions of RF which employ the Jackknife-after- 
Bootstrap method or U-statistics approach are unqualified, because the 
uncertainty they give out is the confidence interval, not prediction 
interval. 

By calculating the differences between observation points, the 
training data for the supervised learning method can be expanded from n 
to n2. In cases where observation points are limited, sample expansion 
has a great advantage, while in cases where large numbers of observa-
tion points are available, the time to train the model will increase. 
Different sampling methods such as conditioned Latin hypercube sam-
pling method can be useful to reduce observation data and save 
computational time. 

To warrant unbiasedness in TP-ML, differences for the selected point 
pairs in both directions, i.e., from A to B, as well as from B to A should be 
included simultaneously. During TP-ML modeling, the difference of one 
categorical covariate of two paired points is combination of the values of 
the start and end points, thus transforming one categorical variable into 
two categorical variables. The number of combined categories in the 
new combination will increase square-fold as compared to the original. 
Additionally, the sample size, which is usually much larger than the 
number of categories, also increases square-fold. Therefore, in this way, 
it does not intensify the curse of dimensionality for the adopted machine 
learning method. 

In TP-ML, η regulates the local model with respect to global model. If 
η = 1, TP-ML becomes the nearest neighbor method. If η = n, TP-ML will 
become a global model. The nearest neighbor method and the global 
model are both different from the traditional supervised learning model. 
For the nearest neighbor method, the predicted value equals the sum of 
the observed value of the nearest neighbor and the predicted difference, 
and differs from the observation value of the nearest neighbor. For the 
global model, the predicted value equals the average of the prediction of 
each observation point, which is the sum of the observed value at the 

Fig. 5. Prediction accuracy for soil Pb data (η = 20).  

Fig. 6. Autocorrelation analysis for soil Pb data with TP-ML results. Both the blue line and red line are on the left vertical axis, and the green line is on the right 
vertical axis. The blue line contains the true concentration at the validation point, the green line contains the predicted absolute difference to the validation point 
from each observation point, and the red line is the corresponding prediction for the validation point. The observation points are sorted in ascending order of 
predicted absolute difference. (For interpretation of the references to colour in this figure legend, the reader is referred to the web version of this article.) 

Fig. 7. Bias of TP-ML.  
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observation point and the predicted difference to the unobserved point, 
while it differs from the average of all observation points. In both the 
nearest neighbor and the global model, supervised learning predicts the 
difference first. The value setting of η is similar to the traditional su-
pervised learning model: if it is too small, low bias and high variance will 
occur; if it is too large, low variance and high bias will occur. In this 

study, by using η to choose neighbors to join the final prediction, we in 
fact set 0/1 weights for all neighbors, i.e., a weight equal to one is 
assigned if a neighbor is selected by η, otherwise it was set equal to zero. 
Other ways of weight setting according to the predicted difference can 
be explored in future studies. The error variance of the prediction of TP- 
ML is based upon the error variance of the machine learning method 

Fig. 8. Validation result for sample size 600 with TP-ML.  
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modeling the difference. Therefore, replacement of RF by another su-
pervised learning model should ensure that the error variance of the 
prediction can be estimated. Furthermore, if the independence 
assumption in (11) cannot be satisfied, covariance between errors of the 
predicted difference should be included. 

5. Conclusion 

This paper proposed TP-ML to improve the accuracy of spatial pre-
diction for SHM concentrations. By modeling the difference of paired 
points using a machine learning model and using only near neighbors to 
make the final prediction, it can fully utilize spatial autocorrelation and 
property similarity and can overcome the dual heterogeneity and curse 
of dimensionality. It is a new machine learning method, adding one 
parameter as compared to the adopted machine learning method. When 
applying TP-ML, the random forest can be replaced with other super-
vised learning models according to specific situations. It should be able 
to integrate spatial and nonspatial information. A new procedure to 
search for neighbors based on the differences of the response variable 
can be adopted to develop a new supervised model for any earth system 
variable. This still deserves to be studied, potentially leading to further 
improvements of TP-ML. 
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