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Abstract In this work we propose an overview of results about propagation of
waves and elasticity in soils over the last 30 years. Remarkably, the chapter attempts
to frame and compare contributions from soil mechanics, solid mechanics and
physics. In a wide landscape, we focus on the micromechanical approach to the
topic. Numerical simulations, based on the Discrete Element Method, have revealed
the outmost role of the microstructure in characterising the elastic behaviour of
granular soils. Following this evidence, microstructure-based continuum models
have been developed and are discussed here, starting from the classical Effective
Medium Theory. Finally, the chapter describes how micromechanical models can
be extended to the case of immersed granular soils, and compares the new model
with experiments on sand soils in a wide range of saturation degrees.

Keywords Granular materials · Wave propagation · Elasticity ·
Micromechanics · Discrete Element Method

1 Introduction: Overview

For many geotechnical structures under working loads, the deformations are small.
The regime of deformation where the behaviour of soils can be considered linear
elastic is infinitesimal, with nonlinear and irreversible effects present already at
small strains. Nevertheless, characterisation of the stiffness of soils is of outmost
importance, as it provides an anchor on which to attach the subsequent stress-strain
response [6, 39].
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Despite the long-standing debate across the geomechanical, mechanical and
physics communities, basic features of the physics of granular elasticity are
currently unresolved, like the definition of a proper set of state variables to
characterise the effective moduli. In early studies, macroscopic variables measurable
in laboratory experiments were thought to be sufficient. Based on those information,
many empirical relations have been proposed, where the elastic moduli are functions
of pressure and void ratio, e.g., [4, 16, 17, 46]. However, such formulations miss a
first order mechanical interpretation and coefficients have to be back-calculated case
by case from experiments, based on the specific material and stress path. Moreover,
experimental evidences [7, 13, 27, 44], along with many numerical studies [2, 35],
show that stress and volume fraction are not sufficient to characterise granular
elasticity.

On the other hand, conventional approaches in the framework of solid-state
elasticity [31] consider a uniform strain at all scales, with the displacement field
of the grains following the macroscopic deformation (affine approximation). These
Effective Medium Theories (EMT) developed by Digby and Walton [10, 52] in the
1980s are the first, simplest attempt for a micromechanical approach to the elasticity
of granular soils. EMT predicts the moduli of an isotropic granular material in terms
of the external pressure, the void ratio and average coordination number (p0, e, Z).
In particular, the pressure dependency is G ∼ K ∼ p

1/3
0 , a direct consequence of

the Hertz interaction between particles. However, such scaling is not recovered in
experiments and previous works (see [15] for a review) raise serious questions about
the validity of these generally accepted theoretical elastic formulations.

Empirical relations coming from experiments and micromechanical EMT equa-
tions show many similarities and the two approaches can fruitfully inform each
other. Following one of the paths suggested already in [15] and further developed in
[33, 35], this chapter shows that when the evolution of the microstructure is properly
modelled, the set of state variables to describe granular elasticity is complete, and
experiments follow the trend predicted by the model. This is obtained with the aid of
Discrete Element Simulations (DEM) that uniquely allow to monitor the kinematics
at the microscale and establish a link it with the macroscale.

However, the EMT framework still largely overpredicts the elastic moduli of
loose samples, especially when shear is involved. The difficulty in describing
theoretically the shear modulus is due to the complex relaxation of the particles as
related to the structural disorder in the packing [35]. Sophisticated theories in which
collective fluctuations and relaxation of the particles are explicitly accounted for are
needed to recover quantitative agreement. Here we briefly illustrate the mechanics
beyond these theories and compare the results with numerical simulations.

This chapter has the ambition to link the work on wave propagations and granular
elasticity from different scientific communities. The work offers a wide perspective,
even if non-comprehensive, to elucidate on the microscopic origin of macroscopic
phenomena related to elasticity and wave propagation in particulate media. For the
sake of simplicity, here we focus on of an isotropic materials to illustrate traditional
models and new findings.
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Additionally we extend our study, by illustrating a recent work where the simple
EMT has been successfully combined with a geomechanical framework to provide
a micromechanical model for unsaturated sand [42]. The model is able to interpret
experimental results, and to elucidate the mechanisms underlying different patterns
of the shear modulus in unsaturated materials observed in the literature.

The chapter is organised as follows: in Sect. 2, the classical relations between
wave velocity and elastic moduli in a solid are derived; Sect. 3 introduces the specific
features of waves in granular materials as observed at macroscopic level and the
empirical models based on them; Sect. 4 describes the micromechanical approach
based on the Effective Medium Theory and Sect. 5 compares the predictions of
EMT theory with DEM simulations; in Sect. 6, advanced micromechanical models
accounting for fluctuations are introduced and compared with DEM data. Finally in
Sect. 7, the micromechanical approach is extended to describe wave propagation in
unsaturated soils.

2 Waves in Solids: The Duality Between Waves and Elasticity

A wave is an elastic perturbation that propagates between two points through a body
(volume waves) or on the surface (surface waves) without material displacement
[3]. In the case of volume waves the acoustic-elastic effect is related to the change
in the wave velocity of small amplitude waves due to the stress state of the body.
Differently from liquids, in a solid material three acoustic polarisations exist, more
specifically a longitudinal and two transversal branches. In the present section, we
will derive the relations between the elastic characteristics and the velocities of
acoustic waves, in the longitudinal and transversal directions.

Let us consider a three-dimensional body with density ρ, homogeneous, isotropic
and elastic. The stress change due to the propagation of the wave in the body is given
by the Newton’s second law applied to the volume element ρdV [9]:

∂σij

∂xj

= ρüi, (1)

with σij stress and ui displacement of the volume element in directions i, j =
1, 2, 3. On the other hand, the constitutive relation for the elastic body holds that
relates the stress tensor to the strain εij via the stiffness tensor Cijkl

σ̇ij = Cijkl ε̇kl . (2)

In the isotropic case, Eq. (2) becomes (Lamé equation)

σ̇ij = λΘδij + 2Gεij , (3)
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where Θ =
3∑

i=1

εii , G and λ are the shear modulus and Lamé coefficient,

respectively, and the incremental strain tensor is given by

εij = 1

2

(
∂ui

∂xj

+ ∂uj

∂xi

)
. (4)

The bulk modulus is related to the previous quantities as K = λ + 2/3G.

Using Eqs. (3–4) in Eq. (1) and the relation Θ = ∂ui

∂xi

, the equation of motion

becomes

ρ
∂2ui

∂t2 = ∂

∂xj

(
λ

∂ui

∂xi

)
+ G

∂2ui

∂x2
j

+ G
∂

∂xi

(
∂ui

∂xj

)
. (5)

From Helmholtz decomposition, the displacement vector u can be written in terms
of a scalar potential φ and a vector potential ψ as

u = ∇φ + ∇ × ψ, (6)

with

∇ × (∇φ) = 0 and ∇ · (∇ × ψ) = 0, (7)

due to the properties of divergence and curl. Note the tensorial notation has been
introduced here for the sake of brevity.

By using the decomposition in Eq. (6), Eq. (5) becomes

∇
[
ρ

∂2φ

∂t2 −
(

λ + 4

3
G

)
∇2φ

]
+ ∇ ×

[
ρ

∂2ψ

∂t2 − G∇2ψ

]
= 0. (8)

Equation (8) is known as the wave equation and predicts longitudinal and transversal
modes of propagation. The first term depends only on φ and is related to the
propagation of waves in the longitudinal direction, while the second term depends
on the vector potential ψ and is associated with transversal waves. Both terms must
be separately zero to satisfy Eq. (8), that is, the two propagation modes, longitudinal
and transversal, are independent.

Let us define the longitudinal and shear components of the displacement as

uP = ∇φ and uS = ∇ × ψ . (9)

The combination of Eqs. (7) and (9) leads to constrains for uP and uS . Because
of ∇ × uP = 0, there are no angular displacements and rotations associated with
uP (φ), being this a characteristic of longitudinal waves. Similarly, ∇ · uS = 0
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assures that volume changes associated with uS(ψ) are forbidden, as expected for
transversal waves.

Finally, Eq. (8) results in the following two equations:

∂2uP

∂t2
= V 2

P ∇2uP and
∂2uS

∂t2
= V 2

S ∇2uS, (10)

where

VP =
√

(λ + 4/3G)

ρ
and VS =

√
G

ρ
(11)

are the velocities of longitudinal and transversal waves in an isotropic elastic body.
From Eq. (11), we can immediately draw some interesting conclusions: (1) the

propagation velocity increases with the stiffness of the material and decreases with
its mass density (inertia), these characteristics being constants in a given solid body;
(2) the velocity of transversal waves is smaller than the velocity of longitudinal
waves, given the relative values of the moduli.

3 Waves in Granular Media

We move now our attention from solid to particulate materials. In this section
we will highlight the most relevant features characteristic of wave propagation in
granular materials.

When the wavelength is significantly longer than the internal scales of the
material, such as particle or cluster size, the propagation velocity can be defined
for the equivalent continuum, that is, Eqs. (11), where the elastic moduli and
mass density refer to the bulk medium. Differently, for high frequencies and short
wavelengths, the continuum assumption does not hold, due to the heterogeneity of
the material at small scale and forces fluctuation [50]. With increasing frequencies,
features related to the multiscale nature of soils become dominant, e.g., dispersion
and frequency filtering. These aspects are beyond the scope of this work and in the
next sections the focus will be on the long wave length limit.

Other than frequency, also amplitude is an important factor to take into account.
The propagation of elastic waves is, by definition, a small perturbation phenomenon
that does not alter the fabric or cause permanent (plastic) effects. This condition
must be guaranteed for the continuum analogy to hold. This is shown by the
degradation curve obtained in the resonant column device that provides values
of the elastic shear stiffness G for increasing amplitude of the shear strain. A
typical output of the resonant column experiment is given in Fig. 1. The figure
shows that the response of granular materials is nonlinear and inelastic even at
extremely small strains. The region of stress or strain in which granular materials
can be described as truly elastic, producing an entirely recoverable response to
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Fig. 1 Degradation curve for G with indication of typical soil tests and geotechnical applications
per strain regime [34]

perturbations, the so-called small-strain stiffness Gmax , is very small, corresponding
to shear strains of the order of 10−6. In turn, the size of the elastic, reversible
regime depends on material characteristics, stress state, anisotropy: the elastic range
increases with increasing asperities (particle friction) and pressure, but decreases
with increasing anisotropy. Strain-amplitude-dependent moduli are not addressed
further here, although its importance is widely recognised. In the following, all
references will be to the small-strain shear modulus Gmax and we will use simply
G for it, unless otherwise stated.

If both conditions, long wavelength and small amplitude, are fulfilled, wave
measurements (obtained, e.g., via wave transducers) can be used to infer elastic
moduli and vice versa.

3.1 Macroscale Observations: Pressure-Dependent Elasticity

Several authors have carried on experiments to assess the influence of material
characteristics and initial conditions on the elastic/wave properties of natural and
synthetic granular materials, see, for example, [7, 17, 30] for experiments on sand
in the resonant column device or [11, 29] for wave experiments on sand and glass
beads. At the macroscopic level, all these studies lead to a similar conclusion that
the initial soil stiffness is a nonlinear function of the stress, specifically the mean
effective stress. Based on experiments, empirical expressions have been proposed
for the shear stiffness of soils under isotropic conditions (e.g., [4, 16, 17, 30]):

G = Af (e)pα
0 hence Vs = Af (e)p

α/2
0 , (12)
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where A and α are experimentally determined constants, p0 is the hydrostatic
pressure and f (e) is a function that describes the effect of void ratio e again obtained
empirically, e.g., [16]:

f (e) = (2.97 − e)2

(1 + e)
. (13)

In Eq. (12) the exponent α and the factor A are assumed to be constants, related
to the material characteristics and independent of the stress level. Differently from
f (e), there is no common interpretation for α and A and they must be retrieved
case by case from experiments. Hardin [16, 17] has reported values of α around
0.25 for sands. The same value was confirmed in [30]. Domenico in [11] conducted
experiments on dry/unsaturated glass beads and sands. He obtained a very similar
expression to Eq. (12) with the exponent depending on the saturation degree. Values
of α close to those reported by Hardin were found in the case of dry materials, with
negligible differences between rounded sand and glass beads.

While the majority of these studies are restricted to isotropic loading conditions,
in their initial work, Hardin and Black [16] suggested that Eq. (12) can be extended
to anisotropic soils. Later on, modifications (see, for example, [4, 46]) have led to a
generalised expression of the form:

G = Af (e)p
1−βi−βj

0 σ
βi

i σ
βj

j , (14)

where the directions i and j of polarisation and propagation coincide with the
principal axes of stress and of anisotropy of the material [39]. The expression
suggests that the stiffness depends on the principal stresses in the directions of
polarisation and propagation. A wide range of values has been reported for βi and
βj depending on the specific stress path.

Thus, extensive experimental evidences and theoretical studies support the choice
of a power function to relate stiffness and stress. What is still missing is the physical
interpretation of the parameters A and α in Eq. (12). An intriguing interpretation
associates those to the structure of the granular soil, i.e., the fabric. Among others,
the authors in [7] have related the dynamic shear modulus of glass beads in
resonant column monotonic/cyclic tests to the fabric, as the sample was sheared
in various directions with constant mean stress. Santamarina [47] has observed
different scaling of the wave velocities at low/high stress and identified a transition
between two regimes with varying and constant fabric, respectively. More recently,
the authors in [13] have used bender elements to underline the effect of (inherent
and induced) anisotropy on the elastic stiffness of sand under triaxial conditions. In
these experiments features of the elastic behaviour of the material are linked to the
internal structure. From there, the relation between the parameters in Eq. (12) and
the fabric can be indirectly inferred.

In the next section we will use a different approach and derive the elastic
properties of the bulk starting from the grain scale. Finally we will compare the
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results with the empirical relations presented above. When general expressions
are confirmed, wave velocities and stiffness experiments can be used as indirect
measurement of the internal structure of the granular medium or to monitor fabric
changes induced by loading.

4 Micromechanics

The experiments referred to in Sect. 3.1 are examples of approaches that rely on
macro measurements. On the other hand, the state of the granular medium at
the micromechanical level is defined by the distribution of contacts, forces and
orientations. In turn, it is possible to describe the macroscopic stiffness of the
granular medium in terms of its micromechanical characteristics.

In this section, we will derive the expression of the stiffness tensor for an
isotropic assembly of identical spheres, starting from the grains interaction. Then
we will compare the expression with Eq. (12) and show how micromechanics is
able to explain the empirical coefficients obtained from experiments.

4.1 Interaction at the Grain Level

Kinematics We consider a dense aggregate of NB identical, frictional elastic
spheres with diameter d, isotropically compressed. The contact point c between two
contacting particles A and B is identified by the unit vector ni along the line that
joins the centres of the two spheres. The unit vector ti belongs to the plane tangent
to the spheres in c. The kinematics of the pair A − B is given by the incremental
relative displacement between the centres

u̇
(BA)
i = ẊB

i − ẊA
i − 1

2
εijk(θ̇

B
j − θ̇A

j )nk, (15)

where ẊA
i , ẊB

i and θ̇A
i , θ̇B

i are the increments in the centres translation and
rotations, respectively, and εijk is the permutation tensor. For the sake of simplicity,
we will assume in the following that the rotational velocities are infinitesimally
small. Thus u̇

(BA)
i can be expressed in terms of the normal component δ̇i and ṡi

with

δ̇i = δ̇ni = (ẊB
k − ẊA

k )nkni (16)

and tangential component

ṡi = (ẊB
i − ẊA

i ) − δ̇ni . (17)
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We also introduce here the branch vector lci that connects the centres of A and B

interacting at c and relates to the particle diameter as

lci = (XB
i − XA

i ) = dni. (18)

Contact Force Contacting particles interact by means of contact forces. We denote
by f c

i the i-th component of the force exerted on particle A by particle B. Since
we are interested in the incremental response of the aggregate, we will refer to the
incremental force ḟ c

i . In this case, when deformations are small, the incremental
response is elastic, proportional to the relative displacement in both normal and
tangential directions. If we denote by KN and KT the normal and tangential
components of the stiffness the constitutive law at the contact is

ḟ c
i = KNδ̇ni + KT ṡi . (19)

KN and KT are constant values if a linear contact model is considered. When
Hertz contact interaction is assumed [18], KN and KT are functions of the normal
component δ of the relative displacement, the diameter d of the spheres, and their
material properties

KN = Ggd
1/2

1 − ν
δ1/2 (20)

and

KT = 2Ggd
1/2

2 − ν
δ1/2, (21)

where Gg and ν are the shear modulus and Poisson’s ratio of the individual particle.

Incremental Stress At the macroscale the relevant quantities are the incremental
stress tensor σ̇ij and the strain tensor ε̇ij . Given the incremental force, the incremen-
tal stress tensor is determined by the particle arrangement as [26]

σ̇ij = 1

V

∑

θ

∑

c∈Nc(θ)

lci ḟ
c
j , (22)

that is, the average on the volume V of the Cauchy’s stress [31], with Nc total
number of contacts. The equation emphasises the dependence of the stress on the
average of forces on equally oriented contacts. In the case of a regular array, the
values of lci and ḟ c

i are known for each contact and the components of σ̇ij can
be easily determined. For a random isotropic aggregate of particles of the number
of contacts for each orientation θ is the same, and can be characterised by the
scalar coordination number, i.e., the average number of contacts in the sample
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Z = 2Nc/NB , with NB number of particles in V . Then, the incremental stress
simplifies to the form

σ̇ij = Z

V

〈
lci ḟ

c
j

〉
. (23)

4.2 Theoretical Modelling: The Effective Medium Theory

The Effective Medium Theory (EMT) assumes that the incremental displacement of
each point X in the (discrete) body is given by the applied average strain ε̇ij [10, 52].
Following this hypothesis, the relative displacement between contacting particles is

u̇
(BA)
h = ẊB

h − ẊA
h = ε̇hkl

c
k = ε̇hkdnk, (24)

thus, the normal and tangential components of the incremental displacement become

δ̇ = dε̇hknhnk and ṡj = ε̇jkdnk − dε̇hknhnknj . (25)

Using Eqs. (18) and (25) in Eq. (19) the incremental stress can be rewritten as

σ̇ij = d2

V

∑

θ

∑

c∈Nc(θ)

[ 〈
KNε̇hknhnkninj

〉 + 〈
KT ε̇jknink

〉 − 〈
KT ε̇hknhnkninj

〉 ]
.

(26)

Using Eq. (2) in its incremental form, after some further algebra, we find the
following solution for the stiffness tensor:

Cijkh = σ̇ij

ε̇hk

=

= d2

V

∑

θ

∑

c∈Nc(θ)

[ 〈
(KN − KT )nhnkninj

〉 ]
(27)

+ d2

V

∑

θ

∑

c∈Nc(θ)

1

4

[ 〈
KT δjhnink

〉 + 〈
KT δiknjnh

〉 + 〈
KT δihnjnk

〉 + 〈
KT δjkninh

〉 ]
.

In the case of a regular array of particles the values of ni are known exactly, and
the volume fraction and number of contacts are constant values in the unit cell of
spheres. That is, the stiffness assumes simplified forms, for example, in the case of
Face Centred Cubic (FCC) packing that will be treated in Sect. 5.1 or Square Cubic
(SC) packing in Sect. 7.1.
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For a random assembly of spheres, we can use the simplified Eq. (23) to obtain

Cijkh = d2Z

V

[ 〈
(KN − KT )nhnkninj

〉 ]
(28)

+ d2Z

V

1

4

[ 〈
KT δjhnink

〉 + 〈
KT δiknjnh

〉 + 〈
KT δihnjnk

〉 + 〈
KT δjkninh

〉 ]
.

Finally, when Hertzian contacts are considered, subjected to an initial isotropic
compression, the relative normal displacement δ is related with the hydrostatic
pressure p0 = 1/3tr(σij ) as

δ = d

[
3π

2

(1 − ν)p0

GgZφ

]2/3

, (29)

where φ = πd3NB/6V is the volume fraction. Equation (29) gives KN and KT in
Eqs. (20) and (21) as functions of the state variables of the initial, reference state,
p0, φ, Z [20, 35]. The average strain assumption results in the following expression
for the shear and bulk moduli G and K:

G = 5 − 3ν

20
φ2/3Z2/3p

1/3
0

[
12

(
Gg

π(1 − ν)

)2
]1/3

(30)

and

K = 1

3
φ2/3Z2/3p

1/3
0

[
3

2

(
Gg

π(1 − ν)

)2
]1/3

. (31)

The relations above show that the elastic properties of the granular material depend
only on the material characteristics and the values of p0, φ, Z in the reference state.
They are not related explicitly to the previous history of the sample, other than
through the values that such history assigns to the state variables.

We want now to compare the micromechanical expressions (Eq. (30)) for G with
the empirical relations proposed by Hardin and other investigators (Eq. (12)). By
adopting equations of the form (Eq. (12)) and given the relation between volume
fraction and void ratio e

φ = 1 + 2e

1 + e
,

the parallelism appears to be remarkable. A first major difference involves the
exponent of p0. In EMT the exponent is a constant value that relates directly to
the nature of the contact interaction, e.g., α = 1/3 for Hertzian contacts as shown
above. The exponent α in Eq. (12) is a fitting parameter, back-calculated from
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experimental data. However, the experimental measurement of α requires data at
different pressure values that involve changes in the number of contacts. Information
on such evolution are not accessible from macroscopic observations that (usually)
only provide φ and p0, while it is well known that imperceptible changes in φ

may lead to big changes in Z [48]. Hence, α represents not only the nature of the
contact stiffness but also the effect of changes in contacts [48]. If this circumstance
is assumed and two different exponents are derived for pressure and coordination
number, the Hertzian scaling reconciles with the experimental evidence. This is in
the spirit of EMT that proposes φ, p0 and Z as independent quantities.

In the following, we will introduce a numerical procedure to simulate wave
propagation in granular materials. Based on the micromechanical insights from the
simulations, we can improve the understanding about the dependence of the elastic
moduli on the individual state variables, and the cross correlations between them.

5 Discrete Element Simulations

The Discrete Element Method (DEM) as introduced by Cundall and Strack [8] is
a unique tool for direct exploration of the microstructure in a granular material. In
the DEM method, the deformation of the assemblies is computed by numerically
integrating in time the equations of motion of all particles, and the results can be
employed to analyse the actual state of the material (at both macro- and microscale)
and deformation mechanisms.

If the sum of all forces,
∑

c∈Nc(A)

fi
c(A), acting on particle A, either from

other particles, from boundaries or from external forces, is known, the problem is
reduced to the integration of Newton’s equations of motion for the translational and
rotational degrees of freedom:

m(A)ẍ
(A)
i =

∑

c∈Nc(A)

f c
i (A) and I (A)θ̈i

(A) =
∑

Mi(A), (32)

with the mass m(A) of particle (A), its position x
(A)
i , its moment of inertia I (A),

its angular velocity w
(A)
i = θ̇

(A)
i and the total torque

∑
Mi(A). That is, the

interaction between particles is given by a non-central contact force in which
the normal component follows the expressions introduced in Sect. 4.1. In the
tangential direction a bilinear force-displacement relationship is often used, elastic
with Coulomb friction threshold. The micromechanical definition of stress given
by Eq. (23) holds for a DEM assembly. Periodic boundary conditions are usually
employed to reduce boundary effects, and gravity is neglected.

When looking at the microstructure, the coordination number Z is a quantity
of interest as it characterises the contact arrangement. The simplest definition of
the coordination number has been introduced in the previous section. However,
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numerical simulations have revealed that at any time, during compression, there
are some particles with no contacts and some particles with only one contact. Those
particles do not meet the condition of equilibrium; hence, they are unloaded and
do not contribute to the transmission of stress through sample. The mechanical
coordination number was introduced in [51]:

Z = 2Nc − N1

NB − N0 − N1
, (33)

where N1 and N0 are the number of particles with only one or no contacts,
respectively. When discussing DEM results, we will always refer to the mechanical
coordination number, if not stated otherwise. In the case of isotropic systems
the scalar quantity Z can be used as main descriptor of the microstructure for
all samples. When anisotropic systems are considered, the fabric tensor, able to
describe the orientation of the contact network, must be introduced, along with the
coordination number.

In the following we will use DEM simulations to study the propagation of waves
and elasticity in granular materials. We will analyse two cases, a regular structured
array and a random, isotropic aggregate of spheres. In the first case (Sect. 5.1) waves
are agitated by perturbation, at the one end of the granular packing, this resembling
wave transducers tests [29]. For the random system, the elastic moduli are calculated
directly (Sect. 5.2) via an overall strain perturbation applied to the particles. In this
way, two numerical approaches are discussed, both suitable either for regular or
random packings and leading to identical results for long wavelength and small-
strain amplitude (as discussed in Sect. 3). DEM simulations offer direct access to
microscale information, allow to verify the micromechanical assumptions proposed
by the EMT and, in turn, formulate new, more sophisticated micromechanical
models.

5.1 DEM Simulations of Structured Arrays of Particles

It is expected that a regular, structured packing of identical particles moves because
of affine motion only and then follows the prediction of the Effective Medium
Theory. Several authors have worked out this assumption. Among others, in [38]
the authors have performed wave propagation DEM simulations on monodisperse,
structured (crystal) packings and compared results with predictions from EMT
theory. The configuration considered there is a dense, static, FCC packing, see
Fig. 2. In this configuration, a unit cell (cuboid) has a volume Vu = √

2d3 and
contains two particles with volume 2VA = (π/3)d3 such that the volume fraction
is φ = 2Vp/Vu = π/(3

√
2) ≈ 0.74. Each particle has four contacts inside each

square-layer, and eight with particles in both neighbouring layers, corresponding
to a coordination number Z = 12. Being the packing regular and homogeneous,
the system is in a static equilibrium. A small overlap, i.e., contact deformation in
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Fig. 2 Snapshot of a typical body centred cuboid packing from [38]

Fig. 3 Normal stress (σzz) scaled by the equilibrium stress (σ 0
zz) as function of time at different

positions z/l0 = 10, 80 and 150, with the distance from the source, z, and the layer distance l0
[38]

normal direction, between all particle is applied, much smaller than the particle
diameter, δ/d ≈ 10−3. The applied overlap defines the stress state of the packing p0.
Waves are excited by applying a small perturbation at one side of the system, i.e., by
shifting a layer of particles. Compressive (P) and shear (S) modes can be triggered
by directing the perturbation parallel or perpendicular to the wave propagation
direction, respectively. Perturbations of small amplitude with respect to the typical
overlap are chosen, Δz/δ = 10−1, such that the structure does not change during
the simulations. Since the system is made of layers, it is possible to “record” the
pulse at each layer as a function of time. As an example, Fig. 3 shows the output of
a numerical experiment where a plan compressive P-wave is created and propagated
in z-direction. The scaled normal stress is plotted versus time at different positions
along the wave propagation direction. The figure nicely resembles the travel of the
wave as seen in experiments. By looking at the behaviour of stress over time in a
given layer, it is possible to detect the arrival time. Since the distance L between
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the source layer and the arrival layer is known, the velocity can then be calculated
as VP = L/ta , with ta arrival time. The simulation results can be compared with
the wave speed predicted from Eq. (11) where Eq. (27) provides the elastic moduli.
The assumption of a constant stiffness, which holds for small deformations and
large wavelength limit, is respected in this case. A very good agreement is obtained
between theory and simulations, where the discrepancy is only about 3%. cient,
which is kept constant to = 0:5 and kt ness for which we performed a parameter
study with the following erences of static and dynamic friction cients, or di erent
magnitudes of , relevant here (data not shown). Of course by cially low value for (=
0:001), see [17], sliding contacts occur andThe ness tensor and using the simulation
data in order to get the

Later on, the authors check the EMT for a slightly different system, by assigning
a size distribution to the particles (Δa of the order of the overlap δ). As soon as
polydispersity is introduced, and already for small values, the induced disorder in
the micromechanical equilibrium forces particles to a kinematics more complex than
the affine motion. Note that the coordination number of the relaxed is Z = 9.975.
This represents a loss of 17% of the contacts as compared to the ordered system
(Z = 12), but stays constant during propagation of waves. In this nonlinear context,
the EMT immediately fails, with discrepancies up to 9% as shown in Fig. 4.

Fig. 4 P-wave velocities as function of polydispersity: comparison between simulations and EMT
theory [38]
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5.2 DEM Simulations of Random Aggregates

When moving from the regular packing of spheres, to random aggregates, the
deviation from the predictions of the Effective Medium Theory becomes more
dramatic. In particular, one would expect that an aggregate of random spheres in
contact scales with pressure following the relation in Eqs. (30)–(31), i.e., the packing
behaves as a collection of Hertzian springs. However, experimentally it is known
that the bulk modulus K and shear modulus G of a granular assembly increase with
pressure p0 faster than the law predicted by EMT based on Hertz-Mindlin contact
forces:

K(p0) � p1/3 and G(p0) � p1/3.

Rather, numerous studies show values dependence of incremental elastic moduli on
pressure p0 as p

1/2
0 , as already mentioned in Sect. 3.1. In [15], Goddard presents a

comprehensive analysis comparing two alternative mechanisms for the anomalous
pressure scaling: (1) the breakdown of the Hertz-Mindlin force law at the level
of individual grains due to sharp asphericities at the contact departures; (2) the
variation of the number of contacts during pressure increase. He shows that both
mechanisms result in a p

1/2
0 pressure scaling at low pressure and both exhibit a

high-pressure transition to p
1/3
0 scaling at a characteristic transition pressure value.

While Goddard privileges the first hypothesis, the study proposed in [35]
supports the second hypothesis with the aid of DEM simulations. In this study,
the elastic moduli of isotropic monodisperse packings are calculated directly, by
applying an incremental strain to the sample and then measuring the resulting
incremental stress. The friction coefficient is set on a very high value to prevent
sliding among grains. When a shear strain, Δε12 is applied and the change in stress
σ12 is measured after relaxation, the shear modulus is recovered as G = Δσ12/Δε12.
Similarly, an incremental isotropic strain, Δv = Δε11 + Δε22 + Δε33, is applied to
measure K . Other than the anomalous scaling with pressure, the shear modulus
measured in the simulation is approximately 60% lower than that predicted by
EMT (with discrepancies even more dramatic for frictionless spheres), while the
difference in the measured and predicted bulk modulus is negligible. The authors
in [35] conclude that EMT can describe the scaling between moduli and pressure
observed in experiments if the increasing number of grain-grain contacts with p0
is considered. The authors propose an empirical relation for the evolution of the
coordination number with pressure of the form

〈Z(p)〉 = 6 +
( p0

0.06 MPa

)1/3
. (34)
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Once this is properly included in the EMT, a good agreement between theory and
simulations is recovered.

In the same years, an independent work by Aloufi and Santamarina [47]
suggested a similar micromechanical interpretation to their wave transducer experi-
ments on Houston sand. The authors observe a transition in the behaviour of shear
wave with pressure and suggest the existence of two regimes: “plastic”, i.e., where
contacts change, for p0 < p0, where p0 is the critical threshold, and “elastic”, at
constant fabric, for p0 > p0.

More recently, Magnanimo et al. [33] have tested further the relation between
microstructure and elastic moduli in isotropic granular assemblies. By using a
specific numerical protocol, they succeeded to isolate three state variables and
analyse their role independently, namely the pressure p0, volume fraction φ and
coordination number Z. Set of data prepared by increasing pressure and letting
the coordination number free to change as well show a behaviour similar to
experiments, with a relation between moduli and pressure not following the Hertzian
prediction in Sect. 4.2 and dependent on the specific preparation protocol, see Fig. 5.

On the other hand, by collecting packings with similar Z and fixed volume
fraction φ, the dependence of the elastic moduli on the confining pressure only
can be analysed. Interestingly, in the case of constant structure, G and K both
vary as p

1/3
0 . That is, for packings with fixed Z, particles experience an increase

of the contact overlap with the pressure and the behaviour of the aggregate naturally
follows Hertz’s law, see Fig. 6. Finally, the dependence of the elastic moduli on Z is
shown by plotting the bulk and shear moduli normalised by the confining pressure
p

1/3
0 , in Fig. 7. In this case unique curves are obtained, showing that the moduli

depend on the microstructure characterised by Z independently of pressure.
The findings support the micromechanical formulation of EMT. The work

shows that (1) the behaviour of the elastic moduli with pressure is qualitatively
recovered; (2) an independent relation of the moduli with Z must be considered.
However, Fig. 7 also highlights that the scaling proposed in Eqs. (31) and (30) for
the moduli with Z is not quantitative satisfactory. Highly coordinated packings
converge to EMT with G ∼ K ∼ Z2/3 and in turn converge to a constant
value as expected in the “elastic” regime [47] where a very dense contact network
prevents further rearrangements. Differently, data at low Z strongly deviate from
the EMT prediction. Thus, we conclude that more sophisticated theories, taking in
account relaxation of grains, due the disordered microstructure of the packing, are
needed in order to capture the material behaviour over a wide range of pressure and
coordination number. Those will be treated in the following section.



124 V. Magnanimo

102 103 104

10-1

⎯K
/ K

g

p0

102 103 104

p0

 μi =0.0001

 μi =0.05

 μi =0.1

 μi =0.3

μi =0.0001

μi =0.05

μi =0.1

μi =0.3

 

10-1

⎯G
/ G

g  

 

 

 

(a)

(b)

Fig. 5 Elastic moduli K and G, normalised by the material moduli Kg and Gg , vs. the confining
pressure p0, for four groups of packings. μi defines the preparation protocol [33]

6 Micromechanical Modelling Beyond EMT

In the last 30 years, efforts have been made to improve upon the Effective Medium
Theory. The so-called fluctuations theories are micromechanically based and
describe the particle displacements as the sum of a fluctuation component along
with the average term. Koenders [32] was the first one to introduce fluctuation about
the average deformation of contacting discs. Misra and Chang [37] for the first time
applied a fluctuation in strain to the calculation of the stiffness of a packing of
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Fig. 6 Normalised elastic moduli, vs. confining pressure p0, for four groups of packings with
similar coordination numbers. Gg and Kg are the shear and bulk moduli of the individual particles
[33]

disks, with good agreement with numerical results. Later on, [21, 43] focused on a
typical pair of contacting particles that interact through both the average strain and
the fluctuations, assuming that the neighbouring particles moved with the average
strain.

An analytical formulation for the bulk and the shear moduli based on the pair-
fluctuation method has been proposed in [20, 28]. This is briefly summarised here
and we refer to the articles for details.

In the pair-fluctuation approach, the kinematics of two contacting particles is
given by the average deformation and fluctuations in both translations and rotations:

u̇
(BA)
i = ε̇ij l

c
j + Δ̇

(BA)
j − 1

2
εijkṠ

(BA)
j lck, (35)

where u
(BA)
i , lci have been introduced in Sect. 4, Δ̇

(BA)
j is the increment in the

difference of the fluctuations in displacement of the particles and Ṡ
(BA)
j is the

increment in the sum of the fluctuations in the rotations about their centres. As
main assumption of the fluctuation theory, all the other n-th particles in touch with
the pair A − B simply move with an average deformation.



126 V. Magnanimo

765
300

320

340

360

380
400
420
440
460
480
500

  Average strain theory

⎯K
/ p

1/
3

0

⎯Z

 ⎯K [100 kPa]
 ⎯K [200 kPa]
 ⎯K [500 kPa]
 ⎯K [1   MPa]
 ⎯K [10 MPa]

765

200

300

400

500

600
700

  Average strain theory

⎯ G
/ p

1/
3

0

⎯Z

⎯G [100 kPa]
⎯G [200 kPa]
⎯G [500 kPa]
⎯G [1    MPa]
⎯G [10  MPa]

Fig. 7 Elastic moduli K and G, normalised by p
1/3
0 , vs. the coordination number Z: all the data

collapse into unique curves [33]

After some algebra [28], and restricting our cases to KN/KT ∼ 1, the
expressions for the effective shear and bulk moduli proposed by EMT, Eqs. (30)
and (31) are modified as follows:

G = 6φ

πd3

Z̄d2

30
(KN −KT )(1−2ζ )+ 6φ

πd3

Z̄d2

30
KT

[
5

2
− 5ζ − 3(ξ3 − ξ5)

]
(36)

and

K = 6φ

πd3

Z̄d2

18
KN(1 − 2ζ ), (37)
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where the coefficients ζ, ξ3, ξ5 are functions only of the statistics of the aggregate
[28], i.e., the local fabric. ζ, ξ3, ξ5 involve the standard deviation in particle
coordination number as a statistical measure of the contact geometry. In particular
the coefficient is obtained from the conditional contact distribution function, which
gives the probability of finding a contact at an orientation given that another
contact with certain orientation is present. Along with pressure, volume fraction
and coordination number, as proposed initially by EMT, the new theory states that
the fluctuation in coordination number must be taken into account to characterise
the contact network, and in turn, the elastic moduli.

Equations above are the solutions for the fluctuation of a typical pair of particles
to be in equilibrium, assuming that the other particles in the neighbour move with the
average strain. We can further improve the kinematics of a typical pair by relaxing
this hypothesis. For example, in [28], the solution of the fluctuation is implemented
also in the interaction of the pairs with their neighbours. In Fig. 8 we report the
DEM data on bulk and shear moduli K(Z) and G(Z) from Fig. 7 and compare
them with predictions of EMT and fluctuation theory. As shown in the figure, the
pair-fluctuation theory gives an excellent prediction of the bulk modulus over a
wide range of Z. A very good approximation is obtained for the shear modulus
in the intermediate-to-high Z regime, where the predicted shear modulus reduces to
approximately 40% of its average strain prediction. For high coordination number
EMT, fluctuation theory and DEM data converge, as highly coordinated packings
of spheres tend to move according to the affine motion and the coefficients ζ, χ3
and χ5 in Eqs. (36), (37) approach zero. As expected, the role of fluctuations results
particularly significant for loose, low-coordinated packings. This is also confirmed
by [1], where the prediction of the moduli of two-dimensional, isotropic assemblies
is extended over a significant range of coordination number. The authors adopt the
“particle-fluctuation” method, complementary to the “pair-fluctuation” method in
[20, 28]. However, in the former, complete knowledge of the contact geometry is
required, generally only available from DEM simulations.

The fluctuation theory satisfactorily improves upon EMT for the description of
granular elasticity and offers interesting insights. This analysis refers to the open
question on what statistical measures are needed for a comprehensive description
of the microstructure. For dense systems the coordination number (and its local
fluctuations) seems to be a sufficient measure of the contact geometry (Fig. 8).
Simulations and theory still diverge for poorly coordinated samples, when the
jamming point is approached, i.e., the transition from solid to fluid state [19]. For
those systems no statistical measure may be sufficient. In [25], the authors show that,
by increasing the order (or size) the sub-assemblies, the predictions get closer to the
true moduli determined from DEM simulations. In turn, the full knowledge of the
contact geometry is required, for a correct prediction of the material response in the
isostatic limit, since a small change leads to large rearrangement of contact forces.
Specific issues related to low-coordinated packings are discussed in [2]. The authors
suggest that collective effects determine the rigidity properties of tenuous networks
in the low-Z limit, where the shear moduli vanish. In these circumstances, pair-
fluctuations theory, based on the local equilibrium of one pair of grains embedded
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Fig. 8 Comparison between the numerical data and fluctuation theory for the normalised (left
panel) bulk modulus and (right panel) shear modulus

in an elastic medium, does not correctly represent the granular system and is thus
unable to capture its behaviour.

7 Toward Waves in Multiphase Granular Media

In this section the Effective Medium Theory introduced in Sect. 4.2 is extended to
describe the elasticity of granular media immersed in a fluid phase. In particular,
the complex case of unsaturated soils is treated, and EMT is applied to predict the
nonlinear behaviour of shear stiffness.



Wave Propagation and Elasticity 129

7.1 Micromechanical Modelling of Unsaturated Soils

For the case of small-strain stiffness of soils in unsaturated state, a number of
models have recently been proposed to quantify the shear modulus G over a wide
range of degrees of saturation [12, 24, 36, 41, 49]. G is recognised to be affected
by both suction and degree of saturation, which may vary independently because
of the hydraulic hysteresis and the dependency of the void ratio on the water
retention behaviour. A key question is how these two variables control the small-
strain stiffness and whether they can be combined into a single variable. A common
approach adopted by several authors [24, 41, 49] is to derive empirical or semi-
empirical relationships for G using the product between suction and degree of
saturation as a stress variable [22], often referred to as Bishop’s effective stress for
unsaturated soils:

σ ′′
ij = σij − uaδij + (Srs)δij , (38)

where σ is the total stress, ua is the pore pressure, s is the suction, Sr is the degree
of saturation and δij is the Kronecker delta. An implicit assumption in this approach
is that, at the same suction, the product Srs increases with an increase in degree
of saturation. Since the degree of saturation along a drying path is higher than
the degree of saturation along a wetting path, one would expect G to be higher
along a drying path. Although an evidence of this has been observed experimentally
[23], a number of experimental investigations show an opposite trend, i.e., the soil
is observed to be significantly stiffer along a wetting path [24, 40]. Inspection of
experimental data also reveals that the change of G with suction or degree of
saturation occurs in either a monotonic or non-monotonic fashion [23, 45]. Ideally, a
stiffness model should be capable of capturing the physics behind the two observed
behaviours. However, no models presented so far are capable of addressing causes
and differences.

A recent work [42] presents an experimental investigation of the independent
effect of suction and degree of saturation on G along a full hydraulic hysteresis
loop. An unsaturated sand specimen was tested in a modified triaxial cell apparatus
equipped with bender elements using the hanging water column method (see [42]
for details on the experiments). Then, a simple macroscopic model based on
micromechanical insights from EMT is proposed in order to interpret and predict the
evolution of G during hydraulic hysteresis. The proposed model is then challenged
to elucidate a range of different responses observed in the literature.

The intergranular stress σ ∗
ij induced by the degree of saturation/suction may

be formulated by considering an idealised packing of equal spheres in an ordered
structure. Let us consider the idealised unsaturated packing as shown in Fig. 9, and
let us assume that the contact area of each pair of spherical particles is a point. The
two-phase material can be described as the coexistence of a region fully occupied by
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Fig. 9 Schematic
representation of the
unsaturated soil packing [42].
T is the surface tension at the
interface between particle and
water meniscus

bulk water (saturated region) and a region occupied by the menisci alone. Boso et al.
[5] derived an expression of the intergranular stress σi of the unsaturated packing as

σ ∗
ij = σij +

[
σ ∗b

ij

Sr − Srm

1 − Srm

+ σ ∗m
ij

(
1 − Sr − Srm

1 − Srm

)]
, (39)

where Sr is the total degree of saturation, Srm is the residual degree of saturation
(degree of saturation of the region occupied by the menisci alone), σij is the total
stress, σ ∗b

ij is the intergranular stress in the bulk water region and σ ∗m
ij is the

intergranular stress in the meniscus water region. The first term in square brackets
takes into account the contribution of suction to the intergranular stress in the
saturated region, which is directly proportional to the suction (σ ∗b

ij = s). The second
term in square brackets indicates the contribution of suction to the intergranular
stress in the meniscus water region. The two contributions of suction in Eq. (39) are
weighed by functions of the degree of saturation.

By extending the analysis in [14] for spherical particles the stress in the menisci
region σ ∗m

ij can be assumed independent of suction. As further step, we use the
Effective Medium Theory in the simplified case of a regular lattice to express the
shear modulus in terms of the intergranular stress. Starting from Eq. (27) applied,
for example, to a Cubic Square lattice shown in Fig. 9, the shear stiffness is

G = C1212 = 2

7

d2

V

3

2
k

2/3
n0

(
p∗

0

2d
V

)1/3

, (40)

with d = D50 average diameter of the particles and the volume V is extended to the
whole experimental sample, and only the normal component of the intergranular
stress tensor has been considered p∗

0 = 1/3tr(σ ∗
ij ). The proposed model was

calibrated and validated against the experimental results. Two model parameters
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need to be identified, namely kn0 and p∗m
0 . In the macroscopic model, these

parameters should be intended as macroscopic parameters with an intuitive physical
micromechanical meaning. In particular, kn0 is proportional to the interparticle
stiffness KN in Sect. 4, but it is assigned an extended physical meaning. kn0 is
a model parameter that accounts for a number of characteristics of the real soil
packing including the particle stiffness, particle shape, particle size distribution,
particle arrangements, etc. With proper calibration, e.g., at saturation and at residual
saturation, the two calibration parameters can be devised.

Figure 10 shows the comparison between the values of G obtained experimen-
tally and the simulated stiffness C1212. In order to take into account the variability
of the degree of saturation within the specimen, bounding values of C1212 are
considered, corresponding to the values of suction at the top/bottom of container.
The model gives an accurate prediction of the small-strain shear modulus during
hydraulic hysteresis. The variation of G with suction is well captured at a qualitative
and quantitative level.

Moreover, the proposed model is able to elucidate the mechanisms behind
different patterns of small-strain response in unsaturated granular materials. Two
key responses can be successfully reproduced: soils have been observed to exhibit
a stiffer behaviour along either a drying or a wetting path; G has been observed
to vary in either a monotonic or non-monotonic fashion. By accounting for the
independent effect of suction and degree of saturation on soil stiffness and with

Fig. 10 Comparison of experimental data and prediction of the micromechanical model for small-
strain stiffness during hydraulic hysteresis. The two dashed lines for the drying path (dashed-dotted
for the wetting path) indicate the boundaries of the theoretical prediction for the two extreme values
of suction at the top/bottom of the container [42]
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proper calibration of only two constants, both mechanisms can be reproduced and
interpreted from the micromechanical point of view at a qualitative and quantitative
level. The model captures the higher stiffness observed along a wetting path that
the stress variable obtained as the product suction times degree of saturation fails
to predict. According to the proposed model, the evolution of G is controlled by
the evolution of the intergranular stress induced by suction and degree of saturation
during hydraulic hysteresis. This naturally leads to the conclusion that the breadth
of the water retention curve and the intensity of the intergranular stress due to
the presence of the menisci have an effect on the evolution of G and control its
monotonic/non-monotonic behaviour. The reader is referred to [42] for details and
more extended analysis.

8 Conclusions

We have given an overview of the most relevant theoretical approaches to describe
the elastic responses of granular soils across the geomechanical, mechanical and
physics communities. Via the between experiment-based empirical models and
classical micromechanical Effective Medium Theory (EMT), we have investigated
the relevant parameters needed to describe the elastic response of a dense granular
soil.

The study has been further enriched through insights from Discrete Element
simulations. First, we have shown that waves propagating in regular arrays of
particles perfectly follow the prediction of EMT. Later on, we have employed DEM
to show that, in the case of random isotropic aggregates, a non-trivial dependence
between pressure p0, volume fraction φ and coordination number exists. In
particular, for packing with identical microstructure Z, the elastic moduli confirm
the scaling K ∼ G ∼ p

1/3
0 expected because of the Hertzian interaction between

spheres. In addition to p0, φ, Z, we also considered the fluctuation in the number of
contacts per particle and compared DEM simulations with the more sophisticated
fluctuation theory that include the relaxation of grains kinematics, due to the
disordered microstructure of the packing. We conclude that several regimes define
the elastic behaviour of granular soils: at very high pressure (high coordination
number), where contact rearrangements are impeded and the coordination number
is constant, the aggregate behaves “elastically”, i.e., K ∼ G ∼ p

1/3
0 ; when p0

and Z decrease, changes in pressure induce changes in contacts and the behaviour
becomes “plastic”. For sufficiently high coordination number, where movement
is limited and particles tend to follow the affine motion, the prediction of EMT
K ∼ G ∼ Z2/3 is confirmed by DEM. For lower values of Z, the elastic behaviour
is qualitatively but not quantitatively captured by the Effective Medium Theory. In
this regime, modifications that include the local distribution of contacts succeed
to improve upon EMT, with fluctuations increasing with decreasing Z. In the
limit of poorly coordinated systems, close to jamming, fluctuation theories fail to
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describe granular elasticity, and contact fluctuations must be extended from local to
collective, including the whole packing of particles.

Finally, we have extended the Effective Medium framework to describe unsatu-
rated soils and shown validation of the model against laboratory experiments after
proper calibration. Experimental results revealed that wave velocity and, hence,
stiffness are not controlled by the product “suction times degree of saturation”,
traditionally used for describing the behaviour of shear waves in unsaturated sand.
According to the simplified micromechanical model the evolution of the shear
modulus G is controlled by the evolution of the suction-generated intergranular
stress during drying-wetting cycles.
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