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A B S T R A C T

In the current work, an extensive experimental study is performed, to investigate the influence of both, the
applied thermal conditions over a wide range of temperatures and the manufacturing process induced degree of
crystallinity on the mechanical response of semi-crystalline polymers. To this end, large-strain tensile experi-
ments with different loading procedures (i.e. monotonic, cyclic, and relaxation tests) are conducted on
Polyamide 6 for different loading rates. The experimental data base provides new insights into the complex
dependencies of the effective material properties on the aforementioned factors and serves as the foundation for
the development of a continuum mechanical constitutive framework.
The phenomenological, isothermal model is developed in a reasonably general, thermodynamically consistent

manner, to predict the strain rate, temperature and degree of crystallinity dependent large-deformation response
of semi-crystalline polymers. A coupled nonlinear visco-elastic, elasto-plastic theory, incorporating nonlinear
isotropic and kinematic hardening, is proposed to capture the complex material behavior (e.g. strain recovery
and hysteresis loop after cyclic loading-unloading and nonlinear stress relaxation). A staggered characterization
method is proposed, to identify a set of material parameters from the experimental data. Finally, validation
studies demonstrate the great capabilities of the novel constitutive framework, to accurately predict the sig-
nificant influence of the temperature and degree of crystallinity on the material response.

1. Introduction

Semi-crystalline thermoplastics represent an important class of en-
gineering materials in a large range of industrial sectors, due to their
potential of a cost-effective mass production and attractive mechanical
properties such as high strength to weight ratio. In contrast to amorphous
thermoplastics, semi-crystalline polymers (SCPs) partly crystallize during
cooling from the melt. Depending on the manufacturing process (e.g.
forming processes of continuous fiber reinforced SCPs, injection
moulding etc.) and the preceding thermal treatment, applied stress, and
presence of moisture, the crystallization kinetics can substantially differ
(cf. Fornes and Paul, 2003). Naturally, the emerged morphology of the
underlying microstructure (e.g. the degree of crystallinity, crystal con-
figuration, and lamellae thickness etc.) has a significant influence on the
mechanical behavior of SCPs (e.g. Jenkins, 1992; Ayoub et al., 2011).
Moreover, the material response is strongly affected by the temperature
and the loading rate. Due to the growing demand for this type of ma-
terials, it is of high interest to identify, analyze, and predict the complex
material and structural response of parts during and after processing.

Consequently, numerous computational models, aiming at reliably
capturing the complex nonlinear behaviour of SCPs or SCP-based
composites, were published during the last decades. In the pioneer
modeling approach for glassy polymers of Haward et al. (1968), an
additive decomposition of the total resistance to deformation into an
intermolecular and molecular network resistance, was proposed. Based
on the latter and the fundamental ideas of Boyce et al. (2000), several
phenomenological models were developed for amorphous (e.g. Anand
et al., 2009, Anand et al., 2009, and Srivastava et al., 2010) and semi-
crystalline polymers (e.g. van Dommelen et al., 2003, Ayoub et al.,
2010, and Barriere et al., 2019).

Within the class of phenomenological modeling approaches, several
authors (e.g. Lai et al., 2005 and Khan et al., 2006) proposed to govern
the material deformation by reversible, (nonlinear) visco-elastic mod-
eling strategies. In contrast, in other works (e.g Zeng et al., 2010,
Drozdov, 2011, Khan and Yeakle, 2011, and Kästner et al., 2012) visco-
plastic formulations, mainly based on the over-stress concept, were
suggested to capture rate dependent irreversible deformations. How-
ever, to accurately predict the observed plastic behavior, as well as the
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strain recovery, stress relaxation, and loading-unloading hysteresis loop
of amorphous and semi-crystalline polymers, coupled visco-elastic,
visco-plastic models are crucial (cf. Miled et al., 2011, Yu et al., 2016,
Gudimetla and Doghri, 2017, Praud et al., 2017, and Wang et al.,
2019). In addition, to account for the Bauschinger-like effect upon
unloading, kinematic hardening was incorporated in several con-
stitutive frameworks (cf. e.g. Anand and Ames, 2006, Anand et al.,
2009, and Krairi and Doghri, 2014). Recently, Qi et al. (2019) en-
deavored to improve these models and developed a small strain theory
to capture the complex cyclic behavior of semi-crystalline high density
Polyethylene (HDPE), where a parallel arrangement of elasto-plastic
intermolecular and nonlinear visco-elastic network resistance was
proposed.

Besides the phenomenological modeling approaches, multi-scale
strategies were employed, by using either analytical or FE-based
homogenization schemes, e.g. Gueguen et al. (2010), Li and
Shojaei (2012), Uchida and Tada (2013), Popa et al. (2014), and
Alisafaei et al. (2016) to name a few. In other physical approaches,
aspects related to the microstructure were integrated into the mathe-
matical framework, such as the molecular chains network reorganiza-
tion (Maurel-Pantel et al., 2015). Despite the usually small number of
parameters and less complex model formulations for this class of con-
stitutive frameworks, it is in general rather difficult to obtain the re-
quired physical or microstructural data from experimental observa-
tions. This is in contrast to phenomenological models, where the

required material parameters can be identified from conventional me-
chanical tests.

As alluded above, the nonlinear mechanical behavior of semi-crys-
talline polymers is significantly depending on the thermal conditions.
Despite the abundant literature on isothermal constitutive frameworks,
only a limited number of researchers focused on thermo-mechanically
coupled formulations. Recently, Maurel-Pantel et al. (2015), Garcia-
Gonzalez et al. (2018), and Li et al. (2019) studied the thermo-me-
chanical coupling effects for Polyamide 66 (PA66), Polyether ether
ketone (PEEK), ultra-high-molecular-weight Polyethylene (UHMWPE),
and HDPE, respectively. In addition, Shen et al. (2019) introduced a
thermo-elastic-viscoplastic-damage model for Polyamide 6. In the work
of Shojaei and Volgers (2017), the significance of the self-heating
phenomenon in the context of lifetime prediction of polymeric mate-
rials was revealed. Furthermore, Krairi et al. (2019) developed a non-
isothermal, visco-elastic, visco-plastic small strain theory and applied it
for PA 66 and Polypropylene.

Despite the significant influence of the composition of the under-
lying amorphous and crystalline regimes on the macroscopic response
of SCPs, only a limited number of constitutive models account for this
effect. Dusunceli and Colak (2008) investigated different rules of mix-
ture of the amorphous and crystalline regimes in a phenomenological
approach. A two-phase representation of the microstructure was chosen
by Ayoub et al. (2011) and Abdul-Hameed et al. (2014) and further
contributions were made by Ponçot et al. (2013) and Rozanski and

Nomenclature

a Scalar quantity
a First order tensor
A Second order tensor

Fourth order tensor
(*) Total derivative with respect to time
(*)T Transpose of a quantity
(*) 1 Inverse of a quantity
tr(*) Trace of a quantity
det(*) Determinant of a quantity
sym(*) Symmetric part of a quantity
dev(*) Deviatoric part of a quantity
A: B Scalar product of two tensors A and B
ω(*) Eigenvalue of a quantity
||*|| Frobenius norm of a tensor
||*||s Second norm of a tensor
(*)1 Intermolecular quantity
(*)2 Network quantity
(*)e1 Intermolecular elastic quantity
(*)e2 Network elastic quantity
(*)i Network inelastic quantity
(*)n Quantity from last converged time step
(*)p Intermolecular plastic quantity
(*)pe Intermolecular plastic elastic quantity
(*)pi Intermolecular plastic inelastic quantity
b and c Kinematic hardening parameters
B Left Cauchy-Green deformation tensor
C Right Cauchy-Green deformation tensor

Material tangent modulus
cc Current configuration
D Symmetric part of velocity gradient
E Young’s modulus
F Deformation gradient
H Isotropic hardening modulus
I Second order identity tensor
ic1a Intermediate plastic configuration
ic1b Intermediate configuration of kinematic hardening

ic2 Inelastic intermediate configuration
J Determinant of deformation gradient
K Bulk modulus
L Velocity gradient
M Mandel stress tensor
rc Reference configuration
R Driving force of isotropic hardening
S Second Piola-Kirchhoff stress tensor
u Displacement vector
U Right stretch tensor
W Antisymmetric part of velocity gradient
X Back stress tensor in ic1a
X̃ Back stress tensor in rc
Y Stress like quantity: =Y CS C Xp1
Ykin Stress like quantity: =Y C X̃kin p
β Isotropic hardening parameter
δ Relaxation time function parameter
Δt Time increment
θ Temperature
κ Accumulated plastic strain
λi stretch in i-direction
Λ Lamé constant

Plastic multiplier
μ Shear modulus
ν Poisson’s ratio
ξ Set of internal variables
ρ0 Density in rc
σ Cauchy stress tensor
σ∞ Isotropic hardening parameter
σy Initial yield stress
τ Relaxation time
τ0 Relaxation time function parameter
τ Kirchhoff stress tensor
φ Relaxation time function parameter
Φ Yield function
χ Absolute degree of crystallinity
ψ Specific Helmholtz free energy
Ψ Volumetric Helmholtz free energy
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Galeski (2013). Recently, Chen et al. (2019) studied and modeled the
significant dependence of the ratcheting behavior of UHMWPE on the
degree of crystallinity at small strains. In all these works, the influence
of the degree of crystallinity was investigated for only one specific
temperature.

From the presented review above, a considerable large progress
associated with the experimental and numerical analysis of semi-crys-
talline polymers is evident. However, in all these works, the impact of
the temperature (e.g. Krairi et al., 2019, Shen et al., 2019) and the
process induced degree of crystallinity (e.g. Dusunceli and Colak, 2008,
Ayoub et al., 2011) on the mechanical response was assessed in-
dividually and the corresponding models account for one of these
quantities only. Consequently, the prediction of the material response
for different process induced morphologies of the material’s internal
microstructure (e.g. the degree of crystallinity), in applications where
the temperature varies over a wide range, remains a challenge, until
today. To assess and predict the interplay and coupling effects between
degree of crystallinity and temperatures is in particular crucial, since
the influence of the crystalline regimes on the material properties is
strongly temperature dependent and changes significantly above the
glass transition temperature.

Thus, the ultimate objective of the current work is to study and
evaluate the impact and interplay of all the aforementioned influences
(strain rate, degree of crystallinity, and temperature) collectively. To
this end, a new phenomenological constitutive model with the fol-
lowing features is developed:

• Thermodynamically consistent, 3D, finite strain theory (cf.
Section 4).
• Including a coupled visco-elastic, plastic model formulation, com-
prising a nonlinear relaxation function as well as nonlinear isotropic
and kinematic hardening.
• Accounting for a processing induced variation of the degree of
crystallinity.
• Accounting for a wide range of temperatures, spanning the glass
transition.

To the authors’ knowledge, there is no model available for SCPs,
which comprises all of theses features.

This novel isothermal theory is applied to model Polyamide 6.
Despite the numerous experimental data published over the last dec-
ades, no comprehensive (true) stress-stretch data is available for
Polyamide 6 over a wide range of temperatures, including large strains,
different loading rates, and accounting for different degrees of

crystallinity. In order to investigate the material behavior, different
loading procedures (i.e. monotonic, cyclic, and relaxation tests) must be
considered, in addition. In this work, data with the aforementioned
features is generated, by conducting uniaxial tensile tests for Ultramid
B40, kindly provided by BASF SE (see Sections 2 and 3). In order to
identify a set of material parameters, based on the experimental ob-
servations, a staggered calibration procedure is developed (cf.
Section 5).

The model is implemented as an user material subroutine UMAT
into the commercial FEM software ABAQUS/Standard (see
Appendix A). The capabilities of the model, to efficiently and accurately
predict the three-dimensional material behavior for large deformations,
different strain rates, temperatures, and degrees of crystallinity are
verified in Section 6 and finally conclusions are drawn in Section 7.

2. Experimental investigation

2.1. Specimen preparation

As alluded above, the objective of the experimental investigations
was to obtain true stress-stretch data for constant temperatures (under
isothermal conditions), constant strain rates, and constant degrees of
crystallinity. The tested tensile specimens were produced by injection
moulding and the geometry and dimensions were in accordance with
type 5A of ISO 527-2:2012.

The crystalline regimes of Polyamide 6 are either characterized by a
fully extended (monoclinic) configuration of the polymer chains, re-
ferred to as α-form, or a twisted (hexagonal/ pseudohexagonal) con-
figuration (γ-form) (see e.g. Fornes and Paul, 2003), which depend on
the thermal conditions, applied stress, and presence of moisture. To
study the influence of the crystallographic structure of the micro-
structure on the mechanical properties, two sets of specimens were
annealed after processing, to alter the degree of crystallinity. The re-
sulting total degree of crystallinity χ was determined by differential
scanning calorimetry (DSC) analysis, utilizing the DSC 1 from Mettler
Toledo. All samples were prepared by cutting the polymer into pieces
significantly smaller than 1 mg. Subsequently, 5 mg of the polymer
were filled in 40 μ tins for the DSC analysis, which was conducted under
nitrogen atmosphere. The samples were heated up from room tem-
perature 23.5 ∘C way above the melting point to 245 ∘C with 10 ∘C/min.
Each testing procedure was repeated three times.

The recorded curves of heat flow over temperature are displayed in
Fig. 1. Noteworthy, the curves have been shifted vertically, in order to
increase the readability. The heat absorption during the endothermic

Fig. 1. Experimental results of the DSC analysis. Left: Heat flow over temperature for a virgin specimen and a specimen annealed at 160 ∘C for 1 h, revealing no
traceable change of the degree of crystallinity ( = 0.229 ± 0.008 vs. = 0.228 ± 0.005, respectively). Right: DSC trace for two specimens annealed at 180 ∘C for 2
h and 5 h, resulting in a change of the total degree of crystallinity ( = 0.250 ± 0.0057 and = 0.281 ± 0.0006, respectively).
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melting of the crystalline regime i.e. the change in specific enthalpy
Δhm, was computed by integrating the obtained specific heat flow
curves over time. As it is common practice (cf. e.g. Zinet et al., 2010),
the absolute degree of crystallinity χ (based on mass) of the samples
was obtained by

= h
h

m

f
100 (1)

where hf
100 represents the specific fusion enthalpy of a hypothetical

100% crystalline material. For Polyamide 6, Illers (1978) reported a
heat of fusion of =hf

100 241 J/g and 239 J/g corresponding to the
monoclinic and hexagonal form, respectively. In line with Fornes and
Paul (2003), the average of these values, i.e. 240 J/g, was considered,
in the current work.

The DSC analysis for the virgin specimen resulted in a degree of
crystallinity of = 0.229 ± 0.008. In addition, specimens which were
annealed at 160 ∘C for 1 h were investigated and revealed no traceable
effect of the preceding thermal treatment on the measured degree of
crystallinity ( = 0.228 ± 0.005). The corresponding heat flow curves
over temperature (provided on the left-hand side of Fig. 1) exhibited a
unique melting peak at θpeak ≈ 122 ∘C in both cases. After Kyotani and
Mitsuhashi (1972), this suggests the melting of a predominately α-
crystal configuration. However, during injection molding, usually a
small amount of non-spherulitic pseudohexagonal γ-form is present,
close to the surface, according to Fornes and Paul (2003). The faint
exotherm pointing at 193 ∘C was also reported by several other authors
(e.g. Khanna and Kuhn, 1997 and Xie et al., 2009) and is related to
reorganization processes of unstable crystals. These experimental
findings substantiated the assumption that the degree of crystallinity
remained constant during the mechanical testing, especially at elevated
temperatures above the glass transition, in the considered temperature
range (20 ∘C - 160 ∘C).

To alter the degree of crystallinity, two sets of virgin specimens
were annealed at 180 ∘C for 2 and 5 hours, respectively. The corre-
sponding heat flow over temperature relations are provided on the
right-hand side of Fig. 1. In line with the results of Millot et al. (2015), a
double endotherm was present upon heating of the samples. With in-
creasing annealing time, the distance between the two endothermic
peaks decreased (cf. Gurato et al., 1974). This resulted in a constant
major endotherm at θpeak ≈ 121 ∘C, and minor once at θpeak ≈ 179 ∘C
and θpeak ≈ 185 ∘C, for annealing times of 2 hours and 5 hours, re-
spectively. These results suggest the melting of a small amount of γ-
crystals followed by melting of the predominant α-form (cf. Kyotani and
Mitsuhashi, 1972 and Millot et al., 2015). This annealing procedure led
to a total degree of crystallinity of = 0.250 ± 0.0057 and =
0.281 ± 0.0006, for annealing times of 2 and 5 hours, respectively.

In the course of the current work, no differentiation between either
crystal configurations (γ-phase and α-phase) nor morphology (lamella
thickness) of the crystalline phase is made. In this way, the biphasic
nature of the underlying microstructure is accounted for by introducing
a single scalar variable χ, which represents the total crystal weight
fraction. In summary, the following sets of specimens were obtained:

1. No annealing: χ ≈ 0.23
2. Annealing under vacuum for 2 hours at 180 ∘C: χ ≈ 0.25
3. Annealing under vacuum for 5 hours at 180 ∘C: χ ≈ 0.28

Noteworthy, all experiments were conducted for the first and third
set of specimens to characterize the proposed constitutive framework
(cf. Section 4), whereas the second set was utilized for model validation
only, see Section 6.

2.2. Mechanical testing and experimental setup

Polyamide 6 is hydrophilic and the significant influence of water
absorption in a humid environment on the mechanical properties was
reported by several authors e.g. Ishisaka and Kawagoe (2004) and
Miri et al. (2009). In the context of thermoforming processes, the ma-
terial behavior in a dried state is of particular interest. Consequently, all
tested specimens were dried under vacuum at 100 ∘C for 48 hours,
subsequently vacuum-sealed, and directly tested after unpacking.

The experimental setup is depicted in Fig. 2. Tensile experiments
were conducted by using a Zwick Z005 universal testing machine. For
the experiments above room temperature, a temperature furnace was
incorporated into the test set up. In preceding investigations, thermo-
couples within the specimens yielded the required heating time for an
uniform temperature distribution within the sample. To obtain non-
tactile displacement measurements in longitudinal and traversal di-
rection at the surface of the specimen, a 2D ARAMIS 4M digital image
correlation (DIC) system was employed during all experiments. To in-
crease the accuracy and precision of these measurements, major at-
tention was paid to achieve a perpendicular alignment of the camera to
the specimen’s surface. Simultaneous infrared thermography (IR)
measurements were performed during the experiments at room tem-
perature, by utilizing a InfraTecVarioCAM HD device (see Fig. 2).

The loading rate was controlled by the cross head speed of the
testing machine and two different velocities ( =vmin 1 mm/min and

=vmax 10 mm/min) were prescribed. At moderate deformations, local
necking occurred and a heterogeneous strain field, accompanied by
non-constant strain rates, arose (see Fig. 3). Noteworthy, the necking
area was almost always located at the lower part of the specimen. To
identify areas within the specimen exhibiting constant strain rates, the
mean stretch in longitudinal x-direction λx over time, for three distinct
sections was investigated for both loading velocities, see Fig. 3. An al-
most constant stretch rate of x min, 0.0005 s 1 and x max, 0.0058 s 1

for vmin and vmax, respectively, was observed for Section 2. Moreover,
strain induced crystallization was present in the local necking regime,
leading to an evolution of the crystallographic structure during the
tests. Accordingly, evaluating Section 2 was also favorable in order to
investigate the material response for constant degrees of crystallinity.
Consequently, the true stress-stretch relation obtained from the stretch
field corresponding to this homogeneously deformed area was eval-
uated for each experiment.

Noteworthy, injection molding usually leads, to a certain extend, to
the orientation of the molecular chains in the flow direction. This re-
sults in a material anisotropy, which was reported by e.g.
Fujiyama et al. (1977). This effect was not further investigated, by e.g.
evaluating the tensile properties in transversal direction, in addition.
However, additional measurements of the out-of-plane stretch λz re-
vealed that the stretch in transversal direction λy and λz evolved
equally. Thus a transversely isotropic material behavior was concluded.

Each loading procedure was conducted over a wide range of

Fig. 2. Experimental setup at room temperature: ARAMIS camera (1), Zwick
Z005 testing machine (2), VarioCAM HD infrared camera (3).
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temperatures, below and above the glass transition temperature
(θg≈ 80 ∘C) at 23 ± 1.0 ∘C, 50 ± 1.0 ∘C, 120 ± 1.0 ∘C, and 160
± 1.0 ∘C. Due to the small deviation of the material response for
different specimens (indicated by the error bars in the corresponding
stress over stretch data in e.g. Fig. 6), each procedure was only repeated
3 times.

3. Experimental results

To obtain insights into the fundamental deformation processes
during the tensile experiments, cyclic loading-unloading-recovery ex-
periments were performed. During this cyclic loading procedure, the
specimen was first subjected to displacement controlled loading and
subsequently unloaded until the force equaled zero. In the last step, the
force was held constant for a sufficiently long time, to distinguish be-
tween time-independent and time-dependent remaining deformations.
In Fig. 4, the true (Cauchy) stress over stretch and stretch over time
relation is presented for this loading procedure at room temperature for

x max, and = 0.23.
The data revealed three distinct deformation regimes:

1. In the elastic regime, no remaining stretch was present after un-
loading to zero force.

2. In the visco-hyperelastic regime, some remaining deformations were
detected after unloading. However, in the recovery step, these were
dissolved and the undeformed initial configuration was obtained at
the end (λx ≈ 1), as depicted in Fig. 4 on the right hand side.

3. In the visco-hyperelastic-plastic regime, the stretch value after un-
loading converged towards an equilibrium, where some irreversible
plastic deformations remained.

Furthermore, constant initial slopes upon loading ascertained an
undamaged material, in the considered deformation range. After the
plastic regime was reached, the recovery step after unloading was
omitted and the specimen was directly subjected to loading, for the sake
of a less time-consuming experimental procedure. In this work, the
initial yield stress was determined from the average of the maximum
stress of the first load cycle within the plastic regime and the maximum
stress of the preceding load cycle (results see Fig. 5). Due to the small
increase of the maximum stretch for the load cycles within the visco-
elastic regime, the difference between the maximum stresses of con-
secutive load cycles was small as well. Consequently, this identification
procedure led to acceptable uncertainties in the determination of the
yield stress (difference between maximum stress of first load cycle in
the plastic regime and maximum stress of preceding load cycle), high-
lighted as error bars in Fig. 5. It should be emphasized that this ap-
proach was in contrast to most identification procedures presented in
the literature. It is common practice to estimate the initial yield stress
from monotonic tensile tests only. To this end, the intersection of the
initial slope of the stress stretch curve and the hardening slope (e.g.
Şerban et al., 2013) or the peak in the engineering stress-stretch rela-
tion (e.g. Rae et al., 2007) are considered. Among others, El-
Qoubaa and Othman (2016) determined the yield stress for semi-crys-
talline PEEK at higher temperatures from cyclic loading procedures,
without introducing an additional recovery step. However, from the
provided data for Polyamide 6 in this study, it is obvious that these
identification schemes would lead to less accurate values for the onset
of plastic flow.

Monotonic tensile tests were conducted until rupture of the spe-
cimen occurred or a maximum stretch of =x 1.20 was reached. The
true (Cauchy) stress σx over stretch relation is presented in Fig. 6 for
various fixed temperatures, loading rates, and degrees of crystallinity.
The observed influence of the temperature on the material response is

Fig. 3. Representative DIC image and section concept (top). Evolution of
stretch in longitudinal x-direction λx for different loading rates v and sections
(bottom).

Fig. 4. Cyclic loading-unloading-recovery experiments at room temperature for x 0.0058 s 1 and = 0.23.
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in line with several studies (Shan et al., 2007, Maurel-Pantel et al.,
2015, and Parodi et al., 2018 to name a few). As the temperatures in-
creased, the Young’s modulus of the material decreased exponentially,
as shown in Fig. 7. Furthermore, at higher temperatures a more gradual
roll-over to yielding was observed, the yield strength decreased (nearly
exponentially cf. Fig. 5), and the amount of strain-hardening dimin-
ished. Noteworthy, the displayed exponential regressions (cf. Figs. 5
and 7) provide only a trend and must be treated with care, since not
enough data is provided close to the glass transition temperature
θg ≈ 80 ∘C, where sudden changes of the material properties might
occur.

A clear dependency of the material properties on the morphology of
the underlying microstructure was evident from the presented data.
With increasing degree of crystallinity, an increase of the initial stiff-
ness, hardening, and yield stress was observed, which has been also
reported by Ayoub et al. (2011) above the glass transition temperature
for polyethylene. The influence of the degree of crystallinity was more
pronounced at temperatures above the glass transition regime and in-
creased significantly at 160 ∘C, in particular for the yield stress (cf.
Figs. 5 and 7). Above the glass transition, the chain mobility within the
amorphous phase increased significantly and the resistance to de-
formation, provided by the additional crystalline structures, was thus

Fig. 5. Yield stress σyield for the investigated temperatures and degrees of crystallinity. The increase for a higher degree of crystallinity is highlighted, in addition. The
exponential trend line is of the form = C exp( C ),yield

1 2 where the parameters =C1 53.5247, 55.8121 and =C2 0.0165, 0.0130 were fitted for = 0.23 and = 0.28,
respectively.

Fig. 6. Monotonic tensile tests at various temperatures, degrees of crystallinity χ and loading rates x .
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more prominent. Interestingly, the influence of the degree of crystal-
linity on the stiffness was the highest at 160 ∘C (cf. Fig. 7), whereas the
hardening behavior was most effected at 120 ∘C.

Concomitant with the observation of an initially elastic material
response, the initial stiffness appeared to be relatively strain rate in-
dependent (cf. Fig. 6).Shan et al. (2007) reported that the sensitivity of
the yield stress with increasing loading rates was logarithmic for
Polyamide 6 and that the influence became more and more negligible at
temperatures above the glass transition temperature. These observa-
tions corresponded with the authors findings, in particular since the
considered strain rates were limited to one decade only. This is in
contrast to the shape of the stress stretch curves, in particular below the
glass transition. For increasing loading velocities, an increase of hard-
ening accompanied by a loss in ductility was detected (cf. Ayoub et al.,
2011, Şerban et al., 2013, and El-Qoubaa and Othman, 2016, for other
semi-crystalline polymers). In line with the results of e.g.
Shan et al. (2007), the influence of the strain rate on both the shape of
the stress stretch curves and the yield stress decreased at temperatures
above the glass transition. This behavior can be attributed to the fact
that at higher temperatures, the material behavior was mostly domi-
nated by the crystalline regimes, as alluded above. Interestingly, at a
temperature of 120 ∘C, the effect of the loading rate was slightly less
pronounced, compared to a temperature of 160 ∘C.

At higher loading speeds, the hardening behavior became more
complicated. The slope of the stress-stretch curves decreased for higher
strain rates, after moderate stretch levels of λx ≈ 1.05 (see Fig. 6). At
higher temperatures (e.g. 120 ∘C and 160 ∘C), this eventually led to an
intersection of the curves for x min, and x max, . This behavior can be
traced back to the self-heating of the material due to dissipative effects
(cf. Maurel-Pantel et al., 2015 and Mohagheghian et al., 2015). At
higher loading speeds, strain induced hardening competed with self-
heating induced thermal-softening. To investigate this effect in the
current experimental study, infrared thermography (IR) was employed.
In Fig. 8, the average temperature of Section 2 (cf. Fig. 3) is plotted over
the stretch in longitudinal direction for x min, and x max, at room tem-
perature. Noteworthy, the temperature resolution of the employed in-
frared camera (InfraTec VarioCAM HD) is 0.08 ∘C, whereas the mea-
surement accuracy is ± 2 ∘C. Consequently, comparatively large error
bars arose for the measured temperatures. Nevertheless, a clear trend
was visible from the provided data, indicating a temperature increase
due to irreversible deformation processes at higher loading rates. For
the sake of a better comparison, the temperature curves were shifted
vertically to the same starting temperature. Interestingly, a small initial
decrease of the temperature, referred to as thermoelastic effect, was
present. The latter phenomenon was already described by

Moreau et al. (2005) and Maurel-Pantel et al. (2015) in the context of
amorphous (PMMA and PC) and semi-crystalline (PA 66) polymers,
respectively.

To provide additional insights into the time dependent material
behavior, relaxation tests were performed for all considered tempera-
tures. The objective was to investigate the stress relaxation under
homogeneous states of tension, at different deformation stages, i.e. in
the visco-hyperelastic and visco-hyperelastic-plastic regime. Stepwise
relaxation experiments after loading with x max, were performed, to
investigate the short-term relaxation behavior (trelax ≈ 300 s) at dif-
ferent stretch levels. In addition, separate specimens were loaded with

x min, to investigate the long-term relaxation behavior (trelax ≈ 1200 s)
at different stretch levels. Exemplary results are provided for 120 ∘C for
both loading procedures, in Fig. 9.

To obtain first insights regarding the effect of temperature and de-
gree of crystallinity on the relaxation behavior, the long-term stress
relaxation at the smallest stretch level (i.e. at a stretch level of =x
1.01) was investigated in more detail. To this end, the normalized
overstress =t t( ) ( ( ) )/( ),over end max end which is defined by the
(maximum) stress level max at the beginning of the relaxation step and
the stress level at the termination point of the relaxation step σend, was
plotted over time. From the intersection of the tangent of the normal-
ized overstress curve at the beginning of the relaxation step and the
horizontal axis, the initial relaxation time τ was estimated. This pro-
cedure is illustrated exemplary for a temperature of 120 ∘C, in the top of
Fig. 10. The values for τ for different temperatures and varying degrees
of crystallinity are provided in the bottom of Fig. 10.

With increasing temperature the ability to relax stresses increased
significantly corresponding to a decrease of the relaxation time. With
increasing degree of crystallinity, the relaxation time increased and the

Fig. 7. Young’s modulus E for the investigated temperatures and degrees of crystallinity. The increase for a higher degree of crystallinity is highlighted, in addition.
The exponential trend line is of the form =E C exp( C ),1 2 where the parameters =C1 3334, 3670 and =C2 0.0172, 0.0168 were fitted for = 0.23 and = 0.28,
respectively.

Fig. 8. Investigation of material self-heating, indicating the change in tem-
perature Δθ for an ambient temperature of 23 ∘C and = 0.23.
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impact of the degree of crystallinity was more significant at higher
temperatures, concomitant with the results for the Young’s modulus
and yield stress. Furthermore, with increasing stress and stretch level,
the ability to relax stresses increased significantly. This influence be-
came more evident, by applying a post-processing scheme to the ex-
perimental data, which was originally proposed by Amin et al. (2006).
The latter indicated a complex, nonlinear dependency of the relaxation
time based on the aforementioned factors and will be discussed in detail
in Section 5.

In summary, the experimental study revealed the following major
findings regarding the effect of crystallinity and temperature on the
material response of Polyamide 6:

• In general, coupled visco-elastic, visco-plastic material behavior at
large strains was observed (cf. Fig. 4).
• With increasing strain rates, an increase of the yield stress and
hardening, accompanied with self-heating induced thermal-

softening, occurred (cf. Fig. 6 and Fig. 8).
• An increase of the initial stiffness (cf. Fig. 7), hardening, yield stress
(cf. Fig. 5), and relaxation time (cf. Fig. 9) was observed, with in-
creasing degree of crystallinity.
• With increasing temperature, the Young’s modulus (cf. Fig. 7), yield
strength (cf. Fig. 5) and relaxation time (cf. Fig. 9) decreased non-
linearly, a more gradual roll-over to yielding was observed, and the
amount of strain-hardening diminished. Furthermore, the effect of
the degree of crystallinity on the mechanical response increased
nonlinearly.

4. Material model formulation

The experimental findings imply that in general a finite strain,
coupled visco-elastic, elasto-plastic theory, which incorporates non-
linear relaxation behavior and strain hardening, is required to accu-
rately predict the mechanical behavior of semi-crystalline Polyamide 6.

Fig. 9. Exemplary results for stepwise (short-term) relaxation (left) and long-term relaxation (right) experiments at 120 ∘C and for = 0.23.

Fig. 10. Top: Zoom-in on normalized overstress over time curve for a stretch level of =x 1.01 at 120 ∘C, highlighting the identification procedure for the relaxation
time τ at the beginning of the relaxation step. Bottom: Relaxation time τ for the investigated temperatures and degrees of crystallinity. The increase for a higher
degree of crystallinity is highlighted, in addition. The exponential trend line is of the form = C exp( C ),1 2 where the parameters =C1 192.6, 199.7 and =C2 0.0143,
0.0152 were fitted for = 0.23 and = 0.28, respectively.
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Thus, a suitable constitutive framework, which is able to capture the
material response under isothermal conditions at various temperatures
and different degrees of crystallinity, is derived in a thermodynamically
consistent manner. To this end, a continuum-mechanical, phenomen-
ological modeling approach is chosen. To provide a better under-
standing of the modeling strategy, a schematic illustration by means of
an one dimensional rheological model is shown in Fig. 11.

In line with the works of e.g. Boyce et al. (2000), Ahzi et al. (2003),
Srivastava et al. (2010), and Ayoub et al. (2011), a parallel arrangement of
an intermolecular resistance and a network resistance is chosen. In the
following, properties associated with the intermolecular and network re-
sistance will be denoted by index 1 and 2, respectively. The network re-
sistance is captured by means of a Maxwell element with stiffness E2 and a
nonlinear function of the relaxation time τ, to account for the molecular
orientation and relaxation. The intermolecular resistance is an elasto-plastic
model with stiffness E1 and yield stress σy. Several studies, e.g. Hasan and
Boyce (1995) and Anand et al. (2009), revealed a significant Bauschinger-
like effect for polymers upon unloading. Despite the lack of cyclic tension-
compression data in the current work, nonlinear kinematic hardening of
Armstrong-Frederick type is already incorporated in the model formula-
tion, to capture this phenomenon accordingly. To this end, the friction
element of the plastic model is connected in parallel with an additional
spring with stiffness c and a dashpot. The ’pseudo’-viscosity parameter η* of
the dashpot is given by = c b* / , where b is a dimensionless parameter
and the plastic multiplier. With this arrangement, the elastic, visco-hy-
perelastic, and visco-hyperelastic-plastic deformation regimes, observed in
cyclic experiments (cf. chapter 3), can be captured accordingly.

In order to account for the dependence of the material properties on
the temperature θ and the degree of crystallinity χ, the material para-
meters are functions of both quantities. Isothermal conditions ( = 0)
and no evolution of the crystalline phase ( = 0) are considered.
Consequently, the set of material parameters is determined beforehand
from the prescribed degree of crystallinity and temperature and re-
mains constant throughout the computational procedure. Based on the
experimental results, the intermolecular resistance increases for a
higher degree of crystallinity, resulting in an increase of stiffness,
hardening, and yield stress. In contrast, the relaxation time τ is assumed
to be independent of the degree of crystallinity. Noteworthy, due to the
lack of experimental tensile test data in transversal direction, isotropic
material behavior is assumed, despite the potential processing induced
anisotropy, briefly addressed in Section 2.

4.1. Kinematics

For the 3D continuum mechanical extension of the presented
rheological model to finite strains, the kinematic relations are in-
troduced. The classical multiplicative decomposition of the total de-
formation gradient, into an elastic Fe1 and plastic part Fp is employed
for the elasto-plastic model (cf. Eckart, 1948, Kröner, 1959, and
Lee, 1969). In order to account for nonlinear kinematic hardening, the
plastic deformation gradient, =F F F ,p pe pi is multiplicatively decom-
posed in addition (cf. Dettmer and Reese, 2004), which is physically
motivated by Lion (2000). Resulting from these splits, the intermediate
plastic configuration ic1a and the so-called intermediate configuration
of kinematic hardening ic1b are introduced.

Analogously, the kinematic relations for the viscous model are
based on a multiplicative split of the total deformation gradient,

=F F F ,e2 i into an elastic Fe2 and an inelastic part Fi. This decomposition
results in the inelastic intermediate configuration ic2 and is in line with
the works of e.g. Sidoroff (1974), Lubliner (1985), and Reese and
Govindjee (1998).

4.2. Helmholtz free energy

The specific Helmholtz free energy ψ is depending on the elastic
right Cauchy-Green deformation tensors Ce1, Ce2, and Cpe

= = = =

= =

C F F F CF C F F F CF

C F F F C F

, ,e1 e1
T

e1 p
T

p
1

e2 e2
T

e2 i
T

i
1

pe pe
T

pe pi
T

p pi
1 (2)

based on the principle of material frame invariance. Here, =C F FT is
the right Cauchy-Green tensor and =C F Fp p

T
p represents the plastic

right Cauchy-Green tensor. Concomitant with the proposed modeling
strategy, the total specific Helmholtz free energy

= +
= + +

C C C
C C

( , , , , ) ( , , )
( , , ) ( , , ) ( , , )e

e1 pe 2 e2

e1 kin pe iso

1

1 1 (3)

is additively decomposed. The contributions of the intermolecular and
network resistance are denoted by ψ1 and ψ2, respectively. In the above
expression the energy associated with the elasto-plastic model is the
sum of the following contributions: an energy related to intermolecular
reactions ψe1, a defect-energy associated with plastic deformations ψkin,
which allows to phenomenological account for the Bauschinger-like
phenomena, and the stored energy due to isotropic hardening ψiso,
which is depending on the accumulated plastic strain κ. Noteworthy, it
is assumed that ψe1, ψe2, and ψkin are isotropic functions of Ce1, Ce2, and
Cpe, respectively.

4.3. Derivation based on the Clausius-Duhem inequality

The constitutive equations are derived in a thermodynamically
consistent manner from the second law of thermodynamics

S 1
2

C 0: 0 (4)

which is expressed by means of the Clausius-Duhem inequality for
isothermal processes, with respect to the reference configuration. Here,
the second Piola-Kirchhoff stress tensor S and the density in the re-
ference configuration ρ0 are introduced. This expression needs to be
fulfilled for arbitrary processes. The inequality (4) is reformulated by
inserting the total time derivative of the specific Helmholtz free energy
(3). After several mathematical operations this results in

+ + + +S S S C M D M X D M D R( ): 1
2

: ( ¯ ): : 0i p kin pi1 2 2 1

(5)

wherein =D L* sym ( * )( ) ( ) refers to the symmetric part of the velocity
gradient =L F F* * * ,( ) ( ) ( )

1 with = i p pi(*) , , . In the inequality (5), the
following stress quantities were introduced: The second Piola-Kirchhoff
stress tensors

= =S F
C

F S F
C

F2 , 2p
e

e
p

T
i

e
i

T
1 0

1 1

1
2 0

1 2

2 (6)

Fig. 11. Schematic 1D representation of the constitutive model.
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corresponding to the intermolecular and molecular network resistance,
respectively. Furthermore, the symmetric stress tensors of Mandel-type

= = =M C
C

M C
C

M C
C

2 , 2 , 2e
e

e
kin pe

kin

pe
e

e
1 0 1

1

1
0 2 0 2

2

2 (7)

as well as the back stress tensor X̄ and the stress-like driving force of
isotropic hardening R

= =X F
C

F R¯ 2 ,pe
kin

pe
pe
T iso

0 0 (8)

are defined.
Following the standard arguments of Coleman and Noll (1961), the

total second Piola-Kirchhoff stress tensor is defined by

= +S S S1 2 (9)

Based on the remaining inequality, a set of evolution equations, which
ensures the non-negativeness of the internal dissipation caused by
plastic and viscous effects, is derived.

Due to the lack of experimental data, no pressure dependence, nor
tension-compression asymmetry of the onset of yielding is considered,
in the current framework. Consequently, a yield function of von Mises
type

= RM Xdev( ) dev( ) 2
3

( )y1 (10)

is assumed. Here, the deviatoric part of a quantity is denoted by dev(*)
and ||*|| is the Frobenius norm. As alluded in Section 3, the initial yield
stress σy(θ, χ) is depending on the total degree of crystallinity and
temperature. A function for the latter quantity is discussed in Section 5.
The associative plastic flow rule and the evolution equations for kine-
matic and isotropic hardening read

= =D
M

M X
M X

dev( ) dev( )
dev( ) dev( )p

1

1

1 (11)

=D Mb
c

dev( )pi kin (12)

= =
R

2
3 (13)

in line with the proposed theories of Dettmer and Reese (2004) and
Vladimirov et al. (2008). In the latter expression the constants b(θ, χ)
and c(θ, χ) are related to kinematic hardening (cf. Armstrong and
Frederick, 1966) and the plastic multiplier is determined from the
Kuhn-Tucker conditions Φ ≤ 0, 0, and = 0.

In accordance with the work of Reese and Govindjee (1998), the
evolution of the inelastic deformation within the molecular network
reads

= +
µ K

D M M I M I1
2

1
3

tr( ) 1
9

tr( )i
2

2 2
2

2
(14)

The bulk modulus and shear modulus, corresponding to the molecular
network resistance, are denoted by K2(θ, χ) and μ2(θ, χ), respectively.
Furthermore, the relaxation time τ(S2, C, θ) is introduced, which must
be larger than zero. Based on the relaxation data discussed in Section 3,
τ is assumed to be a function of the overstress S2, the deformation, and
the temperature. The explicit function is proposed in Section 5.

This set of evolution equations fulfills the remaining inequality (5).
For the elasto-plastic model this was already shown by
Vladimirov et al. (2008), and will not be further discussed here. The
thermodynamic consistency of the evolution equation of the inelastic
deformation is discussed in the work of Reese and Govindjee (1998).

4.4. Model representation in the reference configuration

The derivation of the constitutive equations was performed with

respect to the intermediate configurations, for convenience. However,
the numerical implementation of the constitutive equations is carried
out with respect to the reference configuration. Consequently, tensorial
pull back operation of the associated stress quantities M1, M2, X̄ , and
Mkin are applied to obtain the alternative model representation, pro-
vided in Table 1. To this end, the back stress tensor in the reference
configuration X̃ and the asymmetric stress like quantities Y and Ykin are
introduced. It should be emphasized that all tensor valued internal
variables, i.e. Cp, Cpi and Ci, are symmetric, which reduces the com-
putational costs. In addition, the plastic and inelastic spins remain
undetermined.

4.5. Specific choices for energy terms

The relations for the thermodynamic driving forces are derived in a
completely general manner, up to now. In this way, the proposed fra-
mework offers great flexibility regarding the particular choices of the
volumetric energy terms Ψ, which are introduced in this section.

The energy contributions associated with the intermolecular re-
sistance belong to a Neo-Hookean material with combined linear and
nonlinear isotropic hardening of Voce type (Voce, 1955) and nonlinear
kinematic hardening of Armstrong-Frederick type:

= +C
µ

µ J J J
2

(tr( ) 3) ln( )
4

( 1 2 ln( ))e e e e e1
1

1 1 1
1

1
2

1 (15)

= Cc c J
2

(tr( ) 3) ln( )kin pe pe (16)

= + + H( ) exp( ) 1
2iso y

2

(17)

Here, = =J F Cdet( ) det( )e e e1 1 1 and = =F CJ det( ) det( )pe pe pe holds. In
the expression above, μ1(θ, χ), Λ1(θ, χ), σ∞(θ, χ), β(θ, χ), and H(θ, χ)
represent the Lamé constants and isotropic hardening parameters, re-
spectively. Based on the chosen energy contributions, S1, X̃ , and R are
derived from the relations provided in Table 1

= +µS C C C ) 1 C( )
2

(det( )p1 1
1 1 1 1

(18)

=X C Cc˜ ( )pi p
1 1 (19)

=R H( )(1 exp( ))y (20)

Noteworthy, the model’s plastic incompressibility (i.e., =Cdet( )p 1) has
been taken into account in Eq. (18). The elastic energy contribution of
the molecular network resistances is of Neo-Hookean type

Table 1
Constitutive equations with respect to the reference configuration.

Intermolecular resistance Molecular network resistance

Stresses Stress

=

=

= =

=

X

R

S 2 F F

X F F

Y C S C X Y C

,

˜ 2 ,

˜ , ˜

iso

1 0 p
1 e1

Ce1 p
T

pi
1 kin

Cpe pi
T

1 p kin p

0

0

=S 2 F F2 0 i
1 2

Ce2 i
T

Evolution equations Evolution equation

=

= =

C

C Y C

2 ,

2 dev( ) ,

p

pi
b
c

Y Cp

Y dev Y T

kin pi
2
3

dev( )

dev( ) : ( )
= +C CS CS I Cdev( ) tr( )i µ K i

1
2

2
2

9 2 2

Yield function

= RY dev Ydev( ): ( ) ( )yT 2
3

Kuhn-Tucker conditions
Φ ≤ 0, 0, and = 0
Second Piola-Kirchhoff stress

= +S S S1 2
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= +C
µ

µ J J J
2

(tr( ) 3) ln( )
4

( 1 2 ln( ))e e e e2
2

2 2 2
2

2
2

2 (21)

Here, μ2(θ) and Λ2(θ) are the Lamé constants corresponding to the
molecular network resistance and = =J F Cdet( ) det( )e e e2 2 2 holds.
Based on this choice of the energy, S2 is defined by

= +µS C C C)
C

C( )
2

det(
det( )

1i
i

2 2
1 1 2 1

(22)

The material model is implemented as an user material subroutine
UMAT into the commercial FEM software ABAQUS/Standard. For de-
tails regarding the numerical implementation, the reader is referred to
the Appendix A.

5. Characterization of model parameters

In the following section, the material parameter identification
scheme, which is based on the experimental data presented in Section 3,
is discussed. Nonlinear optimization strategies are often accompanied
by the uncertainty, whether the obtained solution corresponds to a local
or global minimum. In order to reduce this uncertainty, a staggered
characterization method is proposed. The latter was successively ap-
plied to obtain a set of material parameters for each considered tem-
perature.

5.1. Elastic constants

In the first identification step, the elastic parameters were identified
based on the instantaneous, elastic response of the material during
monotonic loading. Since a parallel arrangement of the intermolecular
and molecular network resistances was chosen, the corresponding
Poisson’s ratio of both contributions were assumed to be equal, i.e.

=1 2 holds. With the DIC data at hand, the Poisson’s ratio of the
uniformly deformed Section 2 (cf. Fig. 3) was calculated from the ne-
gative ratio of the average transversal and longitudinal strain

= ln( )/ln( )y x . Noteworthy, the standard deviation for the com-
puted strain fields was found to be the highest in the elastic regime. In
the small deformation regime, vibrations and noise have a more sig-
nificant impact on the strain accuracy and precision, and the results for
the Poisson’s ratio showed a significant variation (cf. Sutton et al.,
2009). From the experimental data no clear trend of the Poisson’s ratio
for different degrees of crystallinity and temperatures was evident, and
consequently a constant value was assumed. It should be emphasized
that the predicted lateral contraction was in good agreement with the
experimental data for all considered cases (cf. Section 6).

The experimentally determined Young’s modulus EExp(χ) was ob-
tained from the initial slope of the stress-stretch relation for different
degrees of crystallinity. For simplicity, only the stiffness of the

intermolecular resistance was assumed to depend linearly on χ, i.e.

= +E E E( , ) ( , ) ( )Exp
1 2 (23)

holds. From the experimentally identified EExp(χ), E1, 0 and E2 were
obtained analytically in a straight forward manner from Eq. (23).

5.2. Nonlinear relaxation function

With the governed elastic constants, the function of the relaxation
time τ was determined from the stepwise (short-) relaxation test data
(cf. Section 3). The long-term relaxation test data was used for model
validation only (see Section 6). Based on the experimental results, the
relaxation time was assumed to be a function of the current overstress
σ2, the deformation, and the temperature. To identify the constitutive
relation for the relaxation time from the experimental relaxation test
data, a modified version of the post processing scheme, proposed by
Amin et al. (2006), was applied. In the developed strategy by
Amin et al. (2006), one-dimensional stress and strain data was utilized,
based on the assumption of material incompressibility, to identify the
function for the viscosity parameter, which was subsequently general-
ized for the three-dimensional case. In contrast, in the current work, the
recorded three-dimensional deformation data, in terms of the de-
formation gradient F and the true stress tensor σ, served as the input
data to obtain the evolution of the relaxation time. During the relaxa-
tion steps within the experiments, a constant displacement was pre-
scribed ( =F const.) and the stress relaxation was recorded over time,
see Fig. 12.

At the termination point of the relaxation steps, stress equilibrium
was assumed. Based on the proposed constitutive model, the remaining
recorded stress corresponded to the constant contribution of the inter-
molecular resistance, as depicted in Fig. 12. As a result, the stress re-
laxation within the molecular network resistance was governed by

=t t( ) ( ) 12 . In the case of uniaxial tension, the applied loading
direction coincided with the direction of principal stretch λx. Conse-
quently, the coordinate system introduced in Fig. 3 corresponded to the
eigensystem of F, σ, and σ2. The corresponding coefficient matrices
read:

= =t
t

F
0 0

0 0
0 0

, ( ( ))
( ) 0 0

0 0 0
0 0 0

ij

x

y

z

ij
x x

2
1,

(24)

With this input data at hand, the evolution of the second Piola-
Kirchhoff stress tensor =t J tS F F( ) ( ) t

2
1

2 was governed. Next,
Eq. (22) was solved for the inelastic right Cauchy-Green tensor Ci, for
each experimental time step. Subsequently, the exponential map algo-
rithm was applied for the numerical time integration of the evolution
equation of the inelastic deformation (cf. Table 1).

Fig. 12. Stress relaxation at =x 1.01 and =x 1.20 at 120 ∘C for = 0.23 and corresponding equilibrium stress σ1, x.
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tr( )i i n
2

2
2

2 ,
(25)

Noteworthy, in this special case, all tensor valued quantities in Eq. (25)
commute and the coefficient matrices with respect to the same set of
eigenvectors were determined from the preceding evaluation of the
experimental data for each time step. Consequently, Eq. (25) can be
rewritten in terms of a system of three scalar-valued equations. Finally,
the evolution of the relaxation time τ (t) was determined by solving the
first scalar-valued equation for τ for each experimental time step.

In Fig. 13, the results of this post processing procedure are depicted
for some selected relaxation tests at different relaxation stretch levels
and temperatures. As already reported by Amin et al. (2006), this
treatment of the experimental data produced some scattering due to
noise, especially at time steps close to the equilibrium state (i.e. for
small overstress values). Despite this scatter, a linear trend for the re-
laxation time and overstress was evident at low stretches λx≈ 1.01. In
contrast, at higher stretch levels, a non-linear relation emerged for all
considered temperatures. Furthermore, a significant decrease of the
relaxation time with increasing temperature was observed, due to the
higher chain mobility within the amorphous regime, in particular above
the glass transition temperature. These findings suggested the necessity
of introducing a nonlinear dependence of the relaxation time on the
relaxation stretch level, the overstress, and the temperature.

Therefore, a slightly modified relation for the relaxation time

= C exp( )s 2 s0 (26)

compared to the proposed power-law type constitutive equation for the
viscosity, originally proposed by Amin et al. (2006), was considered.
Here, ||*||s is the second norm of a tensor (i.e. =* s max holds,
where ωmax is the maximum eigenvalue of (*)T(*)). In expression (26),
the temperature dependent material parameters τ0(θ), φ(θ), and δ(θ)
were introduced. The latter were identified successively for each tem-
perature, by simultaneously minimizing the least-square residuals (de-
fined as the difference between the observed experimental data and
fitted model response) for different stretch levels. To this end, the Trust-
region algorithm, provided as an intrinsic functions in the commercial
software MATLAB, was employed. The parameter τ0(θ) corresponds to
the relaxation time at low stretch ∥C∥s≈1.0 and overstress levels
∥σ2∥s≈ 0. Consequently, good initial guesses were obtained for τ0(θ),
from the presented data in Fig. 10 and the identified values for τ0(θ)
were very close to this experimental data. This was in contrast to the
remaining parameters φ(θ) and δ(θ), which do not allow for a physical
interpretation. In order to minimize the uncertainty whether the ob-
tained solution of the optimization procedure corresponded to a global
or local minimum, different initial values were chosen successively for
φ(θ) and δ(θ). The corresponding fit for two selected temperatures is

provided in Fig. 13. The proposed function (26) led to accurate fits for
the nonlinear evolution at higher stretch levels. Only in the small strain
regime (λx≈ 1.01), a comparatively weaker fit was achieved due to the
linear trend in the experimental data. To improve this fit, a more
complex relation with additional parameters could be introduced.
However, it should be emphasized that the visco-elastic behavior and
stress relaxation was generally well captured (cg. Section 6) with the
proposed function (26) and the identified set of parameters.

5.3. Plastic parameters

In the final characterization step, the parameters related to the
plastic deformation behavior were identified. The initial yield stress
was determined from the cyclic loading-unloading-recovery test data
and a linear dependency on the degree of crystallinity was presumed

= ( )y y,0 . Due to the lack of tension-compression data, the kine-
matic hardening response of the model was neglected throughout the
following computational examples. Thus, only the isotropic hardening
parameters (i.e. β(θ, χ), σ∞(θ, χ), H(θ, χ)) were identified. To this end,
based on the monotonic tensile test data for different degrees of crys-
tallinity, a nonlinear multiple curve fitting procedure, employing the
Trust-region algorithm in MATLAB, was performed.

5.4. Fitting results

Based on this staggered identification scheme, a set of material para-
meters was identified successively for each temperature (see Table 2).

It should be emphasized that no lower or upper bounds were prescribed
during the curve fitting procedures for the relaxation time or hardening
parameters. Nevertheless, most of the identified parameters followed a clear
trend (e.g. decreasing τ0, φ etc., for decreasing temperatures). However, as
discussed in Section 3, at 120 ∘C a less pronounced rate dependency,
compared to 50 ∘C and 160 ∘C, and a more gradual roll-over to linear
hardening at higher degrees of crystallinity was observed. Concomitant with
these experimental results, the corresponding identified parameters σ∞, α,
and δ exhibited a jump at this temperature cf. (Table 2).

As alluded in Section 3, material self-heating ( 0) at higher
loading rates lead to non-isothermal conditions when stretch levels of
λx ≈ 1.05 were exceeded. Consequently, the proposed isothermal
model was only fitted up to this stretch level for x max, . Naturally, the
stress prediction of the constitutive model at higher rates lead to an
over-prediction of the experimental records, exceeding λx ≈ 1.05. It is
important to emphasize that with this approach a set of isothermal
parameters was determined in a successive manner for each considered
temperature (see Table 2), which serves as a fundamental input for an
upcoming thermo-mechanically coupled model formulation. The cor-
responding model response for some monotonic tensile tests at different

Fig. 13. Relaxation time-overstress relation for different stretch levels and temperatures: Post processed experimental data and corresponding fit.
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loading rates and for varying temperatures and degrees of crystallinity
is depicted in Fig. 14.

6. Model validation

In order to validate the proposed constitutive framework and the
identified set of parameters, experimental data, which was not used for
the model calibration (cf. Section 5), was compared to the corre-
sponding model response.

6.1. Single element tests

In a first validation step, the model response for cyclic loading
conditions was investigated for different temperatures and degrees of
crystallinity. During these uniaxial tensile experiments, homogeneous
stretch and stress fields arose in the considered sections (cf. Section 2).
Consequently, a single element test was considered. To this end, the
stress in longitudinal x-direction, obtained from the experimental data
as a function of time, was prescribed as a traction boundary condition.
Lateral contraction was unhindered and the predicted stretches in
longitudinal (λx) and transversal (λy) direction were compared with the
experimental data for all temperatures (see Fig. 15).

The complex deformation response of Polyamide 6 under cyclic loading
conditions (e.g. plastic flow, strain recovery and hysteresis loop, cf.
Section 3) could be captured by the proposed model for all considered
temperatures. The model predictions were less accurate for temperatures
below the glass transition point (i.e. at 23 ∘C and 50 ∘C). Especially at stretch
levels in longitudinal direction exceeding 1.10, a significant mismatch be-
tween the predicted λx upon unloading and the experimental data arose.
From the close-ups on the recovery steps, provided in Fig. 15, it was evident

that the predicted stretch values after unloading converged too slowly to-
wards an overestimated equilibrium stretch at 23 ∘C and 50 ∘C. Conse-
quently, the estimated relaxation time at small stretch levels seemed to be
too high, while the yield strength was underestimated. This was in strong
contrast to the results at 120 ∘C and 160 ∘C, where the model predictions
were in very good agreement with the experimental data up to stretch levels
of =x 1.30. In addition, the transversal deformation was captured well,
emphasizing the model capabilities to predict the three dimensional mate-
rial response. Furthermore, the model response for cyclic loading conditions
was assessed for = 0.28 at 120 ∘C (see Fig. 16). The loading and unloading
paths were captured accurately. However, exceeding higher stretch levels
λx> 1.28, a mismatch between experimental data and model prediction,
regarding the loading and unloading paths, arose for = 0.28.

To confirm the capabilities of the proposed framework to predict the
material behavior for degrees of crystallinity in the range of
0.23 < χ< 0.28, a third set of specimens with a crystal volume fraction
of 25.5% was tested. Since the influence of the crystalline regimes on the
material properties was more pronounced at temperatures above the
glass transition (cf. Section 3), monotonic tensile tests were conducted at
160 ∘C with this set of specimens. In the corresponding single element
test, the stretch in longitudinal x-direction, obtained from the experi-
mental data as a function of time, was prescribed as a displacement
boundary condition. The lateral contraction was unhindered. The model
predictions regarding the yield onset, hardening, rate dependency, and
transversal deformation corresponded well to the experimental data, see
Fig. 17. Finally, the prediction of the stress-relaxation was investigated.
To this end, the longitudinal stretch-data λx, corresponding to the long-
term relaxation experiments (cf. Section 3), served as a displacement
boundary condition in the corresponding single element tests. Subse-
quently, the predicted stresses were compared to the experimental data
as depicted in Fig. 18. It should be emphasized that the relaxation
function was fitted to the post-processed short-term, stepwise relaxation
test data (cf. Section 5). In the latter experiments, the specimens were
loaded with x 0.0058 s 1 to stretch levels of =x 1.01 and =x 1.20.
Therefore, it is remarkable that the predicted long-term relaxation be-
havior, after a preceding loading with x 0.0005 s 1 to stretch levels of

=x 1.09, 1.08 and 1.22 was in good agreement with the experimental
observation. Interestingly, the model predictions were in better agree-
ment at room temperature. This finding was in contrast to the conclu-
sions drawn from the cyclic-loading validation experiments, where the
visco-elastic behavior was predicted less accurately at 23 ∘C and 50 ∘C.

6.2. Structural validation example

To asses the capabilities of the proposed constitutive framework to
capture the material response in multi-axial stress-states, a structural

Table 2
Set of mechanical parameters at different temperatures.

Function Parameter at: 23 ∘C 50 ∘C 120 ∘C 160 ∘C

=E E ( )1 1,0 E1, 0 [MPa] 7610 4398 1051 901
=E E ( )2 2 E2 [MPa] 1210 703 201 103
=1 2 ν1 [-] 0.35 0.35 0.35 0.35

= ( )y y,0 σy,0 [MPa] 71 49 30 14
= ( )0 β0 [-] 2317 1614 227 240
=H H ( )0 H0 [MPa] 333 819 214 150

= ( )( ) ,0 σ∞,0 [MPa] 68 57 1252 234

α [-] 0.188 0.575 3.061 2.088
= C exp( )s 2 s0 τ0 [s] 156 71 48 31

φ [-] 4.80 2.50 2.38 2.24
δ [-] 0.211 0.221 0.714 0.517

Fig. 14. Monotonic, uniaxial extension - Experimental data and corresponding model response.
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validation experiment was conducted, in addition. To this end, Polyamide
6 (Ultramid B40) samples with a circular hole were investigated under
uniform tension. For this purpose, specimens (type 5A of ISO 527-2:2012)

with a degree of crystallinity of = 0.23 were modified by carefully
drilling a circular hole with a diameter of 1 mm in the center of the gauge
area. The specimen geometry is shown in Fig. 19.

Fig. 15. Cyclic loading at various temperatures for x min, 0.0005 s 1 and = 0.23. Experimental data for the stretch in longitudinal λx and transversal direction λy
and corresponding model predictions.
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Prior to testing, the specimens were dried under vacuum at 100 ∘C
for 48 hours. The loading rate was controlled by the cross head speed of
the Zwick Z005 universal testing machine and a velocity of =v 5 mm/
min was prescribed. During uniaxial extension of the specimens, a
heterogeneous strain field arose close to the circular hole. The latter
was detected by non-tactile displacement measurements at the surface
of the specimen, by employing a 2D ARAMIS 4M digital image corre-
lation (DIC) system. ARAMIS detects the deformation of the specimen
by subdividing the individual camera images into various rectangular
facets. With decreasing facet size the accuracy of the strain computation
decreases. A compromise between accuracy of the strain computation
(large facet size) and approximation of the measurement area along the
circular hole (small facet size) was achieved by choosing a facet size of
14 x 14 pixel. The resulting DIC measurement area is highlighted in
light green in Fig. 19. The experiment was repeated 3 times. The small
scatter of the recorded force data (cf. error bars in Fig. 19) and the
symmetric strain fields (cf. Figs. 20) indicated a precise specimen pre-
paration and reproducible measurement method.

Due to the symmetry of the considered problem, only one eighth of
the specimen was modeled. The model dimensions were obtained from
accurate measurements (± 0.005 mm) of the specimen prior to
testing. The length in longitudinal x-direction corresponded to the
length of the ARAMIS measurement area. At the boundary of this area
( =x 5.16 mm), a homogeneous strain field arose (cf. Fig. 20). Therefore,
the evolution of the cross section A t¯ ( ) at the boundary of the mea-
surement area (see. Fig. 19) could be computed from the initial cross
section A0 and the measured mean stretch in transversal y-direction

t¯ ( )y in this section by =A t t A¯ ( ) ¯ ( )y
2

0.
Consequently, the evolution of the true stress in longitudinal x-

direction t¯ ( )x at the boundary of the measurement area (see Fig. 19)
was computed from the measured force data F(t) and the deformed
cross section by

=t F t
t A

¯ ( ) ( )
¯ ( )x

y
2

0 (27)

and served as a traction boundary condition for the finite element
model. The latter was discretized by eight-node solid elements (C3D8)
available in ABAQUS/Standard. The corresponding (converged) mesh is
visualized in Fig. 19.

In Fig. 20, the engineering strain contours, obtained from both the
finite element simulation and the DIC images are shown for the time
steps A ( =t 60 s) and B ( =t 140 s), which are highlighted in the force-
time relation in Fig. 19. For the sake of a perspicuous comparison, only
the strain fields in the DIC measurement area ADIC (see Fig. 20) are
shown for the FEM model. The predicted strain fields in longitudinal
and transversal direction were in very good agreement with the ex-
perimental records. Considering the development of a multi-axial strain
field close to the hole, these results were in particular remarkable, since
the model parameters were obtained from uniaxial tensile tests only. It
is instructive to point out that the large variation of the corresponding
strain rates was well captured by the model, in addition.

7. Conclusion

In this work, a phenomenological continuum model for semi-crys-
talline polymers was proposed to analyze, predict, and optimize the
material and structural response of semi-crystalline polymers. To cap-
ture the complex mechanical response of this class of materials, a visco-

Fig. 16. Cyclic loading response for different degrees of crystallinity χ for x 0.0005 s 1 at 120 ∘C - Experimental stress-stretch data and corresponding model
predictions.

Fig. 17. Monotonic loading at 160 ∘C for different loading rates and = 0.255 - Experimental stress-stretch data in longitudinal x-direction (left), evolution of
transversal stretch λy (right), and corresponding model predictions.
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elastic, elasto-plastic material model was derived in a thermo-
dynamically consistent manner. A nonlinear relation for the relaxation
time, as well as nonlinear isotropic and kinematic hardening were in-
corporated in the constitutive framework. In this novel finite-strain
theory, the temperature and degree of crystallinity serve as input
parameters, to predict the complex interplay between the process in-
duced biphasic nature of the underlying microstructure and the applied
thermal conditions on the overall material response.

An extensive experimental study was performed, to obtain a (true)
stress-stretch data base for Polyamide 6 over a wide range of tem-
peratures, including large strains, different loading rates, and degrees of
crystallinity. It was accounted for three degrees of crystallinity in the
range of = 0.23 to = 0.28 and the considered strain rates were
limited to one decade. In order to investigate the visco-elastic, elasto-
plastic behavior, different loading procedures (i.e. monotonic, cyclic,

and relaxation tests) were considered. The study provided important
insights into the complex dependencies of the effective material prop-
erties on the aforementioned factors. In this way, the presented results
will serve as a starting point for more comprehensive experimental
investigations in the future, where a wider range of loading rates and
degrees of crystallinity should be considered. The provided results,
discussed in Section 3, will help to reduce the number of experiments,
by indicating which influences must be investigated more extensively in
which temperature regime.

Based on the obtained experimental results, a staggered model
parameter identification procedure was developed, to minimize the
uncertainty during the applied nonlinear optimization strategies. The
latter was successively applied to obtain a set of material parameters for
each considered temperature.

Simultaneous infrared thermography measurements revealed

Fig. 18. Long-term stress-relaxation at different stretch levels and temperatures with a preceding loading rate of x 0.0005 s 1 and = 0.23 - Experimental stress σx
over time data and corresponding model predictions.

Fig. 19. Geometry of specimen with circular hole, DIC measurement area, and Finite element model with boundary conditions (top). Recorded force data (bottom).
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significant material self-heating at higher loading rates, already at
moderate stretch levels. The corresponding temperature increase lead
to thermal softening and a reduction of the hardening slopes. An im-
portant conclusion was therefore to fit the isothermal model only in the
range of constant temperatures. Consequently, the model overestimated
the stress response for higher loading rates at higher stretch levels. To
obtain accurate results in dynamic loading conditions, where dis-
sipative effects lead to important local temperature increases, thermo-
mechanical coupling must be taken into account, in the future. To this
end, the set of material parameters at different temperatures will pro-
vide an important foundation.

The performed validation studies demonstrated the great cap-
abilities of the proposed framework to accurately predict the significant
influence of the temperature and degree of crystallinity on the effective
material properties. Particular attention was paid on investigating the
three dimensional model predictions regarding the cyclic loading-un-
loading behavior and corresponding hysteresis loop, as well as the
strain recovery, and the stress relaxation under uniform deformation.
Furthermore, a structural validation experiment revealed the promising
potential of the model to accurately predict the material response for
multi-axial stress-states. However, to improve the model predictions for
more complex loading scenarios, additional experiments should be
conducted in the future. To this end, experimental studies regarding the
material response under shear-, compression- and combined loading

procedures are required. Based on these results, a yield criterion, ac-
counting for the underlying microstructure and tension compression
asymmetry, can be proposed. Moreover, combined tension-compression
experiments are necessary to characterize the (nonlinear) kinematic
hardening, which is already incorporated in the current constitutive
framework. It is important to emphasize that these modifications can be
incorporated in a straight forward manner, without changing the al-
gorithmic solution scheme nor the implemented numerical approx-
imation procedures for the required tangent moduli.
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Appendix A. Appendix

Numerical implementation
The material model is implemented as an user material subroutine UMAT into the commercial FEM software ABAQUS/Standard. During the

numerical FE-solution scheme, the subroutine is called at each Gaussian integration point. In the course of solving nonlinear boundary value problem
at large strains, the deformation gradient F and a vector containing all internal variables ξn of the last converged time step serves as an input. As
alluded above, the degree of crystallinity χ and temperature θ serve as additional constant input parameters, to determine the set of material
parameters (cf. Table 2). The required output is the Cauchy stress tensor σ (STRESS) and material tangent modulus (DDSDDE), see Eq. (36). The
algorithmic implementation is discussed in the following section.

The algorithmic treatment of the constitutive equations, related to the elasto-plastic model, is based on the proposed strategy of
Vladimirov et al. (2008), which is revised briefly. The starting point is an alternative representation of the evolution equations presented in Table 1:

= =C
Y C

Y Y

T

T C C C C C2
dev( )

dev( ): dev( )
( , , )p

p
T p pi p p

1

(28)

= =C Y C

T

T C C C C Cb
c

2 dev( ) ( , , )pi kin pi

kin

kin p pi pi pi
1

(29)

The unconditional stable and first-order accurate exponential map algorithm, which maintains the plastic incompressibility requirement, is applied

=C T C Cexp( )p p p n
1

, (30)

Fig. 20. Engineering strain contour plots for
two different time steps - Experimental data
(Exp.) and corresponding model response
(Sim.). Only the strain fields in the area ADIC
are compared (cf. Fig. 19). The predicted
strains in the light-gray area close to the hole
are not provided, since no experimental strain
data was accessible due to the chosen facet size
(cf. discussion above).
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=C T C Cexp( )pi kin pi pi n
1

, (31)

for the implicit numerical time integration of the set of evolution equations. The tensor valued functions T and Tkin are symmetric, since Cp and Cpi
are symmetric. However, the quantities TCp

1 and T Ckin pi
1 are asymmetric. Thus, no closed-form expression for the exponential function of these

arguments is available and a truncated series representation would be required. To overcome this, Reese and Christ (2008) and
Vladimirov et al. (2008)) utilized a modified ansatz originally proposed by Dettmer and Reese (2004). In addition, this method a priori guarantees
the symmetry of the tensorial internal variables Cp and Cpi. To this end, Eq. (30) and (31) are multiplied from the right by C Cp n p,

1 and C C ,pi n pi,
1

respectively and the series representation of the subsequently performed exponential mapping is exploited. This leads to the final form of the
discretized evolution equations, here summarized in a residuum format

= + =r U U U U T U U 0( ) exp( )p n p n p p p p1 , ,
1 1 1 1 1 (32)

= + =r U U U U T U U 0( ) exp( )pi n pi n pi pi kin pi pi2 , ,
1 1 1 1 1 (33)

which need to be solved together with the yield function

= = =Y Yr Rdev( ): dev( ) 2
3

( ( )) 0.T
y3 (34)

In the expression above, the relations = t , =U Cp p and =U Cpi pi are introduced. The scalar evolution equation for the accumulated plastic
strain is discretized by means of the classical backward Euler integration algorithm = + (2/3)n . The latter is already incorporated into the
expression of the yield function. Due to the symmetry of the internal variables, a system of only 13 nonlinear scalar equations has to be solved by
means of the Newton-Raphson-scheme for U ,p

1 Upi
1 and Δγ. After convergence is achieved, the required Cauchy stress corresponding to the in-

termolecular response = JFS F1/ 1
T

1 is computed.
The evolution equation corresponding to the inelastic deformation is expressed in terms of the elastic left deformation tensor =B F Fe e e

T
2 2 2 and the

Kirchhoff stress tensor = FS F ,2
T

2 cf. Reese and Govindjee, 1998. Subsequently applying the exponential mapping yields

= +B I Bt
µ K

exp 1 dev( ) 2
9

tr( )e e trial2
2

2
2

2 2,
(35)

In the expression above, =B FC Fe trial i n
1 T

2, , results from an initial trial step, where the inelastic deformation is assumed to be frozen in ( =C 0i trial,
1 ).

Since the argument within the exponential function is a symmetric quantity, the exponential mapping can be evaluated in closed form. Furthermore,
Eq. (35) can be expressed with respect to the principal axes (cf. Reese and Govindjee, 1998). The resulting system of only three scalar-valued implicit
equations is solved by means of a local Newton-Raphson-scheme for the eigenvalues of Be2. Conclusively, the total Cauchy stress = +1 2 is
computed from the contributions of both models.

The material tangent modulus = J1/ (DDSDDE), is related to the tangent modulus tensor for the Jaumann rate of the Kirchhoff stress τ
(cf. Stein and Sagar, 2008). The linearized incremental form of the latter reads

=W W DT (36)

where ΔD and ΔW are the incremental symmetric and antisymmetric parts of the incremental spatial velocity gradient ΔL. In the course of the
current work, is approximated numerically. To reduce the computational costs, an algorithm proposed by Sun et al. (2008) is applied, which is
based on a more systematic treatment of the topic by Miehe (1996). In this procedure only 6 successive perturbations of the deformation gradient
and thus only six additional stress computations are required. For all considered nonlinear initial boundary-value problems, this method resulted in a
nearly quadratic rate of convergence of the global Newton-Raphson procedure.
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