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A B S T R A C T   

Multi-site rainfall models are useful tools to provide synthetic realizations of spatially-correlated rainfall at 
multiple stations, which are of great importance for flood and drought risk assessment and climate change impact 
analysis. Therefore, a good preservation of various observed rainfall characteristics including rainfall time-series 
statistics and rainfall event characteristics at individual stations and the inter-site correlations of these rainfall 
characteristics is very crucial. To achieve this purpose, this study aims to develop a multi-site stochastic daily 
rainfall model by coupling a univariate Markov chain with a multi-site rainfall event model (MSDRM-MCREM), 
based on our previously-developed single-site SDRM-MCREM. The univariate Markov chain model in MSDRM- 
MCREM is used to generate spatially-correlated multi-site rainfall occurrence time series and extract simu-
lated rainfall events for individual stations based on continuous wet days. The multi-site rainfall event model is 
then constructed using Vine copulas to simulate spatially-correlated rainfall event characteristics of those 
simulated rainfall events that occur simultaneously at multiple stations, including rainfall durations, rainfall 
depths and temporal patterns. Subsequently, this model was applied to the Changshangang River basin in 
Zhejiang Province, East China and its performance in reproducing rainfall characteristics and spatial correlations 
was evaluated for three cases, i.e. simulations for two, three and four stations. Results show that except for 
overestimation of light rainfall, MSDRM-MCREM can simultaneously well preserve rainfall time-series statistics 
(i.e. different rainfall percentiles, mean monthly rainfall, standard deviations and probabilities and mean values 
of wet days), extreme rainfall (i.e. exceedance probabilities of annual maximum 1-day, 3-day and 5-day rainfall) 
and rainfall event characteristics (i.e. cumulative probabilities of wet spell, dry spell and rainfall depth, temporal 
patterns and occurrence probabilities of rainfall types for different depth-based event classes) at individual 
stations. In addition, the spatial correlations of rainfall characteristics have also been well maintained, including 
rainfall occurrence time series and rainfall event characteristics in different groups, with the inter-site correla-
tions of rainfall time series being slightly underestimated.   

1. Introduction 

Rainfall data is a major meteorological input for water resources 
management and hydrological, agricultural and ecological applications 
(Guan et al., 2015; Hettiarachchi et al., 2018). In view that the observed 
records provide a single realization of the underlying climate and they 
are short or even unavailable in some cases (Breinl et al., 2017), rainfall 
weather generators (WGs) or stochastic rainfall models (SRMs) have 
been widely developed to generate multiple plausible realizations of 

rainfall sequences with arbitrary length to compensate the above de-
ficiencies and simultaneously preserve the statistical properties of 
observed data (Gao et al., 2018, 2020b; Li and Babovic, 2018a). Addi-
tionally, they are also used as downscaling tools in climate change 
analysis to downscale projections of global climate models (GCMs) or 
regional climate models (RCMs) from coarse spatial scales to regional 
scales (Li et al., 2011, 2017). WGs and SRMs have been proven very 
useful tools in various kinds of applications, including risk assessment, 
vulnerability assessment and climate change impact assessment in the 
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fields of hydrology, energy, environment, ecology and agriculture 
(Mehrotra et al., 2012; Chen et al., 2018). 

Up to now, a large number of stochastic rainfall models exists, which 
can be categorized into single-site and multi-site models depending on 
whether the spatial correlations of rainfall are considered (Vanden-
berghe et al., 2010; Richardson, 1981; Chen et al., 2010; Zhou et al., 
2019; Haberlandt et al., 2008). The single-site SRMs are useful in small 
basins, where the spatial variability of rainfall is often low and a uniform 
representation of the rainfall field is considered sufficient (Tarpanelli 
et al., 2012). However, with the spatial rainfall variability becoming 
more significant in larger basins, multi-site SRMs are required to pre-
serve the spatial and temporal dynamics and cross-correlations of rain-
fall that are essential for reliable hydrological modelling and risk 
analysis (Lee, 2017; Sparks et al., 2017). For example, the neglect of the 
inter-site dependences of rainfall at different locations would probably 
result in considerable biases in simulated runoff extremes, because a 
simulated higher runoff in one sub-basin could be offset by a simulated 
lower runoff in another sub-basin (Li and Babovic, 2018b). Therefore, 
how to construct a multi-site stochastic rainfall model that can simul-
taneously well preserve temporal rainfall characteristics and accurately 
capture the spatial cross-correlations of rainfall is very crucial for hy-
drological studies. 

Currently, different types of multi-site stochastic rainfall models 
have been developed and most of them are extended from single-site 
models, including nonparametric models (Buishand and Brandsma, 
2001; Goyal et al., 2013; Burton et al., 2008), random cascade models 
(Jothityangkoon et al., 2000), extension of Markov chain models (Wilks, 
1998; Mehrotra and Sharma, 2005; Jeong et al., 2013), and event-based 
models like alternating renewal models (Bernardara et al., 2007; Gao 
et al., 2020b), point and cluster process-based models (e.g., Barlett- 
Lewis model (Verhoest et al., 1997; Vandenberghe et al., 2011) and 
the Neyman-Scott model (Cowpertwait et al., 2002)) etc. The nonpara-
metric models usually use the k-nearest neighbor resampling method or 
Schaake Shuffle (Zhou et al., 2020) to reproduce multi-site rainfall data. 
The advantages of this type of models are that the underlying rainfall 
distributions do not need to be assumed and the spatial features of 
rainfall can be inherently preserved through resampling simultaneously 
at all the stations, but the disadvantages are that these models lack 
extrapolation ability and cannot generate unobserved values for extreme 
risk assessment and climate change impact analysis (Ahn, 2020). The 
cascade models usually consist of two main components: a temporal 
model based on a Markov chain process to generate a time series of the 
regionally-averaged rainfall, and an inhomogeneous random cascade 
process (i.e. spatial model) to disaggregate the regionally-averaged 
rainfall to multiple sites to reflect the spatial rainfall patterns (Jothi-
tyangkoon et al., 2000). In this type of models, the cascade requires a 
large amount of data to characterize the spatial cross-correlations at 
different levels. Compared with the former two approaches, multi-site 
Markov chain models are more practical and efficient. Wilks (1998) 
extended the commonly used two-component model, consisting of 
Markov chains for rainfall occurrence (whether rainfall occurs and its 
value is 1 or 0 representing a wet day or a dry day, respectively) and 
parametric distributions for rainfall amount of a wet day, to a multi-site 
model through driving a collection of individual single-site models with 
temporally independent but spatial correlated random numbers. To 
reduce the computational burden involved in Wilks (1998), Brissette 
et al. (2007) further improved the Wilks’s method through presenting an 
efficient optimalization algorithm to find the desired correlation 
matrices for generation of rainfall occurrence and amount, and an 
occurrence index-based method was also used to solve the spatial 
intermittence problem of rainfall. These useful approaches were subse-
quently adopted in other studies as well (Chen et al., 2014). Different 
from the above models that are basically constructed based on single- 
time-step rainfall time series, event-based models focus more on rain-
fall event characteristics that are obviously more important for longer- 
duration extreme rainfall and flood events modelling. The extension of 

single-site Neyman-Scott (or Bartlett-Lewis) Rectangular Pulse models 
that consist of rainfall cells (single-events) and storms (clustering of 
cells) to spatial simulation processes would add another advantage, i.e. 
well reproducing extreme events at different temporal scales (Cow-
pertwait et al., 2002). Burton et al. (2010) combined the Neyman-Scott 
model with a generator of spatial circular raincells to simulate finer- 
resolution rainfall. Several other studies firstly used event models to 
generate independent rainfall time series for individual stations, and 
then combined them with a rearrangement algorithm to reorder the 
rainfall series or events (Haberlandt et al., 2008; Tarpanelli et al., 2012). 
The direct construction of these spatial–temporal event models is rela-
tively complex, but the simple rearranging method would lead to some 
loss of the conserved time-series properties or storm structure. 

Therefore, to develop a relatively simple multi-site rainfall model 
and simultaneously preserve the spatial rainfall time-series statistics and 
rainfall event characteristics for several stations, the objective of this 
study is to extend the single-site stochastic daily rainfall model coupling 
a Markov chain model with a rainfall event model (SDRM-MCREM) (Gao 
et al., 2020b) to a multi-site model, named MSDRM-MCREM. The 
SDRM-MCREM model incorporates the advantages of the Markov chain 
model and a rainfall event model, i.e., well reproducing the occurrence 
of dry and wet spells and rainfall event characteristics like rainfall 
duration, rainfall depth and rainfall temporal patterns. To simplify the 
simulation process of rainfall events, SDRM-MCREM adopts simple and 
flexible copula functions to construct the dependence structure of 
rainfall depth and duration. Furthermore, the rainfall types and corre-
sponding temporal patterns are generated based on their occurrence 
probabilities under different duration-based and depth-based rainfall 
event classes, which are more in line with reality. To maintain the ad-
vantages of SDRM-MCREM, the simulation procedure in MSDRM- 
MCREM is similar, but the single-site simulation method in each step 
is extended to a multi-site method. Specifically, MSDRM-MCREM con-
sists of two main modules, i.e. a univariate Markov chain model (Breinl 
et al., 2013) to generate cross-correlated rainfall occurrence time series 
at multiple sites and a multi-site rainfall event model to simulate multi- 
site rainfall event characteristics, including rainfall depths, durations 
and temporal patterns. The main innovation and contribution of this 
study are to develop a multi-site rainfall event model that can simulate 
the cross-correlated pairs of rainfall durations and depths at multiple 
stations through Vine copulas and simultaneously simulate correlated 
multi-site rainfall temporal patterns based on the occurrence probabil-
ities of different combinations of multi-site rainfall types. This multi-site 
rainfall event model can be also used to generate multi-site rainfall 
events time series independently that are important for event-based 
hydrological modelling. This work partially makes up for the defi-
ciency of multi-site event-based rainfall models that can simulate rain-
fall event characteristics comprehensively. In addition, another 
contribution of this study is the coupling of the univariate Markov chain 
model with a multi-site rainfall event model that provides a simple way 
to obtain multi-site rainfall time series derived from sequences of rainfall 
events, which is also important for continuous hydrological modelling. 
Through the above modules, the spatial correlations of rainfall charac-
teristics are introduced to the multi-site rainfall model MSDRM-MCREM 
based on the single-site rainfall model SDRM-MCREM. 

The paper is constructed as follows: Section 2 gives a detailed 
description of the multi-site rainfall model MSDRM-MCREM. In Section 
3, we apply the developed MSDRM-MCREM to three cases, i.e. simula-
tions for two stations, three stations and four stations, in a river basin 
located in the west of Zhejiang Province, China and then evaluate and 
discuss the performance of MSDRM-MCREM in Section 4, followed by 
the conclusions in Section 5. 

2. Methodology 

The detailed framework of the developed multi-site stochastic daily 
rainfall model coupling a univariate Markov chain model for multi-site 
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rainfall occurrences (0 or 1 values) and a multi-site rainfall event model 
using Vine copulas (called MSDRM-MCREM) is shown in Fig. 1. Spe-
cifically, the first step is to utilize a univariate Markov chain model 
(Breinl et al., 2013) to generate cross-correlated rainfall occurrence time 
series at multiple sites; the second step is to extract rainfall events based 
on continuous wet days for each individual station and determine the 
corresponding durations, and then classify these rainfall events into 
different groups representing the cases of events occurring 

simultaneously at several stations (Callau Poduje and Haberlandt, 
2018); the third step is to use Vine copulas to flexibly construct the 
dependence structures of multiple variables for each group, i.e. pairs of 
rainfall duration and depth at multiple stations, and generate multi-site 
rainfall depths given durations using conditional Vine copulas; the 
fourth step is to simulate multi-site rainfall types and temporal patterns 
according to their occurrence probabilities in each group; and the fifth 
and last step are to simulate complete rainfall events through merging 

Fig. 1. A detailed framework of MSDRM-MCREM taking two stations as an example. Different colors represent rainfall events occurring in different groups.  
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rainfall depth, rainfall duration and rainfall temporal pattern, and then 
allocate rainfall events in each group back to individual stations, and 
finally insert the chronological rainfall events of each station to its 
rainfall occurrence time series to form the complete spatially-correlated 
rainfall time series. These simulation methods are elaborated in the 
following sections. 

2.1. Univariate Markov process for multi-site rainfall occurrences 

The univariate Markov process for multi-site rainfall occurrences has 
been proposed by Breinl et al. (2013) and its main idea is to utilize a 
unique identification code (i.e. univariate) to represent rainfall occur-
rence vectors at multiple sites, in order to achieve the purpose of con-
verting the catchment-wide rainfall occurrences into a single-site 
rainfall occurrence. For example, if there are three rainfall stations in the 
observation network, the rainfall occurrence vector on any given day 
can vary between (0, 0, 0), indicating that all stations are dry, and (1, 1, 
1), indicating all stations are wet. Considering that the state of each 
station on any day is 0 or 1, the rainfall occurrence vector of multiple 
stations on any given day can be regarded as a combination of multiple 
binary states, so it can be correspondingly transformed into a decimal 
code, as shown in Table 1. In addition, the order of a Markov chain is 
also an indispensable component, which defines that the number of 
previous values are used to calculate the probabilities of transiting from 
one state to another state. The probability of having a X state on day t for 
the mth order of the univariate Markov process is given in Eq. (1): 

P{Xt|Xt− 1,Xt− 2,Xt− 3,⋯,X1} = P{Xt|Xt− 1,Xt− 2,Xt− 3,⋯,Xt− m} (1)  

in which, the values of state Xt can vary from 0 to 2n − 1 through 
transforming the binary states of the rainfall occurrence vector into 
decimal codes; n represents the number of stations. 

The simulation of multi-site rainfall occurrences using the univariate 
Markov process consists of five steps: (1) transformation of each rainfall 
occurrence vector to the corresponding decimal code; (2) calculation of 
the transition probabilities for different states as in Eq. (1) based on 
observations; (3) determination of the appropriate order of the Markov 
chain using the BIC criterion (Schoof and Pryor, 2008); (4) stochastic 
simulation of a sequence of decimal codes at any length using the 
specified-order univariate Markov process; (5) transformation of these 
generated decimal codes back to the corresponding occurrence vectors 
of multiple stations. According to the above, it can be seen that the 
advantages of this univariate Markov process are that it is straightfor-
ward and simple, and it can be easily accomplished through writing the 
conversion program between decimal codes and binary codes. 

In this study, both the 1-order and 2-order univariate Markov pro-
cesses are used to simulate the time series of rainfall occurrence for 2 
stations, 3 stations and 4 stations, respectively, and almost all the BIC 
results (see Table S1 on a monthly scale) show that the 1-order uni-
variate Markov chain is the best to simulate the multi-site rainfall 
occurrence time series. Therefore, the 1-order univariate Markov pro-
cess is subsequently adopted to produce the time series of rainfall 

occurrences for multiple stations. 

2.2. Determination of different groups of rainfall events occurring 
simultaneously at multiple stations and corresponding rainfall durations 

After the univariate Markov process, the multi-site rainfall event 
model needs to be constructed subsequently. Before this, grouping 
rainfall events that occur at a single or several stations simultaneously 
and constructing the correlations of rainfall event characteristics at 
multiple stations are important preliminary steps in this study. To ach-
ieve this purpose, two steps are required: (1) extraction of rainfall events 
for each individual station according to the definition of rainfall events; 
(2) classification of these extracted rainfall events into different groups 
to represent the rainfall events simultaneously occurring at 1, 2, …, k 
stations based on the definition of rainfall events simultaneously 
occurring at multiple stations. There are (2k − 1) groups for k stations in 
theory, reflecting the total cases of events that occur at a single station, 
two stations and until k stations simultaneously. In step (1), independent 
rainfall events are taken as continuous wet days that are separated by 
one or more consecutive dry days, similarly as in our previous studies 
(Gao et al., 2020b, 2020a). The threshold of a wet day is set as ≥ 0.1 mm. 
In Step (2), the starting time of events is used to define whether events 
occur simultaneously at several stations. When rainfall events at several 
stations start on the same day, these events are defined as occurring 
simultaneously and then classified into the group including the corre-
sponding stations, otherwise they are considered as occurring at indi-
vidual stations. A more refined definition of multi-site rainfall events can 
be found in Callau Poduje and Haberlandt (2018), in which both the 
starting time and duration of events, like the form of ±a× D, where a is a 
value that can flexibly define the range of starting time of 
simultaneously-occurred events and D is the duration of events, are used 
to define whether events at one station occur simultaneously with those 
at other stations. In this study, we adopted the simplest case of the 
definition in Callau Poduje and Haberlandt (2018), i.e.a = 0. The rea-
sons are that: (1) the Changshangang River basin is relatively small and 
its concentration time is less than 1 day; (2) the aim of this study is to 
construct a multi-site rainfall model based on rainfall events, the focus of 
which is to test the feasibility of the proposed methods rather than the 
accuracy of the definition of multi-site rainfall events. 

Based on this, different groups of rainfall events extracted from 
simulated multi-site rainfall occurrence time series can be determined 
and the corresponding durations of rainfall events in each group can be 
obtained. Similarly, different groups of observed rainfall events can be 
derived from the observed rainfall time series. For example, there are 
possible 3 groups, 7 groups and 15 groups of events for 2 stations, 3 
stations and 4 stations, respectively. Subsequently, observed rainfall 
event characteristics in different groups, i.e. rainfall duration, rainfall 
depth, inter-event time (IET) and temporal rainfall pattern, can be ob-
tained and further used as the basis to generate rainfall event charac-
teristics for the simulated rainfall events. 

2.3. Stochastic simulation of rainfall depths for different groups using 
conditional Vine copula given rainfall durations 

After multi-site rainfall events are classified into different groups, the 
multi-site rainfall event model for each group needs to be constructed to 
simulate multi-site rainfall event characteristics. As we all know, rainfall 
event characteristics, such as rainfall duration and rainfall depth, are 
often correlated, and this is the same for rainfall events that occur 
simultaneously at several stations (Callau Poduje and Haberlandt, 2018; 
Gao et al., 2020b). Therefore, the construction of the dependence 
structures for pairs of rainfall duration and depth at multiple stations is 
the key point in the construction of multi-site rainfall event models. 
Since there are always multiple variables (i.e. 2k, k is the number of 
stations) in a multi-site rainfall event model, the commonly-used 
bivariate copula that can only consider the dependence structure of 

Table 1 
Transformation of rainfall occurrence vectors of three stations into a decimal 
code.  

Rainfall occurrence vector Decimal code 

State of Station 1 State of Station 2 State of Station 3 

0 0 0 0 
0 0 1 1 
0 1 0 2 
0 1 1 3 
1 0 0 4 
1 0 1 5 
1 1 0 6 
1 1 1 7  
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two variables cannot be used here. In this case, multivariable joint 
probability distributions are needed. 

For this purpose, Vine copulas are finally adopted to construct the 
dependence structure of multiple variables. The reasons are as follows: 
(1) a Vine copula is a multivariate joint cumulative distribution function 
with arbitrary marginal distributions on [0,1] to flexibly describe the 
dependence structures between multiple random variables (Joe, 1997); 
(2) Vine copula can decompose the multivariate probability densities 
into a hierarchical set of marginal probability densities, unconditional 
bivariate copulas and conditional bivariate copulas, downscaling a high- 
dimensional space to low-dimensional space, and (3) the downscaled 
bivariate copulas result in a high flexibility to construct different 
dependence structures of variables (Pham et al., 2015). Currently, the 
drawable (D-) and canonical (C-) Vine copulas are the most widely-used 
approaches for Vine copulas, which are conceptualized as trees con-
sisting of nodes (univariate random variables) and edges (bivariate 
copulas) (Liu et al., 2020). For the C-vine copula, each tree needs to be 
assigned one node to connect with the other nodes, and thus it is more 
suitable for the case that one variable plays the leading role and has an 
obviously strong relationship with the other variables when construct-
ing multivariate dependence structures (Pham et al., 2015). For the D- 
vine copula, every node in each tree is connected to at most two edges 
and the dependences of pair-copulas are built one by one. Considering 
that there are mutual correlations between multi-site rainfall durations 
and rainfall depths and no rainfall event characteristic is obviously 
dominant, the D-vine copula is considered to be more suitable and is 
finally adopted in this study. 

The probability density function of a n-dimensional D-vine copula is 
expressed as below (Bedford and Cooke, 2001): 

f (x1, x2,⋯, xn) =
∏n

l=1
fl(xl)

∏n− 1

j=1

∏n− j

i=1
ci,i+j|i+1,⋯,i+j− 1

(
F
(
xi
⃒
⃒xi+1,⋯, xi+j− 1

)
,

F
(
xi+j

⃒
⃒xi+1,⋯, xi+j− 1

) )
(2)  

where fl is the marginal density of the l-th random variable; j denotes the 
index of trees; i runs over the edges of each tree; F(⋅|⋅ ) represents the 

conditional distribution; and c⋅|⋅ is the bivariate copula density linking 
corresponding conditional distributions varying with subscripts. The 
formula of conditional distribution functions can be derived as follows 
(Joe, 1997): 

h(x, v) = F(x|v ) =
∂Cx,vj|v− j

{
F
(
x
⃒
⃒v− j

)
,F

(
vj
⃒
⃒v− j

) }

∂F
(
vj
⃒
⃒v− j

) (3)  

in which v is the given variable vector, vj represent one arbitrary 
component of v and v− j denotes the remaining variable vector excluding 
vj from v, Cx,vj|v− j 

is the conditional bivariate copula. 

Using the above method, a D-vine copula is set up for each group of 
observed rainfall events classified in Section 2.2 to construct the 
dependence structures of rainfall durations and depths occurring at 
multiple stations. Therefore, the number of variables in the D-vine 
copula varies from 2 to 2k, indicating events occurring simultaneously at 
1, 2, …, k stations, respectively. Based on these constructed D-vine 
copulas, rainfall depths at multiple stations in each group, given the 
rainfall durations that are obtained from the simulated corresponding 
group of rainfall events in Section 2.2, can be stochastically generated. 
Taking events occurring at one, two, three, and four stations as example, 
the detailed simulation process of multiple rainfall depths given rainfall 
durations using the conditional D-vine copulas is shown in Fig. 2. 

For the group where events are occurring only at one station, the 
simulation is the simplest. Specifically, given the rainfall duration u1, the 
rainfall depth u2 can be stochastically generated through a random 
number w1 using the inverse function of the conditional distribution 
function of u2 given u1 (Vernieuwe et al., 2015). The calculation process 
is shown in Eqs. (4)–(6). 

f (x1, x2) = f1(x1)⋅f2(x2)⋅c12(F1(x1),F2(x2) ) (4)  

F(x2|x1 ) = h(F2(x2),F1(x1) ) = h21(u2, u1) (5)  

u2 = F2(x2) = h− 1
21 (w1, u1) (6) 

For the group where events occurring simultaneously at two stations, 

Fig. 2. Structure of D-Vine copula and conditional Vine copula simulation for rainfall depths given rainfall durations at multiple stations.  
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i.e. given the rainfall durations u1 and u3, the rainfall depth of station 1 
(u2) can be firstly generated using Eq. (4) to (6). Then, the first three 
variables are all known, and the rainfall depth of station 2 (i.e. u4) can be 
subsequently produced through the second simulated random number 
w2 using the inverse function of the conditional distribution function of 
u4 given u1, u2, u3 (Wang et al., 2019). The detailed derivation process 
and calculation formula are given in Eqs. (7)–(12). The stochastic 
simulation of the rainfall depth at station 3 (i.e. u6) given u1- u5 and the 
rainfall depth at station 4 (i.e. u8) given u1-u7 can be found in the Sup-
plementary File in detail. It should be noted that all the random numbers 
used in this study are assumed to be uniformly distributed ranging from 
0 to 1, which is also the most basic and common assumption. For the 
generation of rainfall depths for more stations, a program can be found 
in Aas et al. (2009), where the odd variables need to be fixed using the 
given rainfall durations and only the even variables representing rainfall 
depths are then simulated. 

f (x1,x2,x3,x4)=f1(x1)⋅f2(x2)⋅f3(x3)⋅f4(x4)⋅
c12(F1(x1),F2(x2))⋅c23(F2(x2),F3(x3))⋅c34(F4(x4),F3(x3))⋅
c13|2(F(x1|x2),F(x3|x2))⋅c24|3(F(x4|x3),F(x2|x3))⋅c14|23(F(x4|x2,x3),F(x1|x2,x3))

(7)  

F(x4|x1, x2, x3 ) = h41|23(F(x4|x2, x3),F(x1|x2, x3) ) (8)  

F(x4|x2, x3 ) = h− 1
41|23(w2,F(x1|x2, x3) ) (9)  

F(x1|x2, x3 ) = h13|2(F(x1|x2 ),F(x3|x2 ) ) = h13|2[h12(u1, u2), h32(u3, u2) ]

(10)  

F(x4|x2, x3 ) = h42|3(F(x4|x3 ),F(x2|x3 ) ) = h42|3[h43(u4, u3), h23(u2, u3) ]

(11)  

u4 = F4(x4)

= h− 1
43

(
h− 1

42|3

(
h− 1

41|23

{
w3, h13|2[h12(u1, u2), h32(u3, u2) ]

}
, h23(u2, u3)

)
, u3

)

(12) 

In a D-vine structure, the families and parameters of various bivar-
iate copulas are selected and estimated using the Bayesian Information 
Criterion (BIC) shown in Eq. (13) (Schwarz, 1978) and the maximum 
log-likelihood method in Eq. (14) (Oakes, 1994), respectively. The 
optimal pair copulas and parameters are determined in turn from the 
lowest tree structure (i.e. tree 1) to the top one (i.e. tree j-1). When the 
BIC value is the smallest, the D-vine copula performs the best overall. In 
this study, five copula families are considered, including one elliptical 
copula (Gaussian copula) and four Archimedean copulas (Clayton, 
Gumbel, Frank and Joe). All the five copulas have one parameter. 

BIC = − 2LDVine(θ̂|u )+Mlog(N) (13)  

θ̂ = argmax
∑n− 1

j=1

∑n− j

i=1

∑N

t=1
log

[
ci,i+j|i+1,⋯,i+j− 1

(
F
(
xi,t

⃒
⃒xi+1,t,⋯, xi+j− 1,t

)
,

F
(
xi+j,t

⃒
⃒xi+1,t,⋯, xi+j− 1,t

)
, θj,i

) ]

(14)  

in which LDVine is the maximum log-likelihood value with the optimized 
parameter vector θ̂; M is the total number of parameters in the D-vine 
copula; N is the number of samples; θj,i is the parameter of bivariate 
copula density ci,i+j|i+1,⋯,i+j− 1. 

It should be also mentioned that the inputs of D-vine copulas are 
pseudo values of rainfall duration and depth at multiple stations, i.e. 
their cumulative probabilities. Therefore, the real values of rainfall 
durations and depths need to be firstly transformed to pseudo values by 
their marginal probability distributions before construction of D-Vine 
copulas. In view of the best-fitted distributions of rainfall event char-
acteristics in Qu River basin (Gao et al., 2020b), the double-gamma and 

exponential distributions are also adopted in this study as the marginal 
distributions of rainfall depth and duration, respectively, and they are 
further estimated on a monthly scale to reflect the seasonal pattern of 
rainfall event characteristics. Besides, the stochastically-generated 
multi-site rainfall depths for each group are also pseudo values and 
need to be transformed back to the real space using the corresponding 
monthly marginal distributions. Here the occurring month of each 
pseudo depth can be determined according to the date of the first day of 
the corresponding simulated rainfall events. More information about 
this can be found in the documentation about our previously developed 
single-site stochastic daily rainfall model (Gao et al., 2020b). 

2.4. Stochastic simulation of multi-site rainfall types and their temporal 
patterns for different groups of simulated rainfall events 

Besides rainfall durations and depths, the temporal patterns of 
rainfall events are also very essential, which affect the formation of 
runoff processes and have comparable impacts on flood risk evaluation 
as rainfall volumes (Hettiarachchi et al., 2018). Rainfall temporal 
pattern usually refers to the temporal distribution of rainfall intensity 
within one rainfall event. In this study, rainfall temporal patterns refer 
to the dimensionless ones, i.e., rainfall depth and rainfall duration have 
been made dimensionless, and the dimensionless duration has been 
divided into K equal intervals (Gao et al., 2020b). The dimensionless 
rainfall patterns are further classified into four rainfall types, i.e. 
advanced type (A), central-peaked type (C), delayed type (D) and uni-
form type (U), according to the time of occurrence of rainfall peaks. The 
rainfall types A, C and D indicate rainfall peaks occurring at the early, 
middle and late stages of rainfall events, respectively, while the rainfall 
type U means that rainfall intensity is uniformly distributed during the 
rainfall event (Gao et al., 2018). 

Considering that the occurrence probability of rainfall types is 
affected by rainfall depth and duration, observed rainfall durations and 
depths are further classified into four classes (0 ~ 30%, 30%~60%, 60% 
~90% and ≥ 90%) by their 30%, 60% and 90% percentiles, respectively, 
to calculate the probability of different rainfall types under different 
duration-based and depth-based rainfall event classes (Gao et al., 
2020b). However, compared with the single-site SDRM-MCREM, the 
number of combinations of multi-site rainfall types under different 
duration and depth event classes is huge and complicated. Thus, to 
simplify this process, we only consider the occurrence probabilities of 
different combinations of multi-site rainfall types under different com-
binations of duration-based event classes in this study, since there is 
always a positive correlation between rainfall depth and duration. Based 
on the determined rainfall durations of simulated events in different 
groups in Section 2.2, the class that the duration of each event at each 
station belongs to can be determined and the combination of duration 
classes of multiple stations in each group can be also determined. Then, 
the combination of rainfall types for simulated events in each group can 
be stochastically generated according to the occurrence probabilities of 
different combinations of rainfall types as calculated in Eq. (15). 

Pd,c,b =
nd,c,b

∑m
d=1nd,c,b

(15)  

where nd,c,b, Pd,c,b are the occurrence number and probability of the d-th 
combination of rainfall types under the c-th combination of duration- 
based event classes in group b; m is the total number of combinations 
of rainfall types under the c-th combination of duration-based event 
classes in group b. Taking two stations for example, the value of b is 1 ~ 
3. In the second group, there are 4 × 4 combinations of duration-based 
event classes, and thus the value of c varies from 1 to 16. Similarly, the 
value of d also potentially varies between 1 and 16. Of course, nonex-
istent combinations can be removed in advance to reduce the number of 
possible combinations no matter for duration event classes or rainfall 
types. 
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After the rainfall type is stochastically generated for each rainfall 
event of each station in different groups, the corresponding rainfall 
temporal pattern for each rainfall event can be subsequently simulated 
according to the statistics of the specific rainfall type. The detailed sta-
tistics of different rainfall types are obtained by gathering those of all 
relevant stations. The simulation approach of the rainfall pattern for a 
specific rainfall type can be found in Gao et al. (2018) and is therefore 
not described in detail here. 

With the stochastically simulated rainfall durations in Section 2.2, 
rainfall depths in Section 2.3 and rainfall patterns in Section 2.4, com-
plete rainfall events for individual stations in different groups can be 
formed through allocating the duration and depth of each event to its 
temporal pattern. 

2.5. Separation of simulated rainfall events of different groups into 
individual stations and coupling rainfall occurrence time series with 
rainfall events 

The next step is to allocate the simulated complete rainfall events in 
different groups back to the individual stations. To realize this goal, the 
occurrence order of simulated rainfall events at each station (Section 
2.2) should be marked using an index before they are classified into 
different groups. These indices will remain for all the subsequent sim-
ulations in Section 2.2–2.4. Based on these indices, the simulated rainfall 
events in different groups can be allocated back to individual stations 
and reordered to be a sequence of rainfall events at each station. Sub-
sequently, the simulated complete rainfall events of each station in 
chronological order are inserted into its rainfall occurrence time series 
(Section 2.1) to form the complete rainfall time series. 

Until now, the multi-site stochastic daily rainfall model MSDRM- 
MCREM based on the single-site SDRM-MCREM has been completely 
developed. With this MSDRM-MCREM, multiple realizations of rainfall 
time series for multiple stations at any length can be stochastically 
generated. To evaluate the performance of MSDRM-MCREM, 100 re-
alizations of rainfall time series with the same length as the observed 
time series are generated for two, three and four stations in this study, 

and the simulated rainfall characteristics are compared with observed 
counterparts. 

3. Study area and data 

In this study, the Changshangang River basin was used as a case 
study to apply the multi-site stochastic daily rainfall model MSDRM- 
MCREM (see Fig. 1). The Changshangang River stretches about 59.8 
km along the main channel and its drainage area is approximately 2,336 
km2. It is the main tributary of the Qu River basin and is also the longest 
tributary of the Qiantang River basin that is located in the west of 
Zhejiang Province, East China (See Fig. 3). Due to the influence of the 
Asian subtropical monsoon climate, the annual distribution of rainfall in 
this area is uneven with more than 50% occurring in April-July (Gao 
et al., 2020c). The average annual rainfall is around 1,800 mm and the 
average temperature is about 15–18 ℃. In the monsoon season, the 
Changshangang River basin is prone to floods due to the continuous 
rainfall events, which has seriously constrained the sustainable devel-
opment of the economy in this area. Therefore, it is essential to construct 
a multi-site stochastic rainfall model based on rainfall event character-
istics to provide multi-site rainfall inputs for reliable hydrological 
simulation and flood risk assessment. 

Daily data from four rainfall stations that are distributed in the 
Changshangang River basin are collected, the period of which is from 
1962 to 2009, i.e. 48 years in total. These data are obtained from Zhe-
jiang Bureau of Hydrology. The two-station, three-station and four- 
station MSDRM-MCREM are separately constructed using the rainfall 
data of two stations (i.e. Huabu and Jiangjia), three stations (i.e. Huabu, 
Jiangjia and Qixi) and all the four stations (i.e. Huabu, Jiangjia, Qixi and 
Youxikou), and their performances are further evaluated through 
comparing simulated rainfall characteristics with observed 
counterparts. 

Fig. 3. Study area and distribution of rainfall stations.  
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4. Results and discussion 

4.1. Evaluation of spatial correlation of MSDRM-MCREM 

4.1.1. Spatial correlation of multi-site rainfall occurrence time series 
The comparison of observed and simulated inter-site correlations of 

rainfall occurrence time series for three cases, i.e. simulations for two 
stations, three stations and four stations, is shown in Fig. 4. From Fig. 4, 
it can be seen that the rainfall occurrence time series at multiple stations 
have high correlations ranging from 0.70 to 0.76, and these inter-site 
correlations are all well reproduced by the univariate Markov chain 
model in MSDRM-MCREM (Section 2.1), which is indicated by the 
coincidence of observations and the medians of simulations and also the 
small uncertainty of simulations. 

Nevertheless, the limitation of the univariate Markov process should 
also be noted. The univariate Markov process can only reproduce the 
observed occurrence vectors, and the possible states grow enormously 
with the number of simulated stations that may lead to a reduction of 
sample sizes and make the parameterization less reliable (Breinl et al., 
2013, 2015). For example, 16, 32 and 64 states are possible for four, five 
and six stations, respectively. This indicates that only 68 (i.e. 17532/16/ 
16), 17 (i.e. 17532/32/32), 4 (i.e. 17532/64/64) data points on average 
can be used to determine the transition probability from one state to 
another state in this study. The period of rainfall data is from 1962 to 
2009, so there are in total 17,532 data points. Therefore, to apply the 
univariate Markov chain model to more stations, the first is to make sure 
the length of the rainfall data series is long sufficiently, and then the 
non-existent states need to be removed in advance to reduce the calcu-
lation of transition probabilities from one state to another. 

4.1.2. Spatial correlation of multi-site rainfall depth and rainfall duration 
in different groups 

After generation of multi-site rainfall occurrence time series, the next 
step is to extract simulated rainfall events at individual stations and then 
classify them into different groups according to the definition of events 
simultaneously occurring at several stations in Section 2.2, which is the 
premise of simulating multi-site correlated rainfall event characteristics 
for each group. However, the preliminary step is to conduct the above 
process for observed rainfall as that is the basis to build bivariate copulas 
or Vine copulas for variables in each group, i.e. multi-site rainfall du-
rations and rainfall depths. Table 2 gives the classified groups of 
observed rainfall events for the two-station, three-station and four- 

station cases, and also stations and number of events included in each 
group. Additionally, the total number of observed rainfall events at four 
stations (Station 1–4), i.e. Huabu, Jiangjia, Qixi and Youxikou, is 2612, 
2618, 2691 and 2655, respectively. As can be seen, the events occurring 
simultaneously at the maximum number of stations under the three 
cases, i.e. Group 2 for two stations (about 68%), Group 4 for three sta-
tions (about 52%) and Group 8 for four stations (about 46%), always 
have the largest contribution. This is because the area of Changshangang 
River basin is relatively small and the inter-site distances are ranging 
from to 19.5 km to 44.4 km. Moreover, due to the high correlations of 
these stations, the number of events in similar groups that include the 
same number of stations is comparable in each case. For example, the 
number of events in Group 1 and Group 3 are comparable in the case of 
two stations, and the number of events in Group 2, Group 3 and Group 6 
in the case of three stations are close, etc. The rainfall events included in 
each group are used to build the corresponding bivariate copulas or Vine 
copulas, and the order of variables in each copula are from rainfall 
duration to rainfall depth, from Station 1 to Station 4, varying with the 
number of stations included in each group. The best-fitted bivariate/ 
Vine copulas and the corresponding BIC values in each group for the 
three cases can be found in Tables S2 to S4, respectively. 

Based on the above constructed bivariate or Vine copulas using ob-
servations, single-site or multi-site rainfall depths given rainfall dura-
tions in each group can be stochastically simulated using the 
corresponding conditional bivariate or Vine copulas (Section 2.3). 
Figs. 5–7 show the observed and simulated Kendall’s Tau correlation 
coefficients (Callau Poduje and Haberlandt, 2018) of pairs of rainfall 
event characteristics for two stations, three stations and four stations 
respectively. Here the rainfall event characteristics refer to the pseudo 
values of multi-site rainfall durations and depths. It can be found that, in 
general, these Kendall’s Tau correlations in different groups for the three 
cases are all well reproduced. Specifically, most of the observations fall 
within the maximum-minimum range of simulations and the corre-
sponding percentages for the two-station (Fig. 5), three-station (Fig. 6) 
and four-station (Fig. 7) cases are 88%, 81% and 88%, respectively. 
Among the above, 63%, 53% and 55% of the simulations under the three 
cases show a very good performance, meaning that the 90% (5%–95%) 
confidence interval (CI) of the simulations could cover the observations 
and the medians of simulations are very close to observations. Only few 
simulations underestimate the observed Kendall’s Tau for the three 
cases. In addition, there are two common phenomena for the three cases: 
(1) the simulated uncertainty of the relevant correlation coefficients 
varies with the number of events used to construct copulas, i.e. the 
uncertainty becomes smaller with the number being larger and vice 
versa. (2) the correlation coefficients in the groups where rainfall events 
only occur at one station are generally well simulated, the reason of this 
is that the rainfall event characteristics are generated using the condi-
tional bivariate copulas that are directly linked with the original data. 
For the groups where Vine copulas were constructed, the correlation 
coefficients in tree 1 (for the structure refer to Fig. 2), i.e. the first several 
columns in each group in Figs. 5–7, are always well kept and the reason 
is also that the rainfall event characteristics are generated using the 
conditional bivariate copulas that are directly linked with the original 
data. However, when the trees become higher, the correlations worsen a 
bit. The reason is that the more variables the conditional Vine copulas 
consider, the simulation process becomes more complicated and the 
simulated data involved are further away from the original data. 

However, it should be pointed out that the simulations using the 
conditional bivariate and Vine copulas may reduce the correlations of 
pairs of variables to some extent compared to the simulated results 
directly using bivariate and Vine copulas. This can be found in 
Figs. S1–S6, of which the first three figures present the results of simu-
lated rainfall durations and rainfall depths directly using the constructed 
bivariate copulas and Vine copulas based on observations, and the last 
three figures are the results by simulating rainfall depths given rainfall 
durations using the conditional bivariate and Vine copulas. The direct 

Fig. 4. Correlation coefficients of inter-site rainfall occurrence time series for 
two stations, three stations and four stations respectively. Boxplot: 100 simu-
lated realizations. The horizontal label like “1–2” represents the combination of 
Station 1 and Station 2, and similarly for the others. 
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simulations of multiple variables using copulas may overestimate the 
correlations to some degree, particularly for the groups having the most 
variables like Group 2, Group 4 and Group 8 in Figs. S1–S3, respectively, 
while the conditional simulations will underestimate these correlations 
(see Figs. S4–S6). The constructed bivariate and Vine copulas in this 
study are all obtained by the BIC criteria using the specific five copulas 

Table 2 
Number of observed rainfall events which has simultaneously occurred in different groups for two stations, three stations and four stations.  

Two stations Group 1 Group 2 Group 3      
Station 1 Station 1, 2 Station 2      
826 1786 832      

Three stations Group 1 Group 2 Group 3 Group 4 Group 5 Group 6 Group 7  
Station 1 Station 1, 2 Station 1, 3 Station 1, 2, 3 Station 2 Station 2 ,3 Station 3  
539 423 233 1363 442 390 705   

Four stations Group 1 Group 2 Group 3 Group 4 Group 5 Group 6 Group 7  
Station 1 Station 1, 2 Station 1, 3 Station 1, 4 Station 1, 2, 3 Station 1, 2, 4 Station 1, 3, 4  
432 175 103 161 152 248 130  
Group 8 Group 9 Group 10 Group 11 Group 12 Group 13 Group 14 Group 15 
Station 1, 2, 3, 4 Station 2 Station 2, 3 Station 2, 4 Station 2, 3, 4 Station 3 Station 3, 4 Station 4 
1211 324 158 118 232 525 180 375  

Fig. 5. Kendall’s Tau correlation coefficients of pairs of rainfall event charac-
teristics in different groups for two stations. Boxplot: 100 simulated re-
alizations. Red spot: observations. Different colors represent different groups. In 
Group 2, the six columns represent the Kendall’s Tau of Dur1-Dep1, Dur1-Dur2, 
Dur1-Dep2, Dep1-Dur2, Dep1-Dep2 and Dur2-Dep2, respectively. Dur1 and 
Dep1 are the rainfall duration and depth of Station 1, and Dur2 and Dep2 are 
the rainfall duration and depth of Station 2. (For interpretation of the references 
to colour in this figure legend, the reader is referred to the web version of 
this article.) 

Fig. 6. Kendall’s Tau correlation coefficients of pairs of rainfall event charac-
teristics in different groups for three stations. Boxplot: 100 simulated re-
alizations. Red spot: observations. Different colors represent different groups. 
(For interpretation of the references to colour in this figure legend, the reader is 
referred to the web version of this article.) 

Fig. 7. Kendall’s Tau correlation coefficients of pairs of rainfall event charac-
teristics in different groups for four stations. Boxplot: 100 simulated re-
alizations. Red spot: observations. Different colors represent different groups. 
(For interpretation of the references to colour in this figure legend, the reader is 
referred to the web version of this article.) 
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described in Section 2.3. To solve the underestimation of correlations of 
conditional copulas, there are two possible approaches: (1) adopting 
more copula functions to select the best-fitted bivariate and Vine 
structures; (2) artificially increasing the Kendall’s Tau correlation co-
efficients that are involved in the constructed copulas before using them 
to stochastically simulate multiple variables. The first approach can 
alleviate the underestimation phenomenon of the conditional simula-
tions to some extent, but its improvement effect is limited (comparison 
of Figs. S6 and S7), especially for the correlations involved in higher 
trees except in tree 1. Fig. S7 gives the conditional simulation results 
using the optimal correlated structures selected from ten copula func-
tions, i.e. Gaussian, Student’s t, Clayton, Gumbel, Frank, Joe, BB1, BB6, 
BB7 and BB8. Fig. S6 shows the results using five single-parameter 
copulas, i.e. Gaussian, Clayton, Gumbel, Frank and Joe. The second 
approach is a commonly-used method by several studies to improve the 
simulated cross-correlations between stations in multi-site rainfall 
models (Wilks, 1998; Brissette et al., 2007; Lee, 2017). Brissette et al. 
(2007) developed a “brute force” iterative and convergence algorithm to 
get the synthetic correlation matrix of rainfall occurrence or quantity as 
close to the observed ones as possible. Lee (2017) achieved this purpose 
by iteratively assuming the correlations of the bivariate normal distri-
bution (ρUV) to be ρXY + α(α = - 0.2:0.01:0.4), i.e. the observed cor-
relation plus an additional correlation coefficient, until the smallest 
distance between the simulated correlation ρG

XY and observed correlation 
ρXYof variable X and Y is found. 

We adopted the second approach in this study to reduce the under-
estimation of the cross-correlations for rainfall event characteristics in 
MSDRM-MCREM, and the detailed procedure is as follows. Firstly, the 
best-fitted pair-copula functions were selected for each tree in the D- 
Vine structures by the minimum BIC values. Secondly, the correspond-
ing Kendall’s Tau correlation coefficient of each pair-copula can be 
determined and an additional value was added ranging from 0.05 to 
0.15. Thirdly, the newly-obtained Kendall’s Tau correlations were used 
to re-estimate the parameter of each pair-copula. Lastly, the obtained 
parameters were further used to stochastically simulate multiple vari-
ables. The results shown in Figs. 5–7 are the final results. 

4.1.3. Spatial correlation of multi-site rainfall time series 
Fig. 8 shows the spatial correlations of rainfall time series for the 

three cases expressed by Kendall and Spearman rank correlation co-
efficients. It can be seen that these spatial correlations are generally well 
preserved by MSDRM-MCREM, i.e. 0.54 ~ 0.67 for Kendall and 0.67 ~ 

0.76 for Spearman, although the observed correlations are often 
underestimated by about 0.1. A possible explanation for this underes-
timation is error accumulation, which is potentially caused by the 
partially underestimated cross-correlations of multi-site rainfall event 
characteristics shown in Section 4.1.2 and randomness in the simula-
tions of multi-site rainfall temporal patterns. For example, when the 
multi-site rainfall event characteristics are highly correlated in one 
rainfall event and their rainfall types are also the same, slight differences 
of rainfall patterns at multiple stations would reduce the correlations of 
multi-site rainfall time series through the temporal allocation of rainfall 
depths and durations. The latter reason may play a major role in un-
derestimation of the spatial correlation of rainfall time series. Therefore, 
how to accurately generate rainfall temporal patterns for multi-site 
rainfall events needs further exploration. 

Through comparison of the spatial correlation of rainfall event 
characteristics and rainfall time series in Section 4.1.1–4.1.3, it can be 
found that the performance of MSDRM-MCREM in preserving the 
observed correlations is almost the same for simulations of two stations, 
three stations and four stations, indicating that the developed new 
model MSDRM-MCREM is very effective in stochastic multi-site daily 
rainfall modelling. Of course, MSDRM-MCREM can be used for simu-
lating multiple realizations of rainfall time series for more stations and 
the premise is that the multi-site rainfall data series should be long 
enough to provide sufficient data to construct reliable Vine copulas for 
different groups. 

4.2. Evaluation of rainfall event characteristics 

Besides well preserving the spatial correlation of rainfall, whether a 
multi-site rainfall model can simultaneously maintain the rainfall sta-
tistical features of individual stations is also important. Therefore, the 
performance of MSDRM-MCREM in reproducing rainfall characteristics 
is evaluated for two aspects: (1) rainfall event characteristics, including 
the total number of rainfall events, cumulative probability distribution 
of rainfall duration (i.e. wet spell), inter-event time (IET, i.e. dry spell) 
and rainfall depth, rainfall temporal patterns and occurrence fre-
quencies of different rainfall types under different depth-based event 
classes; (2) statistical properties of rainfall time-series, including rainfall 
at several percentiles (like 10th, 25th, 50th, 75th, 90th, 95th and 99th), 
mean monthly rainfall, standard deviation, probability of wet days on a 
monthly scale and extreme rainfall like annual maximum 1-day, 3-day 
and 5-day rainfall at individual stations. The above adopted evaluation 
indicators and criteria are similar to those used in Gao et al. (2020b) to 
assess the performance of the single-site SDRM-MCREM. In this study, 
we only present the simulation results for four stations, because its 
simulation process is more complex compared with simulations for two 
stations and three stations and it tends to be more difficult to perform 
well at all stations. 

For rainfall event characteristics, the total number of rainfall events 
and the cumulative distribution functions (CDFs) of wet spells and dry 
spells are quite well reproduced by MSDRM-MCREM when compared 
with observations (Fig. 9), as the simulated medians are almost the same 
as the observed ones and the uncertainties of 100 simulated realizations 
are relatively small. This further demonstrates the effectiveness of the 
univariate Markov chain method used in MSDRM-MCREM, which can 
not only well maintain the inter-site correlations of rainfall occurrence 
time series (Fig. 4), but can also accurately reproduce the frequencies of 
wet and dry spells at each station. In terms of rainfall depth, MSDRM- 
MCREM shows a good performance in reproducing heavy (60th-90th 
percentile) and extreme rainfall (above 90th rainfall percentile), but the 
rainfall below the 50th percentile is overestimated. This would lead to 
an underestimation of the occurrence frequency of light rainfall events 
and overestimation of the occurrence frequency of moderate rainfall 
events, which is similar to the simulation results of the single-site SDRM- 
MCREM. This is reasonable because MSDRM-MCREM is developed 
based on the single-site SDRM-MCREM. 

Fig. 8. Kendall and Spearman rank correlation coefficients of rainfall time 
series between pairs of stations for two stations, three stations and four stations 
respectively. Boxplot: 100 simulated realizations. Spot: observations. 
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Fig. 10 displays the uncertainty of the 100 simulated realizations of 
the mean mass curve for four rainfall types (i.e. type A, C, D and U) at 
four stations and also the observed mean mass curves. The mass curves 
here refer to the cumulative dimensionless rainfall temporal patterns 
(Gao et al., 2020b). From Fig. 10, it can be found that the mass curves of 
each rainfall type at the four stations are almost the same for each depth- 
based event class and MSDRM-MCREM also shows nearly the same 
performance in reproducing these mass curves of all stations. Specif-
ically, all the mass curves of rainfall types for light and moderate rainfall 
events are well reproduced, only with a relatively larger uncertainty for 
light rainfall events, particularly for rainfall type C, which is mainly due 
to its very small occurrence frequency (see Fig. 11). Fig. 11 shows the 
occurrence frequencies of different rainfall types under different rainfall 
event classes at four stations. The smaller the occurrence frequency of 
one rainfall type is, the larger the simulated uncertainty of its mass 
curves is, and vice versa. For heavy and extreme rainfall events, the mass 
curves of rainfall type C and U are well kept at all stations, but the mass 
curves of rainfall type A and D are slightly overestimated, i.e. the first 
segment of rainfall type A and the last segment of rainfall type D being 
overestimated. In comparison, the uncertainty of all simulated rainfall 
types and the overestimation of rainfall type A and D are slightly larger 
for extreme rainfall events than that for heavy rainfall events. In general, 

except that the mass curves of rainfall types A and D for extreme rainfall 
events are overestimated, the mass curves of all rainfall types under 
different rainfall event classes at all stations are all well reproduced. 

In addition, MSDRM-MCREM also shows a good performance in 
reproducing the trends of occurrence frequency of different rainfall 
types under different rainfall event classes for all stations (Fig. 11), i.e., 
the ranking order of the observed and simulated frequencies from large 
to small is the same in each event class. In terms of quantity, the fre-
quencies of different rainfall types for light and extreme rainfall events 
are all well preserved. However, there exists some underestimation for 
the frequencies of rainfall type A and C and overestimation for the fre-
quency of rainfall type U for moderate and heavy rainfall events, with 
relatively larger biases for moderate rainfall events compared to heavy 
events. Overall, MSDRM-MCREM performs well in reproducing various 
kinds of rainfall event characteristics. 

4.3. Evaluation of rainfall time-series statistics 

The performance of MSDRM-MCREM in reproducing rainfall time- 
series statistics is further assessed. To provide a unified way to eval-
uate the performance of MSDRM-MCREM, the assessment approach 
used in Gao et al. (2020b) was also adopted in this study. Namely, the 

Fig. 9. Number of rainfall events (a) and cumulative distribution functions (CDFs) of rainfall duration (i.e. wet spell) (b), IET (i.e. dry spell) (c) and rainfall depth (d) 
at individual stations. 
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performance of MSDRM-MCREM is classified into three categories: 
“good”, “fair” and “poor”, according to the observed metrics falling 
within the 90% confidence interval, the maximum-minimum range and 
outside of the maximum-minimum range simulated by MSDRM- 
MCREM, respectively. 

Fig. 12 compares the observed and simulated rainfall time-series 
statistics, including seven rainfall percentiles (10th, 25th, 50th, 75th, 
90th, 95th and 99th), average monthly rainfall, standard deviation and 
probabilities and average values of wet days, for Youxikou Station. The 
corresponding results of Huabu, Jiangjia and Qixi stations can be found 
in Figs. S8–S10, respectively. Overall, MSDRM-MCREM performs very 
similarly in reproducing these rainfall properties at different stations. 
The evaluation results can be summarized as follows: (1) light rainfall (i. 
e. 10th and 25th percentiles) is overestimated for most months, pre-
senting a fair or poor performance at all stations; (2) the mean monthly 
rainfall and the probability and mean rainfall of wet days on a monthly 
scale are all very well reproduced, which is indicated by the overlap of 

the simulated medians and observations and also the small uncertainty; 
(3) most of the large rainfall above the 50th percentile is also well 
simulated although there exist some slight differences among the sta-
tions. For example, the 90th and 95th percentile rainfall in June are 
poorly simulated at Qixi Station, while they are well simulated at the 
other stations; (4) most of the standard deviations of rainfall are well or 
fairly reproduced at four stations, which is mainly attributed to the use 
of the mixed distribution (i.e. double-gamma distribution) to simulate 
rainfall on a monthly scale. 

The comparison of the observed and simulated extreme rainfall, 
including exceedance probabilities of annual maximum 1-day, 3-day 
and 5-day rainfall, is shown in Fig. 13. It can be seen that except the 
annual maximum 3-day rainfall being slightly underestimated between 
exceedance probabilities of 30–70% at Qixi Station, the exceedance 
probabilities of annual maximum 1-day and 3-day rainfall are all well 
reproduced for the four stations, as illustrated by all observations falling 
within the 90% CI of MSDRM-MCREM simulations and nearly no 

Fig. 10. Mean mass curves of four rainfall types under different depth-based event classes at individual stations.  
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Fig. 11. Occurrence frequencies of different rainfall types under different depth-based event classes at individual stations.  

Fig. 12. Rainfall time-series statistics at Youxikou Station.  
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differences existing between the simulated medians and observations. 
For the annual maximum 5-day rainfall, its exceedance probability is 
well reproduced at Youxikou Station and fairly reproduced at Qixi Sta-
tion with observations falling outside the 90% CI but within the 
maximum-minimum range of simulations. However, the annual 
maximum 5-day rainfall at smaller exceedance probabilities of 10–30% 
at Jiangjia Station and exceedance probability lower than 5% at Huabu 
Station are slightly underestimated. In summary, extreme rainfall is also 
well simulated at individual stations. 

From the above results and discussion, it can be concluded that the 
newly-developed multi-site stochastic daily rainfall model MSDRM- 
MCREM can be successfully applied to two, three and four stations 

with simultaneously well-preserving various observed rainfall time- 
series statistics, rainfall event characteristics and spatial correlations. 
However, similarly to other multi-site rainfall models, the computa-
tional complexity will inevitably grow with an increasing number of 
stations in a basin. To apply MSDRM-MCREM to more stations and make 
the computation less complex, the parallel computing can be further 
considered to be used in MSDRM-MCREM, and the conditional simula-
tion function of Vine copulas (i.e. CDVineCondSim) that is nested in R 
package can be directly adopted to generate multi-site rainfall depths at 
one time instant under the given multi-site rainfall durations, after the 
correlated structure of multi-site rainfall durations and depths is con-
structed using D-Vine copulas. 

Fig. 13. Exceedance probabilities of observed and simulated annual maximum (a) 1-day, (b) 3-day and (c) 5-day rainfall at four stations.  
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5. Conclusions 

In this study, a new multi-site stochastic daily rainfall model 
coupling a univariate Markov chain model with a multi-site rainfall 
event model (MSDRM-MCREM) is proposed to add spatial cross- 
correlation to our previously-developed single-site SDRM-MCREM 
(Gao et al., 2020b, 2020a). Subsequently, MSDRM-MCREM was 
applied to the Changshangang River basin in Zhejiang Province, East 
China, for three cases, i.e. simulations for two stations, three stations 
and four stations. Through comprehensively evaluating the performance 
for various rainfall properties, including spatial cross-correlations of 
multi-site rainfall, rainfall event characteristics and rainfall time-series 
statistics, the skill of MSDRM-MCREM can be summarized as follows:  

(1) The spatial cross-correlation of rainfall characteristics between 
stations is well maintained in the whole simulation process, 
particularly for the multi-site rainfall occurrence time series and 
the rainfall event characteristics in different groups that are 
classified based on the definition of rainfall events simulta-
neously occurring at several stations. The inter-site Spearman 
rank correlation coefficients of rainfall time series are slightly 
underestimated by about 0.1, which is mainly caused by the 
slight differences of multi-site rainfall temporal patterns in 
different groups. This can be further improved in future work.  

(2) In terms of rainfall event characteristics, the total number of 
rainfall events, cumulative probability distributions of wet spells, 
dry spells and rainfall depths, temporal patterns and occurrence 
frequencies of different rainfall types in different rainfall event 
classes are well kept by MSDRM-MCREM at individual stations. 
These rainfall event characteristics are very important for 
assessment of more serious floods that are caused by accumula-
tion of continuous days of rainfall.  

(3) Except light rainfall below the 50th percentile (i.e. 5 mm) being 
overestimated, the general rainfall time-series statistics are all 
well reproduced at all stations, including the 50th, 75th, 90th, 
95th, 99th percentiles and standard deviations, and particularly 
for mean monthly rainfall, probabilities and averages of wet days 
on a monthly scale. In addition, extreme rainfall, including the 
exceedance probabilities of annual maximum 1-day, 3-day and 5- 
day rainfall are well maintained as well, which is of great 
importance for flood risk analysis.  

(4) The good performance of MSDRM-MCREM in simultaneously 
reproducing rainfall time-series statistics and rainfall event 
characteristics is inherited from the single-site SDRM-MCREM. 

Moreover, the framework of this developed MSDRM-MCREM can be 
flexibly extended to a high-resolution (i.e. hour or minute) multi-site 
stochastic rainfall model, which is of increasing interest and 
increasing needed in many applications, particularly for urban flood 
modelling. The embedded multi-site rainfall event model can also be 
independently used to generate multi-site correlated rainfall event series 
for further flood event analysis. In addition, it is relatively straightfor-
ward to construct nonstationary Vine copulas or rainfall patterns 
through introducing weather variables (e.g. temperature or atmospheric 
indices) in MSDRM-MCREM to reflect the nonstationarity of rainfall 
event characteristics under the influence of climate change and human 
activities, which will be the subject of our future research. 
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