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a b s t r a c t

As a severe disaster in the whole world, hail poses significant threats to the life of human and
other animals. To prevent potential damages caused by hail, it is important to clearly understand
and accurately predict the mechanical response of natural hailstones to impact, which is, however,
extremely challenging due to the randomness of the hailstone’s geometric configuration, spatial
location, spatial attitude, motion state and so on. In this work, randomness was incorporated into
these parameters based on statistical analysis of experimental data, an approach was then proposed
to generate a spatial field consisting of sparse and random hailstones by using Monte Carlo algorithm.
Based on the statistical data of falling hailstones in the literature, a random hail field was established
via the proposed approach and then used to simulate the response of stochastic hailstones impacting
on a rigid target using the finite element method. The random response of hail impact was well
captured by simulation results, and the convergence and reliability of the proposed modeling approach
was validated by a comparison between simulation results and the experimental data in the literature.
It was finally discussed the promising potential of the application of the proposed model.

© 2021 Elsevier Ltd. All rights reserved.
1. Introduction

Hail has caught attentions of researchers from various fields
uch as climatology, atmosphere, and engineering, because it
ften causes severe damage to crops, vehicles, infrastructure and
ven life, etc. [1]. To reduce the damage caused by hail, it is
ignificant to thoroughly understand its response to impact and
he underlying mechanism. Aiming at this, a lot of valuable work
as been performed [2–6] to clarify the mechanism of hail impact,
n terms of conducting experimental tests, analyzing hail’s ma-
erial properties, proposing constitutive theories, and performing
umerical simulation, etc. However, all these efforts mainly focus
n predicting the impact response of a single hailstone, e.g. [7,
], while the impact response of multiple hailstones is rarely
eported due to the randomness in natural hail impact.

The impact response of hailstones is naturally random, and
ssentially determined by the hail’s formation process. Studies
how that hail is usually formed in a cloud of strong convec-
ion [9,10] involving complex physical processes such as heat
low, atmospheric flow, and hailstone collisions [11,12], which is

∗ Corresponding author at: School of Traffic & Transportation Engineering,
entral South University, Changsha, Hunan, China.

E-mail address: wangzg@csu.edu.cn (Z. Wang).
ttps://doi.org/10.1016/j.eml.2021.101374
352-4316/© 2021 Elsevier Ltd. All rights reserved.
almost impossible to be directly simulated to reproduce a spatial
hail field consisting of random hailstones. Therefore, in this study,
the Monte Carlo stochastic algorithm [13] is used to generate a
random hail field to avoid simulation of the complex physical
formation process of hail.

From the literature, limited methods that are able to estab-
lish a random hail field comprising multiple random hailstones
are emerged. At present, generating a field consisting of ran-
dom particles relies on discrete element simulation (DEM) [14],
Voronoi cells [15], and some overlapping detection methods such
as adding particles to the spatial domain one by one [16] and
simulating growth of particles at random points in a space [17].
These methods have been successfully applied to model micro-
scopic crystals and particles [18], mesoscopic sand particles and
powders [19] and macroscopic gravel particles [20,21], etc. How-
ever, the random particles modeling using these approaches are
usually clustered together densely, and thus may not be suitable
to represent sparse hailstones in a large space, by noting that
there is at most 1 or 2 hailstones with a diameter of 0.005 m–0.03
m in a 1 m3 space [22,23].

In this work, statistical analysis and Monte Carlo algorithm
were combined to develop an approach to establish a hail field
in which random hailstones were sparsely distributed. To mimic
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atural hailstones, randomness was incorporated into the ge-
metrical configuration, spatial location and attitude, and mo-
ion state of hailstones. Based on the proposed model, the re-
ponse of natural multiple hailstones impacting on a rigid target
as simulated using finite element method. The randomness
nd convergence of the proposed random model were validated
ia comparison of simulation results and experiments. The pro-
osed model will be promising to contribute to the prediction
f hail random impact threat and the protection of engineering
tructures subjected to hail impacts.

. Methodology

.1. Modeling of random particles

Consider a space fieldΩ containing N random deformable par-
icles in a global Cartesian coordinate system (X, Y , Z), as shown
n Fig. 1. For each particle, a local coordinate system (xi, yi, z i)
s established. These particles may represent hail, bird flock,
plashing gravels, and so on depending on the problem studied.
or ease of numerical implementation, these random particles are
ssumed to share the same material properties, i.e., the properties
f hail ice in this work. To simulate the impact response of
atural hailstones, the particles in Fig. 1 must be able to capture
he randomness of some basic information, including geometric
onfiguration (i.e., the shape of particles), spatial location, spatial
ttitude, translational velocity, and rotational velocity.
In general, the geometric configuration of a particle can be

escribed using k parameters, namely g1, g2, g3 · · · gk. The value
f k depends on the geometry (i.e., the shape) of the particle. For
xample, if the particle is spherical, then k = 1, and the only
arameter g1 represents the diameter or radius of the particle. If
ts shape is a cuboid, then k = 3, and the three parameters g1,
2, and g3 represent the length, width, and height of the cuboid,
espectively. If the particle is in a complicated shape, it can be
escribed by a two-dimensional Fourier functions [24] consisting
f k parameters.
The spatial location of particle i, (i = 1, 2, . . . ,N) represents

he translational transformation from the global coordinate sys-
em (X, Y , Z) to the local coordinate system

(
xi, yi, z i

)
, and thus

an be expressed as X i = [Xi1, Xi2, Xi3], where Xi1, Xi2, and Xi3 are
hree coordinates corresponding to axes X , Y , and Z , respectively.
he spatial attitude of particle i is characterized by three Euler
ngles (precession angle ψi1, nutation angle ψi2 and spin angle
i3) [25], i.e., ψi = [ψi1, ψi2, ψi3], where ψi1, ψi2, ψi3 respec-
ively denotes the rotations with respect to axes Z,

(
xi
)′
,
(
z i
)′′,

s shown in Fig. 1. The translational velocity of particle i is the
ime derivative of its spatial location, i.e., vi = dX i/dt . The
otational velocity in the global coordinate system (X, Y , Z) is
calculated by using a rotation matrix Ri to transform the Euler’s
angular velocity (dψi/dt) to be the rotational velocity in the local
coordinate system

(
xi, yi, z i

)
, which is then transformed to be

in the global coordinate system (X, Y , Z) using another rotation
atrix R. Hence, the rotational velocity can be written as:

= R · Ri
· dψ /dt (1)
i i

2

here the two rotation matrix Ri and R can be expressed as [25]

i
=

⎡⎢⎢⎢⎣
sinψi2 sinψi3 cosψi3 0

sinψi2 cosψi3 − sinψi3 0

cosψi2 0 1

⎤⎥⎥⎥⎦

R =

⎡⎢⎢⎢⎣
cosψi1 − sinψi1 0

sinψi1 cosψi1 0

0 0 1

⎤⎥⎥⎥⎦

·

⎡⎢⎢⎢⎣
1 0 0

0 cosψi2 − sinψi2

0 sinψi2 cosψi2

⎤⎥⎥⎥⎦
⎡⎢⎢⎢⎣
cosψi3 − sinψi3 0

sinψi3 cosψi3 0

0 0 1

⎤⎥⎥⎥⎦
Then, as shown in Fig. 1, the status of random particle i in the
spatial domain Ω can be basically characterized by g i, X i, ψi, vi
and wi. Hence, a field S comprising N particles can be represented
by:

S =

⎡⎢⎢⎢⎢⎣
g1 X1 ψ1 v1 w1

g2 X2 ψ2 v2 w2
...

gN XN ψN vN wN

⎤⎥⎥⎥⎥⎦ (2)

To mimic the stochastic nature particles, randomness needs to
be incorporated into all the parameters g1, g2, g3, · · ·, gk, X1, X2,
X3, ψ1, ψ2, ψ3, v1, v2, v3, w1, w2, and w3 in field S (as shown in
Fig. 1). In general, the distribution function (or law) of a random
parameter Υ can be expressed as

FΥ (υ) = P
(
Υ < Υ ≤ υ

)
=

∫ υ

Υ

fΥ (τ ) dτ , υ ∈ [Υ ,Υ ] (3)

where the random variable Υ is in range [Υ ,Υ ], and fΥ (τ ) is the
probability density function of the distribution. When τ /∈ [Υ ,Υ ],
Υ (τ ) = 0. Eq. (3) also indicates that FΥ

(
Υ
)

= 0, FΥ
(
Υ
)

= 1.
For each parameter in field S , a distribution function is needed:⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

Fgα (υ) =

∫ υ

gα
fgα (τ ) dτ ,

(
υ ∈ [gα, gα], α = 1, 2, . . . , k

)
FXβ (υ) =

∫ υ

Xβ
fXβ (τ ) dτ ,

(
υ ∈ [Xβ , Xβ ], β = 1, 2, 3

)
Fψγ (υ) =

∫ υ

ψγ

fψγ (τ ) dτ ,
(
υ ∈ [ψγ , ψγ ], γ = 1, 2, 3

)
Fvζ (υ) =

∫ υ

vζ

fvζ (τ ) dτ ,
(
υ ∈ [vζ , vζ ], ζ = 1, 2, 3

)
Fwθ (υ) =

∫ υ

wθ

fwθ (τ ) dτ ,
(
υ ∈ [wθ , wθ ], θ = 1, 2, 3

)

(4)

If the distribution functions in Eq. (4) are known, particles with
random values of parameters giα , Xiβ , ψiγ , viζ , and wiθ , (i =

1, 2, . . . ,N) can be generated. In this work, overlap between par-
ticles is not allowed when generating random particles, and this
is ensured by giving a minimum limit to the distance between
particles, i.e.,

⏐⏐Xp − Xq
⏐⏐ ≥ δ where δ is the maximum diameter

among all particles, p ̸= q, and p, q ∈ {1, 2, . . . ,N}. Then, the field
S consisting of N random particles (Eq. (2)) can be expressed as:

S =⎡⎢⎢⎢⎢⎣
g11 g12 · · · X11 · · · ψ11 · · · v11 · · · w11 · · ·

g21 g22 · · · X21 · · · ψ21 · · · v21 · · · w21 · · ·

...

⎤⎥⎥⎥⎥⎦ (5)
gN1 gN2 · · · XN1 · · · ψN1 · · · vN1 · · · wN1 · · ·
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Fig. 1. Schematic of a space field containing multiple random particles.
Fig. 2. Monte Carlo implementation steps for modeling a random field.
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t should be noted that the total number N of random particles
n the field S could also be random. Similar to Eq. (3), the distri-
ution function of the total number N of particles can be written
s:

N (υ) =

∫ υ

N
fN (τ ) dτ ,

(
υ ∈ [N,N]

)
(6)

In this work, the commonly used sampling method, the Monte
arlo algorithm [13], is adopted to generate multiple sets of
alues for parameters g , X , ψ , v , and w that satisfy the
iα iβ iγ iζ iθ a

3

orresponding distribution functions in Eq. (4). To do this, an in-
erse transformation method [26,27] is used. That is, the random
amples υi obtained from the inverse function of FΥ (υ), i.e.,

i = FΥ −1 (yi) (7)

atisfy the distribution law of Eq. (3) statistically, if the random
amples yi, (i = 1, 2, . . . ,N) follows the standard uniform dis-
ribution U(0, 1). Therefore, all samples in Eq. (5) for generating
random field S can be obtained from the inverse function of
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Fig. 3. Statistical observation [22] of hailstone diameter distribution.

Eq. (4):⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

giα = F−1
gα

(
ygαi
)

Xiβ = F−1
Xβ

(
y
Xβ
i

)
ψiγ = F−1

ψγ

(
yψγi

)
viζ = F−1

vζ

(
y
vζ
i

)
wiθ = F−1

wθ

(
ywθi

)
(8)

where samples ygαi , y
Xβ
i , yψγi , y

vζ
i , and ywθi all satisfy the standard

uniform distribution U(0, 1). The modeling process of a random
field S is then summarized as six steps, as shown in Fig. 2.

2.2. Statistical modeling of hail impact

Natural hail usually originates from the intensive flow of cu-
mulonimbus clouds [9], and then undergoes complex physical
processes including heat flow, atmospheric flow, and collisions,
etc. [12], and finally appears as solid hailstones that are stochas-
tically distributed over space. Based on statistical observations
of natural hail [22,28,29], random hailstones in a spatial field
can be generated following the proposed random model and the
modeling steps shown in Fig. 2.

As stated in step 1 in Fig. 2, a cuboid spatial domain Ωc is
defined first. To simplify the numerical simulation of the random
field, a small cubic space is used, and its length, width, and height
are CL = 2 m, CW = 2 m, and CH = 20 m, respectively.

To determine the total number N of particles in Ωc in step
2 (see Fig. 2), its distribution function needs to be estimated.
Previous research work [28] has shown that the total number N is
a function of the diameter D of hailstones, i.e., N (D) = N0Dηe−λD

where N0, η, and λ are parameters fitted from experimental
ata, and the units of N (D) and D are m−3 mm−1 and mm,

respectively). According to the hail observations and statistical
data obtained by Ziegler et al. (see Table 1. Collection B of [22]),
the distribution function of the total number N can be fitted as
N (D) = 1×10−8D9.757e−0.897D, i.e., N0 = 1×10−8, η = 9.757, λ =

0.897 (see Fig. 3). It should be noted that different statistical data
of hailstones may result in different values for these parameters.
Moreover, the minimum diameter of the hailstones is 5 mm [30].
Therefore, the number of hailstones in a unit volume

(
m−3

)
space

can be calculated as

N =

∫
+∞

N (D) dD =
N0

Γ (η + 1) Γ̂ (5, η + 1) (9)

5 λη+1

4

here Γ (a) =
∫

+∞

0 ta−1e−tdt is the gamma function, and
Γ̂ (x, a) =

∫
+∞

x ta−1e−tdt/Γ (a) is tail of incomplete gamma
function. The total number N of hailstones in Ωc is

N = NCLCWCH (10)

The third step in Fig. 2 requires determination of distribution
unctions for all parameters associated with the random hail field.
he parameter g1 (diameter of hailstones) is a gamma distri-
ution, as reported in the literature [28]. In this study, other
arameters (Table 1) are assumed to follow the uniform distri-
ution due to the lack of corresponding experimental statistical
ata of these parameters. The geometric configuration of the hail-
tones usually appears as a flat ellipsoid, that is, the longest axis
nd the middle axis of a triaxial ellipsoid are the same [12,30]. For
flat ellipsoidal hailstone (see Appendix A), the geometry of the
ailstones can be determined using two parameters, i.e., g1 and g2

respectively denoting the major axis diameter and the diameter
difference between major axis and minor axis (or the longest axis
and shortest axis). The distribution function of g1 can be obtained
from Eqs. (4) and (9) as

Fg1 (υ) =

∫ υ

5
N (D) dD/N

= 1 −
N0

Nλη+1
Γ (η + 1) Γ̂ (υ, η + 1) , υ ∈ [5,+∞] (11)

According to the morphological characteristics of natural hail-
stones (see Appendix A), the diameter difference g2 between
major axis and minor axis is assumed to be less than 50% of the
major axis diameter g1 (i.e., g2 ∈ [0, g1/2]). Then, based on the
uniform distribution law of g2 (Table 1), the distribution function
of g2 can be derived from Eq. (4) as

Fg2 (υ) =

∫ υ

0

1
g1/2 − 0

dτ =
2υ
g1
, υ ∈ [0, g1/2] (12)

When generating the spatial locations of the hailstones, overlap
between hailstones is avoided using an approach as follows.
According to the proposed constraint (

⏐⏐Xp − Xq
⏐⏐ ≥ δ before Eq.

(5)), the space domain Ωc was divided into small cubes (the side
length of each cube is the largest diameter δ of the hailstones).
When spatial locations of particles are at the center of these
cubes, there must be no overlap between hailstones. Then, similar
to Eq. (12), the distribution function of the locations is given by
the uniform distribution law (Table 1) as

FX1 (υ) = υ/

[(
⟨
CL

δ
⟩ −

1
2

)
δ

]
,(

υ =

(
k′

−
1
2

)
δ, k′

∈

[
0, ⟨

CL

δ
⟩

]
, k′

∈ Z
)

(13)

FX2 (υ) = υ/

[(
⟨
CW

δ
⟩ −

1
2

)
δ

]
,(

υ =

(
k′

−
1
2

)
δ, k′

∈

[
0, ⟨

CW

δ
⟩

]
, k′

∈ Z
)

(14)

FX3 (υ) = υ/

[(
⟨
CH

δ
⟩ −

1
2

)
δ

]
,(

υ =

(
k′

−
1
2

)
δ, k′

∈

[
0, ⟨

CH

δ
⟩

]
, k′

∈ Z
)

(15)

where ⟨·⟩ is a rounding function, such as ⟨0.3⟩ = 1, ⟨5.7⟩ = 6.
Since the longest axis of the flat ellipsoidal hailstones is same

with the middle axis, only two parameters are needed to deter-
mine the spatial attitude, i.e., the precession angle ψ1 and nuta-
tion angle ψ2 in the Euler angle system (shown in Fig. 1). There-
fore, the distribution function of the variables can be expressed
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Table 1
Random variables and distribution laws in a random field of hailstones.

Random variables Significance Distribution law

g1 Major axis diameter of ellipsoidal hailstone Gamma distribution

g2 Difference between major axis diameter and
minor axis diameter of ellipsoidal hailstone

Uniform distribution

X1 X-coordinates of the spatial location Uniform distribution

X2 Y -coordinates of the spatial location Uniform distribution

X3 Z-coordinates of the spatial location Uniform distribution

ψ1 Precession angle of spatial attitude Uniform distribution

ψ2 Nutation angle of spatial attitude Uniform distribution
Fig. 4. Numerical simulation of random hailstones impacting on a rigid target.
5
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y the uniform distribution law (Table 1) as

ψ1 (υ) = υ/2π, υ ∈ [0, 2π ] (16)

ψ2 (υ) = υ/π, υ ∈ [0, π ] (17)

In nature, different hailstones have different velocities, and
ay collide between one another, leading to super-high compu-

ational cost. In the modeling, it is assumed that all hailstones
ave the same translational velocity and do not rotate. This very
imple case can be used to approximately simulate the situation
f hailstones falling vertically onto the ground. Therefore, a speed
f amplitude v0 is given to all hailstones, e.g.,

i = [vi1, vi2, vi3] = [0, 0, v0] (18)

i = [wi1, wi2, wi3] = [0, 0, 0] (19)

According to step 4 in Fig. 2, pseudo-random numbers (i.e., ygαi ,
Xβ
i , yψγi , y

vζ
i , and ywθi in Eq. (8)) need to be generated. It can be

mplemented by using the ‘‘rand()’’ function in MATLAB R2018a R⃝

software. For example, ‘‘
[
yg11 , y

g1
2 , . . . , y

g1
N

]
= rand(1,N)’’.

For the step 5 in Fig. 2, all the samples in Eq. (5) can be
obtained by the inverse transform method (Eq. (8)). For example,
gi1 = F−1

g1

(
yg1i
)
, (i = 1, 2, . . . ,N). The inverse transformation for-

mulas of the distribution functions Eq. (11)∼Eq. (17) are derived
as follows

gi1 = F−1
g1

(
yg1i
)

= Γ̂ −1

((
1 − yg1i

)
Nλη+1

N0Γ (η + 1)
, η + 1

)
(20)

i2 = F−1
g2

(
yg2i
)

=
g1
2
yg2i (21)

i1 = F−1
X1

(
yX1i
)

=

(
⟨⟨
CL

δ
⟩yX1i ⟩ −

1
2

)
δ (22)

i2 = F−1
X2

(
yX2i
)

=

(
⟨⟨
CW

δ
⟩yX2i ⟩ −

1
2

)
δ (23)

i3 = F−1
X3

(
yX3i
)

=

(
⟨⟨
CH

δ
⟩yX3i ⟩ −

1
2

)
δ (24)

i1 = F−1
ψ1

(
yψ1
i

)
= 2πyψ1

i (25)

i2 = F−1
ψ2

(
yψ2
i

)
= πyψ2

i (26)

Finally, using all the samples giα , Xiβ , ψiγ , viζ , and wiθ gen-
erated from Eq. (18)∼Eq. (26), a random hail field S can be
established in accordance with the step 6 in Fig. 2.

2.3. Simulation of hail impact

Using the proposed approach to modeling a random field in
Section 2.2, a hail field S0 was generated via MATLAB R2018a R⃝,
s listed in Eq. (27). Compared with Eq. (5), Eq. (27) omits the
ariables with a value of 0, including vi1, vi2, wi1, wi2, wi3.

0 =

gi1 gi2 Xi1 Xi2 Xi3 ψi1 ψi2 vi3
− − − − − − − − − − − − − − − − − − − − − − − − −−⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

12.8 7.8 678.1 1208.2 1675.9 358.6 278.9 −100.0

9.5 5.0 319.5 522.2 4575.6 28.1 294.2 −100.0

12.8 9.4 23.3 335.1 9018.7 193.8 1.6 −100.0

15.5 14.9 1145.8 631.3 13789.2 54.8 38.3 −100.0

8.8 8.5 943.1 1067.9 14958.4 297.2 346.2 −100.0

11.0 10.3 1597.9 1317.3 18263.5 159.3 312.7 −100.0
(27)

6

A numerical model of random hailstones impacting on a rigid
arget in field S0 was established using commercial FE software
BAQUS 6.14. As shown in Fig. 4, the field S0 consists of six
ailstones (i.e., particles A∼F), and they are randomly distributed
n the space domain Ωc (CL = 2 m, CW = 2 m, and CH = 20 m).
rigid target was placed at the bottom of the space domain Ωc

o represent the engineering structures impacted by hailstones. It
hould be noted that direct numerical simulation of the random
ail field is challenging, because the diameter of hailstones (≤
.55×101 mm) is extremely small compared to the size of domain
c (2×104 mm). Moreover, the impact process of one hailstone

asts for only about 3×10−4 s [31], while the impact time of the
ntire hail field of Ωc is 2×10−1 s (= 20 m/100 ms−1). The scale
ifferences in space and time show that simulation of the random
ail field is exactly a multiscale problem, while direct numerical
imulation of a multiscale problem is generally challenging and
ay lead to unmanageable computational cost. Therefore, in this
tudy, the ABAQUS 6.14 Python script was used to establish in-
ividual simulation models for each hailstone, and then ABAQUS
.14 Explicit dynamic solver was used to perform the numerical
imulation of each hailstone impacting the rigid target. Finally,
ccording to the spatial location and motion of each hailstone, the
imulation results (such as impact force) of each hailstone were
ombined to form the results for hailstone impact in the whole
ield S0. For example, the response of each hailstone impacting on
he target at different times can be obtained as shown in Fig. 4.

For each hailstone in the simulation model, its material prop-
rties (see Appendix B) were assumed to be the same as the work
f Tippmann et al. [31]. To well reproduce the fragmentation
f hailstone under the high-speed impact (100 ms−1 in current
tudy), SPH (Smoothed-particle hydrodynamic) was used in the
umerical simulation of hailstones. Hailstones were discretized
ith the C3D8R element in ABAQUS, and then each grid was filled
ith 8 SPH particles. As with the authors’ previous research [8],
he grid size of C3D8R is 1/20 of diameter of the hailstones. The
ype of contact between the hailstones and the rigid target is
Hard contact’ of ABAQUS. The rigid target was fixed.

As shown in Figs. 4 and 5, the results are in reasonable agree-
ent with the experimental studies [31] in terms of the impact

orce, the deformation and surface crack (the low stress area on
urface). Then, the impact force–time results extracted from the
arget were further used to analyze the random hail impact.

. Results and discussions

.1. Convergence of the random model

To validate the reliability of the proposed modeling approach,
he simulation results were compared to statistical expectations
nd experiments in the literature [22], as shown in Fig. 6. Ten
andom hail fields (S0, S1, S2, . . . , S9) were generated based on
he proposed random model elaborated in Section 2.2. The cor-
esponding simulation of each field was conducted by using the
inite element model in Section 2.3. All impact force–time results
btained from simulations are shown in Appendix C.
As shown in Fig. 6(a), the impact force of hailstones in field

0 appears stochastic, and the maximum, minimum, and average
eak forces are Fmax = 3.26 kN, Fmin = 0.6 kN, and F = 1.52
N, respectively. The time intervals between two adjacent peak
orces are 29 ms, 44.4 ms, 47.7 ms, 11.7 ms, and 33.1 ms. The
verage time interval is ∆t0 = 33.18 ms. The average time

intervals
(
∆t
)
i , (i = 0, 1, 2, . . . , 9) for all the ten random hail

fields are depicted in Fig. 6(b). Since the hailstones are uniformly
distributed in the space domain Ωc (see Table 1), and have the
same translational velocity (v = 100 ms−1), the expectation of
0



K. Liu, P. Li and Z. Wang Extreme Mechanics Letters 48 (2021) 101374

e

t

E

F
f
r
l
f
m

Fig. 5. Comparison between results from simulation and experiments [31] of a single spherical ice impacting on the target, (the diameter of the ice ball is 50.8 mm,

and the impact speed is 60.6 ms−1).
Fig. 6. (a) Impact force–time result in the random field S0 , (b) Comparison of expectations and the statistical average of time interval ∆t , (c) Comparison of
xpectations and the statistical average of parameter g1 , (d) Comparison of simulated and experimental [22] distribution of hailstones’ number.
he time interval ∆t can be easily obtained as

(∆t) = Ch/[(N + 1) v0] = 28.57 (ms) (28)

ig. 6(b) shows that the average time interval
(
∆t
)
i of each hail

ield differs significantly from the expectation E (∆t), because one
andom hail field is not big enough, and it consists of only a
imited number of (i.e., six) hailstones. When all the ten random
ields are taken into consideration, the number of hailstones is
uch larger, i.e., 60, and this results in a negligible difference
7

(i.e., 5.36%) between the expectation (28.57 ms) and the av-
erage ∆t(= 27.04 ms). In addition, according to Eq. (11), the
expectation of the diameter g1 of hailstones can be calculated as:

E (g1) =

∫
+∞

5
D · N (D) dD/N

=
N0

Nλη+2
Γ (η + 2) Γ̂ (5, η + 2) = 12.12 (mm) (29)
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Fig. 7. (a) Distribution of impact forces of hailstones impacting a steel target (at 100 ms−1), (b) Schematic diagram of flexural wave interference in a plate, (c) The
robability of bending wave interference in a plate impacted random hailstones (Bending wave speed c0 = 2000 ms−1 and the characteristic length l = 1 m).
Fig. 8. Comparison of the modeling efficiency between the conventional method
and the proposed approach to modeling sparse hail fields.

Similarly, the simulated average diameter (g1)i , (i = 0, 1, 2,
. . . , 9) of each hail field fluctuates greatly from the expectation
E (g1) (see Fig. 6(c)), while the average diameter g1 of 60 hail-
tones in the ten hail fields differs slightly from the expectation.
herefore, it is predictable that when the number of random
ields (or samples) increases, the averages of variables in simu-
ated hail fields, such as diameter of hailstone, time interval of
mpact, will converge to their corresponding expectations.

The distribution of diameter g1 obtained from simulation re-
ults was also compared with the experimental observation [22]
o further validate the random model, as shown in Fig. 6(d). The
aximum diameter of all simulated hailstones in the ten random

ields S i, (i = 0, 1, 2, . . . , 9) (where the total volume of space is
V = 800 m3) were measured to draw the distribution density
curve, which agrees well with the experimental results [22] is
obtained. If a much larger random field is considered, for instance
V = 104 m3 or V = 105 m3, the number of hailstones generated
8

in simulations will also be much larger, and this leads to a better
agreement between simulations and experimental observations
(Fig. 6(d)). This also validates the reliability of the proposed
modeling on random hailstones.

3.2. Discussion on application

In practice, the random impact force of hailstones on engi-
neering structures is of more interest than other results, while
there appears to be no associating reference. From the simu-
lations results, a distribution law of random impact force can
be obtained, as shown in Fig. 7(a). The distribution of the im-
pact force derived from the numerical simulations of the 10 hail
fields (S i, (i = 0, 1, 2, . . . , 9)) can be fitted using a lognormal
distribution [36]:

fF (υ) =
A

√
2πBυ

e
−[ln(υ/FC)]2

2B2 , υ ∈ (0,+∞) (30)

where fF (υ) is the distribution density function, and A = 1.0222,
B = 0.53548, FC = 1.03507 are three parameters fitted from
simulation data. It should be noted that Eq. (30) represents the
distribution of impact force for random hailstones impacting on
a rigid body at a speed of 100 ms−1. The distribution law and
the associating parameters in Eq. (30) may vary depending on
the characteristics of the hail field, such as the distribution law
of hailstones, impact speed and so on. Users may adopt other
distribution functions to fit the distribution of the impact force
derived from their own numerical simulations of hail fields using
the proposed model. Eq. (30) is valuable for practical use, such
as prediction of the probability of damage caused by hailstones.
For instance, if the structure under impact of hailstones can bear
a maximum load of F0 = 3kN, the probability of damage of the
structure under impact of hailstones can be evaluated as:

P (F > F0) = 1 − P (F ≤ F0) = 1 −

∫ F0
fF (υ) dυ = 0.0018 (31)
0
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Fig. A.1. The morphological characteristics of natural hail [32–35] and its modeling assumption.
Table B.1
Ice material properties.

Material property Young’s modulus Poisson’s ratio Density Tensile strength Quasi-static yield strength

value 9.38 Gpa 0.33 900 kg m−3 0.517 Mpa 5.2 Mpa

Ratio 1.01 1.27 1.38 1.65 1.76

Strain rate (s−1) 1 × 10−1 5 × 10−1 1 × 100 5 × 100 1 × 101

Ratio 2.03 2.15 2.41 2.53 2.80

Strain rate (s−1) 5 × 101 1 × 102 5 × 102 1 × 103 5 × 103

Ratio 2.91 3.18 3.29 3.56 3.67

Strain rate (s−1) 1 × 104 5 × 104 1 × 105 5 × 105 1 × 106
This probability prediction can be used to guide the design of
economical and safe engineering structures.

In addition, the proposed random model can be further used
o study the dynamic stress wave effect of hail impact. The stress
ave propagation in engineering structures is an important factor
hat causes damage [37,38], because the internal micro-defects
like cracks, holes, etc.) of the structural component materials
ay be further expanded by the stress wave. The proposed ran-
om field model may be applied to estimate the probability of
nteraction of stress waves formed by random hail impact. As
hown in Fig. 7(b), if the characteristic length of a plate and
9

the flexural wave propagation velocity in it are denoted as l
and c0, respectively, the flexural stress waves caused by impacts
of different hailstones interferes with one another if the time
interval ∆t between them is less than l/c0. Hence, the probability
of stress wave interference in a plate with a characteristic length
of 1 m can be calculated by P (∆t ≤ l/c0) = N∆t/(N − 1),
where N∆t is the number of impact time intervals less than
l/c0. To study the influence of the hail impact velocity on the
probability of wave interference, the simulations were conducted
using different impact velocities, i.e., 100, 300, 500, 700 and
900 ms−1, while each simulation includes all the ten hail fields
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Fig. C.1. Impact response (impact force–time) of random hailstones in different hail fields (S0 ∼ S9).
u
w
a
m
d
t
i
l

S i, (i = 0, 1, 2, . . . , 9)). The results derived from the simulation
ata are shown in Fig. 7(c), where the flexural wave velocity
0 = 2000 ms−1 in this work. Fig. 7(c) shows that the probability
f wave interference increases almost linearly with the impact
elocity of hailstones, i.e.,

= a + bv0 (32)

here a = 0.02833, b = 1.167 · 10−4 m−1s. This equation can
e used to estimate the performance of engineering structures
10
nder impact of hailstones. For instance, the probability of stress
ave interference should be smaller than a safety threshold (such
s 5%) to ensure the safety of engineering structures, then the
aximum hail impact velocity that the structure can bear can be
erived from Eq. (32), i.e., 185.69 ms−1. It should be noted that
he probability of stress wave interference is also affected by the
mpact velocity v0, flexural wave velocity c0, the characteristic
ength l of the plate, and the parameters (see Eq. (2)) of the hail
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ield. For each engineering application, Eq. (32) should be derived
eparately using the proposed hail field model.

.3. Efficiency of modeling

To avoid overlapping between particles during modeling of
he sparse particle field, a distance limitation

⏐⏐Xp − Xq
⏐⏐ ≥ δ

etween particles was used instead of the conventional over-
apping detection process. This greatly improves the modeling
fficiency, because the conventional method adds particles into
he spatial domain one by one, and overlapping detection and
djustment of overlapped particles are required for each newly
dded particle [16]. To clearly show the efficiency improvement,
he proposed modeling approach (as detailed in Sections 2.1
nd 2.2) was compared with the conventional modeling method,
.e., adding particles to the spatial domain one by one [16]. In
his work, the time consumptions (TC ) of the two methods for
odeling random hail fields were obtained by using the same
igh-performance computer (Processor: Inter(R) Xeon(R) Gold
132 CPU @2.60 GHz; Total number of processors: 56; Installed
emory (RAM): 128 GB). Fig. 8 shows that, as the volume of the

andom field (or the number of random particles in the field)
ncreases, the time consumption of the conventional method
ncreases significantly, while that of the proposed method keeps
small value (TC = 1 s). This indicates that the proposed method

s able to greatly improve the modeling efficiency of random hail
ield.

. Conclusions

A random spatial field model was proposed in this study
o describe the random particles such as hail, birds, splashing
ravels, etc. By using the Monte Carlo algorithm, particles that
re randomly distributed in the spatial field can be generated. A
ail field containing hailstones with random geometric configura-
ion, spatial location, spatial attitude, was then established using
he proposed random model and experimental statistical data.
his model was then incorporated into finite element software
BAQUS to simulate of the impact of random hailstones on a rigid
arget.

The simulation results show that the proposed random model
an be used to simulate the random impact of hailstones on
ngineering structures, and reproduce the randomness of natural
ail impact. The comparison between the simulation results and
he statistical expectation, as well as that between the simu-
ated hailstone distribution law and the experimental observation
alidate the reliability of the proposed modeling approach. The
roposed random model is valuable for the studies of stress wave
nterference effects caused by hail impact, or the evaluation of
andom impact force formed by hailstones, and so on.
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Appendix A. Morphological characteristics of natural
hailstones

The assumption of the hail configuration (i.e., g2 ∈ [0, g1/2])
as based on the observation of the natural hailstone morphol-
gy, as shown in Fig. A.1 (all images taken from free online re-
ources [32–35]). Determination of more accurate hailstone con-
iguration may require further quantitative experimental mea-
urement and statistical analysis in the future.

ppendix B. Ice material properties

The rate-dependent von-Mises constitutive model [8,31] was
sed to reproduce the dynamic deformation of ice. The tensile
ailure pressure criterion [31] was used to capture ice failure. The
orresponding material properties are listed in Table B.1. The ratio
n the table is relative to the quasi-static yield stress, i.e., the yield
tress is equal to the ratio multiplied by the quasi-static yield
tress.

ppendix C. The simulated impact force–time results of ran-
om hailstones

See Fig. C.1.
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